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Abstract. We reconstruct a family of generalized translation operators from the
function which generates a given theory of generalization function.

1. INTRODUCTION

The biorthogonal approach to a construction of the theory of generalized func-
tions of an infinite number of variables was inspired by [3], proposed in [1] and
developed in [1-17] (the paper [11] contains a fairly complete bibliography). The
most general results obtained in [4-8], where characters of some family of general-
ized translation operators were used instead of exponents. Spaces of test function
in [4-8] were constructed by its characters.

In [9] the inverse problem is solved in a model one-dimensional case. Namely,
for a given function h(z, A) which generate the theory of generalized functions (this
function must satisfy assumptions given in Section 2) it was constructed a family
of generalized translation operators for which the function h is a character.

This article is devoted to solving a corresponding problem in the infinite-dimensionall]
case. We claim that a generalized translation operator is the operator h,(0)
(the so-called annihilation operator of infinite order) associated with the function
h(z, ). Note than such operators were investigated in [13,14] for a special function
h(z,\) = v(A)x({z,a(N))), where x : C! — C! is an entire function, v : Ng — C*
and a : Ng — N is a function analytic at 0 € M.

2. THE SPACES OF TEST FUNCTIONS

We use the following notation:

N, :={p,p+1,...}, peLZ,

where Z :={...,-1,0,1,...}.
Let @ be a separable complete metric space of points x,y,... . We denote
by C(Q) the linear space of all complex-valued locally bounded (i.e. bounded on
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every ball in @) continuous functions on ). We will understand C(Q) as a linear
topological space with convergence uniform on every ball from Q.
For any p € N; we consider a fixed chain of real separable Hilbert spaces,

N 1ndth 5 DON_, DNy DN, DprlimN; =: N,
pe PEN]

where N_,, is the space negative with respect to the positive space IV, and the zero
space Ny. We will suppose that the embedding N,+1 — N, p € Ny is quasinuclear
(i.e. the inclusion operator is of the Hilbert-Schmidt type) and, moreover, ||-||n, <
Il -lIn,.- Let us denote by (-, -) the real pairing between N_, and N,, inducted by
the scalar product in Ny. We will preserve these notations for tensor powers and
complexifications of spaces.

For any p € Z and a weight v = (7)., v» > 0, we can construct a symmetric
weighted Fock space

—PEW
n=0
{7 = (3ol o € Ful00), 1B, = 22 Il 0 < 01
n=0

with the corresponding inner product. Here the n-particle subspace F,,(N,), p € Z
is equal to the n-th symmetrlc tensor power & of the complexification N, ».c of the
space Ny, Fpn(Np) := N?& N®0 =CL

In what follows, we will conszder the family (F(Np,7(q)))p.qen, of weighted Fock
spaces F(Np,v(q)) with the weight

(1) (@) = (m(@))sZo,  Wmlg) = (n)*K?, K >1.

Let By be some neighborhood of 0 in the space Nj ¢ and
(2) Q x By 3 {x,\} — h(z,\) € C!

be a given function. Suppose that for each x € Q h(z,-) is analytic at 0 € Ny ¢,
and, for each X € By , h(-,\) € C(Q). Moreover, h(-,\) is locally bounded uni-
formly with respect to A from any closed ball inside of By.

It follows from the analyticity ([11], Subsections 2-3) that, for each point = € @,
there exists a neighborhood of zero

B(z) = {A € Noc | [Alnsc < R(2), R(x) > 0} C By,

such that
(3) Zni A2 B (), ha(z) € Fu(N_g),

for all A from B(x). Moreover, the last series converges uniformly on any closed
ball from B(x). Suppose that for all x € Q there exists a general neighborhood of
zero

B := {)\ € Nac | ”)‘”Nz,c <R, R> 0} C By
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with this property.
In accordance with [11] the function

Q3 x (fn,hp(zx)) €C!

belongs to C(Q) for all f, € Fn(Np), n € Nog, p € N3. Moreover ([11], Lemma
4.2),if K > 1 (here K from (1)) is sufficiently large, then the series

oo

Z<fn7hn()>7 (fn)zO:O € ]:(N;D?’Y(q))ﬂ peN3, geN;

n=0

converges in the topology of C'(Q) to some function f € C(Q).
In what follows, we take K > 1 sufficiently large. For such fixed K > 1 and
p € N3, q € Ny we can consider the mapping

oo

@) FNp,v(@) 3> f=(fa)iZo = TP @) )() =D {fn:hn(-)) € C(Q).

n=0

Suppose that for p = 3, ¢ = 1 the mapping (4) is injective. Then it is obvious
that the mapping I(p, q) : F(N,,v(¢q)) — C(Q) is injective for any p € N3, ¢ € Nj.

Applying the mapping I(p,q) we can define the family (H(p,q))pens,qen, Of
Hilbert spaces

H(p,q) := I(p,q)(F(Np,7(q)))

oo

= {f €C@QI3(fa)70 € F(Np (@) f(@) =Y (frs hu(@)), @ € Q}

n=0

with the Hilbert norm
£l zma = 1D Fns PO ) = ()0l 7, (@) -
n=0

Remark. We note that the spaces H(p,q) are the test functions spaces in a gener-
alization of the white noise analysis (see [11] for more details).
3. ANNIHILATION OPERATORS

An annihilation operator a_(&,,) with a coefficient &, € F,,(N_p), m € N, is
defined in the Fock space F(Np,v(q)), p € N3, ¢ € Ny as linear continuous operator
acting by the rule (see [11]): for any f = (f,)5%, € F(Np,v(q))

n!

a_(En)f = a_(Em)(fo, f1,...) = (mlfSm, ... fomo ) € F(Ny,v(q),

"(n—m)!
where f$ € Fp_pm(Np), n > m is defined by

<fn7 €m®nnfm> = <fnm ) nn7m>

for all Np_m € Fpem(N_p).
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Using the unitary operator

oo

F(Np, (@) 2 f = (fa)iZo = U@ ) )() =D _(far hn()) € H(p, q)

n=0

we transfer the annihilation operator a_(¢,,) into the operator

A(&m) = I(p,q)a—(&m)I(p,q) : H(p,q) — H(p,q).

A simple calculation gives its action on elementary functions (f,, h,(-)) € H(p,q),
n € Ng: for allm € Ng and z € Q

) .
ﬁ@t‘nagm@hnfm(x)) n € Ny
) @€l (Ma) = { T
0 n=0,..., m—1.
Let £: Ny c — C! be an analytic function at 0 € Nic. Then in some neighbor-
hood of 0 € Nj ¢ there exists an expansion
o0 1 N
(A => E@@ L), ap € Fu(N_g).
n=0
In accordance with [17] the function ¢ generates a linear continuous operator (the
so-called annihilation operator of infinite order)
— 1
H(p,q)3 [ = Ld)f = —0lan)f € H(p,q), p,q€Ns.
n=0
Thus, the function h(x, X) generates a family h(0) = (hy(9))weq of linear continu-
ous operators

NE

H(p,q) > f— he(0)f := Ea(hn(x))f € H(p,q), p,q€Ns.

n=0

3. GENERALIZED TRANSLATION OPERATORS

Let a family T = (T)zeq of linear operators T, : C(Q) — C(Q) be given.
Such a family T is, by definition (see [8,9,11]), a family of generalized translation
operators if

(a) (T:f)(y) = (Tyf)(x) for any f € C(Q) and z,y € Q (commutativity);
(b) there exists a point e € @ (basis unity) such that T, = id;

(c) for any x,y € Q the mapping C(Q) > f — (T.f)(y) € C! is continuous
(continuity).

Note, that axioms (a)—(c) are only some part of axioms for generalized translation
operators from theory of commutative hypercomplex systems and hypergroups, see
[10].

Because the embedding H(3,3) — C(Q) is continuous (see [11], Theorem 4.1),
we can generalize the definition of 7. In what follows, we will call T = (T})zeq
a family of generalized translation operators if the operators T, act from the space
H(3,3) into C(Q) and the following axioms are satisfied:

(@) (Tuf)(y) = (Tyf)(z) for any f € H(3,3) and z,y € @ (commutativity);
(b’) there exists a point e € @ (basis unity) such that T, = id;

(c') for any x,y € Q the mapping H(3,3) > f — (T,.f)(y) € C! is continuous

(continuity).
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We say that a non-zero function x € H(3,3)) is a character of the family T if
(Tex)(y) = x(@)x(y), =yeQ.
Without loss of generality one can consider that
h(o,\) =1,

for some point 0 € Q and all A € V := {\ € N3¢ || A||n,. <7, 7 >0} (here r >0
sufficiently small). In what follows, we fixed a such point o € Q.

Theorem. The family h(9) = (hy(9))zeq of linear continuous operators

| —

ha(0) =Y —0(hn(x)) : H(3,3) — C(Q)
n=0

!

3

is a family of generalized translation operators. For each fixed X\ € V' the function
Q > x — h(z,\) € C! is a character of the family h(9).

If h(-,\) is a character of some family T = (Ty)zeq of generalized translation
operators for all X\ € V, then

forallx € Q.

Proof. Axioms (a), (b'), (¢’) are fulfilled for h(9).

Indeed, since h(o,A) = 1 for A € V we conclude that h,(9) = id and axiom (b')
is fulfilled. The embedding operator O : H(3,3) — C(Q) and operator hy(0) :
H(3,3) — H(3,3) are continuous. Therefore, the operator h,(9) : H(3,3) — C(Q)
is continuous and axiom (c’) is also fulfilled. The axiom (a’) follows from (6) (see
below) and axiom (c’).

We have to prove that h(-, ) is a character of family (h,(0))zeq for all A € V.

Due to (5), the action of the operator h,(9) on (fn,h,(-)) € H(3,3), n € Ny is
given by

1
m!

M

Il
o

m

3

n!

—~

D

=
Il

! <fm hm, (x)é@hn*m(y»

m!(n —m)

Il
=}

m
n

Y b (£ (y),

A= ml(n —m)!

for all z,y € Q.
The series h(-, ) = Y00, L(A®" h,(-)), A € V converges in the topology of

n=0 n!

H(3,3) ([11], Proposition 4.1) and operator h,(9) : H(3,3) — C(Q) is continuous,
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therefore, for any z,y € @, by (6)

"0 n.
= lﬁ/\@"v > %hmm@hnw@»
—n S ml(n—m)!
=22 m“@mvhm<$>><A®("‘”’%hnfm<y>>
n=0m=0 :
= (Z %u@n, hn(x)>> (Z %@@”, hn(y)>> = h(z, \h(y, ).
n=0 """ n=0

Now we prove that if the function h(-,\) is a character of some family T =
(Ty)zeq of generalized translation operators for all A € V, that

Tp = ha(0) : H(3,3) — C(Q).

for all x € Q.
The mappings

(7) H(3,3) 3 [ — (h(9)f)(y) €C', H(3,3)3 f — (Tuf)(y) € C'
are linear and continuous for all z,y € Q). Therefore, it is enough to show that

(T {frs () (W) = (R (D) (fns hen (-))) ()

n

~{fa Y i (28 ()
2. it — )

for any (fn,hn(+)) € H(3,3), n € Ny and all z,y € Q.
Fix x,y € Q. It follows from the continuoity of the second mapping in (7) that
there exists a constant ¢ > 0 such that

(T W) < clfllnes), feH3,3)
Therefore, for f(-) = (fn, hn(:)) € H(3,3), n € Ny we have

(T (frs hn (D) ()] < cH<fn7hn(')>HH(3,3) = || fl

From this estimate we conclude that there exists a unique vector

Fn(N3)+

kn(%y) € fn(N—3)

such that
(T frs hn (D)) (Y) = (s (2, 9)),

for all f,, € Fp,(N3).
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Now it is sufficient to prove that

n

0 aley) = 3 () (1),

A= ml(n —m)!

The series h(-,\) = >0 (L (A®" h,(-)) converges in the topology of H(3,3)

for all A € V' and second mapping in (7) is linear and continuous, therefore, for all
z,y € Q and A € V we have

— 1 — 1
9 (Th( Z (T Z A ka2, 9).
On the other hand, according to (3), for all ,y € @ and A\ € V we have
= 1 n m
(Teh(- M) (y) = hl@, Vh(y, \) = > A AT (@) AT e ()
n,m=0
. 1 n-r+m
(10) = Z m@\@)( ) () D (1))
n,m=0
Y0 Y @8 (0)
“— nl "= ml(n —m)!

Let z € C' be sufficiently small and ¢ € N3¢, [[¢|n,. = 1. By substituting
A=z in (9), (10) and comparing the coefficients before 2™, we get for z,y € Q

(" (@) = (97, 3 = (@) (1)
m=0

— ml(n —m)!

The last equality, polarization identity and linearity with respect to ©®™ give
(8). O

Remark. Tt is not difficult to prove that, for all z,y,z € Q and f € H(3,3), the
following relation of associativity holds:

(h£(9)(hy () 1)) () = (hy(9)(h=(9) f))(x),

where the notation (h¥(9)(hy(0)f))(x) means that the operator h,(9) acts on the
function (hy(9)f)(x) depending on two variables y and x with respect to the vari-
able y.

Remark. Let T = (Ty)zeq be a family of generalized translation operators. If
h(-,A), A € V is a character of the family 7', then for each p,q € N3 the Hilbert
space H (p,q) is invariant with respect to the action of the operator T,. Moreover,
the following equality of operators holds:

T, = h(0) : H(p,q) — H(p,q).
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