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1. INTRODUCTION

It is well-known that the extended (Hitsuda—Skorohod) stochastic integral (that is a natural gener-
alization of the classical It6 integral) plays an important role in the Gaussian and Poissonian analysis.
The notion of such integrals was introduced approximately at the same time in the works of several
mathematicians: M. Hitsuda [1], Yu. L. Daletsky and S. N. Paramonova [2, 3|, A .V. Skorokhod [4],
Yu. M. Kabanov and A .V. Skorokhod [5], Yu. M. Kabanov [6] and later for the Gamma-process
by N. A. Kachanovsky [7, 8]. The definitions of the extended stochastic integral proposed in the
mentioned works are equivalent but their forms are different (see, e.g., [9, 10] for details).

In this work the notion of an extended stochastic integral is introduced in terms of a rigging of a
Fock space. Under a functional realization of Fock space using a Wiener—Ito—Segal-type isomorphism
(see, e.g., [11, 12]) we obtain a general definition of an extended stochastic integral in terms of an
L2-space and its rigging. Note that in the Gaussian and Poissonian cases this definition coincides
with the corresponding definitions given in [1, 4-6].

Such an approach to the construction of the extended stochastic integral is, on the one hand,
simple, and, on other hand, very general and applicable to many stochastic processes. It is based
on the theory of generalized functions of infinitely many variables (see the corresponding surveys
[11, 12] and, in particular, the papers [13-15]).

One of the main ingredients is the realization of the conditional expectations as orthogonal projec-
tors in an L%-space (see, e.g., [16]). In this way for a square integrable martingale M (t) one can write
M(t) = E(t)M, t € [0,00), where E(t) is some resolution of identity in the L?-space [17-20] and M is
a fixed vector from L2. Since in the theory of stochastic processes it is an accepted assumption that
M (t) is right-continuous, we will assume that F(t) is right-continuous (instead usual for functional
analysis of left-continuous).

In the last part of this paper we find conditions under which the extended stochastic integral is
an extension of the Ito integral. Here we also recall the theory of multiple spectral integrals for the
symmetric complex-valued functions (this theory is based on some general results of spectral theory,
see [20]) and describe an interconnection of such integrals with multiple It6 integrals.

The authors hope that a similar construction can be developed for the more complicated cases of
stochastic integration connected with Gamma, Pascal, and Meixner processes. But in these cases
it is necessary to use more complicated “extended Fock spaces”; some results connected with such
spaces are given in [21-30].

Let us describe the general idea of our construction. Let (2,4, P) be a probability space with
a flow of o-subalgebras {A;}icr,. Let {M(t)}icr, be a normal martingale with respect to the flow
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{A:}ier, with the chaotic representation property. This property means that the mapping

Fof=(f)or If =) L(f.) € L*(QAP) =

n=0
is well-defined and unitary. Here F is a Fock space constructed over L*(R, , dt) (dt is the Lebesgue
measure) and I,,(f,) is an n—multiple stochastic integral with respect to M.
By definition the It6 integral fR t)dM (t) of a simple Ai-adapted function (constructed using

the characteristic functions s, of sets Aj)
F(t) =) Fpea,(t),  Aj=(spty], Fyjel?
is defined by the equality
/ FOAM() = 3" Fy(M(t;) — M(s;)) € L2
It is easy to verify that the I~ !-image of this integral has the form

I_1</R+ > Z[ O%A e F,

where ¢ is the Wick multiplication in the space F (see, for example, [11]).

According to this equality it is reasonable to define the “Ito integral” of a simple function
FO) =) fira, (),  fi€F,
j=1
on the Fock space F by the formula

£)=Y_fi0xa €F.
j=1

%A:/(Stdt,
A

n n

Zf]o% =350 [ aar=3 [ foaa

]:1 J _]:1 Aj

_ /0 (Z ea, (1)) Ot = /0 T H0) 08t — /0 0 (G f ()t

Here a, (d;) is the creation operator in a Fock space, d; is the J-function concentrated at t € R.

Using the heuristic representation

we obtain (at least heuristically)

This heuristic construction gives a reason to take the formula

(L1) / RO
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as the definition of an extended stochastic integral in a Fock space. In Section 3 we prove that this
integral exists as a Bochner integral of the vector-valued function Ry > t — a (0;) f(t) with values
in some negative Fock space F_ D F. In Section 5 we show that the image of this integral under
several functional realizations of Fock space F is an extension of the Ito integral.

This paper presents the above described results. Other results connected with subject of this
article are given, e.g., in [9, 10, 31-36] (see also references therein). The preliminary version of this

paper was published in the preprint [37].

2. PRELIMINARIES

In this Section we recall some well known objects (a Fock space and its riggings) and functional
realizations of these objects: Jacobi fields acting on a Fock space and the general theory of generalized

functions of infinitely many variables (see, e.g., [39, 20, 40, 11, 12] for more details).

2.1. A general symmetric Fock space and its rigging. A more detailed account of the results

of this subsection is contained in [38, 11]. In what follows we will use the notation

N,:={pp+1,...}, peLZ,

where Z is the set of all entire numbers.

We consider a fixed family (H,)yen, of real separable Hilbert spaces H,; H, will also be denoted
by H. This family is such that for all p € Ny the space H,, is densely embedded in H,, and this
embedding is quasinuclear, i.e. of Hilbert-Schmidt type (the Hilbert—-Schmidt norm will be denoted
by || - |[zzs). Without loss of generality we assume that || - ||z, < || - ||g,,,- We can construct the
nuclear rigging of the space H
(2.1) = indlim A, 5 H, > Hy > H, > p;elgén H,=:0,
where H_,, p € Ny, is the dual space to H, with respect to the zero space Hy. We denote by (-, )
the dual pairing between the elements of H_, and H,, (this pairing is generated by the scalar product

in Hy). It is possible to construct for any n € Ny the nuclear chain

I

Fou(@) D Fu(H-p) D Fu(Ho) D Fu(Hp) DO Ful®),
(2.2) g |(|g Ug
HZ]c Hyc Hy,c
Fo(®) :=prlim F,(H,),  Fn(®):=indlim F,(H_,).
pENo PpENo
Here and below the symbol ® denotes the symmetric tensor product (® is the ordinary tensor

product), the subindex C denotes a complexification. We denote by (-,-)z,(m,) the complex pairing
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between elements of F,,(H_,) and F,(H,) (for real pairings we preserve the notation (-,-)). Note
that for n = 0 all spaces in (2.2) coincide with C.
For each p € Z we introduce a weighted symmetric Fock space F(H,,7) with a fixed weight

T = (Tu)plg, Ta > 0, by setting

(2.3) F(Hy7):= @f = (f)iZol fo € FulHp), | Fl 3,00 = D fall, (11,70 < 00}
n=0
We will often use the following weight: fix K > 1 and put

(2.4) 7(q) = ((n!)*K9)>2,, q € Ny (0! =1).

Using rigging (2.1) and the weight (2.4) we construct the nuclear rigging

(2.5) F(@') D F(—p,—q) D F(Hy) D F(p,q) D F(®),
F(®) := prlim F(p,q), F(@) = indlim F(=p, —q).
Here ’
(2.6) F(—p,—q) = F(H_p, (K77,  Flp,q) = F(H,, ((n)’K™)2,),

F(Ho) := F(Ho, (nh)3Z)-
The first two spaces from (2.6) are dual with respect to the space F'(Hy). We point out that in (2.5)
and (2.6) the zero space F'(Hy) is Fock space (2.3) with the weight 7,, = n!l. It is obvious that the set
Fiin () of all finite sequences (,)5% ), ©n € Fn(P), is dense in each space of (2.5).
The complex pairing between elements of F(—p, —q) and F(p, q) (generated by the scalar product
in F(Hy)) will be denoted by ((-,-)) (or (-,-)rm,)). This pairing is given by the formula

o

(2.7) (& 1) = & fa)nt,

n=0
§=(§n)nzo € F(=p,—q), f=(fa)oo € F(p,a),

where the overbar denotes complex conjugation.

2.2. Jacobi fields. We recall some results concerning the theory of Jacobi fields in a Fock space
(see [39, 20, 40, 41] for more details). This theory gives a possibility to pass from an abstract Fock
space to the functional Hilbert space L*(Q, B(Q), p) on some space @ with respect to a probability
measure p on the Borel o-algebra B((Q). We recall that the theory of Jacobi fields was created under
the influence of the works of M. Krein (see, e.g., [42, 43]) about Jacobi matrices.

Consider Fock space (2.3) with p = 0 and weight 7, = 1, n € Ny, i.e., the space

(2.8) F(H) = é}"n(H
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where we set H = Hy. As usually Fg, (H) denotes the set of finite vectors from F(H); the vector
Q= (1,0,...) € Fqn(H) is called the vacuum. Let Hy = Hy be a fixed space from chain (2.1); the
embedding H, — H be quasinuclear (as we have demanded above). Consider in the space F(H) a

family J = (J(¢))pen, of operator-valued Jacobi matrices

0 3
(2.9) IO =" o) bie) ale) o

with entries

(2.10) an(p) + Fu(H) — Fra(H), bn(p) = (bu(p))" : Fu(H) — Fu(H),

() = (an())" - Fosa(H) — Fu(H);  n €Ny
Assume that the following conditions on (2.9) are fulfilled.

a) For any ¢ € H, operators (2.10) are bounded and real (i.e., act from real subspaces of
Fo(H), Fni1(H) into real ones).
b) The dependence of the elements of J(p) on ¢ € H, is linear and continuous in the following

sense: the operators
(211) H+ > 2 an(gp)fn S "Tn-i-l(H-i-)a H+ > 2 bn(gp)fn € fn(H-i-)? fn € :Fn(H-i-)v

Hi o= ap(0)fon € FulHy),  for1 € Funi(Hy),  n €N,

are linear and bounded (this can be seen as a condition of “smoothness” of entries from (2.9):
the vectors from H, are more “smooth” then vectors from H).

Every matrix (2.9) gives rise to a Hermitian operator A(y) on space F(H) (2.8): for
f=(fn) € Dom (A(p)) := Fen (Hy) we put

(2.12) (A(@)f)n = (J(0) f)n = an-1(9) fn1 + bu(@) fr + @, (©) frra,

n € No, a_1(¢) =0.

¢) The operators A(y), ¢ € H,, are essentially selfadjoint and their closures Z(gp) are strongly
commuting.
d) (regularity) For each n € Ny, a real linear operator V,, ,, : F,,(Hy) — F,(H,) defined by the

formula

(213)  Viulor @@ ¢n) i= (J(1) ... J(0n)Q)n = an_1(p1) .- aoln)l,  @1,..., 00 € Hy,

is continuous and invertible; we also put V5o := 1.
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Above described family J = (J(¢)),en, of matrices is by definition a (commuting) Jacobi field.
Our first aim is to construct the generalized eigenvector expansion for the family A = (E(gp))we i, of
the corresponding selfadjoint operators acting on the Fock space F(H) (about the general theory of
such expansions see, e.g., [38, 44]).

For the investigation of the spectral theory of the family A we start from giving a quasinuclear

rigging of real Hilbert spaces
(2.14) H_DHDH,.

After this we construct the following rigging of the space F(H), using weighted spaces of form (2.3):

(2.15) FH_,77"Y D F(H) D F(Hy,7) D Fan (Hy),
H_ = H_,, (Tn)n 0 w1 Tl = (77;1)?10:0'
We suppose that the embedding F(H,,7) <— F(H) is quasinuclear, i.e., that the weight is such that

(2.16) Z lOlFs7, "

where O is the embedding operator H, — H [38, 44, 11].

The main result about generalized eigenvector expansion is as follows.

Let A = (E(gp))@e m, be a Jacobi field. For A there exists a Borel probability measure p on the
space H_ (the spectral measure) such that the Fourier transform

F(H) S F(H,7) 3 f = (F)0 = (FH() = (£ P
(2.17) =
= (fmpn())]:n(H) € LQ(H—7B(H—>7P> = (L%{,)
n=0

after being extended by continuity to the whole space F(H) is a unitary operator acting from the
space F(H) to the space (L% ).

In (2.17) for any x € H_, P(x) = (P, (2))5,, Pn(z) € F.(H_), is a real-valued sequence that is a

joint solution of the system of the following operator-difference equations:

(2.18) (ar-1(9) " Pocr (@) + (0n(0)) " Pu() + (an(0)) " Pasa (2) = (,0) 1 Pa(),
neNy, z€H., peHy; Py(r)=0, Px)=1

Here we denote by C' the operator adjoint to C' with respect to the zero spaces H, i.e., if C :
Fe(H:) — F;(Hy) is continuous, then C* : F;(H_) — Fp(H-) and is connected with C' by the
equality

(2'19> (Ofkagj) (fk’O g])]:k( H), f’f S Fk(H-i-)? g;j € fj(H—)7 j’k € NO'
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Equality (2.18) and relation (2.19) show that the sequence P(z) = (P, (x))52,, Pn(z) € Fo(H-) is

the solution (in a generalized sense) of the equation
(220> J(90>P<I) = (LU,QO)HP(Q?), pe€Hy, reH_,

i.e., is a generalized eigenvector of operator A(p) with “eigenvalue” (z,¢)y. P,(z) is in some sense
“a polynomial of degree n with respect to infinite-dimensional variable x € H_”. For more details

on the construction and properties of P(z) see [39, 20, 40].

2.3. Two classical examples of Jacobi fields. 1) Free field (see, e.g., [38, 39, 20, 45]). In this
case dim H = oo, H is arbitrary with quasinuclear embedding H, — H. Matrix J(¢) (2.9) has the
form: for any ¢ € Hy

(2.21) J(p) = J () + J_(),

where for f,, € F,(H), n € Ny,
(2.22) (@) o =Vn+10® fo: Fu(H) = Fara(H),  J_(¢) = (J1 (),

i.e., Ji(p), J_(p) are classical creation and annihilation operators. The conditions a) - d) are fulfilled

and the operators V,, ,, have the form
(2.23) Vow=Vnlld, neN;.

The spectral measure p is equal to the Gaussian measure gg on the space H_ with the zero mean
and the correlation operator S = OOl : H. — H_, where O : H, — H, Ot : H — H_,
I: H — H, are canonical operators connected with chain (2.14). Fourier transform (2.17) is the
classical Wiener—Ito—Segal transformation.

2) Poisson field ([46, 39, 20, 45, 41, 47]). In this case H = L4 (R, B(R),v) =: L}.(R,v), where R
is a topological abstract space with a o-finite Borel measure v on B(R). Let H, be a certain fixed
real Hilbert space embedded into H densely and quasinuclearly (for the construction of such spaces

see [44, 12]). Jacobi matrix J(¢) (2.9) has now the form
(2.24) J(p) = Jolp) + Blp) +J-(¢), @€ Hy,

i.e., it is equal to some perturbation of matrix (2.21) by a diagonal matrix B(y). This matrix B(p)
is equal to the second (differential) quantization of the operator b(¢) of multiplication by a bounded
function ¢ in the space Hy, i.e., for any f, € F,(H)

B(p)fn=bu(0)fn =) @Id®...0I1d)f, + (Id2b(p) @ Id® ...® Id)f,

2.25
(2.25) + -+ (ld®...01dRb(p))f. € Fu(H), n €Ny B(p)fo=0.
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The conditions a) - d) also are fulfilled. As in example 1) the operator V,,,, has form (2.23). The
spectral measure p is now a centered Poisson measure with intensity v (v may be atomic). The
measure p is defined by its Fourier transform
(2.26) [ e mipo) = exp( [0 1= iv@hivta). o€ He

H_ R

Fourier transform (2.17) is the Wiener—It6-Segal type transform of Poisson measures.

2.4. Transfer from the Fock space to a space of functions in the general case. In Subsections
2.2, 2.3 the unitary operator F': F(H) — L*(Q, A, P) is a Fourier transform generated in F(H) by
some Jacobi field. In this Subsection we will propose some more general construction of the unitary
operator F' : F(H) — L*(Q, A, P), using the orthogonal approach to the theory of generalized
functions of infinitely many variables (see, e.g., [11, 12] and references therein).

Let @ be a (separable) metric space, p be a fixed Borel finite measure on 5(Q), and
L*(Q,B(Q),p) =: (L)

be the corresponding space of square integrable functions. By C(Q) we denote the linear space of all
complex-valued locally bounded (i.e. bounded on every ball in ) continuous functions on ). We
will understand C'(Q) as a linear topological space with convergence uniform on every ball from Q.

Let By be a neighborhood of zero in the space Hyc = F1(Hop) and let
Q x By > {z,\} — h(z,\) € C

be a given function. We assume that for each x € () h(x,-) is analytic in a neighborhood of zero
in Hyc, and, for each A € By, h(-,\) € C(Q). Moreover, h(-, ) is locally bounded uniformly with
respect to A from any closed ball inside of By and h(x,0) = 1 for all x from Q.

It follows from [11], Sections 2.3, that, for each point z € @, there exists a neighborhood of zero
By(x) C By in the space H; ¢, such that

=1
(2.27) W A) =D O b)), ha(e) € Fu(Ho),  ho(w) =1,
n=0
for all A from B(x). Moreover, the last series converges uniformly on any closed ball from B(z).
Suppose that for all x € @) there exists a general neighborhood of zero By C By with this property.
It is possible to construct a mapping of type (2.17) using instead of P, (x) the functions h,(x) from
(2.27). For this aim it is necessary to impose some conditions on h. So, we will assume that for all

n € Ny the estimate
(2.28) I W)zt lzgy < ZC

with some constants L > 0, C' > 0 is fulfilled.
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It follows from (2.28) that for any f, € F,(H;) the functions
(2.29) Q3 x— (fn,hn(z)) € C

belong to the space (Lé) We suppose that the linear span of the functions (2.29), where f, €
Fu(Hy), n € Ny, is dense in (Lé) and that they are orthogonal in the following sense

(2.30) /Q s B ()Y (G o @ AP() = bt s Gu)s 111m € Ny,

It is possible to prove that condition (2.30) of orthogonality is fulfilled if estimate (2.28) holds with
H_, replaced by H_, with some p € N; and the following equality

(2.31) /Q Wz, f)R(E, 9)dp(z) = exp(f,7)

is fulfilled. Here f,g € ®c C Hic are such that ||f|[x,. <7, |9z, <7, where r > 0 is sufficiently
small (the proof of the latter results is contained in [12], Section 3, see also [11], Section 7).
Fix function h(x, \) (2.27) with above-mentioned properties and introduce a mapping of the form

(2.17) but taking instead of P,(z) the functions h,(x). So, we put

o0

(2.32) F(Ho) D Fian (®) 3 f = (fa)oo = (Inf)() =D (fa () € (L3).

n=0
Orthogonality (2.30) and the density of Fg, (®) in F'(Hy) mean that after extending by continuity
to the whole space F'(Hy) map (2.32) turns into the unitary operator I, that maps the whole space
F(Hy) onto whole (Lg,). In this way we get a functional realization of a Fock space.
The map I, transfers rigging (2.5) onto the following rigging of the space (Lé):
(2.33) ind lim H(—p, —q) = (H)" > H(—p,—q) D (Lg) D H(p,q) D H = prlimH(p, q).

P,g€No p,g€Ng

Here H(p,q) = I,F(p,q) is a Hilbert space with topology inducted by the topology of F(p,q),
H(—p, —q) is the negative space with respect to the zero space (LQQ) and the positive space H(p, q).

Remark 2.1. Note that function (2.29) belongs to the space C(Q) (see, e.g., [11], Lemma 3.2) and

for
PR T SO PG O Ry -0
we have:
(2.34) (V& ® o™ hy(2)) :ﬁh(as, 2100 4 2 0™) ,

z21=...=2n=0

for all x € Q.
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Moreover, one can show (see, e.g., [11] for more details) that for K > 1 sufficiently large (we recall

that K is the constant in (2.3), this constant is used in the definition of F(p,q)) the mapping

[e.o]

Fp.a) > (fa)oo = F() =Y (far b)) € C(Q)

n=0
is well-defined, continuous and injective. Therefore the space H(p, ¢) is embedded in the space C(Q),

and one can understand H(p, q) as the Hilbert space of continuous functions

H(p,q) = {f € C(Q) |30 € Fpr0) : F(2) =3 (o (), 7 € Q}
n=0
with the Hilbert norm

1/ lep.0) = |l Z s (W w0y = [1(Fn)ioll 7w.0)-
Remark 2.2. 1t is clear that the mapping
F(=p,—q) D F(Ho) 3 f = (fa)io = Inf = Y (fushn) € H(=p,—q)
n=0

is isometric and after closure by continuity is a unitary isomorphism between F(—p, —q) and
H(—p, —q) (we preserve the notation I, for the closure). As a result the space of generalized functions

H(—p, —q) can be presented in the form

H(_p _q) - [h( {5 Z gna n

(2.35)

(Sn)nzo S F(_ b,—q )7 |’£HH(—P7—‘1) = ”(SH)SLOZOH}—(—I%_Q)}'
Here
(2.36) (s hn) = lim (Fi9, ) € H(=p,—q),  n €N,

where the sequence (f,ﬁ’“)),;“;o C F,(Hy) converges to &, € F,(H_,) in the topology of F,(H_,) (note
that we understand the limit in (2.36) as a limit in H(—p, —¢)). One can show (see [12]) that in

H(—p,—q)
(Emy hm) = 07 (&)1, Em € Fm(H_}), m € Ny,

where

(2.37) 8" (&m) = Inay (En) 1,1 - H(=p, —q) — H(—p, —q)

is a linear continuous operator that is the image of the creation operator

a+(§m) Zf(—p7 _Q) - F(_pa _Q)a D,q € Nl-
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We recall that by definition the operator a.(&,,) acts on any vector n = (1,)5>, € F(—p, —q) by the

formula
(238) a+(§m)77 = a-i-(fm)(nOa m,.-- ) = (07 ) 07 gm ® 7o, gm ® m,-. )7
(2.39) lat (&)l 7(=p—a) £ K72 [|€nll i 11| 7(=p,—a)

(this estimate follows from (2.3) with 7 given by (2.4)).
The dual pairing (-, -)) between elements of H(—p, —¢) and H(p, q), p, ¢ € Ny, from rigging (2.33)
that is generated by the scalar product in (L3) has the form

(2.40) (& )= Zgn, 1D (Farha)) = D (s Fudnl,

5 Z gm - q f Z fm G H p, )
n=0

2.5. Connection between Subsection 2.4 and 2.2. Let we have Jacobi field (2.9) and construct
its spectral representation using chain (2.15). Fourier transform F' (2.17) transfers the space F(H)

onto the space L*(H_,B(H_),p) = (L% ). As it follows from the property of F', the series

Z )\®" (z)), A€ H,c,

converges in the topology of (L% ), and its sum is a holomorphic function with respect to A. Moreover,

according to [39]
1Py )l 7y ez, ) < C"Vnl, e N,

for some constant C' > 0. Therefore, if we put

o0

(2.41) Z% N (@), ha(x) = ValP, (),

we can understand Fourier transform (2.17) as a particular case of transform (2.32). In this case, it
is not necessarily to verify that function (2.41) satisfies all assumptions formulated in Subsection 2.4
because for the sequence (h,(z) = vV/n!P,(z))2%, orthogonality relation (2.30) holds, and this gives
a possibility to repeat the corresponding parts of the construction in Subsection 2.4.

Note that it is possible to calculate the generating function h(z,\) for the classical examples of

Jacobi fields (2.9) (see, e.g., [14, 11, 12] and Section 6).
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3. ON EXTENDED STOCHASTIC INTEGRAL IN A FOCK SPACE AND IN ITS FUNCTIONAL

REALIZATION

In this Section we give an exact definition of extended stochastic integral (1.1). The probability

sense of such integral will be discussed in Section 5.

3.1. On extended stochastic integral in a Fock space. Here and below we restrict ourself to

special form of rigging (2.1). Namely, fix a constant T € (0,00). Let
Hy == L. ([0,7), B([0,T)),m) =: Lg((0, T), m),

where m is the Lebesgue measure on [0,7), i.e., dm(t) = dt . It is clear that the space F,,(Hy), n €
Ni, is isomorphic to the space ﬁQ([O,T),m®”) of all complex-valued symmetric functions from

L*([0, 7)™, m®"). Now

tn to

T
1 fnll %, ) :/[ | |fn<t1,...,tn>|2dt1...dtn=n!//~--(/|fn<t1,...,tn)|2dt1)...dtn_ldtn.
0,7
0 0 0

Introduce rigging (2.1) of the form:

(3.1) ® :=indlimH_, > H_, D Hy D H, D prlim H, =: ®,

pENg pENg

where
Hy = W;((0,T),m),  p€ N,
are the real Sobolev spaces, ® and H_, are the spaces dual to ® and H, with respect to the zero
space H correspondingly (see, e.g., [38, 44] for more details). Using (3.1) we construct two parameter
rigging corresponding to (2.5),
(3.2) F(@') D F(=p,~a) D F(Ho) > F(p.q) > F(®).
Let K be some Hilbert space. By L?([0,T); K) we denote the Hilbert space of (vector-valued)

functions
0,T) >t f(t) € K, 11122 0.my6) = /[OT) 1 (1) |I%dt < oo,

with the corresponding scalar product.
The general definition of an extended stochastic integral is the following:

The extended stochastic integral (in a Fock space) of a function
£€ LX([0,7); F(=p,—q)),  p.g €Ny,
1s defined by the formula

(3.3) Sewt(€) = /[ a0 < F(p, )
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Here we understand the right hand side as a Bochner integral of the vector-valued function
(3.4) [0,T) > t— ay(6:)E(t) € F(—p, —q),

were O; 18 the delta-function concentrated at t.

The correctness of this definition from the following statement follows.

Proposition 3.1. If ¢ € L2([0,T); F(—p, —q)), p,q € Ny, then the function (3.4) is integrable in the

Bochner sense on [0,7).

Proof. Let § € L2<[07T);f(_p7 —q)). Using (2.39) and the estimate
6ell 7, 2, < ¢, teo,7),

with some ¢ > 0 (see, e.g., [44]) we obtain

/ la (0)E®) |l #(—p—q)dt < K2 1917, 1) €O |7 (—p, 0 a1
[0,T) [0,T)

q % %
< Kk} ( / ||5t||2f1(Hp)dt) ( / IIS(t)||3f<-p,—q>dt>
[0,7) [0.T)

<k ([ 1B, i) <
[0,T)

whence the necessary statement follows. U

SIS

3.2. Some properties of the introduced integral. We shall prove the important properties of

the extended stochastic integral Sexy. Let fr,(5;1,...,n) € F1(Hpy) ® Fn(Hop), n € N;. We denote by

fnﬂ(tl, ..oy tpy1) the symmetrization of f,, with respect to n + 1 variables, i.e.,
1 n+1

3.5 nt1(tl, o tpy) i = —— 750 T /S

(35) fasa(ty, o) nH;f(k Lo oot

for m®m+D_almost all (ty, ..., tns1) € [0, 7). We put fi(t) := fo(t) for all t € R.

Theorem 3.1. Let f(-) = (fu())5%, € LQ([O,T);F(HO)) and Zf:0‘|fn+1|’3fn+1(1{0)(n+ 1)! < 0.
Then

~

(3.6) Sext(f) =S(f) == (0, fr,- . fur- ")

in the space F(—p, —q), p,q € Ny.
Proof. 1t is sufficient to show that

(Sext (f), ) = (S(f), &)
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for each ¢ = (0,...,0,¢%%,0,0,...), ¢ € ®, k € Ny. Applying to a function
——

0,7) 31— f(t) = (fult))Z € F(Ho) C F(=p, —q)
the operator a4 (6;) and using (2.38) we obtain
(3.7) a(8:)f(t) = (0.6 ® fo(t),0, ® fi(t),-..) € F(=p,—0).

Using (3.7) we have

(Sl 10D = ([ anld0fOdt) = [ (aGrte). v

[0,7) [0,T)

:k!/ (6: ® fr_1(t), k:'/ ©(t) (fre1(t), e®*DVat
[0,T)

k" / (,D(t)(/ fk-l(t tl, cee ,tk;_l)QO@(k_l)(tl, ce . ,tk_l)dtl .o dtk_l)dt
[0,T) [0,T)k—1

= k:!/ feoi(tity, o te )Rt ty, . ey )dty . dt_ydE
[0,T)*

= B(fi 6% en = Ko 6™ s = Ko %) = (S(F), 0.

Let D C L*([0,T); F(Hy)) C L*([0,T); F(—p,—q)), p,q € Ny, be the class of all functions
(3.8) [0,T) 3t — f(t) = (fu(t))iZ € F(Ho)
from L%([0,T); F'(Hy)) such that for m-almost all ¢ € [0,T) and m®"-almost all (¢y,...,t,) € [0,T)"
(3.9) fa(t) = fultite, . tn) = s20gn (trs -, o) fulti tr, - oo o ), n € Ny,
where s,(-) is the characteristic function of a Borel set a € B([0,T)"), s, := 0.
Theorem 3.2. If f € D C L*([0,T); F(Hy)) then

(3.10) ISUMFay = 1 20,7958 (10)) -
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Proof. For f(-) = (fu(+))s%, € D we have
e = [ WOt = [ 3 101, et
[O,T) [OvT) n=0

=3 / ()12, 110yl
n=0 [OJU

(/ |fn(t;t1,...,tn)|2dt1)...dtn>dt
[0,7) [0,T)™

zén!/m)(/[) \fultsty, ... t )\2dt1...dtn)dt
0 T
:Z 0/(// /|fn (t; tl,...,tn)|2dt1...dtn_1dtn)dt

T tn+1

:Z ((n+1)! // /|fn+1 (tr, .- togr) Pdty .. dbpdtnin

8

Pllﬂéﬁ

(n+ 1)!/[ — st (1, - tngn)Pdty . dts
0 n

i
o

pnqg

e lZ, iy (7 1) = SO -

3
I
o

O

3.3. On extended stochastic integral in a functional realization of the Fock space. We will
pass now to the construction of the “Ij-image” (the definition of I, is given by (2.32)) of extended
stochastic integral (3.3). We consider instead of rigging (2.5), (2.6) of the Fock space F'(H,) the
Ip-image

H(—p,—q) D (L3) D H(p.q)

of this rigging (see (2.33)).
Note that the above-mentioned space L*([0,T); K) (K is a separable Hilbert space) can be under-
stood as a tensor product L*([0,7T), m) ® K, therefore

1® I : L*([0,T); F(—=p, —q)) — L*([0,T); H(—p,—q)),  p.q € Ny,

is the unitary operator. This remark and (3.3) give the following definition.

The extended stochastic integral of a function

(3.11) ¢ e L*([0,T);H(-p,—q)),  p,q €Ny,
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1s defined by the formula

(3.12) Sext,n(§) = o T (0,)E(t)dt € H(—p, —q).

Here we understand the right hand side as a Bochner integral of the vector-valued function
(3.13) [0,7) 5t = 07 (6:)&(t) € H(—p. —q),

where OF(8;) is the I,-image of the creation operator a*(6;), i.e., 07 (8;) := Ina* (6;)1; "
The existence of a Bochner integral in (3.12) follows from Proposition 3.1 because if ¢ belongs

L2([0,7); H(—p, —q)) then (1® I,)~'¢ belongs L*([0,T); F(—p, —q)) and
|10 et = [ GO gt
[0,7) 0,7)
= [ 10 @B 0 it < .
[0,T)
We also point out that from (3.11), (3.12) and (3.3) we have
(314> SeXt,h(g) = IhSEXt(<1 @ Ih)ilé)v é S LQ([O,T)7H(—]9, _Q)v D, q € N;.

Assume now that f(-) =377 (fu(-), hn) € L*([0,T); (Lg)) and 32 anJrl”?an(Ho)(n"i_ 1)! < oc.
Using (3.14), (3.6) and (2.32) we obtain

o0

(3.15) Sextn(f) = InSexe((1 @ 1) ™' f) = LS((1 @ 1) f) = Tn(0, fu, for - ) =D (fur hn) € (L)).

n=1

Moreover, if
(3.16)  f € Dyi=(1®1)D C L*[0,T); (Lg)) = L*([0,T),m) ® (Lgy) € L*([0,T); H(—p, —q))
(D is defined by (3.8), (3.9)) then it follows from (3.10) and (3.15) that

HSext,h(f)H(LQQ) = ||f||L2([0,T);(L2Q))'

Formulas (3.11) — (3.16) and corresponding assertions constitute, in particular, the version of

Theorem 3.1 and Theorem 3.2 in the language of functional realizations of Fock space.

Remark 3.1. It is easy to understand that the constructions of this Section are preserved for the case
T = oo if we take as H, the weighted Sobolev space W ([0, 00), (1+t*)?dm(t)) (such a construction is
described in [37]). Now @ is the Schwartz space of infinite differentiable rapidly decreasing real-valued

functions on [0, 00).



18 S. ALBEVERIO, YU. M. BEREZANSKY, V. TESKO

4. MARTINGALES AND THEIR CONSTRUCTION. MULTIPLE SPECTRAL INTEGRALS

4.1. Resolution of identity and martingales. We recall at first some generalization of the notion
of martingale and the integration with respect to such martingales of scalar-valued functions [17-20].

Let © be some space of points w, endowed by a o-algebra A and a probability measure P defined
on A, ie., (2, A, P) is a probability space. Let (A¢).cjo,r) be a flow of o-subalgebras A; of A with the
properties: A, C A; if s <t, s5,t €[0,T), and [, Au = A, T < 00. All the algebras A, A, are
supposed to be complete with respect to the measure P. So, we have a filtration (A;)¢co,r), which is
right continuous for every ¢ € [0, T).

Introduce the complex Hilbert space L*(2, A, P) =: L? and its subspaces L?(Q, A;, P) =: L2,
t € [0,T). Denote by E(t) the orthogonal projector in the space L? onto L?:

(4.1) EWL*=L;, telo,T).
For the subspace L? we evidently have:
(4.2) L>c L2 E(s) < E(t), s <t, s,t €10,7T).
The inclusion in (4.2) shows that for all s,¢ € [0,T)
(4.3) E(s)E(t) = E(min{s,t}).

As a result we constructed the operator-valued function E(t) with the properties of a resolution
of identity in L?. This function we will be called a quasiresolution of the identity because it can be
E([0,T)) < 1. Tt is possible to understand E(t) as a projector-valued measure B([0,7)) > a — E(«)
on the o-algebra B([0,T)) of Borel subsets of [0,7): for this we set E((s,t]) := E(t) — E(s) and
extend this definition to all Borel subsets of [0,7"). For details on such a procedure see [48], Ch. 6,
[49], Ch. 6, [44], Ch. 13, [38], Ch. 3.

Let My be some vector from L?, then the vector-valued function
(4.4) [0,T) >t~ M(t):= E(t)Mp e L? C L?

is a uniformly square-integrable martingale on the probability space (Q,.4, P) with respect to the
filtration (As)icqo,r), i-e., M (t) is a martingale with respect to (Ay)icjo,ry and | M (t)| 2 < ¢, t € [0,T),
for some constant ¢ > 0 (see, e.g., [52, 51, 53, 31, 54] for the corresponding definition).

Conversely, every uniformly square-integrable martingale M (t) with respect to (A¢)icjor), has
form (4.4). In fact, we construct by the filtration (A)icjo,r) the corresponding quasiresolution of
identity E(t), t € [0,T), in L*. Then for each f € L* the vector E(t)f is equal to the conditional
expectation E{f|.A;}, but for a uniformly square-martingale there exists a vector My € L? such that

M(t) = E{Mr|A:} (see, e.g., [52], Ch. 1, § 1). The latter equality is equivalent to (4.4).
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A slight generalization of (4.4) is the following. Let H be a complex Hilbert space and E(t),
t€[0,7), T < oo, be some quasiresolution of the identity in H, i.e., a operator-valued function (or
the corresponding operator-valued measure E(«)) with all properties of right continuous resolutions

of identity in H, but for which E([0,7)) < 1. Let My € H be fixed. Then the vector-valued function
(4.5) 0,T)>t— M(t):= E(t)Mr € H,

1s by definition, an abstract martingale.

For a Borel function [0,7) > ¢t — f(t) € C we introduce an abstract stochastic integral with
respect to martingale (4.5) by the formula
(4.6) / F(#)dM(t / F(OAE( )MT,

0,T) [0,T)

where in the right-hand side we have an ordinary spectral integral. The well-known properties of
spectral integrals (see, e.g., [48, 49, 44]) give the corresponding properties of integral (4.6).

Note one simple property of the definitions introduced above. Let U be some unitary operator
acting from H onto another Hilbert space K. Then Z(t) = UM(t), t € [0,T), is also an abstract

martingale in the space K because
(4.7) Z(t)=UM(t) = G(t) Zr; Gt)=UE®t)U ", Zr =UMr € K,

and G(t) is a quasiresolution of identity in the space K.
Applying the operator U to equality (4.6) we get an abstract stochastic integral with respect to

the abstract martingale Z (¢

(4.8) /fdM /de:/fdG

[0,T) [0,T) [0,T)

4.2. On multiple spectral integrals. In this Subsection we recall a generalization of above con-
structions (4.5)—(4.8) for the introduction of multiple spectral integrals with respect to an abstract n-
dimensional martingale for complex-valued symmetric functions of n € Ny variables ¢y, ..., € [0,7T)
(see [20] for details).

At first we construct some class of n-dimensional resolutions of identity using a tensor product.
Namely, let E(t),t € [0,T), be some quasiresolution of identity in a complex Hilbert space H.
Introduce for each n € Ny in the complex Hilbert space H®" the quasiresolution of identity E®" by

setting for Borel rectangles Ay x - -+ X A,
(4.9) E®"(A; x - x Ay) = E(A) @@ E(A,).

This projector-valued function of rectangles (projector in the space H®") can be extended to some

quasiresolution of identity E®", which we also denote by E®" (see, e.g., [38]).
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Let M7 be some vector from the space H, and M(t) = E(t)Mr be the corresponding martingale.
Then we define an abstract n-dimensional martingale B([0,T)") 3 a +— M (a)) € H®" by the formula

(4.10) My(a) = E®"()ME", < B([0,T)").

We will pass now to the construction of some n-dimensional quasiresolution of identity E®n acting
in the symmetric tensor product H®" c H®". Denote by B([0,T)") C B([0,T)") the o-algebra
spanned by all rectangles Ay x --- x A,,, where Ay,..., A, are disjoint Borel subsets of [0,7). We
put for these rectangles Ay x --- x A,

~ ~ 1
E®"(A; x - x Ay) = E(A)® - ® E(A,) = - ST ET(Agy % - X Agi)

’ O'GSn

(4.11) ,
= D E(A1) @ ® E(Ag),

oeSy,

where S, is the group of all permutation o(1,...,n) = (o(1),...,0(n)) of {1,...,n} (n! values of
the index o). It is possible to prove [20] that this projector-valued function of rectangles can be
extended to some quasiresolution of identity E®"(a), a € B([O,T)"), in the space H®". According
to (4.11) it is possible to say that the quasiresolution of identity EQ”, acting in the space H®", is a
symmetrization of the quasiresolution of identity E®™.

Introduce the “diagonal” set d C [0,T")"™:
(4.12) d= U {te0,m)mt, =t}

{1,923 c{1L,...,n}

It follows from (4.9) and (4.11) that for a Borel complex-valued symmetric function f(t), ¢t € [0,7)",

vanishing in some neighborhood of the set d, we have
(4.13) / F()AEP (1) = ( / f(t)dE®”(t)> | HBn
[0,T)" [0,T)"

Above described construction gives the possibility to introduce an abstract symmetric n-dimensio-

nal martingale M, similar to (4.10). This martingale will be understood as a vector-valued measure

defined on B([0,T)") with values in H®":
(4.14) B([0,T)") 3 o = My(a) := E®*(o) ME" € H®™,

where M7 € H.

Apply equality (4.13) to MF". Using the definition of integral by martingales of type (4.6) and
(4.14), (4.10) we find the following relation for an above appearing symmetric function f vanishing
in some neighborhood of diagonal d (4.12):

(1.15) [, oan = [ s
0,7)n

[0, 17)"
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The integrals
9 e @n Xn
(4.16) /[ S0 = ( /[ RO

will be called multiple spectral integrals with respect to the symmetric n-dimensional martingale M,
It is possible to apply in case (4.14), (4.16) a construction of the form (4.7), (4.8). Namely, let U

be some unitary operator acting from H®" onto another Hilbert space K. Then
(4.17) B([0,7)") 3 a +— Z,(a) := UM,(a) € K,

is an abstract symmetric martingale and for a measurable with respect to B([O,T)”) functions f

vanishing in some neighborhood of diagonal d we have
(1.18) o[ rwatw) = [z,
[0,7)"

4.3. The multiple spectral integral in an n-particle Fock space. The result of Subsection 4.2
is concerned with a general quasiresolution of the identity F acting in a complex Hilbert space H.

In this Subsection we will consider a more special situation when H is equal to

H = L*([0,T),m) = Hyc, 0<T < o0
(m is the Lebesgue measure), and the quasiresolution of identity in this space has the form:
(4.19) B([0,T)) > a+ E(a)f := ».f € L*([0,T), m), f e L*[0,T),m),

where s, denotes the characteristic function of the set a. In other words, our E is the resolution
of identity of the operator of multiplication by ¢ in the space Hyc. Construct according to (4.9)
and (4.11) the corresponding resolutions of identity EF®" and E®". They act in the spaces H®" =
L2([0, ), m®") and H®" = F,(Hy) = L2([0, T)", m®") respectively.

We will prove an essential formula which represents a function from the space F,,(Hy) as an action
of the spectral integral with respect to E®" on a certain function from Fn(Hp). Namely, let some
positive essentially bounded function My € L2([0,T),m) be fixed. Construct the martingale M, by
formulas (4.14) and (4.11) from the one-dimensional resolution of identity (4.19) and M.

Lemma 4.1. For an arbitrary symmetric function f, € Fn(Hy) = L*([0,T)", m&") the following
representation is valid

1 -
4.20 fnT:—n(/ fnthnt)T
(1.20) )= 3 ([, AOBLO)C)
for m®"-almost all T € [0,T)". Here the integral is the multiple spectral integral with respect to the

symmetric n-dimensional martingale M, .
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Proof. From (4.16) and (4.13) we conclude that
Y _ on ®n _ ®n ®n
(4.21) /[0 L B = ( /[0 L f®ap (1) = ( /[0 G0 (1) M5

for any f, € Fn(Ho) = L*([0,T)", m®"), additionally equal to zero in some neighborhood of d. But
the Lebesgue measure m is non atomic, therefore the latter functions are dense in the whole space
Fn(Hp). Then equality (4.21) is valid for arbitrary f,, € F,(Hy).

The operator-valued function F(t) is the resolution of identity of the operator of multiplication
by t in the space L*([0,T'),m), therefore the spectral integral [, ;. fu(t)dE®"(t) is the operator of
multiplication by the function f, € F,(H) = L2([0,T)", m®") and the right hand side in (4.21) is
equal to f,(7)M"(7). This gives (4.20). O

Remark 4.1. Assume that T' € (0,00), then m([0,7)) < oo and we can put M7y = 1. In this case

formula (4.20) have a simpler view: for m®"-almost all 7 € [0,7)"
(4.22) falT) = ( /[ | fn(t)dMn(t)> (7).
0,1)"

5. THE CONNECTION OF THE EXTENDED STOCHASTIC INTEGRAL WITH THE CLASSICAL ITO

INTEGRAL. MULTIPLE ITO INTEGRAL AND ITS SPECTRAL REPRESENTATION

In Section 3 we have defined extended stochastic integral Set = S (3.6) for vector-valued function
&(t) with values in the Fock space F(Hp). One can easily “rewrite” this integral in form Sex s
(3.15), when the values of such function &(t) belong to (L7). We remind that Hy = L ([0,T), m),
(Q,B(Q), p) is the probability space and (Lg) = L*(Q, B(Q), p) is the I-image of the Fock space
F(Hy), where Iy, : F(Hy) — (L) is unitary operator (2.32).

In this section we find a condition on A(x, \) (2.27) under which the extended stochastic integral
Sext,n 15 equal to an ordinary Ito integral constructed by a certain normal martingale. Moreover, we

obtain conditions of coincidence of the multiple spectral integral with a multiple It6 integral.

5.1. Preliminaries. We will apply the results of Subsection 4.1. Namely, let T' € (0,00), H be
equal to F'(Hy). The quasiresolution of identity E/(¢) in this space has the form:

[O,T) et E(t)f = (fo, %(O,t]f17 ey %(O,t]"fn7 .. ) € F(Ho), f == (fn);ozo c F(H()),

where s, as usual, denotes the characteristic function of the set a; »o» = 0,n € N;. Let

Mr =1(0,1,0,0,...) be a fixed vector from ‘H = F(Hp). Then
(5.1) M(t) :== E(t)Mr = (0, »0y4,0,0,...), tel0,7T),

is an abstract martingale in the Fock space F'(Hy).
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If we apply to (5.1) unitary operator (2.32) U = I, which transfers the Fock space F'(Hp) onto
(L3), we get as a result (according to (4.7)) the abstract martingale

Z(t) = Z(t,x) = M (t) = (s, ha(2)),  t€[0,T),

in the space (L)).
So, we have constructed the required martingale Z(t). Using orthogonality relation (2.30) for A,
and (2.32) it is easy to check that for 0 < s <t < T

(5.2) 1Z(t) — Z(S)H?Lg)) = [[{54(s.15 h1>||?ng) = 1.l Z2orym = t = 5-

In addition, the condition ho(x) = 1, z € @, is fulfilled (see (2.27)). Therefore, in accordance with
(2.30) for all t € [0,T)

(5.3) /Q Z(t,x)dp(a) = /Q (3404, (@) dp() = /Q (20 1 (@) (0, (@) dp() = 0.

Let (A¢)icpo,r) be the flow of o-algebras A; generated by the process {Z(t)|t € [0,T)}, i.e., for
every t € [0,T) A; is the o-algebra on @ generated by the sets {x € Q|Z(s,z) € a}, a € B(C),
0 < s < t. This flow is right continuous because E(t) has such a property. We assume that Ay is
complete with respect to the measure p and B(Q) coincides with the smallest o-algebra generated

by Usego,r) Ar-
In the sequel, we will assume that the process {Z(t) |t € [0,T)]} is a normal martingale with respect

to the flow of o-algebras Ay, i.e., that {Z(t) |t € [0,T)]} and {Z*(t) —t|t € [0,T)} are martingales
with respect to (Ay)ieo,r)-
Note that if Z has independent increments then Z is a normal martingale. This follows from the

properties (5.2), (5.3) and the property of Z having independent increments.

5.2. The classical 1to integral with respect to the normal martingale Z. Multiple Ito
integrals. Let T' € (0,00) be fixed. We denote by D; the set of B([0,7)) x B(Q)-measurable
functions
(5.4) 0.7) % Q3 {t,0} — f(t,2) € C,
which are Ai-adapted and belong to the space L*([0,T);(Lg)). We recall that function (5.4) is
A-adapted if for each ¢t € [0,T) the function

Qo3x— f(t,x) eC

is A;-measurable.
We note that in terms of the resolution of identity function (5.4) is As-adapted if f(t) = E(t)f(t)
for each t € [0,T), where E(t) is the resolution of identity generated by the o-algebra A, (recalling
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that E(t) is the projector in the space (L) onto its subspace consisting of all functions from (Lg,),
which are measurable with respect to A;).

The It6 integral of the integrand f(t) = f(t, z)

(55) (1) = [ f0az (o)

with respect to the normal martingale Z(t) is defined as the unique linear isometric mapping

(5.6) L2([0,T); (1)) 5 Dy 3 f = §i(/) € (1)

such that

(5.7) Si(954s,) = 9(Z(t) — Z(s)) = g{¢(s4), 1),
0<s<t<T,

for any A,-measurable function g € (L))

We stress that the isometry of the mapping (5.6) means that the following equality holds:

T

T
55) I [ 10020l = [ 170 d fe D
0

0

For a proof of existence and the properties of such an It6 integral S;(f) we refer to the books
[52, 51, 53, 54, 19].

Let us recall some results concerning the definition and properties of the multiple [to integrals
for the integrands that are complex-valued symmetric functions. Namely, let f, € F,(Hy) =

L2([0,T)", m®"), n € Ny. For such a function f, we can form the iterated It6 integral

tn to

(5.9) /T/~~(/fn(tl,...,tn)dZ(tl))...dZ(tn1)dZ(tn)

because at each It integration with respect to dZ(t;) the integrand is A;-adapted and square inte-

grable with respect to dp(z) x dm(t;), i € {1,...,n}. Moreover, applying n times equality (5.8) we
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obtain
H/T(7---ifn(tl,...,tn)dZ(tl)...dZ( ))dZ(t, HL2
:/TH7~--jfn(tl,...,tn)dZ(tl)...dZ(tn_l)H?Lé)dtn

T
|
://.../\fn(tl,...,tn)‘zdtl...dtn_ldtn = 1l
0 0 0

Hence, the mapping

(H() > fn = n'// /fn tl, e dZ(tl) . dZ(tn_l)dZ(tn) € (L2Q), n e Nl,

is linear and continuous.
For a function f,, € F,(Hy), n € Ny, we define an It6 multiple stochastic integral S,,(f,) b

T tn

(5.10) Su(fa) = n! / / / Fultis e )2 (1)) .. dZ(ta)AZ (1),

The properties of iterated [t integrals (5.9) give the corresponding properties of the multiple sto-
chastic integrals S, (f,,). For more details on the construction and properties of the integrals S, (f,)
see [50, 19], in the Gaussian and Poissonian cases see [31, 32, 55, 56]. We note that in the special

case
fn:%A1®"'®%An € Fn(Hyp), n € Ny,

where A; = (a;,b;] C [0,T), 7 € {1,...,n}, are disjoint, it is possible to calculate the integrals
Sn(fn) and get:

(5.11) Sn(%Al ®"'®%An) = <%A1,h1>-~<%An,h1>-

5.3. When the image of a multiple spectral integral is an It6 multiple stochastic integral.
We will now continue the investigations of Subsection 4.3 concerning the properties of multiple
spectral integrals.

At first, we recall the results of Subsection 4.3. Let H = Hoc = L*([0,T),m), T < oco. Using
resolution of identity £ (4.19) of the operator of multiplication by ¢ in the space L*([0,T'), m) and the
function My = 1 we construct by (4.14), (4.11) the martingale M, with values in H®" = F,,(H,) =
L2([0,T)", m®"). According to remark 4.1 for an arbitrary function f, € F,(H,) the following
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representation holds
[0,7)"

Apply operator I, (2.32) to equality (5.12) (we consider f,, as a vector (0,...,0, f,,,0,0,...) from
F(Hy)). Using formulas (2.32) and (4.18) (with U = I) we get

(5.13) ol = [ u00a20,2),

in the space (L), where

is a symmetric martingale.
Our aim is to find conditions on h(x, A) under which image (5.13) of multiple spectral integral

(5.12) coincides with It6 multiple stochastic integral (5.10).

Theorem 5.1. For an arbitrary function f, € F,(Hy), n € Ny, the equality

A~

(5.14) Sn(fn) = / fa(t)dZ,(2)
[0,7)"

holds if and only if

(5.15) Ih(%Al (/X\)---(/X\)%An) :Ih(%Al)--‘Ih(%An)

for all disjoint intervals A; = (a;,b;], j € {1,...,n}, from [0,T).

Proof. Let us assume that equality (5.15) take place, i.e.
(516) <%A1 ®®%An7hn> = <%A17h1>”'<%An7h1>

for all disjoint interval A; = (a;, b4, j € {1,...,n}, from [0,7"). Using (5.16), (5.13) and (5.11) we
conclude:

(5.17) Su(3a, ® -+ ® 5a,) :/ (32, ® -+ @ 32a,) ()dZa(2).
[0, 17)"
Since the vectors »a, & - - & sa, form a total set in F,(Hy) we obtain (5.14) from (5.17).

Conversely, let (5.14) takes place. Then from (5.13), (2.32) and (5.11) we obtain (5.15). O

We have the following statement.

Theorem 5.2. If for all x € Q) and for any ¢, ..., p, € ® such that supp p; Nsupp @, = & if j # 1,
i,j€{l,...,n},
I"h(w, 2101 + - + Znn)

0 9,
.1 - o o. . e —
(5.18) 0z ...0zy 0z Wz, 2101) 21=0 8znh(x’ Znn)

z1=...=2n=0 2n=0
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then for all disjoint A; = (a;,b;] C [0,T), j € {1,...,n},

-~

Ih(%A1®"‘®%An) :Ih(%Al)...Ih(%An), n € Ny.
Proof. Let us assume that (5.18) is fulfilled. Then using (2.34) and (5.18) we obtain

(5.19) (1 & ® n, hn(2)) = (1, (@) .. (n, (),  n €N,

for all z € @ and any ¢, ..., p, € ® (under the conditions of the theorem).
It is well known that for all disjoint Ay,..., A, C [0,7") there exist p;. € ®,¢ > 0, such that
supp ;. C Aj and @;. — sa, in Hyc = L*([0,T),m) as ¢ — 0. So, using (5.19) we have

~

In(3p, @+ ® 528,) = lim In(p1: @+ ® pne) = lim (1) - In(pne) = In(5a,) - - - In(5ea,)-
0

5.4. The coincidence of the extended stochastic integral with the It6 integral for adapted
processes. In the classical Gaussian and Poissonian analysis the extended stochastic integral is a
generalization of the It integral: they are equal for adapted processes. Therefore, there is a natural
question about conditions on the unitary map I : F(Hy) — (LQQ) such that Sex p, = S;. As an answer

we have the following statement.

Theorem 5.3. If the unitary map I, : F(Hy) — (Lg) is such that

(5.20) I(sen, @ - ® 2en,) = In(oen,) ... In(52a,), i.e.
<%A1®"'®%An7hn>:<%A1ah1>"'<%ﬁnah1>a n € Ny,

for all disjoint intervals A; = (a;,b;], j € {1,...,n}, from [0,T) then D; = Dy, (the set Dy, is defined

by (3.16)). In this case for the extended integral Sex n, defined by (3.15), we have

(5.21) Sext,n (f) = Si(f), f€Dy= Dy
Conversely, if D, C Dy and (5.21) takes place then (5.20) is fulfilled and Dy, = Dy.

Proof. Let (5.20) takes place. In order to prove the equality D;, = Dy, it is sufficient to check that
(522) E{ <fn7 hn> ’At} == <%(0,t]”fn7 hn>, te [0, T),

for arbitrary f, € F,,(Hp), n € Ny. Here E{f|.A;} denotes the conditional expectation of a random
variable f with respect to the o-algebras A, (note that E{-|A:} is the projector in the space (L)
onto its subspace consisting of all functions from (Lé) which are measurable with respect to A4;).

Since the functions

-~

fn:%A1®"'®%An, A’LHA]:@, Z#])

form a total set in F,,(Hp), it is sufficient to check (5.22) for such functions.
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Using (5.20), the equality
E{<%(075],h1>|./4t} = <%(0,t]7 h1>7 0<t S s<T

(recall that Z(t) = (s04,h),t € [0,T) is a martingale) and the properties of the conditional

expectation, we get

E{ful At} = E{(3a, ® -+~ @ 325, hu)| A} = E{(3e,, 1) .. (5ea,., ) | A}

= E{H(<%Ajm(o,t], h1> + <%A]ﬂ(t,T)a h1>)|At} = <%Alﬂ(0,t]7 h1> e <%Anﬁ(0,t]7 h1>

Jj=1

= (22100 ® -+ © 28,004 hn) = (50,40 (328, @ -+ @ 328,), b)) = (350,110 frs Fin)-
So, the necessary equality Dy, = D; is proved.
Let us prove (5.21). The mappings

LX([0,7);(Lg)) > Dy > f = Si(f) € (Lg),  L*([0,T);(L4)) O Du 3 f = Sexen(f) € (L)
are linear and continuous. Therefore, it is sufficient to show that (5.21) takes place for the functions
(523) fn() = <%A1®"'®%An7hn>%A(') EDh:DD neNl)

where A; = (a;j,b;] C [0,T),j € {1,...,n}, aredisjoint and A = (a,b] C [0,T),a > b;,j € {1,...,n}
(we note that functions (5.23) form a total set in Dj, = Dy).

For such A; the function

(sen, @+ @ sen, b)) = (sea, ha) ... (52n,, h1)

is A,-measurable because each functions (sxa,,h;), j € {1,...,n}, is A,-measurable. Therefore,
according to (5.7) and (5.20), for function (5.23) we get
T T
$0) = [0 h)aZ(0) = [ a6+ B sen, i alt)d2()
0 0

- <%A1 ® Tt ® A hn><%A7 h1> - <%A1 @ e @ AN, @ TN, hn+1> - Sext,h(f)-
The first part of the theorem is proved.

For the proof of its second part consider the function
[O, T) 9 t = <%A1 @ T @ %An717 h’n—1>%An (t) E (ng)7

where A; = (a;,b;], 7 € {1,...,n}, are disjoint and @, > max{ai,...,a,—1}. Evidently, these
functions belong to the set D, C D; because condition (3.9) is fulfilled: if ¢ € [0,7) \ A,, then the

function

Fao1(t) = (ea, @ - @ s2a, )52, (1) € Foor(Ho)
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is equal to zero; if t € A,,, then the multiplication by f,_1(f) on s n-1 does not change this function

(Aq,...,An_1 C (0,t]). Therefore, according to (3.15) we have:
(5.24) Sextn((22a, @+ @ 2a,_,, 1), (")) = (308, ® -+ @ 5¢a,, hn)-
On the other hand the function
(522, @ -+ © 520,15 b ()

is A, -measurable, therefore using (5.7) we obtain

-~ ~

(5.25) Si({2ea, @+ @ s2a,_y, hn1)3ea, (1) = (sea, @ -+ ® 52a,_,, huo1) (524, , b))

From (5.21), (5.25) and (5.24) we conclude that

-~

(526) <%A1 @ @ HANp_1s hn*1><%An7 h1> = <%A1 @ U @ HAn» hn>7 n e NZ:

in the space (L2Q) Taking in (5.26) n = 2,3, ... we get step by step equality (5.20). O

6. CLASSICAL EXAMPLES

1. Gaussian white noise analysis. Let Q = H_y = W2, (R, (1 + t*)'dt), Ry = [0,00), p = 7 be the

Gaussian measure, which is completely characterized by its Fourier transform
1
/ exp(i(z, \))dy(z) = exp(—§<)\, A)), A€ Hy = WE(R,, (14 t*)'dt).
H_

The function
o0

e, A) = expl(r, ) = 5 N) = 37 O ho(2)

n=0
is the generating function for the Hermite polynomials h,(z). In this case, the unitary mapping
(2.32) is the classical Winer—It6—Segal isomorphism.

One can verify that the function h(x, \) satisfies (5.18) and the process

{B(t) = B(t,") := (0, () = (20, 7) [ T € Ry},

is a normal martingale with respect to the flow (A;);cr . of o-algebras A; generated by the set
{r € Q|B(s,z) € a}, a € B(R), 0 < s <t. Hence it follows from Theorems 5.3 and 5.2 that the It6

integral coincides with the corresponding extended stochastic integral

o0

Si(f) = Sextn(f) =Y {fos ).

n=1

for f() - Zzo:0<fn()7 hn) € DI~
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2. Poissonian white noise analysis. Let Q = H_; = W2 (R, (1 + t*)'dt), p = 7 be the centered

Poisson measure with intensity dt, which is completely characterized by its Fourier transform
/ exp(i{x, \))dr(z) = exp(L, e — 1 —i)), A€ Hy.
H_4

In this case the function h(x, A) has the form

o0

h(z,A) = exp({z + Llog(1+ ) — (L,A)) = > %Q@", (),

where h,(z) are the Charlier polynomials. It is known that the function h(z, \) satisfies all assump-
tion formulated in Subsection 2.4. Therefore we have the statement that the 1t6 integral with respect

to the process
{O(1) = O(t, ) = (0.0, () = (0.0, )| 1 € Ry},

coincide with the corresponding extended stochastic integral.

3. Let us fix a function
Ry >t—0(t)eC
such that
0)<c,  teR,,
for some constant ¢ > 0 and

100l < collolle,, ¢ € Hy =Wy Ry, (1+t2)dt),
for some constant ¢, > 0, p € Nj.
We consider the probability measure pg on B(H_1) given by the Fourier transform (see, e.g., [15])

/S ] exp (i, A))dto () = eXp( / (i (m(t));enz(t)> dt)

R+ n=2
= exp(L, (e — 1 —iX0)I™2),

where

X oy \ngn—2
(€ —1—iX)o % =) % € H,.
n=2 :

For

(1 is the centered Poissonian measure.
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Let us put Q@ = H_y, p = py. It follows from results of [15] that the function
1
n!

R (z, \) == exp((x, 07 log(1 + ON)) + (1,02 log(1 + OX) — 671N\)) = i

n=0

(A", by (@),

X 1\n—lpgn—1yn
0~ log(1 + 6ON) == Z (=)™ 70" A
n=1

satisfies all assumptions of Subsection 2.4 required for a function h. Therefore the mapping

cH ,=H._,
n

o0

F(Ho) > f = (fu)oo = (Inof)() ==Y {fa, hO()) € (L)

n=0

is well-defined and unitary. Under this mapping rigging (2.5) of the Fock space F(H,) transforms
into a rigging of the corresponding (L% ). Note that for § = 0 the mapping ;s is the classical
Wiener-Ito-Segal isomorphism. It follows from results of [15] that the function h? satisfies (5.18)
and the process

{n°(t) = 1°(t,) == (10,0, BY()) | £ € Ry},
is a normal martingale with respect to the flow (A;).cr, of o-algebras A, generated by h?(t). Hence it
follows from Theorems 5.3 and 5.2 that the It6 integral Si(f), f(-) = >_or o (fu(*), k%) € Dy, coincides

with the corresponding extended stochastic integral

o0

Spe(f) = Z<fn> hi>

n=1
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