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Section:

Banach Spaces

Compactness de�ned by `p-spaces

Kati Ain

University of Tartu, Tartu, Estonia kati.ain@ut.ee

Let 1 ≤ p < ∞ and 1 ≤ r ≤ p∗, where p∗ is the conjugate index of p. We say that
a linear operator T from a Banach space X to a Banach space Y is (p, r)-compact if the
image of the unit ball T (BX) is contained in {

∑
n anyn : (an) ∈ B`r} (where (an) ∈ Bc0 if

r = ∞) for some p-summable sequence (yn) ∈ `p(Y ). The p-compact operators, studied
recently by J. M. Delgado, A. K. Karn, C. Pi�neiro, E. Serrano, D. P. Sinha, and others,
are precisely the (p, p∗)-compact operators. We describe the quasi-Banach operator ideal
structure of the class of (p, r)-compact operators.

The talk is based on joint work with E. Oja (University of Tartu).

On the Banach-Steinhaus Theorem

Eugeny Berezhnoi

Yaroslavl State University, Russia ber@uniyar.ac.ru

The well known resonance theorem or the Banach-Steinhaus theorem asserts that, if
the sequence of the norms of operators An : X → Y is unbounded then there exists a set
of second category V ⊂ X such that for each x ∈ V one has

supn∈N‖Anx‖ =∞.
In the classical version of the Banach-Steinhaus theorem spaces and operators are

assumed to be linear. Consider the following problem.

Problem A. Given Banach spaces X, Y and a sequence of linear operators An : X → Y
for which

supn∈N‖An‖ =∞,
does there exist a subspace Z ⊂ X of dimension grater than one (an in�nite dimensional
subspace Z ⊂ X) such that for each x ∈ Z, x 6= 0 we have

supn∈N‖Anx‖ =∞?

In the present report we give an answer to this problem in some partial cases.
Supported by RFFI, N 11-01-00321
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Converse theorem of approximation theory in weighted
Orlicz spaces

Stanislav Chaichenko

Donbass State Teachers Training University, Ukraine stolch@mail.ru

Let M be a quasiconvex Young function (M ∈ QC) and L̃M,ω the class of 2π-periodic

Lebesgue measurable functions such that
∫ 2π

0
M(|f(x)|)ω(x)dx < ∞, where ω(t) is a

measurable and a.e. positive function (weight). By LM,ω we denote the linear span of the
weighted Orlicz class L̃M,ω with the Orlicz norm

‖f‖M,ω := sup
{ 2π∫

0

|f(t)g(t)|ω(t) dt :

2π∫
0

M̃(|g(t)|)ω(t) dt ≤ 1
}
,

where M̃(y) := supx≥0(xy −M(x)), y ≥ 0. If ω(t) belongs to the Muckenhoupt class
A℘(M), where 1/℘(M) := inf{℘ : ℘ > 0, M℘ ∈ QC}, ℘′(M) := ℘(M)/(℘(M) − 1), then
LM,ω is a Banach space which is called the weighted Orlicz space. Let L be the space of
2π-periodic measurable on period functions, f ∈ L and ak(f), bk(f), k = 1, 2, . . . , be the
Fourier coe�cients of f . Let, further, ψ(k) be an arbitrary function of integer argument
k ∈ N and β ∈ R. If the series

∞∑
k=1

1

ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+ bk(f) sin

(
kx+

βπ

2

))
is a Fourier series of some function from L, then this function, according to A.I. Stepanets,
is called the (ψ; β)-derivative of the function f and is denoted by fψβ . A Young function
Φ is said to satisfy ∆2 condition if there is a constant c > 0 such that Φ(2x) ≤ c Φ(x)
for all x ∈ R. Let QCθ2 be a class of functions Φ satisfying ∆2 condition such that Φθ is
quasi-convex for some θ ∈ (0; 1);

En(ϕ)M,ω := inf
tn−1∈Tn−1

{
‖ϕ− tn−1‖M,ω, ϕ ∈ LM,ω

}
be the best approximation of the function f by means of the subspace Tn−1 of trigonometric
polynomials of degree not greater than n− 1;

M :=
{
ψ(k) : ψ(k)− ψ(k + 1) ≥ 0, ψ(k + 2)− 2ψ(k + 1) + ψ(k) > 0, lim

k→∞
ψ(k) = 0

}
.

Theorem. Suppose M ∈ QCθ2 and ω ∈ A℘(M). If ψ ∈M and the series∑∞
k=1Ek(f)M,ω|ψ(k)|−1 is convergent then for an arbitrary function f ∈ LM,ω the deri-

vative fψβ exists and

En(fψβ )M,ω ≤ C
∞∑
k=n

Ek(f)M,ω|ψ(k)|−1, n ∈ N.
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Boundaries of Banach spaces

V. P. Fonf

Ben-Gurion University of the Negev, Israel fonf@math.bgu.ac.il

Let X be a Banach space. A subset B ⊂ SX∗ of the unit sphere SX∗ of the dual space
X∗ is called a boundary of X if for any x ∈ X there is f ∈ B such that f(x) = ||x||.
The unit sphere SX∗ is a boundary (the Hahn-Banach theorem). Another example of a
boundary is the set extBX∗ of extreme points of the unit ball BX∗ (the Krein-Milman
theorem). We say that a subset B ⊂ SX∗ has the property (I) if for any representation
of B as B = ∪∞i=1Bi where the sets Bi form increasing sequence of sets, we have ||.|| −
cl ∪∞i=1 w

∗ − clcoBi = BX∗ .

Theorem 1 (V. P. Fonf and J. Lindenstrauss, 2003). Let X be a Banach space and B be
a boundary of X. Then B has the property (I).

Theorem 1 has several applications. We show how to prove famous James' theorem
(in the separable case) with the help of Theorem 1. Assume that for any f ∈ X∗ there
is x ∈ SX such that f(x) = ||f ||. It follows that the set B = SX ⊂ X∗∗ is a boundary
of X∗. Let {xi} be a dense sequence in B (X is separable!). Fix ε > 0 and put Bn =
B ∩ ∪ni=1(xi + εBX). By (I)-property we have that the set ∪∞n=1(co{xi}ni=1 + εBX∗∗) is
norm-dense in BX∗∗ , for any ε > 0. And we easily deduce that X is re�exive.

Theorem 2 (V. P. Fonf, 1989). Let X be a Banach space and B a boundary of X such
that there is a representation B = ∪∞n=1Bn where sequence of sets Bn is increasing and
each set Bn is non-norming. Then X ⊃ c0.

Theorem 2 has many applications in Functional Analysis and Function Theory. We
give here just one.

Corollary 3. Let X be a Banach space which does not contain an isomorphic copy of c0.
Assume that B is a boundary of X. If a sequence {xn} ⊂ X is bounded for any functional
f ∈ B , i.e. the sequence {f(xn)} bounded, then the sequence {xn} is bounded in the
norm.

Recall that a Banach space is called polyhedral if the unit ball of any its �nite-
dimensional subspace is a polytope.

Theorem 2 (V. P. Fonf, 2011). Let X and Y be Banach spaces with Y separable
polyhedral. Assume that T : X → Y is a linear bounded operator such that T ∗(Y ∗)
contains a boundary of X. Then X is separable and isomorphic to a polyhedral space.
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Diameter 2 properties

Rainis Haller

University of Tartu, Tartu, Estonia rainis.haller@ut.ee

A Banach space has the

• diameter 2 property if every nonempty relatively weakly open subset of its unit ball
has diameter 2;

• strong diameter 2 property if every convex combination of slices of its unit ball has
diameter 2.

We will show that there exist Banach spaces with the diameter 2 property but lacking
the strong diameter 2 property.

The talk is based on joint work with M. P�oldvere and J. Langemets, University of
Tartu.

1. Abrahamsen, T., Lima V., Nygaard, O., Remarks on diameter 2 properties, J. Conv. Anal. (to
appear).

Rearrangements of series in Banach spaces

Vladimir Kadets

Kharkiv V. N. Karazin National University, Kharkiv, Ukraine

vova1kadets@yahoo.com

We present a short survey about conditional and unconditional convergence of series
in Banach spaces. A special attention will be payed to the impact of works of M. I. Kadets
(Kadec) and his students.

Order bases

O. O. Karlova and M. M. Popov

Chernivtsi National University, Ukraine

maslenizza.ua@gmail.com, misham.popov@gmail.com

We introduce and study the notion of an order basis of a vector lattice by replacing
the norm convergence in the de�nition of a Shauder basis with the order convergence. Let
F be a sequential order closed linear subspace of a vector lattice E. A sequence (xn) in
F is called an order basis of F if for every x ∈ F there exists a unique sequence of scalars
(an) such that

∑n
k=1 akxk

o−→ x, where yk
o−→ y means that (yn) order converges to y. A

sequence (xn) in a vector lattice E is called an order basic sequence if it is an order basis
of the sequential order closure of the linear span of (xn).
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To distinguish the norm and the sequential order closure of the linear span of a
sequence (xn) in a Banach lattice E, we will denote them by [xn]N and [xn]O respectively.
An order basis sequence (xn) in a Banach lattice E is called a strong order basic sequence

if [xn]N = [xn]O
def
= [xn].

Theorem 1. A sequence (xn) in a σ-order complete Banach lattice E with the Fatou
property is a strong basic sequence if and only if there is a constant M <∞ such that for
each m ∈ N and each collection of scalars (ak)

m
1 one has

∥∥∥ m∨
i=1

∣∣∣ i∑
k=1

akxk

∣∣∣ ∥∥∥ ≤M
∥∥∥ m∑
k=1

akxk

∥∥∥. (1)

Let (xn) be a strong order basic sequence in a σ-order complete Banach lattice E. The
least constant M <∞ such that (1) holds we call the order constant of (xn).

Theorem 2. The Haar system is an order basis of Lp with 1 < p ≤ ∞. The order
constant Mp of the Haar system in Lp, 1 < p <∞ satis�es Mp

p ≥ 1 + 1
2p−2

.

Theorem 3. The Banach lattice L1 is not isomorphically embedded by means of an into
isomorphism with σ-order continuous inverse map, into a σ-order complete Banach lattice
with an order basis.

On M. I. Kadets and A. Pe lczy�nski's sets

V. Kholomenyuk1, I. Krasikova2, and M. Popov1

1Chernivtsi National University, Ukraine
2Zaporizhzhya National University, Ukraine

trufaldinka@gmail.com, yudp@mail.ru, misham.popov@gmail.com

In seminal paper [1] (1962), which became one of the most cited classical papers in the
geometric theory of Banach spaces, M. I. Kadets and A. Pe lczy�nski introduced special sets
Mp

ε in the space Lp, 1 ≤ p <∞ depending on a positive parameter ε > 0 and consisting
of all elements x ∈ Lp such that the subgraph of the decreasing rearrangement of |x|
contains a square with sides ε. Let us give a precise de�nition for the general setting of
K�othe Banach spaces on [0, 1].

Let E be a K�othe Banach space on [0, 1] and ε > 0. Set

ME
ε =

{
x ∈ E : µ

{
t ∈ [0, 1] : |x(t)| ≥ ε‖x‖E

}
≥ ε
}
.

Remark that the setsME
ε for the setting of K�othe Banach spaces were used by di�erent

authors, see e.g. [3, Proposition 1.c.8]. A known analogue of the Pitt compactness
theorem for function spaces asserts that if 1 ≤ p < 2 and p < r <∞ then every operator
T : Lp → Lr is narrow [2]. Using a technique developed by M. I. Kadets and A. Pe lczy�nski,
we prove a similar result. More precisely, if 1 ≤ p < 2 and F is a K�othe Banach space on
[0, 1] with an absolutely continuous norm containing no isomorphic copy of Lp such that
F ⊂ Lp then every regular operator T : Lp → F is narrow. A Banach space E ⊂ L1 is
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called a K�othe Banach space on [0, 1] if 1[0,1] ∈ E and for each x ∈ L0 and y ∈ E the
condition |x| ≤ |y| implies x ∈ E and ‖x‖ ≤ ‖y‖.

Using Kadets-Pe lczy�nski's sets, the following result was obtained.

Theorem. Let 1 ≤ p < 2 and let F be a K�othe Banach space on [0, 1] with an absolutely
continuous norm containing no subspace isomorphic to Lp such that F ⊂ Lp. Then every
regular operator T ∈ L(Lp, F ) is narrow.

1. M. I. Kadets, A. Pe lczy�nski. Bases, lacunary sequences and complemented subspaces in the
spaces Lp. Studia Math. 21 (2) (1962), 161�176.

2. V. M. Kadets, M. M. Popov. On the Lyapunov convexity theorem with applications to sign-
embeddings. Ukra�in. Mat. Zh. 44 (9) (1992), 1192�1200.

3. J. Lindenstrauss, L. Tzafriri. Classical Banach spaces, Vol. 2, Function spaces. Springer�
Verlag, Berlin�Heidelberg�New York (1979).

On Rainwater extremal test theorem for �lter
convergence

Alexander Leonov

V. N. Karasin Kharkiv National University, Ukraine allexonov@gmail.com

In this talk we study a connection between the dominated convergence theorem, the
Rainwater extremal test theorem, and the criterium of weak convergence in C(K) using
the language of �lters. Let F be a �lter on N for which the weak F -convergence of bounded
sequences in C(K) is equivalent to the point-wise F -convergence. Such �lters are said to
have the C-Lebesgue property. We show that it is su�cient to require this property only
for C[0, 1] and that the �lter-analogue of the Rainwater theorem arises from it. There
are ultra�lters which do not have the C-Lebesgue property and under the Continuum
Hypothesis there are ultra�lters which do have it. This implies that the validity of the
Lebesgue dominated convergence theorem for F -convergence is more restrictive than the
property which is studied.

Convex approximation properties of Banach spaces

Aleksei Lissitsin

University of Tartu, Tartu, Estonia aleksei.lissitsin@ut.ee

We study the convex approximation property of Banach spaces to provide a uni�ed
approach to various approximation properties including, besides the classical ones, e.g.,
the positive approximation property of Banach lattices and the approximation property
for pairs of Banach spaces. Our applications include, for instance, the following results.
Let X be a Banach lattice such that X∗ has the Radon�Nikod�ym property, then the
positive approximation property and the metric positive approximation property with
conjugate operators are equivalent for X∗. Let X be a Banach space and let Y be a
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closed subspace of X. Let X∗ or X∗∗ have the Radon�Nikod�ym property. If the pair
(X∗, Y ⊥) has the approximation property, then (X∗, Y ⊥) has the metric approximation
property; in particular, both X∗ and Y ⊥ have the metric approximation property.

The talk is based on joint work with E. Oja (University of Tartu).

Structure of Ces�aro function spaces

Lech Maligranda

Lule�a University of Technology, Sweden lech.maligranda@ltu.se

The Ces�aro function spaces Cesp(I) on both I = [0, 1] and I = [0,∞) are the classes
of Lebesgue measurable real functions f on I such that the norm

‖f‖C(p) =

[∫
I

(
x−1

∫ x

0

|f(t)|dt
)p

dx

]1/p

<∞

for 1 ≤ p < ∞ and ‖f‖C(∞) = supx∈I, x>0 x−1
∫ x

0
|f(t)| dt < ∞ for p = ∞. In the case

1 < p < ∞ spaces Cesp(I) are separable, strictly convex and not symmetric. They, in
the contrast to the sequence spaces, are not re�exive and do not have the �xed point
property (2008). The structure of the Ces�aro function spaces Cesp(I) is investigated.
Their dual spaces, which equivalent norms have di�erent description on [0, 1] and [0,∞),
are described. The spaces Cesp(I) for 1 < p <∞ are not isomorphic to any Lq(I) space
with 1 ≤ q ≤ ∞. They have �near zero� complemented subspaces isomorphic to lp and
�in the middle� contain an asymptotically isometric copy of l1 and also a copy of L1[0, 1].
They do not have Dunford-Pettis property. Ces�aro function spaces on [0, 1] and [0,∞)
are isomorphic for 1 < p < ∞. Moreover, the Rademacher functions span in Cesp[0, 1]
for 1 ≤ p < ∞ a space which is isomorphic to l2. This subspace is uncomplemented in
Cesp[0, 1]. The span in the space Ces∞[0, 1] gives another sequence space.

The talk is based on joint work with S. V. Astashkin.

The Bishop-Phelps-Bollobas modulus of a Banach space

Miguel Mart��n

Universidad de Granada, Spain mmartins@ugr.es

The classical Bishop-Phelps-Bolloba's theorem allows to approximate functionals and
points where they almost attain their norm by functionals attaining the norm and the
points where they do.

We introduce a modulus for each Banach space measuring how good is that approxi-
mation, presenting examples and the basic properties.

The talk is based on joint work with Mario Chica, Vladimir Kadets, Soledad Moreno,
and Fernando Rambla.
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Functional calculus on a Wiener type algebra of
analytic functions of in�nite many variables

O. M. Myaus

Lviv National Polytechnic University, Lviv, Ukraine myausolya@mail.ru

LetX be a re�exive complex Banach space andX ′ its dual, 〈X | X ′〉 � the correspondi-
ng duality, the complete symmetric tensor product X�nπ endowed with the projective
norm ‖ · ‖π. For every F ′n ∈ X

′�n
π there exists [1] a unique n-homogeneous polynomial

Fn such that Fn(x) := 〈x�n | F ′n〉 for all x ∈ X. Denote by Pnπ (X) =
{
Fn : F ′n ∈ X

′�n
π

}
the space of the so-called nuclear n-homogeneous polynomials with the norm ||Fn|| :=
||F ′n||π, F ′n ∈ X

′�n
π , and consider the set Wπ := {F =

∑
n≥0 Fn : Fn ∈ Pnπ (X)} with the

norm ||F || =
∑
||Fn||, which is a nuclear Wiener type algebra, being a Banach algebra

of bounded analytic functions in B = {x ∈ X : ‖x‖ < 1}. Let Ut (t ∈ R) be the C0-

group of linear isometric operators on X. Then the C0-group ÛtF (x) = F (Utx) (x ∈ B)

over the Wiener algebra Wπ is well de�ned. Let Â be the generator of Ût of the form

[2] ÂF (x) =
∑

n∈Z+

〈
x�n

∣∣∣ ∑n
j=0 A

′
jF
′
n

〉
, A′j := I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

j−1

⊗ A′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j+1

, x ∈ B,

de�ned on the norm dense subspace D(Â) =
{
F =

∑
Fn : F ′n ∈ D(A′)�n

}
in Wπ, where

D(A′) is the domain of the adjoint generator A′. Let

Eν :=
{
ϕ ∈ L1(R) : ‖ϕ‖ν = sup

k∈Z+

‖Dkϕ(t)‖L1

νk
<∞

}
, E :=

⋃
ν>0 Eν = lim ind

ν→∞
Eν .

Theorem. For every ϕ ∈ E the operator de�ned by

ϕ̂(Â)F (x) =
∑
n∈Z+

〈
x�n

∣∣∣ n∑
j=0

[ϕ̂(Aj)]
′ F ′n

〉
,

x ∈ B belongs to the Banach algebra L(Wπ) of all bounded linear operators on Wπ, where
the operators ϕ̂(A) =

∫
R Utϕ(t) dt, [ϕ̂(Aj)]

′ := I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
j−1

⊗ [ϕ̂(A)]′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j+1

(
here

[ϕ̂(A)]′ is adjoint of ϕ̂(A) ∈ L(X)
)
are bounded on X and X

′�n
π , respectively. Moreover,

the di�erential property (̂Dϕ)(A) = Âϕ̂(A), ϕ ∈ E holds.

By the well-known Paley-Wiener theorem the Fourier-image Ê of the space E , endowed
with the inductive topology under the Fourier transform F : E −→ Ê , consists of in�nite
smooth �nite complex functions on R. We also de�ne ĝ(Â) ∈ L

[
Ê(Wπ)

]
for every ĝ ∈ Ê ′

and study its properties. Note, that D′(R) ⊂ Ê ′ where D(R) means the classic Schwartz
space of test functions.

1. S. Dineen. Comp lex Analysis on In�nite Dimensional Spaces. Springer-Verlag, Berlin, Heidelberg,
1998.

2. A. Bednarz. Exponential Type Vectors in Wiener algebras on a Banach ball. Opuscula Matemati-
ca, Vol. 28, No. 1, 2008, p. 5-17.
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On sums of narrow operators on K�othe Banach spaces

V. V. Mykhaylyuk and M. M. Popov

Chernivtsi National University, Ukraine vmykhaylyuk@ukr.net, mismam.popov@gmail.com

Narrow operators, as a generalization of compact operators on function spaces, were
introduced and studied by Plichko and Popov in [3]. Some properties of compact operators
inherit by narrow operators, but not all of them [3]. One of the most interesting facts on
narrow operators is that, if a rearrangement invariant space E on [0, 1] has an unconditi-
onal basis then a sum of two narrow operators on E need not be narrow. To the contrast,
a sum of two narrow operators on L1 is narrow. The above phenomena of sums of narrow
operators has a nice description in a more general setting of narrow operators on vector
lattices. In [2] O. Maslyuchenko and the authors extended the notion of narrow operators
to vector lattices and proved that, given order continuous Banach lattices E,F with E
atomless, the set Nr(E,F ) of all regular narrow operators from E to F is a band in the
vector lattice Lr(E,F ) of all regular operators from E to F . In particular, a sum of two
regular narrow operators from E to F is narrow. Since all linear continuous operators on
L1 are regular, this covers the result on narrowness of a sum of two narrow operators on
L1. On the other hand, every example of a non-narrow sum of two narrow operators on a
rearrangement invariant space on [0, 1] with an unconditional basis involves non-regular
summands. However, the following problem has been remained unsolved [1].

Problem 1. Let X be any Banach space. Is the sum of two narrow operators in L(L1, X)
narrow?

Another problem concerns the classical atomless Banach lattice L∞. Since L∞ is not
order continuous, Theorem 1 cannot be applied to operators de�ned on L∞. Moreover,
it was shown in [2] that the set of all narrow regular operators on L∞ is not a band in
Lr(L∞). Nevertheless, the following problem remained open [2].

Problem 2. Is a sum of two regular narrow operators on L∞ narrow?
We give negative answers to these problems.

1. V. M. Kadets, M. M. Popov. Some stability theorems about narrow operators on L1[0, 1] and
C(K). Mat. Fiz. Anal. Geom. 10 (1) (2003), 49�60.

2. O. V. Maslyuchenko, V. V. Mykhaylyuk, M. M. Popov. A lattice approach to narrow
operators. Positivity. 13 (2009), 459�495.

3. A. M. Plichko, M. M. Popov. Symmetric function spaces on atomless probability spaces.
Dissertationes Math. (Rozprawy Mat.) 306, (1990), 1�85.
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The weak metric approximation property

Eve Oja

University of Tartu, Tartu, Estonia eve.oja@ut.ee

A Banach space X has the approximation property (AP) if there exists a net (Sα) of
�nite-rank operators on X such that Sα → Id uniformly on compact subsets of X. If (Sα)
can be chosen with supα ‖Sα‖ ≤ 1, then X has the metric AP (MAP). The weak MAP of
X means that for every Banach space Y and for every weakly compact operator T from
X to Y , there exists a net (Sα) of �nite-rank operators on X with supα ‖TSα‖ ≤ ‖T‖
such that Sα → Id uniformly on compact subsets of X. The AP of X is not, in general,
weakly metric. In contrast, the AP of the dual space X∗ is always weakly metric. It
is not known whether the AP of X∗ is metric � a famous problem that goes back to
Grothendieck's Memoir. More generally, it is not known whether the weak metric AP of
X is the same as the metric AP. We describe the weak MAP of X in terms of the space X
itself, without having recourse to other Banach spaces Y . To compare the MAP and the
weak MAP, we discuss their recent characterizations obtained jointly with �Asvald Lima
and Vegard Lima. These characterizations involve Banach operator ideals of integral and
nuclear operators, and two-trunk trees. The weak MAP shows up to be quite an e�cient
mean in proofs of results on classical approximation properties.

Complemented subspaces, approximation properties
and Markushevich bases in non-separable Banach

spaces

Anatolij Plichko

Cracow University of Technology, Poland aplichko@usk.pk.edu.pl

We consider the following general question: suppose a non-separable Banach space
X has many bounded linear operators with �small� ranges which approximate the identi-
ty. When does X have many, not necessarily small rank, bounded linear projections?
We present a uniform approach to linear approximation, complementation and extension
properties, and to Markushevich bases. Central open problems in this area will be posed
and discussed.

The talk is based on joint work with D. Yost, University of Ballarat, Australia.
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Tensor product of completely positive linear maps
between Hilbert C?-modules

M. A. Pliev

South Mathematical Institute of the Russian Academy of Science, Russia

maratpliev@gmail.com

We de�ne a tensor product of completely positive linear maps between Hilbert C?-
modules and discuss about connections between the KSGNS construction associated with
the completely positive linear maps Φ and Ψ and the KSGNS construction associated
with the c Φ⊗Ψ.

1. Joita M. Completely positive linear on pro-C?-algebras. �University of Bucharest Press, 2008.�
110 p.

2. Lance E.C. Hilbert C?-modules. A toolkit for operator algebraists.�Cambridge University Press,
1995.

3. ManuilovV.M., Troitskii E.V. Hilbert C?-modules.� AMS, 2005.�202 p.

4. StinspringF. Positive functions on C?-algebras // Proc. Amer. Math. Soc. (2)(1955), P. 211�216.

M-ideals of compact operators and Kalton's
property (M*)

M�art P�oldvere

University of Tartu, Tartu, Estonia mart.poldvere@ut.ee

A closed subspace Y of a Banach space X is said to be an M-ideal if there exists
a norm one projection P on the dual space X∗ with kerP = Y ⊥ such that ‖x∗‖ =
‖Px∗‖ + ‖x∗ − Px∗‖ for all x∗ ∈ X∗. We discuss a theorem of N. J. Kalton, D. Werner,
�A. Lima, and E. Oja characterizing those Banach spaces X for which the subspace of
compact operators is an M -ideal in the space of all continuous linear operators X → X.

The talk is based on joint work with O. Nygaard (Agder University, Norway), [1].

1. O. Nygaard and M. P�oldvere, Johnson's projection, Kalton's property (M∗), and M -ideals of
compact operators, Studia Math. 195 (2009), 243�255.
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Narrow operators on Lp-spaces

Beata Randrianantoanina

Miami University, U.S.A. randrib@muohio.edu

I will present an overview of the theory of narrow operators on Lp-spaces including
some recent results and some open problems.

The talk is based on joint work with V. Mykhaylyuk, M. Popov, G. Schechtman.

he plank problem and some related results on
Polarization constants of polynomials

Yannis Sarantopoulos

National Technical University of Athens, Greece ysarant@math.ntua.gr

We discuss the plank problem of Tarski on some classical Banach spaces. We also give
some new results concerning the polarization constants of polynomials on Banach spaces
which are related to the plank problem.

Banach limits

Evgeny Semenov

Voronezh State University, Russia nadezhka_ssm@geophys.vsu.ru

A linear functional B ∈ l∗∞ is called a Banach limit if

1. B ≥ 0, i. e. Bx ≥ 0 for x ≥ 0 and B1 = 1.

2. B(Tx) = B(x) for all x ∈ l∞, where T is a shift operator, i. e.

T (x1, x2, . . .) = (x2, x3, . . .).

The existence of Banach limits was proven by S. Banach in his book. It follows from
the de�nition, that Bx = limn→∞ xn for every convergent sequence x ∈ l∞ and ‖B‖l∗∞ = 1.
Denote the set of all Banach limits by B. It is clear that B is a closed convex subset of
the unit sphere of the space l∗∞. Hence, ‖B1 −B2‖ ≤ 2 for every B1, B2 ∈ B.

It was proven by G. Lorentz that for a given real number a and x ∈ l∞, the equality
B(x) = a holds for every B ∈ B if and only if

lim
n→∞

1

n

m+n∑
k=m+1

xk = a
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uniformly in m ∈ N. In the case where a = 0, we use the notation x ∈ ac0. L. Sucheston
has sharpened the latter result by showing that for every x ∈ l∞

{Bx : B ∈ B} = [q(x), p(x)],

where

q(x) = lim
n→∞

inf
m∈N

1

n

m+n∑
k=m+1

xk, p(x) = lim
n→∞

sup
m∈N

1

n

m+n∑
k=m+1

xk.

The set A ⊂ l∞ is called the set of uniqueness if the fact that two Banach limits B1

and B2 coincide on A implies that B1 = B2.
It was shown that under some restrictions on the operator H, acting on l∞, there

exists such B ∈ B that Bx = BHx for every x ∈ l∞. We denote by B(H) the set of all
such Banach limits.

The sets of uniqueness, invariant Banach limits and extremal points of B will be
discussed in the talk.

The talk is based on joint work with F. A. Sukochev and A. S. Usachev.
The author was partly supported by RFBR,grant 11-01-614a.

Banach-Saks property and permutations

Vaja Tarieladze

Niko Muskhelishvili Institute of Computational Mathematics of the Georgian Technical

University, Georgia vajatarieladze@yahoo.com

At the beginning of the talk it will be commented an information about being of Stefan
Banach in Tbilisi (June, 1941). A (real or complex) topological vector space X has:

• the Banach-Saks property if every bounded sequence of elements of X (xn)n∈N
contains a subsequence (xni)i∈N such that the sequence(

1

k

k∑
i=1

xni

)
k∈N

converges in X;

• the permutational Banach-Saks property if for every bounded sequence of elements
of X (xn)n∈N there is a permutation σ : N→ N such that the sequence(

1

k

k∑
i=1

xσ(i)

)
k∈N

converges in X.

If 1 < p <∞, then Lp has the Banach-Saks Property [1].
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Theorem 1. Let X be a metrizable topological vector space.

(a) If X has the Banach-Saks property, then X has the permutational Banach-Saks
property.

(b) If X is a Banach space, then X has the Banach-Saks property if and only X has
the permutational Banach-Saks property; see [2,3].

Theorem 2. There are complete metrizable non locally convex topological vector spaces,
which have the Banach-Saks property. The talk is based on [3].

The talk is based on joint work with A. Shangua, N. Muskhelishvili (Institute of
Computational Mathematics of the Georgian Technical University).

1. S. Banach et S. Saks. Sur la convergence forte les champs Lp. Studia Mathematica, T.II, 1930,
51-57.

2. R. Lavicka. Limit points of arithmetic means of sequences in Banach spaces. Comment. Math.
Univ. Carolin. 41 (2000), no. 1, 97�106.

3. A. Shangua, V. Tarieladze. A permutational version of the Banach-Saks property. Manuscript,
2010.

Spectra of Wiener type algebras of functions generated
by (p, q)-polynomials on Banach spaces

T. V. Vasylyshyn

Prykarpatskyj National University, Ukraine taras_vasylyshyn@mail.ru

Let X be a Banach space. A function A : Xp+q → C, where p, q ∈ Z and p, q ≥ 0, is
called a (p, q)-linear symmetric form if it is linear and symmetric with respect to the �rst
p components and it is anti-linear and symmetric with respect to the last q components.
A function P : X → C is called a (p, q)-polynomial if there exists a (p, q)-linear symmetric
form A such that P coincides with the restriction of A to its diagonal. The space of all
continuous (p, q)-polynomials with the norm ‖P‖ = sup‖x‖≤1 |P (x)| we denote by P(p,qX).

LetW0(X) be the algebra of functions generated by the �nite linear combinations and
products of (p, q)-polynomials, where p, q ∈ Z and p, q ≥ 0. Every element f ∈ W0(X)
can be represented as f =

∑n
m=0

∑m
k=0 fk,m−k, where fk,m−k ∈ P(k,m−kX). For every

rational r > 0 we de�ne a norm on W0(X) by

‖f‖r =
n∑

m=0

m∑
k=0

sup
‖x‖≤1

|fk,m−k(x)|.

Thus we have de�ned a family of norms {‖ · ‖r : r > 0, r ∈ Q}. It generates a metrizable
topology on W0(X). Let W(X) be the completion of W0(X) as a metric space. The
function f =

∑∞
m=0

∑m
k=0 fk,m−k is an element of the algebra W(X) if and only if the

series ‖f‖r =
∑∞

m=0

∑m
k=0 sup‖x‖≤1 |fk,m−k(x)| converges for every r > 0.

Our purpose is to describe the spectrum of the algebra W(X). To do this, we use the
technique developed in [1] and [2] for the algebras of holomorphic functions on Banach
spaces.
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1. R. M. Aron, B. J. Cole and T. W. Gamelin. Spectra of algebras of analytic functions on a Banach
space, J. Reine Angew. Math. 415 (1991), 51-93.

2. A. Zagorodnyuk. Spectra of algebras of entire functions on Banach spaces, Proc. Amer. Math.
Soc. 134 (2006), 2559-2569.

Rearrangement invariant spaces with the Daugavet
property

Dirk Werner

Free University Berlin, Germany werner@math.fu-berlin.de

A Banach space X has the Daugavet property if ‖Id + T‖ = 1 + ‖T‖ for all compact
operators T : X → X. Classical examples include C[0, 1], L1[0, 1] and the disc algebra.
We are going to present a characterization of Banach spaces with the Daugavet property
among separable rearrangement invariant function spaces on [0, 1].

The talk is based on joint work with V. Kadets, M. Mart��n, J. Mer��.

1. 1. V. Kadets, M. Mart��n, J. Mer��, D. Werner, Lushness, numerical index 1 and the Daugavet
property in rearrangement invariant spaces, Can. J. Math. (to appear).

The asymptotically commuting bounded approximation
property

Indrek Zolk

University of Tartu, Tartu, Estonia indrek.zolk@ut.ee

We say that a Banach space X has the asymptotically λ-commuting bounded approxi-
mation property if there exists a net (Sα) of �nite-rank operators on X such that Sα → IX
strongly, lim supα ‖Sα‖ ≤ λ, and limα ‖SαSβ − SβSα‖ = 0 for all indices β. This property
is, e.g., enjoyed by any dual space with the bounded approximation property. Our main
result is the following: if a Banach space X has the asymptotically λ-commuting bounded
approximation property, then X is saturated with locally λ-complemented separable
closed subspaces enjoying the λ-commuting bounded approximation property (more preci-
sely, for every separable closed subspace Y of X, there exists a locally λ-complemented
separable closed subspace Z of X having the λ-commuting bounded approximation pro-
perty).

The talk is based on joint work with E. Oja (University of Tartu).
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One result about barrelledness of unitary spaces

Andrii Anikushyn

Kyiv National Taras Shevchenko University, Ukraine anik_andrii@ukr.net

The aim of this report is to discus the following result

Theorem. Let E be a pre-Hilbert space with an inner product (·, ·)0. Suppose that there
exists an inner product (·, ·)+ on E, such that:

1. The norm ‖ · ‖+ is stronger than the norm ‖ · ‖0;

2. The norms ‖ · ‖+ and ‖ · ‖0 are not equivalent;

3. If sequence {hn} is Cauchy sequence in the meaning of the norm ‖ ·‖+ and ‖hn‖0 →
0, then ‖hn‖+ → 0;

then the space (E, ‖ · ‖0) is not barrelled.

Hausdor� spectra and limits of Banach spaces

E. I. Smirnov

Pedagogical University, Yaroslavl, Russia smiei@mail.ru

We introduce here new concepts of functional analysis: Hausdor� spectrum and
Hausdor� limit or H-limit of a Hausdor� spectrum of locally convex spaces. The class of H-
spaces, de�ned as Hausdor� limits of Banach spaces, contains Banach and Fr�echet spaces
and is stable under the operations of forming countable inductive and projective limits,
closed subspaces and quotient-spaces. Besides, for H-space the strengthened variant of
the closed graph theorem holds true. Homological methods are used for proving theorems
of vanishing at zero for �rst derivative of Hausdor� spectrum functor: Haus1(X )= 0.
The study which was carried out in [1-2] of the derivatives of the projective limit functor
acting from the category of countable inverse spectra with values in the category of locally
convex spaces made it possible to resolve universally homomorphism questions about a
given mapping in terms of the exactness of a certain complex in the abelian category of
vector spaces. Later in [3] a broad generalization of the concepts of direct and inverse
spectra of objects of an additive semiabelian category G (in the sense V.P.Palamodov)
was introduced: the concept of a Hausdor� spectrum, analogous to the δs-operation in
descriptive set theory. This idea is characteristic even for algebraic topology, general
algebra, category theory and the theory of generalized functions. The construction of
Hausdor� spectra X={Xs,F ,hs′s} is achieved by successive standard extension of a small
category of indices Ω. The category H of Hausdor� spectra turns out to be additive and
semiabelian under a suitable de�nition of spectral mapping. In particular, H contains
V. P. Palamodov's category of countable inverse spectra with values in the category TLC
of locally convex spaces [1]. The H-limit of a Hausdor� spectrum in the category TLC
generalizes the concepts of projective and inductive limits and is de�ned by the action
of the functor Haus: H →TLC. The class of H-spaces is de�ned by the action of the



International Conference dedicated to the 120-th anniversary of Stefan Banach 35

functor Haus on the countable Hausdor� spectra over the category of Banach spaces; the
closed graph theorem holds for its objects and it contains the category of Fr�echet spaces
and the categories of spaces due to De Wilde, Rajkov and Smirnov. The H-limit of a
Hausdor� spectrum of H-spaces is an H-space [3]. We show that in the category there
are many injective objects and the right derivatives Hausi (i=1,2,. . . ) are de�ned, while
the �algebraic� functor Haus: H (L) → L over the abelian category L of vector spaces
(over R or C) has injective type, that is if

0 → X → Y → Z

is an exact sequence of mappings of Hausdor� spectra with values in L, then the limit
sequence

0→ Haus(X )→ Haus(Y )→ Haus(Z )

is exact or acyclic in the terminology of V. P. Palamodov [2]. In particular, regularity of
the Hausdor� spectrum X of the nonseparated parts of Y guarantees the exactness of
the functor Haus:H (TLC)→ TLC and the condition of vanishing at zero: Haus1(X )=0.
The classical results of Malgrange and Ehrenpreis on the solvability of the unhomogeneous
equation p(D)D′ = D′, where p(D) is a linear di�erential operator with constant coe�ci-
ents in Rn and D′ = D′(S) is the space of generalized functions on a convex domain S ⊂
Rn, can be extended to the case of sets S which are not necessarily open or closed. The
space of test functions on such sets S ⊂ Rn is an H-space (generally nonmetrizable), that
is

D(S) =
⋃
F∈F

⋂
s∈F

D(Ts),

where {∩s∈FTs}F∈F forms a fundamental system of bicompact subsets of S and D(Ts)
is the Fr�echet space of test functions with supports in the closed sets Ts ⊂Rn, where
S = ∪F∈F ∩s∈F Ts. By means of homological methods a criterion is established for
vanishing at zero, Haus1(X )=0, for the functor Haus of a Hausdor� limit associated
with the representation (1), where X is the Hausdor� spectrum of the kernels of the
operators p(D):D′(Ts) → D′(Ts) (s ∈ |F |). The condition Haus1(X )=0 is equivalent
to the condition that the operator p(D):D′(S) → D′(S) is an epimorphism. Analogous
theorems for Fr�echet spaces were �rst proved by V. P. Palamodov [1-2].

1. Palamodov V.P. Functor of projective limit in the category of topological linear spaces, Math.
Collect., V.75. N4 (1968), P.567�603.

2. Palamodov V.P.Homological methods in the theory of locally convex spaces, UMN., V.26. N1(1971),
P.3�65.

3. Smirnov E.I. Hausdor� spectra in functional analysis, Springer-Verlag, London, 2002. 209p.
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A commutation and an anticommutation of measurable
operators

M. V. Ahramovich and M. A. Muratov

Taurida National V. I. Vernadsky University, Ukraine fromen@bk.ru

Commutation and anticommutation of the pair of unbounded self-adjoint measurable
operators a�liated with an arbitrary von Neumann algebra M are studied.

Let H be a Hilbert space, M be a von Neumann subalgebra of B(H), and S(M) be
a ∗-algebra of measurable operators a�liated with M . Let Hb(T, S) denote the set of
bounded joint vectors of self-adjoint operators T and S.

Theorem 1. For an arbitrary pair of measurable operators T and S in S(M) there is an
invariant strongly dense subspace D:

D ⊆ Hb(T, S).

Theorem 2. The self-adjoint measurable operators T and S commute as elements of
S(M) if and only if they strongly commute.

Theorem 3. The self-adjoint measurable operators T, S ∈ S(M) anticommute if and
only if they anticommute as elements of S(M).

Spectral properties of some di�erence operators

Ali M. Akhmedov

Department of Theory of Functions and Functional Analysis,

Faculty of Mech. & Math., Baku State University, Baku, Azerbaijan

akhmedovali@rambler.ru

In this work we consider some generalized di�erence operators on the known sequence
spaces. These operators are represented by lower triangular double band matrix whose
nonzero entries are the elements of sequences with certain conditions. We examine the
�ne spectrum of these operators and prove their boundedness.

36
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On a V. P. Potapov inequality for Nevanlinna�Pick
interpolation problem on the bidisk

Arthur Amirshadyan

Donetsk National University, Ukraine amirshadyan@mail.ru

We introduce V.P. Potapov Fundamental Matrix Inequality (FMI) and Fundamental
Identity (FI) [2] for Nevanlinna-Pick Interpolation Problem (NPIP) on the bidisk: given
n points z1 = (z1

1 , z
1
2), ..., zn = (zn1 , z

n
2 ) in the bidisk D2 and n points w1, ..., wn in the unit

disk D, the problem is to determine whether there exists a function f ∈ H∞(D2) such
that f(zj) = wj (j = 1, ..., n).

Observe that a solvability criterion for NPIP was obtained in [1].

1. J. Agler, Some interpolation theorems of Nevanlinna�Pick type, Preprint, 1988.

2. I. V. Kovaishina, V. P. Potapov, Inde�nite metric in Nevanlinna-Pick problem, Dokl. Akad. Nauk
Armjan.-SSR, ser. math., 9:1 (1974), 3-9.

Truncated Hamburger moment problem for
an operator measure with compact support

Yu. M. Arlinskii

East Ukrainian National University, Lugansk, Ukraine yury_arlinskii@yahoo.com

Given bounded selfadjoint operators F1 = IN, F2, . . . , F2n+1 in a separable Hilbert
space N, we consider the operator truncated Hamburger moment problem of �nding a
Herglotz-Nevanlinna operator-valued functions M holomorphic in the neighborhood of
in�nity and having the form

M(z) = −
2n+1∑
k=1

z−kFk + o(z−2n−1), z →∞.

The equivalent form of this problem is to �nd conditions for the existence of a nondecreasi-
ng and left-continuous function G(t) whose values are bounded self-adjoint operators in
N, G(−∞) = 0 such that the operator measure dG(t) has a compact support in R,∫

R

tkdG(t) = Fk+1, k = 0, . . . , 2n, F1 = IN,

and give an explicit description of all solutions. Criteria of the solvability and uniqueness
of solution are established and a description of all solutions is obtained. Our approach is
based on the Schur transformation, Schur parameters, and special block operator Jacobi
matrices [1].

1. Yu. Arlinski�� and L. Klotz, Weyl functions of bounded quasi-selfadjoint operators and block
operator Jacobi matrices. Acta Sci. Math. (Szeged), 76 (2010), 585�626.
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Trigonometric numerical range and sectorial Hilbert
space operators

Winfried Auzinger

Institute for Analysis and Scienti�c Computing, Vienna University of Technology, Austria

w.auzinger@tuwien.ac.at

We consider the notion of a sectorial operator, in the sense of Kato, in a complex
Hilbert space H. By de�nition, the numerical range W (A) of a sectorial operator A is
contained in a sector Sθ = {z ∈ C : |Arg z| ≤ θ < π/2}, and this is equivalent to
a certain resolvent estimate valid outside Sθ. We demonstrate that the validity of the
same estimate, but with a factor > 1, is equivalent to a strengthened Cauchy�Schwarz
inequality valid for all pairs u,Au ∈ H. This motivates a generalization of the notion of a
Kato-sectorial operator in terms of the shape of a normalized, or trigonometric numerical
range T (A), which is a subset of the complex unit disc. In the limiting case θ → π/2
this is related to a characterization of the resolvent condition in the exponential version
of the Kreiss Matrix Theorem in terms of T (A). The set T (A) is not convex in general.
A further study of its properties is performed for instance in [3], and its relevance in
semigroup theory in [1,2].

1. W.Auzinger, G.Kirlinger, Kreiss resolvent conditions and strengthened Cauchy-Schwarz inequali-
ties, Appl. Numer. Math. 18 (1995) 57�67.

2. W.Auzinger, Sectorial operators and normalized numerical range, Appl. Numer. Math. 45:4 (2003)
367�388.

3. L. Z.Gevorgyan, Normalized numerical range of some operators, Operators and Matrices 3:1 (2009)
145�153.

On the boundary value problem for
the operator-di�erential equation of fourth order with

integral boundary condition

S. M. Bagirova

Gandja State University, Azerbaijan bagirovasevindj@rambler.ru

Let H be a separable Hilbert space, A be a self-adjoint positive-de�nite operator in
H. Let the domain Hγ = D(Aγ) of the operator Aγ be endowed with the inner product
(x, y)γ = (Aγx,Aγy), H0 = H, R+ = (0,+∞). Consider the following Hilbert spaces

L2(R+;H) =
{
f(t) : ‖f‖L2(R+;H) =

( ∫ ∞
0

‖f(t)‖2dt
)1/2

<∞
}

and

W 4
2 (R+;H) =

{
u(t) : ‖u‖W 4

2 (R+;H) =
(
‖u(4)‖2

L2(R+;H) + ‖A4u‖2
L2(R+;H)

)1/2
<∞

}
.
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Here derivatives are understood in the sense of distribution theory. In the Hilbert space
W 4

2 (R+;H) consider the subspace

W 4
2,0,Σ(R+;H) =

{
u(t) : u ∈ W 4

2 (R+;H), u(0) = 0, u′(0)− Σu = 0
}
,

where

Σu =

∫ ∞
0

S (ξ)u (ξ) dξ.

Here S (ξ), ξ ∈ R+, are bounded operators in the space H with bounded integral operator
Σ : W 4

2 (R+;H)→ H5/2.
Let us consider the following boundary-value problem.

L0(d/dt)u = u(4)(t) + A4u(t) = f(t), t ∈ R+, (1)

u(0) = 0, u′(0)−
∫ ∞

0

S(ξ)u(ξ)dξ = 0. (2)

The following theorem is valid.

Theorem. Let A be a self-adjoint positive-de�nite operator, Σ : W 4
2 (R+;H)→ H5/2 has

norm s < 21/4. Then the operator L0 de�ned by (1), (2) is an isomophism of the space
W 4

2,0,Σ(R+;H) to the space L2(R+;H).

On the resolvent matrix of an isometric operator in
a Pontryagin space

Dmytro Baidiuk

Donetsk National University, Ukraine baydyuk@gmail.com

Some questions of extension theory of isometric operators in Pontryagin spaces are
considered. We extend the de�nitions of the boundary triplet and the Weyl function
for an isometric operator, introduced by M. Malamud and V. Mogilevskii, to the case
of Pontryagin spaces. These concepts are used to give a description of the spectrum of
unitary extensions of a Pontryagin space isometric operator V . We get a formula for
scattering matrices of unitary extensions for the isometric operator V , which generalizes
a result of D. Arov and L. Grossman to the case of Pontryagin space. Moreover, we give
a description of generalized resolvents of the operator V and �nd an explicit formula for
the resolvent matrix of V .
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Some properties of general boundary value problems for
a di�erential operator of second order on unit interval

Yaroslav Baranetckiy1 and Petro Kalenyuk1,2

1Lviv National Polytechnic University, Lviv, Ukraine
2University of Rzesz�ow, Rzesz�ow, Poland baryaros@gmail.com

We consider the problem of division of the set of operators of boundary value problems
into isospectral classes.

We specify the class of self-adjoint boundary conditions which admits isospectral
perturbations. We describe the sets of irregular boundary value problems.

Algebras of symmetric analytic functions on `p and
their spectra

Iryna Chernega1, Pablo Galindo, and Andriy Zagorodnyuk

1Institute for Applied Problems of Mechanics and Mathematics, Lviv, Ukraine

icherneha@ukr.net

In the talk we consider an algebra of analytic functions on `p, which are bounded
on bounded subsets and symmetric with respect to permutations of basic vectors. We
investigate the spectrum of the algebra, i.e. the set of all continuous complex-valued
homomorphisms.

Exponential type vectors of closed operators on tensor
products

M. I. Dmytryshyn

Precarpathian National University, Ukraine m_dmytryshyn@hotmail.com

We describe the spaces of exponential type vectors for �nite collections of closed
operators on tensor products of Banach spaces. The spectral decompositions for operators
with discrete spectrum on tensor products are constructed. We show an application of
abstract results for regular elliptic operators in bounded regions. For such operators the
subspaces of exponential type vectors consist of entire analytic functions of exponential
type that satisfy certain boundary conditions.
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Composition hypercyclic operator on a little Lipschitz
space

Maria Dubey1, Z. H. Mozhyrovska2, and Andriy Zagorodnyuk1,3

1Vasyl Stefanyk Precarpathian National University, Ukraine
2Lviv Commercial Academy, Lviv, Ukraine

3Pidstryhach Institute for Applied Problems of Mechanics and Mathematics, Lviv, Ukraine

mariadubey@gmail.com

A map T : X → X on a topological space X is called hypercyclic if there is a point
x ∈ X with dense orbit {T n(x)}n∈N in X. Such a vector x is called a hypercyclic point for
T . Many authors studied hypercyclic linear operators on various topological spaces (see,
e. g. [1]). We want to show the hypercyclicity of composition operator on little Lipschitz
spaces.

Let X be a compact metric space with a distinguished point θX ∈ X. By Lip(X) we
denote the Banach space of all real-valued Lipschitz maps on X endowed with the norm
‖f‖ = |f(θX)|+Lip(f) where Lip(f) is the Lipschitz constant of a function f ∈ Lip(X).
Let Lip0(X) be the closed linear subspace of Lip(X) consisting of functions f : X → R
with f(θX) = 0.

De�nition. A function f : X → Y between two metric spaces (X, dX) and (Y, dY ) is
called little Lipschitz if for every ε > 0 the exists δ > 0 such that dY (f(x), f(x′)) ≤
ε · dX(x, x′) for any points x, x′ ∈ X with dX(x, x′) ≤ δ.

For a compact metric space X with distinguished point θX by lip(X) (and lip0(X))
we denote the space of all little Lipschitz real-valued functions on X (with f(θX) = 0).

It is easy to see that lip0(X) is a closed linear subspace of the Banach space Lip0(X). It
is known [2] that lip0(X)∗∗ ∼= Lip0(X) for each zero-dimensional pointed compact metric
space X.

Let T : X → X be a Lipschitz map on a compact metric space X. Our purpose is to
study an induced operator on lip0(X).

Theorem. Let (X, θX) be a pointed compact metric space and T : X → X be a small
Lipschitz map with T (θX) = θX . Suppose that X can be represented as a countable union
of nonempty, pairwise disjoint sets

X = ∪∞n=0An

where T (An) = An+1 for any n > 0. Then for every λ, |λ| > 1, the composition operator

CλT : lip0(X)→ lip0(X), f 7→ f ◦ λT,

is hypercyclic.

1. F. Bayart, E. Matheron, Dynamics of Linear Operators, Cambridge University Press, New York,
2009.

2. N. Weaver, Lipschitz Algebras, World Scienti�c, Singapore, New Jersey, London, New York, 1999.
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On well-posedness of some operator di�erential
equations in the space of entire functions of exponential

type

Sergiy Gefter and Tetyana Stulova

V. N. Karazin Kharkiv National University, Ukraine gefter@univer.kharkov.ua

Let E be a Banach space and A be a closed linear operator on E whose domain need
not be dense in E. We suppose that A has a bounded inverse operator and prove well-
posedness of the di�erential equation w′ = Aw+f(z) in a special space of entire functions
of exponential type.

On re�exivity of the algebra m(C(K))

Omer Gok

Yildiz Technical University, Faculty of Arts and Sciences, Mathematics Department,

Davutpasa Campus, 34210, Esenler, Istanbul, Turkey gok@yildiz.edu.tr

Let K be a compact Hausdor� space and let C(K) be the set of all continuous real
or complex valued functions on K. Let X be a Banach space (or barrelled locally convex
space) and denote the set of all continuous linear operators on X by L(X). Suppose that
m is a continuous unital algebra homomorphism from C(K) into L(X). In this talk, we
are concerned with the re�exivity properties of m(C(K)).

1. Y. A. Abramovich, E. L. Arenson and A. K. Kitover, Banach C(K)-modules and operators preservi-
ng disjointness, Pitman Res. Notes in Math. Ser., England, 1992.

2. D. Hadwin and M. Orhon, Re�exivity and approximate re�exivity for Boolean algebras of projecti-
ons, J. Funct. Anal., 87 (1989), 348�358.

1-D Schr�odinger operators with singular local
perturbations and point interactions

Yuriy Golovaty

Ivan Franko National University of L'viv, L'viv, Ukraine yu_holovaty@franko.lviv.ua

The local perturbation of the free Schr�odinger operator in a vicinity of the origin can
be represented e.g. as Sε = − d2

dx2
+ Vε, where

Vε = qε +
n∑
k=1

( · , fk,ε)L2(R) gk,ε (1)
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is the sum of a potential and a �nite-rank perturbation, and both the potential qε and
the functions fk,ε and gk,ε have small supports shrinking to the origin as the parameter ε
goes to zero. The main problem is to �nd the limit operator in an appropriate operator
topology as ε → 0, i.e. to assign to a quantum system described by the Schr�odinger
operator Sε a solvable (zero-range) model that governs the quantum dynamics of the true
interaction with adequate accuracy.

In this report, we will study the uniform resolvent convergence of Sε with di�erent
perturbations of the form (1). We will focus primarily on the case when the potential
qε does not converge in the Sobolev space W−1

2 (R) and even diverges in the sense of
distributions. In particular, we will present some convergence results for the potential
perturbation, when qε = qε(x) is a smooth regularization of the distribution αδ(x)+βδ′(x).
Here δ is Dirac's delta function.

In the self-adjoint case, it is well-known that all nontrivial point interactions at the
origin can be described by the coupling conditions(

ψ(+0)
ψ′(+0)

)
= eiϕ

(
c11 c12

c21 c22

)(
ψ(−0)
ψ′(−0)

)
, (2)

where ϕ ∈ [−π
2
, π

2
], ckl ∈ R, and c11c22 − c12c21 = 1. The important question was how to

approximate a singular operator with a given point interaction by a family of Schr�odinger
operators with smooth local perturbations [1]. In the report, we will present families
of self-adjoint operators Sε converging in the uniform resolvent sense to the Schr�odinger
operators with arbitrary point interactions (2).

The full text of some results is posted as arXiv:1202.4711 and arXiv:1201.2610.

1. P. Kurasov, Distribution theory for discontinuous test functions and di�erential operators with
generalized coe�cients, J. Math. Anal. and Appl. 201 (1996), 297�323.

On analytic solutions of some di�erential equations in
a Banach space over a non-Archimedean �eld

V. I. Gorbachuk

Institute of Mathematics, National Academy of Sciences of Ukraine, Ukraine

imath@horbach.kiev.ua

We consider an equation of the form

y(m)(λ)− Ay(λ) = f(λ), (1)

where A is a closed linear operator on a Banach space X over the �eld Ω of a complex
p-adic numbers, f(λ) is an analytic in a neighborhood of 0 X-valued vector-function.

Under the conditions that A has the inverse de�ned on the wholeX and f(λ) is analytic
in an open circle {λ ∈ Ω : |λ|p < r} with r > ρ1/m(A−1), ρ(A−1) = lim

n→∞
n
√
‖A−n‖, | · |p

is the norm in Ω, the description of all solutions to equation (1) in the class Aloc(X) of
locally analytic in a neighborhood of 0 X-valued vector functions is given.
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It is shown also that the Cauchy problem

y(k)(0) = yk, k = 0, 1, . . . ,m− 1, (2)

for equation (1) has a unique solution in Aloc(X) if and only if

yk −
∞∑
n=0

A−(n+1)f (nm+k)(0), k = 0, 1, . . . ,m− 1,

are entire vectors of exponential type for the operator A. Moreover, if the operator A is
bounded, then the problem (1)�(2) is uniquely solvable for arbitrary yk ∈ X.

The representation of one-parameter linear semigroups
in the power series form

Volodymyr Gorbachuk

National Technical University �KPI�, Kyiv, Ukraine v_horbach@yahoo.com

Let U(t), t ≥ 0, be a C0-semigroup of linear operators on a complex Banach space
X. Denote by A its generating operator. As is well-known, the operator A is closed and
densely de�ned in X. If A is continuous (this is the case if and only if U(t) is continuous
at the point 0 in the uniform operator topology), then U(t) can be expanded into a
power series convergent in the uniform operator topology on the whole complex plane
and giving an entire operator-valued function of exponential type. But if the operator A
is not continuous (note that this case is of signi�cant interest to mathematical physics),
this series does not converge even strongly. So, the problem arises of �nding the conditions
on the operator A, under which the power series, mentioned above, converges on a set
X0 ⊂ X dense in X and determines an entire X-valued vector function of exponential
type there.

We show that if the semigroup U(t) is analytic, then such a set X0 exists, and in the
case, where it is analytic in the right half-plane, the conditions are given under which
the corresponding power series determines an entire vector-valued function of exponential
type for any element x from X0.

In the case when A is the generating operator of a C0-group, we prove that there
always exists a dense in X set X0, on the elements of which the power series for this
group converges in the whole complex plane and gives an entire X-valued function. It is
also established that under certain conditions on the growth of the group, this function
is of exponential type.
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Quasi-di�erential operators and boundary problems

Andrii Goriunov

Institute of Mathematics of the NAS of Ukraine, Kyiv, Ukraine goriunov@imath.kiev.ua

In this talk we deal with the quasi-di�erential operators L generated in the Hilbert
space L2 ([a, b],C) by the formally self-adjoint Shin�Zettl quasi-di�erential expressions
of an arbitrary order on the �nite interval. For such operators the boundary triplets
corresponding to minimal symmetric operators are constructed. These triplets are applied
to describe all maximal dissipative, maximal accumulative and self-adjoint extensions of
operator L in the space L2 ([a, b],C) and also all its generalized resolvents in terms of
boundary conditions.

These operators are applied to singular Sturm�Liouville equations and two-term di-
�erential equations with distributional potential coe�cients. The operators corresponding
to such equations are interpreted as quasi-di�erential.

These results have been obtained together with V. Mikhailets. They are partially
published in papers [1,2,3,4].

1. A. Goriunov, V. Mikhailets, Methods Funct. Anal. Top., 16, 120 (2010).

2. A. Goriunov, V. Mikhailets, Ukr. Math. J., 63, 1361 (2012).

3. A. Goriunov, V. Mikhailets, Math. Notes, 87, 287 (2010).

4. A. Goriunov, V. Mikhailets, K. Pankrashkin, arXiv:1205.1810 [math.FA].

To the theory of PT-symmetric operators

Andriy Ivanovich Grod1 and S. A. Kuzhel

1Institute of Mathematics of National Academy of Sciences of Ukraine, Kyiv, Ukraine

andriy.grod@yandex.ua

We discuss description of general properties of PT-symmetric operators and the detai-
led investigation of the important model case when PT-symmetric operators are presented
as matrices of the second order. In particular, for such operators, conditions for existence
of C-symmetry are established, which is important for application in quantum mechanics.
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Sturm oscillation theory for quantum trees

Monika Homa1 and Rostyslav Hryniv1,2

1Institute of Mathematics, the University of Rzesz�ow, Poland
2Institute for Applied Problems of Mechanics and Mathematics, Lviv, Ukraine

monikacwykiel@wp.pl

We study the Sturm oscillation properties of a quantum tree, i.e., of a Sturm-Liouville
operator L := d2

dx2
+ q(x) de�ned on a metric tree Γ, and subject to suitable matching

and boundary conditions at the vertices. More speci�cally, q is a real-valued function
in L2(Γ), the matching conditions at interior vertices are of Kirchho� type, while the
boundary conditions are of Robin type. We show that, generically, the eigenfunction yn
corresponding to the n-th eigenvalue of L possesses n−1 interior zeros that interlace zeros
of yn+1; however, there are examples when this property does not hold.

In order to prove the main result, we �rst generalize the classical Sturm comparison
theorems to quantum trees and then study local dependence on the spectral parameter
λ of zeros of solutions y to the equation −y′′ + qy = λy on Γ. Our approach essentially
relies on a suitably de�ned notion of the Pr�ufer variables.

Inverse scattering for Schr�odinger operators with
distributional potentials

Rostyslav Hryniv1, Yaroslav Mykytyuk2, and Peter Perry3

1Institute for Applied Problems of Mechanics and Mathematics, Lviv, Ukraine,
2Lviv Ivan Franko National University, Lviv, Ukraine,

3University of Kentucky, Lexington, KY, USA

rhryniv@iapmm.lviv.ua

We study direct and inverse scattering problems on the line for one-dimensional Schr�o-
dinger operators S with highly singular Miura potentials q ∈ H−1(R), namely, with
potentials of the form q = u′ + u2 + v for some real-valued u ∈ L1(R) ∩ L2(R) and v of
the Faddeev�Marchenko class. Among the potentials included are, e.g., perturbations of
Faddeev�Marchenko potentials by compactly supported distributions from H−1(R) (e.g.,
delta-functions or regularized Coulomb 1/x-type interactions) and some highly oscillating
unbounded potentials.

We construct the Jost solutions, study their properties, and show that the spectrum
of S is absolutely continuous on R+ and contains at most �nitely many negative ei-
genvalues −κ2

1 > · · · > −κ2
n with corresponding norming constants m2

1, . . . ,m
2
n. The

re�ection coe�cient is the Fourier transform of a function in L1(R)∩L2(R); in particular,
it is absolutely continuous, belongs to L2(R), and vanishes at in�nity.

The main results state that the scattering map q 7→
(
r; (−κ2

j)
n
j=1, (m

2
j)
n
j=1

)
from the

potentials to the scattering data and its inverse are continuous in suitable topologies and
provide an algorithm reconstructing q from the scattering data.
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On the resolvent of one di�erential-boundary operator
with nonstandard boundary conditions

Hanna Kachurivska1 and Oleh Storozh2

1National University of Life and Environmental Sciences of Ukraine

Berezhany Agrotechnical Institute, Ukraine a.kachurivska@mail.ru
2Ivan Franko National University of Lviv, Lviv, Ukraine

We use the following denotation: D(T ), R(T ), kerT are, respectively, the domain,
range and kernel of a linear operator T ; B(X, Y ) is the set of a linear operator T : X → Y
such that D(T ) = X; B(X) = B(X,X); (.|.)X is the inner product in a Hilbert space X;
T ∗ is the adjoint of T , 1X is the identity in X; ρ(T ) is the resolvent set of T .

Let H0 be a complex Hilbert space, ∀x ∈ [a, b] (−∞ < a < b < +∞) p(x) = p(x)∗ ∈
B(H0) be a positively de�nite operator, x 7→ p(x) is strongly continuous,

l[y] = −y′′ + p(x)y (1)

(here and below all derivatives in (1) are classical ones), and L, L0 be, respectively, the
maximal and minimal operators generated in the Hilbert space H = L2(H0; (a, b)) by
expression (1).

Suppose that a < c1 < c2 < b and de�ne the operators Lmin, Lmax by relations

D(Lmin) = {y ∈ D(L0) : y(ci) = 0, i = 1, 2}, Lmin ⊂ L0;

D(Lmax) = {y ∈ H : y is absolutely continuous on [a, b],
y′ is absolutely continuous on [a, c1 − 0] ∪ [c1 + 0, c2 − 0] ∪ [c2 + 0, b], l[y] ∈ H},

∀y ∈ D(Lmax) Lmaxy = l[y].

Furthermore, assume that

∀y ∈ H Φiy =

b∫
a

ϕi(x)∗y(x)dx,

where for each x ∈ [a, b] ϕi(x) ∈ B(H0) and ϕi ∈ L2(B(H0), (a, b)) (i = 1, 2), αij ∈ B(H4
0 )

(i, j = 1, ..., 4), where the operator matrix (αij)
4
i,j=1 is invertible in B(H4

0 ). Put

ui(y) = αi1y
′(a)− αi2y′(b) + αi3y(a) + αi4y(b) (i = 1, ..., 4)

and de�ne an operator T by the relations

D(T ) = {y ∈ D(Lmax) : ui(y) = y(ci)+Φiy, ui+2(y) = y′(ci+0)−y′(ci−0), i = 1, 2}, (2)

∀y ∈ D(T ) Ty = l[y] + ϕ1(.)u3(y) + ϕ2(.)u4(y). (3)

The aim of this paper is to �nd the resolvent of operator (2)-(3).
For this purpose let us consider equation −Y ′′ + p(x)Y − λY = 0 and denote by

{Y1(x, λ), Y2(x, λ)} a fundamental system of its B(H0)-valued solutions, satisfying the
conditions

Y1(a, 0) = 1H0 , Y2(a, 0) = 0, Y1(b, 0) = 0, Y2(b, 0) = 1H0 .
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Put

W (x, λ) =

 Y1(x, λ) Y2(x, λ)

Y ′1(x, λ) Y ′2(x, λ)

 , (W (x, λ))−1 =

 Ỹ11(x, λ) Ỹ1(x, λ)

Ỹ21(x, λ) Ỹ2(x, λ)

 ,

g(x, ξ, λ) = ±1

2
[Y1(x, λ)Ỹ1(ξ, λ) + Y2(x, λ)Ỹ2(ξ, λ)]

(we select + if x > ξ and − if x < ξ),

ϕ̂i(x, λ) =

b∫
a

g(x, ξ, λ)ϕi(ξ)dξ, i = 1, 2,

ψ̂i(x, λ) =

b∫
a

g(x, ξ, λ)ψi(ξ)dξ,

where

ψi(x) =


Y2(x, 0)Ỹ2(ci, 0), a ≤ x ≤ ci,

−Y1(x, 0)Ỹ1(ci, 0), ci ≤ x ≤ b,

Yi+2(x, λ) = ψi(x) + λψ̂i(x, λ) + ϕ̂i(x, λ), i = 1, 2,

vi(Y ) =


ui(Y )−

b∫
a

ϕi(x)∗Y (x)dx− Y (ci), i = 1, 2,

ui(Y ), i = 3, 4,

∆(λ) =



v1(Y1) v1(Y2) v1(Y3) v1(Y4)

v2(Y1) v2(Y2) v2(Y3) v2(Y4)

v3(Y1) v3(Y2) v3(Y3) + 1H0 v3(Y4)

v4(Y1) v4(Y2) v4(Y3) v4(Y4) + 1H0


.

Theorem. If ∆(λ)−1 = (δij(λ))4
i,j=1 ∈ B(H4

0 ), then λ ∈ ρ(T ) and

∀f ∈ H ((T − λ1H)−1f)(x) =

b∫
a

G(x, ξ, λ)f(ξ)dξ,

where

G(x, ξ, λ) = g(x, ξ, λ)−
4∑

i,j=1

Yi(x, λ)δij(λ)vj(g(., ξ, λ)).

Corollary. A complex number λ is an eigenvector of T i� ker ∆(λ) 6= {0}.
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Construction of boundary triplets for quantum graph
with non-local boundary conditions

A. N. Kandagura and I. I. Karpenko

Taurida National V. I. Vernadsky University, Ukraine kandagura@yandex.ua

We study the relation between quantum graphs and symmetric operators. It allows to
get some properties of symmetric operators. The obtained results are illustrated by the
examples of self-adjoint Laplace operators with non-local boundary conditions. Various
constructions of boundary triplets are considered for these operators.

1. V. Kostrykin, R. Schrader, Kirchho�'s rule for quantum wires, J. Phys. 32 (1999), 595�630.

2. P. Kuchment, Quantum graphs: an introduction and a brief survey, arXiv:0802.3442v1 [math-ph]
23 Feb 2008.

3. P. Kurasov, Graph Laplacians and topology, Ark. Mat. 46 (2008), 95�111.

Optimal and ∗-optimal linear dissipative impedance
systems with Pontryagin state spaces

Igor Kit

South Ukrainian National Pedagogical University named after K. D. Ushynsky, Odesa, Ukraine

igorkot3@gmail.com

Let U be a separable Hilbert space. As stated in [1], an arbitrary operator�valued
function c(z) from Caratheodory class C(U) can be represented as a transfer function of
minimal optimal and minimal ∗-optimal linear discrete time�invariant dissipative resi-
stance systems with Hilbert state spaces. Moreover, these systems are de�ned by c(z)
uniquely up to unitary equivalence.

Let κ be an arbitrary nonnegative integer. We prove that an arbitrary operator�
valued function c(z) that is holomorphic at the origin and belongs to the generalized
Caratheodory class Cκ(U) (which coincides with C(U) for κ = 0) can be represented
as a transfer function of minimal optimal and minimal ∗-optimal linear discrete time�
invariant dissipative resistance systems with state πκ�spaces (Pontryagin spaces with κ
negative squares) and that these systems are de�ned by c(z) uniquely up to π�unitary
(unitary with respect to inde�nite metric of Pontryagin space) equivalence.

1. D. Z. Arov and M. A. Nudel'man, Tests for the similarity of all minimal passive realizations
of a �xed transfer function (scattering or resistance matrix), Mat. Sbornik, 193:6 (2002) 3�24
[Russian]. English translation in Sbornik: Mathematics, 193(2002), No.6, 791�810.
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On some su�cient conditions for Fourier multipliers

Yurii Kolomoitsev

Institute of Applied Mathematics and Mechanics, Donetsk, Ukraine kolomus1@mail.ru

New su�cient conditions for Fourier multipliers in the spaces Hp(Rn), 0 < p < ∞,
and L1(Rn) are obtained. The results are given in terms of the simultaneous behavior of
Lq norms of a function and its partial derivatives. More speci�cally, given m ∈ L∞(Rn)
and η ∈ C∞(Rn) so that supp η ⊂ {1/4 ≤ |ξ| ≤ 4}, 0 ≤ η(ξ) ≤ 1 for all ξ ∈ Rn, and
η(ξ) = 1 on {1/2 ≤ |ξ| ≤ 2}, let mt(ξ) = m(tξ)η(ξ). In the space Hp(Rn), 0 < p < 1, the
following theorem holds.

Theorem. Let 0 < p < 1, 1 ≤ q ≤ ∞, 1 ≤ s ≤ ∞, and r > n(1/p− 1/2). Suppose that
q = s = 2 or (r − n(1/p − 1/2))/q + n(1/p − 1/2)/s < r/2. If, in addition, the partial
derivatives ∂rm/∂xri , i = 1, . . . , n, are locally absolutely continuous on Rn \ {0} in each
variable and

sup
t>0
‖mt‖r−n(1/p−1/2)

q ‖∂rmt/∂x
r
i‖
n(1/p−1/2)
s <∞

for all i = 1, . . . , n, then m is a Fourier multipliers in the space Hp(Rn).
Similar theorems hold in the space Lp(Rn), 1 < p <∞, H1(Rn), and L1(Rn).

Singular perturbations of zero capacity in the Sobolev
scale of spaces

Volodymyr Koshmanenko and Mukola Dudkin

Institute of Mathematics, Kyiv, Ukraine koshman63@googlemail.com

We consider the perturbations of the Laplace operator given by measures supported
on sets of zero capacity and propose the construction of the perturbed operators. As a
method we use the rigged Hilbert space approach [2].

Let a perturbation of the Laplace operator −∆ in L2(Rn), n ≥ 1, be given by a
measure µ ∈ W−k

2 (Rn), k ≥ 1, where

· · ·W−k
2 ⊃ L2(Rn) ⊃ W k

2 (Rn) ≡ W k
2 · · · , k = 1, 2, ...

is the scale of the Sobolev spaces. Assume that µ is supported by a compactumK=supp(µ) ⊂
Rn with zero Lebesgue measure, λ(K) ≡ |K| = 0. And assume that for some k ≥ 1 the
capacity of K in W k

2 (for de�nition see [1]) is strongly positive:

Capk(K) = inf{‖ϕ‖2
Wk

2
| ϕ ∈ C∞0 , ϕ ≥ 1 on K} > 0.

The problem is to construct the perturbed operator which corresponds to the formal sum
−∆µ = −∆ + µ. If k = 1 or k = 2 then the operator −∆µ admits construction by one of
the well-known methods, for example, by the form-sum method or self-adjoint extension
method [3]. Here we investigate the case k ≥ 2.
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Let Ω := Kc = Rn \K. Let us consider the subspace
◦
W k

2(Ω) which is the closure of
C∞0 (Ω) in W k

2 . This subspace is dense in W
m
2 (Ω), m ≤ k − 1, i� Capm(K) = 0.

Our idea is to introduce the restriction (1 − ∆)m/2 �
◦
W k

2(Ω) as a densely de�-

ned symmetric operator in L2(Rn), to construct its self-adjoint extension (1 − ∆̃)m/2

corresponding to the singular operator Sµ : W k
2 −→ W−k

2 which is associated with µ and

�nally to de�ne −∆µ as ((1− ∆̃)m/2)2/m.

1. D. Adams, L.I. Hedberg, Functional Spaces and Potential Theory, Springer-Verlag Berlin Hei-
delberg, (1996).

2. Berezanskii Yu.M., Expansion in Eigenfunctions of Self-Adjoint Operators, AMS (1968).

3. Koshmanenko V., Singular quadratic forms in perturbation theory, Kluwer Acad. Publ., (1999).

1D nonnegative Schrodinger operators with point
interactions

Yury Kovalev

East Ukrainian National University, Ukraine yurykovalev@ukr.net

We consider the following di�erential operators in the Hilbert space L2(R):

dom(A0) = {f ∈ W 2
2 (R) : f(y) = 0, y ∈ Y } , A0 := − d2

dx2 ,

dom(A′) = {g ∈ W 2
2 (R) : g′(y) = 0, y ∈ Y } , A′ := − d2

dx2 ,

dom(H0) = {f ∈ W 2
2 (R) : f(y) = 0, f ′(y) = 0, y ∈ Y } , H0 := − d2

dx2 .

Here W 1
2 (R) and W 2

2 (R) are the Sobolev spaces, Y is an in�nite monotonic sequence of
points in R satisfying the condition

inf{|y′ − y′′|, y′, y′′ ∈ Y, y′ 6= y′′} > 0.

The operators A0, A
′, and H0 are densely de�ned and nonnegative with in�nite defect

indices.
We prove that the systems of the delta functions

{δ(x− y)}y∈Y , {δ′(x− y)}y∈Y , {δ(x− y), δ′(x− y)}y∈Y

form the Riesz bases in the corresponding closed linear spans in the Sobolev spaces
W−1

2 (R) and W−2
2 (R).

As an application we prove the transversalness of the Friedrichs and Krein nonnegative
selfadjoint extensions of the nonnegative symmetric operators A0, A

′, and H0. Using
the divergence forms the basic nonnegative boundary triplets for A∗0, A

′∗, and H∗0 are
constructed.
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Boolean valued analysis and injective Banach lattices

A. G. Kusraev

South Mathematical Institute of the Russian Academy of Science, Russia kusraev@smath.ru

A real Banach lattice X is said to be injective if, for every Banach lattice Y , every
closed vector sublattice Y0 ⊂ Y , and every positive linear operator T0 : Y0 → X there
exists a positive linear extension T : Y → X with ‖T0‖ = ‖T‖. Equivalently, X is an
injective Banach lattice if, whenever X is lattice isometrically imbedded into a Banach
lattice Y , there exists a positive contractive projection from Y onto X.

Every injective Banach lattice embeds into an appropriate Boolean valued model,
becoming an AL-space. This result together with the fundamental principles of Boolean
valued set theory provides a Boolean valued transfer principle from AL-spaces to injective
Banach lattices: Each theorem about AL-spaces within Zermelo�Fraenkel set theory has
an analog for injective Banach lattices interpreted as the Boolean valued AL-spaces. This
approach enables one to give a complete classi�cation of injective Banach lattices.

Fuctional calculus in algebras of ultradistributions of
Beurling type and of Roumieu type

V. Ya. Lozynska

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics

National Academy of Sciences of Ukraine, Lviv, Ukraine vlozynska@yahoo.com

We describe properties of convolution algebras of ultradistributions of Beurling type
and of Roumieu type. We develop the extension of the Hille�Phillips functional calculus
for generators of the operator groups and construct functional calculus for generators of
strongly continuous groups of bounded linear operators on an arbitrary Banach space in
the Fourier image of such algebras.

1. Braun R.W., Meise R., Taylor B.A. Ultradi�erentiable functions and Fourier analysis // Results
in Mathematics. � 1990.� 17. � P. 206�237.

2. Hille E., Phillips R. Functional Analysis and Semi-Groups. AMS, 1957.

3. Balakrishnan A.V. An operational calculus for in�nitesimal generators of semigroups // Trans.
Amer. Math. Soc. 91. 1959. � P. 330 � 353.
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On spectral problems for Sturm-Liouville operators
with degenerate boundary conditions

Alexander Makin

Moscow State University of Instrument-Making and Computer Science, Moscow, Russia

alexmakin@yandex.ru

We consider spectral problems for the Sturm-Liouville equation

u′′ − q(x)u+ λu = 0

de�ned on the interval (0, π) with arbitrary complex-valued potential q(x) and degenerate
boundary conditions

u′(0) + (−1)θu′(π) = 0, u(0) + (−1)θ+1u(π) = 0,

θ = 0, 1. We solve the corresponding inverse problem and also study the completeness
property and the basis property of the root function system.

Schrodinger inverse scattering on the line with
energy-dependent potentials

Stepan Man'ko

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics

National Academy of Sciences of Ukraine, L'viv, Ukraine stepan.manko@gmail.com

We study direct and inverse scattering problems associated with Schr�odinger equations
of the form

−y′′ + qy + 2kpy = k2y, x ∈ R

with a pair of potentials q and p, and an energy k2. Note that, with the additional
assumption q = −p2, these equations may be reduced to the Klein�Gordon equations
with the static potential p for a particle of zero mass and of energy k. Energy-dependent
Schr�odinger equations appear also e.g. in the study of wave scattering with absorption.

We study the case where q ∈ H−1(R) are singular Miura potentials, i.e., potentials of
the form q = v′ + v2 for some v ∈ L2(R), and p ∈ L1(R). If

v ∈ L1(R) ∩ L2(R),

then this Riccati representation of q is unique. Our main result claims that under
these assumptions the energy-dependent Schr�odinger equation has a well-de�ned re�ection
coe�cient that determines v and p uniquely.
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H�ormander spaces, interpolation with function
parameter, and their applications to PDEs

Vladimir A. Mikhailets and Aleksandr A. Murach

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine mikhailets@imath.kiev.ua

The talk is a survey of the recent results [1�3] devoted to the interpolation with a
function parameter of abstract and functional Hilbert spaces. We investigate the isotropic
H�ormander spaces B2,k that form the re�ned Sobolev scale {Hs,g : s ∈ R, g ∈ SV} and
the extended Sobolev scale {Hg : g ∈ RO}. Here SV (resp., RO) is a class of continuous
positive functions g(t), t > 0, slowly varying (resp., RO-varying) at in�nity. The above
scales are much �ner than the Sobolev scale {Hs : s ∈ R} and are closed with respect to
the interpolation with a function parameter.

We discuss various applications of these new scales to elliptic operators. We show
that the Fredholm property of elliptic systems and elliptic boundary-value problems is
preserved for these scales. Theorems of various type about a solvability of elliptic problems
are given. A local re�ned smoothness is investigated for solutions to elliptic equations.
New su�cient conditions for the solutions to have continuous derivatives are found. Some
applications to the spectral theory of elliptic operators are studied.

1. V. A. Mikhailets and A. A. Murach, H�ormander Spaces, Interpolation, and Elliptic Problems,
Instytut Matematyky NAN Ukrainy, Kyiv, 2010, 372 pp. (Russian, available at arXiv:1106.3214).

2. V. A. Mikhailets and A. A. Murach, The re�ned Sobolev scale, interpolation, and elliptic problems,
Banach J. Math. Anal. 6 (2012), no. 2, 71 pp.

3. V. A. Mikhailets and A. A. Murach, Interpolation with a function parameter and re�ned scale of
spaces, Methods Funct. Anal. Topology 14 (2008), no. 1, 81�100.

On the conditions of correct solvability of boundary
problem with operator coe�cients

Sabir Mirzoev, A. R. Aliev, and L. A. Rustamova

Baku State University, Azerbaijan mirzoyevsabir@mail.ru

In separable Hilbert space H we consider the boundary problem

− u′′(t) + ρ(t)A2u(t) + A1u
′(t) = f(t), t ∈ R+ = (0, +∞) , (1)

u′(0) = Ku(0), (2)

where f(t), u(t) are functions with values in H, and operator coe�cients satisfy the
conditions:

1) A is a positive-de�ned self-adjoint operator;
2) ρ(t) = α > 0 for t ∈ (0, T ), ρ(t) = β > 0 for t ∈ (T,+∞), T > 0;
3) A1A

−1 is a bounded operator in H;
4) K : H3/2 → H1/2 is a bounded operator, where Hγ = D(Aγ), ‖x‖Hγ = ‖Aγx‖.
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Let us denote by L2(R+;H) the Hilbert space of all vector functions de�ned on R+

with values in H, which have �nite norm

‖f‖L2(R+;H) =

(∫ +∞

0

‖f(t)‖2dt

)1/2

< +∞.

Let us introduce the Hilbert space

W 2
2 (R+;H) = {u(t) : A2u(t) ∈ L2(R+;H), u′′(t) ∈ L2(R+;H)},

‖u‖W 2
2 (R+;H) =

(
‖A2u‖2

L2(R+;H) + ‖u′′‖2
L2(R+;H)

)1/2
.

The following theorem is valid.

Theorem. Let conditions 1)-4) be satis�ed, ReA−1K ≥ 0 in the space H3/2 and ‖A1A
−1‖ <

2 min(α1/2; β1/2). Then for any f(t) ∈ L2(R+;H) there exists a function u(t) ∈ W 2
2 (R+;H)

which satis�es the equation (1) almost everywhere in R+ and the boundary condition (2)
in the sense of convergence

lim
t→0
‖u′(t) − Ku(t)‖H1/2

= 0;

moreover
‖u‖W 2

2 (R+;H) ≤ const‖f‖L2(R+;H).

This work was supported by the Science Development Foundation under the President
of the Republic of Azerbaijan - Grant No. EIF-2011-1(3)-82/28/1.

Forbidden zones of the Hill-Schr�odinger operators with
distributions as potentials

Volodymyr Molyboga

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

molyboga@imath.kiev.ua, vm.imath@gmail.com

On the complex separable Hilbert space L2(R) we study the Hill�Schr�odinger operators
S(q) with 1-periodic real-valued distributional potentials q(x):

S(q)u ≡ Su := −u′′ + q(x)u,

q(x) =
∑
k∈Z

q̂(k)ei 2kπx ∈ H−1(T,R)⇔
∑
k∈Z

(1 + |k|)−2|q̂(k)|2 <∞,

Im q = 0⇔ q̂(k) = q̂(−k), k ∈ Z.

The operators S(q) are well de�ned on the Hilbert space L2(R) in the following equi-
valent di�erent ways: as form-sums, as quasi-di�erentials ones, as a limit in norm resolvent
sense of the sequence of operators with smooth potentials. The operators S(q) are self-
adjoint and lower semi-bounded. Their spectra are absolutely continuous and have a band
and gap structure, see [1] and the references therein.
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In the talk we discuss the behaviour of the lengths of forbidden zones (spectral gaps)

γq := {γq(n)}n∈N

of the operators S in terms of the behaviour of the Fourier coe�cients {q̂(k)}k∈Z of the
potentials q with respect to the appropriate weight spaces, that is by means of potential
regularity [2, 3, 4]. We �nd necessary and su�cient conditions for the sequence γq to be
convergent to zero, to be bounded/unbounded.

All results are obtained jointly with Prof. V. Mikhailets.

1. V. Mikhailets, V. Molyboga, One-dimensional Schr�odinger operators with singular periodic potenti-
als, Methods Funct. Anal. Topology 14 (2008), no. 2, 184�200.

2. V. Mikhailets, V. Molyboga, Spectral gaps of the one-dimensional Schr�odinger operators with
singular periodic potentials, Meth. Funct. Anal. Topology 15 (2009), no. 1, 31�40.

3. V. Mikhailets, V. Molyboga, Hill's potentials in H�ormander spaces and their spectral gaps, Methods
Funct. Anal. Topology 17 (2011), no. 3, 235�243.

4. V. Mikhailets, V. Molyboga, Smoothness of Hill's potential and lengths of spectral gaps, Operator
Theory: Advances and Applications 221 (2012), 469�479.

Absolutely continuous spectrum and �non-subordinacy�
problem for Jacobi matrices

Marcin Moszy�nski

Uniwersytet Warszawski, Wydzia l Matematyki, Informatyki i Mechaniki, Poland

mmoszyns@mimuw.edu.pl

A non-zero vector s from a �xed linear space Y of some scalar sequences is called
subordinate if it is �smaller� in the relevant sense than any sequence u from Y which is
linearly independent of s. More precisely, we require:

lim
n→+∞

∑n
k=1 |sk|2∑n
k=1 |uk|2

= 0.

Subordination theory for self-adjoint Jacobi operators in l2(N) (see [2]) states that
there is a close relationship between some spectral properties of Jacobi operator J and
the problem of existence of the subordinate solution (= subordinate vector) among the
generalized eigenvectors of J for various spectral parameters λ ∈ R. For instance, if for
some open subset G of the real line for any λ ∈ G there is no subordinate eigenvector,
then J is absolutely continuous in G and G ⊂ σac(J).

Studying particular Jacobi operators we usually do not have complete information on
its generalized eigenvectors, but sometimes we possess some information on the asymptotic
behavior of some linearly independent eigenvectors v1 and v2.

This talk is devoted to some old (e.g. [1], [3]) and new results ([4]) which give the
absence (or the existence) of subordinated solutions in terms of the asymptotic informati-
on for v1 and v2. We show some relations with the notion of generalized Cesaro type
convergence of scalar sequences.
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1. J. Janas and S. Naboko, Jacobi matrices with power-like weights � grouping in blocks approach, J.
Funct. Anal. 166 (1999) no. 2, 218�243.

2. S. Khan and D. B. Pearson, Subordinacy and spectral theory for in�nite matrices, Helv. Phys.
Acta 65 (1992) no. 4, 505�527.

3. M. Moszy�nski, Spectral properties of some Jacobi matrices with double weights, J. Math. Anal.
Appl. 280 (2003), 400�412.

4. M. Moszy�nski, Non-existence of subordinate solutions for Jacobi operators in some critical cases,
submitted.

Approximation of continuous functions in linear
topological spaces

M. A. Mytrofanov and Alex Ravsky

Institute for Applied Problems of Mechanics and Mathematics, Lviv, Ukraine

mishmit@rambler.ru

Approximation of continuous functions on a countable normed Fr�echet space by analytic
and *-analytic functions is considered. We also consider analogues of separating polynomi-
als and the results of Kurzweil, Boiso and Hajek for normed, Fr�echet and locally convex
linear topological spaces and use some topological tools and approaches.

Abstract interpolation problem in generalize
Nevanlinna classes

Evgen Neiman

Donetsk National University, Ukraine evg_sqrt@mail.ru

The abstract interpolation problem (AIP) in the Schur class was posed by V. Katz-
nelson, A. Kheifets and P. Yuditskii in 1987. In several papers it was shown that many
problems of analysis, such as the bitangential interpolation problem, the moment problem,
the lifting problem, and others can be included into the general scheme of the AIP.

We consider an analog of the AIP for the generalized Nevanlinna class Nk(L) in the
non-degenerate case. We associate with the data set of the AIP a symmetric linear relation
A acting in a Pontryagin space. A description of all solutions of the AIP is reduced to
the problem of description of all L-resolvents of this symmetric linear relation A. The
latter set is parametrized by application of the inde�nite version of Kre��n's representation
theory for symmetric linear relations in Pontryagin spaces developed by M. G. Krein and
H. Langer in 1978 and the formula for the L-resolvent matrix obtained by V. Derkach
and M. Malamud in 1991.
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On the criterion of mutual adjointness of proper
extensions of linear relations

Yurii Oliyar and Oleh Storozh

Ivan Franko National University of Lviv, Lviv, Ukraine aruy14@ukr.net, storog@ukr.net

In this report we use the following denotations: D(T ), R(T ) and kerT are, respectively,
the domain, range, and kernel of a linear operator T ; B(X, Y ) is the set of linear bounded
operators T : X → Y such that D(T ) = X; (· | ·)X is the inner product in a Hilbert space
X.

The role of initial object is played by a couple (L,L0) of closed linear relations such
that L0 ⊂ L ⊂ H2 = H⊕H, where H is a �xed complex Hilbert space equipped with the
inner product (· | ·). Put M0 = L∗,M = L∗0 (recall that for each linear relation T ⊃ H2

the adjoint T ∗ is determined as follows: T ∗ = ĴT⊥ where ∀(h1, h2) ∈ H2 Ĵ(h1, h2) =
(−ih2, ih1).) Each closed linear relation L1(M1) such that L0 ⊂ L1 ⊂ L (respectively
M0 ⊂M1 ⊂M) is said to be a proper extension of L0(M0).

De�nition 1. Let G be an (auxiliary) Hilbert space and U ∈ B(L,G). The pair (G,U)
is called a boundary pair for (L,L0), if R(U) = G, kerU = L0.

Theorem 1. Let G1, G2 be Hilbert spaces, Ui ∈ B(L,Gi) (i = 1, 2), U = U1 ⊕ U2.

Assume that (G,U) is a boundary pair for (L,L0). Then there exist unique Ũ1 ∈ B(M,G2),

Ũ2 ∈ B(M,G1) such that(G̃, Ũ), where G̃ = G2⊕G1, Ũ = Ũ1⊕ Ũ2, is a boundary pair for
(M,M0) an

∀ŷ ∈ L,∀ẑ ∈M (iĴ ŷ | ẑ)H2 = (U1ŷ | Ũ2ẑ)G1 − (U2ŷ | Ũ1ẑ)G2 .

Corollary 1. Let Gi, Ui, Ũi (i = 1, 2) be as in Theorem 1 and L1
def
= kerU1. Then

L∗1 = ker Ũ1.

Theorem 2. Assume that L0 ⊂ L1 ⊂ L1 ⊂ L and dimG = dimL	 L0. Then there exist
the orthogonal decomposition G = G1 ⊕G2 and operators

U1 ∈ B(L,G1), V1 ∈ B(M.G2) (1)

such that
L1 = kerU1, L∗1 = kerV1,

so that
kerU1 ⊃ L0, kerV1 ⊃M0. (2)

Without loss of generality, we may assume that

R(U1) = G1, R(V1) = G2 (3).

Theorem 3. Assume that G is as in Theorem 2 operators U1, V1 satisfy the conditions
(1), (2); then

L1 = M∗
1 ⇔ kerU1 = L0 ⊕ ĴR(V ∗1 ).

Corollary 2. Under the conditions of Theorem 2 suppose that dimG <∞ and equalities
(3) hold. In this case L1 = M∗

1 i� U1ĴV
∗

1 = 0.
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Spectral analysis of PT -symmetric extensions of
symmetric operators with de�ciency indices 〈2, 2〉

O. M. Patsiuk

Institute of Mathematics of NASU, Ukraine patsyuck@yahoo.com

In the paper [1], we proved a criterion for µ ∈ C \ R to belong to the spectrum of
a quasi-self-adjoint PT -symmetric operator, which is an extension of some symmetric
operator S with de�ciency indices 〈2, 2〉.

This result was used for the spectral analysis of PT -symmetric extensions of the
minimal symmetric operators generated by one-dimensional Schr�odinger operators with
potentials belonging to the class of real even functions with singularity at zero. The case
of integrable singularity was illustrated by Schr�odinger operator with a singular �zero
range� potential, and the case of non-integrable (strong) one was illustrated by Bessel
operator (spherical Schr�odinger operator).

We established conditions under which the corresponding PT -symmetric quasi-self-
adjoint extensions have real spectrum. In the case when the non-real spectrum is not
empty, we studied the number and location of eigenvalues in the complex plane.

1. Êóæåëü Ñ., Ïàöþê Î. Äî òåîði¨ PT -ñèìåòðè÷íèõ îïåðàòîðiâ // Óêðà¨íñüêèé ìàòåìàòè÷íèé
æóðíàë. � 2012. � Ò. 64, � 1. � Ñ. 32�49.

On limiting indices λ(U, p, q, r) of operator ideals

B. I. Peleshenko and T. N. Semirenko

Dnipropetrovsk State Agrarian University, Ukraine dsaupelesh@mail.ru

Let 1 < p < ∞, 1 ≤ q, r ≤ ∞. For every operator ideal U in the class L of all
bounded linear operators acting between sequentional Banach spaces, the limiting index
λ (U, p, q, r) is de�ned as as the in�mum of the set of all numbers λ ≥ 0 such that
the diagonal operator Dλ : {αn}∞n=1 →

{
ln−λ(1 + n)αn

}∞
n=1

belongs to U and operates
from the weighted space lq,1/p−1/q of absolutely q�summable scalar sequences with weight
n1/p−1/q into the space lr,1/p−1/r.

In this work it is proved that to �nd the limiting indices λ (U, p, q, r) it is su�cient to
consider the diagonal operators belonging to component of operator ideal
U
(
lq,1/p−1/q, lr,1/p−1/r

)
.

The limiting indices λ (U, p, q, r) are calculated for concrete operator ideals U . In
particular, it is determined that λ (U, p, q, r) = 1/r − 1/q in the case 1 ≤ r < q ≤ ∞ and
λ (U, p, q, r) = 0 if 1 ≤ q ≤ r ≤ ∞.

The connection with embedding limiting index σΩ (U, p, r) de�ned as the in�mum of
all numbers λ ≥ 0 for which the embedding from the functional space Hλ

p (Ω) into the
Lorenz functional space Lp,r(Ω), with Ω a bounded open subset of Rn, belongs to the
operator ideal U is also determined.

We note that A. Pietsch considered limiting indices λ (U, q, r) for the case of standard
Banach spaces lq, i.e., when the diagonal operatorDλ belonged to a component of operator
ideal U (lq, lr) if 1 ≤ q, r ≤ ∞.
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Completely n-positive maps on Hilbert C?-modules

Marat Pliev

South Mathematical Institute plimarat@yandex.ru

Stinespring representation theorem is a fundamental theorem in the theory of completely
positive maps. A completely positive map ϕ : A→ B of C?-algebras is a linear map with
the property that [ϕ(aij)]

n
i,j=1 is a positive element in the C?-algebra Mn(B) of all n× n

matrices with entries in B for all positive matrices [(aij)]
n
i,j=1 in Mn(A), n ∈ N.

Stinespring [6] showed that a completely positive map ϕ : A → L(H) is of the form
ϕ(·) = S?π(·)S, where π is a ?-representation of A on a Hilbert space K and S is a
bounded linear operator from H to K. Theorems about the structure of n × n matrices
whose entries are linear positive maps from C?-algebra A to L(H), known as completely
n-positive linear maps, were obtained by Heo [3]. In [1] Asadi considered a version of the
Stinespring theorem for completely positive maps on Hilbert C?-modules. Later Bhat,
Ramesh and Sumesh in [2] removed some technical conditions. Skiede in [6] considered
the whole construction in a framework of the C?-correspondences. Finally Joita in [4,5]
proved covariant version of the Stinespring theorem and Radon-Nikodym theorem.

We shall prove a version of the Stinespring theorem for completely n-positive map on
Hilbert C?-modules.

Theorem. Let A be a unital C?-algebra and [ϕij]
n
i,j=1 : A → L(H1) be a n-completely

positive map. Let V be a Hilbert A-module and (Φ1, . . . ,Φn) : V n → L(Hn
1 , H

n
2 ) be a

n-completely positive map on V .
Then there exist data (π, S1, . . . , Sn, K1), (Φ, R1, . . . , Rn, K2), where K1 and K2 are

Hilbert spaces, π : A → L(K1) is a unital ?-homomorphism, Φ : V → L(K1, K2) is
π-morphism, Si : H1 → K1, Wi : H2 → K2 are bounded linear operators for every
i ∈ {1, . . . , n}, such that ϕij(a) = S?i πA(a)Sj for all, a ∈ A; i, j ∈ {1, . . . , n} and
(Φ1(x1), . . . ,Φn(xn)) =

∑n
i=1W

?
i Φ(x1, . . . , xn)Si for all (x1, . . . , xn) ∈ V n.

1. AsadiM.D. Stinspring's theorem for Hilbert C?-modules // J. Operator Theory (2)(2009), V.62,
P. 235�238.

2. BhatR., RameshG., SumeshK. Stinspring's theorem for maps on Hilbert C?-modules // Preprint,
arXiv: 1001.3743.

3. Heo J. Completely multi-positive linear maps and representations on Hilbert C?-modules // J.
Operator Theory 41(1999), P.3�22.

4. JoitaM. Covariant version of the Stinespring type theorem for Hilbert C?-modules // Cent.
Eur.J.Math. 9(4), 2011, P.803�813.

5. JoitaM. Comparision of completely posive maps on Hilbert C?-modules // Preprint,
arXiv: 1201.0593v1.

6. StinspringF. Positive functions on C?-algebras // Proc. Amer. Math. Soc. (2)(1955), P. 211�216.
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On m-accretive extensions of a sectorial operator

Andrey Popov and Yu. M. Arlinskii

East Ukrainian V. Dal National University, Ukraine Andrey.B.Popov@gmail.com

We consider the problem of description of all m-accretive extensions for a densely
de�ned closed sectorial operator S (with vertex at the origin) in a Hilbert space H. It is
well known [1] that there exists the Friedrichs extension SF of S which is associated with
the closure of the sesquilinear form (Sf, g), f, g ∈ dom(S). The important case of the
above problem, the description of all nonnegative self-adjoint extensions of nonnegative
symmetric operator, was treated by J. von Neumann, K. Friedrichs, M. G. Krein, M. I. Vi-
shik, M. Sh. Birman. Later on to describe all nonnegative selfadjoint and proper (quasi-
selfadjoint) m-accretive extensions of a nonnegative symmetric operator the method of
boundary values spaces (boundary triplets) and corresponding Weyl functions has been
applied. In the case of a not necessarily symmetric sectorial operator Yu.M. Arlinskii
in [2] also used special boundary triplets for description of all m-accretive and m-sectorial
extensions, their adjoint, and resolvents in the case when the condition

dom(S∗) ⊆ D[SN ], (1)

is ful�lled for the Krein-von Neumann extension SN of S. Here D[SN ] is the domain of
the closed sesquilinear form associated with the operator SN . Condition (1) holds true if
the Friedrichs and Krein-von Neumann extensions are transversal, in particular, if S is a
coercive operator (Re(Sf, f) ≥ c||f ||2, for all f ∈ dom(S), c > 0).

In this talk for the general case (when condition (1) is not assumed) we parametrize
all m-accretive extensions in terms of the abstract boundary conditions. Our description
is close to the one obtained in [2] but we do not rely on the properties of the Krein-von
Neumann extension. An application to a parametrization of all m-accretive extensions
for a nonnegative symmetric operator in the model of one-center point interactions on the
plane is given.

This is a joint work with Yu. M. Arlinskii.

1. T. Kato, Perturbation theory for linear operators, Springer-Verlag, 1966.

2. Arlinskii Yu. M. On m-accretive extensions and restrictions // Methods of Funct. Anal. Topol. �
1998. � Vol. 4. � P. 1�26.
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Inverse spectral problems for energy-dependent
Sturm-Liouville equations

Nataliya Pronska

Institute for Applied Problems of Mechanics and Mathematics, NASU, Lviv, Ukraine

nataliya.pronska@gmail.com

The main object of the talk is an energy-dependent Sturm�Liouville di�erential equati-
on

−y′′ + qy + 2λpy = λ2y (1)

on (0, 1), with p a real-valued function from L2(0, 1) and q a real-valued distribution
from W−1

2 (0, 1), i.e. q = r′ for a real-valued r ∈ L2(0, 1). We consider the problem (1)
under two types of boundary conditions: the Dirichlet ones (D.b.c.)

y(0) = y(1) = 0

and the so-called mixed conditions (m.b.c.)

y(0) = (y′ − ry)(1) = 0.

In the talk we shall discuss the problem of reconstruction of the potential p and a
primitive r of q from two types of spectral data, namely,

(i) from the spectra of problems (1) subject to D.b.c. and m.b.c.;

(ii) from the spectrum of (1) under D.b.c. and the set of suitably de�ned norming
constants.

The spectral problems (1) subject to D.b.c. and m.b.c. can be regarded as the
spectral problems for the quadratic operator pencils T2(p, r) and T1(p, r) respectively (see
[2]), where Tj(p, r)(λ) := λ2I − 2λB − Aj, j = 1, 2. Here Aj are the operators acting via
the di�erential expression `(y) = −y′′+qy, on the domains domA1 := {y ∈ dom ` | y(0) =
(y′ − ry)(1) = 0} and domA2 := {y ∈ dom ` | y(0) = y(1) = 0}, I stands for the identity
operator in L2(0, 1) and B is the operator of multiplication by the potential p ∈ L2(0, 1).

The spectrum σ(T ) of the operator pencil T is the set of all λ ∈ C for which T (λ) is
not boundedly invertible, i.e.

σ(T ) = {λ ∈ C | 0 ∈ σ(T (λ))}.

A number λ ∈ C is called an eigenvalue of T if T (λ)y = 0 for some non-zero function y ∈
domT , which is then the corresponding eigenfunction. For an eigenvalue λn of T , denote
by yn the corresponding eigenfunction normalized by the initial conditions yn(0) = 0 and

y
[1]
n (0) = λn. Then the quantity

αn := 2

∫ 1

0

y2
n(t)dt− 2

λn

∫ 1

0

p(t)y2
n(t)dt

is called the norming constant corresponding to the eigenvalue λn.
Our standing assumption throughout the talk is that
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(A) the operator A1 is positive.
Under this assumption, the spectra λ of T2(p, r) and µ of T1(p, r) form an element of

the set SD1 de�ned as follows.

De�nition. We denote by SD1 the family of all pairs (λ, µ) of increasing sequences λ :=
(λn)n∈Z\{0} and µ := (µn)n∈Z of real numbers satisfying the following conditions:

(i) asymptotics: there is h ∈ R such that λn = πn+ h+ λ̃n, µn = π (n+ 1/2) + h+ µ̃n,

where (λ̃n) is from `2(Z \ {0}) and (µ̃n) is from `2(Z);

(ii) almost interlacing: µk < λk < µk+1 for every k ∈ Z \ {0}.

Denote by sd
(
T2(p, r)

)
the set of all pairs (λ, α), where λ is an eigenvalue of the

operator pencil T2(p, r) and α the corresponding norming constant. Under (A) sd
(
T2(p, r)

)
forms an element of the set SD2 de�ned as follows.

De�nition. We denote by SD2 the family of all sets {(λn, αn)}n∈Z\{0} consisting of
pairs (λn, αn) of real numbers satisfying the following properties:

(i) λn are nonzero, strictly increase with n ∈ Z \ {0}, and have the representation

λn = πn+ h+ λ̃n for some h ∈ R and (λ̃n) in `2(Z \ {0});

(ii) αn > 0 for all n ∈ Z\{0} and the numbers α̃n := αn−1 form an `2(Z\{0})-sequence.

Our main results are the following theorems.

Theorem 1 ([3]). For every pair (λ, µ) ∈ SD1, there exist unique real-valued p, r ∈
L2(0, 1) such that µ and λ are respectively the spectra of T1(p, r) and T2(p, r).

Theorem 2 ([1]). For every set sd ∈ SD2, there exist p, r ∈ L2,R(0, 1) such that sd =
sd
(
T2(p, r)

)
. Moreover, the operator T2(p, r) is uniquely determined by sd

(
T2(p, r)

)
.

In the talk we shall also formulate the reconstructing algorithms for both inverse
problems.

Our approach essentially exploits the connection between the spectral problems of
interest and those for Dirac operators of a special form and uses the well-developed inverse
spectral theory for Dirac operators.

The talk is based on a joint work with R. Hryniv.

[1] R. Hryniv and N. Pronska. Inverse spectral problem for energy-dependent Sturm�Liouville equati-
on. Inverse Problems, 28 085008, 2012.

[2] A. S. Markus. Introduction to the Spectral Theory of Polynomial Operator Pencils, volume 71 of
Translations of Mathematical Monographs. American Mathematical Society, Providence, RI, 1988.

[3] N. Pronska. Reconstruction of energy-dependent Sturm-Liouville equations from two.
ArXiv:1205.4499v1, 2012.
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Inverse spectral problems for Dirac operators with
separated boundary conditions

Dmytro Puyda and Yaroslav Mykytyuk

Ivan Franko National University of Lviv, Lviv, Ukraine dpuyda@gmail.com

We extend the Krein accelerant method for solving inverse spectral problems for Dirac
operators with general separated boundary conditions.

Namely, we consider self-adjoint Dirac operators on a �nite interval with summable
matrix-valued potentials and general separated boundary conditions. For such operators,
we introduce the notion of the spectral data � eigenvalues and suitably de�ned norming
matrices. It turns out that the spectral data determine the boundary conditions (up
to certain normalization) and potential of the operator uniquely. We give a complete
description of the class of the spectral data for the operators under consideration and
suggest a method for reconstructing the operator from the spectral data.

Boundary problems for domains without boundary

Yakov V. Radyno

Belarusian State University, Minsk, Belarus radyno@bsu.by

Consider a complex Banach space X embedded continuously into a complete locally
convex space E, and a continuous operator A : E → E. De�ne a new Banach space
XA = {x ∈ X : Ax ∈ X} with the graph norm.

Recall that a subspace U ⊂ XA is called correct if A : U → X is an isomorphism of
Banach spaces.

The above construction provides an abstract way to think of correct boundary problems
for domains in Rn.

We deal with the problem of describing all correct subspaces given information that
at least one exists.

We apply the theory to the case of a p-adic domain, which is totally disconnected
and has no boundary points, and take Vladimirov's pseudodi�erential operator as A. We
describe correct subspaces and correct boundary problems in this context.
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On the algebra of linear bounded operators

Anna Revenko

Luhansk Taras Shevchenko National University, Ukraine RevenkoAA89@gmail.com

Let Π and Π∗ be one-parameter semigroups of linear bounded operators Tα and Sα
(α ≥ 0) acting in a Banach space. The operators Tα and Sα(α ≥ 0) satisfy some standard
conditions and the following relations:

∀α, β ∈ [0; 1] (α ≥ β ⇒ Tα−β = SβTα + T1−βS1−α) ,

∀α, β ∈ [0; 1] (α ≥ β ⇒ Sα−β = SαTβ + T1−αS1−β) .

The latter conditions are the abstract analogues of properties of matrix shift operators
in a �nite dimensional space. Besides let the semigroup Π be strongly continuous.

Let A be the closed algebra generated by the above semigroups. We will prove that the
algebra A is the direct topological sum of three algebras D, U and V , where D is generated
by increasing chain of strongly continuous idempotents Eα = 1 − SαTα (α ∈ [0; 1]), U is
generated by the set {TαD}α>0, and V is generated by the set {DSα}α>0.

Gradient�resolvent algorithms for variational
inequalities over the set of solutions of equilibrium

problems

Volodymyr Semenov and Tatiana Voitova

Taras Shevchenko National University of Kyiv, Ukraine semenov.volodya@gmail.com

Many applied mathematical problems such as signal processing and network resource
allocation are formulated as the monotone variational inequality over the set of solutions
of equilibrium problems.

Let H be a real Hilbert space and C a nonempty closed convex subset of H. For
operator A : H → H and bifunction F : C × C → R de�ne a sets

V I(A,C) = {x ∈ C : (Ax, y − x) ≥ 0 ∀ y ∈ C} ,
EP (F,C) = {x ∈ C : F (x, y) ≥ 0 ∀ y ∈ C} .

In this talk, we consider the problem

�nd x ∈ V I(A,EP (F,C)),

and the problem
�nd x ∈ V I(A,EP (F1, C1) ∩ EP (F2, C2)).

Let us assume that the operator A is Lipschitz continuous and strongly monotone, and
that the bifunctions F , F1, F2 satisfy the classic Blum�Oettli conditions.
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Then assumptions

EP (F,C) 6= ∅ and EP (F1, C1) ∩ EP (F2, C2) 6= ∅

guarantee existence and uniqueness of solution to the above�stated problems.
We will introduce three iterative (called ¾gradient�resolvent algorithms¿) methods

with errors for solutions of the above�stated problems. We will prove the strong conver-
gence of these methods under mild conditions. The second problem regularization in the
case of

EP (F1, C1) ∩ EP (F2, C2) = ∅

is also considered. We also discuss applications of these methods to constrained bilevel
convex minimization problem.

In the proofs of our results, we use the theory of nonexpansive operators and modi�-
cations of ideas developed in our earlier papers.

Functional calculus: in�nite dimensional aspect

S. V. Sharyn

Precarpathian National University, Ukraine sharynsir@yahoo.com

Let S ′+ denote the convolution algebra of tempered linear distributions with supports
in Rn+. Let P (S ′+) be a multiplicative algebra of polynomials acting over S ′+. Strong
dual P ′(S ′+) is called the space of polynomial tempered distributions. In this talk we will
discuss problems and ways of extension of the Hille-Phillips type functional calculus [1]
to a class of polynomial tempered distributions.

The talk is a continuation of the works [2] and [3].

1. E. Hille, R. Phillips, Functional Analysis and Semi-Groups, AMS Coll. Publ., vol. XXXI, New
York, 1957.

2. Lopushansky O.V., Sharyn S.V., Operator calculus for convolution algebra of Schwartz distributi-
ons on semiaxis, Mat. Stud. 7, 1, (1997), 61�72.

3. Lopushansky O.V., Sharyn S.V., Polynomial ultradistributions on cone Rd+, Topology, 48, 2�4,
(2009), 80�90.
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Sharp inequalities of Kolmogorov type for
the Marchaud fractional derivatives of functions of

low smothness

Dmytro Skorokhodov, Vladislav Babenko, Mariya Churilova,
and Natalia Par�novych

Oles Honchar Dniepropetrovsk National University, Ukraine

dmitriy.skorokhodov@gmail.com

Let G = (−∞,+∞) or G = (0,+∞). Let also C(G) be the space of continuous on
G functions, and E(G) be the symmetric space on G. For r ∈ N, we denote by LrE(G)
the space of functions f ∈ C(G) that have locally absolutely continuous on G derivative
f (r−1) and such that f (r) ∈ E.

We consider additive Kolmogorov type inequalities of the form∥∥Dk
−f
∥∥
C(G)
≤ A ‖f‖C(G) +B

∥∥f (r)
∥∥
E(G)

where non-negative constants A and B are independent of the function f ∈ LrE(G), and
Dk
−f , k ∈ (0, r), is the Marchaud fractional derivative of order k. We obtain all sharp

inequalities of such type for r = 1 and r = 2. As a consequence, we solve the problem of

the best approximation of the operatorDk
− on the classW

r
E :=

{
f ∈ LrE :

∥∥f (r)
∥∥
E(G)
≤ 1
}
,

and other related problems.

Fourier-Laplace operator transformation of convolution
algebra of Gevrey ultradistributions with supports on

cone

A. V. Solomko

Precarpathian National University, Ukraine ansolvas@yahoo.com

We consider the duality 〈G′Γ, GΓ〉, where GΓ is the space of ultradi�erentiable Gevrey
functions with supports on convex and acute-angled cone Γ and G′Γ is its dual space of
Gevrey ultradistributions. In the present talk we consider the special case of construction
of operator calculus for generators of n-parametric (C0)-semigroups of operators in the
convolution algebra of Gevrey ultradistributions with supports on cone Γ.

Let (X, ‖ · ‖) be a Banach space. By {Us : s ∈ Γ} denote the n-parametric (C0)-
semigroup of operators on X with set of generators A :=(A1, . . . , An).We de�ne the space

Ĝν
Γb

(X) :=
{
x̂ =

∫
Γb

(Us ⊗ IX)x(s)ds
}
, where x(s) ∈ Gν

Γb
(X), IX is the identity operator

in X, Γb is the intersection of the cone Γ with the ball of radius b and

Gν
Γb

(X) :=
{
x : suppx ⊂ Γb, ‖x‖ = sup

k∈Zn+
sup
s∈Γb

‖∂kx(s)‖
νkkkℵ

< +∞
}
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for �xed number ℵ > 1 and vectors ν ∈ Rn+, ν � 1. Further we setGΓ(X) := lim ind
|ν|,b→∞

Gν
Γb

(X)

and ĜΓ(X) := lim ind
|ν|,b→∞

Ĝν
Γb

(X) endowed with the topology of inductive limit and consider

the mapping FA : GΓ(X)→ ĜΓ(X). Remark that the subspace ĜΓ(X) is dense in X.

Let L[ĜΓ(X)] be an algebra of linear continuous operators on ĜΓ(X) with the strong
operator topology. For n-parametric (C0)-semigroup of shifts {IX ⊗ Uσ : σ ∈ Γ} ⊂
L[ĜΓ(X)] along the cone Γ we set n-parametric semigroup of the form

{Ûσ : σ ∈ Γ} ⊂ L[ĜΓ(X)], Ûσ := FA ◦ (IX ⊗ Uσ) ◦ F−1
A .

Theorem 1. The mapping Φ : G′Γ 3 f −→ f̂(A) ∈ L[ĜΓ(X)], where the linear operator

f̂(A) is de�ned by the relation

f̂(A) : ĜΓ(X) 3 x̂ −→ f̂(A)x̂ =

∫
Γ

(Us ⊗ Tf )x(s)ds, s ∈ Γ,

is continuous homomorphism of convolution algebra of Gevrey ultradistributions onto
closed subalgebra of algebra L[ĜΓ(X)] of the form

{[Ûσ]c : σ ∈ Γ}, [Ûσ]c := FA ◦ (IX ⊗ [Uσ]c) ◦ F−1
A ,

where [Uσ]c is commutant of the (C0)-semigroup of operators {Uσ : σ ∈ Γ} and (Tfϕ)(τ) :=
〈f(σ), Uσϕ(τ)〉, ϕ ∈ GΓ, τ ∈ Γ.

In particular, Φ(f ∗ g) = f̂(A) ◦ ĝ(A), f, g ∈ G′Γ and operator δ̂(A) extends to the
identity operator IX , where δ is Dirac function.

Theorem 2. For any f ∈ G′Γ, x ∈ GΓ(X) and l ∈ N the following relation is valid:

f̂(A)∂̂ljx = (iAj)
lf̂(A)x̂−

l−1∑
kj=0

(iAj)
l−kj−1〈f, ∂kjj x〉, (j = 1, . . . , n).

1. Solomko A.V. Îperator representations of algebra of Gevrey ultradistributions with supports in
positive n-dimensional angle // Carpathian Mathematical Publications. � 2009. � 1, No 2. �
P. 197-207.

2. Komatsu H. Ultradistributions I. Structure theorems and a characterization // J. Fac. Sci. Univ.
Tokyo. Sect. IA Math. � 1973. � 20. � P. 25-105.

On one method of construction of symmetry operator C

V. I. Sudilovskaya

National Pedagogical Dragomanov University, Kyiv, Ukraine veronica.sudi@gmail.com

A new method of construction of the symmetry operator C, which is one of the pri-
ncipal notions of the pseudo-Hermitian quantum mechanics, is proposed. The method is
based on solving Riccati operator equations. The theorem on the boundedness/unboun-
dedness of the operator C in terms of solutions of the Riccati equation is established.
Su�cient conditions for the existence of the operator C are determined.
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The spectrum of a block Jacobi matrix

Natalia Sushchyk

Ivan Franko National University of Lviv, Lviv, Ukraine n.suchshyk@gmail.com

Consider a bounded self-adjoint operator given by a block Jacobi matrix on the half-
line. Namely, an operator J acts in l2(Cr,Z+) via

(Jx)(n) := Anx(n+ 1) + An−1x(n− 1) +Bnx(n), x = (x(n)), n ∈ Z+.

Here (An)n∈Z+ is a bounded sequence of positive r×r matrices and (Bn)n∈Z+ is a sequence
of self-adjoint r×r matrices. Conditions when the spectrum of the operator J is contained
in [−2, 2] are investigated.

On a spectral representation of moment-type sequences

Volodymyr Tesko

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine tesko@imath.kiev.ua

Let P = (Pn)∞n=0 be a family of real-valued polynomials on R such that degPn = n. We
associate with any such P a natural convolution ∗P on the space lfin of all �nite sequences
of complex numbers (in the case when Pn(x) = xn the convolution ∗P is an ordinary
Cauchy product). In [1] we solve a moment-type problem on R associated with such P
in terms of positive-de�niteness with respect to ∗P -convolution. For a family of Newton
polynomials Pn(x) =

∏n−1
i=0 (x − i) we obtain an explicit expression of the corresponding

convolution ∗P . In this case the product ∗P is an analog of the star-convolution ? between
functions on con�guration spaces introduced by Yu. Kondratiev and T. Kuna.

1. Volodymyr Tesko, One generalization of the classical moment problem, Methods Funct. Anal.
Topology, 17 (2011), no. 4, 356�380.



70 Section: Operator Theory L'viv, September 17�21, 2012

Some properties of boundary value problems generated
by Bessel's equation

B. V. Vynnyts'kyi and O. V. Shavala

Ivan Franko Drohobych State Pedagogical University, Ukraine

Vynnytskyi@ukr.net, Shavala@ukr.net

Let ν > 0 be a non-integer number. Consider the boundary value problem

−f ′′ + ν2 − 1/4

x2
f = λf, λ = ρ2, f(1) = 0,

f(x) =
∑
k∈0;ν

ckx
−ν+2k+1/2 + o(xν+1/2), x→ 0+,

for some ck ∈ R. We prove that it has a countable set of eigenvalues {λj : j ∈ N}, λj = ρ2
j ,

where ρj are the zeros of the Bessel function J−ν(x) and vj(x) = ρ
ν−1/2
j

√
ρjxJ−ν(ρjx) are

the corresponding eigenfunctions.
For the �rst time similar boundary value problem was considered in [1]. In particular,

the following result was proved therein.

Theorem. The boundary value problem

f ′′ − 2

x2
f = −λf, f(1) = 0, f(x) =

c1

x
+ c2x+ o(x2), x→ 0+,

for some c1 and c2 has a countable set {λj : j ∈ N} of eigenvalues, all eigenvalues are real,
among them one negative and the set {λj : j ∈ N} coincides with the set of zeros of the

function cos
√
λ +
√
λ sin

√
λ, i.e. the function J−3/2(

√
λ). Moreover, the corresponding

system of eigenfunctions {ρj
√
ρjxJ−3/2(ρjx) : j ∈ N\{1}}, ρj :=

√
λj, is complete in the

space L2((0; 1), x2dx), has in this space a biorthogonal system {γk : k ∈ N\{1}},

γ̄k(x) := π
ρk
√
ρkxJ−3/2(ρkx)− ρ1

√
ρ1xJ−3/2(ρ1x)

x2ρ2
kcos2ρk

,

and is not a basis of this space.

1. B.V.Vynnyts'kyi, O.V.Shavala Boundedness of the solutions of second-order linear di�erential
equation and a boundary value problem for Bessel's equation, Matematychni Studii, Vol.30, no.1,
(2008), 31�41.
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On integrable representations of deformed Wick analog
of CCR algebra

R. Y. Yakymiv1, V. L. Ostrovskyi2, D. P. Proskurin3, and L. Turowska4

1National University of Life and Environmental Sciences of Ukraine, Kyiv, Ukraine
2Institute of Mathematics NAS of Ukraine, Kyiv, Ukraine

3Kyiv Taras Shevchenko University, Kyiv, Ukraine
4Chalmers University of Technology, Gothenburg, Sweden

yakymiv@ukr.net

We study a class of integrable representations of the Wick algebra

Az = C < a1, a2, a
∗
i ai = 1 + aia

∗
i , a

∗
1a2 = za2a

∗
1 >,

where z ∈ C, |z| = 1. Namely, we give de�nitions and describe integrable representations
of quotients of Az by certain quadratic and cubic Wick ideals.

On spectra of algebras of symmetric analytic functions
on Banach spaces

Andriy Zagorodnyuk1, Iryna Chernega, and Pablo Galindo

1Precarpathian National University, Ukraine andriyzag@yahoo.com

We show that the spectrum of the algebra of bounded symmetric analytic functions on
`p, 1 ≤ p < +∞, with the symmetric convolution operation is a commutative semigroup
with the cancelation law for which we discuss the existence of inverses. For p = 1, a
representation of the spectrum in terms of entire functions of exponential type is obtained
and it allows us to determine the invertible elements.

Laplace transform of p-adic functions

M. Zarenok and Ya. Radyna

Belorussian State University, Belorussia zarenokma@gmail.com, yauhen.radyna@gmail.com

We consider Laplace transform of continuously di�erentiable p-adic functions de�ned
on the unit ball of p-adic integers Zp and taking values in the �eld of p-adic complex
numbers. Laplace transform is de�ned with the aid of Volkenborn integration

(Lf)(a) = V

∫
Zp
f(x)axdx,

where a ∈ B1(1) and V
∫
Zp is the Volkenborn integral.
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We study properties of the p-adic Laplace transform and perform some calculations. In
particular, we calculate in a closed form the Laplace transform of m-th Mahler's function
and show that its singular point at a = 1 can be removed, thus producing continuous
function on open unit ball B1(1). We use this to show that the Laplace transform of
continuously di�erentiable function is a continuous function on B1(1). The latter result
is further enhanced to show that the Laplace transform of continuously di�erentiable
function is analytic on B1(1).

We describe the interrelation between Laplace transform and �nite di�erence operator
4, which is used instead of the derivative in essential amount of problems in p-adic
analysis. We prove the inversion formula for the Laplace transform and describe the
domain of the inverse Laplace transform operator. We also prove a formula for the
derivative of the Laplace integral.

1. Schikhof W.H. Ultrametric calculus. An introduction to p-adic analysis. Cambridge: Cambridge
University Press, 1984.

2. Çàðåíîê Ì.À. p-Àäè÷åñêîå ÿäðî Äèðèõëå è ñõîäèìîñòü ìíîãîìåðíîãî ðÿäà Ôóðüå äëÿ íåïðå-
ðûâíûõ è ñóììèðóåìûõ ôóíêöèé íà Znp . // Âåñòí. ÁÃÓ. Ñåð. 1. 2012. �1.

3. Çàðåíîê Ì.À. Ñõîäèìîñòü ðÿäîâ Ôóðüå íåïðåðûâíî-äèôôåðåíöèðóåìûõ ôóíêöèé p-àäè÷åñ-
êîãî àðãóìåíòà. // Âåñòíèê ÂÃÓ. 2012. �1(67).

Spectral decomposition for some transport operators

Halyna Ivasyk

Lviv National Polytechnic University, Lviv, Ukraine Ivasyk-G@yandex.ru

Transport operator gives Friedrich's model with the help of Fourier transformation.
Using known formulae of jump of the resolvent for the operators of Friedrich's model we
obtain Parseval equality with the help of method of contour integrating.
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Gelfand-Hille type theorems for partially ordered
topological algebras

Mart Abel and Mati Abel

University of Tartu, University of Tallinn, Estonia mart.abel@ut.ee

There are several papers written about the di�erent boundedness conditions for ordered
Banach algebras. Actually, the existence of the norm is not always necessary and many
results about boundedness remain true also in more general case. This talk is an attempt:

1) to generalize the notions of di�erent kinds of boundedness for a topological algebra
without using the norm;

2) to show that the results, known for (partially) ordered Banach algebras, hold also
in more general case and that many proofs do not depend on the topology generated by
the norm.

Liouville's theorem for vector-valued analytic maps

Mati Abel

University of Tartu, Estonia mati.abel@ut.ee

It is well-known that every X-valued analytic map on the extended complex plane is a
constant map in case, when X is a complex locally convex space. This result is generalized
to the case, when X is a complex Hausdor� linear space, the von Neumann bornology of
which is strongly galbed. Described generalization is used in case, when X is a topological
algebra.

73
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On the sets of �lter cluster and limit functions

H�useyin Albayrak and Serpil Pehlivan

S�uleyman Demirel University, Faculty of Arts and Sciences, Department of Mathematics,

Isparta, Turkey huseyinalbayrak@sdu.edu.tr

In this work, we are concerned with the concepts of F -α-convergence, F -pointwise
convergence and F -uniform convergence for sequences of functions on metric spaces, where
F is a �lter on N. We obtain some results related to the set of limit functions and the
set of cluster functions, which are de�ned separately for each of these three types of
convergence. We utilize the concept of F -exhaustiveness to characterize the relations
between these sets.

About geometrical invariants under the topological
conjugations

Bogdan Atamanyuk

Ivano-Frankivsk, Ukraine bogdanataman@gmail.com

Some invariants of dynamical systems under the topological conjugation or semi-
conjugation were discussed by Oksana Atamanyuk on Ukrainian Mathematical Congres
in 2009 and the conference on contemporary problems on mathematics, mechanics and
informatics in Charkiv university in 2011. She proved the preservation of di�erent kinds
of spectral movability. This results may be aplicated in the theory of approximation and
nonlinear dynamic. As an extension of this investigations we prove that the topological
conjugation preserves the categorial movability in sense of Marde�si�c.

On the dual of a nuclear kω locally convex vector space

Lydia Außenhofer

FIM Universit�at Passau, Innstr. 33, D-94036 Passau, Germany

lydia.aussenhofer@uni-passau.de

We prove that the dual space of a locally convex nuclear kω vector space endowed with
the compact-open topology is a locally convex nuclear vector space. An analogous result
is shown for nuclear groups. As a consequence of this, we obtain that nuclear kω-groups
are strongly re�exive.
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Morava K-theory atlas for �nite groups

Malkhaz Bakuradze

Tbilisi State University, Georgia malkhaz.bakuradze@tsu.ge

Let a �nite group G is already known to be good in the sense of Hopkins-Kuhn-
Ravenel, that is, K(s) ∗ (BG) is evenly generated by transferred Euler classes. Then even
if the additive structure is calculated the multiplicative structure is still a delicate task.
Moreover even if the multiplicative structure is already determined by representation
theory, then the presentation of K(s) ∗ (BG) in terms of formal group law and splitting
principle is not always convenient. We work out in the explicit form the Morava K-theory
rings for various p-groups. For the generating relations we follow certain plan proposed
in our earlier work and proved to be su�cient for the modular p-groups and 2-groups D,
SD, QD, Q, G38, . . . , G41 [1, 2, 3, 4].

1. M. Bakuradze, Induced representations, transferred Chern classes and Morava rings K(s) ∗ (BG):
Some calculations, Proceedings of the Steklov Institute of Mathematics, 275:1 (2011) 160�168.

2. M. Bakuradze, M. Jibladze, Morava K-theory rings of groups G38, . . . , G41 of order 32, Russian
Math. Surveys, 66:5 (2011) 1003�1005.

3. M. Bakuradze, Morava K-theory rings for the modular groups in Chern classes, K-Theory, 38:2
(2008) 87�94.

4. M. Bakuradze, V. Vershinin, Morava K-theory rings for the dihedral, semi-dihedral and generalized
quaternion groups in Chern Classes, Proc. Amer. Math. Soc. 134 (2006) 3707�3714.

The topological structure of the space of closed convex
subsets of a Banach space

Taras Banakh, Ivan Hetman, and Katsuro Sakai

Ivan Franko National University of Lviv, Lviv, Ukraine

Jan Kochanowski University in Kielce, Poland tbanakh@yahoo.com

Let X be a Banach space and ConvH(X) be the space of non-empty closed convex
subsets of X, endowed with the Hausdor� metric dH .

Theorem. Each connected component H of the space ConvH(X) is homeomorphic to
one of the spaces: {0}, R, R × [0,∞), [0, 1]ω × [0,∞), l2, or the Hilbert space l2(κ) of
cardinality κ ≥ c. More precisely, a component H of ConvH(X) is homeomorphic to:

• {0} i� H contains the whole space X;

• R i� H contains a half-space;

• R× [0,∞) i� H contains a linear subspace of X of codimension 1;

• [0, 1]ω × [0,∞) i� H contains a linear subspace of X of �nite codimension ≥ 2;

• l2 i� H contains a polyhedral convex subset of X but contains no linear subspace
and no half-space in X;

• l2(κ) for some cardinal κ ≥ c i� H contains no polyhedral convex subset of X.

The proof of this theorem can be found in [1].

1. T.Banakh, I.Hetman, K.Sakai, Recognizing the topology of the space of closed convex subsets of a
Banach space, http://arxiv.org/abs/1112.6374
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An example of an H-complete topological semilattice
which is not AH-complete

Serhiy Bardyla and Oleg Gutik

Ivan Franko National University of Lviv, Lviv, Ukraine o_gutik@franko.lviv.ua

Let T S be a category whose objects are topological semigroups and morphisms are
homomorphisms between topological semigroups. A topological semigroupX from Ob T S
is called T S-complete if for each object Y from Ob TS and a morphism f : X → Y of the
category T S the image f(X) is closed in Y .

We discuss on H-completions and AH-completions of discrete topological semigroup
(N,min) and (N,max) in the categoryAH (resp. H) whose objects are Hausdor� topologi-
cal semigroups and morphisms are continuous homomorphisms (resp. isomorphic topologi-
cal embeddings) between topological semigroups. We describe the structure of AH-
completions and H-completions of the discrete semilattices (N,min) and (N,max). We
give an example a locally compact H-complete topological semilattice which is not AH-
complete. Also we construct a locally compact H-complete topological semilattice of the
cardinality λ which has 2λ many open-and-closed continuous homomorphic images which
are not H-complete topological semilattices. The constructed examples give a negative
answer to Question 17 from [1].

1. J. W. Stepp, Algebraic maximal semilattices. Paci�c J. Math. 58:1 (1975), 243�248

In�nite-dimensional hyperspaces of convex bodies of
constant width

L. Bazylevych and M. Zarichnyi

National University �Lviv Polytechnica�, Lviv, Ukraine

Ivan Franko Lviv National University, Lviv, Ukraine mzar@litech.lviv.ua

Given a compact convex body A ⊂ Rn, its support function hA : Sn−1 → R is de�ned
by the formula: hA(u) = max{〈u, a〉 | a ∈ A}. A compact convex body A ⊂ Rn is said to
be a body of constant width r > 0 if |hA(u)− hA(−u)| = r, for every unit vector u in Rn.

The hyperspace cwr(Rn) of compact convex bodies of constant width r is considered in
[1] (see also [2]). One of the main results here is a counterpart of one result of Nadler, Qui-
nn and Stavrokas [3]: the hyperspace cwr(Rn), n ≥ 2, is homeomorphic to the punctured
Hilbert cube.

Let B̄r(x) denote the closed ball (respectively sphere) of radius r centered at x ∈ X.
Alternatively, A is of constant width r if A− A = B̄r(0).

Let Ωr(X) = ∩{B̄r(x) | x ∈ X} and Ω2
r(X) = Ωr(Ωr(X)).

We assume that every Rn is embedded into Rn+1 as follows:

(x1, . . . , xn) 7→ (x1, . . . , xn, 0).
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By R∞ we denote the direct limit of the sequence

R1 ↪→ R2 ↪→ R3 ↪→ . . .

Let Q = [0, 1]ω denote the Hilbert cube. By Q∞ we denote the direct limit of the
sequence

Q→ Q× {0} ↪→ Q×Q→ Q×Q× {0} ↪→ Q×Q×Q . . .

For every n ∈ N, denote by jn : cwr(Rn)→ cwr(Rn+1) the map de�ned as follows:

jn(A) =
1

2
(Ωr(A) + Ω2

r(A)), A ∈ cwr(Rn) ⊂ exp(Rn+1).

This map is introduced in [4] and is shown to be a closed embedding.

Theorem. The space cwr(R∞) = lim−→(cwr(Rn), jn) is homeomorphic to Q∞.

1. L.E. Bazylevych, Topology of the hyperspace of convex bodies of constant width, Math. Notes. 62:6
(1997), 683�687.

2. L.E. Bazylevych, M.M. Zarichnyi, On convex bodies of constant width. Topology Appl. 153:11
(2006), 1699�1704.

3. S.B. Nadler, Jr., J. Quinn, N.M. Stavrokas, Hyperspace of compact convex sets, Pacif. J. Math.
83 (1979), 441�462.

4. H. Maehara, Convex bodies forming pairs of constant width, J. Geometry 22 (1984), 101�107.

Total boundedness of pretangent spaces

Viktoriia Bilet and Oleksiy Dovgoshey

Institute of Applied Mathematics and Mechanics, Donetsk, Ukraine

biletvictoriya@mail.ru

A sequential approach to building pretangent spaces to a general metric space (X, d)
at a point p ∈ X was proposed in [1]. Such pretangent spaces are metric spaces with
the metric dT depending on the initial metric d and a given normalizing sequence r of
positive real numbers tending to zero. The points of pretangent spaces are some classes
of converging to p sequences from X. Among these points there is a natural marked point
o, corresponding to the constant sequence (p, p, . . .).

Let us denote by TXp (n) the set of all pretangent spaces TXp,r to X at p for which the
unit sphere {t ∈ TXp,r : dT (t, o) = 1} contains at least one point.

De�nition. A set E ⊆ [0,∞) will be called completely strongly porous (at 0) if for
every sequence of points xn ∈ E \ {0} converging to p there are the constant c ≥ 1
and the sequence of intervals (an, bn) ⊂ [0,∞) \ E such that limn→∞(an/bn) = 0 and
(1/c)an ≤ xn ≤ can for every n ∈ N.

The following theorem is a criterion of total boundedness of pretangent spaces belongi-
ng to TXp (n).
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Theorem. The following statements are equivalent for each metric space (X, d) with a
marked point p ∈ X.

(i) The spaces forming TXp (n) are bounded in totality.
(ii) The set {d(x, p) : x ∈ X} is completely strongly porous.
The results closely connected with formulated theorem are discussed in [2] and the

properties of completely strongly porous sets are investigated in [3].

1. O. Dovgoshey, O. Martio, Tangent spaces to metric spaces, Reports in Math. Helsinki Univ. 480
(2008), 20 p.

2. V. Bilet, O. Dovgoshey, In�nitesimal boundedness of metric spaces and strong one-side porosity,
Dopovidi NAN Ukrainy, (in print).

3. O. Dovgoshey, V. Bilet, A kind of local strong one-side porosity, preprint available at
http://arxiv.org/abs/1205.2335.

On some properties of spaces of scatteredly continuous
maps

Bogdan Bokalo and Nadiya Kolos

Ivan Franko National University of Lviv, Lviv, Ukraine bogdanbokalo@mail.ru

Amap f : X → Y between topological spaces is called scatteredly continuous if for each
non-empty subspace A ⊂ X the restriction f |A has a point of continuity. For a topological
spaceX by SCp(X) we denote the space of all scatteredly continuous (equivalently, weakly
discontinuous) functions on X, endowed with the topology of pointwise convergence. It is
known that the space SCp(X) is a locally convex topological vector space, a topological
ring and a linear topological space with respect to usual algebraic operations of addition,
multiplication and scalar multiplication. We shall talk about the cardinal invariants of
the space SCp(X) and some other properties of this function space.

Spherical designs. Proof of the Korevaar-Meyers
conjecture and beyond

Andriy Bondarenko, Danylo Radchenko, and Maryna Viazovska

Centre de Recerca Matem�atica, Barcelona, Spain

National Taras Shevchenko University, Kyiv, Ukraine andriybond@gmail.com

The concept of a spherical design was introduced by Delsarte, Goethals, and Seidel
[1]. A set of points x1, . . . , xN ∈ Sd is called a spherical t-design if the average value of
any polynomial f of degree ≤ t on the set equals the average value of f on the whole
sphere Sd.

Delsarte, Goethals, and Seidel [1] proved that for each d ∈ N there is a positive
constant cd such that for each t ∈ N the minimal number N(d, t) of points in a spherical
t-design on Sd is not less than cdt

d.
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Korevaar and Meyers [2] conjectured that for each d ∈ N there is a constant Cd such
that N(d, t) ≤ Cdt

d for all t ∈ N. Our main result is the following theorem [3] implying
the conjecture of Korevaar and Meyers:

Theorem 1. For each d ∈ N there is a constant Cd such that for each t ∈ N and N ≥ Cdt
d

there exists a spherical t-design on Sd consisting of N points.

Various generalizations of our result and related problems will be also discussed.

1. P.Delsarte, J.M.Goethals, J.J.Seidel, Spherical codes and designs, Geom. Dedicata, 6 (1977),
363�388.

2. J.Korevaar, J.L.Meyers, Spherical Faraday cage for the case of equal point charges and Chebyshev-
type quadrature on the sphere, Integral Transforms Spec. Funct. 1 (1993), 105�117.

3. A.Bondarenko, D.Radchenko, M.Viazovska, Optimal asymptotic bounds for spherical designs, pre-
print available at http://arxiv.org/abs/1009.4407

A Lefschetz-Hopf theorem for maps with a compact
iterate

Robert Cauty

Universit�e Paris 6, France cauty@math.jussieu.fr

A continuous map f : C → C is compact if f(C) is contained in a compact subset
of C. The following is an old topological problem in nonlinear functional analysis: Let
C be a closed convex subset of a Banach space and f : C → C be a continuous map. If
some iterate of f is compact, does f have a �xed point? We prove a general Lefschetz-
Hopf �xed point theorem for maps with a compact iterate, which in particular answers
positively this old question.

Higson Corona under di�erent set-theoretic
assumptions

Ostap Chervak, Taras Banakh, and L. Zdomskyy

Ivan Franko National University of Lviv, Lviv, Ukraine oschervak@gmail.com

The Higson corona νX of a metric space X is a natural object in Coarse Geometry,
which is a coarse counterpart of the Stone-Cech compacti�cation βX of X. Applying
a CH-characterization of the Stone-Cech remainder βω \ ω, I.Protasov [1] proved that
under CH the Higson coronas of all asymptotically zero-dimensional metric spaces are
homeomorphic and asked if this result remains true in ZFC. We answer this question in
negative.

Theorem. Let X be a separable metric space of bounded geometry.

1. Under u < d the Higson corona of X is homeomorphic to the Higson corona of the
Cantor macro-cube 2<N if and only if X is coarsely equivalent to 2<N.
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2. Under (MA+OCA) the Higson corona of X is homeomorphic to the Higson corona
of the divergent sequence A = {n2 : n ∈ ω} if and only if X is coarsely equivalent
to A.

We also note that Martin Axiom alone is not su�cient to prove the second statement
of Theorem.

1. I.V.Protasov, Coronas of ultrametric spaces, Coment. Math. Univ. Carolin. 52 (2011) 303�307.

2. T.Banakh, O.Chervak, L.Zdomskyy, On character of points in the Higson corona of a metric space,
preprint available at http://arxiv.org/abs/1206.0626.

On some normal functor theorems

Mariya A. Dobrynina

Moscow State University, Russia mary_dobr@mail.ru

A well-known Kat�etov theorem states, that the hereditary normality of the cube of a
compact space implies the metrizability of this space.

In 1989, the theorem was generalized for any normal functor of a degree ≥ 3 by
V. V. Fedorchuk:

Theorem 1. If a compact Hausdor� space F(X) is hereditary normal for some normal
functor F of degree ≥ 3, then X is a metrizable compact space.

As T. F. Zhuraev showed in 2000, the condition of the hereditary normality of F(X)
in Theorem 1 can be replaced with the condition of the hereditary normality of F(X)\X.

The Fedorchuk's theorem, as well as Zhuraev's, was further generalized by A. P. Kom-
barov. A. P. Kombarov relaxed the hereditary normality of F(X) \ X to the weaker
requirement of hereditary K-normality of F(X) \ X. Other generalizations, that also
changed the requirements of the Fedorchuk's theorem, also took place.

All the above-mentioned results are true for normal functors, acting in a category
Comp of compact spaces and continuous mappings. Therefore it seems natural to extend
these results to some wider classes of covariant functors: for instance, by considering
the category P of paracompact p-spaces, which are exactly the full perfect preimages of
metrizable spaces, and their perfect mappings.

In this connection we generalized the notion of a normal functor to the category P
and analyzed several key properties of the functors obtained. Furthermore, we proved the
following theorem, which generalizes Theorem 1 as well as Zhuraev's result:

Theorem 2. Suppose that X is a paracompact p-space, F is a normal functor of degree
≥ 3 acting in category P and the space F(X) \ X is hereditarily normal. Then X is
metrizable.
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Diametrical pairs of points in ultrametric spaces

Dmitriy Dordovskyi and O. Dovgoshey

IAMM NASU, Donetsk, Ukraine dordovskydmitry@gmail.com

Let F (X) be the set of �nite nonempty subsets of a set X. We have found necessary
and su�cient conditions under which for a given function τ : F (X) → R there is an
ultrametric ρ on X such that τ(A) = diam(A) for each A ∈ F (X) (in particular, ρ(x, y) =
τ({x, y}) for every {x, y} ∈ F (X)). For a �nite nondegenerate ultrametric space (X, d)
it is shown that X together with the subset of diametrical pairs of points of X forms a
complete k-partite graph, k ≥ 2, and, conversely, every �nite complete k-partite graph
with k ≥ 2 can be obtained in this way.

1. D. Dordovskyi, O. Dovgoshey, E. Petrov. Diameter and diametrical pairs of points in ultrametric
spaces, P-Adic Numbers, Ultrametric Analysis, and Applications, 3, N4 (2011), 253�262.

The conditions for the existence of the displacement
vector of in�nitesimal conformal deformation of surface

Julia Fedchenko

Odessa National Academy of Food Technologies, Department of Mathematics, Kanatna str,

112, Odessa, 65039,Ukraine Fedchenko_Julia@ukr.net

We study the in�nitesimal conformal deformations of surfaces in Euclidean space E3.
The new form of the basic equations, which are presented through the tensor �elds of

the derivative of the displacement vector, is found for these deformations. The criterion
of trivial deformations is obtained.

The in�nitesimal conformal deformations of special classes of surfaces (minimal surfa-
ces, surfaces of rotation, etc.) are researched. The theorems of the existence of in�nitesi-
mal conformal deformations are proved.

On a property of separately continuous mappings with
values in strongly σ-metrizable spaces

Olga I. Filipchuk

Bukovina State Finance and Economics University, Ukraine o-sh@ukr.net

It is known [1] that for any continuous mapping g : Y → Z of a �rst countable
compact space Y to a strongly σ-metrizable space Z with strati�cation (Zn)∞n=1 (see [1]
for de�nitions) there is a numberm, such that g(Y ) ⊆ Zm. Since the space R∞ of all �nite
sequences is strongly σ-metrizable, the next result shows that for the case of separately
continuous functions such property is no longer true.

Theorem. There is a separately continuous function f : [0, 1]2 → R∞, such that the
image f(U) of any neighborhood U of the point (0, 0) in [0, 1]2 does not lie in the space
Rn = {(xk) ∈ R∞ : ∀k > n xk = 0} for all n.
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1. Â. Ê. Ìàñëþ÷åíêî, Â. Â. Ìèõàéëþê, Î. Â. Ñîá÷óê, Äîñëiäæåííÿ ïðî íàðiçíî ðåïåðâíi âiä-
îáðàæåííÿ, Ìàòåðiàëè ìiæíàð. ìàòåì. êîíô., ïðèñâÿ÷åíié ïàì'ÿòi Ãàíñà Ãàíà. � ×åðíiâöi,
Ðóòà, (1995) 192�246.

On quasi-continuous selections and minimal
multi-valued maps

Olena G. Fotiy and Oleksandr V. Maslyuchenko

Yurij Fedkovych Chernivtsi National University, Ukraine ofotiy@ukr.net

Let X, Y be topological spaces, E,F : X → Y be multi-valued maps. We say that
E is a selection of F if ∅ 6= E(x) ⊆ F (x) for every x ∈ X. Such an F is said to be an
usco map if for all x ∈ X the set F (x) is compact and for every open set V containing
F (x) there exist a neighborhood U of x such that F (U) ⊆ V . An usco map F is called
a minimal usco [1, 2] if for any usco selection E : X → Y of F we have that E = F . A
single-valued map f : X → Y is called quasi-continuous if for each x ∈ X, a neighborhood
U of x, and a neighborhood V of f(x) there exists a non-empty open set W ⊆ U such
that f(W ) ⊆ V .

We obtain the following characterization of minimal usco maps.

Theorem. Let F : X → Y be an usco map. Then the following conditions are equivalent:
(i) F is a minimal usco map;
(ii) for each x ∈ X, and a neighborhood U of x, an open set V ⊆ Y with F (x)∩V 6= Ø

there exists a non-empty open set W ⊆ U such that F (W ) ⊆ V .
If, furthermore, Y is a T1-space, then the condition (i)-(ii) are equivalent to:
(iii) any single-valued selection f : X → Y of F is quasi-continuous and for every

isolated point x ∈ X the set F (x) is a singleton.
If, besides, Y is a regular space then (i)-(iii) are equivalent to
(iv) there exists a quasi-continuous single-valued map f : X → Y such that Gr(F ) =

Gr(f).

1. I. Labuda, Multi-valued Namioka theorems, Math. Scand. 58 (1986) 227-235.

2. J.P.R. Christensen, Theorems of Namioka and R.E. Johnson type for upper semicontinuous and
compact valued set-valued mappings, Proc. Amer. Math. Soc. 86 (1982), 649-655.
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T -characterized subgroups of compact abelian groups

Saak S. Gabriyelyan

Department of Mathematics, Ben-Gurion University of the Negev, Beer-Sheva P.O. 653, Israel

saak@math.bgu.ac.il

Let X be a compact abelian group. A subgroup H of X is called characterized if there
is a sequence u = {un} in the dual group X∧ such that H = {x ∈ X : (un, x)→ 1}. It is
known that a closed subgroup of X is characterized i� it is a Gδ-subgroup. We say that a
characterized subgroup H is T -characterized i� a characterizing sequence u can be chosen
to be a T -sequence. We show that a closed Gδ-subgroup H of X is T -characterized i� its
annihilator H⊥ admits a minimally almost periodic group topology. In particular, every
proper open subgroup of X (if it exists) is not T -characterized. It is proved that all closed
Gδ-subgroups of X are T -characterized i� X is connected.

On the summability of quadratical partial sums of
double Walsh-Fourier series

Ushangi Goginava

Iv. Javakhishvili Tbilisi State University, Georgia zazagoginava@gmail.com

In my talk I will discuss:
1. The maximal operator σ∗ of the Fejer means of the quadratical partial sums of the

two-dimensional Walsh-Fourier series is bounded from the dyadic Hardy space H2/3 to
the space weak-L2/3 and is not bounded from the dyadic Hardy space H2/3 to the space
L2/3.

2. The exponential uniform strong approximation of Marcinkiewicz type of two-
dimensional Walsh-Fourier series.

3. The certain means of the quadratical partial sums of the two-dimensional Walsh-
Fourier series are uniformly bounded operator from the dyadic Hardy space H1 to the
space L1.
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On some generalization of the bicyclic semigroup: the
topological version

Oleg Gutik

Ivan Franko National University of Lviv, Lviv, Ukraine o_gutik@franko.lviv.ua

An important theorem of Andersen [1] states that in any [0-]simple semigroup which
is not completely [0-]simple, each nonzero idempotent (if there are any) is the identity
element of a copy of the bicyclic semigroup B(a, b) = 〈a, b | ab = 1〉. Jones [2] found
semigroups A and C which play a similar role to the bicyclic semigroup in Andersen's
Theorem. Let A = 〈a, b | a2b = a〉 and C = 〈a, b | a2b = a, ab2 = b〉. Jones [2] showed
that every [0-] simple idempotent-free semigroup S on which R is nontrivial contains (a
copy of) A or C. Moreover, if S is also L-trivial then it must contain A (but not C).

We shall discuss the problem of topologizaltion of the semigroup C, the description of
its closure in a topological semigroup, and embeddings of C into compact-like topological
semigroups.

1. O. Andersen, Ein Bericht �uber die Struktur abstrakter Halbgruppen, PhD Thesis, Hamburg, 1952.

2. P. R. Jones, Analogues of the bicyclic semigroup in simple semigroups without idempotents, Proc.
Royal Soc. Edinburgh 106A (1987), 11�24.

On the structure of abelian pro�nite group codes and
their duals

Salvador Hernandez, Maria V. Ferrer, and Dmitri Shakhmatov

Universitat Jaume I, Spain hernande@mat.uji.es

Let I ⊆ Z be a countable index set and let {Gk : k ∈ I} be a set of symbol groups.
A product sequence space is the direct product Wc =

∏
k∈I

Gk, equipped with the natural

product topology and the sum sequence space is the direct sum Wf =
⊕
k∈I

Gk, equipped

with the natural sum topology. In this setting, a group code C means a subgroup of a
group sequence space.

Let C be a group code in the product sequence space
∏
k∈I

Gk. According to Fagnani, C

is named weakly controllable if it is generated by its �nite sequences. In other words, if
the completions of C ∩Wf and C coincide.

In this talk, we report on some recent results regarding the structural properties of
weakly controllable group codes, when each group Gk is �nite abelian.
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Certain norm-preserving maps on some Banach
function algebras

Maliheh Hosseini and Kourosh Nasrollahzadeh Nesheli

Department of Mathematics, K.N. Toosi University of Technology, 16315-1618, Tehran, Iran

m.hossein@kntu.ac.ir

The purpose of this work is to characterize certain norm-preserving maps (including
norm-multiplicative and norm-additive maps, ...) between some Banach function algebras.
Besides, we study conditions under which such maps induce algebra isomorphisms between
the algebras.

Banach-Stone theorems

Miroslav Hu�sek and Antonio Pulgarin

Charles Univ. and Purkyne Univ., Czech Republic Miroslav.Husek@mff.cuni.cz

Univ. of Extremadura, C�aceres, Spain

S.Banach (for compact metric spaces X, Y ) and M.H.Stone (for any compact spaces
X, Y ) proved that every isometry between Banach spaces C(X), C(Y ) is generated by a
homeomorphism between X, Y .

Instead of Banach spaces, we shall deal with the lattice structure of spaces U(X)
of uniformly continuous real-valued maps for uniform spaces X. Under a simpli�cation
(namely that lattice isomorphisms between function spaces preserve constant maps) we
show a rather simple approach to Banach-Stone-like theorems using theory of categories
(re�ections and core�ections).

Among pairs X, Y satisfying that X, Y are uniformly homeomorphic i� U(X), U(Y )
are lattice isomorphic (with �xed constant maps) are, e.g., products of complete uni-
form spaces having monotone basis of non-countable co�nalities, complete metric spaces,
realcompact spaces with �ne uniformities, complete uniformly 0-dimensional and proxi-
mally �ne spaces of non-measurable cardinalities.

The results are limited by using uniformly realcompact spaces. If one excludes such a
use, one must add a condition on the isomorphisms: Complete uniform spaces X, Y are
uniformly homeomorphic i� there is a lattice isomorphism between U(X), U(Y ) preserving
equi-uniformly continuous families and leaving constant maps �xed.
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On the existence of a best approximating ridge function

Vugar E. Ismailov

Institute of Mathematics and Mechanics, NAS of Azerbaijan vugaris@mail.ru

In multivariate approximation theory, special functions called ridge functions are wi-
dely used (see, e.g., [3] and references therein). A ridge function is a multivariate function
of the form g (a · x), where g is a univariate function, a = (a1, ..., an) is a vector (direction)
di�erent from zero, x = (x1, ..., xn) is the variable and a · x is the inner product.

Consider the following set of ridge functions:

R = R
(
a1,a2

)
=
{
g1

(
a1·x

)
+ g2

(
a2·x

)
: g

i
: R→ R, i = 1, 2

}
.

Here a1and a2 are �xed directions and we vary over gi. It is clear that this is a linear
space. Consider the following three subspaces of R. The �rst is obtained by taking only
bounded sums g1 (a1·x) + g2 (a2·x) over some set X in Rn. We denote this subspace by
Ra(X). The second and the third are subspaces of R with bounded and continuous
summands gi (a

i · x) , i = 1, 2, on X respectively. These subspaces will be denoted by
Rb(X) and Rc(X). In the case of Rc(X), the set X is considered to be compact.

Let B(X) and C(X) be the spaces of bounded and continuous multivariate functions
over X, respectively. What conditions must one impose on X in order that the setsRa(X)
andRb(X) be proximinal in B(X) and the setRc(X) be proximinal in C(X)? We are also
interested in necessary conditions for proximinality. It follows from one result of Garkavi,
Medvedev and Khavinson (see Theorem 1 of [1]) that Ra(X) is proximinal in B(X) for
all subsets X of Rn. There is also an answer (see Theorem 2 [1]) for proximinality of
Rb(X) in B(X). Is the set Rb(X) always proximinal in B(X)? We give an example of a
set X ⊂ Rn and a bounded function f on X for which there does not exist an extremal
element in Rb(X).

We obtain su�cient conditions for the existence of extremal elements from Rc(X) to
an arbitrary function f ∈ C(X). Based on one result of Marshall and O'Farrell [2], we also
give a necessary condition for proximinality ofRc(X) in C(X). All the theorems, following
discussions and examples will lead us naturally to a conjecture on the proximinality of
the subspaces Rb(X) and Rc(X) in the spaces B(X) and C(X), respectively.

1. A.L.Garkavi, V.A.Medvedev, S.Ya.Khavinson, On the existence of a best uniform approximation
of a function of several variables by the sum of functions of fewer variables, Mat. Sbornik, 187
(1996) 3�14.

2. D.E.Marshall, A.G.O'Farrell, Uniform approximation by real functions, Fund. Math. 104 (1979),
203�211.

3. A.Pinkus, Approximating by ridge functions, in: Surface Fitting and Multiresolution Methods,
(A.Le M�ehaut�e, C.Rabut and L.L.Schumaker, eds), Vanderbilt Univ. Press (Nashville), 1997,
279�292.
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Some extensions of the Borsuk problem

Aleksandr Ivanov

Donetsk National University, Ukraine sejang@ua.fm

Let W is a centrally symmetric closed bounded set of Rn. Let RnW be the vector space
Rn endowed with a �norm� generated by the Minkowski functional FW of W .

We consider the analogue of the well-known problem of K.Borsuk on the decomposition
of a bounded subset of RnW in n + 1 parts of smaller diameter. Similar questions have
been considered V.G.Boltyanskii, B.Grunbaum, etc.

We obtain su�cient conditions for the possibility of decomposition of subsets of RnW
into n + 1 subsets of smaller diameter. The obtained results signi�cantly extended the
known class of sets for which the conjecture of K.Borsuk is true.

On openness of the functors of k-Lipschitz functionals

Lesya Karchevska

Ivan Franko National University of Lviv, Lviv, Ukraine crazymaths@ukr.net

In the present talk we discuss openness of the functors of k-Lipschitz functionals.
The presented results are generalizations of the results on the functor of nonexpanding
functionals obtained in [1].

Let us �rst recall the de�nition of these functors. We say that a functional ν : C(X)→
R is

1) k-Lipschitz for some k ∈ (0,+∞) if for any two functions ϕ, ψ ∈ C(X) we have
|ν(ϕ)− ν(ψ)| ≤ k · d(ϕ, ψ);

2) weakly additive if for any c ∈ R and any ϕ ∈ C(X) we have ν(ϕ+ cX) = ν(ϕ) + c.
Let X ∈ Comp be an arbitrary compact Hausdor� space. Then for k ∈ (0,+∞) by

Ek(X) we denote the set of all k-Lipschitz functionals which preserve constant functi-
ons; by EA(X) we denote the set of all 1-Lipschitz (i.e. nonexpanding) weakly additive
functionals.

Let F ∈ {Ek, EA} and take any continuous mapping f : X → Y . We de�ne the map
Ff as follows. For any ν ∈ FX and any ϕ ∈ C(Y ) put Ff(ν)(ϕ) = ν(ϕ◦f). De�ned that
way, the construction of F forms a covariant functor in Comp. Moreover, the obtained
functor is weakly normal. Also, the following obvious chain of inclusions takes place for
any real numbers k,m with 1 ≤ k ≤ m: EA ⊂ Ek ⊂ Em. Let us also note that it is still
an open question whether the functors Ek are isomorphic or not.

Recall that a functor is called (�nitely) open, if it preserves open maps between (�nite)
spaces.

The functors we consider are �nitely open. The situation with their openness in general
is not as good. For a weakly normal functor its openness implies that the functor under
investigation preserves the bicommutativity of a certain class of diagrams (not necessarily
all, as in the case of a normal functor, see [2]). However, for any F ∈ {Ek, EA} there is
a diagram D from this class such that the diagram F (D) is not bicommutative. Hence,
none of these functors is open.
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1. L.Karchevska, T.Radul, Some properties of the functor of non-expanding functionals, Mat. Stud.,
31 (2009), 135-141.

2. A.Teleiko, M.Zarichnyi, Categorical Topology of Compact Hausdor� Spaces, VNTL Publishers.
Lviv, 1999.

On functions with connected graphs and B1-retracts

Olena Karlova

Chernivtsi National University, Ukraine Maslenizza.ua@gmail.com

A subset E of a topological spaceX is called a B1-retract ofX if there exists a mapping
r : X → E and a sequence of continuous mappings rn : X → E such that

lim
n→∞

rn(x) = r(x) for every x ∈ X

and
r(x) = x for all x ∈ E.

We prove that the graph of a function f : R→ Rn is a B1-retract of Rn+1 if and only
if f is continuous.

On sums of absolutely nonmeasurable functions

Alexander B. Kharazishvili

A. Razmadze Mathematical Institute, University Street, 2, Tbilisi 0186, Georgia

kharaz2@yahoo.com

A function f acting from the real line R into itself is called absolutely nonmeasurable if
there exists no nonzero sigma-�nite continuous (i.e., vanishing on all singletons) measure
on R for which f is measurable.

The existence of absolutely nonmeasurable functions cannot be proved within ZFC set
theory, but follows from additional set-theoretical hypotheses, e.g., from Martin's Axiom.
Some properties of absolutely nonmeasurable functions are considered in [1].

Theorem 1. The composition of any two absolutely nonmeasurable functions is absolutely
nonmeasurable.

Theorem 2. Under Martin's Axiom, every function acting from R into R is representable
as a sum of two absolutely nonmeasurable injective functions.

Theorem 3. Under Martin's Axiom, every additive function acting from R into R is
representable as a sum of two absolutely nonmeasurable injective additive functions.

1. A.B. Kharazishvili, Topics in Measure Theory and Real Analysis, Atlantis Press and World Sci-
enti�c Publ. Co., Paris-Amsterdam, 2009.
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An equivalent of the Continuum Hypothesis in terms of
rigid trees

Archil Kipiani

Iv. Javakhishvili Tbilisi State University, Georgia archil.kipiani@tsu.ge

We consider some simply formulated statements about trees, which are associated with
the Continuum Hypothesis (CH) and Generalized Continuum Hypothesis (GCH).

Theorem 1. The following two conditions are equivalent:
1) CH;
2) There are exactly two cardinals κ each of which is equipped with a tree structure

that has one vertex of degree κ, and all other vertices have degrees at most three.

Theorem 2. The following two conditions are equivalent:
1) GCH;
2) For any ordinal number α, there is a tree which has exactly ωα+1 automorphisms.

Theorems 1 and 2 are closely connected with the results presented in the papers [1]�[2].

1. Archil Kipiani, One abstract characterization of intervals of cardinal numbers, Acta Universitatis
Lodziensis, Folia Mathematika, 9 (1997) 55�61.

2. Archil Kipiani, On automorphism groups of ω-Trees, Georgian Mathematical Journal, 15:1 (2008)
93�97.

Non-separable extensions of invariant measures and
the uniqueness property

Aleks Kirtadze

A. Razmadze Mathematical Institute, University Street, 2, Tbilisi 0186, Georgia

kirtadze2@yahoo.com

One of important topics in contemporary measure theory is concerned with the general
problem of the existence of a nontrivial sigma-�nite continuous measure on a su�ciently
large class of subsets of an initial base set E (which is usually assumed to be uncountable).
In general, it is impossible to de�ne (within ZFC set theory) a non-zero sigma-�nite
continuous measure on the family of all subsets of E. It follows from this observation that,
for any such measure, the class of all measurable subsets of E is relatively poor. However,
various methods are known of extending an original measure in order to substantially
enrich its domain. In this way, one can get even non-separable extensions of the measure
(see, e.g., [1], [3]). Among such extensions the most interesting and important are those
which have the uniqueness property.

It is well known that there exist non-separable invariant extensions of the classical
Lebesgue measure on the real line R, which have the uniqueness property (see, for example,
[2], [4], [5]). In the standard in�nite-dimensional topological vector space Rω there exists
a nonzero sigma-�nite Borel measure µ which is invariant with respect to an everywhere
dense vector subspace of Rω and whose completion has the uniqueness property.

Theorem. There exists a non-separable extension µ′ of µ which is invariant with respect
to the same everywhere dense vector subspace of Rω and has the uniqueness property.
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1. S. Kakutani, J. Oxtoby, Construction of a non-separable invariant extension of the Lebesgue
measure space, Ann. of Math. (2) 52 (1950), 580�590.

2. K. Kodaira, S. Kakutani, A non-separable translation-invariant extension of the Lebesgue measure
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3. E. Hewitt, A. Ross, Abstract Harmonic Analysis, Springer-Verlag, 1963.

4. A. B. Kharazishvili, On a non-separable extensions of the Lebesgue measure, DAN SSSR 226

(1976) no. 1, (in Russian).

5. A. Kirtadze, Non-separable extensions of invariant measures in in�nite-dimensional vector spaces
that have the uniqueness property, Soobshch. Akad. Nauk Gruzin. SSR 136 (1989), no. 2, 273�275
(1990) (in Russian).

Sharp inequalities of Nagy-Kolmogorov type. Some
analog of problem of Erdos for nonperiodic splines

V. A. Kofanov

Dnepropetrovsk National University named after Oles Honchar, Ukraine

vladimir.kofanov@gmail.com

For any �xed interval [α, β] ⊂ R, given r ∈ N, and Ar, A0, p > 0, we solve the
following extremal problems

‖x(k)‖Wq → sup and ‖x(k)‖Lq [α,β] → sup

over all functions x ∈ Lr∞ such that

‖x(r)‖∞ ≤ Ar, L(x)p ≤ A0,

in the cases 1) k = 0, q ≥ p, 2) 1 ≤ k ≤ r−1, q ≥ 1, where ‖x‖Wq is the Weil functional
and L(x)p is the local Lp-norm,

The last problem for p = ∞, k ≥ 1 has been determined by B. Bojanov and N.
Naidenov earlier [1].

As a special case we get the solution of the problem about characterisation of the
spline (of order r and minimal defect with knots at the point lh, l ∈ Z, h > 0) of �xed
uniform norm that has maximal arc length over [α, β]. That is analog of a problem, raised
by P. Erdos, about trigonometric polinomials.

We also proved the generalizations of the inequalities of Tikhomirov and Ligun for
splines.

1. B. Bojanov, N. Naidenov, An extension of the Landau-Kolmogorov inequality. Solution of a
problem of Erdos, Journal d'Analyse Mathematique, 78 (1999), 263�280.
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A note on a generalized normality in hyperspaces

Anatoly Kombarov

Moscow State University, Russia kombarov@mech.math.msu.su

A subset F of a space X is a regular Gδ-set if it is the intersection of the closures of
countably many open neighborhoods of F in X. A space X is δ-normal if for any regular
Gδ-set A ⊂ X and a neighborhood U(A) ⊂ X of A there is a neighborhood of A whose
closure is contained in U(A), see [1].

For a space X, by CL(X) we denote the hyperspace of non-empty closed subsets of
X endowed with Vietoris topology τV or with Fell topology τF . By Keesling-Velichko
Theorem, a space X is compact i� its hyperspace (CL(X), τV ) is normal. By a result of
Hol�a, Levi and Pelant [2], a space X is locally compact and Lindel�of i� the hyperspace
(CL(X), τF ) is normal.

We present the following generalizations:

Theorem 1 [3]. A space X is compact i� every Fσ-subset of the hyperspace (CL(X), τV )
is δ-normal.

Theorem 2. A space X is locally compact and Lindel�of i� every Fσ-subset of the
hyperspace (CL(X), τF ) is δ-normal.

1. J.Mack, Countable paracompactness and weak normality properties, Trans. Amer. Math. Soc.
148 (1970) 265 � 272.

2. L.Hol�a, S.Levi, J.Pelant, Normality and paracompactness of the Fell topology, Proc. Amer. Math.
Soc. 127 (1999) 2193 � 2197.

3. A.P.Kombarov, On Fσ-δ-normality and hereditary δ-normality, Topology Appl. 91 (1999) 221 �
226.

On projective equivalence of plane curves

Nadiia Konovenko and Valentin Lychagin

Odessa National Academy of Food Technologies, Ukraine konovenko@ukr.net

The classical theory of projective plane curves originates from Alfen's work ([1]). In
this work the �rst projective di�erential invariant J of plane curves having order 7 was
found. It is proportional to the projective curvature of a curve. Later Study ([2]) di-
scovered the projective invariant di�erentiation which has a di�erential order 5.

These two results allow to prove (see [4]) that the algebra of all projective di�erential
invariants of plane curves is generated by projective curvature J and Study derivatives
([4])

dkJ

dσk
.

We apply this result for projective classi�cation of plane curves as follows:



92 Section: Topology, Topological Algebra and Real Analysis L'viv, September 17�21, 2012

• Let's say that a plane curve is regular if the invariant J can be chosen as a local
coordinate on this curve.
• For regular curves the Study derivative dJ

dσ
is a function of the invariant J , i.e.,

dJ

dσ
− Φ(J) = 0

for some function Φ.
• These relation can be considered as a di�erential equation of the order 8 on plane
curves. The dimension of the solution space is equal 8 too, and the solution space
is an orbit of a curve with respect to the group of projective transformations.
• The class of local projective equivalence of regular curves is uniquely described by
the function Φ, or by the automorphic di�erential equation.

We use these results to give projective classi�cation for the following classes of curves:

• W -curves of Lie�Klein ([3]),
• cubics,
• extremals of the functional of the projective length ([5]).

In the �rst case we show that W -curves are curves of constant projective curvature.
For a cubics we repeat the known result of Weierstrass, that the projective class of a

cubic is described by one parameter.
For the Study functional, or for so-called functional of projective length, we show that

the projective class of an extremal is described by two parameters.
Notice that W -curves are solutions of a di�erential equation of order 8, cubics are

solutions of the di�erential equation of order 9, and Study extremals which are extremals
of a functional of order 5 are solutions of the di�erential equation of the order 10.

1. G. H. Halphen. Sur les invariants di��erentiels , Paris: Gauthier-Villars, (1878).

2. F. Klein, W. Blaschke. Vorlesungen �uber h�ohere Geometrie, Berlin, J. Springer, (1926).

3. F. Klein, S. Lie. Uber diejenigen ebenen Curven, weiche aurch ein geschlossenes System von
einfach unedlich veilen vertauschbaren linearen Transformationen in sich ubergehen, Math. Ann.
4 (1871), 50�85.

4. N. G. Konovenko, V. V. Lychagin. On projective classi�cation of plane curves, Global and
Stochastic Analysis, 1:2, (2011), 241�264.

5. E. J. Wilczynski. Interpretation of the symplest integral invariant of projective geometry, Proc.
Nat. Acad. Sci. USA, 2:4, (1916), 248�252.

Reverse inequalities for geometric and power means

A. A. Korenovskyi

Odessa I. I. Mechnikov National University, Ukraine anakor@paco.net

Let f : [0, 1]→ R be a non-negative function. The functions

M 0f(t) = exp(t−1

∫ t

0

ln f(u) du) and Mαf(t) = (t−1

∫ t

0

fα(u) du)1/α, 0 < t ≤ 1,
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are called geometrical and power means of order α 6= 0, respectively. Note that the
function Mαf is monotonically increasing in α. Fix −∞ < α < β < +∞, B > 1, and
consider the class RHα,β(B) of functions f satisfying the �reverse inequality�

0 < Mβf(t) ≤ B ·Mαf(t) < +∞, 0 < t ≤ 1.

The main property of such classes consist in the �self-improvement� of the summability
exponents of functions f ∈ RHα,β(B). In the talk we are going to discuss a similar
property. Namely, for a function f ∈ RH0,β(B), the boundary values for positive and
negative summability exponents of the mean Mβf are established. Analogously, for f ∈
RHα,0(B) similar �critical� summability exponents for the mean Mαf are found.

The exact formulations of the corresponding results and their proof are presented in
[1]. If f ∈ RHα,β(B) and α · β 6= 0, analogous problems have been studied in [2] and [3].

This work is partially supported by the University of Brunei Darussalam under Grant
UBD/GSR/S&T/19.

1. Korenovskyi A. A. Reverse inequalities for the geometric and power means, Ukr. Math. J. (to
appear).

2. Didenko V. D., Korenovskyi A. A. Power Means and the Reverse H�older Inequality, Studia Math.
207: (2011), 85�95.

3. Didenko V. D., Korenovskyi A. A. The reverse H�older inequality for power means, J. Math. Sci.
183:6 (2012), 762�771.

On the t-equivalence relation

Mikolaj Krupski

Polish Academy of Sciences, Warsaw, Poland krupski@impan.pl

For a completely regular space X, denote by Cp(X) the space of continuous real-valued
functions on X, with the pointwise convergence topology. We strengthen a theorem of
O. Okunev concerning preservation of some topological properties ofX under homeomorphi-
sms of function spaces Cp(X). From this result we conclude new theorems similar to
results of R. Cauty and W. Marciszewski about preservation of certain dimension-type
properties of spaces X under continuous open surjections between function spaces Cp(X).
In particular we prove that if X and Y are σ-compact metrizable spaces and X is a C-
space then Y is also a C-space provided Cp(Y ) is an image of Cp(X) under a continuous
open mapping.
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Dimension of the hyperspace of continua

Pawel Krupski

Mathematical Institute, University of Wroc law, Poland Pawel.Krupski@math.uni.wroc.pl

A short survey and update on dimensional properties of hyperspaces of (Hausdor�)
continua will be presented.

Game characterization of skeletally Dugundji spaces

Andrzej Kucharski, Szymon Plewik, and Vesko Valov

University of Silesia, Poland akuchar@math.us.edu.pl

University of Silesia, Poland

Nipissing University, Canada

We investigate the class of skeletally Dugundji spaces. This class is a skeletal analogue
of Dugundji space. We give a game characterization of skeletally Dugundji spaces.

2F-planar mappings of the manifolds with special a�ne
structures

I. N. Kurbatova

ODU, Odessa, Ukraine k_irina@te.net.ua

We consider 2F -planar mappings of manifolds with psevdo-Riemannian metrics and
a�ne structures.

A 3-parabolic Kaehlerian space Kn is a Riemannian manifold Vn
(
gij, F

h
i

)
, n = 3m,

with psevdo-Riemannian metric gij and a�ne structure F
h
i , satisfying the following condi-

tions
F h
αF

α
β F

β
i = 0, giαF

α
j + gjαF

α
i = 0,

F h
i,j = 0, Rg‖F h

i ‖ = 2m = 2n/3,

where “, ” is the covariant derivative in Kn.
Then the invariant geometric objects of 2F -planar mappings of 3-parabolic Kaehlerian

spaces are constructed.
A 3-parabolic Kaehlerian space is called 2F -�at if it admit a 2F -planar mapping onto

a �at manifold. We �nd necessary and su�cient conditions of Riemannian tensor of such
spaces. All metrics of 2F -�at 3-parabolic Kaehlerian spaces in special coordinate sistem
are obtained.
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The structure equations of the generalized main bundle

V. Kuzakon

Odessa National Academy of Food Technologies, Department of Mathematics, Kanatna Str,

112, Odessa, 65039, Ukraine kuzakon_v@ukr.net

In [1], [2] we introduced the concept of a generalized main bundle space, in which the
structure group depends on a layer. In this case, the base is the space of parameters of
deformation of the structure group.

In this report we present the structure equations of a smooth manifold with the
structure of the generalized main bundle. The obtained equations generalize the known
equations of the main bundle manifold due to G.F. Laptev [3].

1. V.M. Kuzakon, Generalized bundle spaces, Mat. Metody ta Fizyko-Mekhanichni Polya, 45:2 (2002)
58�63.

2. V.M. Kuzakon, Generalized �ber bundles with connections, Ukrainskiy physychniy zhurnal, 43:6-7
(1998) 814�816.

3. G.F. Laptev, The structure equations of the main bundle manifold, Trudy geometricheskogo semi-
nara, t.2, Moskva, VINITI AN SSSR, (1969) 161�178.

Deformations of functions on surfaces

Sergiy Maksymenko

Topology Department, Institute of Mathematics of NAS of Ukraine, Tereshchenkivs'ka str.,3,

Kyiv, 01601, Ukraine maks@imath.kiev.ua

Let M be a smooth connected compact surface, P be either the real line R1 or the
circle S1. For a subset X ⊂ M denote by D(M,X) the group of di�eomorphisms of M
�xed on X. We will consider a special class F of smooth maps f : M → P with isolated
singularities which includes all Morse maps.

For every such map f ∈ F we consider certain submanifoldsX ofM that are �adopted�
with f in a natural sense, and study the right action of the group D(M,X) on C∞(M,P ).
The main result, proved in [1], describes the homotopy types of the connected components
of the stabilizers S(f,X) and orbits O(f,X) of f with respect to that action.

It extends previous author's results to the case when X is in�nite, i.e. dimX = 1 or
2. We will also discuss the structure of the fundamental group π1O(f,X).

1. S. Maksymenko, Functions with isolated singularities on surfaces, II, arXiv:1205.4196.
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On skeletally factorizable compacta

Marta Martynenko

Ivan Franko National University of Lviv, Lviv, Ukraine martamartynenko@ukr.net

In the talk we shall discuss some properties of skeletally factorizable spaces.
A topological space X is de�ned to be skeletally factorizable if for each map f : X → Y

to a second countable space Y there are a skeletal map p : X → Z onto a second countable
space Z and a map q : Z → Y such that f = q ◦ p.

We recall that a map f : X → Y between topological spaces is called skeletal if for
each nowhere dense subset A ⊂ Y the preimage f−1(A) is nowhere dense in X.

Theorem 1. A Tychono� space X is skeletally factorizable if and only if so is its Hewitt
completion υX.

Theorem 2. A Tychono� space X is skeletally factorizable if the set DX of isolated
points of X is countable and dense in X.

Theorem 2 implies that the Stone-�Cech compacti�cation βω of the countable discrete
space ω is skeletally factorizable.

Theorem 3. A scattered compact Hausdor� space X is skeletally factorizable if and only
if each non-P -point x ∈ X lies is a Gδ-subset G ⊂ X \DX of X.

On linearly nowhere dense sets

Oleksandr V. Maslyuchenko

Yurij Fedkovych Chernivtsi National University, Ukraine ovmasl@gmail.com

In [1] we characterized the sets of discontinuity points of linearly continuous functions
(that is functions whose restrictions on each straight line is continuous) using the notion
of a linearly nowhere dense set. Some related topics are discussed in [2]. Recall that a
closed subset F of a topological vector space X is linearly nowhere dense if there exists a
closed subset M of X such that F ⊆ frM and for all x ∈ F and v ∈ X there exists ε > 0
such that [x, x+ εv] ⊆M . But in [1,2] no simple examples of linearly nowhere dense sets
are given. We prove that every closed set which is relatively nowhere dense in the frontier
of some open convex subset of a normed space is linearly nowhere dense.

1. O.V. Maslyuchenko, The discontinuity point sets of l-continuous Baire one functions, Nauk. Vi-
snyk Chernivetskoho Universytetu. Matematyka. 374 (2008), 96-98.

2. T.O. Banakh, O.V. Maslyuchenko, The fractal dimension and linearly continuous functions, Reports
of the National Academy of Sciences of Ukraine, no.6 (2012), 7-12.
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Closure of the set of polynomials in the space of
separately continuous functions

Volodymyr Maslyuchenko and Halyna Voloshyn

Chernivtsi National University, Ukraine math.analysis.chnu@gmail.com

Bukovyna State Financial University

We consider the vector space S = CC[0, 1]2 of all separately continuous functions
f : [0, 1]2 → R and its linear subspace P which consists of all polynomial functions

g(x, y) =
∑

0≤j,k≤n

aj,kx
jyk

on the square [0, 1]2. We will consider two families of pre-norms ‖f‖x = ‖fx‖∞ and
‖f‖y = ‖fy‖∞, on the space S, where x, y ∈ [0, 1]. Here as usual fx(y) = fy(x) = f(x, y)
and ‖h‖∞ = max

0≤t≤1
|h(t)| is the uniform norm on the space C[0, 1] of all continuous functions

h : [0, 1] → R. These pre-norms generate the Hausdor� locally convex topology on the
space S for which S be a complete space. A sequence (or, more general, a net) of functions
fn converges to a function f in S if for every x, y ∈ [0, 1] the function sequences (fn)x and
(fn)y converges uniformly to fx and f y, respectively. We denote the closure of a set A in
the topological space X by cl(A) and the sequential closure by cls(A).

By symbol CP we denote the set of all functions f : [0, 1]2 → R, which are continuous
with respect to the �rst variable and polynomials with respect to the second variable.
In [1] Bernstein polynomials were used to prove that for each function f ∈ S there is
a sequence of jointly continuous functions fn ∈ CP such that for every x ∈ [0, 1] the
function sequence (fn)x converges uniformly to fx on [0, 1].

It is naturally to ask if for each function f ∈ S there is a sequence of polynomials
fn ∈ P such that for each x, y ∈ [0, 1] the function sequences (fn)x and (fn)y converge
uniformly on [0, 1] to fx and fy, respectively. Using the introduced topological structure
on S this question can be formulated shorter: whether the equality cls(P ) = S holds?

Up to now we have managed to establish the following result.

Theorem 1. cl(P ) = S.

The proof is based on the following auxiliary statements which are of independent
interest.

Lemma 1. For any continuous functions f ∈ C[0, 1], points x1, . . . , xn ∈ [0, 1] and ε > 0,
there is a polynomial g : [0, 1]→ R such that ‖f−g‖ < ε and g(xk) = f(xk) for all k ≤ n.

Lemma 2 [2]. Let K be a �eld, x1, . . . , xn be pairwise distinct points of K and y1, . . . , ym
be pairwise distinct points of K. Let p1(x), . . . , pm(x) be polynomials in K[x] and q1(y), . . .,
qn(y) be polynomials in K[y] such that pj(xk) = qk(yj) for all 1 ≤ j ≤ m and 1 ≤ k ≤ n.
Then there is a polynomial f(x, y) ∈ K[x, y] such that f(xk, y) = qk(y) and f(x, yj) =
pj(x) for all numbers 1 ≤ k ≤ n, 1 ≤ j ≤ m, and points x, y ∈ K.

1. Â.Ê Ìàñëþ÷åíêî, Ã.A. Âëàñþê, Ìíîãî÷ëåíè Áåðíøòåéíà i íàðiçíî íåïåðåðâíi ôóíêöi¨ //
Íàóê. Âiñíèê ×åðíiâåöüêîãî óí-òó. Ò. 336-337. Ìàòåìàòèêà. � 2007. � Ñ.52�59.
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2. Â.Ì. Êîñîâàí, Â.Ê. Ìàñëþ÷åíêî, Íàðiçíî ïîëiíîìiàëüíi ôóíêöi¨ íà äîáóòêàõ òà ¨õ õðåñòàõ
// Âñåóêð. íàóê. êîíô. �Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ â ïðèêëàäíié ìàòåìà-
òèöi� , 11-13 ÷åðâíÿ 2012, ×åðíiâöi, � Ñ.93�94.

Metrization of images of metric compacta under
bicommutative functors

Oksana Mykytsey and O. R. Nykyforchyn

Precarpathian National University, Ukraine oksana39@i.ua

Let < be a collection of binary relations <ε⊂ X × X, ε ≥ 0, with the following
properties:

1) <0 is a partial order;
2) for all ε ≥ 0: <ε=

⋂
δ<ε <δ;

3) if x, y, z ∈ X, x <ε y, y <δ z, then x <ε+δ z.
Such a collection is called a graded preference. It is easy to see that the function

d< : X ×X → R,
d<(x, y) = inf{ε ≥ 0 | x <ε y, y <ε x}

for all x, y ∈ X, is a generalized metric, and it is a metric i� <ε is equal to X × X for
some ε ≥ 0.

Suppose F is a bicommutative functor in the category of compacta, and a continuous
partial order ≤ is �xed on each FX for all compacta X so that:

1) for each continuous mapping of compacta f : X → Y the mapping
Ff : (FX,≤)→ (FY,≤) is isotone;

2) if f : X → Y is a continuous mappings of compacta, a ∈ FX, and b ∈ FX, then
the inequality Ff(a) ≤ b holds i� there is c ∈ FX such that a ≤ c, Ff(c) = b.

Then it is proved that, for a metric compactum (X, d), the following collection <
is a graded preference: a <ε b if there is c ∈ F (Bε∆X) such that F pr1(c) ≥ a and
F pr2(c) ≤ b, where Bε∆X = {(x, y) ∈ X2 | d(x, y) ≤ ε}.

It is also shown that for the two special cases F = exp (the hyperspace functor)
and F = P (the functor of subnormalized regular additive measures) the latter graded
preference determines respectively the Hausdor� metric and a degenerate version of the
Prokhorov metric.

1. Teleiko A. Categorical Topology of Compact Hausdor� Spaces / A. Teleiko, M. Zarichnyi. � VNTL
Publishers, Lviv, 1999. � (Math. Studies Monograph Series, vol. 5).
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The Bing plane and its development

Oksana Myronyk and Volodymyr Maslyuchenko

Chernivtsi National University, Ukraine math.analysis.chnu@gmail.com

In [1] R.H.Bing constructed an example of a Hausdor� space which is countable,
connected, �rst countable but not regular (see also [2, Example 6.1.6]). We denote this
space by B and call it the Bing plane. Obviously that B is not metrizable, so the question
of the relationship of the Bing plane with generalized metric spaces appearing in the
theory of separately continuous mappings naturally arose. It was announced in [3] that B
is σ-metrizable and semi-strati�able, but is not strongly σ-metrizable and not strati�able.
Since separately continuous mapping with values in Moore spaces are actively studied, it
is naturally to �nd out if the Bing plane has a development.

A sequence Wn of open covers of a space Z is a development for Z if for each z ∈ Z
and for each sequence of open sets Wn, such that z ∈ Wn ∈ Wn for all n, the family
{Wn : n ∈ N} is a neighborhood base at z. A Moore space is a regular space which has a
development.

Recall that the topological structure of the Bing plane B = Q × Q+ = {(x, y) ∈ Q2 :
y ≥ 0} is introduced as follows: for a point p = (x, y) ∈ B with y = 0 a neighborhood base
at p consists of the setsWε(p) = B∩((x−ε, x+ε)×{0}), ε > 0 and for a point p = (x, y) ∈
B with y > 0 a neighborhood base consists of the sets Wε(p) = Wε(p1) ∪Wε(p2) ∪ {p},
where ε > 0 and p1, p2 ∈ R× {0} are points such that the triangle p1pp2 is equilateral.

Theorem 1. For every n ∈ N the system Wn = {W1/n(p) : p ∈ B} is an open cover of
the Bing plane, but the sequences (Wn)∞n=1 is not a development for B.

Let B1 = {pk}k∈N and B2 = {qk}k∈N be bijective enumerations of the sets B1 = Q×{0},
B2 = B \ B1.

Theorem 2. There is a double sequence of positive real numbers εn,k > 0 such that the
sequence of systems

Wn = {W1/n(pk) : k ∈ N} ∪ {Wεn,k(qk) : k ∈ N}

is a development for B.
Let us note that B is not regular space, hence, is not a Moore space.

1. Bing R.H. A connected countable Hausdor� space, Proc. Amer. Math. Soc. 4 (1953) P.474.

2. Ýíãåëüêèíã Ð. Îáùàÿ Òîïîëîãèÿ, M.: Ìèð, 1986. � 752 ñ.

3. Êàðëîâà O.O., Ìèðîíèê O.Ä. Íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ çi çíà÷åííÿìè â ïëîùèíi
Áiíãà, Ìiæíàð. êîíô. �Òåîðiÿ íàáëèæåííÿ ôóíêöié òà ¨¨ çàñòîñóâàííÿ�, ïðèñâ. 70-ði÷÷þ ç
äíÿ íàðîäæ. ÷ëåí. êîð. ÍÀÍ Óêðà¨íè, ïðîô. Î.I.Ñòåïàíöÿ (1942-2007), 28 òðàâíÿ - 3 ÷åðâíÿ
2012. Êàì'ÿíåöü-Ïîäiëüñüêèé. Òåçè äîïîâiäåé. � Êè¨â: Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè,
2012. � Ñ.51�52.

4. Ìàñëþ÷åíêî Â.Ê., Ìèõàéëþê Â.Â., Ôiëiï÷óê O.I. Ñóêóïíà íåïåðåðâíiñòü KhC-ôóíêöié çi
çíà÷åííÿìè â ïðîñòîðàõ Ìóðà, Óêð. Maò. Æóðí. 60:11 (2008) 1539�1547.
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Characterisation jointly quasicontinuous multifunctions

Vasyl' Nesterenko

Chernivtsi National University, Ukraine math.analysis.chnu@gmail.com

The notion of quasicontinuity was introduced S.Kempisty [1] for single-valued mappi-
ngs, and later was generalized to multifunctions and studied in by many mathematicians,
see the survey paper [2] of T.Neubrunn. In [3] the author proved that for a Baire space X,
a second countable space Y and a metrizable separable space Z, a mapping f : X×Y → Z
is quasicontinuous if and only if it is horizontally quasicontinuous and quasicontinuous
with respect to the second variable for the �rst variable running over some residual set in
X.

Let X, Y and Z be topological spaces. A multifunction F : X → Z is called upper
(lower) quasicontinuous at x ∈ X if for any open set W ⊂ Z containing (intersecting)
F (x) and any open set U containing x there exists a non-empty open set G ⊆ U such
that F (y) ⊆ W (F (y) ∩W 6= ∅) for any y ∈ G.

A multifunction F : X × Y → Z is called upper (lower) horizontally quasicontinuous
at (a, b) ∈ X × Y if for any open set W ⊂ Z containing (intersecting) F (a, b), any open
set U ⊂ X containing a and open set V ⊂ Y containing b there are a non-empty open set
G ⊆ U and a point y ∈ V such that F (p) ⊆ W (F (p) ∩W 6= ∅) for any p ∈ G× {y}.

The corresponding notions of upper (lower) quasicontinuity or upper (lower) hori-
zontally quasicontinuity on X are understood as the upper (lower) quasicontinuity or
upper (lower) horizontally quasicontinuity at any x ∈ X.

Theorem 1. Let X be a Baire space, Y be a second countable space and Z be a metrizable
separable space. A multifunction F : X × Y → Z is lower quasicontinuous if and only if
F is upper and lower horizontally quasicontinuous and F x is lower quasicontinuous for
all x belonging to some residual set M in X.

Theorem 2. Let X be a Baire space, Y be a second countable space and Z be a
metrizable separable space. A compact-valued multifunction F : X × Y → Z is upper
quasicontinuous if and only if F is upper and lower horizontally quasicontinuous and F x

is upper quasicontinuous for all x belonging to some residual set M in X.

1. S.Kempisty, Sur les fuctions quasicontinues, Fund. Math. 19 (1932) 184�197.

2. T.Neubrunn, Quasi-continuity, Real Anal. Exch. 14:2 (1988/89) 259�306.

3. V.Nesterenko, A characterization of the jointly quasicontinuity, Nauk. visn. Cherniv.un-tu. Mate-
matyka. 336-337 (2007) 137�141.
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Micro and Macro fractals generated by multi-valued
dynamical systems

Natalka Novosad and Taras Banakh

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of Ukrainian

Academy of Sciences, Lviv, Ukraine natalia.kasper@gmail.com

Ivan Franko National University of Lviv, Lviv, Ukraine

Given a multi-valued function Φ : X ⇒ X on a topological space X we study the
properties of its �xed fractal zΦ, which is de�ned as the closure of the orbit Φω(∗Φ) =⋃
n∈ω Φn(∗Φ) of the set ∗Φ = {x ∈ X : x ∈ Φ(x)} of �xed points of Φ. A special attention

is paid to the duality between micro-fractals and macro-fractals, which are �xed fractals
zΦ and zΦ−1 for a contracting compact-valued function Φ : X ⇒ X on a complete
metric space X. With help of algorithms (described in this paper) we generate various
images of macro-fractals which are dual to some well-known micro-fractals like the fractal
cross, the Sierpinski triangle, Sierpinski carpet, the Koch curve, or the fractal snow�akes.
The obtained images show that macro-fractals have a large-scale fractal structure, which
becomes clearly visible after a suitable zooming.

1. T.Banakh, N.Novosad, Micro and Macro fractals generated by multi-valued dynamical systems,
preprint (2012).

Liftings of functors in the category of compacta to
categories of topological algebra

Oleh Nykyforchyn

Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

oleh.nyk@gmail.com

It was shown in [1] that normal functors in the category Comp of compacta can be
lifted to the categories of compact semigroups and compact monoids. We describe liftings
of normal and weakly normal functors from Comp to the categories of (abelian) compact
semigroups and monoids, and to the category of convex compacta.

1. A.Teleiko, M.Zarichnyi, Categorical Topology of Compact Hausdor� Spaces, (Math. Stud. Mono-
graph Series, vol. 5, VNTL Publishers, Lviv, 1999.
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Fiber-parallel topological I−1-semigroups

Iryna Pastukhova and Taras Banakh

Ivan Franko National University of Lviv, Lviv, Ukraine irynkapastukhova@gmail.com

In the talk we shall introduce the notion of a �ber-parallel topological I−1 semigroup.
We discuss the properties of such semigroups and the relations between various classes of
topological I−1-semigroups.

A topological I−1-semigroup is a topological space S endowed with a continuous associ-
ative operation · : S × S → S and a continuous unary operation (·)−1 : S → S such that
xx−1x = x and x−1xx−1 = x−1 for each x ∈ S.

A topological I−1-semigroup S is called �ber-parallel if for each point x ∈ S and a
neighborhood Ox of x there are neighborhoods Wx−1x, Wxx−1 and Ux of x

−1x, xx−1 and
x, respectively, such that for each y, z ∈ S \Ox with y

−1y ∈ Wx−1x and zz
−1 ∈ Wxx−1 we

get yWx−1x ∪Wxx−1z ⊂ S \ Ux.
We prove that the class of �ber-parallel topological I−1-semigroups includes all topologi-

cal groups, all topological semilattices, and all compact Hausdor� topological I−1-semigroups.
Moreover, this class is closed under taking I−1-subsemigroups, arbitrary Tychono� products,
semidirect products, and Hartman-Mycielski extension.

1. T. Banakh, I. Pastukhova, Fiber-parallel topological I−1-semigroups, preprint available at
http://arxiv.org/abs/1207.6708.

On categories of pseudocompact topological Brandt
λ0-extensions of semitopological semigroups

Kateryna Pavlyk and Oleg Gutik

University of Tartu, Estonia pavlyk@ut.ee

Ivan Franko National University of Lviv, Lviv, Ukraine

The signi�cance of a Brandt semigroup in the theory of semigroups lies in the fact that
all inverse completely 0-simple semigroups are exhausted by them. The generalization of
Brandt semigroups, namely Brandt λ-extension of a semigroup and topological Brandt λ0-
extension of a topological semigroup with zero was introduced in [2]. The last were proved
to be useful in describing the structure of compact and countably compact primitive
topological inverse semigroups [1].

The semigroup of matrix units Bλ is the Brandt λ0-extension of the two-element
monoid with zero; compact, countably compact and pseudocompact topologies on Bλ

turning it into a semitopological semigroup were described in [3]. But the question about
the structure of topological Brandt λ0-extensions of semitopological semigroups remained
open.

We introduce pseudocompact (resp., countably compact, sequentially compact, com-
pact) topological Brandt λ0-extensions of pseudocompact (resp., countably compact,
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sequentially compact, compact) semitopological semigroups in the class of semitopologi-
cal semigroups and establish the structure of such extensions and non-trivial continuous
homomorphisms between such topological Brandt λ0-extensions of semitopological monoi-
ds with zero. A category whose objects are ingredients in the constructions of pseudocom-
pact (resp., countably compact, sequentially compact, compact) topological Brandt λ0-
extensions of pseudocompact (resp., countably compact, sequentially compact, compact)
semitopological monoids with zeros will be described.

Acknowledgements. This research was carried out with the support of the ESF and co-
funded by Marie Curie Actions, grant ERMOS36.

1. T. Berezovski, O. Gutik, K. Pavlyk, Brandt extensions and primitive topological inverse semi-
groups, Int. J. Math. Math. Sci., Vol. 2010, Article ID 671401, 13 pages.

2. O. V. Gutik, K. P. Pavlyk, On Brandt λ0-extensions of semigroups with zero, Mat. Meth. and
Phys.-Mech. Fields 49:3 (2006), 26��40.

3. O. V. Gutik, K. P. Pavlyk, Topological semigroups of matrix units, Algebra Discrete Math. 3

(2005), 1�17.

On thin subsets of a group

Oleksandr Petrenko and I. V. Protasov

Kyiv National University, Ukraine opetrenko72@gmail.com

Let G be a group, X be an in�nite transitive G-space. A free ultra�lter U on X is called
G-selective if for any G-invariant partition P of X, either one cell of P is a member of U , or there
is a member of U which meets each cell of P in at most one point. We show that in ZFC with no
additional set-theoretical assumptions there exists a G-selective ultra�lter on X, describe all G-
spaces X such that each G-selective ultra�lter on X is selective, and prove that a free ultra�lter
U on ω is selective if and only if U is G-selective with respect to any action of a countable group
G of permutations on ω. A free ultra�lter U on X is called G-Ramsey if for any G-invariant
coloring χ : [G]2 → {0, 1}, there is U ∈ U such that [U ]2 is χ-monochrome. We show that each
G-Ramsey ultra�lter on X is G-selective and construct a plenty of Z-selective ultra�lters on Z
(as a regular Z-space) which are not Z-Ramsey. We conjecture that each Z-Ramsey ultra�lter
is selective. A G-Ramsey ultra�lter on a countable Boolean group G = ⊕ωZ2 need not to be
selective, but such an ultra�lters cannot be constructed in ZFC without additional assumptions.
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Pseudoultrametrics on graphs

Evgeniy Petrov and Oleksiy Dovgoshey

Institute of Applied Mathematics and Mechanics, Donetsk, Ukraine

eugeniy.petrov@gmail.com

Let (G,w) be a weighted graph. We �nd necessary and su�cient conditions under which
the weight w : E(G) → R+ can be extended to a pseudoultrametric on V (G). A criterion
of the uniqueness of this extension is also obtained. It is proved that a graph is complete k-
partite with k ≥ 2 if and only if for every pseudoultrametrizable weight w there exists a smallest
pseudoultrametric, compatible with w. We characterize the structure of graphs for which a
subdominant pseudoultrametric is an ultrametric for every strictly positive pseudoultrametri-
zable weight.

1. O. Dovgoshey, E. Petrov, Subdominant pseudoultrametric on graphs, preprint available at
http://arxiv.org/abs/1110.6802.

2. A. A. Dovgoshey, E. A. Petrov, Ultrametrization of weighted graphs, Dopovidi NAN Ukrainy, 2012,
no. 6, 17�23.

Induced maps and geodesic curves of Riemannian
spaces of the second approximation

S. M. Pokas' and L. G. Tsekhmeystruk

I. I. Mechnikov Odessa State University, Odessa, Ukraine pokas@onu.edu.ua

For two Riemannian spaces Vn(x, g) and V n(x, g), where V n admits a nontrivial geodesic

mapping onto Vn ([1]) invariantly connected with them spaces of the second order Ṽ
2

n(y, g̃) and
Ṽ 2
n (y, g̃) are constructed ([2]):

g̃ij(y) = g. ij +
1

3
R. iαβjy

αyβ, (1)

g̃ij(y) = g. ij +
1

3
R. iαβjy

αyβ, (2)

where g. ij = gij(M0), R. iαβj = Riαβj(M0).

We investigate the speci�city of the map γ̃ of the space Ṽ
2

n onto the space Ṽ
2
n , induced by a

geodesic mapping γ of the initial spaces. We will �nd the deformation tensor of the mapping γ̃
in the explicit form

P̃ hij = Γ̃
h

ij − Γ̃hij . (3)

We prove the absolute and uniform convergence of the obtained series.
By requiring that the map γ̃ has been geodesic, we see that γ̃ is a�ne. The following theorem

is valid.

Theorem. A nontrivial geodesic mapping γ of a Riemannian space of nonzero constant curvature
V n onto a space Vn induces an almost geodesic mappings of the third type

∏
3 of a space of the

second order Ṽ
2

n onto a space Ṽ 2
n .
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A system of ordinary di�erential equations

d2yh

ds2
+ Γ̃hαβ

dyα

ds

dyβ

ds
= 0, (4)

determining the geodesic curves in Ṽ 2
n is investigated.

1. N. S. Sinyukov. Geodesic mappings of Riemannian spaces. M.: Nauka, (1979), 225p. (in Russian)

2. S. M. Pokas'. Lie groups of motions in a Riemannian space of the second approximation, Proc.
Penza State Pedagogical University named after V.G. Belinsky, Ser. phys. and math. sciences,
no. 26, (2011), P. 173�183. (in Russian)

Spaces of real places of �elds of rational and algebraic
functions and their graphoids

Oles Potiatynyk

Ivan Franko National University of Lviv, Lviv, Ukraine oles2008@gmail.com

Let P = R ∪ {∞} be the projective line endowed with the multivalued extensions ⊕ and ⊗
of the operations of addition and multiplication of real numbers:

• a⊕ b = {a+ b}, a⊗ b = {a · b} for any a, b ∈ R;
• a⊕∞ = {∞} for any a ∈ R,
• a⊗∞ = {∞} for each a ∈ R \ {0},
• ∞⊕∞ = T, 0⊗∞ = T, ∞⊗∞ = {∞}.

A function P : K → P is called a real place if P (0) = 0, P (1) = 1, P (a + b) ∈ P (a) ⊕ P (b)
and P (ab) ∈ P (a) ⊗ P (b) for any a, b ∈ K. By MK we denote the space of all real places of a
�eld K endowed with the Tychono� product topology inherited from the space PK of all maps
from K to the projective line P. It follows that MK is a compact Hausdor� space.

Example. The spaces of real places of the �elds Q and R are singletons. For the �eld
K = R(x) of rational functions of one variable the space MK is homeomorphic to the projective
line P (and hence to the circle).

Problem. Study the topological and dimension properties of the space MK for the �eld K =
R(x1, . . . , xn) of rational functions of n variables.

Some Partial Answers:

• dimMR(x) = 1 (Machura, Osiak, 2010);

• dimMR(x,y) = 2 (Banakh, Kholyavka, Machura, Kuhlmann, Potiatynyk, 2011);

• dimMR(x1,...,xn) ≤ n (Banakh, Chervak, Potiatynyk, 2012).

It has been proved that the spaces of real places of the some functional �elds are homeomorphic
to their graphoids. Thus, the study of real places of those �elds comes down to the study of
graphoids of those families of functions. The graphoid of a function f : dom(f)→ Y de�ned on
a subspace dom(f) of a topological space X is the closure of the graph of f in X × Y . Each
countable family F ⊂ R(x1, . . . , xn) of rational functions can be thought as a partial function
F : dom(F) → RF , so we can consider the graphoid of F . If F is a �eld, then its space of real
places MF can be identi�ed with the graphoid of F , see [2].

Theorem. The graphoid of any subfamily F ⊂ R(x, y) has topological dimension 2.
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1. Banakh T., Potiatynyk O. Dimension of graphoids of rational vector-functions, preprint available
at http://arxiv.org/abs/1108.2209.

2. Banakh T., Kholyavka Ya., Kuhlman K., Machura M., Potiatynyk O. The dimension of the space
of R-places of certain rational function �elds, preprint available at http://arxiv.org/abs/1110.5076.

Homotopy of functions and vector �elds on 2-disk

Alexandr Prishlyak and Nataliya Lukova-Chuiko

Kiev National University named Taras Shevchenko, Ukraine prishlyak@yahoo.com

Let B be a two-dimensional disk with a given Riemannian metric on it. Let f be a smooth
function without critical points on B.

By the singular points we mean the critical points of the restriction on the boundary (further
critical points) and the point at which the �eld gradient for edges (tangent point). We will
consider only the functions for which all singular points have di�erent values and there is no
path connecting two critical points. Such functions will be called general.

Homotopy of general functions is a way in the space of common functions, i.e. continuous
family of general functions. In this case each function has its own Riemannian metric.

Let k and n be the numbers of critical and special points, respectively. Let us enumerate the
set of singular points starting from the minimum point and going by the edge in the counter-
clockwise direction. To each singular point we assign the number of critical values of desc. So
the minimum point is 1 and the maximum - number of n. Thus we get the substitution of n
numbers.

In addition, for each singular point, from which comes the trajectory of the gradient �eld,
we assign a speci�c point preceding the point at which the trajectory leaves the circle. Thus we
obtain a set of ordered pairs of numbers.

The scheme is a set of certain functions consisting of the substitution of n numbers and
ordered pairs of numbers.

By substitution we can determine the type of singular point. If the value of the function at
neighboring points is greater than the value of a singular point, then it is a local minimum, if
more - the maximum. The other special point is the point of tangency.

Theorem (a criterion for homotopy functions). Two general functions f, g are homotopic if and
only if they have equal schemes.

Combinatorial derivation

Igor V. Protasov

Kyiv National University, Ukraine i.v.protasov@gmail.com

Let G be a group with the identity e, PG be a family of all subsets of G. For a subset A of
G, we denote

∆(A) = {g ∈ G : |gA ∩A| =∞},

observe that ∆(A) ⊆ AA−1, and say that the mapping

∆ : PG → PG, ∆ : A 7→ ∆(A)
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is a combinatorial derivation. On one hand, we analyze from the ∆-point of view a series of results
from Subset Combinatorics of Groups (see the survey [1]), and point out (in form of questions)
some directions for further progress. On the other hand, the ∆-operation is interesting and
intriguing by its own sake. In contrast to the trajectory A → AA−1 → (AA−1)(AA−1) → . . .,
the ∆-trajectory A→ ∆(A)→ ∆2(A)→ . . . of a subset A ofG could be surprisingly complicated:
stabilizing, increasing, decreasing, periodic or chaotic. For a symmetric subset A of G, e ∈ A,
there exists a subset X ⊆ G such that ∆(X) = A. We show how ∆ and a topological derivation
d (d : PX → PX , d : A → Ad, Ad is the set of all limit points of A) arise from some uni�ed
ultra�lter construction.

1. I.V. Protasov, Selective survey on Subset Combinatorics of Groups, J. Math. Sciences, 174 (2011)
486 � 514.

On generalized retracts and cardinal functions

Nazar Pyrch

Ukrainian Academy of Printing, Lviv, Ukraine pnazar@ukr.net

We say that the subspace Y of topological space X is a G-retract of X if any continuous
mapping from Y to a topological group H admits a continuous extension to X.

Theorem 1. If Y is a G-retact of a Tychono� space X, then d(Y ) ≤ d(X).
For a topological space X by Q(X) we denote the space of quasicomponents of X equipped

with the quotient topology (see [1]).

Theorem 2. If Y is a G-retact of a Tychono� space X, then |(Q(Y )| ≤ |Q(X)|.
We say that a subspace Y of a topological space X is a bounding G-retract of X if for any

continuous map f : Y → H from Y to a topological group H there exists a continuous map
F : X → H such that F |X = f and F (X) ⊆ (f(Y )∪f(Y )−1)n for some n ∈ N. For a topological
space X by c(X) we denote the cellularity of X.

Theorem 3. If Y is a bounding G-retract of a Tychono� space X, then c(Y ) ≤ c(X).

1. Kuratowski K. Topology, vol. 1. Academic Press, New York-London, 1966.
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Binary convexities and monads

Taras Radul

Ivan Franko National University of Lviv, Lviv, Ukraine

Casimirus the Great University, Bydgoszcz, Poland tarasradul@yahoo.co.uk

The notion of convexity under consideration is considerably broader then the classic one;
speci�cally, it is not restricted to the context of linear spaces. Such convexities appeared in
the process of studying di�erent structures like partially ordered sets, semilattices, lattices,
superextensions etc.

The notion of L-monads was introduced in [1]. They have a functional representation, which
preserve the monad structure. In [2] it was introduced a convexity structure on each F-algebra for
any L-monad F in the category of compact Hausdor� spaces and continuous maps. This general
construction of convexities includes known convexities for probability measures, superextension,
hyperspaces of inclusion etc. It was proved in [2] that each binary monad (i.e. monad which
generates binary convexity) has good topological properties, particularly, FX is absolute extensor
in the class of 0-dimensional compacta for each openly generated compactum X.

It turns out that the binarity condition is also necessary. By P we denote the probability
measure functor.

Theorem. Let F be an L-monad which preserves 1-preimages over points, weight and epimorphi-
sms. If FPX is an absolute extensor in the class of 0-dimensional compacta for some compactum

X of weight ≥ ω2, then F is binary.

Let us remark that PX is an openly generated compactum but not an absolute extensor in
the class of 0-dimensional compacta.

1. T.Radul, On functional representations of Lawson monads, Applied Categorical Structures 9

(2001), 457�463

2. T. Radul, Convexities generated by monads, Applied Categorical Structures, 19 (2011), 729�739.

On the generalized R. L. Moore problem

Du�san Repov�s and Denise Halverson

University of Ljubljana, Ljubljana, Slovenia dusan.repovs@guest.arnes.si

Brigham Young University, Provo, Utah, USA

We shall present a survey of a classical problem concerning the characterization of topological
n-manifolds: the generalized R. L. Moore problem, originating from the 1930's, which asks
whether every (�nite-dimensional) cell-like decomposition Rn/G of Rn is a topological factor of
Rn+1, i.e. Rn/G ∼= R\+∞?

The key object are so-called generalized n-manifolds, i.e. Euclidean neighborhood retracts
(ENR) which are also Z-homology n-manifolds. We shall look at their history, from the early
beginnings to the present day, concentrating on those geometric properties of these spaces which
are particular for dimensions 3 and 4, in comparison with generalized (n ≥ 5)-manifolds.

In the second part of the talk we shall present the current state of this - still unsettled -
notoriously di�cult problem. We shall also explain why one must assume �nite dimensionality of
the quotient space Rn/G (this is related to the famous P. S. Aleksandrov problem in cohomological
dimension theory which was also formulated in the 1930's and solved only in the 1990's). Finally,
we shall list open problems and related conjectures.
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Extension of some Banach's results on Borel functions
and Radon integrals to arbitrary topological spaces

Timofey Rodionov and Valeriy Zakharov

Lomonosov Moscow State University, Moscow, Russia t.v.rodionov@gmail.com

For any perfect topological space there are two increasing families of classes of functions. One
family (of Borel classes) based on the increasing family of Borel sets (G, Fσ, Gδσ, ...) by means of
the concept of measurability. The other family (of Baire classes) originates from the class of conti-
nuous functions and extends by pointwise limits of sequences. S.Banach obtained a convergence
classi�cation of Borel functions, i.e., he established the equalities between corresponding Baire
and Borel classes of functions. However, for an arbitrary topological space this classi�cation is
not valid. In our talk we present a convergence classi�cations of Borel functions for an arbitrary
space.

F.Riesz characterized all bounded linear functionals on the space of continuous functions
C[a, b] as Riemann�Stieltjes integrals. Some years later J.Radon characterized all bounded linear
functionals on the space of continuous functions C(T ) for compact T ⊂ Rn as integrals with
respect to measures with some topological properties. S.Banach generalized Radon's theorem to
the case of a compact metric space. We shall talk about the results of S.Kakutani, P.Halmos,
Yu.Prokhorov, F.Topsøe et al. continuing the line of Riesz, Radon, and Banach to compact,
locally compact, Tychono�, and Hausdor� spaces.

1. S. Banach, �Uber analytisch darstellbare Operationen in abstrakten Raumen, Fund. Math. 17

(1931), 283�295.

2. V.K. Zakharov, T.V. Rodionov, Classi�cation of Borel sets and functions for an arbitrary space,
Sbornik Math. 199:6 (2008), 833�869.

3. S. Banach, Appendix II in: S. Saks �Theory of the integral�, G.E.Stechert, New York, 1937.

4. V.K. Zakharov, A.V. Mikhalev, T.V. Rodionov, Riesz�Radon�Frechet problem of characterization
of integrals, Russian Math. Surveys, 65:4 (2010), 741�765.

On thin subsets of a group

Serhiy Slobodianiuk and I. V. Protasov

Kyiv National University, Ukraine i.v.protasov@gmail.com

A subset A of a group G is called m-thin, m ∈ N, if for every �nite subset F of G, there
exists a �nite subset K of G such that |Fg ∩ A| ≤ m for each g ∈ G \ K. A 1-thin subset is
called thin, and can be considered as a counterpart of a discrete uniform space. We note that a
union of m thin subsets is m-thin. How to detect whether a subset A of G is a �nite union of
thin subsets? This question arises in attempt to characterize the ideal in the Boolean algebra of
subsets of G, generated by thin subsets.

1. Each m-thin subset of a countable group G can be partitioned in m thin subsets [1].

2. If G is an Abelian group of cardinality ℵn, then each m-thin subset of G can be partitioned
in mn+1 thin subsets.

3. For every m ≥ 2, there exists a group G of cardinality ℵn, for n = (m2 +m− 2)/2 and a
2-thin subset A of G which cannot be partitioned in m thin subsets.
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4. There is a group G of cardinality ℵω and a 2-thin subset A of G which cannot be �nitely
partitioned into thin subsets.

In cases 1, 2, the ideal generated by thin subsets consists of all m-thin subsets, m ∈ N, but
this does not hold for groups of cardinality ℵω.

Diagonals of CL-functions

Oleksandr Sobchuk, O. Karlova, and V. Mykhaylyuk

Chernivtsi National University, Ukraine Maslenizza.ua@gmail.com

The mapping g : X → Y , g(x) = f(x, x), is called the diagonal of f : X2 → Y . Investigations
of diagonals of separately continuous functions f : X2 → R started in the classical work of
R. Baire [1], who showed that diagonals of separately continuous functions of two real variables
are exactly Baire-one functions. Since the second half the XX-th century, Baire classi�cation
of separately continuous mappings and their analogs was intensively studied by many mathe-
maticians. A related problem is that of studying diagonals of CL-mappings, i.e. diagonals of
mappings f : X2 → Y which are continuous with respect to the �rst variable and Lipschitz or
di�erentiable with respect to the second variable.

A topological space Z is called an absolute extensor for a topological space X, if for any
closed set A ⊆ X every continuous mapping g : A → Z can be extended to a continuous
mapping f : X → Z.

Let X and Z be topological spaces. A mapping f : X → Z is said to be a mapping of stable

�rst Baire class, if there exists a sequence (fn)∞n=1 of continuous mappings fn : X → Z which
pointwise stably converges to f , i.e. for every x ∈ X the sequence (fn(x))∞n=1 converges to f(x)
in the discrete topology of Z.

Theorem. Let X be a metric space, (Z, λ) a metric equiconnected space, where λ : Z × Z ×
[0, 1]→ Z is Lipschitz with respect to third variable and Z is an absolute extensor for X. For a

mapping g : X → Z the following conditions are equivalent:

(i) g is of stable �rst Baire class;
(ii) there exists a mapping f : X2 → Z with the diagonal g which is continuous with respect

to the �rst variable and Lipschitz with respect to the second one;

(iii) there exists a mapping f : X2 → Z with the diagonal g which is continuous with respect
to the �rst variable and pointwise Lipschitz with respect to the second variable at each point of

the diagonal ∆ = {(x, x) : x ∈ X}.

Question. Let X be a metric space, (Z, λ) a metric equiconnected space and f : X2 → Z a

mapping which is continuous with respect to the �rst variable and Lipschitz with respect to the

second one. Does the mapping g : X → Z, g(x) = f(x, x), belong to the �rst stable Baire class?

1. Baire R. Sur les fonctions de variables re�elles, Ann. Mat. Pura Appl., 3 (3) (1899), 1�123.
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Fibers of a generic map from a surface into the unit
interval

Damian Sobota

Mathematical Institute, University of Wroclaw, Poland damsob@wp.pl

We say that a generic map f ∈ C(X,Y ) has the property P if there exists a dense Gδ
set G ⊂ C(X,Y ) such that every element of G has the property P. In 2005 Z.Buczolich and
U.B.Darji proved that every component C of every �ber of a generic map from the 2-dimensional
sphere S2 into the unit interval [0, 1] is either a singleton or a hereditarily indecomposable
continuum having the following property:

for every ε > 0 there is an ε-map from C onto the �gure eight, i.e. the wedge of two circles
S1 ∨ S1.

By extending their method of triangulating surfaces, we show that the thesis holds also for
every compact 2-dimensional surface both with and without boundary.

On some results about topological and paratopological
quasigroups and prequasigroups

Fedir M. Sokhatsky

University �Ukraina�, Vinnytsia Institute of Economics and Social Sciences, Ukraine

fmsokha@ukr.net

Some methods of investigation in algebra, especially in quasigroup theory, use composition
of operations only. Since continuity and ordering are invariant under composition, then all
results obtained by using these methods are true for topological, paratopological, semitopological,
ordering quasigroups and prequasigroups.

For example, if four topological quasigroup operations f1, f2, f3, f4 de�ned on the same set
are connected by the general associative functional identity

f1(f2(x; y); z) = f3(x; f4(y; z)),

then all of them are topologically isotopic to a topological group. It follows immediately from
Belousov's theorem. I am going to review some of these results.

Wallman representations of hyperspaces

Wojciech Stadnicki

University of Wroclaw, Poland stadnicki@math.uni.wroc.pl

We prove that, for any Hausdor� continuum X, if dimX ≥ 2 then the the hyperspace C(X)
of subcontinua of X is not a C-space; if dimX = 1 and X is hereditarily indecomposable then
dimC(X) = 2 or C(X) is not a C-space. This generalizes results known for metric continua.
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Approximative properties of Poisson integrals on the
classes W r

βH
α

Tetyana Stepaniuk, Tetyana Zhernova, and Ivanna Pryjmas

Lesia Ukrainka Volyn National University, Lutsk, Ukraine tania_stepaniuk@ukr.net

Let C be the space of 2π�periodic continuous functions, where the norm is set forth with a
help of equality ‖f‖C = max

t
|f(t)|.

Let r > 0, f ∈ C and β be �xed real number. If the series

∞∑
k=1

(ak(f) cos(kx+ βπ/2) + bk(f) sin(kx+ βπ/2))/kr

is the Fourier series of some summable function ϕ, then the function ϕ is called as (r, β)-derivative
of the function f in sense of Weyl-Nagy and is denoted as f rβ(·). The set of functions, which
satisfy that condition, is denoted as W r

β .
If f ∈ W r

β and f rβ ∈ Hα, 0 ≤ α < 1, namely |f rβ(t1) − f rβ(t2)| ≤ |t1 − t2|α ∀t1, t2 ∈ R, it is
said that f ∈W r

βH
α.

The quantity

Bδ(f ;x) = a0(f)/2 +

∞∑
k=1

(1 + k(1− e−2/δ)/2)e−k/δ(ak(f) cos(kx) + bk(f) sin(kx))

is called as biharmonic Poisson integral of the function f .
If the function ϕ(δ) = ϕ(W r

βH
α;Bδ; δ) is found in the explicit form and E(W r

βH
α;Bδ)C =

ϕ(δ) + o(ϕ(δ)) as δ →∞, where

E
(
W r
βH

α;Bδ
)
C

= sup
f∈W r

βH
α
‖f (x)−Bδ(f ;x)‖C ,

then, it is said, that the problem of Kolmogorov�Nikolsky is solved for the biharmonic Poisson
integral Bδ(f ;x) on the class W r

βH
α in the uniform metric.

We obtained asymptotic equalities for the values E
(
W r
βH

α;Bδ

)
C
.

Inductive limits of locally pseudoconvex algebras

Reyna Maria P�erez Tiscare�no and Mati Abel

University of Tartu, Estonia reyna@ut.ee

A locally pseudoconvex algebra is a topological algebra such that its underlying topological
linear space is locally pseudoconvex. I will talk about inductive limits of locally pseudoconvex
algebras (in particular, of locally pseudoconvex F -algebras) and some properties of them.

∗ This research is supported by the European Social Fund (Mobilitas grant No. MJD247)
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Hereditarily supercompact spaces

Slawomir Turek, Taras Banakh, and Zdzislaw Kosztolowicz

Jan Kochanowski University in Kielce, Poland sturek@ujk.edu.pl

A topological space X is called hereditarily supercompact if each closed subspace of X is
supercompact. We recall that a topological space X is supercompact if it has a subbase of the
topology such that each cover of X by elements of this subbase has a two element subcover.

By a combined result of Bula, Nikiel, Tuncali, Tymchatyn and M.Rudin, the class of heredi-
tarily supercompact spaces contains all compact monotonically normal spaces. This class includes
also all compact scattered hereditarily paracompact spaces. We prove that under (MA+¬CH)
each separable hereditarily supercompact space is hereditarily separable and hereditarily Li-
ndel�of. In contrast to the supercompactness (which is preserved by Tychono� products), the
hereditary supercompactness is not productive: the product [0, 1]× αD of the unit interval and
the one-point compacti�cation of a discrete space of cardinality |D| ≥ non(M) is not hereditarily
supercompact.

Bernstein polynomials of several variables and the
approximation of separately continuous functions

Halyna Voloshyn and Volodymyr Maslyuchenko

Bukovyna State Financial University, Chernivtsi, Ukraine galja.vlshin@gmail.com

Chernivtsi National University, Ukraine

Known Bernstein polynomials

Bnf(x) =
∑

0≤k≤n
Cknf(k/n)xk(1− x)n−k,

that converge uniformly to a continuous function f : [0, 1]→ R, can be generalize to the case of
functions of several variables, considering polynomials

Bn1,··· ,nmf(x)=
∑

0≤k1≤n1

· · ·
∑

0≤km≤nm

Ck1n1
. . . Ckmnmf( k1n1

, . . . , kmnm )xk11 . . . xkmm (1−x1)n1−k1 . . . (1−xm)nm−km .

For each continuous function f : [0, 1]m → R its Bernstein polynomials Bn1,...,nmf uni-
formly converge to f on [0, 1]m as n1, . . . , nm tend to in�nity. Thus the Bernstein operators
f 7→ Bn1,...,nmf are continuous mappings from the space Cp([0, 1]m) of continuous functions
f : [0, 1]m → R endowed with the topology of pointwise convergence to the function space
Cu([0, 1]m) endowed with the topology of uniform convergence.

Our main result is the following theoren (proved in [1] for the case m = 1):

Theorem 1. Let X be a topological space, f : X × [0, 1]m → R be a separately continuous

function, fx(y) = f(x, y), Bn = Bn1,...,nm , where n1 = · · · = nm = n and

fn(x, y) = Bnf
x(y).

The functions fn : X × [0, 1]m → R are jointly continuous and polynomial with respect to the

second variable and for each x ∈ X the function sequence (fxn ) uniformly converges to fx on

[0, 1]m as n→∞.
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1. Maslyuchenko V.K., Vlasyuk H.A. Mnohochleny Bernsteina i narizno neperervni funktsii, Nauk.
visn. Cherniv. un-tu. V. 336-337. Matematyka. � 2007. � S. 52-59.

The monoids of Kuratowski operations

Marta Walczynska

University of Silesia in Katowice, Poland marta.walczynska@tlen.pl

Monoids (semigroups) of Kuratowski operations are generated under compositions from the
operators of closure and complement on topological spaces. A fact due to K. Kuratowski (Fund.
Math. 1922) states that at most 14 distinct operations can be formed by compositions of these.
By a systematic case study of possibilities, we show that there are 118 semigroups which are
contained in the monoid consisting of all 14 operations. The 14 Kuratowski operations admit
various possible collapses in restricted settings, leading to smaller monoids, such as the monoids
acting on extremally disconected spaces or the convergent sequence, etc. Using pencil-and-
paper techniques, Cayley tables were drawn for these monoids. Isomorphism types of examined
semigroups are listed, too.

Some cardinal functions of separation type

Andrey Yakivchik

Moscow State University, Russia yakivchik@yandex.ru

Let P be a class of topological (Tychono�) spaces. A (Tychono�) space X is splittable

(cleavable) over P if for every subset A ⊂ X there exist a space YA ∈ P and a continuous
mapping fA : X → YA = fA(X) such that f−1

A fA(A) = A. For a cardinal function ϕ, we de�ne
split function ϕ of a space X to be the minimum cardinal τ such that X is splittable over the
class of spaces Y with ϕ(Y ) ≤ τ , and denote it by ϕ#(X). A T1-space X is τ -divisible if for
every subset A ⊂ X there exists a family SA of cardinality ≤ τ consisting of closed sets such
that for each x ∈ A, y ∈ X \A one can �nd S ∈ SA with x ∈ S and y /∈ S. The minimum τ such
that X is τ -divisible is called the divisibility degree of X and denoted by dv(X). If dv(X) ≤ ω
then X is simply called divisible.

The notions of splittability and divisibility originated from a series of works by A.V. Arhan-
gel'skii, for a survey see [1].

It was shown in [2] that the product of two splittable spaces (i.e., spaces having countable
split weight) need not be splittable or even divisible. We examine the growth of split weight and
divisibility degree under topological products.

Conjecture. For any Tychono� spaces X, Y , we have w#(X × Y ) ≤ 2w
#(X)·w#(Y ). For any

T1-spaces X, Y , we have dv(X × Y ) ≤ 2dv(X)·dv(Y ).

So far, we have a partial result on this way. Recall that a space is strictly τ -discrete if it is
the union of a family of ≤ τ closed discrete subspaces.

Theorem 1. Let X, Y be Tychono� spaces and Y be strictly τ -discrete and collectionwise

Hausdor�. Then w#(X × Y ) ≤ 2w
#(X) · τ .

Theorem 2. Let X, Y be T1-spaces and Y be strictly τ -discrete. Then dv(X ×Y ) ≤ 2dv(X) · τ .
We also note that the countable power of a discrete space of cardinality τ (the Baire space)

has an unbounded growth of divisibility degree with τ .
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1. A.V. Arhangel'skii, Divisibility and cleavability of spaces, in: Math. Research 67, Berlin: Akademie-
Verlag, 1992, pp. 13�26.

2. A.V. Arhangel'skii and D.B. Shakhmatov, Pointwise approximation of arbitrary functions by
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The order and class of saturation for the polyharmonic
Poisson integrals in the space C

O. O. Zadorozhnyi, Yu. I. Kharkevych, and I. V. Kalchuk

Volyn National University of Lesya Ukrainka, Lutsk, Ukraine vettgam@gmail.com

Let Uδ(Λ) be the method of Fourier series summation, de�ned by a sequence of functions
Λ = {λk(δ)}(k = 1, 2, . . .), determined on certain set of changing the parameter δ with the
accumulation point δ0, which may be also in�nity. On the base of the Fourier series S[f ] =
a0
2 +

∑∞
k=1(ak cos kx+ bk sin kx) to each continuous function f we assign the series Uδ(f ;x; Λ) =

a0
2 +

∑∞
k=1 λδ(k)(ak cos kx + bk sin kx). We assume that this series converges uniformly with

respect to x, at least for values δ from a neighborhood of δ0. Let us consider the case of functions

λk(δ) = λk(δ;n) = e−
k
δ

n−1∑
l=0

(1− e−
2
δ )lQ(l; k), where Q(l; k) = k(k+2)(k+4)...(k+2l−2)

l!2l
, k = 0, 1, 2 . . .,

Q(0; k) = 1, δ > 0. Then we obtain the following summability method

Pn(δ; f ;x) =
a0

2
+
∞∑
i=1

λk(δ) (ak cos kx+ bk sin kx) =
1

π

π∫
−π

f(x+ t)
∞∑
k=0

λk(δ) cos ktdt,

called the n-harmonic Poisson integral of the continuous function f (see, e.g., [1]). The aim of
our work is to establish the order and the class of saturation of the n-harmonic Poisson integral.
It was proved that

lim
δ→∞

δn(1− λk(δ;n)) = d0k
n + . . .+ dn (d0 6= 0)

and shown that there exists a constant K > 0 such that |Pn(δ; f ;x; )| ≤ K max
x
|f(x)|. Thus,

according to Theorem 1 of [2, p.412], we make a conclusion that n-harmonic Poisson integral
Pn(δ; f ;x) is saturated in the space C method with saturation order ϕΛ(δ) = 1

δn .

For an even n the class of saturation is de�ned as the set of functions f ∈ C with f (n−1) ∈
Lip1; for an odd n the saturation class is de�ned as the set of functions f ∈ C whose tri-
gonometrically conjugated function f̃ has f̃ (n−1) ∈ Lip1.

1. M.P. Timan, The Approximation and the properties of periodic functions (in Russian), Monograph,
Kyiv, Naukowa dumka, 2009, 376 pp.

2. A.K. Turetskyi, On the classes of saturation in the space C, Izv. AN USSR, No.25, 1961, P. 411�
442.
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A combinatorial description of the fundamental group
of the Menger cube

Andreas Zastrow and Hanspeter Fischer

Institute of Mathematics, University of Gdansk, Poland zastrow@mat.ug.edu.pl

The Menger Cube is a famous fractal, constructed by drilling holes into a solid cube, so
that the solid cube is reduced to a one-dimensional space with the universal property that every
compact metric one-dimensional space embeds into this space. By the way the holes have been
drilled into the Menger Cube, it has the propery that each of its points is an accumulation
point of a null-sequence of non-nullhomotopic loops. Even for the simplest space where such
accumulation occurs, which consists of just one such bouquet of circles, the Hawaiian Earrings,
no description of its fundamental group could up to this moment be achieved in the classical way
(i.e. with generators and relations). On the other hand, the fundamental group of the Hawaiian
Earrings is well-understood on the basis of a description by appropriate in�nite combinatorial
objects. Also for the Sierpinski Gasket a combinatorial description of its fundamental group
could be achieved, and a theoretical argument has shown that in principle such a description
exists for every one-dimensional space. The topic of the talk will be to explain how a concrete
combinatorial description of the fundamental group of the Menger Cube can be achieved, and
astonishingly, already a calculus in two variables su�ces to describe this fundamental group.

P-geodesic in�nitesimal transformations of tangent
bundles induced by HP-transformations K�ahlerian

spaces

Kostyantyn Zubrilin

Feodosiya Polytechnical Institute of National University of Shipbuilding, Ukraine

zubrilin@rambler.ru

Lifts of in�nitesimal transformations were considered K. Yano and S. Ishihara in works [1],
[2].

S.G.Lejko investigated lifts of in�nitesimal transformations from the point of view of the
theory of r-geodetic (�attened) maps. It studies �attening properties of lifts of geodesic in�-
nitesimal transformation ([3]) and lifts of in�nitesimal concircular transformation to a tangent
bundle of order 1 ([4]). The case of a tangent bundle of order 2 is considered in work [5].

The given work is devoted study of �attening properties of lifts of HP-transformations of
K�ahlerian space.

Theorem 1. A nontrivial HP-transformation is 2-g.i.t.

Theorem 2. Let X is analytic HP-transformation K�ahlerian spaces. Then:

1) lifts XV , XC are 1-g.i.t. if and only if X is a�ne in�nitesimal transformation;

2) lifts XV , XC are absolutely canonical 2-g.i.t. if and only if ∇β = 0;
3) generally lifts XV , XC are 3-g.i.t.

Theorem 3. Let X is analytic HP-transformation K�ahlerian spaces. Then:

1) lifts X0, XI , XII are 1�g.i.t. if and only if X is a�ne in�nitesimal transformation;

2) lifts X0, XI , XII are absolutely canonical 2-g.i.t. if and only if ∇β = 0;
3) generally the lift X0 is 3-g.i.t.;

Lifts XI , XII are absolutely canonical 3-g.i.t. if and only if ∇β 6= 0 and S(∇∇β) = 0;
4) generally lifts XI , XII are 4-g.i.t.
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Íàéêðàùi áiëiíiéíi íàáëèæåííÿ óçàãàëüíåíèõ êëàñiâ
Íiêîëüñüêîãî-Á¹ñîâà ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ

çìiííèõ

Ê. Â. Ñîëi÷

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà sokava@mail.ru

Äîñëiäæóþòüñÿ îöiíêè íàéêðàùèõ áiëiíiéíèõ íàáëèæåíü êëàñiâ B Ω
p, θ ïåðiîäè÷íèõ ôóí-

êöié áàãàòüîõ çìiííèõ ó ïðîñòîði Lq ïðè äåÿêèõ ñïiââiäíîøåííÿõ ìiæ ïàðàìåòðàìè p, q òà
θ. Âëàñòèâîñòi êëàñiâ BΩ

p,θ ⊂ Lp(πd) âèçíà÷àþòüñÿ çà äîïîìîãîþ: Ω(t), t = (t1, ..., td) ∈ Rd+,
� ìàæîðàíòíî¨ ôóíêöi¨ äëÿ ìîäóëÿ íåïåðåðâíîñòi l�ãî ïîðÿäêó (l ∈ N) ôóíêöi¨ f ∈ Lp(πd);
÷èñëîâèõ ïàðàìåòðiâ p i θ, 1 ≤ p, θ ≤ ∞. Êðiì òîãî ôóíêöiÿ Ω(t) çàäîâîëüíÿ¹, òàê çâàíi,
óìîâè Áàði � Ñò¹÷êiíà (Sα) i (Sl).

Îçíà÷èìî äîñëiäæóâàíó àïðîêñèìàòèâíó õàðàêòåðèñòèêó. Íåõàé Lq(π2d), q = (q1, q2), �
ìíîæèíà ôóíêöié f(x, y), x, y ∈ R, çi ñêií÷åííîþ ìiøàíîþ íîðìîþ

‖f(x, y)‖q1,q2 = ‖ ‖f(·, y)‖q1‖q2 ,

äå íîðìà îá÷èñëþ¹òüñÿ ñïî÷àòêó â ïðîñòîði Lq1(πd) ïî çìiííié x ∈ R, à ïîòiì âiä ðåçóëü-
òàòó � ïî çìiííié y ∈ R â ïðîñòîði Lq2(πd). Äëÿ êëàñó ôóíêöié F ⊂ Lq(π2d) îçíà÷èìî
íàéêðàùå áiëiíiéíå íàáëèæåííÿ ïîðÿäêó M :

τM (F )q1,q2 := sup
f∈F

inf
uj(x),vj(y)

‖f(x, y)−
M∑
j=1

uj(x)vj(y)‖q1,q2 ,

äå uj ∈ Lq1(πd), vj ∈ Lq2(πd) i τ0(f)q1,q2 := ‖f(x, y)‖q1,q2 .
Çàóâàæèìî, ùî ó âèïàäêó q1 = q2 = q áóäåìî ïèñàòè τM (F )q.

Òåîðåìà 1. Íåõàé 1 ≤ θ ≤ ∞ i Ω(t) ∈ Φα,l, α > α(p, q), äå

α(p, q) =

 2d
(

1
p −

1
q

)
+
, ÿêùî 1 ≤ p ≤ q ≤ 2 àáî 2 ≤ q ≤ p ≤ ∞;

max
{

2d
p ; d

}
, ÿêùî 2 ≤ p ≤ q ≤ ∞ àáî 1 ≤ p < 2 < q ≤ ∞.

Òîäi äëÿ M ∈ N ñïðàâåäëèâi ïîðÿäêîâi ñïiââiäíîøåííÿ

τM
(
BΩ
p,θ

)
q
�


Ω
(
M−

1
d

)
M

1
p
− 1
q , ÿêùî 1 ≤ p ≤ q ≤ 2;

Ω
(
M−

1
d

)
, ÿêùî 2 ≤ p ≤ q ≤ ∞ àáî 2 ≤ q ≤ p ≤ ∞;

Ω
(
M−

1
d

)
M

1
p
− 1

2 , ÿêùî 1 ≤ p < 2 < q ≤ ∞.
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Çàóâàæåííÿ. Ó âèïàäêó Ω(t) = tr, r > α(p, q), òåîðåìà 1 äîâåäåíà â ðîáîòi [1].

1. Ðîìàíþê À.Ñ., Ðîìàíþê Â.Ñ.Íàèëó÷øèå áèëèíåéíûå ïðèáëèæåíèÿ ôóíêöèé èç ïðîñòðàíñòâ
Íèêîëüñêîãî�Áåñîâà, Óêð. ìàò. æóðí., 2012, 64, � 5, C. 685�697.

Some aspects of non-commutative algebraic topology

V. Sharko

Kyiv Institute of Mathematics of NAS of Ukraine, Ukraine sharko@imath.kiev

Non-commutative algebraic topology investigate non-simply connected cell-complexes. An
important tool here is a crossed modules. The purpose of this talk is to demonstrate that crossed
modules occur in very natural setting, namely ifW is a non-simply connected manifold with non-
simply connected boundary dW , then the second Morse number M(W ) of the manifold W can
be calculated using crossed module second relative homotopy group of (W,dW ).

A one-parameter family of non-di�erentiable Takagi
type functions de�ned in terms of Q2-representation

M. V. Pratsiovytyi and N. A. Vasylenko

Dragomanov National Pedagogical University, Kyiv, Ukraine prats4@yandex.ru

In the talk we consider a generalization of the Takagi (van der Waerden) function, which
leads to a one-parameter continuum family of continuous non-di�erentiable functions. This
generalization is based on the replacing the binary representation of real number x ∈ [0, 1] with
the Q2-representation. Q2-representation is a generalization binary expansion. A one-parameter
family of non-di�erentiable Takagi type functions de�ned in terms of Q2�representation.

Using Q∗2�representation instead of Q2�representation leads to a new generalization and
gives a new continuum of in�nitely-parameter family of crinkly but not always di�erentiable
functions. The Takagi function also has de�ne a system by two functional equations and has
properties: there is a continuous function, crinkly, non-di�erentiable function, fractal dimension
of the Hausdor�-Besikovitch graphics is equal to 1.

Similar de�nitions you can the speci�ed to give a generalization. But thus system of functi-
onal equations are rather speci�c.

About all this is will talk in detail in the report.
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About one of the mappings classes in metric spaces
with measures

O. S. Afanas'eva

Institute of Applied Mathematics and Mechanics, NASU, Donet'sk, Ukraine

es.afanasjeva@yandex.ru

Let (X, d, µ) be a metric space with a locally �nite Borel measure µ. We associate with every
continuum γ in X a Borel measure mγ of length, more precisely, we set mγ(B) = H1(B ∩ γ) for
all Borel sets B in X, where H1 is the 1-dimensional Hausdor� measure in X.

Given a family Γ of continua γ in X, a nonnegative µ-measurable function ρ in X is called
admissible for Γ, abbr. ρ ∈ admΓ, if

∫
X ρ dmγ ≥ 1 for all γ ∈ Γ. The p-modulus, 0 < p <∞, of

the continuum family Γ in G is given by the equality Mp(E) = inf
ρ ∈ admΓ

∫
X ρ

p(x) dµ(x), where

we set Mp(E) = +∞ if Γ = ∅.
Here for any sets A, B and C in X, Γ(A,B;C) denotes the family of all continua γ ∈ X

connecting A and B in C, i.e., γ ∩ A 6= ∅, γ ∩ B 6= ∅ and γ \ {A ∪ B} ⊆ C. A connected open
set G in X is called a generalized domain. Let G and G′ be generalized domains in (X, d, µ) and
(X ′, d′, µ′), respectively. A one-to-one correspondence f : G → G′ is called a homeomorphism if
f and f−1 are continuous.

Given Q : X → (0,∞) a measurable function and p ∈ (0,∞), a homeomorphism f : G→ G′

is called a ring Q-homeomorphism at a point x0 ∈ G if

Mp(Γ(f(C0), f(C1); G′)) ≤
∫

A∩G

Q(x) · ηp(d(x, x0)) dµ(x)

for all rings A = A(x0, r1, r2) := {x ∈ X : r1 < d(x, x0) < r2}, x0 ∈ X, 0 < r1 < r2 <∞, for all
continua C0 ⊂ B(x0, r1) ∩ G and C1 ⊂ G \ B(x0, r2) and Borel functions η : (r1, r2) → [0,∞]
with

∫ r2
r1
η(r) dr ≥ 1.

A generalized domain G in X is called locally connected at a point x0 ∈ ∂G if, for every
neighborhood U of the point x0, there is a neighborhood V ⊆ U such that V ∩G is connected.
G is locally connected on ∂G if this holds at every point x0 ∈ ∂G. The boundary of G is said to
be weakly �at at a point x0 ∈ ∂G if, for every number P > 0 and every neighborhood U of the
point x0, there is its neighborhood V ⊂ U such that

M(∆(E,F ;G)) ≥ P

for all continua E and F in G intersecting ∂U and ∂V. The ∂G is weakly �at if this holds at
every point of the boundary.

119
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Theorem. Let G be locally connected on the boundary and G compact, ∂G′ be weakly �at, and

let f : G→ G′ be a ring Q-homeomorphism with Q ∈ L1
µ(G). Then the inverse homeomorphism

g = f−1 : G′ → G admits a continuous extension g : G′ → G.

The growth of entire functions with a given sequence of
zeros

I. V. Andrusyak1 and P. V. Filevych2

1National University �Lvivs'ka Politechnica�, L'viv, Ukraine
2S. Z. Gzhytskyy Lviv National University of Veterinary Medicine

and Biotechnologies, L'viv, Ukraine

andrusyak.ivanna@gmail.com, filevych@mail.ru

Let Z be the class of complex sequences ζ = (ζn) such that 0 < |ζ0| ≤ |ζ1| ≤ . . . and ζn →∞
as n → ∞. For a sequence ζ = (ζn) ∈ Z by Eζ we denote the class of entire functions f whose
zeros are the ζn, with multiplicities taken into account, and let nζ(r) =

∑
|ζn|≤r 1 be the counting

function of the sequence ζ. For an entire function f let Mf (r) = max{|f(z)| : |z| = r} be its
maximum modulus. By L we denote the class of functions that are continuous and increasing to
+∞ on [r0,+∞).

W. Bergweiler [1] proved the next theorems.

Theorem A. Let ε > 0, ζ ∈ Z be a sequence such that nζ(r) ≥ rε for r ≥ r0, and G ⊂ [1,+∞)
be an unbounded set. Then there exists f ∈ Eζ such that

lim
G3r→+∞

ln lnMf (r)

ln2 nζ(r)
= 0.

Theorem B. Let ε > 0, and ϕ(t) be a positive function such that lim
t→+∞

ϕ(t) = 0. Then there

exist a sequence ζ ∈ Z with nζ(r) ≥ rε for r ≥ r0 and a set G ⊂ [1,+∞) of upper logarithmic

density one such that for every f ∈ Eζ we have

lim
G3r→+∞

ln lnMf (r)

ln2 nζ(r)ϕ(lnnζ(r))
= +∞.

We have proved the following more general results.

Theorem 1. Let l ∈ L, ζ ∈ Z be a sequence such that nζ(r) ≥ l(r) for r ≥ r0, and G ⊂ [1,+∞)
be an unbounded set. Then there exists f ∈ Eζ such that

lim
G3r→+∞

ln lnMf (r)

lnnζ(r) ln l−1(nζ(r))
= 0.

Theorem 2. Let l ∈ L, ϕ(t) be a positive function, and lim
t→+∞

ϕ(ln[t]) = 0. Then there exist a

sequence ζ ∈ Z with nζ(r) ≥ l(r) for r ≥ r0 and a set G ⊂ [1,+∞) of upper logarithmic density
one such that for every f ∈ Eζ we have

lim
G3r→+∞

ln lnMf (r)

lnnζ(r) ln l−1(nζ(r))ϕ(lnnζ(r))
= +∞.

1. Bergweiler W. A question of Gol'dberg concerning entire functions with prescribed zeros // J. Anal.
Math. � 1994. � V. 63. � P. 121�129.



International Conference dedicated to the 120-th anniversary of Stefan Banach 121

On research of convergence for branched continued
fractions of the special form

Tamara Antonova1 and Olga Sus2

1National University �Lvivs'ka Politechnica�, L'viv, Ukraine
2Pidstryhach Institute of Applied Problems of Mechanics and Mathematics of NASU, L'viv,

Ukraine tamara_antonova@ukr.net, olja_sus@ukr.net

We deal with research of convergence for one of multidimensional analogues of the conti-
nued fractions, namely branched continued fractions (BCFs) of the special form, o�ered by W.
Siemaszko [1].

Such branched continued fractions, similarly as the two-dimensional continued fractions and
the branched continued fractions with two unequivalent variables, are corresponding to the formal
double power series.

Till now there are not enough publications devoted to research of convergence for Siemaszko's
BCF. In our communication we plan to consider main properties of such BCFs and applications
of the known methods to research of their convergence.

1. Siemaszko W. Branched continued fractions for double power series // J. Comp. and Appl. Math.
� 1980. � V.6, � 2. � P. 121�125.

Estimation between the modulus of smoothness and
the best approximation

M. Zh. Baisalova

Almaty University of Power Engineering and Telecommunications, Kazakhstan

zhanna-math@mail.ru

Let L2[0, 2π] be the a space of 2π-periodic functions which square integrable on [0, 2π]. We

put ‖f‖ =

(
1
π

∫ 2π
0 |f(x)|2dx

)1/2

<∞. The modulus of smoothness of order r ≥ 0 of the function

f is de�ned using r-th di�erence ∆r
hf(x) as:

ωr(f ; δ) = sup
0≤h≤δ

‖∆r
hf(·)‖ = sup

0≤h≤δ

∥∥∥∥ +∞∑
k=0

(−1)k
(
r
k

)
f(·+ (r − k)h)

∥∥∥∥,
where (

r
k

)
=

{
(r(r − 1)...(r − k + 1))/k!, k = 1, 2, ...
1, r = k = 0,

f (α)(x)

(
f (0)(x) ≡ f(x)

)
is Weyl's derivative of order α.

Theorem. Let α ≥ 0, r > 0, and f ∈ L0
2[0, 2π]. Necessary and su�cient that the function f

have Weyl's derivative f (α) ∈ L2(0, 2π) is that

+∞∑
k=1

(
k2α − (k − 1)2α

)
E2
k−1(f)2 < +∞,
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and herewith ∀n ∈ N, δ ∈ [0, 2π] the following inequality with an exact constant is true

ωr(f
(α); δ)2 ≤ 2r

{
sin2r δ

2

n∑
k=1

(
k2(r+α) − (k − 1)2(r+α)

)
E2
k−1(f)2+

+

[
1−

(
n sin

δ

2

)2r]
n2αE2

n(f)2 +

+∞∑
k=n+1

(k2α − (k − 1)2α)E2
k−1(f)2

} 1
2

.

The properties of a space of entire functions of
bounded L-index in direction

A. Bandura

Ivano-Frankivs'k National Technical University of Oil and Gas, Ukraine

andriykopanytsia@gmail.com

De�nition ([1]). An entire function of F (z), z ∈ Cn, is called a function of bounded L-index
in the direction b ∈ Cn, if there exists m0 ∈ Z+ such that for m ∈ Z+ and every z ∈ Cn the
inequality

1

m!Lm(z)

∣∣∣∣∂mF (z)

∂bm

∣∣∣∣ ≤ max

{
1

k!Lk(z)

∣∣∣∣∂kF (z)

∂bk

∣∣∣∣ : 0 ≤ k ≤ m0

}
holds, where ∂0F (z)

∂b0 = F (z), ∂F (z)
∂b =

∑n
j=1

∂F (z)
∂zj

bj ,
∂kF (z)
∂bk

= ∂
∂b(∂

k−1F (z)
∂bk−1 ), k ≥ 2. The least such

integer m0 is called the L-index in direction of F and is denoted by Nb(F,L).
K. A. Ekblaw [2] and M. T. Bordulyak [3] proved that the subspace functions of bounded

index and the subspace functions of bounded L-index are of the �rst category in the space of
entire functions in Iyer's metric, respectively. We generalize this result for entire functions of
bounded L-index in direction.

For entire in Cn functions f(z) and g(z) such that for every �xed z0 ∈ Cn f(z0 + tb) =
∞∑
j=0

aj(z
0)tj and g(z0 + tb) =

∞∑
j=0

cj(z
0)tj we denote

d(f, g) = inf
z0∈Cn

sup
j
{|a0(z0)− c0(z0)|, |aj(z0)− bj(z0)|1/j : j ∈ Zn+},

and let Enb be the space of these functions with Iyer's metric. Let Bn
b(L) be the set of entire in

Cn functions of bounded L-index in direction b and Bn
ν,b(L) be a set of functions with Bn

b(L)
such that Nb(f, L) ≤ ν. It is obvious that Bn

b(L) =
⋃
ν B

n
ν,b(L).

Theorem. Let L ∈ Qnb. Then Bn
b(L) is a space of the �rst category.

1. A. I. Bandura, O. B. Skaskiv, Entire function of bounded L-index in direction // Mat. Stud. 27
(2007), no.1, 30�52 (in Ukrainian).

2. K. A. Ekblaw, The functions of bounded index as a subspace of a space of entire functions //
Paci�c J. Math. 37 (1971), 353�355.

3. M. T. Bordulyak, The space of entire in Cn functions of bounded L-index // Mat. Stud. 4 (1995),
53�58.
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A density theorem for partial sum of Dirichlet series

Evgeniya Bashtynskaya

Donetsk National University, Ukraine bashtynskaya.evgeniya@gmail.com

Estimate of the quantity of zeros of the function ζ0(s) =
N∑
n=1

1
ns in the rectangle 1

2 6 σ 6

<s 6 1, |=s| 6 T has been obtained. (A density theorem for partial sum of Dirichlet series.)
Location of zeros of the function ζ0(s) on the complex plane has been determined.
Factorization of zeros of the function ζ0(s) has been obtained.
Estimate of the quantity of zeros of the function ζ0(s) in the domain 0 < <s < 1, T 6 |=s| 6

T + 1 has been obtained.

Truncation error bound for 1-periodic branched
continued fraction

Dmytro Bodnar, Mariia Bubniak, and Olha Kovalchuk

Ternopil National Economic University, Ternopil, Ukraine

dmytro_bodnar@hotmail.com, mariabubniak@gmail.com

Consider a 1-periodic branched continued fraction of the special form1 +

∞

D
k=1

ik−1∑
ik=1

cik/1

−1

, (1)

where cj 6= 0 are complex numbers
(
j = 1, N

)
, i0 = N is a �xed integer. Let R

(m)
n = 1 +

n

D
k=1

jk−1∑
jk=1

cjk/1 be the nth tail of mth order (n > 1, j0 = m, R
(m)
0 = 1, R

(0)
n = 1); Fn =(

1 +
n

D
k=1

ik−1∑
ik=1

cik/1

)−1

be an nth approximant (n > 1, F0 = 1).

The following theorem was proved using the formula

Fn+m − Fn = (−1)n+1
(
R

(N)
n+mR

(N)
n

)−1 ∑
k1+···+kN=n+1

kj>0(j=1,N)

N∏
j=1

c
kj
j

kj∏
r=1

(
R

(j)
pj−rR̂

(j)
qj−r

)−1
,

n ≥ 0, m ≥ 1, pj = n+m−
N∑

l=j+1

kl, qj = n−
N∑

l=j+1

kl, R̂
(m)
n =

{
R

(m)
n , n ≥ 0

1, n = −1
.

Theorem. Let the elements of fraction (1) satisfy following conditions:

c1 ∈ G1, G1 = {z ∈ C : |arg (z + 1/4)| < π} , c1 6= −1/4;

|cl| <
l−1∏
p=1

rj ,
(
l = 2, N

)
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where r1 = |x1|2
(
1− p3

1

)
/ (1 + p1), p1 =

∣∣(1−√1 + 4c1

)
/
(
1 +
√

1 + 4c1

)∣∣,
x1 =

(
1 +
√

1 + 4c1

)
/2 (
√

1 = 1), and also rp = z2
p, zp = (1 + dp) /2,

dp =
√

1− 4|cp|/
∏p−1
j=1 rj.

Then the fraction (1) converges, and

|Fn − F | ≤ LCN−1
n+N−1ρ

n+1,

where L is a constant, ρ = max {ρj}, ρ1 = |c1||x1|−2; ρl = (1 + dl)
−2 (l = 2, N

)
. F is the �nite

value of the in�nite fraction (1) and F =
(∏N

j=1 xj

)−1
,

xj =

(
1 +

√
1 + 4cj/

∏j−1
p=1 x

2
p

)
/2
(
j = 2, N

)
.

Analytic curves of bounded l-index satisfying
a di�erential equation

Marta Bordulyak

Ivan Franko National University of L'viv, L'viv, Ukraine mbordulyak@yahoo.com

Let 0 < R ≤ +∞, DR = {z : |z| < R}, and F = (f1, f2, . . . , fm) be an analytic curve in
DR, i.e. F : DR → Cm is a vector-valued function, where each function fj is analytic in DR,
||F (z)|| be the sup-norm. Let β > 1, and by Qβ(DR) we denote the class of positive continuous
functions l on [0, R) such that l(r) > β/(R− r) (for R = +∞ this condition can be relaxed) and
0 < l1(t) ≤ l2(t) < +∞ for all t ∈ [0, β], where l1(t) = inf{l(r)/l(r0) : |r − r0| ≤ t/l(r0), 0 ≤
r0 < R} and l2(t) = sup{l(r)/l(r0) : |r − r0| ≤ t/l(r0), 0 ≤ r0 < R}.

De�nition. An analytic curve F is said of bounded l-index if there exists N ∈ Z+ such that

||F (n)(z)||/(n!ln(|z|)) ≤ max
{
||F (k)(z)||/(k!lk(|z|)) : 0 ≤ k ≤ N

}
for all n ∈ Z+ and z ∈ DR.

Theorem. Let β > 1, l ∈ Qβ(DR) and l(r) ≥ γ > 0 for all r ∈ [0, +∞) in the case R = +∞.

Suppose that an analytic curve H in DR is of bounded l-index. Then an analytic solution F =
(f1, . . . , fm) in DR of the equation

W (n) +Q1W
(n−1) + · · ·+QnW = H(z),

where H(z) = (h1(z), . . . , hm(z)), W = (w1, . . . , wm) and Qs are m×m matrices whose entries

q
(s)
ik are constant numbers, is a curve of bounded l-index.

Also we study a boundedness of l-index of analytic curves satisfying equation (1) of �rst and

second order where q
(s)
ik are meromorphic functions in DR, and equation (1) of arbitrary order

where q
(s)
ik are meromorphic functions with a �nite number of zeros and poles.

1. Bordulyak M.T., Sheremeta M.M. Boundedness of l-index of analytic curves// Mat. Stud. � 2011.
� V.36, No.2. � P.152�161.
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Plurisubharmonic on Cn (n ≥ 1) functions of �nite
(λ, ε)-type

O. Ya. Brodyak1, S. I. Tarasyuk2, and Ya. V. Vasyl'kiv 2

1National University �Lvivs'ka Politechnika�, Lviv, Ukraine
2Ivan Franko National University of Lviv, Lviv, Ukraine

brodyakoksana@mail.ru, tidisi.dt@gmail.com

In this report the following problems will be considered:
I. Based on the method of harmonic analysis developed by A. Nagel and W. Rudin [1] for the

theory of unitarily invariant function spaces, the expansion of a plurisubharmonic function u on
Cn (n ≥ 1) into series of homogeneous holomorphic hp0 and anti-holomorphic h0p polynomials
is found. The proposed approach naturally combines well-known methods of harmonic analysis
developed by L. A. Rubel and B. A. Taylor [2], J. Miles [3] for the functions of one complex
variable and by A. Nagel, W. Rudin [1], W. Stoll [4], R. Kujala [5] and P. Noverraz [6] for the
functions of several complex variables.

II. The moduli of the ortoprojections hp0 and h0p (p ≥ 0) of slice-function ur(η) = u(r η), r >
0, η ∈ Cn, |η| = 1, onto H(p, q)-spaces, the currents associated by Riesz with plurisubharmonic
on Cn (n ≥ 1) functions of �nite (λ, ε)-type in Khabibullin's sense [7] and the algebraic structure
of the classes of δ-plurisubharmonic on Cn (n ≥ 1) functions of �nite (λ, ε)-type are described.

These results generalize well-known results from [4] (cf. [2], [3]). We use methods proposed
in [8], [9].

1. Nagel A., Rudin W. Moebius-invariant function spaces on balls and spheres // Duke Math. J. �
1976. � V. 43, No 4. � P. 841�865.

2. Rubel L. A. Entire and meromorphic functions. � New York-Berlin-Heidelberg: Springer-Verlag,
1996. � 187 p.

3. Miles J. A Fourier series method in value distribution theory // Fourier Series Methods in Complex
Analysis (Mekrij�arvi, 2005). Univ. Joensuu Dept. Math. Rep. Ser., � 2006. � V. 10. � P. 129�158.

4. Stoll W. About entire and meromorphic functions of exponential type // Proc. Sympos. Pure
Math., Amer. Math. Soc. Providence, R.I. � 1968. � V. 11. � P. 392�430.

5. Kujala R. O. Functions of �nite λ-type in several complex variables. // Trans. Amer. Math. Soc.
� 1971. � V. 161. � P. 327�358.

6. Noverraz P. Fonctions plurisousharmoniques et analytiques dans les espaces vectoriels topologiques
complexes // Ann. Inst. Fourier. � 1969. � V. 19, No 2. � P. 419�493.

7. Khabibullin B. N. Growth of entire functions with prescribed zeroes and representation of mero-
morphic functions // Mat. Zametki. � 2003. � V. 73, No 1. � P. 120-134 (in Russian).

8. Brodyak O., Vasyl'kiv Ya., Tarasyuk S. Nevanlinna's growth characteristic for delta-plurisubhar-
monic functions // Journal of National University "Lvivska Politechnika", Ser. Physical and
mathematical sciences. � 2010. � V. 687. � P. 91-96 (in Ukrainian).

9. Brodyak O., Vasyl'kiv Ya., Tarasyuk S. H(p, q)-expansion of plurisubharmonic on Cn functions //
Visnyk Kharkivs'kogo Natsional'nogo Universytetu, Seria "Matematyka, Prykladna Matematyka
i Mekhanika". � 2010. � V. 931. � P. 73-92 (in Ukrainian).
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On the growth of a fractional integral of the
logarithmic derivative

Igor Chyzhykov and Nadiya Semochko

Ivan Franko National University of L'viv, L'viv, Ukraine

chyzhykov@yahoo.com, semochkons@mail.ru

For h ∈ L(0, a), a > 0 the fractional integral of Riemann-Liouville of order α > 0 is de�ned
by the formula

D−αh(r) =
1

Γ(α)

∫ r

0
(r − x)α−1h(x) dx, r ∈ (0, a),

where Γ(α) is the Gamma-function. Writing D−αf(z) we always mean that the operator is taken
on the variable r = |z|.

We obtain an upper estimate for

Iα[f ](r) =

∫ π

−π
Dα−1

∣∣∣f ′(reiθ)
f(reiθ)

∣∣∣ dθ,
where f is a meromorphic function in C. In particular, it is proved that if the order of the growth
of f equals ρ, then the order of Iα[f ](r) is at most ρ− α.

Interpolation of analytic functions of moderate growth
in the unit disk

Igor Chyzhykov1 and Iryna Sheparovych2

1Ivan Franko National University of Lviv, Lviv,
2Drohobych Ivan Franko Pedagogic State University, Drohobych, Ukraine

chyzhykov@yahoo.com, isheparovych@ukr.net

For a sequence (zn) in the unit disk D = {z : |z| < 1}, such that 0 < |zn| ↗ 1, we denote

Nz(r) =
∫ r

0
(nz(t)−1)+

t dt, where nz(t) =
∑
|zn−z|≤t 1. Let M(r, f) = max{|f(z)| : |z| = r},

r ∈ (0, 1), be the maximum modulus of an analytic function f in D.
In particular, we prove the following criterion for solvability of an interpolation problem in

the class of analytic functions of �nite order in the unit disk.

Theorem. Let (zn) be a sequence in D, and ρ ∈ (0,+∞). In order that

∀(bn) : ∃C1 > 0 : ln |bn| ≤
C1

(1− |zn|)ρ
, n ∈ N,

there exist an analytic function f in D satisfying

f(zn) = bn

and

∃C2 > 0 : lnM(r, f) ≤ C2

(1− r)ρ
,

it is necessary and su�cient that

∃δ ∈ (0, 1), ∃C3 > 0, ∀n ∈ N : Nzn

(
δ(1− |zn|)

)
≤ C3

(1− |zn|)ρ
.

Note that the necessity part in general case was proved earlier in [1].
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1. Âèííèöüêèé Á. Â., Øåïàðîâè÷ I. Á. Iíòåðïîëÿöiéíi ïîñëiäîâíîñòi êëàñó àíàëiòè÷íèõ â îäè-
íè÷íîìó êðóçi ôóíêöié ñêií÷åííîãî η-òèïó, Óêð. ìàò. æóðí. 56 (2004), no.3, 425�430.

On uniform boundedness of Lp-norms of canonical
products in the unit disc

I. E. Chyzhykov and S. R. Skaskiv

Ivan Franko National University of L'viv, L'viv, Ukraine

chyzhykov@yahoo.com, skaskiv@bigmir.net

For an analytic function f(z), z ∈ D, where D is the unit disc and p > 1 de�ne

mp(r, ln |f |) =

 1

2π

2π∫
0

∣∣ln |f(reiθ)|
∣∣pdθ

1/p

.

Growth of mp(r, ln |f |) was studied by C.N. Linden in [1].
It is well known that the Djrbashian-Naftalevich-Tsuji canonical product

P (z, {zk}, s) =

∞∏
k=1

E

(
1− |zk|2

1− z̄kz
, s

)
,

where E(w, s) = (1 − w) exp{w + w2/2 + ...+ ws/s}, s ∈ Z+ is an analytic function with the
zero sequence {zk}, provided that

∑
k (1− |zk|)s+1 < +∞.

Let S(ϕ, δ) = {ζ = ρeiθ, 1− δ 6 ρ < 1, ϕ− πδ 6 θ < ϕ+ πδ}.
Suppose that {zk} satis�es the following condition ∃γ ∈ (0, s+ 1] such that∑

zk∈S(ϕ,δ)

(1− |zk|)s+1 = O(δγ), δ ↓ 0. (1)

Theorem. If (1) is true, then:

mp(r, ln |P |) < L
1

(1− r)s−γ+1
log

1

1− r
, if 0 < γ < s+ 1,

mp(r, ln |P |) < L log2 1

1− r
, if γ = s+ 1.

1. Linden C.N., Integral logarithmic means for regular functions, Paci�c J. Math., 138 (1989), no.1,
119�127.
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Criterion for classes of curves in a complex plane

I. B. Dadashova and J. I. Mamedkhanov

Baku State University, Baku, Azerbaijan irada-dadashova@bsu.az

We are interested in the Jackson direct theorem for non-periodic functions in the metrics
of the spaces C and Lp; Jackson-Bernstein's theorem and Bernstein's theorem in these metrics.
Besides we will touch upon the problems on approximation of the functions determined only on
the boundary of a domain by means of rational functions of the form

Rn(z) = Pn(z, z−1)Rn(z) = Pn(z, z)

We note that these theorems, and also the Nikolsky-Timan-Dzjadyk theorem will be consi-
dered also for arbitrary weighted spaces, determined on wide classes of curves in a complex plane
in terms of modules of smoothness, in various integral metrics.

We also note the following interesting fact. In the uniform inverse theorems of approximation
are valid on arbitrary compact sets in a complex plane but direct theorems only under su�ci-
ently common additional conditions on the considered curves. Whereas in the metric Lp direct
theorems of approximation are valid on wide classes of curves, but inverse theorems are valid
under additional assumptions.

Cyclic functions in Hardy spaces and related problems

V. Dilnyi

Ivan Franko National University of L'viv, L'viv, Ukraine dilnyi@ukr.net

Let Hp(C+), 1 6 p < +∞, be the space of analytic functions f in C+ = {z : Rez > 0} such
that

||f || := sup
x>0


+∞∫
−∞

|f(x+ iy)|pdy


1/p

< +∞.

A function G is called cyclic in Hp(C+), p ≥ 1, if G ∈ Hp(C+) and the system {G(z)eτz : τ ≤ 0}
is complete in Hp(C+).

We discuss the cyclicity phenomenon in some weighted Hardy spaces. In particular, we
consider the space Hp

σ(C+), σ > 0, 1 6 p < +∞, that is the space of analytic in C+ functions,
for which

||f || := sup
−π

2
<ϕ<π

2


+∞∫
0

|f(reiϕ)|pe−prσ| sinϕ|dr


1/p

< +∞.

In the case σ = 0 the space Hp
σ(C+) coincides with the Hardy space. We give applications of

our results in weighted Hardy spaces to the Riemann Hypothesis, one convolution type equation,
and some integral operators.
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Blaschke-type conditions in unbounded domains,
generalized convexity, and applications in perturbation

theory

S. Favorov1 and L. Golinskii2

1V. N. Karazin Kharkiv National University, 2Institute for Low Temperature Physics and

Engineering, Kharkiv, Ukraine sfavorov@gmail.com, golinskii@ilt.kharkov.ua

We introduce a notion of r-convexity for subsets of the complex plane. It is a pure geometric
characteristic that generalizes the usual notion of convexity. For example, each compact subset
of any Jordan curve is r-convex.

Further, we investigate subharmonic functions that grow near the boundary in unbounded
domains with r-convex compact complement. We obtain the Blaschke-type bounds for its Riesz
measure and, in particular, for zeros of unbounded analytic functions in unbounded domains.
These results are based on a certain estimates for Green functions on complements of some
neighborhoods of r-convex compact set.

We apply our results in perturbation theory of linear operators in a Hilbert space. Namely,
let A be a bounded linear operator with an r-convex spectrum such that the complement of its
essential spectrum σess(A) is connected, and a linear operator B be in the Schatten-von Neumann
class Sq. We �nd quantitative estimates for the rate of condensation of the discrete spectrum
σd(A + B) near the essential spectrum σess(A) (note that under our condition σess(A + B) =
σess(A)).

Properties of the space of entire Dirichlet series

Stepan Fedynyak

Ivan Franko National University of L'viv, L'viv, Ukraine fedynyak@yahoo.com

For the entire Dirichlet series

F (s) =

∞∑
n=1

an exp(sλn), s = σ + it,

1 ≤ λn ↑ +∞ (n→∞), put M(σ, F ) = sup{|F (σ + it)| : t ∈ R}.
Let Ω be a class of positive unbounded on (−∞,+∞) functions Φ such that the derivative

Φ′ is continuous positive and increasing to +∞ on (−∞,+∞). From now on, by ϕ we denote

the inverse function to Φ′, and let Ψ(x) = x − Φ(x)
Φ′(x) be the function associated with Φ in the

sense of Newton.

Finally, suppose that

lim sup
σ→∞

lnM(σ, F )

Φ(σ)
≤ 1

and

lim
n→∞

lnn

Φ(ϕ(λn/2))
.

We denote by X the set of all Dirichlet series described above .
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For each F ∈ X we de�ne

‖F‖q =

∞∑
n=1

|an| exp

{
λnΨ

(
ϕ

(
λn

1 + 1
q

))}
,

where q = 1, 2, 3, . . . . These norms induce a metric topology on X.
We de�ne

d(F,G) =
∞∑
q=1

1

2q
· ‖F −G‖q

1 + ‖F −G‖q
.

The space X with the above metric d will be denoted by Xd.
Then the following theorem is valid.

Theorem. The space Xd is a Frechet space.

The value distribution of random analytic functions

P. V. Filevych1 and M. P. Mahola2

1S. Z. Gzhytskyy Lviv National University of Veterinary Medicine and Biotechnologies

L'viv, Ukraine filevych@mail.ru
2Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of NASU

L'viv, Ukraine marichka_stanko@ukr.net

Let R ∈ (0,+∞], and r ∈ (0,R). Denote by H(R) the class of analytic functions in the disk
|z| < R of the form

f(z) =
∞∑
n=0

cnz
n

such that Sf (r) :=
(∑∞

n=0 |cn|2r2n
) 1

2 → +∞ as r → R. For f ∈ H(R) let Nf (r, a) be the
integrated counting functions of a-points of the function f .

Using ideas from [1�5], under certain general conditions on a sequence of random variables
(ξn) we investigated the value distribution of random analytic functions of the form

fω(z) =

∞∑
n=0

ξn(ω)cnz
n.

In particular, let ξn be independent standard complex-valued Gaussian random variables. We
have the following theorems.

Theorem 1. Let R ∈ (0,+∞], and f ∈ H(R) be an analytic function of the form (1).

Then for the random analytic function (2) almost surely the inequality | lnSf (r) − Nfω(r, 0)| ≤
C0 ln lnSf (r) holds for each r ∈ [r0(ω),R), where C0 > 0 is an absolute constant.

Theorem 2. Let f ∈ H(+∞) be an entire function of the form (1). Then there exists a set E
of �nite logarithmic measure such that for the random entire function (2) almost surely for every

a ∈ C we have | lnSf (r) − Nfω(r, a)| ≤ C0 ln lnSf (r), r ≥ r0(ω, a), r /∈ E, where C0 > 0 is an

absolute constant.

1. O�ord A. C. The distribution of the value of a random function in the unit disk // Studia Math.
� 1972. � V. 41. � P. 71�106.
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2. Mahola M. P., Filevych P.V. The value distribution of a random entire function // Mat. Stud. �
2010. � V. 34, � 2. � P. 120�128.

3. Ìàãîëà Ì. Ï., Ôèëåâè÷ Ï.Â. Óãëîâîå ðàñïðåäåëåíèå íóëåé ñëó÷àéíûõ àíàëèòè÷åñêèõ ôóí-
êöèé // Óôèìñêèé ìàò. æóðí. � 2012 � Ò. 4, � 1. � Ñ. 122�135.

4. Mahola Ì. P., Filevych P.V. The angular value distribution of random analytic functions // Mat.
Stud. � 2012. � T. 37, � 1. � P. 34�51.

5. Ìàãîëà Ì. Ï., Ôiëåâè÷ Ï.Â. Ðîçïîäië çíà÷åíü âèïàäêîâèõ àíàëiòè÷íèõ ôóíêöié // Ìàò.
âiñíèê ÍÒØ. � 2012. � Ò. 9. � Ñ. 186�224.

A joint limit theorem for twisted L-functions of elliptic
curves

V. Garbaliauskien
e

�Siauliai University, �Siauliai, Lithuania virginija@fm.su.lt

Let E1, ..., Er be distinct elliptic curves over the �eld of rational numbers having non-zero
discriminant, and let LE1(s), ..., LEr(s) be the corresponding L-functions. We consider the twists
LE1(s, χ), ..., LEr(s, χ), where χ is a Dirichlet character modulo q, and q is a prime number.

For Q ≥ 2, de�ne

MQ =
∑
q≤Q

∑
χ=χ(modq)
χ6=χ0

1

and
µQ(...) = M−1

Q

∑
q≤Q

∑
χ=χ(modq)
χ6=χ0...

1,

where in place of dots a condition satis�ed by a pair (q, χ(modq)) is to be written, and χ0 denotes
the principal character modulo q. Let sj = σj + itj , j = 1, ..., r.

Theorem. Suppose that min
1≤j≤r

σj >
1
2 . Then

µQ ((|LE1(s1, χ)|, ..., |LEr(sr, χ)|) ∈ A) , A ∈ B(Rr),

converges weakly to a probability measure P on (Rr,B(Rr)) as Q→∞.

Here B(Rr) is the class of Borel sets of the space Rr. Moreover, the probability measure P
is de�ned by characteristic transforms.

A similar one-dimensional limit theorem has been obtained in [1].
This work partially supported by the European Commission within the Seventh Framework

Programme FP/2007-2013 project INTEGER (Institutional Transformation for E�ecting Gender
Equality in Research) under Grant Agreement No. 266638.

1. V. Garbaliauskien
e, A. Laurin�cikas and E. Stankus, Limit theorems for twists of L-functions of
elliptic curve, Lith. Math. J., 50 (2010), no.2, 187�197.
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On hyperholomorphic functions of spatial variable

Oleg Gerus

Ivan Franko Zhytomyr State University, Zhytomyr, Ukraine olgerus@yahoo.com

Let H(C) be the algebra of complex quaternions
∑3

k=0 akik, where {ak}3k=0 are complex
numbers, i0 = 1 be the unit, i1, i2, i3 be the quaternion units, i.e. they satisfy the multiplicative
rule i21 = i22 = i23 = i1i2i3 = −1. Let z :=

∑3
k=1 zkik be a point of Euclidean space R3 with the

basic set {ik}3k=1 and let Ω be a domain in R3.

De�nition. A function f : =
∑3

k=0 fkik, where fk : Ω → C, is called left-hyperholomorphic
or right-hyperholomorphic if its components {fk}3k=0 are R3-differentiable functions and the

condition
∑3

k=1 ik
∂f
∂zk

= 0 or
∑3

k=1
∂f
∂zk
ik = 0, respectively, holds in the domain Ω.

In known publications (see e. g. [1]) similar de�nitions included the stronger condition on
the components of a function f to have continuous partial derivatives.

We denote by Γz,δ the set of points ζ contained in Γ such that |ζ− z| ≤ δ. The next theorem
(see [2]) is a quaternion analog of the Cauchy theorem from complex analysis.

Theorem. Let Ω be a bounded domain with the piece-wise smooth boundary Γ such that for

all points z from R3 and for all δ > 0 the diameter of the set Γz,δ divided by its area measure

is bounded by a positive constant. Let a function f : Ω → H(C) be continuous in Ω and right-

hyperholomorphic in Ω and a function g : Ω→ H(C) be continuous in Ω and left-hyperholomorphic

in Ω. Then ∫∫
Γ

f(z) ν(z) g(z) ds = 0,

where ν(z) :=
∑3

k=1 νk(z)ik is the unit normal vector to the surface Γ.

1. Blaya R. A., Reyes J. B., Shapiro M. On the Laplasian vector �elds theory in domains with
recti�able boundary, Mathematical Methods in the Applied Sciences. 29 (2006), 1861�1881.

2. Gerus O. F. On hyperholomorphic functions of spatial variable, Ukrain. Mat. Zh. 63 (2011), no.
4, 459�465 (Russian).

Zeros of some class of exponential polinomials

N. Girya and S. Favorov

V. N. Karazin Kharkiv National University, Kharkiv, Ukraine n_girya@mail.ru

Let {zn}n∈Z be the set of zeros of an exponential polynomial

P (z) =
L∑
j=1

cje
iλjz, cj ∈ C, λj ∈ R.

We prove that if the set {zn − zm}n,m∈Z is discrete, then P (z) is periodic, therefore it has the
form

P (z) =
N∏
k=1

sin(ωz + ak), ak ∈ C.

Actually the result is valid for any entire almost periodic function with zeros in a strip of a
bounded width.
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Holomorphic functions of completely regular growth in
the punctured plane

M. Goldak and A. Khrystiyanyn

Ivan Franko National University of L'viv, L'viv, Ukraine

mariana.goldak@gmail.com, khrystiyanyn@ukr.net

For a holomorphic function f of completely regular growth in the punctured plane ([1]) with
growth indicators h1, h2 ([1]) and its representation f = f1 · f2 by the Decomposition Lemma
([2]), a connection between h1, h2 and Fragmen-Lindel�of indicators of f1(z), f2(1/z) is given. It
is also shown that the functions f1(z), f2(1/z) are of completely regular growth.

1. Ì. Ãîëäàê, À. Õðèñòiÿíèí, Ãîëîìîðôíi ôóíêöi¨ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â ïðîêîëåíié
ïëîùèíi // Âiñíèê Ëüâiâñ. óí-òó, Ñåðiÿ ìåõ.-ìàò., (2011), Âèï. 75, 91�96.

2. A. Kondratyuk, I. Laine, Meromorphic functions in multiply connected domains. Joensuu�L'viv,
2006. (A. Kondratyuk, I. Laine, Meromorphic functions in multiply connected domains, Fourier
series methods in complex analysis (Mekrij�arvi, 2005), Univ. Joensuu Dept. Math. Rep. Ser. 10
(2006), 9-111.)

Two-dimensional generalized moment representations
and rational approximants of functions of two variables

A. P. Golub

Institute of Mathematics of NASU, Kyiv, Ukraine golub@imath.kiev.ua

Stability to perturbations of branched continued
fractions with complex elements

V. R. Hladun

National University �Lviv Polytechnic�, L'viv, Ukraine v_hladun@yahoo.com

The talk deals with investigating the conditions under which the in�nite branched continued
fractions are stable to perturbations of their elements. We establish formulas of relative errors of
approximants of branched continued fractions, which appear as a result of perturbation of their
elements. Also we obtain conditions of stability to perturbations of branched continued fractions
with complex elements. We construct and investigate the sets of stability to perturbations,
in particular, the multidimensional sets of branched continued fractions of general and special
form. Besides, we receive estimates of relative errors of the approximants of branched continued
fractions.
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On correspondence of branched continued fractions

N. P. Hoyenko

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics, Lviv, Ukraine

hoyenko@gmail.com

Let {Pi(n)}i(n)∈I be a sequence of the non-zero formal double power series (FDPS)

Pi(n) =
∑

k1,k2≥0

c
i(n)
k1,k2

zk11 zk22 ,

where c
i(n)
k1,k2

are complex numbers, z1, z2 are complex variables, k1, k2 ∈ N0 and i(n) ∈ I =

{i(l) = i1i2 . . . il : is = 1, 2, s = 1, l, l ∈ N, i(0) = 0}.
Let the sequence FDPS {Pi(n)} satisfy the recurrence relations

Pi(n) = bi(n)(z1, z2)Pi(n+1) + ai(n)1(z1, z2)Pi(n+1)1 + ai(n)2(z1, z2)Pi(n+1)2

for in+1 = 1, 2, where ai(n)(z1, z2), bi(n)(z1, z2) are some non-zero polynomials, i(n) ∈ I.
Let

b0(z1, z2) +

∞

D
k=1

2∑
ik=1

ai(k)(z1, z2)

bi(k)(z1, z2)
,

be a functional branched continued fraction(BCF).
The correspondence of a sequence of meromorphic functions of one variable to a formal

Laurent series is considered in [1]. We have obtained a generalization for correspondence of the
sequence of FDPS Li(m+1) = Pi(m)/Pi(m+1) to BCF

bi(m)(z1, z2) +

∞

D
k=m+1

2∑
ik=1

ai(k)(z1, z2)

bi(k)(z1, z2)

for arbitrary multi-index i(m), i(m+ 1) ∈ I.

1. W. Jones, W. Thron, Continued fractions: analytic theory and applications, London, Amsterdam,
Don Mills, Ontario, Sydney, Tokyo, 1980.

The normality of one class of loxodromic meromorphic
functions

O. Hushchak and A. A. Kondratyuk

Ivan Franko National University of L'viv, L'viv, Ukraine olya_khyl@ukr.net

We consider loxodromic functions. A mapping f : C∗ → C is said to be loxodromic of
multiplicator q (0 < |q| < 1), if f is meromorphic function and satis�es the condition: f(qz) =
f(z), ∀z ∈ C∗ = C \ {0}.

A function f(z) meromorphic in C∗ is said to be J-exceptional, if for any sequence of complex
numbers (σn), σn → ∞ as n → ∞, there exists a subsequence (σnk) such that the sequence
(f(σnkz)) converges uniformly on C∗ in the Caratheodory-Landau sense as k →∞.

We prove the normality of the class of loxodromic functions of positive multiplicator.

Theorem. Every loxodromic function of multiplicator q, 0 < q < 1, is J-exceptional function.
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On the convergence of the Bieberbach polynomials in
the smooth domains

D. M. Isra�lov

Balikesir University, Balikesir, Turkey mdaniyal@balikesir.edu.tr

Asymptotic formula for the logarithmic derivative of
an entire function: new estimate of an exceptional set

V. M. Karpa and O. B. Skaskiv

Ivan Franko National University of L'viv, L'viv, Ukraine matstud@franko.lviv.ua

Let S be the class of entire functions F such that

(∀x ∈ R) : M(x, F )
def
= sup{|F (x+ it)| : t ∈ R} < +∞.

For F ∈ S and x ∈ R we denote by L(x, F ) = (lnM(x, F ))
′
+ the derivative from the right. Let

L1 be the class of positive continuous functions increasing to +∞ on [0; +∞) and L2 be the class
of functions h ∈ L1 such that

h
(
x+

1

h(x)

)
= O(h(x)) (x→ +∞).

Let h ∈ L1 and E ⊂ [0; +∞) be a locally Lebesgue measurable set of �nite measure meas E =∫
E dx < +∞. Then de�ne the h-density of E as

Dh(E) = lim
R→+∞

h(R)meas(E ∩ [R,+∞))

and the lower h-density of E as

dh(E) = lim
R→+∞

h(R)meas(E ∩ [R,+∞)).

Theorem 1 ([1]). Let Φ ∈ L1, h ∈ L2 be such that h(r) = o(Φ(r)) (r → +∞). If F ∈ S and

L(x, F ) ≥ Φ(x) (x ≥ x0) then the relation

F ′(z) = (1 + o(1))L(x, F )F (z)

holds as x→ +∞ (x /∈ E,Dh(E) = 0) for all z, Re z = x such that |F (z)| = (1 + o(1))M(x, F )
(x→ +∞).

Theorem 2. Let Φ, h ∈ L1 be such that h(2r) = o(Φ(r)) (r → +∞). If F ∈ S and L(xk, F ) ≥
Φ(xk) (k ∈ N), where xk ↑ +∞ (k → +∞), then relation

F ′(z) = (1 + o(1))L(x, F )F (z)

holds as x→ +∞ (x /∈ E, dh(E) = 0) for all z, Re z = x such that |F (z)| = (1 + o(1))M(x, F )
(x→ +∞).

1. Salo T. M., Skaskiv O. B., Stasyuk Ya. Z. On a central exponent of entire Dirichlet series // Mat.
Stud. � 2003. � V.19, �1. � P.61�72.
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On generalization and conversion of Kellog's type
theorem

Olena Karupu

National Aviation University, Kyiv, Ukraine karupu@ukr.net

Let two simply connected domains bounded by smooth Jordan curves be given. Boundaries of
these domains are characterized by the angles between the tangent to the curves and the positive
real axis considered as functions of the arc length on the curves. Let us consider a function
realizing a homeomorphism between the closures of the considered domains and conformal in
the open domain. Some new �nite di�erence properties of this function are obtained. They are
formulated in terms of general moduli of smoothness of an arbitrary order. In the particular
case when one of the domains is the closed unit disk we obtain generalizations of Kellog's type
theorems and converse theorems.

Convex sets and zero distribution of entire functions

B. N. Khabibullin

Bashkir State Univesity, Ufa, Russia khabib-bulat@mail.ru

Asymptotic behavior of averaging of entire functions of
improved regular growth

R. V. Khats'

Ivan Franko Drohobych State Pedagogical University, Drohobych, Ukraine khats@ukr.net

An entire function f is called a function of improved regular growth [1�3] if for some ρ ∈
(0,+∞) and ρ1 ∈ (0, ρ), and a 2π-periodic ρ-trigonometrically convex function h(ϕ) 6≡ −∞
there exists a set U ⊂ C contained in a union of disks with �nite sum of radii and such that

log |f(z)| = |z|ρh(ϕ) + o(|z|ρ1), U 63 z = reiϕ →∞.

If f is an entire function of improved regular growth, then it has [1] the order ρ and the
indicator h. Using the Fourier series method for entire functions, we obtain the following theorem
which improves the results of papers [4, 5].

Theorem. If an entire function f of order ρ ∈ (0,+∞) is of improved regular growth, then for

some ρ2 ∈ (0, ρ) ∫ r

1

log |f(teiϕ)|
t

dt =
rρ

ρ
h(ϕ) + o(rρ2), r → +∞,

holds uniformly in ϕ ∈ [0, 2π].

1. Vynnyts'kyi B.V., Khats' R.V. On growth regularity of entire function of noninteger order with
zeros on a �nite system of rays // Mat. Stud. � 2005. � V. 24, No 1. � P. 31�38. (in Ukrainian)
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2. Khats' R.V. On entire functions of improved regular growth of integer order with zeros on a �nite
system of rays // Mat. Stud. � 2006. � V. 26, No 1. � P. 17�24.

3. Khats' R.V. Regularity of growth of Fourier coe�cients of entire functions of improved regular
growth // Ukr. Mat. Zh. � 2011. � V. 63, No 12. � P. 1717�1723 (in Ukrainian); English
translation: Ukr. Math. J. � 2012. � V. 63, No 12. � P. 1953�1960.

4. Vynnyts'kyi B.V., Khats' R.V. On asymptotic properties of entire functions, similar to the entire
functions of completely regular growth // Visn. Nats. Univ. L'viv. Politekh., Fiz.-Mat. Nauky. �
2011. � No. 718. � P. 5�9.

5. Khats' R.V. Averaging of entire functions of improved regular growth with zeros on a �nite system
of rays // Visn. Nats. Univ. L'viv. Politekh., Fiz.-Mat. Nauky. � 2011. � No. 718. � P. 10�14.

On growth of characteristic functions that are analytic
in the disk

O. M. Kinash and M. I. Parolya

Ivan Franko National University of L'viv, L'viv, Ukraine okinasch@yahoo.com

Let F be a probability law. The function ϕ(z) =
∫ +∞
−∞ eizxdF (x) is the characteristic function

of this law de�ned for real z.
If ϕ has an analytic continuation to the disk DR = {z : |z| < R}, 0 < R ≤ +∞, then we say

that ϕ is analytic in DR. It is known that the characteristic function ϕ is analytic in DR if and
only if for every r ∈ [ 0, R )

WF (x) := 1− F (x) + F (−x) = O
(
e−rx

)
, x→ +∞.

Let L be the class of continuous increasing functions α such that if α(x) ≡ α(x0) > 0 if
x ≤ x0 and α(x) increases to +∞ as x ≤ x0 → +∞. We say that α ∈ Lsi if α ∈ L and
α(cx) = (1 + o(1))α(x) as x→ +∞ for any c ∈ (0,+∞), so α is a slowly increasing function.

Theorem. Let a function α ∈ Lsi be such that α(lnx)
α(x) → 0 and α

(
x

α−1(cα(x))

)
= (1 + o(1))α(x)

as x → +∞ for any c ∈ (0, 1), and let ϕ be the characteristic function of a probability law F
such that ϕ is analytic in DR, 0 < R <∞ and lim

r↑R
WF (x)eRx = +∞.

Denote

ρ∗α[ϕ] = lim
r↑R

α (lnM(r, ϕ))

α
(

1
R−r

) .

If ρ∗α[ϕ] ≥ 1, then

ρ∗α[ϕ] = lim
x→+∞

α(x)

α
(

x
ln+(WF (x)eRx)

) ,
and if ρ∗α[ϕ] < 1, then

ρ∗α[ϕ] = lim
x→+∞

α
(
ln(WF (x)eRx)

)
α(x)

.
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Mizel's problem with in�nitesimal rectangular property

Bogdan Klishchuk and Maxim Tkachuk

Institute of Mathematics of NASU, Kyiv, Ukraine

bogdanklishchuk@mail.ru, mvtkachuk@mail.ru

Mizel's problem: A closed convex curve such that, if three vertices of any rectangle lie on

it so does the fourth, must be a circle.

A width of a convex curve in a direction is the distance between two parallel support lines of
this curve perpendicular to this direction. A curve has a constant width if its width is the same
in all directions. A set in R2 has the in�nitesimal rectangle property if there is some ε > 0 such
that no rectangle with sidelengthes ratio at most ε has exactly three vertices in the set.

Theorem. Any convex curve of constant width satisfying the in�nitesimal rectangular condition
is a circle.

Loxodromic mappings of nonlinear homogeneous spaces

A. A. Kondratyuk

Ivan Franko National University of L'viv, L'viv, Ukraine kond@franko.lviv.ua

The theory of meromorphic multiplicatively periodic functions was elaborated by O. Rausenberger
[1]. G. Valiron [2] called these functions loxodromic because the points in which such a function
acquires the same value lay on logarithmic spirals. Loxodromic meromorphic functions give a
simple construction of elliptic functions [2], [3].

The multiplicatively periodic or loxodromic mappings of arbitrary homogeneous spaces can
be considered. The following topics will be exposed.

1. Loxodromic meromorphic functions.
2. Connections with elliptic functions of Abel, Jacobi and Weierstrass.
3. General multiplicatively periodic mappings of homogeneous spaces.
4. Multiplicatively periodic measures.
5. Loxodromic di�erences of subharmonic functions.

1. O. Rausenberger, Lehrbuch der Theorie der periodischen Funktionen einer Variabeln, Leipzig,
Druck und Verlag von B.G. Teubner, 1884, 470 s.

2. G. Valiron, Cours d'Analyse Mathematique, Theorie des fonctions, 2nd Edition, Masson et.Cie.,
Paris, 1947, 522 p.

3. Y. Hellegouarch, Invitation to the Mathematics of Fermat-Wiles, Academic Press, 2002, 381 p.
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On the extremal problems for logarithms and
arguments of entire and analytic functions

O. Z. Korenivs'ka and Ya. V. Vasyl'kiv

Ivan Franko National University of L'viv, L'viv, Ukraine korenivskaolena@gmail.com

Let f(z) be an entire or an analytic function in the unit disc D = {z ∈ C : |z| < 1} , f(0) = 1.
By de�nition we put

log f(z) = log |f (z) |+ i arg f (z) :=

∫ z

0
f ′(ζ)/f(ζ) dζ,

where z ∈ E, E = C \
⋃+∞
ν=1{z = taν , t ≥ 1} or E = D \

⋃+∞
ν=1[aν , aν/|aν |) respectively, and (aν)

be all zeroes of the function f , i.e.f−1(0) = {aν , ν ∈ N},

N(r, 0, f) =
1

2π

∫ 2π

0
log |f(reiθ)| d θ, T (r, f) =

1

2π

∫ 2π

0
log+ |f(reiθ)| d θ.

We de�ne Lebesgue integral means by

mp(r, u) =

(
1

2π

∫ 2π

0
|u(reiθ)|p d θ

)1/p

, 1 ≤ p < +∞, u ∈ {log f, arg f}.

By ρ∗ and µ∗ we denote the order and lower order in the sense of Pol�ya, respectively

ρ∗ = lim sup
r,t→+∞

log T (rt, f)− log T (r, f)

log t
, µ∗ = lim inf

r,t→+∞

log T (rt, f)− log T (r, f)

log t
.

Theorem 1. Let f be an entire function with f(0) = 1 and µ∗ <∞. Then

lim inf
r→+∞

m2 (r, log f) /N (r, 0, f) ≤ inf
µ∗≤ρ≤ρ∗

πρ/| sinπρ|,

lim inf
r→+∞

m2 (r, arg f) /N (r, 0, f) ≤ inf
µ∗≤ρ≤ρ∗

(πρ/| sinπρ|)
{

1

2

(
1− sin 2πρ

2πρ

)}1/2

.

Theorem 2. Let f(z) be an analytic function in D, f(0) = 1, 0 < δ < 1, then there exists

r0 ∈ [2/3; 1) such that for any r0 ≤ r < R < 1, 1 ≤ p < +∞

mp(r, log f) ≤ C(p, δ)
(
T (R, f)/ (R− r)δ((2/p)−1)++1−(1/p)

)
holds, where C(p, δ) is some positive constant, C(·, δ)→ +∞ as δ → +0, and C(p, ·)→ +∞ as

p→ +∞. And these estimates are the best possible.

1. Miles J. B., Shea D. F. On the growth of meromorphic functions having at least one de�cient value
// Duke Math. J. � 1976. � V.43, No. 1. � P. 171�186.

2. Vasyl'kiv Ya. V., Korenivs'ka O. Z. On the relation between the Lebesgue integral means and
Nevanlinna characteristic of analytic functions in the unit disc // Mat. Studii. � 2011. � V.36,
No.1. � P. 58�64.
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Strongly regular growth and growth in Lp[0, 2π]-metrics
of entire functions of order zero

Oksana Kostiuk and Mykola Zabolotskyi

Ivan Franko National University of L'viv, L'viv, Ukraine matmod@franko.lviv.ua

Suppose that f is an entire function of order zero, λ(r) is a prescribed order of the counting
function n(r) = n(r, 0, f) of its zeros aj , j ∈ N; v(r) = rλ(r); || · ||p is the norm in the space
Lp[0, 2π]. We denote the set of such entire functions f by H0(λ(r)).

Let ln f be the principal branch of Lnf(z) = ln |f(z)|+iArgf(z) in the domain G = C\
∞⋃
j=1
{z :

|z| ≥ |aj |, arg z = arg aj} with ln f(0) = 0.
The rays {z : arg z = θ} satisfying the condition

lim
ε→0+

{
lim

r→+∞
n(r, θ − ε, θ + ε)/v(r)

}
= 0.

are said to be ordinary for the function f ∈ H0(λ(r)).
We say that an entire function f ∈ H0(λ(r)) is of strongly regular growth (s. r. g.) on the

ordinary ray {z : arg z = θ} if the following limit exists

lim
r→+∞

∗( ln f(reiθ)−N(r)
)
/v(r) = H(θ, f),

where N(r) =
∫ r

0 n(t)/tdt, lim∗ indicates that r tends to in�nity outside some C0-set.
If an entire function f ∈ H0(λ(r)) is of s. r. g. on all ordinary rays {z : arg z = θ}, 0 ≤ θ < 2π,

then f is called a function of s. r. g. We denote the set of such functions by H?0(λ(r)).

We also need the following notation to formulate our results: v1(r) =
∫ r

0
v(t)
t dt, δ0 =

lim
r→+∞

n(r)/v(r).

Theorem 1. Suppose that f ∈ H0(λ(r)) and some numbers p ∈ [1,+∞), b0 ∈ R and a function

G ∈ Lp[0, 2π] satisfy the conditions:∥∥∥ln |f(reiθ)|/v1(r)− b0
∥∥∥
p
→ 0, r → +∞, (1)

∥∥∥arg f(reiθ)/v(r)−G(θ)
∥∥∥
p
→ 0, r → +∞. (2)

Then f ∈ H?0(λ(r)), δ0 = b0, H(θ, f) = iG(θ) for almost all θ ∈ [0, 2π].

Theorem 2. If f ∈ H?0(λ(r)) and zeros of f are located on a �nite system of rays, then for

arbitrary p ∈ [1,+∞) conditions (1) and (2) hold for almost all θ ∈ [0, 2π] with b0 = δ0, and

G(θ) = −iH(θ, f), respectively.
We do not know whether the assertion of Theorem 2 is valid when zeros of a function

f ∈ H0(λ(r)) are located in arbitrary way.



International Conference dedicated to the 120-th anniversary of Stefan Banach 141

Quaternionic condition for the existence of
4-dimensional locally conformally �at almost K�ahler

manifolds

W. Kr�olikowski

Cz�estochowa University of Technology, Cz�estochowa, Poland wieslaw_krolikowski@wp.pl

Using fundamental notions of quaternionic analysis we show that there are no 4-dimensional
almost K�ahler manifolds which are locally conformally �at with a metric of special form. Precisely
we prove the following:

Theorem. A 4-dimensional almost K�ahler manifold (M4, g, J,Ω) does not admit any locally

conformally �at Riemannian metric g of the form:

g := go(p)[dw
2 + dx2 + dy2 + dz2], p∈U⊂M4,

go(w, x, y, z) := go(r), r2 := w2 + x2 + y2 + z2,

where go(r) is a real, positive, analytic, non-constant function in r ((U ;w, x, y, z) is an arbitrary

system of local coordinates on M4).

Note that the standard model of 4-dimensional hyperbolic space is the Poincar�e model, i.e.
the unit ball in R4 equipped with the metric

g =
4

(1− r2)2
(dw2 + dx2 + dy2 + dz2).

1. W. Kr�olikowski, Some problems of quaternionic analysis, Cz�estochowa University of Technology,
2012.

The Worpitzky theorem and its generalizations

Khrystyna Kuchmins'ka

Pidstryhach Institute of Applied Problems of Mechanics and Mathematics, NASU, L'viv,

Ukraine kuchminska_khrys@hotmail.com

In 1898 A. Pringsheim published his article on convergence of continued fractions with
complex elements, where among others there is the following result:

a continued fraction K(an/1), all of whose elements an are complex numbers converges if

|an| ≤ 1/4 for all n ≥ 1.
This theorem was obtained 33 years earlier by Julius Worpitzky, a teacher at the Friedrichs-

Gymnasium in Berlin. Pringsheim returned numerous time to this result without ever acknowledgi-
ng Worpitzky's priority [1]. Wall (a student of Van Vleck) was the �rst who called this result
�Worpitzky theorem� in 1948 in his �Analytic theory of continued fractions�. It was the �rst
reference. Now the Worpitzky theorem is one of the most used classical criteria of convergence
of continued fractions, and di�erent approaches to prove this theorem are presenting till now.

We propose the Worpitzky-like criterion for a two-dimensional continued fraction, and present
in addition estimates of convergence velosity of a such fraction [2]. Application of Worpitzky's
theorem also will be discussed.
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1. Jakobsen L.(Lorentzen L.),Thron W., Waadeland H. Julius Worpitzky, his contribution to the
analytic theory of continued fractions and his times // Analytic Theory of Continued Fraction III.
Lecture Notes in Math. � Springer-Verlag. � 1989. � V.1406. � P.25�47.

2. Kuchmins'ka Kh. On Worpitzky-like theorems for two-dimensional continued fractions // Ìàth.
Methods and Physicomechanical Fields. � 2010. � V.53, � 3. � P. 17�26 (in Ukrainian).

Classes of analytic functions in which the
Wiman-Valiron type inequality can be almost surely

improved

A. O. Kuryliak and O. B. Skaskiv

Ivan Franko National University of L'viv, L'viv, Ukraine

kurylyak88@gmail.ru, matstud@franko.lviv.ua

Let H be the class of positive continuous increasing functions on (0, 1) and such that∫ 1
r0
h(r)dr = +∞, r0 ∈ (0, 1). For h ∈ H and a measurable set E ⊂ (0, 1) we denote by

h-meas (E) =
∫
E h(r)dr the h-measure of E. For an analytic function f in the unit disc D =

{z : |z| < 1} of the form f(z) =
∑+∞

n=0 anz
n and r ∈ [0, 1) we denote Mf (r) = max{|f(z)| : |z| =

r}, µf (r) = max{|an|rn : n ≥ 0}, and

∆h(r, f) =
lnMf (r)− lnµf (r)

2 lnh(r) + ln ln{h(r)µf (r)}
.

If h ∈ H then for all analytic functions f in D there exists a set E ⊂ (0, 1) of �nite h-measure
such that

lim
r→1−0, r /∈E

∆h(r, f) ≤ 1

2
. (1)

The constant 1/2 in the inequality (1) cannot be replaced by a smaller number, in general.
In connection with this the following question arises naturally: how can one describe the

�quantity� of those analytic functions, for which inequality (2) can be improved?

We consider random analytic functions of the form

ft(z) =
+∞∑
n=0

ane
iθntzn, (2)

where (θn)n≥0 is an arbitrary sequence of nonnegative integers. We suppose that the sequence
(θn)n≥0 satis�es inequality

θn+1/θn ≥ q > 1 (n ≥ 0). (3)

Theorem ([1]). If f(z, t) is an analytic function of the form (2) and a sequence (θn)n≥0 satis�es

condition (3), then almost surely for t there exists a set E(t) ⊂ (0, 1) such that h-meas(E(t)) <
+∞ and the maximum modulus Mf (r, t) = Mft(r) = max|z|≤r |ft(z)| satis�es the inequality

lim
r→1−0, r /∈E(t)

∆h(r, ft) = lim
r→1−0, r /∈E(t)

lnMf (r, t)− lnµf (r)

2 lnh(r) + ln ln{h(r)µf (r)}
≤ 1

4
.

1. A. O. Kuryliak, O. B. Skaskiv, I. E. Chyzhykov. Baire categories and classes of analytic functions
in which the Wiman-Valiron type inequality can be almost surely improved, arXiv:1206.3655, 2012,
17 p.
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Universality of zeta-functions and its applications

A. Laurin�cikas

Vilnius University, �Siauliai University, Lithuania antanas.laurincikas@mif.vu.lt

It is well known that the majority of classical zeta-functions are universal in the sense that
their shifts approximate with a given accuracy any analytic function. In the report, we will
discuss some extensions of the class of universal zeta-functions, and their applications for the
functional independence and zero-distribution problems.

The universality of zeta-functions of certain cusp forms

R. Macaitien
e

�Siauliai University, �Siauliai, Lithuania renata.macaitiene@mi.su.lt

Let SL2(Z), as usual, denote the full modular group, κ and q be two positive integers,

Γ0(q) =

{(
a b
c d

)
∈ SL2(Z) : c ≡ 0(mod q)

}
be the Hecke subgroup, and let χ be a Dirichlet

character modulo q. We consider a cusp form F (z) of weight κ with respect to Γ0(q) with
character χ. This means that F (z) is a holomorphic function in the upper half-plane =z > 0,

for all

(
a b
c d

)
∈ Γ0(q) satis�es some functional equation and at in�nity has the Fourier series

expansion F (z) =
∞∑
m=1

c(m)e2πimz. We attach to the form F (z) the zeta-function

ζ(s, F ) =

∞∑
m=1

c(m)

ms
.

By the well-known Hecke results, the latter Dirichlet series converges absolutely for σ > κ+1
2 ,

and is analytically continued to an entire function. Moreover, the function ζ(s, F ) satis�es
the functional equation and we have that {s ∈ C : κ−1

2 ≤ σ ≤ κ+1
2 } is the critical strip for

the function ζ(s, F ). Additionally, we assume that the function F (z) is primitive, thus is a
simultaneous eigenfunction of all Hecke operators and c(m) is the corresponding eigenvalues.

In the talk, we will discuss the simultaneous approximation of a collection of analytic functions
by shifts of ζ(s, F ), i.e. we will prove the universality property for zeta-functions attached to
cusp forms with respect to the Hecke subgroup with Dirichlet character. The result enlarges the
investigations on the universality for zeta-functions of certain cusp forms [1], [2]. For the proofs
of the approximation theorems, a probabilistic model is applied.

1. A. Laurin�cikas and K. Matsumoto, The universality of zeta-functions attached to certain cusp
forms, Acta Arith., 98 (2001), 345�359.

2. A. Laurin�cikas, K. Matsumoto and J. Steuding, The universality of L-functions asocciated with
new forms, Izv. Ross. Akad. Nauk., Ser. Mat., 67 (2003), 83�98 (in Russian); Izv. Math., 67
(2003), 77�90.

This research is supported by the project LYMOS (1.2.1 activity, contract No. LYMOS-SP-
12030).
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Delta-subharmonic functions of �nite gamma-epsilon
type in a half-plane

K. G. Malyutin and I. I. Kozlova

Sumy State University, Sumy, Ukraine malyutinkg@yahoo.com

Let γ(r) be a growth function and let v(z) be a proper δ-subharmonic function in sense of
Grishin in a complex half-plane, that is v = v1 − v2 where v1 and v2 are proper subharmonic
functions (lim supz→t vi(z) ≤ 0, for each real t, i = 1, 2), let λ = λ+ − λ− be the complete
measure corresponding to v and let T (r, v) be its Nevanlinna characteristic. The class Jδ((γ, ε))
of functions of �nite (γ, ε)-type is de�ned as follows: v ∈ Jδ((γ, ε)) if

T (r, v) ≤ A

r(ε(r))α
γ(r +Bε(r)r)

for some positive constants α, A and B. Let

ck(θ, r, v) =
2 sin kθ

π

∫ π

0
v(reiϕ) sin kϕdϕ, θ ∈ [0, π], k ∈ N .

be the spherical harmonics associated with v. The main result is the equivalence of the following
properties:

(1) v ∈ Jδ((γ, ε));
(2) the measure λ+(v) ( or λ−(v)) has �nite (γ, ε)-density and

|ck(θ, r, v)| ≤ Aγ(r +Bε(r)r)

(ε(r))α
, k ∈ N ,

for some positive α, A, B and all r > 0.

1. Malyutin K.G. Fourier series and δ-subharmonic functions of �nite γ-type in a half-plane, Mat.
Sb. 192 (2001), no.6, 51�70 (in Russian); English transl. in Sb.: Math. 192 (2001), no.6.

2. Khabibullin B.N. Growth of entire functions with given zeros and representation of meromorphic
functions, Math. Notes, 73 (2003), no. 1, 110-124 (in Russian).

3. Protsyk Yu. S. Subharmonic functions of �nite (γ, ε)-type, Mat. Stud. 24 (2005), no.1, 39�56.

Interpolation problem in the classes functions of a zero
order

T. I. Malyutina and O. A. Bozhenko

Ukrainian Academy of Banking, Sumy State University, Sumy, Ukraine

malyutinkg@yahoo.com

In the report we will consider the following interpolation problem. Let ρ(r) be a proximate
order, limr→∞ ρ(r) = 0. Denote by [ρ(r),∞) the class of entire functions f of at most normal
type for ρ(r), V (r) = rρ(r). A divisor D = {an, qn} is called an interpolation divisor in the class
[ρ(r),∞) if for any numerical sequence {bn, j}, n = 1, 2, . . . , j = 1, qn, satisfying the condition

sup
n∈N

1

V (|an|)
ln+ max

1≤j≤qn

|bn,j |
(j − 1)!

<∞,



International Conference dedicated to the 120-th anniversary of Stefan Banach 145

there exists a function F (z) of the class [ρ(r),∞) solving the interpolation problem

F (j−1)(an) = bn,j , j ∈ 1, qn, n ∈ N. (I)

The following result is valid.

Theorem. Let D = {an; qn}n∈N be a divisor, ρ(r) be a proximate order such that limr→∞ ρ(r) =
0. Then the following three statements are equivalent :

(1) D is an interpolation divisor in the class [ρ(r),∞);

(2) any associated function ED(z) of D satis�es the condition

sup
n∈N

1

V (|an|)
ln

qn!

|E(qn)
D (an)|

<∞ ;

(3) the following conditions hold

sup
z∈C

1/2∫
0

ΦD,z(α)

α
dα <∞ , sup

n∈N

qn ln |an|
V (|an|)

<∞ .

1. K. G. Malyutin. Interpolation by holomorphic functions, Thesis ... Candidate of Science, Kharkov,
1980, 104 p. (in Russian)

2. A. V. Bratishchev, Yu. F. Korobeinik. The multiple interpolation problem in the space of entire
functions of given proximate order, Izv. Akad. Nauk SSSR Ser. Mat., 40 (1976), No. 5, 1102�1127.

Curves in the complex plane and the Walsh problem

Jamal Mamedkhanov

Baku State University, Baku, Azerbaijan jamalmamedkhanov@rambler.ru

The Walsh problem is related to an analogue of Jackson-Bernstein's theorem for the closed
curves Γ in the complex plane, that determines a constructive characterization of the H�older
class Hα(Γ).

At the beginning of the 1950's S. N. Mergelyan constructed a closed smooth curve, on which
the analogue of Jackson-Bernstein's theorem is not valid in fact. Then many researchers assumed
that the class of curves on which an analogue of Jackson-Bernstein's theorem is valid lies in the
class of smooth curves. All obtained theorems in this direction were proved exactly for subclasses
of smooth closed curves.

We proved an analogue of Jackson-Bernstein's theorem on a class of closed curves M that
contains all known classes of curves for which analogues of the Jackson-Bernstein's theorem were
proved. Moreover, we proved that this class M contains non-smooth curves as well.
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Convergence and stability to perturbations of branched
continued fractions with positive elements

K. V. Matulka and V. R. Hladun

National University �Lviv Polytechnic�, L'viv, Ukraine katerynamatulka@gmail.com

The main properties of branched continued fractions as an e�ective mathematical apparatus
of the function theory, computational mathematics, algebra and the number theory are the
concept of convergence and stability to perturbations.

At the present time the problems of convergence and stability to the perturbation of branched
continued fractions with positive elements are not completely solved, only partial results are
known. Some su�cient conditions for convergence of the branched continued fractions with the
positive partial denominators and partial numerators equal to unity are established in works
[2, 3, 6]. The conditions under which continued fractions and branched continued fractions are
stable to perturbations of the elements are studied in works [1, 3, 4, 5]. A set of stability to
perturbations is constructed as well.

We generalize a convergence criteria for branched continued fractions with positive partial
denominators and partial numerators equal to unity in the case of branched continued fractions
with positive partial numerators and positive partial denominators. We investigate stability to
perturbation of branched continued fractions. Analysis of errors approaching fractions shows
that they depend not only on the errors of the elements, but also on most elements.

1. Jones William B., Thron W.J. Continued fractions: analytic theory and applications, In: Ency-
clopedia of mathematics and its applications, 1980, Vol. 11. � 428 p.

2. Áîäíàð Ä. È. Íåîáõîäèìûé è äîñòàòî÷íûé ïðèçíàê ñõîäèìîñòè âåòâÿùèõñÿ öåïíûõ äðîáåé ñ
ïîëîæèòåëüíûìè ÷ëåíàìè, Ìàò. ìåòîäû è ôèç.-ìåõ. ïîëÿ (1981), âûï.13, 12�15.

3. Áîäíàð Ä. È. Âåòâÿùèåñÿ öåïíûå äðîáè, Ê. : Íàóê. äóìêà, 1986. � 176 ñ.

4. Ãëàäóí Â. Ð. Àíàëiç ñòiéêîñòi äî çáóðåíü ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ, Àâòîðåôåðàò äèñ.
êàíä. ôiç.-ìàò. íàóê., Ëüâiâ, 2007. � 18 ñ.

5. Íåäàøêîâñüêèé Í. À. Î ñõîäèìîñòè è âû÷èñëèòåëüíîé óñòîé÷èâîñòè âåòâÿùèõñÿ öåïíûõ äðî-
áåé íåêîòîðûõ òèïîâ, Ìàò. ìåòîäû è ôèç.-ìåõ. ïîëÿ (1984), âûï. 20, 27�31.

6. Ñêîðîáîãàòüêî Â. ß. Òåîðèÿ âåòâÿùèõñÿ öåïíûõ äðîáåé è åå ïðèìåíåíèå â âû÷èñëèòåëüíîé
ìàòåìàòèêå, Ì.: Íàóêà, 1983. � 312 c.

Approximation of holomorphic functions by means of
Zygmund type

I. Yu. Meremelia and V. V. Savchuk

Institute of Mathematics of Ukrainian NAS, Kyiv, Ukraine

irameremelya@gmail.com, savchuk@imath.kiev.ua

Let f(z) =
∑∞

k=0 f̂kz
k, f̂k := f (k)(0)/k!, be a holomorphic function in the unit disk D :=

{z ∈ C : |z| < 1} and

Zn,r(f)(z) :=
n−1∑
k=0

(
1− kr

nr

)
f̂kz

k, n ∈ N, r ≥ 0,
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be a Zygmund means of Taylor series of the function f .
Suppose that p ≥ 1. By the Dirichlet class Dpr we mean the set of holomorphic functions f

in the disk D for which
1

π

∫ 1

0

∫ 2π

0

∣∣∣D(r)(f)(ρeit)
∣∣∣p dtρdρ ≤ 1,

where D(r)(f)(z) :=
∑∞

k=0(k + 1)rf̂k+1z
k. Further, let Hp

r denote the class of holomorphic
functions f for which ‖D(r)(f)‖Hp ≤ 1, where Hp is the Hardy space.

We determine the exact order estimates for the quantity

En(A;Hp) := sup{‖f − Zn,r(f)‖Hp : f ∈ A},

where A = Dpr , Hp
r .

Theorem 1. Suppose 1 ≤ p <∞ and r > 1/p. Then

1) En(Dpr ;Hp) � 1
nr−1/p , n ∈ N;

2) ∀ f ∈ Dpr ‖f − Zn,r(f)‖Hp = o
(

1
nr−1/p

)
, n→∞.

Theorem 2. Let 1 ≤ p ≤ ∞, r ≥ 0. Then

∀ n ∈ N 1

nr
≤ En(Hp

r ;Hp) ≤ 2r

(n+ 1)r
.

Mean periodic functions as continuations of solutions of
convolution equations

Anastasiia Minenkova

Institute of Mathematics of NASU, Kyiv, Ukraine a.minenkova@gmail.com

In the presentation I am going to focus on the problem of mean periodic continuation.
The possibility of continuation of solutions to homogeneous convolution equations on subsets
of the real axis and, in the case of the existence of continuation, properties (such as continuity,
smoothness etc.) of these continuations are studied. Exact examples for some kinds of convolvers
are given.
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On su�cient conditions for belonging of analytic
functions to convergence classes

Oksana Mulyava1 and Myroslav Sheremeta2

1National University of Food Technologies, Kyiv, info@nuft.edu.ua
2Ivan Franko National University of L'viv, Ukraine

For a power series f(z) =
∞∑
k=0

fkz
k with convergence radius R[f ] ∈ (0,∞] let M(r, f) =

max{|f(z)| : |z| = r ∈ [0, R[f ])}. If f is an entire (i.e. R[f ] = +∞) function of the order
0 < % < +∞ the belonging of f to Valiron convergence classes is de�ned by the condition
∞∫
r0

ln M(r, f)

r%+1
dr <∞. The following theorem is well-known.

Theorem 1. In order that an entire function f belong to Valiron's convergence class, it is

necessary, and in the case when |fk|/|fk+1| ↗ +∞ as k0 ≤ k → +∞, it is su�cient that
∞∑
k=1

|fk|%/k < +∞.

If f is an analytic function in the unit disk D = {z : |z| < 1} of the order 0 < %0 < +∞ the

membership of the convergence class is de�ned by the condition
1∫
0

(1−r)%0−1 ln+M(r, f)dr <∞.

The following theorem is known.

Theorem 2. In order that an analytic function f in D belong to the convergence class, it

is necessary and in the case when |fk|/|fk+1| ↗ 0 as k0 ≤ k → ∞, it is su�cient that
∞∑
k=1

(
ln+ |fk|

k

)%0+1

< +∞.

In these theorems condition of nondecrease of the sequence (|fk|/|fk+1|) can be weakened.

Theorem 3. In Theorem 1 the condition |fk|/|fk+1| ↗ +∞ as k0 ≤ k → ∞ can be replaced

by
lk−1lk+1

l2k

|fk|
|fk+1|

↗ +∞ as k0 ≤ k → ∞, where (lk) is a positive sequence such that 0 <

lim
k→∞

k
√
lk/lk+1 ≤ lim

k→∞
k
√
lk/lk+1 < +∞.

Theorem 4. In Theorem 2 the condition |fk|/|fk+1| ↗ 0 as k0 ≤ k → ∞ can be replaced

by
lk−1lk+1

l2k

|fk|
|fk+1|

↗ 0 as k0 ≤ k → ∞, where (lk) is a positive sequence such that 0 <

lim
k→∞

lk
(k + 1)lk+1

≤ lim
k→∞

lk
(k + 1)lk+1

< +∞.
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Method of tangent iteration for some family of
Diophantine equations

Iryna Nikolenko and Vladimir Ryzhiy

V. N. Karazin Kharkiv National University, Kharkiv, Ukraine nig@ukr.net

The method of tangents and their iterations for the planar 3rd-order algebraic curves is appli-
ed to a family of Diophantine equations depending on a parameter. The family is a generalization
of well-known Fermat's example of tangent iteration. Formulas for solutions for the �rst two steps
of tangent iteration are obtained. Analysis of iteration admissibility conditions depending on the
family parameter is made. Examples and its graphic illustrations are also given.

Dzyadyk type theorems in the unit disk

Oksana Ochakovskaya

Institute of applied mathematics and mechanics NASU, Donets'k, Ukraine

ochakovskaya@yandex.ua

Let D be the open unit disc in the complex plane. Assume that K is the set of all closed
discs E lying in D and containing the origin.

Theorem. Let u and v be real functions in the class C1(D). Then in order that one of the

functions u+ iv and u− iv be holomorphic in D, it is necessary and su�cient that the parts of

the graphs of u, v and
√
u2 + v2 lying over each disc E from K have the same area.

This result is a re�nement of known Dzyadyk's theorem on geometric description of holo-
morphic functions.

The growth estimates entire Dirichlet series with
complex exponents

I. Ye. Ovchar1 and O. B. Skaskiv2

1Ivano-Frankivsk National Technical University of Oil and Gas, Ivano-Frankivsk, Ukraine,
2Ivan Franko National University of Lviv, Lviv, Ukraine

1iovchar@hotmail.com, 2matstud@franko.lviv.ua

Let F (z) =
∑+∞

n=0 ane
zλn , an 6= 0, λn ∈ C (n ≥ 0) be a Dirichlet series absolutely convergent

for all z ∈ C. For z ∈ C we put µ(z, F ) = max{|an|eRe(zλn) : n ≥ 0}. We denote by (µn)

the sequence (− ln |an|)n≥0 arranged by decreasing. Let τα(E) =
∫

E∩{z: |z|≥1}

dxdy

|z|α
, z = x + iy,

α > 0, for a set E ⊂ C. Let L1 be the class of positive continuous functions increasing to +∞ on
[0; +∞) and L2 be the class of functions Φ ∈ L1 such that the inverse to Φ function ϕ satis�es

the condition ϕ(2t) = O(ϕ(t)) (t → +∞). Let γ(F ) = {z ∈ C : Φ(t)
def
= 1

t lnµ(tz, F ) ∈ L2} be
an angle of regular growth of µ(z, F ).
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Theorem 1. Let v : [0,+∞) → [0,+∞) be a function such that
∫ +∞

0 v(u)du < +∞. If lnn =
o(ln |an|) (n → +∞), then there exist a function c(u) ∈ L1 and a set E ⊂ C such that (∀z ∈
γ(F ), |z| = 1) (∀n ≥ 0) (∀t > 0, tz ∈ γ(F ) \ E) the inequality

|an|etRe(zλn) ≤ µ(tz, F ) exp

−t
µn∫
µν

(µn − u)
c(u)

ϕ∗z(u)
v(4u)du


holds and τ2(E) < +∞, where µn = − ln |an|, ν = ν(tz, F ) = max{n : |an|etRe(zλn) = µ(tz, F )}
is the central index of the Dirichlet series and function ϕ∗z(u) is the inverse to function Φ∗z(t) =
lnµ(tz, F ).

Theorem 2. If (lnn/µn) is a non-increasing sequence and
∑+∞

n=1 1/(nµn) < +∞ then there

exists a set E ⊂ C such that τ2(E) < +∞ and

ln |F (z)| ≤ (1 + o(1)) lnµ(z, F )

holds as |z| → +∞ (z ∈ K \ E), where K is an arbitrary angle with vertex at z = 0 such that

K \ {0} ⊂ γ(F ).

Lower estimates of Dirichlet series absolutely
convergent in the half-plane

M. G. Pivkach and O. B. Skaskiv

Ivan Franko National University of Lviv, Lviv, Ukraine

michael@mukachevo.net, matstud@franko.lviv.ua

Let S0(λ) be the class of Dirichlet series of the form F (z) =
∑+∞

n=0 ane
zλn , λ = (λn), 0 ≤ λ0 <

λn ↑ +∞ (n → +∞), absolutely convergent in the half-plane {z = σ + it ∈ C : σ < 0, t ∈ R}.
For F ∈ S0(λ) and σ < 0 we put

µ(σ, F ) = max{|an|eσλn : n ≥ 0}, ν(σ, F ) = max{n : µ(σ, F ) = |an|eσλn},

Λ(σ, F ) = λν(σ,F ). Furthermore, suppose that the conditions

lim
n→+∞

lnn

lnλn
= α < 1, λn+1 − λn ≥ d > 0 (n ≥ 0) (1)

and
lim
σ→0−

|σ|γΛ(σ, F ) > 1, (2)

hold, where γ > 1
1−α . We de�ne κ(σ, θ) = κγ(σ, θ) = max{Λ(θ), (θ − σ)−γ}, and

k(σ) = min
θ∈(σ;0)

κ(σ, θ).

Theorem. If F ∈ S0(λ) and conditions (1), (2) hold, then (∀ε ∈ (0; 1 − α)) (∃ σ0 ∈ (−∞; 0))

(∀ a = σ + iτ ∈ F−1(0), σ ≥ σ0) (∃ r(a), r(a) ≤ e−kδ(a), δ < ε) (∀ z ∈ ∂K(a, r(a))) :

|F (z)| > e−k
α+ε(σ)µ(σ, F ), (3)

where K(a, r(a)) = {z : |z − a| < r(a)}, and the inequality (3) is satis�ed for all

z 6∈
⋃
a∈F−1(0)K(a, r(a)), Re z = σ ≥ σ0.
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On logarithmic residue of monogenic functions in
a three-dimensional harmonic algebra with

a two-dimensional radical

S. A. Plaksa and V. S. Shpakivskyi

Institute of Mathematics of NASU, Kyiv, Ukraine

plaksa@imath.kiev.ua, shpakivskyi@mail.ru

For monogenic (continuous di�erentiable in the sense of Gateaux) functions taking values in a
three-dimensional harmonic algebra A3 with a two-dimensional radical the logarithmic residue is
calculated. It is established that the logarithmic residue depends not only on zeros and singular
points of the function, but also on points in which the function takes values in the radical of
harmonic algebra.

Asymptotic properties and integral means of functions
conjugate to subharmonic functions

L. R. Politylo and Ya. V. Vasyl'kiv

Ivan Franko National University of L'viv, L'viv, Ukraine

ljupol7@gmail.com, yavvasylkiv@gmail.com

For the pair of functions F(z) := u(z)+ iŭ(z) [1], where u(z) is a subharmonic function in C,
harmonic in some neighbourhood of z = 0, u(0) = 0, and ŭ(z) is the conjugate to u(z), estimates
of qth Lebesgue integral means mq(r,F) (1 ≤ q ≤ 2) obtained in [4] are substantially improved.
Namely, the following theorem is proved.

Theorem 1. Let 0 < r < +∞, 0 < δ < 1/2, 0 < ε(r) < 1, ε(r) be a non-increasing function on

(0,+∞), ε(0) = 1, γ(r) = 1 + ε(r), u be a subharmonic function in C, 0 6∈ suppµ[u], u(0) = 0.
Then

mq(r,F) ≤ T
(
γ2(r)r, u

) C(q, δ)

(ε(r))δ(−1+2/q)++1−(1/q)
, 1 ≤ q < +∞,

where C(q, δ) is a positive constant such that lim
δ→+0

C(·, δ) = +∞ , lim
q→+∞

C(q, ·) = +∞, T (r, u)

is Nevanlinna's characteristic, µ[u] is the Riesz measure associated with u.
Let

q(z) = F ′ (z)
F(z) = 1

2π

2π∫
0

u(Reiθ) 2Reiθ

(Reiθ−z)2 dθ +
∫

|a|<R

R2−|a|2
(z−a)(R2−az) dµa[u], 0 < r = |z| < R,

ck(r, w) = 1
2π

2π∫
0

e−ikθw(reiθ) dθ, γk =
1

k!

dk

dzk
F(z)

∣∣∣
z=0

, k ∈ Z.

Theorem 2. Let u be a subharmonic function in C, 0 /∈ supp µ[u], u(0) = 0, 0 < r < R, k ∈ N,
w(z) = z · q(z). Then

c0(r,Re w) = n(r, u), c0(r, Im w) = 0,

ck(r,Re w) = k
2γkr

k + 1
2

∫
|a|≤r

((
r
a

)k
+
(
a
r

)k)
dµa[u], k ≥ 1,

ick(r, Im w) = k
2γkr

k + 1
2

∫
|a|≤r

((
r
a

)k − (ar )k) dµa[u], k ≥ 1,

ck(r,Re w) = c−k(r,Re w), ick(r, Im w) = c−k(r, Im w), k ≤ −1.
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Let

J1(reiθ, u) =

∫ r

0

F(teiθ)

t
d t, J2(reiθ, u) =

∫ r

0

J1(teiθ, u)

t
d t,

w(reiθ) = reiθq(reiθ), r > 0, θ ∈ [0, 2π].

For vr(e
iθ) := v(reiθ) ∈ L1(S), S = {z ∈ C : |z| = 1}, by ck(r, v), r > 0, k ∈ Z, we denote the

Fourier coe�cients of the function vr(e
iθ): ck(r, v) =

1

2π

2π∫
0

vr(e
iθ)e−ikθ d θ.

Let λ(r) be a growth function, ΛS(λ) be the class of subharmonic functions of �nite λ-type.

µ0 = lim inf
r→∞

rλ′(r)
λ(r) , ρ0 = lim sup

r→∞

rλ′(r)
λ(r) . Then the next theorem is valid

Theorem 3. Let u ∈ ΛS(λ), 0 < µ0 ≤ ρ0 < +∞. Then

I. The following are equivalent:

(A1) ∀ k ∈ Z ∃E ∈ E0 ∃ lim
E 63r→+∞

ck(r,Rew)/ν(r)
def
= a1

k;

(A2) ∀ k ∈ Z ∃ lim
r→+∞

ck(r, u)/λ(r)
def
= a2

k;

(A3) ∀ k ∈ Z ∃ lim
r→+∞

ck(r,Re J1)/λ1(r)
def
= a3

k;

(A4) ∀ k ∈ Z ∃ lim
r→+∞

ck(r,Re J2)/λ2(r)
def
= a4

k.

And a1
k = a2

k = a3
k = a4

k.

II. The following are equivalent

(B1) ∀ k 6= 0 ∃ lim
r→+∞

ck(r, Imw)/λ(r)
def
= b1k;

(B2) ∀ k 6= 0 ∃ lim
r→+∞

ck(r, ŭ)/λ1(r)
def
= b2k;

(B3) ∀ k 6= 0 ∃ lim
r→+∞

ck(r, Im J1)/λ2(r)
def
= b3k.

And b1k = b2k = b3k.
III. Assertions (Aj), j ∈ {1, 2, 3, 4}, is equivalent to the assertions (Bl), l ∈ {1, 2, 3}. If

a
(j)
k = ck, j ∈ {1, 2, 3, 4}, b

(l)
k = c̃k, l ∈ {1, 2, 3}, then ck = i c̃k/k.

1. A. A. Kondratyuk, Ya. V. Vasyl'kiv. Conjugate of subharmonic function // Mat. Stud. � 2000. �
V.13, �2. � P. 173�180.

2. M. L. Sodin. On asymptotical regularity of growth of subharmonic functions of �nite order //
Ukr. math. jour. � 1984. � V. 36, � 5. � P. 646�650.

3. Ya. V. Vasyl'kiv. Asymptotic behavior of logarithmic derivative and logarithm of meromorphic
functions of completely regular growth in Lp[0, 2π]-metric. I // Mat. Stud. � 1999. � V. 12, �
1. � Ñ. 37�58.

4. Ya. V. Vasyl'kiv, L. R. Politylo. Integral means of functions conjugate to subharmonic functions
// Visnyk Lviv. Univ., Ser. Mech. Math. � 2010. � Is. 72 � P. 47�62.

5. Ya. V. Vasyl'kiv., L. R. Politylo, Integral means of functions conjugate to subharmonic functions.
II // Visnyk Lviv. Univ., Ser. Mech. Math. � 2011. � Is. 74 � P. 34�40.



International Conference dedicated to the 120-th anniversary of Stefan Banach 153

Monogenic functions in a three-dimensional harmonic
algebra with one-dimensional radical

R. P. Pukhtaievych

Institute of Mathematics of NASU, Kyiv, Ukraine p_r_p@mail.ru

Let A2 be a three-dimensional commutative associative Banach algebra over the �eld of
complex numbers C. Let {I1, I2, ρ} be a basis of the algebra A2 with the multiplication table
I1

2 = I1, I2
2 = I2, I1I2 = ρ2 = I1ρ = 0, I2ρ = ρ. The unit of A2 is represented as the sum of

idempotents: 1 = I1 + I2.
The algebra A2 is harmonic because there exist harmonic bases {e1, e2, e3} in A2 satisfying

the condition e1
2 + e2

2 + e3
2 = 0 and e2

k 6= 0, k = 1, 2, 3. We consider a harmonic basis of the
form e1 = 1, e2 = iI1 + ρ, e3 = iI2.

Let E3 := {ζ = xe1 + ye2 + ze3 : x, y, z ∈ R} be a linear span over the �eld of real numbers
R. Associate with a set Ω ⊂ R3 the set Ωζ := {ζ = xe1 + ye2 + ze3 : (x, y, z) ∈ Ω} in E3.

We say that a continuous function Φ : Ωζ → A2 is monogenic in a domain Ωζ ⊂ E3 if Φ is
di�erentiable in the sense of Gateaux in every point of Ωζ , i.e. if for every ζ ∈ Ωζ there exists
an element Φ′(ζ) ∈ A2 such that

lim
ε→0+0

(Φ(ζ + εh)− Φ(ζ)) ε−1 = hΦ′(ζ) ∀h ∈ E3.

Consider the linear continuous multiplicative functionals f1 : A2 → C and f2 : A2 → C that
have the maximal ideals I1 := {α1I2 + α2ρ : α1, α2 ∈ C} and I2 := {β1I1 + β2ρ : β1, β2 ∈ C} as
their kernels, respectively.

Theorem 1. If a domain Ω ⊂ R3 is convex in the direction of the axes Ox and Oy, then every

monogenic function Φ : Ωζ → A2 can be represented in the form

Φ(ζ) = F1(x+ iy) I1 + F2(x+ iz)I2 +
(
yF ′2(x+ iz) + F0(x+ iz)

)
ρ,

∀ζ = xe1 + ye2 + ze3 ∈ Ωζ ,

where F0 is complex-valued analytic function in the domain D1 := f1(Ωζ) and F1, F2 are complex-

valued analytic functions in the domain D2 := f2(Ωζ).

Theorem 2. If a domain Ω ⊂ R3 is convex in the direction of the axes Ox and Oy, then
every monogenic function Φ : Ωζ → A2 can be continued to a function monogenic in the domain

Xζ := {ζ = xe1 + ye2 + ze3 : x+ iy ∈ D1, x+ iz ∈ D2}.

Theorem 3. For every monogenic function Φ : Ωζ → A2 in an arbitrary domain Ωζ , the Gateaux

n-th derivative Φ(n) is a monogenic function in Ωζ for any n and the function Φ satis�es the

three-dimensional Laplace equation(
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

)
Φ(xe1 + ye2 + ze3) = 0.
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Subharmonic functions in the ball that grow near a
part of the sphere

L. Radchenko and S. Yu. Favorov

V. N. Karazin Kharkiv National University, Kharkiv, Ukraine

rad_lud@mail.ru

It is well known that the Reisz measure µ of every bounded subharmonic function in the unit
disk D satis�es the condition:

∫
D(1− |λ|)dµ(λ) <∞.

In 2009 S. Favorov and L. Golinskii found an analog of this result for subharmonic functions
growing near a part of the boundary E ⊂ ∂D. Namely, they got a sharp estimate for the Reisz
measure in the case of subharmonic functions that grow as dist(z, E)−q.

In our talk we consider the case of subharmonic functions in the unit ball B ⊂ Rk that have
an arbitrary growth near a part of the boundary E ⊂ ∂B.

To the theory of the Orlich-Sobolev classes

V. I. Ryazanov

Institute of Applied Mathematics and Mechanics NASU, Donets'k, Ukraine

vlryazanov1@rambler.ru

It is given a survey of results of the Donetsk school in the mapping theory on the local and
boundary behavior of mappings in the Sobolev classes and in the Orlich-Sobolev classes. In
this connection, I would like to mention here Elena Afanas'eva (Smolovaya), Denis Kovtonyuk,
Tat'yana Lomako, Igor Petkov, Ruslan Salimov and Evgeny Sevost'yanov.

The study of the Orlicz-Sobolev classes W 1,h
loc is due to Calderon who established the di-

�erentiability a.e. of their continuous representatives under a certain condition on the function
h. The Calderon condition was precise. However, it is turned out to be that this condition
on h can be weakened for the continuous open mappings in W 1,h

loc and the new condition on h
of the Calderon type is again precise. This is a generalization of the well-known theorems of
Gehring-Lehto-Mencho� in the plane and of V�ais�al�a in Rn, n > 2. Moreover, under the same
condition on h each continuous mappingW 1,h

loc has the (N)-property by Lusin on a.e. hyperplane.
It is showed on this basis that under the given condition on h the homeomorphisms f with �nite
distortion in the Orlicz-Sobolev classes W 1,h

loc and, in particular, in the Sobolev classes W 1,p
loc with

p > n− 1 are the so-called lower Q-homeomorphisms where Q(x) is equal to its outer dilatation
Kf (x) as well as the so-called ring Q∗-homeomorphisms with Q∗(x) = [Kf (x)]n−1.

This makes possible to apply our earlier theories of the local and boundary behavior of the ring
and lower Q-homeomorphisms to homeomorphisms with �nite distortion in the Orlicz-Sobolev
classes, see e.g. the monographs [1]�[2], the papers [3]�[4] and further references therein. We
have found also interesting applications of these theories to the theory of the Beltrami equations
in the complex plane, see e.g. [5].

1. Gutlyanskii V., Ryazanov V., Srebro U. and Yakubov E., The Beltrami Equation: A Geometric
Approach, Developments in Mathematics, Vol. 26, Springer, New York etc., 2012.

2. Martio O., Ryazanov V., Srebro U. and Yakubov E., Moduli in Modern Mapping Theory, Springer
Monographs in Mathematics, Springer, New York etc., 2009.
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3. Kovtonyuk D., Ryazanov V., Salimov R., Sevost'yanov E., On mappings in the Orlicz-Sobolev
classes, arXiv:1012.5010, 12 Jan 2011, 69 pp.

4. Sevost'yanov E. and Ryazanov V., On convergence and compactness of space homeomorphisms,
arXiv:1207.1231, 7 Jul 2012, 20 pp.

5. Kovtonyuk D.A., Petkov I.V. and Ryazanov V.I., On the Dirichlet problem for the Beltrami
equations in �nitely connected domains, Ukr. Math. J. 64 (2012), no. 7, 1�13.

About some properties of space mappings

Ruslan Salimov

Institute of Applied Mathematics and Mechanics of NASU, Donets'k, Ukraine

ruslan623@yandex.ru, salimov07@rambler.ru

Recall that a Borel function ρ : Rn → [0,∞] is said to be admissible for family Γ of paths γ
in Rn, if ∫

γ

ρ(x) |dx| ≥ 1

for all paths γ ∈ Γ. In this case we write ρ ∈ adm Γ. The p-modulus Mp(Γ) of Γ is de�ned as

Mp(Γ) = inf
ρ∈adm Γ

∫
Rn

ρp(x)dm(x)

interpreted as +∞ if adm Γ = ∅. Here the notation m refers to the Lebesgue measure in Rn.
Let Q : G → [0,∞] be a measurable function. A homeomorphism f : G → G′ is called a

Q-homeomorphism with respect to the p-modulus if

Mp(fΓ) ≤
∫
G

Q(x)%p(x)dm(x)

for every family Γ of paths in G and every admissible function % for Γ.

Theorem. Let G and G′ be domains in Rn, n ≥ 2, and Q : G→ [0,∞] be a measurable function
such that

Q0 = lim
r→0

1

Ωnεn

∫
B(x0,ε)

Q(x) dm(x) <∞.

Then for every Q-homeomorphism f : G→ G′ with respect to the p-modulus, n− 1 < p < n,

L(x0, f) = lim sup
x→x0

|f(x)− f(x0)|
|x− x0|

≤ λn,pQ
1

n−p
0

where λn,p is a positive constant that depends only on n and p.
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On exceptional sets in the Wiman-Valiron theory

T. M. Salo1 and O. B. Skaskiv2

1National University "Lvivs'ka Politechnica", L'viv, Ukraine, salo t@mail.ru
2Ivan Franko National University of L'viv, L'viv, Ukraine matstud@franko.lviv.ua

Let H(λ) be the class of entire Dirichlet series F (z) =
∞∑
n=0

ane
zλn , where λ = (λn), 0 = λ0 <

λn ↑ +∞ (1 ≤ n→ +∞). For F ∈ H(λ) and x ∈ R we denote M (x ,F ) = sup{|F (x+ iy)| : y ∈
R}, m(x ,F ) = inf{|F (x+ iy)| : y ∈ R}, µ(x ,F ) = max{|an|exλn : n ≥ 0}.

For a Lebesgue measurable set E ⊂ [0; +∞) we denote mes(E) =
∫
E dx, mes`(E) =∫

E l(x)dx, dh(E) = lim
x→+∞

h(x) mes(E), dh,`(E) = lim
x→+∞

h(x) mes`(E), where h, l are positive

continuous functions increasing to +∞ on [0,+∞).
Let H(λ,Φ) be the subclass of H(λ) de�ned by the condition (∃K = KF > 0) : lnµ(x, F ) ≥

KxΦ(x) (x ≥ x0), where Φ is a positive continuous function increasing to +∞ on [0,+∞), φ is

the inverse to Φ function and h(φ(x))
x lnx→ 0, h(2x) = O(h(x)), x→ +∞.

Theorem 1 ([1]). Let F ∈ H(λ,Φ). If

(∀b > 0) : lim
x→+∞

h(x)
∑

λn>bΦ(x)

1

λn+1 − λn
= 0, (1)

then the relations M(x, F ) = (1 + o(1))µ(x, F ), M(x, F ) = (1 + o(1))m(x, F ) hold as x→ +∞
outside a set E, dh(E) = 0.

This characterization of an exceptional set E is the best possible (in some sense) in the class
H(λ,Φ).

Theorem 2. Let Φ(x) = xα (α > 0). For every positive continuous function ` increasing

to +∞ on [0,+∞) there exist a sequence λ satisfying (1), a function F ∈ H(λ,Φ), a constant

d > 0, and a set E such that (∀x ∈ E) : F (x) > (1 + d)µ(x, F ), F (x) > (1 + d)m(x, F ) and

dh,`(E) > 0.

1. Ñàëî Ò.Ì. Ïðî âèíÿòêîâó ìíîæèíó â àñèìïòîòè÷íié ðiâíîñòi ñóìè i ìàêñèìàëüíîãî ÷ëåíà
öiëîãî ðÿäó Äiðiõëå øâèäêîãî çðîñòàííÿ // Ìàò. ñòóäi¨. � 2001. � Ò. 15, �1. � C.57�64.

Extremal problems of approximation theory of
holomorphic functions on the upper half-plane

V. V. Savchuk and S. O. Chaichenko

Institute of Mathematics of NASU, Kyiv, Ukraine savchuk@imath.kiev.ua

Let Hp, 1 ≤ p < ∞, be the Hardy space of functions f holomorphic in the upper half-plane
C+ := {z ∈ C : Im z > 0} with the �nite norm

‖f‖p = sup
y>0

(∫ ∞
−∞
|f(x+ iy)|pdx

π

)1/p

.
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Let a := {an}∞n=0 be a sequence of points in C+ among which there may be points of �nite or
even in�nite multiplicity. A system Φ := {Φn}∞n=0 of functions Φn of the form

Φ0(z) :=

√
Im a0

z − a0
, Φn(z) :=

√
Im an
z − an

n−1∏
k=0

χk
z − ak
z − ak︸ ︷︷ ︸

=:Bn(z)

, n = 1, 2, . . . ,

where Bn is a Blaschke n-product and χk = |1 + a2
k|/(1 + a2

k), is called a Takenaka-Malmquist
orthonormal system (TM system) of H2-functions generated by the sequence a.

We construct the best linear method for pointwise approximation of functions f ∈ Hp based
on the Fourier expansions by the TM system:

f ∼
∞∑
k=0

f̂kΦk, f̂k :=

∫ ∞
−∞

f(t)Φk(t)
dt

π
.

Set

λk,n,p(z) := 1− z − ak
(2i Im z)2/p

n−1∏
j=k

z − aj
z − aj

∫ ∞
−∞

n−1∏
j=k

t− aj
t− aj

(t− z)2/p

t− ak
Im z

|t− z|2
dt

π
.

Theorem. Suppose that Φ is a TM system and 2 ≤ p <∞. Then for any z ∈ C+

inf

{
sup

{∣∣∣∣∣f(z)−
n−1∑
k=0

µk,n(z)f̂kΦk(z)

∣∣∣∣∣ : f ∈ Hp, ‖f‖p ≤ 1

}
: µk,n

}
=

= sup

{∣∣∣∣∣f(z)−
n−1∑
k=0

λk,n,p(z)f̂kΦk(z)

∣∣∣∣∣ : f ∈ Hp, ‖f‖p ≤ 1

}
=
|Bn(z)|

(4 Im z)1/p
,

where in�mum is taken over all continuous functions µk,n : C+ → C.
Obviously, the values of the operator f 7→

∑n−1
k=0 λk,p,nf̂kΦk interpolate the function f ∈ Hp

at the points a with the corresponding multiplicity.

The analogue of John's theorem for weighted spherical
means on a sphere

Irina Savostyanova and Vitaliy Volchkov

Donets'k National University, Donet'sk, Ukraine cavost@mail.ru

Generalizations of the class of functions having zero integrals over balls of a �xed radius are
studied. An analogue of John's uniqueness theorem for weighted spherical means on a sphere is
obtained.

Let r be a �xed number from the interval (0;π) and r < R.

Theorem. Consider the class functions from unit two-dimensional sphere in R3 locally integrated

on an open geodetic ball (a spherical hat) of radius R centered at the point o = (0, 0, 1). Suppose
that these functions have zero integrals over all closed geodetic balls of radius r, laying in a sphere

of radius R with the weighted function of the form of a complex polynomial of degree M . If the

functions vanish in a ball of radius r then they vanish in a ball of radius R.
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About removable singularities of the mappings with
non-bounded characteristics

E. A. Sevost'yanov

Institute of Applied Mathematics and Mechanics of NASU, Donets'k, Ukraine

brusin2006@rambler.ru, esevostyanov2009@mail.ru

Let D be a domain in Rn, n ≥ 2. A mapping f : D → Rn is said to be a discrete if the
preimage f−1 (y) of every point y ∈ Rn consists of isolated points, and an open if the image of
every open set U ⊆ D is open in Rn . Let I = [a, b]. Given a recti�able closed curve α : I → Rn
we de�ne a length function lα(t) by the rule lα(t) = S (α, [a, t]) , where S(α, [a, t]) is a length of
the curve α|[a,t]. A normal representation α0 of α can be de�ned as a curve α0 : [0, l(α)] → Rn
which is can be got from α by change of parameter such that α(t) = α0 (S (α, [a, t])) . Let
f : D → Rn be a discrete mapping, β : I0 → Rn be a closed recti�able curve and α : I → D such
that f ◦ α ⊂ β. There exists a unique function α ∗ : lβ(I)→ D such that α = α ∗ ◦ (lβ|I). In this
case we say that α ∗ to be a f�representation of α with respect to β. We say that a property P
holds for almost every (a.e.) curves γ in a family Γ if the subfamily of all curves in Γ for which
P fails has modulus zero. Recall that f ∈ ACP if and only if a curve γ̃ = f ◦ γ is recti�able
for a.e. closed curves γ in D and a path γ̃ = f(γ0(s)) is absolutely continuous for a.e. closed
paths γ in D; here γ0(s) denotes the normal representation of γ de�ned as above. A curve γ
in D is called here a lifting of a curve γ̃ in Rn under f : D → Rn if γ̃ = f ◦ γ. We say that a
discrete mapping f is absolute continuous on curves in the inverse direction, abbr. ACP−1, if
for a.e. closed curves γ̃ a lifting γ of γ̃ is recti�able and the corresponding f�representation γ ∗

of γ is absolutely continuous. Recall that a mapping f : D → Rn is said to have the N�property

(of Luzin) if m (f (S)) = 0 whenever m(S) = 0 for all such sets S ⊂ Rn. Similarly, f has the
N−1�property if m

(
f −1(S)

)
= 0 whenever m(S) = 0.

The inner dilatation of f at the point x is de�ned as KI(x, f) = |J(x,f)|
l(f ′(x))n

, if J(x, f) 6= 0,

KI(x, f) = 1, if f ′(x) = 0, and KI(x, f) =∞ otherwise. We say that a function ϕ : D → R has
a �nite mean oscillation at the point x0 ∈ D, write ϕ ∈ FMO(x0), if

lim sup
ε→0

1
Ωn·εn

∫
B(x0,ε)

|ϕ(x)− ϕε| dm(x) <∞, where ϕε = 1
Ωn·εn

∫
B(x0, ε)

ϕ(x) dm(x).

Theorem. Let b ∈ D and f : D \ {b} → Rn be an open, discrete, di�erentiable a.e. mapping

having N, N−1, ACP and ACP −1 properties. Suppose that there exists δ > 0 such that |f(x)| ≤
C1

(
log 1

|x−b|

)p
for every x ∈ B(b, δ) \ {b} and some constants p > 0 and C1 > 0. Suppose that

KI(x, f) ∈ FMO(b) or KI(x, f) ≤ C2 · logn−1 1
|x−b| a.e. Then a point b is either a removable

singularity, or a pole of the mapping f.

On an extremal problem in analytic spaces in Siegel
domains

R. F. Shamoyan

Bryansk State Technical University, Bryansk, Russia romishamoyan@gmail.com
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On modi�ed generalized orders of entire Dirichlet series
and characteristic functions of probability laws

M. M. Sheremeta and L. V. Kulyavets

Ivan Franko National University of L'viv, L'viv, Ukraine m_m_sheremeta@list.ru

For an entire Dirichlet series F (s) =
∞∑
n=0

anexp{sλn} letM(σ, F ) = sup {|F (σ + it)| : t ∈ R} .

Let L denote the class of positive continuons functions that increase to +∞ on [x0; +∞). We
say that α ∈ L0, if α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞, and α ∈ Lïç, if
α ∈ L and α(cx) = (1 + o(1))α(x) as x→ +∞ for each c ∈ (0; +∞).

M. M. Zelisko in 2007 proved that if α ∈ Lïç and β ∈ L0 and ln k = o(xkβ
−1cα(xk))) as

k →∞ for each c ∈ (0; +∞), then

lim
σ→∞

1

β(σ)
α

(
lnM(σ, F )

σ

)
= lim

k→∞

α(λk)

β
(

1
λk

ln 1
|ak|

) . (1)

The goal of our talk is to prove that in this result the conditions α ∈ Lïç and β ∈ L0 can be
replaced by α ∈ L0 and β ∈ Lïç. Moreover, a similar result is true under certain conditions, if
in (1) lim is replaced by lim .

The result of this type are applied to study the increase of entire characteristic functions of
a step-function probability distribution.

The upper estimates for some classes of Dirichlet series

O. B. Skaskiv and O. Yu. Zadorozhna

Ivan Franko National University of L'viv, L'viv, Ukraine

matstud@franko.lviv.ua, olzadorozhna@gmail.com

Let Λ = (λn)∞n=0 be a sequence of nonnegative numbers such that 0 = λ0 < λn < λn+1 (1 ≤
n ↑ +∞) and Sa(Λ) be the class of Dirichlet series of the form F (z) =

∑+∞
n=0 ane

zλn , z = σ+ it,
absolutely convergent in the complex half-plane {z = σ+ it ∈ C : σ < a, t ∈ R}, −∞ < a ≤ +∞,
For F ∈ Sa(Λ) and σ < a we de�ne by M(σ, F ) = sup{|F (σ + it)| : t ∈ R} the maximum
modulus of the function F and by µ(σ, F ) = max{|an| exp{σλn} : n ≥ 0} the maximal term.

The class of nonnegative continuous on [0; +∞) functions l(x) such that l(x) → +∞ (x →
+∞) is denoted by L0, the subclass of functions l ∈ L0 such that l(x)↗ +∞ as 0 ≤ x ↑ +∞ is
denoted by L. A subclass of functions l ∈ L0 such that

x
l(x) ↗ +∞ (x→ +∞) is denoted by L1.

We introduce the following classes of Dirichlet series. For ψ ∈ L by Sψ(Λ) we denote the

class of entire Dirichlet series (i.e. F ∈ S(Λ)
def
= S+∞(Λ)) such that ]{n : an 6= 0} = +∞ and

|an| ≤ exp{−λnψ(λn)} (n ≥ n0). For ψ ∈ L1 by S0
ψ(Λ) we denote the class of Dirichlet series

F ∈ S0(Λ) such that |an| ≤ exp
{

λn
ψ(λn)

}
(n ≥ n0).

Theorem 1 ([1]). Let ψ ∈ L, h ∈ L0, lim
n→∞

ln n
λnψ(λn) = q < 1. If the condition

(∀l1, l2 ∈ L)(∃n0)(∀n ≥ n0) : n < l1(n) + h
(
l2(n)ψ(λn)

)
. (1)
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holds, then

(∀d ∈ L0)(∀F ∈ Sψ(Λ))(∃x0)(∀x ≥ x0) : M(x, F ) < µ(x, F )h(xd(x)).

The following result is an analogue of Theorem 1 for the class S0(Λ).

Theorem 2 ([1]). Let ψ ∈ L1, h ∈ L0, lim
n→+∞

lnn
λn
ψ(λn) = q < +∞. If condition (1) holds, then

(∀d ∈ L0)(∀F ∈ S0
ψ(Λ))(∃x0 < 0)(∀x ∈ (x0, 0)) : M(x, F ) < µ(x, F )h

(d(1/|x|)
|x|

)
.

1. Skaskiv O. B., Zadorozhna O. Yu. Two open problems for absolutely convergent Dirichlet series
// Mat. Stud. � 2012. � V.38, �1. � P.106�112.

A new description of an exceptional set in asymptotic
estimates for Laplace�Stielties integrals

O. B. Skaskiv1 and D. Yu. Zikrach2

1Ivan Franko National University of L'viv, matstud@franko.lviv.ua
2Ukrainian Academy of Printing, L'viv, Ukraine zikrach.dm@gmail.com

For x, y ∈ Rp+, p ≥ 2, R+ = (0,+∞), we denote

〈x, y〉 =
∑p

i=1 xiyi, |x| =
(∑p

i=1 x
2
i

) 1
2 , ‖x‖ =

∑p
i=1 xi.

For the measure θp = P × dt, i.e. the direct product of a probability measure P on S1 = {x ∈
Rp+ : |x| = 1} and Lebesgue measure dt on [0,+∞), and a θp-measurable set E ⊂ Rp+, by θp(E) we
denote θp-measure of E, in particular, θp(Rp+) = +∞. Let ν be a countably additive nonnegative
measure on Rp+ with an unbounded support supp ν, f(x) an arbitrary nonnegative ν-measurable
function on Rp+. By ν(E) we denote ν-measure of a ν-measurable set E ⊂ Rp,

ν0(t) = ν({x ∈ Rp+ : ‖x‖ ≤ t}).
The class of nonnegative continuous functions ψ(t) on [0,+∞) such that ψ(t) ↗ +∞ as

t → +∞ is denoted by L+; L2 is the class of di�erentiable concave functions ω ∈ L+ such that
t−1 = O(ω′(t)) (t→ +∞).

By Ip(ν) we denote the class of function F : Rp → [0,+∞) of the form

F (σ) =

∫
Rp+

f(x)e〈σ,x〉ν(dx), σ ∈ Rp.

For F ∈ Ip(ν) we de�ne µ∗(σ, F ) = sup{f(x)e〈σ,x〉 : x ∈ supp ν}.

Theorem. Let F ∈ Ip(ν), ω ∈ L2, h(t) be the inverse function to 1
ω′(t) . If the condition

+∞∫
0

dh(ln ν0(t))

t
< +∞

holds, then there exists a set E such that θp(E ∩K) < +∞ and the relation

ω(lnF (σ))− ω(lnµ∗(σ, F )) ≤ o(1)

holds as |σ| → +∞ (σ ∈ K\E), where K is an arbitrary real cone in Rp+ with the vertex at the

point O such that K\{O} ⊂ Rp+.
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Three-term power asymptotic for a Dirichlet series
absolutely convergent in the halfplane

Yulia Stets and Myroslav Sheremeta

Ivan Franko National University of L'viv, L'viv, Ukraine yuliastets@mail.ru

For a Dirichlet series F (s) =
∞∑
n=0

ane
sλn with zero abscissa of absolute convergence, we put

M(σ, F ) = sup{|F (σ + it)| : t ∈ R} and µ(σ, F ) = max{|an|eσλn : n ≥ 0}.

Theorem 1. In order that

lnµ(σ, F ) =
T1

|σ|ρ1
+

T2

|σ|ρ2
+

(τ + o(1))

|σ|ρ
, σ ↑ 0,

where T1 > 0, T2 ∈ R \ {0}, τ ∈ R \ {0}, 0 < ρ < ρ2 < ρ1 < +∞, it is necessary, and in

the case when ρ ≥ 2ρ2 − ρ1 is su�cient that for every ε > 0:
1) there exists a number n0(ε) such that for all n ≥ n0(ε)

ln |an| ≤ T1(ρ1 + 1)

(
λn
T1ρ1

) ρ1
ρ1+1

+ T2

(
λn
T1ρ1

) ρ2
ρ1+1

+ (τ∗ + ε)

(
λn
T1ρ1

)max{ρ,2ρ2−ρ1}
ρ1+1

;

2) there exists an increasing sequence (nk) of positive integers such that λnk+1
− λnk =

o

(
λ
ρ1+max{ρ,2ρ2−ρ1}+2

2(ρ1+1)
nk

)
, k →∞ and for all k ≥ k0

ln |ank | ≥ T1(ρ1 + 1)

(
λn
T1ρ1

) ρ1
ρ1+1

+ T2

(
λn
T1ρ1

) ρ2
ρ1+1

+ (τ∗ − ε)
(
λn
T1ρ1

)max{ρ,2ρ2−ρ1}
ρ1+1

,

where τ∗ = τI{ρ:ρ≥2ρ2−ρ1}(ρ)− (ρ2T2)2

2ρ1T1(ρ1 + 1)
I{ρ:ρ≤2ρ2−ρ1}(ρ), IE(ρ) is a characteristic function

of the set E.

Theorem 2. In order that correlations

lnµ(σ, F ) ≤ T1

|σ|ρ1
+

T2

|σ|ρ2
+

(τ + o(1))

|σ|ρ
, σ ↑ 0

and

lnM(σ, F ) ≤ T1

|σ|ρ1
+

T2

|σ|ρ2
+

(τ + o(1))

|σ|ρ
, σ ↑ 0

be equivalent, for any Dirichlet series with zero abscissa of absolute convergence and a sequence

of exponents (λn) , it is necessary and su�cient that ln n(t) = o(tρ/(ρ1+1)) as t→ +∞.
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Uniqueness sets of solutions of some mean value
equations

Olga Trofymenko

Donets'k National University, Donets'k, Ukraine odtrofimenko@gmail.com

The classical Gaussian theorem characterizes the class of harmonic functions by the mean
value formula. This theorem has received further development and elaboration in many papers
(see, for example, reviews by I. Netuka and J. Vesely, L. Zalcman and monographs [1, 2], with
extensive bibliography). One of the main ways in this study is a description for classes of
functions. I will consider the uniqueness theorem for solutions of the mean value equations. Also
the theorem which indicates sharpness of this uniqueness theorem will be considered.

1. V. V. Volchkov, Integral geometry and convolution equations, Kluwer, Dordrecht, 2003, 454 p.

2. V. V. Volchkov, Vit. V. Volchkov, Harmonic analysis of mean periodic functions on symmetric
spaces and the Heisenberg group, Springer-Verlag, London, 2009, 671 p.

On zeroes of analytic curves in the unit disc

Yu. S. Trukhan

Ivan Franko National University of L'viv, L'viv, Ukraine yurik93@mail.ru

Let f be an analytic curve in D = {z : |z| < 1}, i.e. each function fj is analytic in D. If
z ∈ D and fj(z) = 0 at least for one j = 1, . . . ,m then we put, as in [1], dF (z) = 0. If fj(z) 6= 0
for all j = 1, . . . ,m then let dF (z) be the radius of the largest disk centered at z in which any fj
does not vanish. Finally, for 0 ≤ r < 1 let T (r, f) be the usual Nevanlinna characteristic. Our
task is to estimate from below δ = sup{dF (z) : z ∈ D}. But for the unit disk it is more natural
to consider δl := sup{dF (z)l(|z|) : z ∈ D}, where l(r)↗ +∞ as r ↑ 1.

Here we consider only the case l(r) = (1− r)−p, p > 1.

Theorem. If p > 1 and max

{
lim
r→1

(1− r)2p−2T (r, fj) : j = 1, . . . ,m

}
= 0 then

δp := sup

{
dF (z)

(1− |z|)p
: z ∈ D

}
= +∞.

1. Bordulyak M.T., Sheremeta M.M., Trukhan Yu.S. On zeros of derivatives of an entire function //
Mat. Stud. � 2006. � V.25, No.2. � P.141�148.
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Integral mean of Green potentials and their conjugate

Ya. V. Vasyl'kiv and M. Ya. Kravec

Ivan Franko National University of L'viv, L'viv, Ukraine marjana_s@ukr.net

Let µ be a positive Borel measure on D such that 0 /∈ supp µ and
∫
D(1− |a|) dµa < +∞. By

Gµ(z) we denote Green's potential of the measure µ ([1]):

Gµ(z) =

∫
D

log

∣∣∣∣ a− z1− āz

∣∣∣∣ dµa, z ∈ D.

We set g(z) = Gµ(z)−Gµ(0), F (z) = g + iğ, where ğ is a function conjugated to g ([2]). Put

mq(r, F ) =

(
1

2π

∫ 2π

0
|F (reiθ)|qdθ

)1/q

, r > 0, 1 ≤ q < +∞.

Theorem 1. 10. For all r ∈ (0, 1) we have

m1(r, F ) ≤ 4

π

1∫
0

log
1

1− t
n(t, g)

t
dt+ 3

1∫
0

n(t, g)

t
dt.

20. The condition
1∫

0

log
1

1− t
n(t, g) dt < +∞

is su�cient for

sup
0<r<1

m1(r, F ) < +∞.

30. Let µ be a positive Borel measure supported by a ray. Then the condition (1) is necessary

and su�cient for (2).

40. There exists Green's potential Gµ such that the function m1(r, F ) is unbounded on (0,1).

Theorem 2. 10. For arbitrary q ∈ (1; +∞) there exists a constant M1(q) > 0 such that for

r ↗ 1

mq(r, F ) ≤M1(q)

 1

(1− r)1/q′

1∫
r

n(t, g)

t
dt+

1∫
0

n(rt, g)

(1− t)1/q′
dt

 .

20. Let Gµ(z) be Green's potential of a measure µ supported by a �nite system of k rays emanating
from the origin. Then for arbitrary q ∈ (1; +∞) there exists a constant M2(q) > 0 such that for

r ↗ 1

mq(r, F ) ≥ M2(q)

k

r∫
0

n(t, g)

(1− t)1/q′
dt.

30. Let Gµ(z) be Green's potential of a measure µ supported by a �nite system of radii, 1 < q <

+∞. Then the condition
1∫
0

n(t, g)

(1− t)1/q′
dt < +∞ is necessary and su�cient for boundedness of
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the function mq(r, F ) as r ↗ 1.
40. Let 1 < q < +∞ and

n(r, g) = O((1− r)−1/ql(r)), r ↗ 1,

where l(r) is some positive function on (0, 1) such that

1∫
0

(1− t)−1l(t)dt < +∞,

then

mq(r, F ) = O(1), r ↗ 1.

Conversely, let for Green's potential Gµ(z) of a measure µ supported by a �nite system of radii,

and (5) holds, 1 < q < +∞. Then there exists a positive function l(t) = lq(t), such that

lim
t→1−0

l(t) = 0, and (4) and (3) holds.

50. Let n(r, g) = O((1− r)−α), r ↗ 1, 0 < α ≤ α0.
à) If α0 < 1/q, 1 < q < +∞, then (5) holds.

á) If α0 ≥ 1/q, 1 < q < +∞, then there exists a Green's potential Gµ, satisfying
1∫
0

n(t, g)(1 −

t)−1/q′dt < +∞ and lim
r→1−0

mq(r, F ) = +∞.

1. Garnett J.B. Bounded analytic functions, Mir, Moscow, 1984 (in Russian).

2. Kondratyuk A.A. Conjugate of subharmonic function / A.A. Kondratyuk, Ya.V. Vasyl'kiv // Mat.
Stud. � 2000. � V. 13, �2. � P.173�180 (in Ukrainian).

Spherical means in annular regions in symmetric spaces

V. V. Volchkov and Vit. V. Volchkov

Donets'k National University, Donets'k, Ukraine valeriyvolchkov@gmail.com

Functions with zero integrals over all spheres which enclose a �xed ball are studied. We
propose a general approach to the problem on description of such functions on an arbitrary
two-point homogeneous space X.

We shall use realizations for X presented in [1, Chaps. 2,3]. Let d(·, ·) be a distance on X,
0 < r < R ≤ diamX, Br,R be the set of points x in X such that r < d(o, x) < R, Br be the open
geodesic ball of radius r in X centered at o. Denote by Zr,R the class of continuous functions in
Br,R having zero integrals over all geodesic spheres in Br,R which enclose Br. Each function f
of L1,loc(Br,R) has a Fourier expansion of the form

f(x) ∼
∞∑
k=0

MX(k)∑
m=0

dk,mX∑
j=1

fk,m,j(|x|)Y k,m
j (x/|x|)

(see [1, formula (11.9)]). De�ne the di�erential operator Ak,m as follows: Ak,m(ϕ) = ϕ if k = 0,
Ak,m(ϕ) = D(1 + 2αX , ρX) · · ·D(k + 2αX ,NX(k) + %X − 1)(ϕ) if k ≥ 1, m = 0, and

Ak,m(ϕ) = D(1 + 2αX , ρX) · · ·D(k −m+ 2αX ,NX(k −m) + ρX − 1)·
·D(k −m+ 1 + 2αX , αX + 1) · · ·D(k + 2αX , αX +m)(ϕ)
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if m ≥ 1, where (D(α, β)ϕ)(t) = t−α(1 + εXt
2)β+1(tα(1 + εXt

2)−βϕ(t))′t. The values of the
parameters with index �X� above are de�ned in [1, Chap. 11].

Theorem. Let f be a continuous function in Br,R. Then f belongs to Zr,R if and only if

Ak,m(fk,m,j)(|x|) = 0 in Br,R for all k,m, j.
Using the de�nition of Ak,m it is not di�cult to obtain explicit representations of the

coe�cients fk,m,j in the terms of linear combinations of functions of the form tα(1 + εXt
2)β ,

tα(1 + εXt
2)β ln(1 + εXt

2). Some special cases of the theorem were obtained by Globevnik
(X = R2), Epstein-Kleiner (X = Rn), V.V. Volchkov (X = Rn, X = HnR, X = HnC, X = HnH),
and Rawat-Srivastava (X = HnR) (see the references in [2,3]). These results have applications to
the support problem for the classical Radon transform. We also note that the method of the
proof of the theorem makes it possible to obtain a similar result for the twisted spherical means
on the phase space of the Heisenberg group (see [1, Chap. 12]).

1. V. V. Volchkov, Vit. V. Volchkov, Harmonic analysis of mean periodic functions on symmetric
spaces and the Heisenberg group, Springer-Verlag, London, 2009, 671 p.

2. V. V. Volchkov, Integral geometry and convolution equations, Kluwer, Dordrecht, 2003, 454 p.

3. V. V. Volchkov, Vit. V. Volchkov, O�beat integral geometry on symmetric spaces, Birkh�auser, to
appear.

On the growth of starlike functions

Mariia Yurkevych

Ivan Franko National University of L'viv, L'viv, Ukraine urkevych@gmail.com

Let S be the class of analytic univalent functions on D = {z : |z| < 1}, such that f(0) = 0,
f ′(0) = 1, and Fλ = {f ∈ S ,Re(e−iλzf ′(z)/f(z)) > 0, |z| < 1} be the class of λ-spirallike
functions. Note that F0 is the class of starlike functions.

For f ∈ S we denote by α(R, f) the length of the largest arc contained in the set {ζ ∈ ∂D :
Rζ ∈ f(D)}, and A(f) = limR→+∞ α(R, f).

Hansen [1] conjectured that

M(r, f) = O((1− r)−q0) if A(f) 6= 0

where q0 = 1
πA(f) cos2 λ.

Yong Chan Kim and Toshiyuki Sugawa [2] showed that this is not true in general:

Theorem A. Let λ ∈ (−π/2, π/2) and 0 < A < 2π. Then there is f ∈ Fλ with A(f) = A so

that M(r, f) = O[(1− r)q0 ] does not hold.
Proof of this theorem is based on the following lemma.

Lemma. Let g0(z) = 1
1−z log 1

1−z , |z| < 1. Then g0 is a starlike function with A(g0) = π and

satis�es

M(r, g0) �
log 1

1−r
1− r

, r → 1− .

A function ψ : [0,+∞)→ (0,+∞) is called slowly growing if ψ is nondecreasing and ∀c > 0

limx→+∞
ψ(cx)
ψ(x) = 1.
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Theorem. Let ψ be a slowly growing function, 0 < A < 2π. Then there exists a starlike function

f : D→ C with A(f) = A such that

M(f, r) ≥ 1

(1− r)A/π
1

(1− r)1/ψ( 1
1−r )

.

Using this result it is easy to generalize Theorem A of Kim and Sugawa.
Joint work with Igor Chyzhykov.

1. L.J.Hansen, The Hardy class of a spirallike function, Michigan Math.J. 18 (1971), 279�282.

2. Yong Chan Kim and Toshiyuki Sugawa, Correspondence between spirallike functions and starlike
functions, Math. Nachr. 285 (2012), No.2�3, 322�331.

Distortion estimates for quasihomographies of a Jordan
curve

J�ozef Zaj�ac

State School of Higher Education, Che lm, Poland jzajac@kul.lublin.pl

The boundary value problem for quasiconformal mappings of the upper half-plane onto itself
which keep the point at in�nity �xed, has been solved by Beurling and Ahlfors. Using it they
showed that the induced boundary homeomorphisms can be singular. Unfortunately the used
idea of quasisymmetric functions can not be applied to more general cases like unit circle, quasici-
rcles or arbitrary Jordan curve on the extended complex plane, since the quasisymmetry formula
is invariant under composition only with linear mappings. Introducing a new conformal invariant
called harmonic cross-ratio and then the family of sense preserving homeomorphisms of a given
oriented Jordan curve onto itself, called quasihomographies, the author solved the boundary
value problem for quasiconformal mappings in the general case of an arbitrary Jordan domain in
the extended complex plane. A research of this new family of representing uniformly boundary
values of quasiconformal automorphisms of arbitrary but oriented Jordan domain on the extended
complex plane brought a number of new results with the best estimates in the case of inequalities,
usually not available for quasiconformal automorphisms. This a new idea pointed also the tool-
set formed by certain special functions for which we proved several new results, mostly identities
necessary in our research. The idea of quasihomographies gives also possibility to formulate a
new model of the universal Teichmuller space related with a given oriented Jordan curve on the
extended complex plane whose metric is de�ned directly on the curve without extensions to the
complementary domains. Given set-curve one obtains then two Teichmuller spaces; one the left
and one the right- hand side space whose relationships will be studied as well.
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Integral geometry and Mizel's problem

Yu. B. Zelinskii

Institute of Mathematics of NASU, Kyiv, Ukraine zel@imath.kiev.ua

Some questions of integral geometry will be considered. Particular attention will be paid to
open problems related to Mizel's problem.

1. Zelinskii Y. B. Multivalued mappings in analysis. � Kiev: Naukova dumka, 1993. � 264 p.

2. Tkachuk M.V. Characterization of circle of Besicovitch-Danzer type // Ukr. Math. J. � 2008. �
V.60, No. 6. � P. 862�864.

3. Zelinskii Yu. Integral complex geometry // Bull. Soc. Sci. Lett. Lodz, Ser. Rech. Deform. �
2010. � V. 60, No. 3. � P.73�80.

4. Zelinskii Yu. Some questions of integral complex geometry //Bull. Soc. Sci. Lett. Lodz, Ser.
Rech. Deform. � 2011. � V.61, No. 3. � P. 15�22.

5. Zelinskii Yu.B., Tkachuk M.V., Klishchuk B.A. Integral geometry and Mizel's problem //
arXiv:1204.6287.

The asymptotic behaviour of Cauchy-Stieltjes integral
in the polydisc

O. A. Zolota1 and I. E. Chyzhykov2

1Drohobych Ivan Franko State Pedagogical University, Drohobych, Ukraine
2Ivan Franko National University of Lviv, Lviv, Ukraine

o.zolota@gmail.com, chyzhykov@yahoo.com

Let z = (z1, . . . , zn) ∈ Cn, n ∈ N, |z| = max{|zj | : 1 ≤ j ≤ n} be the polydisc norm. We
denote by Un = {z ∈ Cn : |z| < 1} the unit polydisc and by Tn = {z ∈ Cn : |zj | = 1, 1 ≤ j ≤ n}
the skeleton. For z ∈ Un, zj = rje

iϕj , w = (w1, . . . , wn) ∈ Tn, wj = eiθj , 1 ≤ j ≤ n we denote
Cα (z, w) =

∏n
j=1Cαj (zj , wj), where α = (α1, . . . , αn) , αj > 0, 1 ≤ j ≤ n, Cαj (zj , wj) =

1
(1−zjw̄j)αj

, Cαj (0, wj) = 1.

For ψ = (ψ1, . . . , ψn) ∈ [−π;π]n, γ = (γ1, . . . , γn) ∈ [0;π)n we de�ne the Stolz angle
Sγ (ψ) = ×nj=1Sγj (ψj), where Sγj (ψj) is the Stolz angle for the unit disc with the vertex eiψj ,
and opening γj , 1 ≤ j ≤ n.

Let ω : [0; 2π]n → R+ be a semi-additive continuous increasing function in each variable
vanishing if at least one of the arguments equals zero. We call ω a modulus of continuity.

A Borel set E ⊂ Tn is called a set of positive ω-capacity if there exists a nonnegative measure
ν on Tn such that

∫
E

dν =
∫
Tn
dν = 1 and

sup
x∈Rn

∫
[−π;π)n

dν
(
eit1 , . . . , eitn

)
ω (|t1 − x1| , . . . , |tn − xn|)

< +∞.

Otherwise, E is called a set of zero ω-capacity.
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Theorem. Let αj > 0, βj > 0, 1 ≤ j ≤ n, n ∈ N, ω be a modulus of continuity, and
1∫
0

. . .
1∫
0

ω(t1,...,tn)

t
α1+1
1 ·...·tαn+1

n

dt1 . . . dtn = +∞, µ be a complex-valued Borel measure with |µ| (Tn) < +∞.

Then ∣∣∣∣∣∣
∫
Tn

Cα (z, w) dµ (w)

∣∣∣∣∣∣ = o

logn
1

δ
·

1∫
|z1−eiψ1 |

. . .

1∫
|zn−eiψn |

ω (t1, . . . , tn) dt1 . . . dtn

tα1+1
1 · . . . · tαn+1

n

 ,

where δ → 0, |zj | = 1− δ
1
βj , z ∈ Sγ (ψ), for

(
eiψ1 , . . . , eiψn

)
∈ Tn except, possibly, a set of zero

ω-capacity.
We also constructed examples showing sharpness of the theorem, and a result of M. M. She-

remeta from [1].

1. Sheremeta M. M. On the asymptotic behaviour of Cauchy-Stieltjes integrals // Mat. Stud. −
1997. − V. 7, No. 2. − P. 175-178.

Necessary and su�cient conditions for the solvability of
the Gauss variational problem for in�nite dimensional

vector measures

Natalia Zorii

Institute of Mathematics of NASU, Kyiv, Ukraine zorii@imath.kiev.ua

We present our recent results on the Gauss variational problem for in�nite dimensional vector
measures on a locally compact space, associated with a condenser (Ai)i∈I . It has been shown
in [4] (see also [3]) that, if some of the plates (say A` for ` ∈ L) are noncompact then, in general,
there exists a vector a = (ai)i∈I , prescribing the total charges on Ai, i ∈ I, such that the problem
admits no solution.

Then, what is a description of the set of all vectors a for which the Gauss variational problem
is nevertheless solvable?

Such a characterization is obtained in [5] for a positive de�nite kernel satisfying Fuglede's
condition of perfectness; it is given in terms of a solution to an auxiliary extremal problem
intimately related to the operator of orthogonal projection onto the cone of all nonnegative
scalar measures supported by

⋃
`∈L A`.

The results are illustrated by examples pertaining to the Riesz kernels. Related numerical
experiments, presented in [1, 2], are also assumed to be discussed.

1. Harbrecht, H., Wendland, W.L., Zorii, N. Riesz minimal energy problems on Ck−1,1-manifolds.
Preprint Series Stuttgart Research Centre for Simulation Technology (2012).

2. Of, G., Wendland, W.L., Zorii, N. On the numerical solution of minimal energy problems. Complex
Variables and Elliptic Equations 55, 991�1012 (2010)

3. Zorii, N. Interior capacities of condensers in locally compact spaces. Potential Anal. 35, 103�143
(2011)

4. Zorii, N. Equilibrium problems for in�nite dimensional vector potentials with external �elds.
Potential Anal., DOI:10.1007/s11118-012-9279-8

5. Zorii, N. Necessary and su�cient conditions for the solvability of the Gauss variational problem
for in�nite dimensional vector measures. ArXiv:1207.0604.
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The conditions of the 2-similarity of operators which
are left inverse to the second degree of the integration

Taras Zvozdetskyi and Oksana Havryliv

Chernivtsi National University, Chernivtsi, Ukraine taras_zv@ukr.net

We obtain necessary and su�cient conditions of the 2-similarity of operators which are left
inverse to the second degree of the integration in spaces of sequences.

Ïðî îçíàêè çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ
ñïåöiàëüíîãî âèãëÿäó

Î. �. Áàðàí

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍÓ

Ëüâiâ, Óêðà¨íà boe13@ukr.net

Ãiëëÿñòi ëàíöþãîâi äðîáè (ÃËÄ) ¹ áàãàòîâèìiðíèìè óçàãàëüíåííÿìè íåïåðåðâíèõ äðî-
áiâ. Äëÿ ðiçíèõ êîíñòðóêöié ÃËÄ âñòàíîâëåíî ðiçíi áàãàòîâèìiðíi óçàãàëüíåííÿ îçíàê çái-
æíîñòi íåïåðåðâíèõ äðîáiâ. Äðîáàìè, ÿêi ìàþòü ñòðóêòóðó, àíàëîãi÷íó ñòðóêòóði êðàòíèõ
ñòåïåíåâèõ ðÿäiâ, ¹ ãiëëÿñòi ëàíöþãîâi äðîáè âèãëÿäó

b0 +

∞

D
k=1

ik−1∑
ik=1

ai(k)

bi(k)
= b0 +

N∑
i1=1

ai(1)

bi(1) +

i1∑
i2=1

ai(2)

bi(2)+. . .

, (1)

äå i(k) = i1i2 . . . ik � ìóëüòèiíäåêñ, N � ìàêñèìàëüíà êiëüêiñòü ãiëîê ðîçãàëóæåííÿ, b0,
ai(k), bi(k) � êîìïëåêñíi ÷èñëà.

Äëÿ òàêèõ äðîáiâ ïîáóäîâàíî ðîçâèíåííÿ êðàòíèõ ñòåïåíåâèõ ðÿäiâ ó âiäïîâiäíi òà ïðè-
¹äíàíi ÃËÄ, âñòàíîâëåíî áàãàòîâèìiðíi óçàãàëüíåííÿ äåÿêèõ îçíàê çáiæíîñòi íåïåðåðâíèõ
äðîáiâ òà îöiíêè øâèäêîñòi çáiæíîñòi ó ïåâíèõ îáëàñòÿõ.

Ó ïîðiâíÿííi iç ÃËÄ çàãàëüíîãî âèãëÿäó äðîáè (1) ÷àñòî çáiãàþòüñÿ øâèäøå àáî ó øèð-
øié îáëàñòi.
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Ïðî ìåòîäè ïîáóäîâè ðîçâèíåíü ôóíêöié â
ëàíöþãîâi äðîáè

Ð. À. Êàöàëà

Ìóêà÷iâñüêèé äåðæàâíèé óíiâåðñèòåò, Ìóêà÷åâî, Óêðà¨íà rkatsala@gmail.com

Ðîçâèíåííÿ ôóíêöié îäíi¹¨ äiéñíî¨ çìiííî¨ â ëàíöþãîâèé äðiá íàëåæèòü äî âàæëèâèõ çà-
äà÷ íàáëèæåííÿ ôóíêöié, îñêiëüêè òàêi ðîçâèíåííÿ çàñòîñîâóþòüñÿ â ïðèêëàäíèõ çàäà÷àõ
ïîðÿä iç íàáëèæåííÿìè ñòåïåíåâèìè ðÿäàìè, îðòîãîíàëüíèìè áàãàòî÷ëåíàìè, àïðîêñèìà-
öiÿìè Ïàäå i ò. ï. Îäíèì iç ñïîñîáiâ ðîçâèíåííÿ ôóíêöié ó ëàíöþãîâèé äðiá ¹ ôîðìóëà
Òiëå [1, 2], ÿêà  ðóíòó¹òüñÿ íà îáåðíåíèõ ïîõiäíèõ. Â ðîáîòàõ [3, 4] îòðèìàíî àíàëîã öi¹¨
ôîðìóëè � ðîçâèíåííÿ çà äîïîìîãîþ êâàçiîáåðíåíîãî ëàíöþãîâîãî äðîáó òèïó Òiëå. Òóò
æå ââåäåíi â ðîçãëÿä îáåðíåíi ïîõiäíi äðóãîãî òèïó.

Âñòàíîâëåíèé çâ'ÿçîê îáåðíåíèõ ïîõiäíèõ äðóãîãî òèïó ç ïîõiäíèìè òà îáåðíåíèìè ïî-
õiäíèìè Òiëå [5]. Çîêðåìà îòðèìàíi ôîðìóëè, ÿêi äàþòü çìîãó âèðàçèòè îáåðíåíi ïîõiäíi
äðóãîãî òèïó ÷åðåç çâè÷àéíi ïîõiäíi çà äîïîìîãîþ âiäíîøåííÿ äâîõ âèçíà÷íèêiâ Ãàíêåëÿ.
Âêàçàíà âiäìiííiñòü ìiæ îáåðíåíèìè ïîõiäíèìè äðóãîãî òèïó òà îáåðíåíèìè ïîõiäíèìè Òi-
ëå.

Îòðèìàíî çàãàëüíèé âèãëÿä îáåðíåíèõ ïîõiäíèõ äðóãîãî òèïó äåÿêèõ ôóíêöié, à ñà-
ìå ëîãàðèôìi÷íî¨ ôóíêöi¨, òàíãåíñà, êîòàíãåíñà, ãiïåðáîëi÷íîãî òàíãåíñà òà ãiïåðáîëi÷íîãî
êîòàíãåíñà. Ïîáóäîâàíî ðîçâèíåííÿ öèõ ôóíêöié â êâàçiîáåðíåíèé ëàíöþãîâèé äðiá òèïó
Òiëå, âñòàíîâëåíî îáëàñòi çáiæíîñòi öèõ ðîçâèíåíü òà ïðîâåäåíî ïîðiâíÿííÿ ç âiäïîâiä-
íèìè ðîçâèíåííÿìè â ëàíöþãîâèé äðiá Òiëå. Òàêîæ çíàéäåíî äåêiëüêà ïiäõiäíèõ äðîáiâ
ðîçâèíåíü ñèíóñà, êîñèíóñà, àðêòàíãåíñà òà iíòåãðàëüíî¨ ïîêàçíèêîâî¨ ôóíêöi¨. Äëÿ âñiõ
ïåðåðàõîâàíèõ ôóíêöié ðîçãëÿíóòî ÷èñëîâi ïðèêëàäè.

1. Thiele T. N. Interpolationsprechnung. � Leipzig: Commisission von B. G. Teubner, 1909.�
XII + 175 s.

2. Ïàãiðÿ Ì. Ì., Êàöàëà Ð. À. Ðîçâèòêè äåÿêèõ ôóíêöié ó ëàíöþãîâi äðîáè // Íàóê. âiñíèê
Óæãîðîä. óí�òó. Ñåð. ìàòåì. i iíôîðì. � 2007. � Âèï. 14�15. � Ñ. 107�116.

3. Ïàãiðÿ Ì. Ì. Îáåðíåíèé ëàíöþãîâèé äðiá Òiëå // Íàóê. âiñíèê Óæãîðîä. óí�òó. Ñåð. ìàòåì.
i iíôîðì. � 2008. � Âèï. 17. � Ñ. 179�192.

4. Ïàãiðÿ Ì. Ì. Îáåðíåíi ïîõiäíi 2�ãî òèïó òà ¨õ âëàñòèâîñòi // Íàóê. âiñíèê Óæãîðîä. óí�òó.
Ñåð. ìàòåì. i iíôîðì. � 2009. � Âèï. 18. � Ñ. 99�105.

5. Ïàãiðÿ Ì. Ì., Êàöàëà Ð. À. Çâ'ÿçêè îáåðíåíèõ ïîõiäíèõ äðóãîãî òèïó ç ïîõiäíèìè òà îáåðíå-
íèìè ïîõiäíèìè // Íàóê. âiñíèê Óæãîðîä. óí-òó. Ñåð. ìàòåì. i iíôîðì. � 2011. � Âèï. 22,
� 1 � Ñ. 102�110.
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Ïðîñòðàíñòâî Áåðãìàíà è ïðîåêòîð Áåðãìàíà â
êîëüöå

Ç. Ì. Ëûñåíêî

Èíñòèòóò ìàòåìàòèêè, ýêîíîìèêè è ìåõàíèêè ÎÍÓ èì. È. È. Ìå÷íèêîâà, Îäåññà, Óêðàèíà

ivanpribegin@rambler.ru

Ïóñòü D � îáëàñòü â êîìïëåêñíîé ïëîñêîñòè C . Â ïðîñòðàíñòâå L2(D) ñî ñòàíäàð-
òíîé ïëîñêîé ìåðîé Ëåáåãà dν(z) = dxdy, z = x+ iy, ðàcñìîòðèì çàìêíóòîå ïîäïðîñòàíñòâî
A2(D) (ïðîñòðàíñòâî Áåðãìàíà ïî îáëàñòè D), ñîñòîÿùåå èç ôóíêöèé, àíàëèòè÷åñêèõ â D
; E ' G � èçîìîðôèçì ïðîñòðàíñòâ E è G.

Îáîçíà÷èì

Kj = {z ∈ C : 0 < |z| < Ri}, j = 1, 2; K = {z ∈ C : 0 < R1 < |z| < R2}.

Òåîðåìà 1. A2(K) ' A2(K1)⊕A2(K2).
×åðåç Bk îáîçíà÷èì ïðîåêòîð (ïðîåêòîð Áåðãìàíà) ïðîñòðàíñòâà L2(K) íà A2(K).

Ââåä¼ì òàêæå îáîçíà÷åíèÿ: `+2 � ïîäïðîñòðàíñòâî `2, ñîñòîÿùåå èç ïîñëåäîâàòåëüíîñòåé
{cn}n∈Z òàêèõ, ÷òî cn = 0, n ∈ {−1;−2; . . . }; P+ � îðòîãîíàëüíûé ïðîåêòîð `2 íà `

+
2 ; L

i
0 �

îäíîìåðíîå ïîäïðîñòðàíñòâî ïðîñòðàíñòâà L2([0;Rj), rdr), ïîðîæä¼ííîå `
j
0 =
√

2/Rj , j = 1, 2;

P j0 � îäíîìåðíûé ïðîåêòîð L2([0;Rj), rdr) íà L
j
0, èìåþùèé âèä

P j0 f =
2

R2
j

1∫
0

f(ρ)ρdρ, j = 1, 2.

Èç ðåçóëüòàòîâ, ïîëó÷åííûõ äëÿ ñëó÷àÿ åäèíè÷íîãî êðóãà (ñì. [1]) âûòåêàåò

Òåîðåìà 2. Ñóùåñòâóåò óíèòàðíûé îïåðàòîð U , óñòàíàâëèâàþùèé èçîìåòðè÷åñêèé

èçîìîðôèçì ïðîñòðàíñòâà L2(K) íà

(L2([0;R1), rdr)⊗ `2)⊗ (L2([0;R2), rdr)⊗ `2),

ïðè êîòîðîì:

à) ïðîñòðàíñòâî Áåðãìàíà A2(K) â êðóãîâîì êîëüöå K îòîáðàæàåòñÿ íà (L1
0 ⊗ `

+
2 ) ⊗

(L2
0 ⊗ `

+
2 );

b) UBkU
−1 = (P 1

0 ⊗ P+)⊗ (P 2
0 ⊗ P+).

1. N. L. Vasilevski, Commutative Algebras of T�oplitz Operators on the Bergman Space, Basel :
Birkh�auser, 2008. � 417 pp.
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Íàáëèæåííÿ ôóíêöié iíòåðïîëÿöiéíèìè
ôóíêöiîíàëüíèìè ëàíöþãîâèìè äðîáàìè

Ì. Ì. Ïàãiðÿ

Ìóêà÷iâñüêèé äåðæàâíèé óíiâåðñèòåò, Ìóêà÷åâî, Óêðà¨íà pahirya@gmail.com

Ôóíêöiÿ îäíi¹¨ çìiííî¨, ÿêà çàäàíà ñâî¨ìè çíà÷åííÿ â òî÷êàõ ìíîæèíè êîìïàêòó, ìîæå
áóòè íàáëèæåíà àáî iíòåðïîëÿöiéíèì áàãàòî÷ëåíîì, àáî ñïëàéíîì, àáî äðîáîâî-ðàöiîíàëüíîþ
ôóíêöi¹þ, àáî iíòåðïîëÿöiéíèì ëàíöþãîâèì äðîáîì. Íå çàâæäè âèáið àãðåãàòó íàáëèæåííÿ
iç âèùå ïåðåðàõîâàíèõ áóäå íàéáiëüø âäàëèì.

Â äîïîâiäi ðîçãëÿäà¹òüñÿ îäèí iç ìîæëèâèõ ñïîñîáiâ íàáëèæåííÿ ôóíêöié ëàíöþãîâèìè
äðîáàìè "� ôóíêöiîíàëüíèé iíòåðïîëÿöiéíèé ëàíöþãîâèé äðiá òèïó Òiëå (ÔIËÄ-Ò) [1]

f(x) ≈ Dn(g;x) = b0 +
g(x)− g(x0)

b1 + . . . +

g(x)− g(xn−1)

bn
,

äå g(x) äåÿêà áàçèñ�ôóíêöiÿ íà êîìïàêòi.
Âñòàíîâëåíi ôîðìóëè äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ ÔIËÄ-Ò ÷åðåç çíà÷åííÿ ôóíêöi¨ â

iíòåðïîëÿöiéíèõ âóçëàõ òà âñòàíîâëåíi äåÿêi âëàñòèâîñòi g-ðiçíèöü. Îòðèìàíi îöiíêè çàëè-
øêîâîãî ÷ëåíà ïðè óìîâi, ùî êîåôiöi¹íòè ÔIËÄ-Ò çàäîâîëüíÿþòü óìîâó òèïó Ñë¹øèíñüêîãî-
Ïðií ñãåéìà.

Íàâåäåíi ÷èñëîâi ïðèêëàäè, ÿêi iëþñòðóþòü åôåêòèâíiñòü íàáëèæåííÿ ôóíêöié ÔIËÄ�
Ò òà âêàçàíi ïåðåâàãè ðîçãëÿäóâàíîãî ïiäõîäó íàáëèæåííÿ íàä òðàäèöiéíèìè ñïîñîáàìè
iíòåðïîëÿöi¨ ôóíêöié.

1. Ïàãiðÿ Ì. Ì. Ôóíêöiîíàëüíi ëàíöþãîâi äðîáè òèïó Òiëå // Íàóê. âiñíèê Óæãîðîä. óí�òó.
Ñåð. ìàòåì. i iíôîðì. � 2010. � Âèï. 20. � Ñ. 98�110.

Ëàêóíàðíi êðàòíi ñòåïåíåâi ðÿäè i íåðiâíiñòü Âiìàíà

Ñ. I. Ïàí÷óê, Î. Á. Ñêàñêiâ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, Óêðà¨íà

psi.lana12@gmail.com, matstud@franko.lviv.ua

Íåõàé f : Cp → C, p ≥ 2, öiëà ôóíêöiÿ âèãëÿäó

f(z) =
∑+∞

k=0
Ak(z), z ∈ Cp, (1)

Ak(z) =
∑
‖n‖=λk anz

n, zn = zn1
1 · · · z

np
p , n = (n1, . . . , np), ‖n‖ = n1 + · · · + np, 0 ≤ λk ↑ +∞

(0 ≤ k → +∞), λk ∈ Z+ (k ≥ 0), n(t) =
∑

λk≤t 1 � ëi÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi (λk).
Ðîçãëÿíåìî âè÷åðïàííÿ ïðîñòîðó Cp ñèñòåìîþ (Gr)r≥0 ïîâíèõ êðàòíî-êðóãîâèõ îáëà-

ñòåé ç öåíòðîì ó òî÷öi (0, . . . , 0) ∈ Cp. Âëàñíå, ââàæàòèìåìî, ùî:
i)
⋃
r≥0

Gr = Cp; ii) (∀r1 < r2) : Gr1 ⊂ Gr2 ; iii) (z1, . . . , zp) ∈ G1 ⇐⇒ (∀r > 0) : (rz1, . . . , rzp) ∈

Gr; iv) (z1, . . . zp) ∈ Gr =⇒ (∀θ ∈ R) : (z1e
iθ, . . . , zpe

iθ) ∈ Gr.
Âñëiä çà [1] äëÿ öiëî¨ ôóíêöi¨ f i r > 0 îçíà÷èìî M(r, f) = max{f(z) : z ∈ Gr}, mk(r, f) =
max{|Ak(z)| : z ∈ Gr} òà äiàãîíàëüíèé ìàêñèìàëüíèé ÷ëåí
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m(r, f)
def
= max{mk(r, f) : k ≥ 0}.

Òåîðåìà 1. ßêùî äëÿ ïîñëiäîâíîñòi (λk) âèêîíó¹òüñÿ óìîâà

(∃4 ∈ (0,+∞)) (∃ρ ∈ [
1

2
, 1])(∃D > 0) : |n(t)−4tρ| ≤ D (t > t0),

òî äëÿ êîæíî¨ öiëî¨ ôóíêöi¨ f âèãëÿäó (1) i äëÿ êîæíîãî ε > 0 iñíó¹ ìíîæèíà E =
E(ε, f) ⊂ [1,+∞) ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè òàêà, ùî ∀r ∈ [1,+∞] \ E âèêîíó¹òüñÿ

íåðiâíiñòü

M(r, f) ≤ m(r, f)(lnm(r, f))
2·%−1

2
+ε.

Ó âèïàäêó λk ≡ k òåîðåìà 1 ïåðåõîäèòü ó òåîðåìó 3 ç [1, ñ.33].

Òåîðåìà 2. Äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi íàòóðàëüíèõ ÷èñåë (λk), ÿêà çàäîâîëüíÿ¹ óìîâó

ç òåîðåìè 1, iñíó¹ òàêà öiëà ôóíêöiÿ f âèãëÿäó (1), ùî äëÿ áóäü-ÿêîãî âè÷åðïàííÿ (Gr)
ïðîñòîðó Cp, ÿêå ìà¹ âëàñòèâîñòi i)�iv) òà lim

r→+∞
max{r1 · · · rp : (r1, . . . rp) ∈ ∂Gr ∩ Rp+} =

+∞, âèêîíó¹òüñÿ

lim
r→+∞

M(r, f)

m(r, f)
(lnm(r, f))−

2·%−1
2 = +∞.

1. Áèòëÿí È.Ô., Ãîëüäáåðã À.À. Òåîðåìè Âèìàíà-Âàëèðîíà äëÿ öåëûõ ôóíêöèé ìíîãèõ êîì-
ïëåêñíûõ ïåðåìåííûõ// Âåñòí. Ëåíèíãðàä. óí-òà. � 1959. � Ò.2, �13. � Ñ.27�41.

Îïèñ ìíîæèí íóëiâ ãîëîìîðôíèõ òà ìåðîìîðôíèõ ó
ïiâñìóçi ôóíêöié ñêií÷åííîãî λ-òèïó

Í. Á. Ñîêóëüñüêà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, Óêðà¨íà

natalia_sokulska@yahoo.com

Âèâ÷àþòüñÿ ìåðîìîðôíi â çàìèêàííi ïiâñìóãè S = {s = σ + it : σ > 0, 0 < t <
2π} ôóíêöi¨ f , f(σ) = f(σ + 2πi), σ ≥ 0. Íåâàíëiííîâà õàðàêòåðèñòèêà òàêèõ ôóíêöié
âèçíà÷à¹òüñÿ ðiâíiñòþ

T (σ, f) = m0(σ, f)− σ

σ0
m0(σ0, f) +

(
σ

σ0
− 1

)
m0(0, f) +N(σ, f),

äå m0(σ, f) = 1
2π

∫ 2π
0 log+|f(σ + it)|dt, N(σ, f) =

∫ σ
0 n(η, f)dη, n(η, f) � êiëüêiñòü ïîëþñiâ

ôóíêöi¨ f ó íàïiââiäêðèòîìó ïðÿìîêóòíèêó Rη = {σ + it : 0 < σ ≤ η, 0 ≤ t < 2π}.

Îçíà÷åííÿ 1. Ìåðîìîðôíà â S ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ ñêií÷åííîãî λ-òèïó,
ÿêùî iñíóþòü äîäàòíi ñòàëi A,B òàêi, ùî T (σ, f) ≤ Aλ(σ + B), σ ≥ σ0, äå λ(σ) � äîäàòíà,
íåñïàäíà, íåïåðåðâíà i íåîáìåæåíà ïðè σ ≥ σ0 > 0 ôóíêöiÿ. Êëàñ òàêèõ ôóíêöié ïîçíà÷åíî
÷åðåç Λ, à ÷åðåç ΛH � êëàñ ôóíêöié ñêií÷åííîãî λ-òèïó ãîëîìîðôíèõ â S.

Îçíà÷åííÿ 2. Ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë Z = {zj} ç S ìà¹ ñêií÷åííó λ-ùiëüíiñòü,
ÿêùî iñíóþòü äîäàòíi ñòàëi A,B òàêi, ùî N(σ, Z) ≤ Aλ(σ + B), σ ≥ σ0 > 0, äå N(σ, Z) =∫ σ

0 n(η, Z)dη, n(η, Z) � êiëüêiñòü ÷ëåíiâ ïîñëiäîâíîñòi Z â ïðÿìîêóòíèêó Rη.
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Îçíà÷åííÿ 3. Ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë Z = {zj} ç S íàçèâà¹òüñÿ λ-äîïóñòèìîþ,
ÿêùî âîíà ìà¹ ñêií÷åííó λ-ùiëüíiñòü òà iñíóþòü äîäàòíi ñòàëi A,B òàêi, ùî

1

k

∣∣∣∣∣∣
∑

σ1<|zj |≤σ2

(
1

zj

)k∣∣∣∣∣∣ ≤ Aλ(σ1 +B)

ekσ1
+
Aλ(σ2 +B)

ekσ2
,

k ∈ N i 0 ≤ σ1 < σ2

Âñòàíîâëåíî êðèòåðié ñêií÷åííîñòi λ-òèïó ôóíêöi¨ f ∈ Λ â òåðìiíàõ êîåôiöi¹íòiâ Ôóð'¹
¨¨ ëîãàðèôìà ìîäóëÿ i äîâåäåíî òàêi ðåçóëüòàòè.

Òåîðåìà 1. Ïîñëiäîâíiñòü Z ç S ¹ ïîñëiäîâíiñòþ íóëiâ ãîëîìîðôíî¨ ôóíêöi¨ ç ΛH òîäi i

ëèøå òîäi, êîëè âîíà λ-äîïóñòèìà.

Òåîðåìà 2. Ïîñëiäîâíiñòü Z ç S ¹ ïîñëiäîâíiñòþ íóëiâ ìåðîìîðôíî¨ ôóíêöi¨ ç Λ òîäi i

ëèøå òîäi, êîëè âîíà ìà¹ ñêií÷åííó λ-ùiëüíiñòü.

On the Dirichlet problem for the Beltrami equations

I. V. Petkov

Institute of Applied Mathematics and Mechanics, Donets'k, Ukraine igorpetkov@i.ua
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On boundary conditions in elliptic transmission
problem through a thin layer

Yermek Alimzhanov

Institute of Mathematics Ministry of Education and Sciences of the RK, Almaty, Kazakhstan

aermek81@gmail.com

Let D be a bounded domain in Rn, n > 1 surrounded by a thin layer Qε, where ε > 0
parameter which designate the order of thickness. We denote by S the boundary of D and
Dε = D ∪ S ∪Qε, Sε = ∂Dε. Assume that

Qε = {s+ tn(s) : s ∈ S, 0 < t < ε} ,

where n(s) is the outward normal unit vector to S on the point s.
Consider the transmission problem in Dε

−Lu(x) + u(x) = f(x) in D,

u(x) = ω(x), ∂u(x)/∂n = d ∂ω(x)/∂n on S,

−dLω(x) = g(x)/ε in Qε,

d ∂ω(x)/∂n = 0 on Sε,

where f(x), g(x) are given functions in D and Qε respectively. Here ∂/∂n denotes the outward
normal derivative, either on S or Sε, L is the Laplace operator, and d is the conductivity of layer
Qε. It is known that this problem is well-posed in a classical framework for elliptic equations
(e.g. [1], [2]).

As ε→ 0 and d→∞ the solution of the problem (1)�(4) converges to a function u(x), which
is the unique solution of the elliptic equation (1) with appropriate boundary conditions. They
may be of di�erent type according to the limit values of a = lim ε d.

Theorem. For any 0 < ε ≤ ε0, 1 ≤ d, D ∈ C1,1 and f ∈ L2(D), g ∈ H1(Qε) as ε → 0 and

d → ∞, the solution uεd(x) of problem (1) � (4) converges in H1(D) to the solution of elliptic

equation (1) subject to the following boundary conditions:

(i) the Neumann condition ∂u0(x)/∂n = gS(x) on S in the case a = 0;

(ii) the Venttsel condition ∂ua(x)/∂n+ LSua(x) = gS(x) on S, if 0 < a <∞;

175
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(iii) the nonlocal condition or �ux term
∫
S ∂u∞(s)/∂n ds =

∫
S gS(s) ds in the case a =∞.

Here gS(x) is the trace of g(x) on S and LS is the tangential Laplace operator on S.

1. Brezis H., Ca�arelli L.A., Friedman A., Reinforcement problems for elliptic equations and variati-
onal inequalities, Annali di Matematica Pura et Applicata 3 (1980), 219-246.

2. Hung, Pham Huy; S�anchez-Palencia, Enrique Ph�enom�enes de transmission �a travers des couches
minces de conductivit�e �elev�ee. (French) J. Math. Anal. Appl. 47 (1974), 284-309.

On a family of multi-point boundary value problems for
system of ordinary di�erential equations

Anar Asanova

Institute of Mathematics MES RK, Almaty, Kazakhstan anarasanova@list.ru

The family of multi-point boundary value problems for system of di�erential equations is
considered

∂v

∂t
= A(t, x)v + F (t, x), t ∈ [0, T ], x ∈ [0, ω], (1)

P0(x)v(0, x) +

m∑
i=1

Pi(x)v(ti, x) + Pm+1(x)v(T, x) = ϕ(x), x ∈ [0, ω], (2)

where v = col(v1, v2, ..., vn), A(t, x), Pi(x), i = 0,m+ 1 are (n× n)-matrices, and the n-vector-
valued functions f(t, x), ϕ(x) are continuous on Ω̄ = [0, T ] × [0, ω], [0, ω] respectively, 0 < t1 <
t2 < ... < tm < T , ||u(t, x)|| = max

i=1,n
|ui(t, x)|.

A continuous function v : Ω̄→ Rn having the continuous derivative with respect to t on Ω is
called a solution of the family multi-point boundary value problems (1)�(2) if it satis�es system
(1) and condition (2) for all (t, x) ∈ Ω̄ and x ∈ [0, ω], respectively.

For �xed x ∈ [0, ω] the problem (1)�(2) is a linear multi-point boundary value problem for the
system of ordinary di�erential equations. The multi-point boundary value problem for ordinary
di�erential equation is researched numerous authors [1-3]. Suppose the variable x is changed on
[0, ω]; then we obtain a family of multi-point boundary value problems for ordinary di�erential
equations.

In the present communication we apply the parametrization method [4] to the family of
multi-point boundary value problems for ordinary di�erential equations (1)�(2). This method was
developed for investigating and solving two-point boundary value problems for ordinary di�erenti-
al equations, and it was applied multi-point boundary value problem for ordinary di�erential
equations [5]. The su�cient and necessary conditions of the unique solvability are obtained in
terms of initial data. Also, it was proposed an algorithm for �nding the solution to the problem.

1. Kiguradze I. T. The boundary value problems for systems of a ordinary di�erential equations.
Sovremennye problemy matematiki. Noveishie dostijenia. Moscow: Nauka, 1987. 30, 3-103 p.

2. Samoilenko A. M., Ronto M. Numerical-Analytic methods in the theory of boundary-value prob-
lems. World Scienti�c, Singapore, new Jersey, London, Hong Kong. 2000.� 455 p.

3. Agarwal R. P., Kiguradze I.On multi-point boundary value problems for linear ordinary di�erential
equations with singularities // J. Math. Anal. Appl.� 2004.� Vol. 297,� P. 131-151.

4. Dzhumabaev D. S. Conditions the unique solvability of a linear boundary value problem for a
ordinary di�erential equations // Computational Mathematics and Mathematical Physics. 1889.
29: 1. P. 34-46.

5. Dzhumabaev D. S., Imanchiev A. E. The correct solvability of a linear multi-point boundary value
problem // Mathematical journal. Almaty. 2005. 5: 1 (15). P. 30-38.
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A non-local boundary value problem for a
pseudohyperbolic equation of the fourth order

Elvin I. Azizbayov

Baku State University, Baku, Azerbaijan azel_azerbaijan@mail.ru

Contemporary problems of natural sciences make necessary to state and investigate quali-
tative new problems, the striking example of which is the class of non-local problems for partial
di�erential equations. Among non-local problems we can distinguish a class of problems with
integral conditions. Such conditions appear by mathematical simulation of phenomena related
to physical plasma [1], distribution of the heat [2] process of moisture transfer in capillary-simple
environments [3], with the problems of demography and mathematical biology.

Consider the equation [4]

utt(x, t)− uttxx(x, t)− uxx(x, t) = q(t)u(x, t) + f(x, t) (1)

in the domain DT = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T} and state for it a problem with initial
conditions

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) (0 ≤ x ≤ 1) (2)

and non-local conditions
u(0, t) = βu(1, t) (0 ≤ t ≤ T ), (3)

1∫
0

u(x, t)dx = 0 (0 ≤ t ≤ T ), (4)

where β 6= ±1 is a given number, q(t), f(x, t), ϕ(x), ψ(x) are the given functions, u(x, t) is a
sought function.

De�nition. Under the classic solution of problem (1)-(4) we understand the function u(x, t)
continuous in a closed domain DT together with all its derivatives contained in equation (1), and
satisfying all conditions (1)-(4) in the ordinary sense.

Lemma. Let q(t) ∈ C[0, T ], f(x, t) ∈ C(DT ), ϕ(x), ψ(x) ∈ C[0, 1],
1∫
0

f(x, t)dx = 0 (0 ≤

t ≤ T ) and the following agreement conditions be ful�lled:

ϕ(0)− βϕ(1) = 0,

1∫
0

ϕ(x)dx = 0, ϕ′(1) = ϕ′(0),

ψ(0)− βψ(1) = 0,

1∫
0

ψ(x)dx = 0, ψ′(1) = ψ′(0). (5)

Then the problem on �nding the classic solution of problem (1)-(4) is equivalent to the problem

on de�ning of the function u(x, t) from (1)-(3) and

ux(0, t) = ux(1, t) (0 ≤ t ≤ T ).
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Theorem 1. Let

1. q(t) ∈ C[0, T ], β 6= ±1;

2. ϕ(x) ∈ C2[0, 1], ϕ′′′(x) ∈ L2(0, 1), ϕ(0) = βϕ(1), ϕ′(0) = ϕ′(1), ϕ′′(0) = βϕ′′(1);

3. ψ(x) ∈ C2[0, 1], ψ′′′(x) ∈ L2(0, 1), ψ(0) = βψ(1), ψ′(0) = ψ′(1), ψ′′(0) = βψ′′(1);

4. f(x, t) ∈ C(DT ), fx(x, t) ∈ L2(DT ), f(0, t) = βf(1, t) (0 ≤ t ≤ T ).

Then problem (1)-(3), (6) under small values of T has a unique classic solution.

Further, by means of given lemma proves the following

Theorem 2. Let all the conditions of theorem 1 and agreement conditions (5) be ful�lled. Then

for su�ciently small values of T , problem (1)-(3) has a unique classic solution.

1. Beilin S.A. Existence of solutions for one-dimensional wave equations with non-local condition,
Electronic Journal of Di�erential Equations, vol. 2001(2001), No. 76, pp. 1-8.

2. Bouziani A. Solution forte d'un probleme mixte avec conditions non locales pour une classe d'equa-
tions hyperboliques, Bulletin de la Classe des Sciences. Academie Royale de Belgique, vol. VIII,
1997, pp. 53-70.

3. Ionkin N. I. Solutions of boundary value problem in heat conductions theory with non-local boundary
conditions, Di�erents. Uravn., vol. 13, No 2, 1977, pp. 294-304.(in Russian).

4. Gabov S.A., Orazov B.B. On the equation ∂2

∂t [uxx − u] + uxx = 0 and some related problems.
Zhurnal vychislitelnoy matematiki i matematicheskoy �ziki, vol. 26, No 1, 1986, pp. 92-102. (in
Russian)

On a theorem of existence and uniqueness of periodical
solutions for functional-di�erential equations with

deviating arguments

Fedor Belousov

Central Economics and Mathematics Institute RAS, Moscow, Russia

belousovfedor@gmail.com

In [1] it was presented a new method which gives su�cient conditions of existence of a unique
periodical solution with a given period for ordinary di�erential equations. This method also gives
the iterative algorithm of �nding such periodical solutions. Here this method will be applied to
functional-di�erential equations with deviating arguments.

1. Ô. À. Áåëîóñîâ Îá îäíîé òåîðåìå ñóùåñòâîâàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé//Âîðîíåæñêàÿ âåñåííÿÿ ìàòåìàòè÷åñêàÿ øêîëà �Ïîíòðÿãèí-
ñêèå ÷òåíèÿ � XXIII�, 2012.
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Boundary value problems for elliptic-parabolic
equations in unbounded domains

Mykola Bokalo and Olena Domanska

Ivan Franko National University of Lviv, Ukraine mm.bokalo@gmail.com

Let Ω be an unbounded domain in Rn (n ∈ N) with regular boundary ∂Ω;
Γ0 be a closure of open set on ∂Ω (in particular, Γ0 may be both an empty set or ∂Ω),
Γ1 := ∂Ω \ Γ0; ν = (ν1, ..., νn) is a unit vector of outward normal to ∂Ω. Denote Q := Ω × S,
Σ0 := Γ0 × S, Σ1 := Γ1 × S.

Let for each k ∈ {1, 2} ϕk ∈ C([0, T ]), ϕk(t) > 0 if t > 0, ϕk(0) ≥ 0, and if ϕk(0) = 0 then∫ T
0

dt
ϕk(t) = +∞. Assume that b1 ∈ L∞,loc(Ω), b2 ∈ L∞,loc(Γ1), b1 ≥ 0, b2 ≥ 0, besides that b1, b2

can be equal to zero on the arbitrary subsets of due sets.
Consider the problem:

ϕ1(t)
∂

∂t
(b1(x)u)−

n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) = f1(x, t), (x, t) ∈ Q ,

u(y, t) = 0, (y, t) ∈ Σ0,

ϕ2(t)
∂

∂t
(b2(y)u) +

n∑
i=1

ai(y, t, u,∇u) νi(y) + c(y, t, u) = f2(y, t), (y, t) ∈ Σ1,

u(x, 0) = u1(x), x ∈ Ω, if b1(x) > 0 and ϕ1(0) > 0,

u(y, 0) = u2(y), y ∈ Γ1, if b2(y) > 0 and ϕ2(0) > 0,

where ai (i = 0, n), c, f1, f2 are some functions.
We give the de�nition of weak solution to this problem and prove that it is well-posed under

some conditions on data-in.
The model example of investigated problems is the following

tα
∂u

∂t
−∆u+ |u|p−2u = f1(x, t), (x, t) ∈ Q ,

u(y, t) = 0, (y, t) ∈ Σ0,

tβ
∂u

∂t
+
∂u

∂ν
+ |u|q−2u = f2(y, t), (y, t) ∈ Σ1,

where p > 2, q > 2, α ≥ 1, β ≥ 1, f1 ∈ Lp′,loc(Q), f2 ∈ Lq′,loc(Σ1) (p′ = p/(p − 1),
q′ = q/(q − 1)).

Note that we do not put any restrictions on the solution's behavior and increasing of the free
terms of the equations at in�nity.
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Nonexistence of global solutions to some doubly
nonlinear parabolic equations

Taras Bokalo

Ivan Franko National University of Lviv, Lviv, Ukraine tbokalo@gmail.com

In the report, you will be invited with a mixed problem for one sort, such known, a doubly
nonlinear parabolic equations. Here the minor terms of main equation depends on variable
exponents of nonlinearity.

Let n be a nonnegative integer, T > 0, l > 0, Ω = (0, l), and Q := Ω × (0, T ). Let also
suppose p ≥ 2, r ≥ 2, γ ≥ 2 are real and q ∈ L∞(Ω) is a function that ful�lls next condition

q ∈ L∞(Ω), 1 < q0 ≡ ess inf
x∈Ω

q(x) ≤ ess sup
x∈Ω

q(x) ≡ q0 < +∞.

There is considered such a problem

|u|r−2ut − (a|u|γ−2ux)x − (b|ux|p−2ux)x + g|u|q(x)−2u = f, (x, t) ∈ Q,

u|∂Ω×[0,T ] = 0,

u|t=0 = 0

on the conjecture
(A): a, b ≥ 0, a2 + b2 6= 0;
(G): g ∈ L∞(Q), g(x, t) ≥ g0 > 0 for almost every (x, t) ∈ Q;
(F): f, ft ∈ Lq

′(x)(Q).
Here q′(x) is a conjugate function to q(x), i.e. 1/q(x) + 1/q′(x) = 1 for almost every x ∈ Ω, and
Lq
′(x)(Q) is a generalized Lebesque space.
It is proved the nonexistence of global solution to the problem under the assumption made

for coe�cients, absolute term and exponents of nonlinearity.

A free boundary problem in combustion theory

M. A. Borodin

Donetsk National University, Ukraine bma@telenet.dn.ua

We introduce a two-phase free boundary problem arising in description of the combustion
process. Let D be a bounded domain in R3 whose boundary consists of two smooth surfaces
∂D1 and ∂D2 such that ∂D1 ⊂ ∂D2. In classical terms the problem is formulated as follows: the
problem consists in �nding the domains ΩT , GT for some T > 0, and a smooth function u(x, t)
in DT = D × (0, T ) such that the following conditions are met

∆u − but = 0 in ΩT ∪ GT ,

where b is a constant, and

ΩT = {(x, t) ∈ DT : u(x, t) < 0}, GT = {(x, t) ∈ DT : u(x, t) > 0}.

On the unknown (free) boundary γT = ΩT ∩DT = GT ∩DT the following conditions hold
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u+ = u− = 0, (u+
ν )2 − (u−ν )2 = Q2.

Here ν is the spacial unit vector normal to the free boundary λT and directed towards
increasing of u(x, t), u+= max (u, 0), u− = max (-u, 0). On the known part of the boundary
domains conditions hold

u(x, t) = ϕ1(x, t) < 0 on ∂D1 × [0, T ), u(x, t) = ϕ2(x, t) > 0 on ∂D2 × [0, T ),

where ϕ1(x, t) and ϕ2(x, t) are given functions. Initial conditions are as follows u(x, 0) = ψ(x)
in D, ϕ1(x, 0) = ψ(x) < 0 on ∂D1, ϕ2(x, 0) = ψ(x) > 0 on ∂D2.

In this work we present a method which allows to prove the existence of a global classical
solution in the problem with minimal necessary restrictions on initial and boundary conditions.

Kinetic Equations of Granular Gases

Maria Borovchenkova

Taras Shevchenko National University of Kyiv, Ukraine mariya.borovchenkova@mail.ua

We consider the evolution equations of a granular gas, i.e. a many-particle system with the
dissipative interaction. The dissipative character of the interaction between particles leads to non-
trivial features of the granular gas behavior. We develop a rigorous formalism for the description
of the evolution of states of inelastically interacting hard spheres by the BBGKY hierarchy.
Using the method of kinetic cluster expansions of the cumulants of groups of operators which
describe the evolution of �nite number of particles, we establish an equivalence of the description
of the evolution of states by the generalized Enskog kinetic equation and constructed marginal
functionals of its solution and by the Cauchy problem of the BBGKY hierarchy for a granular
gas. In fact, if initial data is completely de�ned by a one-particle distribution function, then all
possible states of an in�nite-particle system at arbitrary moment of time can be described within
the framework of a one-particle distribution function and explicitly de�ned functionals of this
one-particle distribution function without any approximations. For the initial-value problem of
the generalized Enskog equation of a granular gas the existence theorem is proved in the space
of integrable functions. The speci�c kinetic equations of a granular gas can be derived from the
constructed Enskog type kinetic equation in the appropriate scaling limits. In particular, we
establish that the Boltzmann-Grad asymptotics of a solution of the generalized Enskog kinetic
equation of granular gas is governed by the Boltzmann equation and that the limit marginal
functionals of the state are the products of a solution of the derived Boltzmann equation for a
granular gas (it means the propagation a chaos property in time). As a result we are able to
justify properly the kinetic equations which previous works have already applied a priori to the
description of granular gases.
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Elliptic transmission problems

Mikhail Borsuk

University of Warmia and Mazury in Olsztyn, Poland borsuk@uwm.edu.pl

The present talk is a survey of our last results, relating to the qualitative properties of the
behavior of weak solutions to the elliptic transmission problems near singularities on the domain
boundary (corner and conical points or edge). We investigate linear and nonlinear problems with
Dirichlet, Robin or mixed boundary conditions.

1. M. Borsuk, Transmission Problems for Elliptic Second-Order Equations in Non-Smooth Domains.
A Springer Basel book Series: Frontiers in Mathematics. Birkhauser, 1st Edition., 2010, XII,
220 p.

On solvability of mixed problems for systems of
semilinear parabolic equations with variable exponents

of nonlinearity

O. M. Buhrii

Ivan Franko National University of Lviv, Lviv, Ukraine ol_buhrii@i.ua

Let n,N ∈ N and T > 0 be �xed numbers, Ω ⊂ Rn be a bounded domain with the boundary
∂Ω, Q0,T = Ω× (0, T ).

We seek the mild solution u = (u1, . . . , uN )T of the following problem

ut −
n∑

i,j=1

Aij(x, t)uxixj +

n∑
i=1

Bi(x, t)uxi + C(x, t)u+

+G(x, t)|u|q(x,t)−2u = F (x, t), (x, t) ∈ Q0,T , (1)

u|∂Ω×[0,T ] = d(x, t), (2)

u|t=0 = u0(x). (3)

Here F = (F 1, . . . , FN )T, d = (d1, . . . , dN )T and u0 = (u1
0, . . . , u

N
0 )T are vector valued functions

on Q0,T , Aij , Bi, C and G are N ×N matrix valued functions on Q0,T .
In particular, if d(x, t) ≡ 0 then, by de�nition, the mild solution of (1)-(3) is a function u

that satis�es the equality

u(x, t) =

∫
Ω

G(x, t, ξ, 0)u0(ξ) dξ +

t∫
0

∫
Ω

G(x, t, ξ, s)F (ξ, s) dξds−

−
t∫

0

∫
Ω

G(x, t, ξ, s)G(ξ, s)|u(ξ, s)|q(ξ,s)−2u(ξ, s) dξds,

where G is the Green matrix for some linear problem.
Under additional conditions for data-in of problem (1)-(3), we proved unique solvability of

the problem in generalized Lebesgue-Sobolev spaces.
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Mixed hyperbolic problems with horizontal and vertical
characteristics in rectangular domain

Nataliya Burdeina

Ivan Franko National University of Lviv, Lviv, Ukraine n_burdeina@ukr.net

In the rectangle ΠT,` = {(x, t)|0 ≤ x ≤ `, 0 ≤ t ≤ T}, where ` > 0, T > 0 are constants, we
consider the system

∂u

∂t
= f(x, t, u, v, w), (1)

∂v

∂x
= g(x, t, u, v, w), (2)

∂w

∂t
− ∂w

∂x
= h(x, t, u, v, w). (3)

with the initial and boundary conditions as follows

u(x, 0) = α(x), 0 ≤ x ≤ `, (4)

v(0, t) = µ(t), 0 ≤ t ≤ T, (5)

w(x, 0) = β(x), 0 ≤ x ≤ `, (6)

w(`, t) = γ(t), 0 ≤ t ≤ T. (7)

The global on time generalized and classical solvability of problem (1)�(5) are proved with
using the method of characteristics and the Banach �xed point theorem.

Solvability of a boundary value problem for the fourth
order elliptic di�erential equation in disk

Kateryna Buryachenko

Donetsk National University, Ukraine katarzyna_@ukr.net

Let us consider the following boundary value problem for the fourth order elliptic equation

L(∂x)u = a0
∂4u

∂x4
1

+ a1
∂4u

∂x3
1∂x2

+ a2
∂4u

∂x2
1∂x

2
2

+ a3
∂4u

∂x1∂x3
2

+ a4
∂4u

∂x4
2

= 0, (1)

u|∂K = ϕ(x), u′ν |∂K = ψ(x), u′′νν |∂K = σ(x) (2)

in the unit disk K ⊂ R2, where ak ∈ C, ϕ ∈ Hm−1/2(∂K), ψ ∈ Hm−3/2(∂K), σ ∈ Hm−5/2(∂K),
m ≥ 4.

De�nition 1. Let λj ∈ C, j = 1, . . . , 4, be roots of the characteristic equation L(1, λ) = 0.
Any solution of the equation tgϕj = −λj , j = 1, . . . , 4, we call the angle of characteristic slope.

De�nition 2. Suppose that for some u ∈ D(L) there exist linear continuous functionals
L(p)u over H4−p−1/2(∂Ω), p = 0, 1, 2, 3 such that the following equality holds

(Lu, v)− (u, L+v) =

3∑
j=0

(L(3−j)u, γjv),
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where γj = pjγ, γ : u ∈ Hm(Ω) → (u|∂Ω, . . . , u
(m−1)
ν |∂Ω) ∈ H(m), pj : H(m) → Hm−j−1/2(∂Ω),

m = 4. The functional L(p)u is called an L(p)-trace of u ∈ D(L).

De�nition 3. We say that a function P belongs to the space Hθ
ρ(∂K) if

∞∑
n=0

ρ2(|P Tn |2 +

|PUn |2)(1+n2)θ <∞, where P Tn and PUn are the coe�cients of the series P (τ) =
∞∑
n=0
{P Tn cosnτ+

PUn sinnτ}.
Results of [1] (especially, Theorem 3) for the case of the unit disk K are refer us to the

following statement.

Theorem. Let L(0), L(1), L(2)-traces satisfy the following condition∫
∂K

{L(2)u · v′(x) + L(1)u · v′′(x) + L(0)u · v′′′(x)}dsx = 0

for any v ∈ KerL+ and let the angles of characteristic slope ϕj , j = 1, . . . , 4, be such that

| sinn(ϕi − ϕj)| > Cij
1

n`
, ∀i 6= j, i, j = 1, . . . , 4

for some constants Cij > 0 and ` > 0.
Then in the Sobolev space Hm−`(K), m ≥ 4, there exists a unique solution u of boundary

value problem (1), (2). Moreover, u′′′ννν |∂K ∈ Hm−`
ρ (∂K), m ≥ 4, ρ2 = ch(2Imnϕj).

The existence of a solution to the Dirichlet problem in space C4(K) ∪ C(1,α)(K) for the
particular cases of a non-properly elliptic fourth order di�erential equation was established in
[2].

1. K. Buryachenko Solvability of nonhomogeneous boundary value problems for the fourth order di-
�erential equations // Ukr. Matem. Zh., no. 8, V. 63, 2011, P.1011�1020. (In Ukrainian).

2. A. O. Babayan On Dirichlet problem for non-properly elliptic fourth order equations // Nonclassical
Equations of Mathematical Physics, 2007, P. 56�68. (In Russian).

Geodesic mappings preserving the stress�energy tensor

Eugen Cherevko

Odesa National Economic University, Ukraine cherevko@usa.com

We study the geodesic mappings of spaces (Vn, g) → (V n, g) preserving the stress-energy
tensor

Tij =
c4

8πk

(
Rij −

Rgij
2

)
.

We have derived the corresponding partial di�erential equations

ψi,j = ψiψj +
1

n− 1

(
Rgij −Rgij

)
.

The integrability conditions are obtained

ψαR
α
ijk =

1

2(n− 1)
(∂kRgij − ∂jRgik − ∂kRgij + ∂jRgik +R(ψkgij − ψjgik).

In addition to the stress-energy tensor we get other invariants for the mappings. There are well-
known seven classes of the Einstein equations derived by Stepanov. We considered the geodesic
mappings of spaces corresponding to the classes on each other.
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1. Sinyukov, N. S. Geodesic mappings of Riemannian spaces. Nauka, Moscow, 1979.

2. Chepurna, O., Kiosak, V., Mike�s, J. Conformal mappings of Riemannian spaces which preserve
the Einstein tensor. J. Appl. Math. Aplimat 3, 1 (2010), 253�258.

3. Stepanov, S. E.; Tsyganok, I. I. The Seven Classes of the Einstein Equations. arXiv: 1001.4673v1
[math.DG].

Matrix Burgers-type systems and nonlinear integrable
equations

Oleksandr Chvartatskyi

Ivan Franko National University of Lviv, Lviv, Ukraine alex.chvartatskyy@gmail.com

We consider binary transformations and their reductions for constructing the exact solutions
of nonlinear integrable equations that admit di�erential and integro-di�erential Lax-Zakharov-
Shabat representations (e.g., so called symmetry reductions of the KP-hierarchy and their multi-
component generalizations [6, 2]). Such transformations were introduced as nonlinear nonlocal
mappings of su�ciently smooth (N ×K)-matrix functions ϕ, ψ and ϕ̃ of the following forms:

(ϕ,ψ) 7−→ (Φ,Ψ) : Φ = ϕΩ−1[ψ,ϕ,C], Ψ = ψΩ−1,>[ψ,ϕ,C],
Ω[ψ,ϕ,C] = C +D−1{ψ>ϕ}, (1)

ϕ̃ 7−→ Φ̃ : Φ̃ = ϕ̃Ω−1[ ¯̃ϕ, ϕ̃x, C̃], (2)

where C and C̃ are (K ×K)-constant matrices, D := ∂
∂x , D

−1 is the integration operator (its
realization depends on a concrete situation). The inverse mappings have the following forms:

(Φ,Ψ) 7−→(ϕ,ψ) : ϕ= −ΦΩ−1[Ψ,Φ,−C−1], ψ = −ΨΩ−1,>[Ψ,Φ,−C−1],
Ω[Ψ,Φ,−C−1] = −C−1 +D−1{Ψ>Φ}, (3)

Φ̃ 7−→ ϕ̃ : ϕ̃ = Φ̃Ω−1[ ¯̃Φ, Φ̃x, C̃
−1]. (4)

Transformations (1) and (2) connect linear di�erential equations for functions ϕ, ψ and ϕ̃
with nonlinear C-integrable Burgers-type systems for functions Φ, Ψ, Φ̃. Solutions of those
Burgers-type models are connected with the exact solutions of S-integrable systems of soliton
theory (including multisoliton-type solution). In terms of transformation operators

W = I − ϕΩ−1[ψ,ϕ,C]D−1ψ> W̃ = I − ϕ̃Ω−1[ ¯̃ϕ, ϕ̃x, C̃]D−1ϕ̃∗D (5)

we can represent the functions ϕ, ψ of (1) and ϕ̃ of (2) as: ΦC = W{ϕ}, ΨC> = W−1,τ{ψ} and
Φ̃C̃ = W̃{ϕ̃}.

Our approach is a synthesis of the famous Zakharov-Shabat dressing method [3], the projecti-
on method in operator algebras due to V.A. Marchenko [4], and Darboux-Crum-Matveev binary
transformations method [5]. In particular, using this approach, we obtained in [6] exact solutions
of some multicomponent (1+1)-dimensional integrable models.

1. B. Konopelchenko, J. Sidorenko, W. Strampp, Phys. Lett. A, 157, 17 (1991).

2. J. Sidorenko, W. Strampp, J. Math. Phys. 34 (4), 1429 (1993)

3. V. E. Zakharov, A. B. Shabat, Funct. Anal. Appl. 8 (3), 43 (1974); 13 (3), 13 (1979)
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4. V. A. Marchenko, Nonlinear equations and operator algebras. Dordrecht, Boston, Lancaster,
Tokyo, Reidel, 1988.

5. V. B. Matveev, M. A. Salle, Darboux transformations and solitons., Springer-Verlag, Berlin Hei-
delberg, 1991.

6. Yu. M. Sydorenko, O. I. Chvartatskyi, Visnyk Lviv Univ. Ser. Mech. Math. 74, 181 (2011). (in
Ukrainian)

Initial-boundary value problem of thermoelastic
subsurface hardening and correctness of its variational

form

Ivan Chyr

Ivan Franko National University of L'viv, Ukraine zmii@plast.org.ua

Surface hardening using grinding technique refers to technological processes of hardening
with highly concentrated sources of energy. This source is created in the area of contact due to
the friction between tool and detail. This area is characterized by high increase of temperature
during contact and decrease during its absence. As a result of high temperature grinding special
layer, called white, is formed. Mathematical modelling of changes of stresses and deformations in
depth of detail, caused by grinding, is made by �nite element method. To model the distribution
of temperature in depth of detail we assume that in the area of contact temperatures of tool and
detail is equal and generated in every point heat �ux is equally distributed sum of all heat �uxes.
The distribution law of normal and tangential in area of the contact is experimentally known.
Contact area is treated as adiabatic core with applied sources of heat and stress. Tool work
surface was deformed with periodic cuts to intensify the process of surface deformation. This
yield discontinuous character of its surface and periodic decrease in temperature of detail due to
lack of contact. We formulate the initial-boundary value problem and construct its variational
formulation. Correctness of the variational formulation is shown. Also the solution of an one-
dimentional problem is presented and analized.

Cauchy problem for quasilinear B-parabolic di�erential
equations with coe�cients depending on time and

argument deviation

Yaroslav Drin and Iryna Drin

Yurii Fedkovych National University of Chernivtsi, Ukraine appl-dpt@chnu.edu.ua

The mathematical description of di�erent processes and problems of automatic control theory,
automatics and telemechanics, radiolocation and radio navigation, electrical communication,
theoretical cybernetics, rocket engineering, thermonuclear fusion, biology, economics and medi-
cine often contains the systems of di�erential equations with argument deviation (DEAD). Their
large applications provoke increasing of interest to the theory of these equations. It e�ects a
great number of published works devoted to DEAD. The results obtained by A. D. Myshkis,
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A. E. Elsgolts, N. V. Azbelev, S. B. Norkin, Yu. O. Mytropolskyy, A. M. Samoylenko, M. M. Pe-
restyuk, V. P. Rubanyk, V. I. Fodchuk, D. I. Martynyuk, J. Heyl, V. V. Marynets and a lot of
others became classical ones in the DEAD �eld.

Theory of classical solutions of the Cauchy problem for B-parabolic equations is constructed
in works of M. I. Matiychuk, V. V. Krehivskyy (see [1] and the bibliography cited there-
in), S. D. Eydelman, S. D. Ivasyshen, V. P. Lavrenchuk, I. I. Verenych and others. Cauchy
problem for such equations in classes of distribution and ultradistribution was investigated by
Ya. I. Zhytomyrskyy, V. V. Gorodetskyy, I. V. Zhytaryuk, V. P. Lavrenchuk and others [2, 3].

Having used the results and ideas known in theory of the Cauchy problem for
−→
2b-parabolic

equations [2, 3], where along with partial derivatives with respect to the spatial variables there
are grades of the Bessel operator with respect to the normal variable (corresponding to equations
degenerating on hyperplane) and the right-hand side in inhomogeneity contains a required functi-
on with time delay, it has been established in [4] the theorem on well-posedness of the Cauchy
problem for quasilinear B-parabolic equations with constant coe�cients and the argument devi-
ation by means of the step method constructed in [5].

In this work the similar result is established for the indicated above equations with coe�cients
depending on time variable.

1. Matiychuk M. I. Parabolic singular boundary-value problem. � Kyiv: Institute of Mathematics
NAS of Ukraine, 1999. � 176 p.

2. Gorodetskyy V. V. Boundary properties of the smooth in a ball solutions of parabolic equations /
V.V. Gorodetskyy. � Chernivtsi: Ruta, 1998. � 225 p.

3. Gorodetskyy V. V. Cauchy problem for evolution equations of in�nite order. � Chernivtsi: Ruta,
2005. � 291 p.

4. Drin Ya. M. Cauchy problem for quasilinear B-parabolic equations with argument deviation//
Nauk. visnyk of Chernivtsi National University. Mathematics. V. 2, No 1. � Chernivtsi: Chernivtsi
National University, 2012. � pp. 32�34.

5. Elsgolts L. Ye., Norkin S.B. Introduction to the theory of di�erential equations with argument
deviation. � M.: Nauka, 1964. � 296 p.

Manifolds of potentials for a family of periodic
Sturm-Liouville problems

Ya. Dymarskii and Yu. Evtushenko

Lugansk State University of Internal A�airs, Ukraine dymarskii@mail.ru

We consider the family

−y′′ + p(x)y = λy, y(0)− y(2π) = y′(0)− y′(2π) = 0

of periodic eigenfunctions problems in which a 2π-periodic potential p ∈ C0 plays the role of a
functional parameter. For a �xed potential p the spectrum of problem is

λ0(p) < λ−1 (p) ≤ λ+
1 (p) < . . . < λ−k (p) ≤ λ+

k (p) < . . .

Our interest is the subset Pk := {p| λ−k (p) = λ+
k (p)} ⊂ C0. We give the new smooth parametri-

zation of the potential space C0 and the two conditions, which de�ne implicitly the submanifold
Pk. So we prove the conjecture of Arnold ("Modes and quasimodes", Funk. Anal. Pril., Vol. 6,
No. 2, 1972).
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Mixed-dimensional problem of elasticity coupling FEM
and BEM with mortars

Ivan Dyyak and Mazen Shahin

Ivan Franko National University of L'viv, Ukraine dyyak@franko.lviv.ua

Delaware State University, USA

In this work we develop and analyse the results (see[1]) for the elastostatics problem for
compound structures with discretization on non-matching grids. The domain is decomposed
into two subregions and the local Steklov-Poincare operator are expressed conveniently either by
BEM or FEM in order to obtained a symmetric interface problem. The local �nite element spaces
within the subdomains can be chosen independently of the global trial space on the skeleton.
The coupling is done by enforcing certain constraints on solutions across the subdomain interface
using Lagrange multipliers.

1. Ivan I. Dyyak, Yarema H. Savula, Mazen Shahin. Investigation of the heterogeneous problems
of the elasticity with coupled boundary-�nite element schemes. In Advances in Applied and
Computational Mathematics. Ed. F. Lin, Z. Nashed et. al. 2006, Nova Sciences Publ., pp.
47-62.

Solutions of a problem for a system of parabolic
equations with small parameters in conjugate

conditions

Zhanat Dzhobulayeva

Institute of Mathematics of MES of RK, Almaty, Kazakhstan zhanat-78@mail.ru

The two-phase problem with two small parameters κ > 0, κ > 0 in the principle terms of
conjugate conditions for the parabolic equations is considered. The existence, uniqueness, and

estimates for the solution of the problem in the H�older space
◦
C

2+l,1+l/2
xt (ΩjT ) are proved. Here

l is a positive non-integer number. The constant in the estimate of the solution does not depend
on the small parameters κ > 0, κ > 0.

The proof is based on the work [2] on the solvability of a model problem with two small
parameters. By the construction regularizer and Schauder methods [1], it gives ability to obtain
existence, uniqueness and estimate of the solution of the problem without loss of smoothness of
the given functions in the cases of κ > 0, κ > 0; κ = 0, κ > 0; κ > 0, κ = 0; κ = 0, κ = 0.
The problem is singularly perturbed. It arises in solving of the nonlinear problem describing
a process of phase transition (melting, crystallization) of substance which contains admixture.
The unknowns of the problem are temperature, concentration in of the admixture liquid and
solid phases, and interphase boundary (free boundary).

1. Lady�zenskaja O. A., Solonnikov V. A., Ural'ceva N. N. Linear and quasi-linear equations of
parabolic type. Moscow, Nauka, 1967.

2. Dzhobulayeva Zh.K. Free boundary model problem with two small parameters for the system of the
parabolic equations // Mathematical Journal, Institute of Mathematics of Ministry of Education
and Science RK, Almaty, 2009, V.9, no.3 (33), P.34�44 (in Russian).
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Classi�cation of functional bases of invariants in the
space M(1, 3)×R(u) for one- and two- parametrical

non-conjugate subgroups of the Poincar�e group P (1, 4)

Vasyl Fedorchuk1 and Volodymyr Fedorchuk2

1Pedagogical University, Cracow, Poland
2Pidstryhach IAPMM of NAS of Ukraine, Lviv, Ukraine vasfed@gmail.com

It is well known that functional bases of invariants of non-conjugate subgroups of the local
Lie groups of the point transformations play an important role in solving tasks of the symmetry
reduction of the important equations of theoretical and mathematical physics, mechanics, gas
dynamics, etc. (see, e.g., [1�4]).

Among the above mentioned equations, there are many equations that de�ned in the space
M(1, 3) × R(u). Here, and in what follows, M(1, 3) is the four-dimensional Minkowski space,
and R(u) is the real number axis of the depended variable u. In order to carry out the symmetry
reduction of these equations, we need functional bases of invariants in the space M(1, 3)×R(u)
for non-conjugate subgroups of the symmetry groups of the equations under consideration.

The present report is devoted to the classi�cation of functional bases of invariants in the
space M(1, 3) × R(u) for non-conjugate subgroups of the Poincar�e group P (1, 4). Using the
classi�cation of one- and two- dimensional non-conjugate subalgebras [5] of the Lie algebra of
the Poincar�e group P (1, 4) into the classes of isomorphic subalgebras, we have classi�ed functional
bases of invariants in the space M(1, 3)×R(u) invariant under these subalgebras.

1. L. V. Ovsiannikov, Group analysis of di�erential equations, Academic Press, New York, 1982.

2. P. J. Olver, Applications of Lie groups to di�erential equations, Springer-Verlag, New York, 1986.

3. W.I. Fushchych, L. F. Barannyk, A. F. Barannyk, Subgroup analysis of the Galilei and Poincar�e
groups and reductions of nonlinear equations, Kiev, Naukova Dumka, 1991.

4. W. I. Fushchych, W. M. Shtelen, N. I. Serov, Symmetry analysis and exact solutions of equations
of nonlinear mathematical physics, Dordrecht, Kluver Academic Publishers, 1993.

5. V. M. Fedorchuk, V. I. Fedorchuk, On classi�cation of the low-dimensional non-conjugate sub-
algebras of the Lie algebra of the Poincar�e group P (1, 4), Proceedings of Institute of Mathematics
of NAS of Ukraine, 3(2006), 302-308.

Preliminary group classi�cation of non-linear
�ve-dimensional d'Allembert equation

Volodymyr Fedorchuk

Pidstryhach IAPMM of NAS of the Ukraine volfed@gmail.com

Linear and non-linear �ve-dimensional d'Allembert equations are applied in theoretical and
mathematical physics (see e.g. [1]). Let us consider a class of non-linear �ve-dimensional
d'Allembert equations of the form

�5 = F (x0, x1, x2, x3, x4, u, u0, u1, u2, u3, u4) , (1)

where

�5 ≡
∂2

∂x2
0

− ∂2

∂x2
1

− ∂2

∂x2
2

− ∂2

∂x2
3

− ∂2

∂x2
4
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is the d'Allembert operator in the �ve-dimensional Minkowski space M(1,4), F is an arbitrary
smooth function, u = u(x0, x1, x2, x3, x4), uµ = ∂u/∂xµ, µ = 0, 1, 2, 3, 4.

This report is devoted to the group classi�cation of equations (1). By now, using non-
conjugate subgroups of the Poincar�e group P (1, 4), a partial preliminary group classi�cation of
non-linear �ve-dimensional d'Allembert equations has been performed.

1. V. G. Kadyshevsky, New approach to the theory of electromagnetic interactions, Fizika elemen-
tarnych chastic i atomnogo yadra, 11(1980), 5�39.

On a class of problems for hyperbolic systems of
quasi-linear equations of general type

Andrey Filimonov1 and Volodymyr Kyrylych2

1Moscow State University of Railway Engineering, Moscow, Russia amfilimonov@yandex.ru
2Ivan Franko National University of Lviv, Lviv, Ukraine

In the rectangle Π(T0) = {(x, t)|0 ≤ x ≤ `, 0 ≤ t ≤ T0} we consider the system

m∑
k=1

gik(x, t, u, v)

(
∂uk
∂t

+ λi(x, t, u, v)
∂uk
∂x

)
= fi(x, t, u, v), i ∈ {1, ...,m}, (1)

∂vj
∂x

= qj(x, t, u, v), j ∈ {1, ..., n}, (2)

dsj
dt

= rj(s(t), t, u(sj(t), t), v(sj(t), t)), j ∈ {1, ..., n}, s = (s1, ..., sn), (3)

where u = (u1, ..., um), v = (v1, ..., vn), and ` > 0, T0 > 0 are some constants.
Let us write down the initial and boundary conditions as following

u(x, 0) = α(x), 0 ≤ x ≤ l, (4)

sj(0) = cj , j ∈ {1, ..., n}, 0 ≤ cj ≤ l, (5)

ui(0, t) = γ0
i (t, u(0, t), v(0, t)), i ∈ I0

+ = {i | sgn(λi(0, 0, 0, 0)) = 1} , (6)

ui(l, t) = γli(t, u(l, t), v(l, t)), i ∈ I l− = {i | sgn(λi(l, 0, 0, 0)) = −1} , (7)

vj(sj(t), t) = βj(t), j ∈ {1, ..., n}, (8)

where functions α = (α1, ..., αm), β = (β1, ..., βn), γ0
i (i ∈ I0

+), γli (i ∈ I l−) and constants cj
(j ∈ {1, ..., n}) are all given.

The local and global on the time interval generalized and classical solvabilities of the problem
(1)�(8) are proved without using the reducing of the regular part of (1) to continuational system.

The obtained results are applied to wider class of the domains, for example, curvilinear sector
or curvilinear quadrangle with unknown boundaries.

1. Filimonov A. M., Kyrylych V. M. Generalized continuous solvability of the free boundary problem
for singular hyperbolic systems of the quasi-linear equations //Mat. Stud. � 2008. � V. 30. �
No.1. � P. 42�60.
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Singularly perturbed mixed boundary value problem
for a system of hyperbolic equations of the �rst order

Oksana Flyud

Ivan Franko National University of Lviv, Lviv, Ukraine oflyud@yahoo.com

In this report we consider the hyperbolic system of two linear equations of the �rst order on
domain Ω = {(x, t) : 0 < x < l, 0 < t < T} with the initial and boundary conditions

uε(x, 0) = ϕ(x), vε(x, 0) = ψ(x), x ∈ (0, l),

uε(0, t) = µ(t), vε(l, t) = ν(t), t ∈ (0, T ).

Asymptotics of the solution of the second-order is constructed and justi�ed.

Singular perturbed initial-boundary value problems for
hyperbolic equation on graphs

Volodymyr Flyud

Ivan Franko National University of Lviv, Ukraine

Opole University of Technology, Opole, Poland flyud@yahoo.com

Let Γ be a compact star graph in R3 consisting of n edges γ1, . . . , γn with a common vertex
a. Let us call the union of the rest of the vertices the boundary of the graph and denote it by
∂Γ. The graph models a system of n strings connected at a common point. Vibration of the
system is described by the function u : Γ× (0, T )→ R that is the solution to the problem for the
hyperbolic equation

∂2
t u− a(x, ε) ∂2

xu+ q(x)u = f(x, t), (x, t) ∈ Γ× (0, T ), (1)

u(x, 0) = ϕ(x), ∂tu(x, 0) = ψ(x), x ∈ Γ, (2)

u(x, t) = µ(t), (x, t) ∈ ∂Γ× (0, T ). (3)

From the physical point of view the solution u at the vertex a should be continuous

uγ1(a, t) = uγ2(a, t) = · · · = uγn(a, t), (4)

and must satisfy the balance condition of the forces of strain(
∂γ1u+ ∂γ2u+ · · ·+ ∂γnu

)
(a, t) = 0, (5)

where t ∈ (0, T ). Here uγk is a restriction of u to the edge γk, and ∂γku(a, ·) is the value of the
derivative with respect to dimensional variable at the vertex a along the edge γk in the direction
from this vertex. The sti�ness coe�cient a(x, ε) is positive on Γ for each ε > 0, but it can be
equal zero when ε = 0 on every edge of the graph or on some of them. Besides the rate of
degeneration a(x, ε) as ε→ 0 on di�erent edges can di�er.

It is known [1], that as ε > 0 there exists the unique solution uε to the investigated problems.
We study the asymptotic behavior uε, when the parameter ε becomes a small one. Under the
smoothness conditions of the data of the problems full asymptotic expansions of the solutions
regarding the degree of the small parameter ε are constructed. Di�erent cases of the coe�cient
a(x, ε) degeneration are considered. Asymptotic correctness is proved.

1. F. Ali-Mehmeti Nonlinear waves in networks.� Academie-Verlag, 1994.� 173 pp.
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Changeable sets and mathematical modeling of the
evolution of systems

Yaroslav Grushka

Institute of Mathematics NAS of Ukraine, Ukraine grushka@imath.kiev.ua

We study a new class of abstract mathematical objects � changeable sets. The changeable sets
can be interpreted as a mathematical abstraction of the evolution models for physical, biological,
and other systems in macrocosm.

From the formal point of view, the changeable sets are sets of objects which, unlike the
elements of ordinary (static) sets, may be in the process of continuous transformations, and
which may change properties depending on the point of view on them (the area of observation
that is, actually, reference frame).

It should be noted, that the theory of changeable sets is not some �new set theory�, i.e. for
the construction of this theory it is not necessary to review or complement axiomatic foundations
of classical set theory. Changeable sets are de�ned as a new abstract universal class of objects
within the framework of classical set theory (just as are de�ned groups, rings, �elds, lattices,
linear spaces, etc.).

Subjects of the report is closely connected with the famous sixth Hilbert problem.

A nonlocal invariant reduction of the
(2|2 + 1)-dimensional supersymmetric Davey-Stewartson

system and its integrability

Oksana Hentosh

Institute for Applied Problems of Mechanics and Mathematics, NAS of Ukraine, Lviv, Ukraine

ohen@ua.fm

The Lax integrable supersymmetric analog [1] of Davey-Stewartson nonlinear dynamical
system with two anticommuting variables, being obtained by use of the hierarchies of squared
eigenfunction symmetries for Lax type �ows generated by Casimir functionals on the dual space
to the Lie algebra of super-integro-di�erential operators with two anticommuting variables, are
considered.

The di�erential-geometric properties of its reduction on the invariant �nite-dimensional
supersubspace of solutions [2] formed by crucial points of a linear combination of some Casi-
mir functional and N eigenvalues of the associated spectral problem are studied. The existence
of an even supersymplectic structure [3] on this invariant supersubspace and the Hamiltonicity of
reduced three commuting independent vector �ows related to the considered (2|2+1)-dimensional
supersymmetric dynamical system are established.

The Lax-Liouville integrability of these vector �elds on the invariant supersubspace are
investigated also. It is shown that the functionally independent coe�cients in the expansi-
ons by poles of the functionals such as �rst four natural powers of the reduced on the invariant
supersubspace monodromy supermatrix of the associated spectral problem form a full set of
involutive conservation laws, which provides Liouville integrability of reduced vector �elds.
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1. Hentosh O. Ye. Lax integrable supersymmetric hierarchies on extended phase spaces of two anti-
commuting variables, in Modern Analysis and Applications, Vol. 2, Di�. Operators and Mechani-
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� 191. � P. 365-379.

2. Hentosh O. Ye. The Lax integrable Laberge-Mathieu hierarchy of supersymmetric nonlinear
dynamical systems and its �nite-dimensional Neumann type reduction// Ukr. Math. J. � 2009. �
V. 61, N 7. � P. 906-921.

3. Shander V. N. Analogues of the Frobenius and Darboux theorems for supermanifolds // Comptes
rendus de l'Academic Bulgare des Sciences. � 1983. � V. 36, N 3. � P. 309-311.

Parametric stability of singularly perturbed di�erential
systems

Anatoliy Horoshun

The Institute of Mechanics of S. P. Timoshenko NASU, Kyiv, Ukraine

ohotnik133@rambler.ru

The imprecise singularly perturbed system of di�erential equations of the following form is
considered

dx/dt = f1(x, y, p),

µ dy/dt = f2(x, y, p),

where x(t) and y(t) are real vector valued variables of the dimensions n and m respectively. The
real vector valued functions f1 and f2 of the dimensions n and m respectively are expected to
be continuously di�erentiable on x(t) and y(t) respectively and continuously dependent on the
real vector valued parameter p of the dimension l. Value µ from the interval (0, 1] is the small
parameter.

It should be noted that the equilibrium state of considered system is mobile. The mobility of
the equilibrium state or change of its coordinates is caused by the change of parameter. It means
that if for some �xed value of parameter the corresponding equilibrium state of the system is
found then for another value of parameter the system had another equilibrium state. That is
equilibrium state can move or change its position.

Let us give the de�nition of the absolute parametrical stability.

De�nition. The imprecise singularly perturbed system of di�erential equations is called absolutely
parametrically stable on region P if for all p from P the following conditions hold

(1) there exists a unique equilibrium state xe(p) for the system;
(2) xe(p) is globally parametrically stable.

Under some assumptions on the system the su�cient conditions of its absolute parametrical
stability are obtained and a domain in the parameter space of such stability is de�ned.
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On local vibrations e�ect of networks with very heavy
nodes

Hennadij Hrabchak

Ivan Franko National University of Lviv, Lviv, Ukraine h_hrabchak@franko.lviv.ua

In this report we consider the eigenvalue problem for Sturm-Liouville equation

u′′ε + λερεuε = 0

on a �nite connected geometrical graph Γ. Here λε is a spectral parameter, ε is a small positive
parameter, and the weight function ρε coincides with a positive function ρ everywhere on Γ
except small vicinities of some not clamped vertices. On the ε-neighborhood of such a vertex
a the density ρε is singular and given by ε−mq(ε−1(x − a)), where q > 0 and m > 2. This
spectral problem models eigenoscillations of a �exible string networks with very heavy nodes.
In the cases m < 2 and m = 2 such problem was considered in [1] and [2] respectively. In [3]
the problem was studied for a string and any m ∈ R. The principal terms of asymptotics of
eigenvalues and eigenfunctions of the problem under consideration are constructed. For integer
m > 2 the complete formal asymptotic expansions of eigenelements are constructed in the case of
arbitrary eigenvalue multiplicity of the limit problem. As experimental observations have shown,
in a composite medium the strong perturbation of a density in small regions can lead to an e�ect
of local oscillations. The oscillations are located on the neighbourhoods of the perturbed regions
and damp outside ones. The asymptotics of the eigenfunctions of the problem describes this
e�ect in the case m > 2.

1. Yu. Golovaty, H. Hrabchak Asymptotics of spectrum of Sturm-Liouville operator on networks with
perturbed density. Visnyk Lviv Univ., Ser. Mech. Math. 2007.� V.67.� P.66-83.

2. Yu. Golovaty, H. Hrabchak On Sturm-Liouville problem on star graphs with �heavy� nodes. Visnyk
Lviv Univ., Ser. Mech. Math. 2010.� V.72.� P.63-78.

3. Yu. Golovaty, S. Nazarov, O. Olejnik, T. Soboleva On eigenoscillations of a string with adjoint
mass. Sibirskij. mat. zhurn.� 1988.� Vol.29, No 5.� P.71-91.

Weak solvability of fractional di�erential equations

Andrii Hulianytskyi

Taras Shevchenko National University of Kyiv, Ukraine andriyhul@gmail.com

We consider the question of weak solvability of the following evolution equation

0D
α
t u+Au = f. (1)

Here 0D
α
t is the Riemann-Liouville fractional derivative, 0 < α < 1, u and f are mappings of

the form [0, T ]→ H, where H is a space of functions of the variable x ∈ Ω ⊂ Rn (or functionals
acting on such functions). By A we denote a second-order elliptic operator with respect to x.
Such equations describe processes known as anomalous di�usion or ultraslow di�usion (see e.g.
[1]).

Under certain assumptions about the operator A the following theorem holds.
Theorem. For each f ∈ Lp([0, T ], H−1

0 (Ω)), where p > 2/α, there exists a unique solution

u ∈ C([0, T ], L2(Ω)) to the equation (1) such that u(0) ≡ 0.
This result is obtained by employing Galerkin's method (see [2]).
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Vibrating systems with heavy soft inclusions:
asymptotics of spectrum and eigensubspaces

V. M. Hut

Ivan Franko National University of L'viv, Ukraine v.hut@ukr.net

A model of strongly inhomogeneous medium with the simultaneous perturbation of sti�ness
and mass density is considered. The spectral problem for an elliptic operator of the second order
which describes eigenvibrations of a composite medium with heavy soft inclusions of arbitrary
shape is studied. Let Ω be a bounded domain in Rm, m ≥ 2, with smooth boundary. Write
Ω0 = Ω\ω̄, where ω is a strictly internal subset of Ω consisting of a �nite number of domains. The
main goal is to investigate asymptotic behaviour as ε → 0 of eigenvalues λε and eigenfunctions
uε of the problem

−div(kε∇uε) = λεrεu
ε in Ω, ∂νuε = 0 on ∂Ω, (1)

where ∂ν is the outward normal derivative. We consider the sti�ness coe�cient kε(x) being
εk(x) on ω and κ(x) on Ω0, and mass density ρε(x) being r(x) on ω and εαρ(x) on Ω0, with all
functions being positive and smooth in ω and Ω0 respectively, and the power α is positive.

Let us consider the eigenvalue problem

−div(k∇u) = µru in ω, u is constant on ∂ω,

∫
∂ω
a ∂νu ds = 0. (2)

Note that the value of u on ∂ω is not prescribed as data. The integral condition arises from the
non trivial coupling of the inclusions.

Theorem 1. Let {λεn}∞n=1 and {µn}∞n=1 be eigenvalues of problems (1) and (2) respectively,

taking into account their multiplicity. Then for each integer n the ratio ε−1λεn converging to µn
as ε→ 0.

Let us denote by Lεµ the subspace in L2(Ω) that consists of all eigenfunctions uεn of problem
(1) for which ε−1λεn → µ as ε → 0. Let us also consider all eigenfunctions of the limit problem
corresponding to an eigenvalue µ and extend them by continuity to the whole domain Ω by
constant. Let Lµ be the subspace in L2(Ω) formed by the all such extensions.

Theorem 2. For every eigenvalue µ of the limit problem the gap between subspaces Lµ and Lεµ
tends to zero as ε→ 0, i.e.,

δ(Lεµ,Lµ) = ‖P εµ − Pµ‖ → 0, ε→ 0,

where P εµ and Pµ are the orthogonal projectors on subspaces Lεµ and Lµ respectively.

If µn is a simple eigenvalue of (2), then the eigenfunction uεn of (1) with eigenvalue λεn
converges in L2(Ω) toward un, where un is a extension by constant to the whole domain Ω of

eigenfunction of (2) with eigenvalue µn.

By means of the Dirichlet-to-Neumann mapping on ∂ω, perturbed problem (1) can be associ-
ated with a pencil T (ε, λ) of operators acting on L2(ω). The proof of theorems are based on the
norm resolvent convergence of T (ε, λ) towards the operator relating to the limit problem, as well
as the technique of quasimodes for self-adjoint operators. The complete asymptotic expansions
of the eigenvalues and eigenfunctions of (1) are also constructed and justi�ed.
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Solvability of ill-posed nonlocal problems with
parameters for partial di�erential equations

V. Ilkiv, T. Maherovska, and I. Savka

Lviv National Polytechnic University, Lviv, Ukraine ilkivv@i.ua

One of the classes for Hadamard ill-posed problems for partial di�erential equations is the
class of problems with nonlocal conditions. In particular, the non-local problems with two-point
(multipoint) conditions and integral conditions for selected (time) variable in the cylindrical
domain Dp, which is the Cartesian product of the time interval (0, T ), T > 0, and p-dimensional
all other (spatial) variables torus Ωp

2π, p ∈ N, dealt with by us, belong to this class.
We study the solvability with respect to a function u = u(t, x) = u(t, x1, . . . , xp) of the

problems for systems with m partial di�erential equations of the n-th order by time

L(t,Dt, D)u = f, (t, x) ∈ Dp, {m,n} ⊂ N, (1)

with the nonlocal conditions

l1(Dt, D)u = ϕ1, . . . , lnm(Dt, D)u = ϕnm, (2)

where L(t,Dt, D) = Dn
t +

∑n−1
s0=0 aŝ(t)D

s0
t D

s is a polynomial with complex matrix coe�cients,

ŝ = (s0, s) = (s0, s1, . . . , sp), Dt = ∂/∂t, D =
(
− i∂/∂x1, . . . ,−i∂/∂xp

)
.

We assume that the functions f , ϕ1, . . . , ϕnm are given, f = f(t, x), and ϕ1 = ϕ1(x), . . . ,
ϕnm = ϕnm(x). The left-hand side in conditions (2) is �nite sums or integrals, namely

lj(Dt, D)u = lj1(Dt, D)u|t=t1 + · · ·+ ljm(Dt, D)u|t=tN ,

lj(Dt, D)u =

∫ T

0
lj(τ,Dt, D)u(τ, ·)dτ,

where ljr(Dt, D) =
∑n−1

s0=0 b
jr
ŝ D

s0
t D

s, lj(t,Dt, D) =
∑n−1

s0=0 b
j
ŝ(t)D

s0
t D

s.

Entries of matrices aŝ(t), b
jr
ŝ , b

j
ŝ(t) (or some of them) are considered as parameters of problem

(1), (2). Free parameters form the vector ᾱ.
Ill-posedness of problem (1), (2) is caused by the problem of small denominators arising in

the construction of their solutions. The problem is unsolvable for certain sets of vectors ᾱ in any
�xed scale of functional spaces, but it admits a solution for almost all vectors ᾱ at some scale.

These results on the solvability of problem (1), (2) is derived and described in [1�3], where
the metric number theory is used in the study of small denominators.

The study is sponsored by FRSF Ukraine (Project NF41.1/004).

1. Ilkiv V. S., Ptashnyk B.Yo. The problems with nonlokal conditions for partial di�erential equati-
ons. Metric approach to the problem of small denominators//Ukr. Math. Zhurn. � 2006. � 58,
No 12. � P. 1624�1650.

2. Ilkiv V. S., Maherovska T.V. Nonlocal boundary value problem with multipoint conditions for
hyperbolic equations// Math. Methods and Phys.-Mech. �elds. � 2007. � 50, No 3. � P. 66�81.

3. Ilkiv V. S., Savka I. Ya. The problem with nonlocal conditions for partial di�erential equations
and constants algebraically dependent coe�cients// Reports of the National Academy of Sciences
of Ukraine. � 2011. � No 5. � P. 18�27.
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Problem without initial conditions for coupled systems
of evolution equations strongly degenerated at initial

moment

Olga Ilnytska and Mykola Bokalo

Ivan Franko National University of Lviv, Lviv, Ukraine mm.bokalo@gmail.com

Let Ω be a domain in Rn ,n ∈ N. Set T > 0, Q := Ω×(0, T ], Q̃ := Ω×(0, T ], Σ := ∂Ω×(0, T ].
Consider the problem of �nding a bounded function w = (u1, . . . , uM , v1, . . . , vL) de�ned in Q̃,
which satis�es the equations

pi(x, t)
∂ui(x, t)

∂t
−

n∑
k,l=1

ai,lk(x, t)
∂ui(x, t)

∂xk∂xl
+

n∑
k=1

ai,k(x, t)
∂ui(x, t)

∂xk
+

+ ai(x, t)ui(x, t)− fi
(
x, t, w(x, t), w(x, t− τ(t))

)
= f̂i(x, t), (x, t) ∈ Q,

qj(x, t)
∂vj(x, t)

∂t
+ bj(x, t)vj(x, t)− gj

(
x, t, w(x, t), w(x, t− τ(t))

)
= ĝj(x, t), (x, t) ∈ Q̃,

i = 1,M , j = 1, L, and the boundary conditions

ui(x, t) = hi(x, t), (x, t) ∈ Σ, i = 1,M.

Here w(x, t − τ(t)) :=
(
u1(x, t − τ1(t)), . . . , uM (x, t − τM (t)), v1(x, t − τM+1(t)), . . . , vL(x, t −

τM+L(t))
)
, (x, t) ∈ Q̃, τk ∈ C([0, T ]), τk ≥ 0; pi, qj ∈ C(Q), pi(x, t) > 0, qj(x, t) > 0 when

(x, t) ∈ Q̃, pi(x, 0) = 0, qj(x, 0) = 0,∫ T

0

dt

pi(x, t)
= +∞,

∫ T

0

dt

qj(x, t)
= +∞;

ai,kl, ai,k, ai, f̂i ∈ C(Q), bj , ĝj ∈ C(Q̃), fi ∈ C(Q× R2(M+L)), gj ∈ C(Q̃× R2(M+L)). Besides,
assume that

n∑
k,l=1

ai,lk(x, t)ξkξj ≥ µ
n∑
i=1

ξ2
i ∀ ξi ∈ R (i = 1, n), ∀ (x, t) ∈ Q,

with µ > 0.
Under certain additional conditions on the data-in we proved the existence and uniqueness

of the classical solution of this problem. Also we obtained the estimation of its solution.
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A non-local inverse problem for the di�usion equation

Mykola Ivanchov

Ivan Franko National University of Lviv, Lviv, Ukraine ivanchov@franko.lviv.ua

We consider an inverse problem for the di�usion equation with an unknown coe�cient a(s) >
0

ut = a

 h∫
0

u(x, t)dx

uxx + f(x, t), (x, t) ∈ QT ≡ {(x, t) : 0 < x < h, 0 < t < T} (1)

subject to the initial condition

u(x, 0) = ϕ(x), x ∈ [0, h], (2)

the boundary conditions

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ], (3)

and the additional condition

a

 h∫
0

u(x, t)dx

ux(0, t) = µ3(t), t ∈ [0, T ]. (4)

The conditions of existence and uniqueness of a solution to problem (1)-(4) are established
in the following theorems.

Theorem 1. Suppose that the following assumptions hold:
1) ϕ ∈ C2[0, h], µi ∈ C1[0, T ], i = 1, 2, µ3 ∈ C[0, T ], f ∈ C1,0(QT );

2) ϕ′(x) > 0, x ∈ [0, h]; µ′1(t)−f(0, t) ≤ 0, µ′2(t)−f(h, t) ≥ 0, µ3(t) > 0,
h∫
0

f(x, t)dx−µ3(t) >

0, t ∈ [0, T ]; fx(x, t) ≥ 0, (x, t) ∈ QT ;
3) ϕ(0) = µ1(0), ϕ(h) = µ2(0).

Then there exists a solution (a, u) to problem (1)�(4) from the space C[0, S] × C2,1(QT ) such

that a(s) > 0, s ∈ [0, S], where the number S > 0 is de�ned by the problem data.

Theorem 2. Under the condition

µ3(t) 6= 0, t ∈ [0, T ],

problem (1)-(4) cannot have more than one solution in the space C[0, S] × C2,1(QT ), where the
number S > 0 is de�ned by the problem data.
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Solutions of parabolic equations from families of
Banach spaces depending on time

Stepan Ivasyshen

National Technical University of Ukraine �KPI�, Ukraine ivasyshen_sd@mail.ru

Let us consider a parabolic equation (in any sense) on the layer Π(0,T ] := {(t, x) | t ∈
(0, T ], x ∈ Rn } of the form

(∂t −A(t, x, ∂x))u(t, x) = 0, (t, x) ∈ Π(0,T ], (1)

with the condition on the lower boundary of the layer Π(0,T ] (the initial condition)

u
∣∣
t=0

= ϕ. (2)

Some structure which introduced by S. D. Eidelman and the author is described. The
structure allows one to receive exact theorems on the correct solvability of problem (1), (2),
and also theorems on the representation of solutions to equation (1), de�ned in the layer Π(0,T ],
through their limit values on the hyperplane {t = 0}. The main idea is follows. Let ϕ belong to
a certain space of initial date Φ, then the evolution in time t of the corresponding solution u can
be described by using their a�liation to the family of Banach spaces Ut, t ∈ (0, T ].

By U we denote the space of all classical solutions u of equation (1), possessing the following
properties:

∀ t ∈ (0, T ] : u(t, ·) ∈ Ut,

∃C > 0∀ t ∈ (0, T ] : ‖u(t, ·) ‖Ut ≤ C.

Thus, on the proper choice of the space Φ and determination of a family of the appropriate
spaces Ut, t ∈ (0, T ], the following statements are valid.

Metatheorem 1. If ϕ ∈ Φ, then there exists a unique solution u of the problem (1), (2), which

belongs to the space U and has the form

u = Pϕ, (3)

where P be the Poisson operator generated by a fundamental solution of the Cauchy problem for

equation (1). The exact meaning of initial condition (2) depends on the choice of the space Φ
and should be speci�ed.

Metatheorem 2. If u is a solution of the equation (1) from the space U , then there exists a

unique element ϕ ∈ Φ such that the representation (3) is valid.

Hence, Metatheorems 1 and 2 are valid if we choose appropriate spaces Φ and �nd the
corresponding families of spaces Ut, t ∈ (0, T ].

Wide enough families of spaces Φ and Ut for equations parabolic in the sense of I. G. Petrovsky
and S. D. Eidelman, and for degenerate parabolic equations of A. N. Kolmogorov type are
described in [1, 2].

1. Eidelman S. D., Ivasyshen S. D., Kochubei A. N. Analytic methods in the theory of di�erential
and pseudo-di�erential equations of parabolic type // Operator Theory: Adv. and Appl. � 2004.
� Vol. 152. � 390 p.

2. Ivasyshen S. D., Layuk V. V. Characterization of solutions of a class of ultraparabolic equations
of the Kolmogorov type // J. Math. Sciences. � 2011. � Vol. 173, N. 4. � P. 341 � 370.
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Two-point problem for system of PDE of second order
in time

Petro Kalenyuk, Igor Kohut, and Zenoviy Nytrebych

Lviv Polytechnic National University, University of Rzesz�ow kalenyuk@gmail.com

In the domain t ∈ R, x ∈ Rs, we investigate the problem

L

(
∂

∂t
,
∂

∂x

)
U(t, x) ≡

[
En

∂2

∂t2
−A

(
∂

∂x

)
∂

∂t
−B

(
∂

∂x

)]
U(t, x) = 0,

U(0, x) = Φ0(x), U(T, x) = Φ1(x),

(1)

where A
(
∂
∂x

)
, B

(
∂
∂x

)
are operator-matrices of order n (n ∈ N), whose elements are arbitrary

di�erential expressions aij
(
∂
∂x

)
, bij

(
∂
∂x

)
with entire analytical symbols aij(ν), bij(ν), ν ∈ Rs, T ∈

R, T > 0, U(t, x) = col (U1(t, x), U2(t, x), . . . , Un(t, x)), Φk(x) = col (Φk1(x),Φk2(x), . . . ,Φkn(x)),
k = 0, 1, 0 = col(0, 0, . . . , 0).

To establish the unique solvability of problem (1), we use the Di�erential-symbol method [1,
2]. The solvability of (1) is determined by the set

M = {ν ∈ Cs : detV (T, ν) = 0} , (2)

where V (T, ν) means the assuming t = T in the solution V (t, ν) of the Cauchy problem

L

(
d

dt
, ν

)
V (t, ν) = 0n,

V (0, ν) = 0n,
∂V

∂t
(0, ν) = En,

where 0n, En are n-th order zero and unity matrices respectively.
For the case M ≡ Cs and the nonzero vector-functions Φ0(x), Φ1(x), we established that

the solution of (1) does not exist. When M 6= Cs and M 6= ∅, we proved the unique solvability
of problem (1) in a special class of quasipolynomials that is determined by set (2). For the
case M = ∅, we established the existence and uniqueness of a solution of (1) for arbitrary
quasipolynomial and entire analytical functions Φkj(x), k = 0, 1, j = 1, 2, . . . , n of order greater
than 1. In the last case, sometimes one can prove the existence and uniqueness of the solution
of problem (1) for arbitrary continuous or continuously di�erentiable functions Φkj(x), k = 0, 1,
j = 1, 2, . . . , n.

1. Kalenyuk P. I., Baranetskyi Ya.Ye., Nytrebych Z.N. Generalized method of separation of variables.
� Kyiv: Naukova dumka, 1993. � 232 p. (in Russian)

2. Kalenyuk P. I., Nytrebych Z.M. Generalized scheme of separation of variables. Di�erential-symbol
method. � Lviv: Publishing House of Lviv Polytechnic National University, 2002. � 292 p. (in
Ukrainian)
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Nonlinear eigenvalue problem for optimal optical
cavities

Illya Karabash

Institute of Applied Mathematics and Mechanics of NAS of Ukraine, Donetsk, Ukraine

i.m.karabash@gmail.com

The paper is devoted to optimization of resonances in a 1-D open optical cavity. The cavity's
structure is represented by its dielectric permittivity function ε(s). It is assumed that ε(s) takes
values in the range 1 ≤ ε1 ≤ ε(s) ≤ ε2. The problem is to design, for a given (real) frequency
α, a cavity having a resonance with the minimal possible decay rate. Restricting ourselves to
resonances of a given frequency α, we de�ne cavities and resonant modes with locally extremal
decay rate, and then study their properties. We show that such locally extremal cavities are 1-D
photonic crystals consisting of alternating layers of two materials with extreme allowed dielectric
permittivities ε1 and ε2. To �nd thicknesses of these layers, a nonlinear eigenvalue problem for
locally extremal resonant modes is derived. It occurs that coordinates of interface planes between
the layers can be expressed via complex arguments of corresponding modes.

Mixed problems for Kirchho� type equations with
variable exponents of nonlinearity in low-order terms

O. T. Kholyavka1, O. M. Buhrii2, M. M. Bokalo2, R. A. Mashiyev3

1IAPMM NASU, Lviv, Ukraine
2Ivan Franko National University of Lviv, Lviv, Ukraine

3Dicle University, Diyarbakir, Turkey

ot.kholyavka-panat@i.ua, ol_buhrii@i.ua, mm.bokalo@gmail.com,

mrabil@dicle.edu.tr

Let Ω ⊂ Rn be a bounded domain with the boundary ∂Ω ∈ C1, Q = Ω×(0, T ), where T > 0.
We denote by Lr(x)(Q) the class of measurable functions v : Q → R1 such that

∫
Q

|v|r(x)dxdt <

+∞, where r ∈ L∞(Ω), ess inf
x∈Ω

r(x) > 1. Notice that Lr(x)(Q) is a Banach space with the norm

||v;Lr(x)(Q)|| = inf

{
λ > 0 :

∫
Q

|v(x, t)/λ|r(x) dxdt ≤ 1

}
.

Consider the following problem

utt −M

(∫
Ω

|∇u(y, t)|2 dy

)
∆u−∆ut + h(x, t)|ut|q(x)−2ut+

+g(x, t)|u|p(x)−2u = f(x, t), (x, t) ∈ Q, (1)

u|∂Ω×(0,T ) = 0, (2)

u|t=0 = u0, ut|t=0 = u1, (3)
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where f ∈ L2(Q); u0, u1 ∈ L2(Ω); h, g ∈ L∞(Q), ess inf
(x,t)∈Q

h(x, t) > 0, ess inf
(x,t)∈Q

g(x, t) > 0;

p, q ∈ L∞(Ω), ess inf
x∈Ω

p(x) > 1, ess inf
x∈Ω

q(x) > 1; M ∈ C1([0,+∞)), inf
ξ∈[0,+∞)

M(ξ) > 0.

By a generalized solution of problem (1)-(3) we denote a function u ∈ L∞(0, T ;H1
0 (Ω) ∩

Lp(x)(Ω)), ut ∈ L2(0, T ;H1
0 (Ω)) ∩ Lq(x)(Q) that satis�es (1) in the sense of distribution and

satis�es (3) in the sense of space C([0, T ];L2(Ω)).
Under additional conditions for data-in of problem (1)-(3), we proved unique solvability of

the problem.

Periodic di�erential operators with asymptotically
preassigned spectrum

Andrii Khrabustovskyi

B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of

Sciences of Ukraine, Kharkiv, Ukraine andry9@ukr.net

We will deal with the following operators in Rn:

A = − 1

b(x)

n∑
k=1

∂

∂xk

(
a(x)

∂

∂xk

)
Here a, b are bounded above and bounded away from zero Zn-periodic functions. We denote by
Lper the set of such operators.

In the talk we will discuss the following result obtained in [1]: for an arbitrary L > 0 and
for arbitrary pairwise disjoint intervals (αj , βj) ⊂ [0, L], j = 1, . . . ,m (m ∈ N) we construct the
family of operators {Aε ∈ Lper}ε>0 such that the spectrum of Aε has exactly m gaps in [0, L]
when ε is small enough, and these gaps tend to the intervals (αj , βj) as ε→ 0. The corresponding
functions aε, bε can be chosen in such a way that their ranges have at most m+ 1 values.

The idea how to construct the family {Aε}ε>0 is based on methods of the homogenization
theory.

Also we will discuss a similar result obtained for periodic Laplace-Beltrami operators [2].

1. A. Khrabustovskyi, Periodic elliptic operators with asymptotically preassigned spectrum, Asymp-
totic Analysis (accepted). arXiv:1201.3729.

2. A. Khrabustovskyi, Periodic Riemannian manifold with preassigned gaps in spectrum of Laplace-
Beltrami operator, Journal of Di�erential Equations 252 (3) (2012), 2339-2369.
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On Optimal Boundary Control of Non-Homogeneous
String Vibrations Under Impulsive Concentrated

Perturbations with Delay in Controls

Asatur Khurshudyan

Yerevan State University, Armenia asaturkhurshudyan@yandex.ru

An optimal boundary control problem has been considered for partial di�erential equation
with x-dependent variable coe�cients [1-4]

∂

∂x

[
T0(x)

∂w(x, t)

∂x

]
− ρ(x)

∂2w(x, t)

∂t2
=

m,n∑
i,j=1

Pij · δ (x− xi) δ(t− tj); x ∈ [0; l], t ∈ [t0;T ] , (1)

with the following boundary conditions

w(0, t) = 0, w(l, t) = u(t− τ); t ∈ [t0;T ] (2)

and the following initial data

w(x, t0) = w0(x),
∂w

∂t

∣∣∣∣
t=t0

= w1(x); x ∈ [0; l]. (3)

Equation (1), particularly, describes the forced vibrations of non-homogeneous string of
length l and density ρ(x), caused by impulsive concentrated perturbations Pij (i = 1;m, j = 1;n)
applying on isolated points xi ∈ [0; l] at discrete moments tj ∈ [t0;T ], at that T0(x) is the tensi-
le force and w = w(x, t) is the de�ection of the string from equilibrium state, δ(·) is Dirac`s
well-known delta function.

It is assumed that the functions ρ(x) and T0(x) are reasonable functions, such that the usual
existence theorems for physically acceptable solution of (1) hold.

For solvability of initial-boundary problem (1)-(3) it is necessary to de�ne the history of the
function u(t) in the interval t ∈ [t0 − τ ; t0) . One can easily see, that the end point of control
action t∗ ∈ (t0;T − τ ] , therefore without losing the generality we assume, that the boundary
control function u(t) is a �nite with support [t0;T − τ ].

The statement of the problem under consideration is to determine boundary control function
u(t) in the �nite time interval [t0;T − τ ], which provides end point condition

w(x, T ) = w2(x),
∂w

∂t

∣∣∣∣
t=T

= w3(x); x ∈ [0; l] (4)

and minimizes the control process optimality criterion

κ[u] =

∫ T−τ

t0

|u(t)|dt. (5)

Using the �nite control method [5] the problem has been reduced to the following tri-
gonometric moments problem in the space L∞[t0;T − τ ] with respect to unknown function
u(t)
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∫ T−τ

t0

u(t) cos(σkt)dt = M1(σk),

∫ T−τ

t0

u(t) sin(σkt)dt = M2(σk); k = 0, 1, . . . , (6)

M1(σ) =

m,n∑
i,j=1

Pij
[
A(xi, σ) sinσ(tj − τ) +B(xi, σ) cosσ(tj − τ)

]
+

∫ l

0

[
A(x, σ)[g2(x, σ) cos(στ)− g1(x, σ) sin(στ)]

+B(x, σ)[g1(x, σ) cos(στ) + g2(x, σ) sin(στ)]

]
dx,

M2(σ) =

m,n∑
i,j=1

Pij [B(xi, σ) sinσ(tj − τ)−A(xi, σ) cosσ(tj − τ)]

+

∫ l

0

[
B(x, σ)[g2(x, σ) cos(στ)− g1(x, σ) sin(στ)]

−A(x, σ)[g1(x, σ) cos(στ) + g2(x, σ) sin(στ)]

]
dx,

g1(x, σ) = ρ(x) [w3 cos(σT )− w1 cos(σt0) + σ(w2 sin(σT )− w0 sin(σt0))] ,

g2(x, σ) = ρ(x) [w3 sin(σT )− w1 sin(σt0)− σ(w2 cos(σT ) + w0 cos(σt0))] ,

where the real functions λ = λ(x, σ) and µ = µ(x, σ) are determined from Riccati di�erential
equation [1,3-4]: T0ν

′ + ν2 + ρT0σ
2 = 0, where ν(x, σ) = i · T0

d
dx{λ;µ} and σk (k = 0, 1, 2, ...)

are the real roots of characteristic equation

λ(l, σk)− λ(0, σk)− (µ(l, σk)− µ(0, σk)) = 2πk, k = 0, 1, 2, ... (7)

The solution of the problem under consideration has been obtained explicitly by means of
the moments problem (6), using the well-known technique for solving moments problem under
integral constraints, set out in [6]:

uo(t) =
∑

k∈K,s∈S

uoks · δ(t− τ oks), (8)

where the control actions uoks, k ∈ K, s ∈ S are constrained by conditions sgnuoks = 1 and
determined from system ∑

s

uoks =
√
M2

1 (σk) +M2
2 (σk),

and the moments of controls applications

τ oks =
2πs+ θk

σk
, θk = arctg

M1(σk)

M2(σk)
,

K and S are the sets of integer indexes k and s respectively, for which {τ oks}k∈K, s∈S ⊂ [t0;T − τ ].
At the end let us note, that the necessary and su�cient conditions for solvability of moments

problem (6) is satis�ed [6], i.e.
√
M2

1 (σk) +M2
2 (σk) > 0, for all k ∈ K, therefore the system

(1)-(2) is controllable.
Acknowledgment. We want to thank Mr. Vardan Sedrakyan for his �nancial support.
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On nonlocal problem for high-order equation of mixed
type in cylindric domain

Regina Kim

Almaty University of Power Engineering and Telecommunications, Kazakhstan

rkim@mail.ru

The question of generalized solvability of a nonlocal problem for high-order equation of mi-
xed type in a cylindric domain is considered. A priori estimation is obtained. The theorem
of existence of a generalized solution of this problem is established with some restrictions on
coe�cients of the equation.

Let G be a bounded simply connected region in space Rnx of points x = {x1, x2, ..., xn} with
the su�ciently smooth boundary. Let us suppose thatD = G×(−1, 1), S = σ×(−1, 1), Γ = ∂D.
In domain D ⊂ Rn+1 we consider the 2k-order di�erential equation

Lu = K(t)D2k
t u+ ∆k

xu+ α(x, t)D2k−1
t u+

2k−2∑
i=1

ai(x, t)D
i
tu+ c(t)u = f(x, t), (1)

where k ≥ 1 is integer, n = (n1, n2, ..., nn, nn+1) is the interior normal vector. Here K(1) ≥ 0,
K(−1) ≤ 0, and K(t), α(x, t), a1(x, t),. . . , a2k−2(x, t), c(t) are su�ciently smooth functions.

BOUNDARY VALUE PROBLEM. Find a solution of equation (1) in domain D such that

Di
tu(x,±1) = 0, i = 0, (k − 2),

∂ju/∂nj
∣∣
S

= 0, j = 0, (k − 1),

Dk−1
t u(x, 1) = γDk−1

t u(x,−1),

(2)

where |γ| < 1 is a preassigned constant.
We denote by CL the class of 2k times continuously di�erentiable in D functions subject

to conditions (2), and by HL the weight Sobolev space obtained by enclosing of class CL with
respect to the norm

‖u‖2HL =

∫
D

[
(D2k−1

t u)2 +
∑
|β|=k

(Dβ
xD

k−1
t u)2 + u2

]
dD.

Theorem. Let the following conditions hold in domain D: 2α−Kt ≥ δ > 0,

D2k−1
t c < −M max

t∈[−1,1]

∑
i<2k−1

|Di
tc|, (3)
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where M > 0 is su�ciently large. Then the generalized solution of problem (1) - (2) from space

HL exists for any function f ∈ L2(D) and the following estimation is valid

‖D2k−1
t u‖20 +

∑
|β|=k

‖Dβ
xD

k−1
t u‖20 + ‖u‖20 ≤M(f),

where M(f) = m‖f‖20, m > 0.

Finite dimensional reduction of generalized Burger's
type nonlinear dynamical system on invariant

two-dimensional submanifold

Arkadii Kindybaliuk and Mykola Prytula

Ivan Franko National University of Lviv, Lviv, Ukraine mykola.prytula@gmail.com

Let us consider the �nite dimensional reduction [1, 3] of Burger's type generalized dynamical
system with constant coe�cients [2]{

ut = k1uxx + k2uux + k3vx,
vt = k2 (uv)x − k1vxx

(1)

on the invariant submanifold

M2 =
{

(u, v) ∈M ⊂ C∞l (R1, R2) : gradL2[u, v] = 0
}

of critical points [1] of the following Lagrange functional

L2[u, v] :=

x0+l∫
x0

(
cηuv + c1(u+ v) +

cϑ
2

(
k2u

2v + k3v
2 + 2k1uxv

))
dx,

where k1, k2, k3, c1, cη, cϑ are arbitrary real coe�cients. Canonical Hamiltonian variables q, p
on submanifold M2 ⊂M are q := u and p := cϑk1v.

Theorem. The Burgers type nonlinear hydrodynamic system (1), reduced on the invariant

submanifold M2 ⊂ M , is exactly equivalent to the set of two commuting canonical Hamiltonian

�ows: 
dq

dx
=
∂h

(x)
2

∂p
= −

(
c1

cϑk1
+

k3

cϑk
2
1

p+
cη
cϑk1

q +
k2

2k1
q2

)
,

dp

dx
= −∂h

(x)
2

∂q
= c1 +

cη
cϑk1

p+
k2

k1
qp

and 
dq

dt
=
∂h

(t)
2

∂p
= − cη

cϑ

(
c1

cϑk1
+

k3

cϑk
2
1

p+
cη
cϑk1

q +
k2

2k1
q2

)
,

dp

dt
= −∂h

(t)
2

∂q
=
cη
cϑ

(
c1 +

cη
cϑk1

p+
k2

k1
qp

)
that are Liouville-Arnold completely integrable by quadratures systems. The corresponding Hami-

ltonians h
(x)
2 , h

(t)
2 ∈ D(M2) expressed in the canonic variables are

h
(x)
2 (q, p) = −

(
c1

cϑk1
p+

k3

2cϑk
2
1

p2 + c1q +
cη
cϑk1

pq +
k2

2k1
pq2

)
,



International Conference dedicated to the 120-th anniversary of Stefan Banach 207

h
(t)
2 (q, p) =

c2
1

cϑ
+
c1cη
c2
ϑk1

p+
cηk3

2c2
ϑk

2
1

p2 +
c1cη
cϑ

q +
c2
η

c2
ϑk1

pq +
cηk2

2cϑk1
pq2.

The Hamiltonian functions h
(x)
2 , h

(t)
2 ∈ D(M2) can be found from the determining relationships

dh
(x)
2

dx
:= − (gradL2[u, v], (ux, vx)) ,

dh
(t)
2

dx
:= − (gradL2[u, v], (ut, vt)) .

1. Hentosh O. Di�erential-geometric and Lie-algebraic foundations of investigating nonlinear dynami-
cal systems on a function manifolds. The second edition. /O. Hentosh, M. Prytula, A. Prykarpatsky
// − L'viv University Publ., L'viv, Ukraine, 2006. � 408 p. (in Ukrainian).

2. Kindybaliuk Arkadii Bihamiltonity and exact solutions of Burger's type generalized dynamical
system /Arkadii Kindybaliuk, Mykola Prytula // Visnyk of the Lviv University, Series Mechanics
and Mathematics 2011. Issue 74, pp. 109�121. (in Ukrainian).

3. Blackmore D. Nonlinear dynamical systems of the mathematical physics: spectral and di�erential-
geometrical integrability analysis./ D. Blackmore, A.K. Prykarpatsky, V. Hr. Samoylenko //
World Scienti�c Publ., NJ, USA, 2011. � 563 p.

Boundary value problem with non-local conditions in
time for hyperbolic equation

Svetlana Kirichenko

Samara State University of Railway Transport, Russia svkirichenko@mail.ru

We consider a problem with integral conditions for hyperbolic equations in domain QT =
{(x, t) : 0 < x < l, 0 < t < T}.
Problem 1. Find a solution of the equation

utt − uxx + c(x, t)u = f(x, t),

satisfying the boundary value conditions

u(0, t) = u(l, t) = 0,

and the non-local conditions

T∫
0

Hi(t)u(x, t)dt = 0 (i = 1, 2).

Here c(x, t), f(x, t), Hi(t) are given functions. The problem 1 is reduced to an initial-boundary
value problem for a loaded equation.
Problem 2. Find a solution of an equation

vtt − vxx + c(x, t)v +

T∫
0

P (x, t, τ)u(x, τ)dτ

+ 2

T∫
0

Nx(x, t, τ)ux(x, τ)dτ −
T∫

0

Nτ (x, t, τ)uτ (x, τ)dτ = G(x, t),
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satisfying the conditions
v(0, t) = v(l, t) = 0,

v(x, 0) = vt(x, 0) = 0.

The functions u(x, t) and v(x, t) are connected by the relation

v(x, t) = u(x, t) +

T∫
0

N(x, t, τ)u(x, τ)dτ − g(x, t).

Here P (x, t, τ), N(x, t, τ), G(x, t) are given functions.
The existence and uniqueness of generalized solution are established.

Stability of di�erential di�erence equations in critical
cases

Ivan Klevchuk

Chernivtsi National University, Ukraine klevchuk@yandex.ru

Consider the equation
dx

dt
= Lxt + F (t, xt, ε), (1)

where ε is a small positive parameter, x is an element of Rn, xt is an element of the space
C[−∆, 0], where xt(θ) = x(t+ θ), −∆ ≤ θ ≤ 0, ∆ > 0; L : C[−∆, 0]→ Rn is a linear continuous
operator; F : R × C[−∆, 0] × [0, ε0] → Rn, F (t, 0, ε) = 0, ||F (t, ϕ, ε) − F (t, ψ, ε)|| ≤ ν||ϕ − ψ||.
Suppose that the characteristic equation for the linear equation dx/dt = Lxt has m roots on
the imaginary axis, and the remaining of the roots λ satisfy the condition Reλ < 0. Since this
conditions are ful�lled, there exist integral manifolds of equation (1). If the operator F (t, ϕ, ε)
is quasiperiodic with respect to t, then we can solve the linear system of algebraic equations
for �nding of the approximation of the center manifold. We prove the reduction principle for
investigation of stability of (1). The stability of trivial solution of (1) is equivalent to the
stability of trivial solution of some system of ordinary di�erential equations on a manifold [1].
If Lxt = Bx(t), then the construction of the center manifold and investigation of stability are
simple. We use the method of normal forms and averaging method for transformation of the
equation on the manifold. We use the second approximation in the averaging method to study
stability of a system of weakly coupled oscillators with time delay [2]. A su�cient stability
(instability) condition is obtained for a linear system of di�erential di�erence equations. We
show that, under certain conditions on the right-hand side, the Poincar�e map for a singularly
perturbed system possesses a transversal homoclinic point [3]. The Mel'nikov method is used to
analyse saddle-node bifurcations.

1. Klevchuk I. I. Di�er. Equations, 35, No 4, 464�473 (1999).

2. Klevchuk I. I. Nonlinear Oscillations, 14, No 3, 334�341 (2012).

3. Klevchuk I. I. Ukr. Math. J., 54, No 4, 693�699 (2002).
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Formulation and well-posedness of dissipative acoustic
problem in terms displacement and temperature

I. Klymenko and G. A. Shynkarenko

Ivan Franko National University of Lviv, Lviv, Ukraine iraklymenko@gmail.com

On the basis of conservation laws, we formulate linear initial-boundary value problem and
corresponding variational problem in terms of displacement vector and temperature, which descri-
bes the process of spreading of acoustic waves in viscous heat-conducting �uid taking into account
connectivity of mechanical and thermal �elds.We determined input data regularity for the vari-
ational problem, which guarantee uniqueness and continuous dependence of the solution in the
energy norm of the problem. In addition we prove the existence of the solution of the problem
as a limit of a sequence of the semi-discrete spatial Galerkin approximations.

Mathematical modeling of physics processes by the
atomic radial basic functions

Volodymyr Kolodyazhny

Kharkiv National Automobil and Highway University, Ukraine

Finite linear spaces of linear combinations translations of the atomic radial basis functi-
ons are considered for solving boundary value problems of mathematical physics for partial
di�erential equations. The atomic functions are the compact support solutions of the functional-
di�erential equations of spacial type. The existence and uniqueness theorems for multivariate
atomic functions generated by di�erent di�erential operators: Laplace, Helmholtz, biharmonic
are demonstrated. The resulting atomic functions are radial basis functions with the following
properties: 1) they are in�nitely continuous; 2)they satisfy functional di�erential equations; 3)
they can be computed e�ectively; 4) they have explicit formulas for Fourier transform calculati-
ons. These properties are promising for further development modeling of the peculiarities of
technological processes in designs of complex-shaped. The numerical algorithms for solving
the boundary value problems in mathematical physics on the basis of the atomic functions are
proposed. The examples of solutions of 3D boundary value problems in complex domains are
considered.
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Degenerate anisotropic variational inequalities with
L1-data: kinds of solutions and sets of constraints

Alexander A. Kovalevsky

Institute of Applied Mathematics and Mechanics, Donetsk, Ukraine

alexkvl@iamm.ac.donetsk.ua

We deal with a variational inequality corresponding to an elliptic operatorA, a set of constrai-
nts V , and an L1-right-hand side f . The operator A acts from the weighted anisotropic Sobolev
space W 1,q

0 (ν,Ω) into its dual space. Here Ω is a bounded open set of Rn (n > 2), q is a set
of exponents qi ∈ (1, n), i = 1, . . . , n, and ν is a set of weighted functions νi > 0, i.e., in Ω,
i = 1, . . . , n. Concerning the de�nition of the space W 1,q

0 (ν,Ω) and the operator A, as well as
other details related to the topic, see [1].

We discuss the following two cases:
(a) V ⊂W 1,q

0 (ν,Ω);

(b) V ⊂ T 1,q
0 (ν,Ω),

where T 1,q
0 (ν,Ω) is a set of functions which is larger than W 1,q

0 (ν,Ω) and is not contained in
L1

loc
(Ω).
In case (a), it is assumed that the set V satis�es the condition: if u,w ∈ V and k > 0, then

w − Tk(w − u) ∈ V , where Tk is the standard truncated function of the level k. The notions of
T -solution and shift T -solution of the variational inequality corresponding to the triplet (A, V, f)
are considered in this case.

In case (b), we suppose that the set V ∩ L∞(Ω) is nonempty and the following conditions
are satis�ed:

(b1) if u ∈ V , w ∈ V ∩ L∞(Ω) and k > 0, then w − Tk(w − u) ∈ V ;
(b2) if u ∈ T 1,q

0 (ν,Ω), w ∈ V ∩ L∞(Ω) and {w − Tk(w − u)} ⊂ V , then u ∈ V .
The notion of T -solution of the variational inequality corresponding to the triplet (A, V, f) is
considered in this case.

In both cases, we give theorems on existence and uniqueness of solutions of the mentioned
kinds. Finally, we provide various examples where the above conditions on the set V are realized.

1. A. A. Kovalevsky, Yu. S. Gorban, On T -solutions of degenerate anisotropic elliptic variational
inequalities with L1-data, Izv. Math., 75 (2011), no. 1, 101�156.

Homogenization of spectral problems on small-periodic
networks and lattices

Anastasiya Krylova

Taras Shevchenko National University of Kyiv, Ukraine krylovaas@univ.kiev.ua

We consider the homogenization of a spectral problem for ε-periodic networks and lattices
with periodic boundary conditions, where ε is a small positive parameter. The network that
spans a rectangle consists of union of the same εY -periodic string crosses. One side of this
rectangle is determined by the number l and the second is equal to one. Similarly to the network
we de�ne the lattice that spans a parallelepiped.
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The problem for a network has the following form

−ε2uε
′′(x) = λεuε(x), x ∈ Gε ∩ Ω,

uε(x) = uε(x+ li), u′ε(x) = u′ε(x+ li), x ∈ Gε ∩ ∂Ω,

where Gε is a small-periodic network, Ω = [0, 1] × [0, l] is a rectangle with the boundary ∂Ω,
l1 = 1, l2 = l and i = 1, 2. A similar network with arbitrary arcs instead of stretched strings
was considered in [1]. Therefore, we will use some notation and calculations of this paper. This
problem for lattices has the form that is similar to network.

We construct asymptotic expansions according to homogenization principle from [2] such a
way that it is approximate solution of spectral problem on the ε-periodic network and lattice.
Also, we carry out justi�cation of the asymptotic expansions that is main results of our research.

1. V. G. Maz'ya, A.S. Slutskii, Homogenization of a di�erential operator on a �ne periodic curvilinear
mesh. Math. Nachr. 133, 107-133 (1986)

2. G. V. Sandrakov, Homogenization principles for equations with rapidly oscillatory coe�cients,
Mat. Sb., 180:12 (1989), 1634�1679 (in Russian)

Problem with integral condition for
operator-di�erential equation

Zenoviy Nytrebych1, Grzegorz Kuduk2, Igor Kohut1

1Lviv Polytechnic National University, Lviv, Ukraine
2University of Rzesz�ow, Rzesz�ow, Poland gkuduk@onet.eu

Let A be a linear operators acting in the Banach space H and, for this operator, the arbitrary
power An, n ∈ N, be also de�ned in H. Denote by x(λ) an eigenvector of A, which corresponds
to the eigenvalue λ ∈ Λ ⊆ C. We consider the following problem[

d

dt
− a(A)

]
U(t) = 0, (1)∫ T

0
U(t) dt = ϕ, (2)

where ϕ ∈ H, (0, T ) ⊂ R, T > 0, U : (0, T ) → H is an unknown function, a(A) is an abstract
operator with the symbol a(λ) 6= const depending analytically on λ ∈ Λ.

By means of the Di�erential-symbol method [1, 2], we construct a solution of problem (1),
(2) in the form

U(t) =

∫
Λ∗
Rϕ(λ)

{
exp[a(λ)t]

η(λ)

}
x(λ) dµϕ(λ), (3)

where

η(λ) =
exp[a(λ)T ]− 1

a(λ)
, (4)

Λ∗ = Λ \ P , P is the set of zeros of η, the vector ϕ belongs to L ⊂ H, i.e., there exist a linear
operator Rϕ(λ) : H → H, λ ∈ Λ, depending on ϕ and a measure µϕ(λ) such that

ϕ =

∫
Λ
Rϕ(λ)x(λ) dµϕ(λ).
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1. Kalenyuk P. I., Baranetskyi Ya.Ye., Nytrebych Z.N. Generalized method of separation of variables.
� Kyiv: Naukova dumka, 1993. � 232 p. (in Russian).

2. Kalenyuk P. I., Nytrebych Z.M. Generalized scheme of separation of variables. Di�erential-symbol
method. � Lviv: Publishing house of Lviv Polytechnic National University, 2002. � 292 p. (in
Ukrainian).

Continuous solutions of a class of Beltrami equations
with polar singularity

Ulbike Kusherbaeva

Almaty University of Power Engineering and Telecommunications, Almaty, Kazakhstan

ulbi-70@mail.ru

Assume that R > 0 and G = {z = reiϕ : 0 ≤ r < R, 0 ≤ φ ≤ 2π}. Let us consider in G the
equation

∂z̄V − βe2iφ∂zV +
a(φ)

2z
V +

b(φ)

2z̄
V̄ = 0, (1)

where ∂z̄ = 1
2

(
∂
∂x + i ∂∂y

)
, ∂z̄ = 1

2

(
∂
∂x − i

∂
∂y

)
, a(φ), b(φ) ∈ C[0, 2π], a(φ+2π) = a(φ), b(φ+2π) =

b(φ), 0 ≤ β < 1.
Equation (1) as β = 0 and a(φ) = 0 is used in the study of in�nitesimal bending of surfaces

of positive curvature with the point of the �attening in vicinity, where surface has a special
structure. The theory of equation (1) in the case β = 0, a(φ) = 0, b(φ) = λ exp(ikφ), where λ is
an arbitrary complex, k is integer, constructed in [1].

In this paper we obtain a class of continuous solutions of (1) belonging to the class

C(G0) ∩W 1
p (G), 1 < p <

2(1− β)

1− λ− β
, (2)

where W 1
p (G) is the Sobolev space, G0 is an area G with the cut along the positive semi-axes

{z = reiφ : r > 0, φ = 0}.
Namely, the solution is obtained as follows

Vλ(r, φ) = r
λ

1−β (cλPλ,1(φ) + cλPλ,2(φ)) exp

(
i

1 + β
(λ · φ+B(φ))

)
,

where

Pλ,1(φ) =

∞∑
k=1

Iλ,2k−1(φ), Pλ,2(φ) = 1 +

∞∑
k=1

Iλ,2k(φ),

Iλ,1(φ) =

φ∫
0

Aλ(γ)dγ, Iλ,k(φ) =

φ∫
0

Aλ(γ)Iλ,k−1(γ)dγ, (k = 2,∞),

Aλ(φ) =
i

1 + β
b(φ) exp

(
− 2i

1 + β
(λφ+ReB(φ))

)
, B(φ) =

φ∫
0

a(γ) exp(iγ)dγ,

cλ is an arbitrary complex, λ > 0 is real number.
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Further, the arbitrary coe�cients are chosen so that it has the equality

V (r, 0) = V (r, 2π), (3)

thus constructed a class of continuous solutions of (1) belonging to the class

C(G) ∩W 1
p (G), 1 < p < 2.

1. Z. D. Usmanov. In�nitesimal deformations of surfaces of positive curve with a �at point. //
Di�erential Geometry. Banach Center Publications. Warsaw, 1984. V.12. P.241-272.

2. A. B. Tungatarov. A method of constructing continuous solutions of the Carleman-Vekua equation
with a singular point. // Di�erential equations. In 1992. Vol.28, 8. AS 1427-1434.

3. U. R. Kusherbayeva. A certain class of equation with a polar singularity by Carleman-Vekua. //
Bulletin of Kazakh State University. Ser. matematika, mechanics, computer science. In 1999.
Number 3. C3-7.

On estimates for the tensor product of minimal
di�erential operators

D. V. Limanskii

Donetsk National University, Ukraine 4125aa@gmail.com

We describe the linear space L(P ) of minimal di�erential operators Q(D) with constant
coe�cients subordinated in the L∞(Rn) norm to the tensor product

P (D) := P1(D1, . . . , Dp1 , 0, . . . , 0) · P2(0, . . . , 0, Dp1+1, . . . , Dn).

The subordination means that operators Q(D) and P (D) satisfy the following a priori estimate

‖Q(D)f‖L∞(Rn) ≤ C1‖P (D)f‖L∞(Rn) + C2‖f‖L∞(Rn), ∀f ∈ C∞0 (Rn).

The following result holds (see [2]).

Theorem. Let P (D) = P (D1, D2) := p1(D1)p2(D2), where p1(ξ1) is a polynomial of degree

l ≥ 1 whose zeros are real and simple, and p2(ξ2) is an arbitrary polynomial of degree m ≥ 1.
Then the inclusion Q ∈ L(P ) is equivalent to the equality

Q(D) = P (ξ)
q(ξ2)

p22(ξ2)
+ r(ξ1),

where p22(ξ2) is the nondegenerate divisor of p2(ξ2) of maximal degree, q(ξ2) is an arbitrary

polynomial of degree ≤ s := deg p22; r(ξ1) is an arbitrary polynomial of degree ≤ l − 1 if s = m,

and r(ξ1) ≡ r is an arbitrary constant if s < m. Moreover, dimL(P ) = m + l + 1 in the �rst

case and dimL(P ) = s+ 2 in the second one.

1. D. V. Limanskii, M. M. Malamud, Elliptic and Weakly Coercive Systems of Operators in Sobolev
Spaces // Mat. Sbornik. 2008. Vol. 199. No. 11. P. 75�112.

2. D. V. Limanskii, Subordination Conditions for a Tensor Product of Two Ordinary Di�erential
Operators // Reports of NAS of Ukraine. 2012. No. 4. P. 25�29.
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On application of the Laguerre transform and simple
layer potentials for initial boundary value problems for

wave equation

Svyatoslav Litynskyy

Ivan Franko National University of Lviv, Lviv, Ukraine s.litynskyy@gmail.com

Initial boundary value problems for the wave equation are reduced by the Laguere transformati-
on to boundary value problems for an in�nite triangular system of elliptic equations. The
approach is based on the presentation of a solution by simple layer potentials represented as
q-convolution of the fundamental solutions of system and unknown functions. Solutions of the
corresponding integral equations are studied.

Inhomogeneous boundary value problems with
fractional derivatives in spaces of generalized functions

Halyna Lopushanska1 and A. Lopushanskyj2

1Ivan Franko National University of Lviv, Lviv, Ukraine,
2Carpatian National University named after Vasyl Stefanyk, Ukraine

We suggest the method of obtaining of the existence and uniqueness theorem and the
representation by means of the Green vector-function of solutions of the normal boundary value
problem for the equation

u
(β)
t −A(x,D)u = F (x, t), (x, t) ∈ Ω× (0, T ]

with the Riemann-Liouville fractional derivative u
(β)
t of the order β ∈ (0, 1), the elliptic di-

�erential expression A(x,D) in boundary domain Ω ∈ Rn, the function F and right-hand sides
in boundary and initial conditions from the spaces D′ of generalized functions.

These results admit the extensions to the equation

u
(β)
t −

n∑
j=1

bju
(α)
xj = F (x, t), (x, t) ∈ Ω× (0, T ]

with the partial Riemann-Liouville fractional derivatives u
(α)
xj and constant coe�cients bj , j = 1, n

under the condition
n∑
j=1

bjp
α
j ≥ C0 for all p ∈ Rn, |p| = 1 and also to the equation

u
(β)
t + a2(−∆)α/2u = F (x, t), (x, t) ∈ Ω× (0, T ]

where the fractional n-dimensional Laplace operator (−∆)α/2 is de�ned by its Fourier transform:
F[(−∆)α/2ψ(x)] = |λ|αF[ψ(x)].
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Boundary value problems for semi-linear parabolic
equations in Bessel potentials' spaces

A. Lopushanskyj

Carpatian National University named after Vasyl Stefanyk, Ukraine

The over-regularity of solutions of normal parabolic boundary value problems, with right-
hand sides from Bessel potentials' spaces, is obtained. The new su�cient conditions of the
classical solvability of normal boundary value problems for nonlinear parabolic equations are
founded.

By author the su�cient conditions for classical solvability of the Cauchy problem for abstract
parabolic equation

v′t(t) = Av(t) + g0

(
t, v(t)

)
, t ∈ [0, T ]

are founded where the operator A don't depend on t and is the linear unbounded closed sectori-
al operator of negative type in some complex Banach space (V0, ‖ · ‖0) with dense de�nition's
domain D(A) = V1 ⊂ V0. These conditions are the transfer of known conditions of Da Prato G.
and Grisvard [1] onto the case of complex interpolation scales and semi-linear parabolic equations.

We use the obtained results to the case of the di�erential operator A given on fractional scales
of Bessel potentials' spaces. We consider the case of regular elliptic operator A in functional
space V0 = Lp(Ω) (1 < p < ∞) onto the boundary domain Ω ⊂ Rn satisfying the conditions
of the parabolicity of Agmon. In this case the suggesting Cauchy problem is the boundary
value problem for inhomogeneous semi-linear di�erential parabolic equation de�ned onto the
subspace Vϑ = H2mϑ

p,{Bj}(Ω) of the order 2mϑ (0 < ϑ ≤ 1) in functional space of Bessel potentials

V1 = H2m
p (Ω) de�ned by set of the normal boundary di�erential expressions Bj (j = 1, . . . ,m)

given onto the boundary ∂Ω of the domain.

For 0 < η < θ ≤ 1 the su�cient conditions of the solvability of the problem in the space

C
(

[0, T ];H
2m(1+η)
p,{Bj} (Ω)

)⋂
C1
(

[0, T ];H2mη
p,{Bj}(Ω)

)
are obtained.

1. Da Prato G., Grisvard P. Equations d'evolution abstractes non lineaire de type parabolique //
Ann. Mat. Pure Appl. � 1979.� V. 120, N4. � P. 329-396.

On Parabolic problems in H�ormander spaces

V. N. Los1 and A. A. Murach2

1Chernigiv State Technological University v_los@yahoo.com
2Institute of Mathematics of NAS of Ukraine, Ukraine

The talk is devoted to an application of certain H�ormander spaces to parabolic problems.
These spaces are parametrized by a real number s and a continuous positive function g(t) of
t ≥ 1 that varies slowly at in�nity in the Karamata sense. They form a re�ned Sobolev scale and
are constructed on the basis of the anisotropic H�ormander inner product space Hs,s/2b,g(Rn+1),
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where b is a parabolic weight. This space consists of all tempered distributions w in Rn+1 such
that

(1 + |y|+ |p|1/(2b))sg(1 + |y|+ |p|1/(2b))(Fw)(y, p) ∈ L2(Rn+1, dydp).

Here Fw is the Fourier transform of w, whereas y ∈ Rn and p ∈ R are frequency variables dual
to spacial and time variables, respectively. If g(t) = 1 for all t ≥ 1, then Hs,s/2b,g(Rn+1) becomes
the anisotropic Sobolev space Hs,s/2b(Rn+1), which is used generally in parabolic theory.

In bounded cylinder, we consider a mixed parabolic problem with the homogeneous Cauchy
datum. We show that the operator corresponding to this problem establishes a homeomorphism
between appropriate spaces belonging to the re�ned Sobolev scale if s is large enough and if
g(t) is an arbitrary function parameter mentioned above. A local regularity of solutions to the
parabolic problem is investigated on this scale. New su�cient conditions for the solutions to
have continuous derivatives are given.

Nonlocal multipoint on time problems for a class of
evolution pseudo-di�erential equations with variable

symbols

O. V. Martynyuk and V. V. Gorodetskiy

Chernivtsi National University, Ukraine alfaolga@rambler.ru

Recently, nonlocal multipoint boundary problems for di�erential equations with partial deri-
vatives have been intensively researched, especially the nonlocal multipoint on time problems.
These researches are implied by the fact that a lot of practical problems can be modeled by
using boundary problems for equations with partial dervatives with the nonlocal conditions.
O. O. Dezin studied the solvable extensions of di�erential operators, generated by general di-
�erential operation with constant coe�cients, and pointed at expedience of using nonlocal condi-
tions from the point of view of the general theory of boundary problems for the �rst time [1].
A. H. Mamyan proved that there are exist equations with partial derivatives in a layer such
that it is impossible to formulate correctly a local problem for them, however there are correct
problems if we use along with local and nonlocal conditions.

M. I. Matiychuk studied the two-point time problem for the heat equation and B-parabolic
equation with constant coe�cients [3]. Two-point and m-point (m ≥ 2) time problems for
evolution equations with pseudo-di�erential operators constructed with Bessel's transform and
non-smooth homogeneous symbols, independent on t at space variables were researched by
V. V. Gorodetskiy, O. M. Lenyuk and D. I. Spizhavka [4,5] in the case that the boundary
function is a generalized function of distribution type.

Nonlocal multipoint time problems for evolution equations with pseudo-Bessel operators
constructed with variable symbols a(t, x, sigma) (nonlocal at the point σ = 0 and homogeneous
on sigma where t, x are �xed), have not been researched yet. That is why it became necessary
to study such problems, especially to construct and study features of the fundamental solution
of nonlocal m-point (m ≥ 1) on time problem for evolution equation with pointed operators; to
determinate solvability of the problem when boundary function is continuous, even and bounded
on R; to �nd an integral representation of the solution.

1. Dezin A.A. Operatory s pervoy proizvodnoy po vremeni i nelokal'nye granichnye usloviya // Izv.
AN SSSR. Ser. matem. - 1967. - T. 31, N 1. - S. 61-68.
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Cauchy problem for a semilinear ultraparabolic
equations of Kolmogorov type

Igor Medynsky
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Let T be a positive number, n1, n2, n3, b be positive integers, and ΠH := {(t, x) | t ∈ H ⊂
R, x ∈ Rn } be a layer in Rn+1, where n := n1+n2+n3, 1 ≤ n3 ≤ n2 ≤ n1; x := (x1, x2, x3) ∈ Rn,
if xl := (xl1, . . . , xlnl) ∈ Rnl , l ∈ {1, 2, 3}; Z

nl
+ is a set of all nl � dimensional multiindices;

|kl| :=
∑nl

j=1 klj if kl := (kl1, . . . , klnl) ∈ Z
nl
+ . Denote by D2b−1

x1 u(t, x) a set of all derivatives

of the function u(t, x) , whose form is ∂k1x1u , |k1| ≤ 2b − 1; G := {y ∈ RL | |yj | ≤ R, j ∈
{1, ..., L}}, where R is a positive constant and L is a quantity of elements of the set D2b−1

x1 u(t, x);
QH := {(t, x, y) | (t, x) ∈ ΠH , y ∈ G}; α and β are continuous on [0, T ] functions which satisfy the
following conditions : α(t) > 0, β(t) > 0 for any t ∈ (0, T ], α(0)β(0) = 0 and β is monotonically
nondecreasing function.

Let us consider the degenerate equation

(
α(t)∂t − β(t)

( 3∑
l=2

nl∑
j=1

x(l−1)j∂xlj +
∑
|k1|≤2b

ak1(t)∂k1x1

))
u(t, x)

= f(t, x,D2b−1
x1 u(t, x)), (t, x) ∈ Π(0,T ], (1)

with the initial condition
u
∣∣
t=0

= ϕ(x), x ∈ Rn, (2)

Assume that the following conditions hold:

(i) the coe�cients ak1 , |k1| ≤ 2b are continuous in [0, T ];

(ii) ∃ δ > 0 ∀ t ∈ [0, T ] ∀ σ1 ∈ Rn1 : Re
∑
|k1|≤2b ak1(t)(iσ1)k1 ≤ −δ|σ1|2b.

By using the results for a linear degenerate equations [1], the conditions for f : QΠ(0,T ]
→ C

which provide existence of a unique solution u of the Cauchy problem (1), (2) are obtained. This
solution is de�ned in the layer Π(0,T0], where T0 < T . We consider the case of weak equation's
degeneration only.

1. Eidelman S.D., Ivasyshen S.D., Kochubei A.N. Analytic methods in the theory of di�erential and
pseudo-di�erential equations of parabolic type // Operator Theory: Adv. and Appl. � 2004. �
Vol. 152. � 390 p.
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Inverse boundary problem for elliptic equation of
fourth order
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Di�erent inverse problems for various types of partial di�erential equations have been studied
in many papers. First of all we note the papers of M. M. Lavrentyev [1], A. M. Denisov [2],
M. I. Ivanchov [3] and their followers. In the papers [4, 5] the inverse boundary value problems
were investigated for a second order elliptic equation in a rectangular domain.

Consider the equation

utttt(x, t) + uxxxx(x, t) = a(t)u(x, t) + f(x, t) (1)

and substitute for it in the domain DT = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T} the inverse boundary
value problem with the boundary conditions

u(x, 0) = ϕ0(x), ut(x, T ) = ϕ1(x),

utt(x, 0) = ϕ2(x), uttt(x, T ) = ϕ3(x) (0 ≤ x ≤ 1), (2)

ux(0, t) = ux(1, t) = uxxx(0, t) = uxxx(1, t) = 0 (0 ≤ t ≤ T ), (3)

and the additional condition

u(0, t) = h(t) (0 ≤ t ≤ T ), (4)

where f(x, t), ϕi(x)(i = 0, 3), h(t) are given functions, u(x, t) and a(t) are desired functions.

De�nition. The classic solution of problem (1)-(4) is a pair {u(x, t), a(t)} of functions u(x, t)
and a(t) possessing the following properties:

(i) u(x, t) is continuous in DT together with all its derivatives contained in equation (1);

(ii) a(t) is continuous on [0, T ];

(iii) the conditions of (1)-(4) are ful�lled in the usual sense.

Together with the inverse boundary value problem we consider the following auxiliary inverse
boundary value problem. It is required to determine a pair {u(x, t), a(t)} of functions u(x, t) and
a(t) possessing the properties (i) and (ii) of the de�nition of a classic solution of (1)-(4) from
relations (1)-(3), and

h(4)(t) + uxxxx(0, t) = a(t)h(t) + f(0, t) (0 ≤ t ≤ T ). (5)

The following lemma is valid.

Lemma. Let ϕi(x) ∈ C[0, 1] (i = 0, 3), h(t) ∈ C4[0, T ], h(t) 6= 0 (0 ≤ t ≤ T ), f(x, t) ∈ C(DT ),
and the following agreement conditions hold:

ϕ0(1) = h(0), ϕ1(1) = h′(T ), ϕ2(1) = h′′(0), ϕ3(1) = h′′′(T )

Then the following statements are true:

1. each classic solution {u(x, t), a(t)} of problem (1)-(4) is a solution of (1)-(3), (5) as well;
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2. each solution {u(x, t), a(t)} of (1)-(3), (5) such that

5

12
T 4 ‖a(t)‖C[0,T ] < 1

is a classic solution of problem (1)-(4).

Suppose that the data of problem (1)-(3), (5) satisfy the following conditions:

1. ϕi(x) ∈ C4[0, 1], ϕ
(5)
i (x) ∈ L2(0, 1), ϕ′i(0) = ϕ′i(1) = ϕ′′′i (0) = ϕ′′′i (1) = 0 (i = 0, 1, 2, 3);

2. f(x, t), fx(x, t), fxx(x, t) ∈ C(DT ), fxx(x, t) ∈ L2(DT ),
fx(0, t) = fx(1, t) = 0 (0 ≤ t ≤ T );

3. h(t) ∈ C4[0, T ], h(t) 6= 0 (0 ≤ t ≤ T ).

Theorem 1. Let conditions 1-3 be ful�lled then problem (1)-(3), (5) has a unique solution for

su�ciently small values of T .

By means of lemma, a unique solvability of initial problem (1)-(5) follows from the last
theorem.

Theorem 2. Let all the conditions of theorem 1 be ful�lled

ϕ0(1) = h(0), ϕ1(1) = h′(T ), ϕ2(1) = h′′(0), ϕ3(1) = h′′′(T ).

Then problem (1)-(5) has a unique classic solution for su�ciently small values of T .

[1] Lavrent'ev M.M., Romanov V.G., Shishatsky S.T. Ill-posed problems of mathematical physics and
analysis. M., Nauka, 1920.(In Russian)

[2] Denisov A.M. Introduction to theory of inverse problems. M., MGU, 1994.(In Russian)

[3] Ivanchov M. I. Inverse problems for equation of parabolic type. Ukraine, 2003, p. 240.

[4] Solov'ev V.V. Inverse problems for elliptic equations on a plane. Di�eren. uravneniya, 2006, v.42,
No 8, pp. 1106-1114.(In Russian)

[5] Mehraliyev Ya.T. Inverse boundary value problem for a second order elliptic equation with additi-
onal integral condition. Vestnik of Udmurtskogo Universiteta, Mathematika, Mekhanika, Kompu-
terniye Nauki, 2012, issue 1, pp.32-40. (In Russian)

On Laguerre transform and integral equations for
initial-boundary value problems for parabolic equation

with mixed boundary conditions

Anatoliy Muzychuk
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The Laguerre integral transform over the time variable is used to reduce an evolution problem
to boundary value problems for an in�nite triangular system of elliptic equations. The approach
is based on an integral presentation of solution in terms of its Cauchy data. It leads to an in�nite
sequence of boundary integral equations. The integral operator at the left hand side remains
the same for each unknown component. Finally, the approximate solution of the original initial-
boundary value problem can be obtained as a partial sum of the Fourier-Laguerre expansion.
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On exterior boundary value problems for special kind
of in�nite systems of elliptic equations

Yuriy Muzychuk
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We consider exterior boundary value problems for in�nite triangular systems of elliptic equati-
ons. An integral representation of the generalized solution of the formulated problem is built in
the case of constant coe�cients. We investigate properties of boundary integral operators and
well posedness of the obtained system of the boundary integral equations. The direct boundary
element method is developed for their numerical solution.

On behavior of solutions to generalized di�erential
equations

Bogdan Pakholok

Lviv National Polytechnic University, Lviv, Ukraine bogdanbp@ukr.net

On the interval I = [0,∞), we study properties of solutions to the system of di�erential
equations

X ′ = A′(t)X + F (X, t) +G′(t), (1)

where A(t), G(t) are n × n matrix functions of the locally bounded variation on I, and F (X, t)
satis�es the condition ‖F (X, t)‖ ≤ L ‖X‖ in the domain D = {‖X‖ ≤ H, 0 ≤ t < ∞}. The
solutions of system (1) exist in the space of functions of the locally bounded variation on the
interval I. We obtain upper estimates of solutions of (1) as well as some stability conditions.

Spectral boundary homogenization problems and
related issues

Eugenia P�erez

Universidad de Cantabria, Santander, Spain maria.perez@unican.es

We provide an overview on results related to the asymptotic behavior of the eigenelements
of certain singularly perturbed spectral problems arising, e.g., in models of vibrations of high-
contrast media. Depending on the vibrating system, the convergence of the spectrum with
conservation of the multiplicity can be obtained. For other systems we can construct approaches
to eigenelements through quasimodes. In general, all these approximations allow us to construct
standing waves, which concentrate asymptotically their supports at points, along lines, or in
certain regions, and which approach certain solutions of the second order evolution problems for
long time. We can determine this period of time in terms of the small perturbation parameters
of the problem.
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Interaction of fast and slow di�usion processes
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We consider the following free boundary problem for the equation describing the interaction
of two di�usion mechanisms � slow and fast:

ut = ∆(u2 + ε lnu), (x, t) ∈ Ωt, t > 0; (1)

u(x, y, 0) = u0(x, y), (x, y) ∈ Ω0; (2)

u = u∗, −(2 + εu−2)∇u · n = Vn, (x, y) ∈ Γt = ∂Ωt, t > 0. (3)

Here ε and u∗ are positive constants, Ω0 ∈ R2 is a bounded domain with the smooth boundary
Γ0, u0 is a function with positive values in the domain Ω0, n is the unit vector of outward normal
to the curve Γt, Vn is the velocity of this curve displacement in the direction of n. Problem (1)�
(3) can be treated as a model describing the drop spreading on the horizontal plane when the
action of van der Waals forces is taken into account. The conditions (3) on the free boundary for
one-dimensional case were formulated by O.V. Voinov (J. of Appl. Mech. and Tekn. Phys, 1994).
They mean that on the moving wetting line Γt the �lm thickness is equal to a small constant
u∗, and the line itself is a Lagrangian curve. The equation at the limit ε → 0 transforms to
well-known in the theory of underground water movement the Boussinesq equation

ut = ∆(u2) (4)

for which the Cauchy problem with a nonnegative �nite initial function is a typical one. In
plane and axially-symmetrical cases the problem admits solutions with the initial data as a
measure (Ya.B. Zeldovich and A.S. Kompaneets, 1950; G.I. Barenblatt, 1952). These solutions
describe the perturbation propagation with �nite velocity at zero background. Introduction of
the term ε∆ lnu into equation (4) eliminates that e�ect. The problem (1)�(3) presents itself
one-phase Stefan-type problem for quasilinear parabolic equation. The equation (1) obeys maxi-
mum principle; the methods of the studying for the Stefan problem are applicable here (A.M.
Meirmanov, 1982). The global classical resolvability �in the large� is proved for one-dimensional
plane and axially-symmetrical cases. The local in time resolvability for two-dimensional problem
is established and the possibilities of extension on arbitrary time interval are studied. Besides,
the asymptotical solutions to the plane and axially-symmetrical problem (1)�(3) for small ε and
all t > 0 are constructed and studied.

Bifurcation theory of bounded and periodic solutions of
Schrodinger equation

Oleksander Pokutnyi

Institute of mathematics of NAS of Ukraine, Kiev, Ukraine lenasas@gmail.com

The report is devoted to obtaining su�cient conditions for existence of weak bounded soluti-
ons of the di�erential equation in the Hilbert space H

ϕ̇(t, ε) = JH(t)ϕ(t, ε) + εH1(t)ϕ(t, ε) + f(t), (1)
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under assumption that the homogeneous generating equation (ε, f(t) = 0) admits an exponential
dichotomy on both semi-axes R+ and R− with projector-valued functions P+(t) and P−(t) [1]
and the boundary-value problem

ϕ̇(t, ε) = JHϕ(t, ε) + εH1(t)ϕ(t, ε) + f(t), (2)

ϕ(0, ε)− ϕ(w, ε) = α, α ∈ D. (3)

Here H(t) = H∗(t) (resp. H = H∗) is a linear unbounded self-adjoint operator-valued function
for all t, H ≥ βI, β > 0 with domain D(H) = D ⊂ H, D = H, J2 = −I, ε is a small parameter,
|||H1||| = supt∈R ||H1(t)|| <∞. The evolution operator of (2),(3) for ε = 0, f(t) = 0, is a strongly
continuous nonexpanding group. We generalize the well-known Vishik-Lyusternik method and
prove that problems (1) and (2),(3) have a family weak solutions in the form of a part of Laurent
series.

1. Pokutnyi O. O. Bounded solutions of linear and weakly nonlinear di�erential equations in Banach
space with unbounded linear part, Di�erential equations no. 6, v.48, 2012 (in Russian).� p. 803�
813.

On the Klein-Gordon type nonlinear equation
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Consider the following nonlinear PDE of Klein-Gordon type

δ(2)
x1x2(u(x)) = ku(x), x = (x1, x2) ∈ D ⊆ {(x1, x2) : |x1x2| < c; x1, x2 ∈ R}, (1)

where 0 < c ≤ ∞; k = const, |k| > 1/c, u(x) is unknown function; δ
(2)
x1x2(u(x)) is so-called the

second order mixed nonlinear associative derivative of u(x) and it is the unique solution to the
functional equation [1]

∂(2)

∂x1∂x2
α(u(x)/δ(2)

x1x2(u(y)))|y=x =
∂(2)

∂x1∂x2
α(x1x2) = β(x1x2). (2)

In (2) α(z) is a given monotone odd continuously di�erentiable function. Let us introduce the
new function

ν(x) = (u(x))µ, µ = 1 +
α′′(1/k)

kα′(1/k)
6= 0.

Theorem. The function ν(x) satis�es the following linear PDE

∂(2)

∂x1∂x2
ν(x) = λβ(x1x2)ν(x), (3)

where λ = kµ/α′(1/k).
Method of equation (3) solving is discussed.

1. M. Ya. Postan Quasi-additive measures and nonlinear associative integral, Book of abstracts of
Intl. Conf. �Modern Analysis and Applications� dedicated to the centenary of M. Krein, Odessa,
2007, 119�120.



International Conference dedicated to the 120-th anniversary of Stefan Banach 223

On the di�erential-algebraic tools in nonlinear
dynamical systems theory

Anatoliy K. Prykarpatsky1 and Denis Blackmore2
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Take the ring K := R{{x, t}}, (x, t) ∈ R2, of convergent germs of real-valued smooth functions
from C(∞)(R2;R) and construct the associated [1] di�erential polynomial ring K{u} := K[Θu]
with respect to a functional variable u, where Θ denotes the standard monoid of all operators
generated by commuting di�erentiations ∂/∂x := Dx and ∂/∂t. The ideal I{u} ⊂ K{u} is called
di�erential if the condition I{u} = ΘI{u} holds. Consider now the additional di�erentiation

Dt : K{u} → K{u}, (1)

depending on the functional variable u, which satis�es the Lie-algebraic commutator condition

[Dx, Dt] = (Dxu)Dx, (2)

for all (x, t) ∈ R2. As a simple consequence of (2) the following general (suitably normalized)
representation of the di�erentiation (1)

Dt = ∂/∂t+ u∂/∂x (3)

in the di�erential ring K{u} holds. Impose now on the di�erentiation (1) a new algebraic
constraint

DN−1
t u = z̄, Dtz̄ = 0, (4)

de�ning for all natural N ∈ N some smooth functional set (or "manifold") M(N) of functi-
ons u ∈ R{{x, t}}, and which allows to reduce naturally the initial ring K{u} to the basic
ring K{u}|M(N)

⊆ R{{x, t}}. In this case the following natural problem of constructing the
corresponding representation of di�erentiation (1) arises: to �nd an equivalent linear representati-
on of the reduced di�erentiation Dt|M(N)

: Rp(N){{x, t}} → Rp(N){{x, t}} in the functional vector
space Rp(N){{x, t}} for some specially chosen integer dimension p(N) ∈ Z+.

We have shown that for arbitrary N ≥ 2 this problem is completely analytically solvable by
means of the di�erential-algebraic tools, devised in [2, 3], giving rise to the corresponding Lax
type integrability of the generalized Riemann type hydrodynamical system (4). Moreover, we
have proved that the same problem is also solvable for the more complicated constraints

DN−1
t u = z̄2

x, Dtz̄ = 0, (5)

equivalent to a generalized Riemann type hydrodynamic �ows, and

DxDtu− u = 0, (6)

equivalent to the integrable Ostrovsky-Vakhnenko dynamical systems.

1. Ritt J.F. Di�erential algebra. AMS-Colloqium Publications, vol. XXXIII, New York, NY, Dover
Publ., 1966

2. Prykarpatsky A.K., Artemovych O.D., Popowicz Z. and Pavlov M.V. Di�erential-algebraic integrabi-
lity analysis of the generalized Riemann type and Korteweg�de Vries hydrodynamical equations.
J. Phys. A: Math. Theor. 43 (2010) 295205 (13pp)

3. Blackmore D., Prykarpatsky A.K. and Samoylenko V.Hr. Nonlinear dynamical systems of mathemati-
cal physics: spectral and di�erential-geometrical integrability analysis. World Scienti�c Publ., NJ,
USA, 2011.
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On unboundedness of solution of mixed problem for
nonlinear evolution equation at �nite time

Petro Pukach
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Let Ω be a bounded domain in Rn (n ≥ 1) with the bound ∂Ω ∈ C1, Q = Ω × (0,+∞),
S = ∂Ω×(0,+∞) be a lateral surface of the domain Q. Denote Qτ = Ω×(0, τ), Sτ = ∂Ω×(0, τ),
Ωτ = {(x, t) : x ∈ Ω, t = τ}, τ ∈ [0, T ], 0 < T < +∞. In the domain Q we consider the �rst
mixed problem for the nonlinear equation

utt+
∑

|α|=|β|=2

Dβ (aαβ(x)Dαut) +
∑

|α|=|β|=2

Dβ (bαβ(x)Dαu)

+
n∑

i,j=1

(bij(x)|uxixj |q−2uxixj )xixj= c0(x)|u|p−2u (1)

with the initial conditions

u|t=0 = u0(x), ut|t=0 = u1(x) (2)

and the boundary conditions

u|S = 0,
∂u

∂ν

∣∣∣∣
S

= 0. (3)

Equation (1) is a multidimensional nonlinear generalization of the known linear beam vi-
brations equation (see [1] and the bibliography therein). Such kind of equations describe, in
particular, the perturbation propagation in a viscoelastic material, under external ultrasonic
aerodynamic forces [2] as well as another processes of the similar nature.

We assume that the following conditions hold:

aαβ, D
αaαβ ∈ L∞(Ω)(|α| = 2), |α| = |β| = 2,

∑
|α|=|β|=2

aαβ(x)ξαξβ ≥ A2

∑
|α|=2

|ξα|2

with A2 > 0 for any real numbers ξα, |α| = 2, and for almost all x ∈ Ω;

bαβ, D
αbαβ ∈ L∞(Ω)(|α| = 2), |α| = |β| = 2,

∑
|α|=|β|=2

bαβξαξβ ≥ B2

∑
|α|=2

|ξα|2

with B2 > 0 for any real numbers ξα, |α| = 2, and for almost all x ∈ Ω; bαβ(x) = bβα(x) for
almost all x ∈ Ω;

bij , bij,xixj ∈ L∞(Ω), bij(x) ≥ b2 > 0, bij(x) = bji(x)

for almost all x ∈ Ω and for all i, j ∈ {1, ...n};

c0 ∈ L∞(Ω); u0, u1 ∈ W 2,q
0 (Ω).

A function u ∈ C([0, T ];W 2,q
0 (Ω)) such that

ut ∈ C([0, T ];H2
0 (Ω)), utt ∈ L∞((0, T );L2(Ω)) ∩ L2((0, T );H2

0 (Ω))
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is called a generalized solution of problem (1)�(3) in QT , if one satis�es initial conditions (2) and
the integral equality∫

Ωt

[
uttv +

∑
|α|=|β|=2

aαβ(x)DαutD
βv +

∑
|α|=|β|=2

bαβ(x)DαuDβv

+
∑
|α|=2

bα(x)|Dαu|q−2DαuDαv − c0(x)|u|p−2uv
]
dx = 0

for almost all t ∈ (0, T ) and for all v ∈W 2,q
0 (Ω) ∩ Lp(Ω). If T = +∞ then the solution is called

global in Q.
Let

E0 =
1

2

∫
Ω

[
(u1)2

t +
∑

|α|=|β|=2

bαβ(x)Dαu0D
βu0

]
dx

+
1

q

∫
Ω

∑
|α|=2

bα(x)|Dαu0|qdx−
1

p

∫
Ω

c0(x)|u0|pdx < 0,

c0(x) > 0; p > 2, if n ≤ 4, 2 < p ≤ 2n

n− 4
, if n > 4; 2 < q < p+2

2 . Then there exists no global

general solution of problem (1) � (3).

1. Hughes T.J., Marsden J.E. Mathematical foundation of elasticity, Endlewood C. Prentice Hall,
1983.

2. Åðîôååâ Â.È., Êàæàåâ Â.Â., Ñåìåðèêîâà Í.Ï. Âîëíû â ñòåðæíÿõ. Äèñïåðñèÿ. Äèññèïàöèÿ.
Íåëèíåéíîñòü, Ì: Ôèçìàòëèò, 2002.

Nonlocal problems for evolution equations

Ludmila S. Pulkina

Samara State University, Russia louise@samdiff.ru

In this talk we consider some problems with nonlocal conditions for evolution equations.
Special attention will be given to the nonlocal problems with integral conditions for hyperbolic
equations. Let Ω be a bounded domain in Rn with smooth boundary ∂Ω. Assume also that
QT = Ω× (0, T ) is a cylinder, and ST = ∂Ω× (0, T ) is its lateral boundary.

Consider the following problem: in QT �nd a solution u(x, t) to the equation

utt − (aij(x, t)uxi)xj + c(x, t)u = f(x, t), (1)

satisfying the initial data

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ Ω, (2)

and the nonlocal condition

Bu(x, t) +

∫
Ω

K(x, y, t)u(y, t)dy = 0, (x, t) ∈ ST . (3)

Here i, j = 1, ..., n, aij(x, t)ξiξj > γ|ξ|2, and γ > 0, (x, t) ∈ QT . We assume that K(x, y, t) is
given in Ω̄× Ω̄× [0, T ] and Bu represents a relation between the boundary values of a required
solution and its derivatives on the lateral boundary ST .

We are concerned with solvability of this problem, but it is well known that standard methods
can not be applied directly in the case of nonlocal problems. In this report we will demonstrate
some approaches to investigation of the nonlocal problems for hyperbolic equations.



226 Section: Di�erential Equations and Mathematical Physics, L'viv, September 17�21, 2012

On Γ-compactness of integral functionals with variable
domains of de�nition and degenerate locally Lipschitz

integrands

Olga Rudakova and Alexander Kovalevsky

Institute of Applied Mathematics and Mechanics, Donetsk, Ukraine helga_rud@yahoo.com

Let Ω be a bounded domain of Rn (n > 2), p > 1, ν be a nonnegative function on Ω such
that ν > 0 a.e. in Ω, and ν, (1/ν)1/(p−1) ∈ L1

loc
(Ω). By W 1,p(ν,Ω) we denote the space of all

measurable functions u : Ω → R such that ν|u|p ∈ L1(Ω) and ν|Diu|p ∈ L1(Ω), i = 1, . . . , n.

The weighted norm in W 1,p(ν,Ω) is introduced in a standard way. By
◦
W 1,p(ν,Ω) we denote

the closure of C∞0 (Ω) in W 1,p(ν,Ω). Also, we consider a sequence of domains Ωs ⊂ Ω and the

corresponding weighted Sobolev spaces W 1,p(ν,Ωs). By W̃ 1,p
0 (ν,Ωs) we denote the closure in

W 1,p(ν,Ωs) of the set consisting of the restrictions on Ωs of functions in C
∞
0 (Ω).

We consider the sequence of functionals Js : W̃ 1,p
0 (ν,Ωs)→ R de�ned by

Js(u) =

∫
Ωs

fs(x,∇u) dx,

where fs : Ωs × Rn → R are Carath�eodory functions. It is assumed that for every s ∈ N, for
almost every x ∈ Ωs and for every ξ, ξ′ ∈ Rn,

c1ν(x)|ξ|p − ψs(x) 6 fs(x, ξ) 6 c2ν(x)|ξ|p + ψs(x),

|fs(x, ξ)− fs(x, ξ′)| 6 c3ν(x)(1 + |ξ|+ |ξ′|)p−1|ξ − ξ′|+ c4[ν(x)]1/p[ψs(x)](p−1)/p|ξ − ξ′|, (1)

where ci > 0, i = 1, . . . , 4, ψs ∈ L1(Ωs), ψs > 0 in Ωs, and for every open cube Q ⊂ Rn we have

lim sup
s→∞

∫
Q∩Ωs

ψs dx 6
∫
Q∩Ω

b dx,

where the function b ∈ L1(Ω) and b > 0 in Ω.
By F1 we denote the set of all Carath�eodory functions f : Ω×Rn → R such that for almost

every x ∈ Ω and for every ξ ∈ Rn,

−b(x) 6 f(x, ξ) 6 c2ν(x)|ξ|p + b(x).

If f ∈ F1, then, by de�nition, J
f is the functional on

◦
W 1,p(ν,Ω) such that

Jf (u) =

∫
Ω
f(x,∇u) dx.

We use the de�nition given in [1, 2] for Γ-convergence of a sequence of functionals de�ned on

the spaces W̃ 1,p
0 (ν,Ωs) to a functional de�ned on the space

◦
W 1,p(ν,Ω).

Theorem. Suppose that there exists a sequence of nonempty open sets Ω(k) in Rn such that: a)

for every k ∈ N, Ω(k) ⊂ Ω(k+1) ⊂ Ω; b) lim
k→∞

meas(Ω\Ω(k)) = 0; c) for every k ∈ N the functions

ν and b are bounded in Ω(k).

Then there exist an increasing sequence {sj} ⊂ N and f ∈ F1 such that the sequence {Jsj}
Γ-converges to the functional Jf .

We establish that the integrands fs(x, ξ) considered in the above-mentioned articles (convex
with respect to ξ) satisfy condition (1), and therefore, the given theorem generalizes the Γ-
compactness result obtained in [1, 2]. Moreover, this theorem is used for the study of convergence
of quasiminimizers of functionals Js. In particular, under the conditions of the theorem the
corresponding Γ-limit integral functional has minimizers.
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1. A.A. Kovalevskii, O.A. Rudakova. On the Γ-compactness of integral functionals with degenerate
integrands // Nelinejnye granichnye zadachi. � 2005. � 15. � P. 149�153.

2. O.A. Rudakova. On the Γ-convergence of integral functionals de�ned on various weighted Sobolev
spaces // Ukrain. Mat. Zh. � 2009. � 61, 1. � P. 121�139.

Model linearized problems with two free boundaries for
a system of the second order parabolic equations

Maira Sakhauyeva

Institute of Mathematics Ministry of Education and Sciences of the RK, Almaty, Kazakhstan

maira.math@gmail.com

We consider two two-dimensional problems of conjugation. They are linearized nonlinear
problems for a system of the parabolic equations with two free (unknown) boundaries. With the
help of the Laplace and Fourier transforms we obtain solutions of these problems in the explicit
form via the convolution of given functions and the Green ones. We evaluate the Green functions
of the problems and obtain the estimates of solutions in the Holder space.

Homogenization of some solutions to the Navier-Stokes
equations

Gennadiy Sandrakov

Kyiv National Taras Shevchenko University, Kyiv, Ukraine sandrako@mail.ru

Homogenization of some solutions of nonstationary Stokes and Navier-Stokes equations with
periodic rapidly oscillating data and the vanishing viscosity will be discussed. We give homogeni-
zed (limit) equations whose solutions determine approximations (leading terms of the asymptoti-
cs) of the solutions of the equations under consideration and estimate the accuracy of the approxi-
mations. These approximations and estimates shed light on the following interesting property of
the solutions of the equations. When the viscosity is not too small, the approximations contain
no rapidly oscillating terms, and the equations under consideration asymptotically smooth the
rapid oscillations of the data; thus, the equations are asymptotically parabolic. If the viscosi-
ty is very small, the approximations can contain rapidly oscillating terms, and the equations
are asymptotically hyperbolic. In a sense, these are examples of stability and bifurcations of
the solutions, where the equations are considered as ones for dynamical systems in appropriate
in�nite-dimensional spaces.

Asymptotic and homogenization methods are used to prove of the results. Similar results for
the cases of nonstationary linearized equations of hydrodynamics and Navier-Stokes equations
were presented in [1] and [2]. In particular, the results are applicable to some Kolmogorov �ows.

1. G. V. Sandrakov, The in�uence of viscosity on oscillations in some linearized problems of hydro-
dynamics, Izvestiya: Math., 71, (2007), p. 97�148.

2. G. V. Sandrakov, On some properties of solutions of Navier-Stokes equations with oscillating data,
J. Math. Sciences, 143, (2007), p. 3377�3385.
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Model free boundary problem for the parabolic
equations with a small parameter

Aigul Sarsekeyeva

Kazakh National Pedagogical University named after Abay, Kazakhstan tbokalo@gmail.com

Let D1 = {x | x′ ∈ Rn−1, xn < 0}, D2 = {x | x′ ∈ Rn−1, xn > 0}, D(m)
T = Dm × (0, T ),

m = 1, 2, RT = {(x, t) | x′ ∈ Rn−1, xn = 0, 0 < t < T}. It is required to �nd functions u1(x, t)
and u2(x, t) satisfying the conditions

ε∂tum − am∆um = 0 in D
(m)
T , m = 1, 2,

um
∣∣
t=0

= 0 in Dm, m = 1, 2,

u1 − u2

∣∣
RT

= 0, b∇u1 − c∇u2

∣∣
RT

= ϕ(x′, t),

where b = (b1, . . . , bn), c = (c1, . . . , cn), the coe�cients am, bi, ci, (m = 1, 2; i = 1, . . . , n) are
constants, ε > 0 is a small parameter.

The problem are investigated in the H�older space C
l,l/2
x t (Ω̄T ) with the norm |u|(l)ΩT

, and
◦
Cx t

l,l/2(Ω̄T ) is a subset of functions u ∈ C l,l/2x t (Ω̄T ) such that ∂ku
∂tk

∣∣
t=0

= 0, k ≤
[
l
2

]
.

Theorem. Let bn > 0, cn > 0, ε > 0. For every function ϕ(x′, t) ∈
◦
C

1+α, 1+α
2

x′ t (RT ), α ∈ (0, 1),

the problem has a unique solution um ∈
◦
C

2+α,1+α
2

x′ t (D
(m)
T ), m = 1, 2, and this solution satis�es

the estimate

2∑
m=1

{
[∂2
xum]

(α)

x,D
(m)
T

+ ε
α
2 [∂2

xum]
(α
2

)

t,D
(m)
T

+ ε[∂tum]
(α)

x,D
(m)
T

+ ε1+α
2 [∂tum]

(α
2

)

t,D
(m)
T

+

+ε
1+α
2 [∂xum]

( 1+α
2

)

t,D
(m)
T

}
≤ C

{
[∂x′ϕ]

(α)
x′,RT

+ ε
α
2 [∂x′ϕ]

(α
2

)

t,RT
+ ε

1+α
2 [ϕ]

( 1+α
2

)

t,RT

}
,

where the constant C does not depend on ε.

Asymmetrical screw �ows which minimize the integral
remainder between the sides of the Boltzmann equation

Olena Sazonova

V. N. Karazin Kharkiv National University, Ukraine sazonovaes@rambler.ru

The Boltzmann equation for the model of hard spheres is considered. This non-linear kinetic
integro-di�erential equation is the main instrument to study the complicated phenomena in
the multiple-particle systems, in particular, rare�ed gas. The well-known exact solutions of
this equation in the form of global and local Maxwellians have been described so far only as
equilibrium states of a gas. That is why the search of those or other approximate solutions is
topical. This equation has form [1-2]:

D(f) = Q(f, f) (1)
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We consider an inhomogeneouse, non-stationary linear combination, i.e. bimodal distributi-
on, which include local Maxwellians Mi = Mi(v, x), i = 1, 2 of a special form describing the
screw-shaped stationary equilibrium states of a gas (in short - screws).

The purpose is to �nd such a form of the coe�cient functions and such a behavior of all
parameters so that the pure integral remainder [3] becomes vanishingly small.

Some approximate solutions of a given kind, for which the Maxwellians with i = 1 and i = 2
behave in the same way, were obtained in [3]. The two angular velocities ω1 and ω2 were supposed
to tend to zero equally fast, when the temperatures are su�ciently small. And now approximate
solutions are built in the case when the Maxwellians modes are screws with di�erent degrees of
in�nite-simality of their angular velocities. Other solutions of this problem were obtained for the
uniform-integral (mixed) remainder [4].

Also some su�cient conditions to minimization of integral remainder are founded. The
obtained results are new and may be used with the study of evolution of screw and whirlwind
streams.

1. C. Cercignani, The Boltzmann Equation and its Applications. New York, Springer, 1988, 495 p.

2. M. N. Kogan. The Dynamics of a Rare�ed Gas. Moscow, Nauka, 1967, 440 p. (Russian)

3. V. D. Gordevskyy, Transitional regime between vortical states of a gas // Nonlinear Analysis:
Theory, Methods and Applications(NA 3752). 126 (2001), No. 2, p. 481�494.

4. V. D. Gordevskyy, E. S. Sazonova. Asymmetrical bimodal distributions with screw modes//Math.
Phys., Anal., Geom. 7 (2011), No. 3, p. 212�224.

Computation of multidimentional atomic functions and
their application to solving boundary value problems

Volodymyr Selischev

M. E. Zukovsky National Aerospace University, Ukraine sel_vol@ukr.net

In this report we describe how to simplify calculations and the accuracy radial basis functions
Plop (x1, x2) and Corp (x1, x2, x3) is intended to deal with 2D and 3D boundary value problems
and the Laplace operators on these functions. These features are radial and can have an arbitrary
radius r and media form, speci�ed by the parameter a: 1 < a <∞. Manipulating data settings,
you can increase the accuracy of solution of boundary-value problem (the Poisson problem), as
it was done in the method MQ SPH (Fedoseev, Kanza), for example.
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Very singular and large solutions of semi-linear
parabolic and elliptic equations

A. E. Shishkov

Inst. of Appl. Math. and Mech. of NAS of Ukraine, Donetsk, Ukraine

shishkov@iamm.ac.donetsk

It is well known that semilinear heat equation

ut −∆u+ hup = 0 in Q := RN × (0,∞), N > 1, p > 1,

with strongly positive continuous absorption potential h = h(x, t) > h0 = const > 0 admit both
large ( i.e. solutions u(x, t) > 0 : u(x, 0) = ∞ ∀x ∈ RN ) and very singular (i.e. solutions
u(x, t) > 0 : u(x, 0) = 0 ∀x ∈ RN \ {0}, ‖u(·, t)‖L1 →∞ as t→ 0) solutions. Such a property
remains true for wide class of potentials h, degenerating on some manifolds Γ ⊂ Q̄ : h(x, t) = 0
on Γ.

Essentially new phenomenon happens if potential h is very �at near to Γ. In this situation
solutions uk(x, t), k = 1, 2, . . . , approximating corresponding large or v.s. solution u∞(x, t),
may elaborate singularity which propagates along all Γ as k → ∞. As result, limiting function
u∞ is not large or v.s. solution. It turns into some solution of equation in the domain Q \ Γ
only (for example, into "raizor blade" solution). For some class of manifolds Γ we obtain sharp
necessary and su�cient (almost criterium) conditions on the �atness of h near to Γ, guaranteeing
existence or nonexistence of large and v.s. solution. Analogous analysis we provide for solutions
of corresponding elliptic semilinear equations with degenerate potential. Some of mentioned
results are published in [1]�[5].

Results of joint investigations with Laurent Veron and Moshe Marcus.

1. Shishkov A., Veron L. The balance between di�usion and absorption on semilinear parabolic equati-
ons. Atti Accad. Naz. Lincei. Cl. Sci. Fis. Math. Natur. Rend Lincei (9) Mat. Appl. � 2007. �
18, � 1. � P. 59�96.

2. Shishkov A., Veron L. Singular solutions of some nonlinear parabolic equations with spatially
inhomogeneous absorption. Calc. Var. Part. Di�er. Equat. � 2008. � 33, � 3. � P. 343�375.

3. Shishkov A., Veron L. Di�usion versus absorption in semilinear elliptic equations.
J. Math. Anal. Appl. � 2009. � 352, � 1. � P. 206�217.

4. Shishkov A., Veron L. Propagation of singularities of nonlinear heat Flow in Fissured Media, arXiv:
1103.5893v1 (to appear in Commun. in Pure Appl. Anal.).

5. Murcus M., Shishkov A. Fading absorption in non-linear elliptic equations, arXiv: 1201.5325v1 (to
appear in Ann. of Inst. H. Poincare).
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One approach to solving of evolution equations

Roksolyana Stolyarchuk

Lviv Polytechnic National University, Lviv, Ukraine roksols@yahoo.com

Spatial discretization of many evolutionary partial di�erential equations leads to sti� systems
of ordinary di�erential equations. Along with the classical methods of solving of evolution
equations such as the separation of variables, integral transforms and others, nowadays numerical
methods for such equations are extensively developed.

One of such relevant directions of numerical methods are the exponential integrators. Their
popularity implies from the fact of usefulness for solving sti� systems of di�erential equations.
These methods solve exactly the linear part, which is responsible for sti�ness of the problem;
while the nonlinear part is approximated numerically. A leading linear part is treated via correct
exponential behaviour, and the treatment of nonlinearities depends on the particular integrator
which are used.

The exponential multistep methods are a special subclass of exponential integrators. We
propose the rational modi�cation of them, which can be considered as generalization of classical
Adams-Bashforth method.

The main purpose of the proposed work is to show that the fractional-rational, numeri-
cal methods, the structure of which was discussed earlier, can be discussed as modi�cation of
exponential multistep methods.

Let us consider the semilinear problem

u′(t) = Au(t) + g(t, u(t)), u(0) = u0,

where A is a dissipative matrix (A ∈ Cd×d), g(t, u) is a smooth sti� nonlinearity, the linear part
represents the sti� component.

The main idea of method is similar to the exponential Adams methods, after substituting a
rational (Pade) approximation into the coe�cients.

We proposed the multistep replacement of Taylor approximations, which results in a combi-
nation of rational approximation of lineralized problem with multistep approximation for the
nonlinear part.

1. R. Stolyarchuk,Multistep fractional-rational numerical methods for sti� dynamic problems, Proceedi-
ngs on CD of MATHMOD 5 (Vienna, February 7�10 , 2006), pp. 81�88.

2. R. V. Slonevskii and R. R. Stolyarchuk Rational-fractional methods for solving sti� systems of
di�erential equations, Journal of Mathematical Sciences , Vol.150, No 5, 2008, pp.2434�2438.

3. W. Auzinger, R. Stolyarchuk Rational multistep schemes for semilinear sti� systems // Proceedings
of International mathematical conference in memory of V. J. Skorobogatko (19�23 September
2011), Drogobych, p. 9.
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Mixed Dirichlet-Neumann problem for elliptic equation
of the second order in domain with cuts

Yuri Sybil

Ivan Franko National University of Lviv, Lviv, Ukraine microprylad@mail.lviv.ua

Boundary value problems in domains with thin inclusions as well as cracks or cuts in solid
bodies have a great interest in applications. We consider the Dirichlet-Neumann mixed boundary
value problem for an elliptic equation of the second order in three dimensional domain with a
cut that is presented by an open Lipschitz surface. The Dirichlet condition is posed on one side
of the surface and the Neumann condition on the other side. So far as the domain with an open
surface is essentially unregular we have additional problems connected with de�nitions of the
corresponding trace maps and appropriate functional spaces.

Problem M . Find a function u ∈ H1(Ω, L) that satis�es

Lu = h, γ−0,Su = g, γ+
1,Su = f, γ+

1,Σu = z.

Here h ∈ L2(Ω), g ∈ H1/2(S), f ∈ H−1/2(S), z ∈ H−1/2(Σ) are given functions. Σ is a closed
Lipschitz surface, S is an open Lipschitz surface which is situated inside of Σ.

We denote by problem M0 the partial case of the problem M when g = 0. With problem M0

it's closely connected the following variational problem.

Problem VM0. Find a function u ∈ H1
S(Ω) that satis�es

a(u, v) = l(v)

for every v ∈ H1
S(Ω). Here

l(v) = (h, v)L2(Ω)+ < f, γ+
0,Sv > + < z, γ+

0,Σv >,

h ∈ L2(Ω), f ∈ H−1/2(S), z ∈ H−1/2(Σ) are given functions.

Theorem 1. Problems M0 and VM0 are equivalent.

Theorem 2. Problem M has a unique solution for an arbitrary h ∈ L2(Ω), g ∈ H1/2(S),
f ∈ H−1/2(S), z ∈ H−1/2(Σ).

Multicomponent generalizations of Recursion Lax
representations and their integration

Yuriy Sydorenko

Ivan Franko National University of Lviv, Lviv, Ukraine y_sydorenko@franko.lviv.ua

We investigate the Recursion Lax representations [1] for nonlinear integrable models. In parti-
cular, we consider the Korteweg-de Vries, modi�ed Korteweg-de Vries and nonlinear Schroedinger
equations:

ut = uxxx + 6uux, vt = vxxx ± 6v2vx, iqt = qxx ± |q|2q. (1)
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Dressing of the corresponding Recursion Lax pairs is based on the Zakharov-Shabat method
[2] and the integral Darboux-type transformations [3], [4]. Multicomponent generalizations of
equations (1) and some other are also investigated in [5]. In our report we consider di�erent vector
generalizations of nonlinear Schrodinger-type equations [6, 7] (namely, the modi�ed nonlinear
Schrodinger equation, Chen-Lee-Liu and Gerdjikov-Ivanov equations). We also propose a method
of integration of the corresponding models, which is based on the invariant transformations of
the linear integro-di�erential expressions.

1. V. S. Gerdjikov, G. Vilasi, A. B. Yanovski. Integrable Hamiltonian Hierarchies. - Lectures Notes
in Physics 748, Berlin Sprinter Verlag � 2008. - 643 p.

2. V.E. Zakharov, A.B. Shabat. A scheme for integrating the nonlinear equations of mathematical
physics by the method of the inverse scattering problem. I, Funct. Anal. Appl., 8(3), 226-235,
1974.

3. Matveev V. B., Salle M.A. Darboux transformations and solitons.- Berlin Heidelberg, Springer-
Verlag. � 1991. � 120 p.

4. Sydorenko Yu., Chvartatskyi O. Integration of scalar Kadomtsev-Petrviashvili hierarchy by the
method of integral Darboux-type transformations. Visn. Lviv Univ. Ser. Mech.-Math, 75 (2011)
181-225.

5. Yu.Yu. Berkela, Yu.M. Sydorenko Vector and matrix generalizations of bi-hamiltonian dynamical
systems and its integration. Matematychni Studii, 23 (2005) 31-51.

6. P.P. Kulish, E.K. Sklyanin. O(N)-invariant nonlinear Schrodinger equation â�� a new completely
integrable system. Phys. Lett. A 84:7 (1981) 349-352.

7. V. S. Gerdjikov On Soliton Equations and Soliton Interactions // XIIIth International Conference
"Geometry, Integrability and Quantization", 8-13 June 2012, Varna. - Bulgarian Academy of
Sciences.

A nonlocal problem for the heat equation with integral
conditions

Jozil Takhirov

Tashkent State Pedagogical University, Uzbekistan prof.takhirov@yahoo.com

Various problems arising in heat conduction, chemical engineering, plasma physics, thermo
elasticity and so forth can be reduced to nonlocal problems for parabolic equations with integral
conditions [1,2]. We consider the initial boundary value problem for a quasilinear parabolic
equation in one dimensional space.

Let us consider the domain D = {(x, t) : |x| < l, 0 < t ≤ T}, where T > 0. The precise
statement of the problem is as follows: �nd a function u(x, t) such that

ut = (a(u)ux)x in D,

u(x, 0) = φ(x), −l ≤ x ≤ l, u(−l, t) = u(l, t), 0 ≤ t ≤ T,
l∫
−l

u(x, t)dx = 0

where a(u) and φ(x) are known functions.
Some a priori estimates are derived to establish the global existence of the solution. Moreover,

the uniqueness and continuous dependence of solutions on data are proved.
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1. J. R. Cannon, The solution of the heat equation subject to the speci�cation of energy, Quart. Appl.
Math., 21-2 (1963), 155-160.

2. E. Comparini and D. A. Tarzia, A Stefan problem for the heat equation subject to an integral
condition, Rend. Sem. Mat. Univ. Padova, 73(1985), 119-136.

Parabolic initial-boundary-value problem with
conjugation condition of Wentzel type and with oblique

derivative in boundary condition

Zhanneta Tsapovska

Ivan Franko National University of Lviv, Lviv, Ukraine tzhannet@yahoo.com

Let us consider the domain

D = {x ∈ Rn|F1(x′) < xn < F2(x′)}, x′ ∈ Rn−1,

in the n-dimensional Euclidean space Rn, n ≥ 2, with the smooth boundary ∂D = S1 ∪ S2,
where Sm = {x ∈ Rn|xn = Fm(x′)}, m = 1, 2. We assume that a smooth elementary surface
S0 = {x ∈ Rn|xn = F0(x′)} subdivides the domain D into two domains D1 and D2 with
boundaries ∂Dm = S0 ∪ Sm, m = 1, 2. Furthermore, F1(x′) < F0(x′) < F2(x′). Suppose also
that Ωm = Dm × (0, T ), Σm = Sm × [0, T ], m = 0, 1, 2.

We consider the following parabolic conjugation problem: to �nd the function u(x, t) =
um(x, t), (x, t) ∈ Ωm, m = 1, 2, which satisfy the conditions

Lmum(x, t) = −fm(x, t), (x, t) ∈ Ωm, m = 1, 2, (1)

um(x, 0) = ϕm(x), x ∈ Dm, m = 1, 2, (2)

u1(x, t)− u2(x, t) = z(x, t), (x, t) ∈ Σ0 \ S0, (3)

L0um(x, t) = θ(x, t), (x, t) ∈ Σ0 \ S0, (4)

∂um(x, t)

∂lm
= ψm(x, t), (x, t) ∈ Σm \ Sm, m = 1, 2. (5)

Here Lm are general linear uniformly parabolic operators of the second order in Ωm, m = 1, 2; L0

is the general Wentzel conjugation di�erential operator [1] in Σ0 \S0; lm(x) = (αm1 (x), ..., αmn (x))
are non-tangent vector �elds de�ned on Sm, m = 1, 2; F0, Fm, fm, ϕm, z, θ, ψm, m = 1, 2, are
given functions.

The classical solvability of problem (1)�(5) in the Holder space under some assumptions on
coe�cients of operators Lm, L0 and functions F0, Fm, fm, ϕm, z, θ, ψm, α

m
i (x), i = 1, ..., n,

m = 1, 2, is obtained by means of the method of the ordinary parabolic potentials [2].

1. D. E. Apushkinskaya and A. I. Nazarov Initially-boundary problem with limit Wentzel condition
for nondivergent parabolic equatios// RAN, Algebra and Analysis.� 1994.� 6, N 6.� P. 1�29.

2. E. A. Baderko The solution of the problem with oblique derivative for parabolic equation by the
method of boundary integral equations // Di�er. Equations.� 1989.� 25, N 1.� P. 14�20.
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Optimal control problem for systems described by
parabolic equations degenerated at initial moment

Andrii Tsebenko and Mykola Bokalo

Ivan Franko National University of Lviv, Lviv, Ukraine mm.bokalo@gmail.com

Let V and H be Hilbert spaces with norms ‖ · ‖ and | · | respectively, V ⊂ H, V be a dense
set in H, λ|v| ≤ ‖v‖, ∀v ∈ V , λ = const > 0. Suppose V ⊂ H ⊂ V ′, where V ′ is the adjoint
space with V . Set S := (0, T ], T > 0. We consider a family of linear operators A(t) : V → V ′,
t ∈ S, such that (A(t)v, v) ≥ α(t)‖v‖2 and ‖A(t)v‖∗ ≤ β(t)‖v‖, v ∈ V, t ∈ S, for some functions
α and β belonging to C(S). Assume that ϕ ∈ C([0, T ]), ϕ(0) = 0, ϕ(t) > 0 for t > 0, and∫ T

0
[ϕ(t)]−1 dt = +∞.

For ω ∈ R, a function γ ∈ L∞loc(S), which is positive for almost every t ∈ S, we denote by
L2
ω,γ(S;X) the space of functions f : S → X such that∫

S
γ(t)[ϕ(t)]−1e2ω

∫ t
T α(s)[ϕ(s)]−1ds‖f(t)‖2Xdt <∞,

where X is a Hilbert space.
Suppose also that ω < λ,Wω(S) := {y ∈ L2

ω,α(S;V ) : y′ ∈ L2
ω,1/α(S;V ′)}, f ∈ L2

ω,1/α(S;V ′),

and B ∈ L(U ;L2
ω,1/α(S;V ′)), where U be a Hilbert space of controls. For given control v ∈ U a

state y(v) = y(·; v) ∈Wω(S) of the evolution system is de�ned as follows

ϕ(t)
d

dt
y(t; v) +A(t)y(t; v) = f(t) +Bv(t), t ∈ S,

eω
∫ t
T α(s)[ϕ(s)]−1ds|y(t; v)| → 0 as t→ 0 + .

Let H be a Hilbert space, C ∈ L(Wω(S);H), and

J(v) = ‖Cy(v)− z0‖2H + (Nv, v)U , v ∈ U,

be the cost function, where z0 ∈ H is a given element, N ∈ L(U ;U), (Nv, v)U ≥ ν‖v‖U for each
v ∈ V, ν > 0.

Let U∂ be a convex set in U . Consider the problem of �nding u ∈ U∂ (an optimal control)
such that

J(u) = inf
v∈U∂

J(v) .

Under some conditions on data-in we prove existence and uniqueness of the solution of this
problem. Also we obtain relations that characterize the optimal control.
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Some kind of singular perturbation for hyperbolic
di�erential equations

Victor Tsymbal

Ivan Franko National University of Lviv, Lviv, Ukraine victor_tsymbal@yahoo.com

It is well known, that equations with small parameters multiplying highest order derivatives
occur frequently in physics, engineering and other applied sciences. Nowadays they are called
singular perturbed equations. In recent years there has been a great deal of interest in the study
of such singular perturbed partial di�erential equations of di�erent types.

Singular perturbations that change the order or the type of the equation are most studied in
the literature, however the singular perturbations for the hyperbolic equations without changing
the type and the order of the equation are possible [1-4]. The report is devoted to this type of
singular perturbation problems.

1. Tsymbal V. N. On some singularly perturbed problems for hyperbolic equations// Uspekhi Mat.
Nauk. � 1983. � 38, N 5. � P.167 (in Russian).

2. Tsymbal V. M. Degeneration of hyperbolic partial di�erential equation to hyperbolic// Volynskiy
Matematychniy Visnik. � 1999. � 6. � P.139�142 (in Ukrainian).

3. Tsymbal V. M. Degeneration of the boundary value problem to Goursat problem for the hyperbolic
partial di�erential equation of the second order//Volynskiy Matematychniy Visnik.� 2000. � 7. �
P.165� 169 (in Ukrainian).

4. Flyud V., Tsymbal V. On some mechanism of singular perturbations //Scienti�c Papers University
of Opole, Math. Ser. � 2001. � 17. � P.31�39 (in Polish).

On some problems of pseudo-di�erential operator
theory in non-smooth domains

Vladimir B. Vasilyev

Lipetsk State Technical University, Lipetsk, Russia vbv57@inbox.ru

We study the pseudo-di�erential equation

(Au)(x) = f(x), x ∈ D, (1)

in the Sobolev-Slobodetskii spaces Hs(D), where A is an elliptic pseudo-di�erential operator, D
is a m-dimensional piecewise smooth manifold with a boundary having singular points. Singular
points of the manifold D are called points breaking the smoothness property for the boundary
∂D. Using the wave factorization concept for elliptic symbol permits to describe solvability
conditions for equation (1) for singularities of �cone� or �wedge� type. Most of the author's
results on solvability were related to the plane case. Here we will consider the essential multi-
dimensional situation.
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Numerical modeling of catalytic carbon monoxide
oxidation on platinum surface

O. Vovk and H. Shynkarenko

Ivan Franko National University of Lviv, Lviv, Ukraine vovk@windowslive.com

We present one numerical technique for solving the following nonlinear initial-boundary
problem: given u0 = {u0

i (x)}pi=1,x ∈ Ω ⊂ R1,2, �nd a vector u(x, t) = {ui(x, t)}pi=1 such
that

ρk∂tuk −∇x.(µk∇xuk) + σkuk = fk(u,x, t) in Ω× (0, T ],

−∇x.(µk∇xuk).v = ψk(u,x, t) on Γq × [0, T ], Γq ⊂ Γ,

u = 0 on Γn × [0, T ], Γn = Γ\Γq,
u|t=0 = u0 in Ω, k = 1, . . . , p.

The discretization in time is accomplished by θ-method and in space by Galerkin method.
This yields a system of nonlinear algebraic equations to be solved on every time-step, which
generally is large and creates di�culties during solving process. Therefore big attention is paid
to the question of optimal linearization, which is tried to be solved with proposed method for equi-
libration of time discretization and linearization errors. It avoids excessive iterations of Newton
method. These two methods are compared, enabling the supplementation of numerical results
in [2], [3] with theoretical background. The comparison also sheds a light on the relationship of
these methods via selection of initial values.

Veri�cation of proposed method and comparison of numerical results was done on nonlinear
Cauchy problems. In addition to sample problems, interesting practical problem of nonlinear
process of carbon monoxide oxidation on platinum surface, recently described by G. Ertl [1], is
solved.

1. Ertl G. Oscillatory CO oxidation on Pt(110): Modeling of temporal self organization. / G. Ertl,
K. Krischer, M. Eiswirth / J. Chem. Phys. 96, 9161 (1992).

2. Gachkevych O. Numerical solving of nonlinear problems of charges transferring in semi-conductor
structures / O. Gachkevych, O. Smirnov, G. Shynkarenko / Visnyk of the Lviv University. Series
Applied Mathematics and Computer Science � 2005. � Vol. 10. � P. 98�110.

3. Vovk O. Projection mesh scheme for evolutional problems solving of carbon monoxide oxidation
on platinum surface / O. Vovk, N. Pavlenko, G. Shynkarenko, V. Vovk / Visnyk of the Lviv
University. Series Applied Mathematics and Computer Science � 2012. � Vol. 18.
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Elliptic boundary value problems with parameter and
additional unknown functions de�ned at the boundary

of domain

A. V. Zavorotinskiy

Chernigiv State Pedagogical University named after Taras Shevchenko, Ukraine

zavorot@chgpu.cn.ua

This talk gives a survey on the concept of ellipticity with small parameter for elliptic boundary
value problems where the operator de�ned in a domain depends on a small parameter and the
boundary operators contain additional unknown functions. We combine the methods of the
theory of general elliptic boundary value problems with the Vishik�Lyusternik method of the
exponential boundary layer.

The problem we study in this talk can be formulated as follows. On a manifold G with the
smooth boundary ∂G ∈ C∞ we consider the following problem for an elliptic operator of order
2m:

A(x,D, ε)u(x) = f(x), x ∈ G (1)

Bj(x
′, D)u(x′) +

ν∑
k=1

Cjk(x
′, D′)σk(x

′) = gj(x
′), x′ ∈ ∂G, (j = 1, . . . ,m+ ν) (2)

where the operators in (1) depends polynomially on a small parameter ε:

A(x,D, ε) := ε2m−2µA2m(x,D) + ε2m−2µ−1A2m−1(x,D) + · · ·+A2µ(x,D).

Together with problems of type (1), (2) one can consider problems obtained by replacing the
�small� parameter ε with the �large� parameter λ = 1/ε that runs over the lower half-plane of
the complex plane:

Ã(x,D, λ)u(x) = f(x), x ∈ G, (3)

Bj(x
′, D)u(x′) +

ν∑
k=1

Cjk(x
′, D′)σk(x

′) = gj(x
′), x′ ∈ ∂G, (4)

j = 1, . . . ,m+ ν, where the operators in (3) depends polynomially on λ:

Ã(x,D, λ) := A2m(x,D) + λA2m−1(x,D) + . . .+ λ2µA2m−2µ(x,D).

In the case of boundary conditions independent of additional unknown functions, the problems
(1), (2) and (3), (4) were studied by L.R.Volevich. For µ = 0 the problem (3), (4) turns into the
problem studied by Agranovich and Vishik.

For µ > 0 the problem (3), (4) is closely related with the mixed problem for parabolic
equations not resolved with respect to the highest derivative in t.

The main result includes necessary and su�cient conditions for the existence of an a priori
estimate of the problem uniform with respect to the parameter. These conditions are formulated
in terms of interior and boundary symbols of the problem with parameter introduced in this
paper.
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Asymptotic properties of solutions for certain implicit
initial value problems

A. E. Zernov1 and Y. V. Kuzina2

1South Ukrainian National Pedagogical University, Ukraine
2Odessa Military Academy, Ukraine yuliak@te.net.ua

The following initial value problem is under consideration:

F (t, x(t), x′(t)) + f(t, x(t), x′(t)) = 0, (1)

x(0) = 0, (2)

where x : (0, τ) → R is an unknown function, F is a quadratic form with constant coe�cients,
f : D → R is a continuous function which is small in some sense, and D ⊂ (0, τ)× R× R.

The continuously di�erentiable function x : (0, ρ]→ R (0 < ρ < τ) is said to be a solution of
problem (1), (2) if this function satis�es (1) identically for all t ∈ (0, ρ], and also lim

t→+0
x(t) = 0.

We present some of problems (1),(2) which possess a non empty set of solutions x : (0, ρ)→ R (ρ
is small enough) with the known asymptotic properties as t→ +0.

In solving problems (1), (2) we use qualitative analysis methods.

On Petrovskii elliptic systems in H�ormander spaces

T. N. Zinchenko

Institute of Mathematics of NAS of Ukraine, Ukraine djanta@ukr.net

The talk is devoted to some applications of H�ormander spaces to elliptic systems. These
spaces are considered over an arbitrary closed oriented in�nitely smooth manifold, say M . They
form the extended Sobolev scale {Hg(M) : g ∈ RO} over M . Here RO is the class of all Borel
measurable positive functions g(t) of t ≥ 1 such that c−1 ≤ g(rt)/g(t) ≤ c for every t ≥ 1
and r ∈ [1, a], where the constants a > 1 and c ≥ 1 depend on g. The function class RO was
introduced by V. G. Avakumovic.

For g ∈ RO, the Hilbert space Hg(M) consists of all distributions on M that belong in local
coordinates to the H�ormander space

{w ∈ S′(Rn) : g(1 + |y|)(Fw)(y) ∈ L2(Rn, dy)}.

Here n := dimM , and Fw is the Fourier transform of a tempered distribution w. The space
Hg(M) does not depend (up to equivalence of norms) on a choice of local charts covering M . If
g(t) = ts for t ≥ 1, then Hg(M) =: H(s)(M) is the Sobolev inner product space of order s ∈ R.
The extended Sobolev scale coincides with the class of all Hilbert spaces that are interpolated
spaces with respect to the Sobolev scale {H(s)(M) : s ∈ R}.

We consider Petrovskii elliptic linear systems given on the manifold M . The corresponding
elliptic matrix operators act continuously on the extended Sobolev scale. The following results
are obtained:

• a theorem on the Fredholm property of the elliptic systems in appropriate pairs of H�ormander
spaces;
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• new a priory estimates for solutions to the elliptic systems;

• theorems on global and local regularity of the solutions, expressed in terms of H�ormander
spaces;

• a new su�cient condition for the solution to have continuous derivatives.

We also discuss properties of Petrovskii parameter-elliptic systems considered on the extended
Sobolev scale.

These results are obtained jointly with A. A. Murach.

Direct and inverse problems for operators with
non-local potentials

Vladimir Zolotarev

B.Verkin Institute for Low Temperature Physics and Engineering of the National Academy of

Sciences of Ukraine, Ukraine vazolotarev@gmail.com

Spectral analysis of an self-adjoint integro-di�erential operator, that is a one-dimensional
perturbation of the second derivative operator on a �nite interval, is realized. Spectrum of
this operator is described, and the inverse spectral problem is solved allowing us to �nd the
corresponding perturbation from two spectra.

Ãëîáàëüíà ðîçâ'ÿçíiñòü çàäà÷i äëÿ âèðîäæåíî¨
ãiïåðáîëi÷íî¨ ñèñòåìè, ÿêà çáóðåíà iíòåãðàëüíèìè

äîäàíêàìè

Ð. Â. Àíäðóñÿê, Î. Â. Ïåëþøêåâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, Óêðà¨íà

olpelushkevych@ukr.net

Â îáëàñòi Π = {(x, t) : 0 < x < l, 0 < t < T} ðîçãëÿäà¹ìî ëiíiéíó ãiïåðáîëi÷íó iíòåãðî-
äèôåðåíöiàëüíó ñèñòåìó

∂ui
∂t

+ λi(x, t)
∂ui
∂x

=
m∑
k=1

(
aik(x, t)uk(x, t) +

t∫
0

A1
ik(x, t, σ)uk(x, σ)dσ +

+
x∫
0

A2
ik(x, t, z)uk(z, t)dz

)
+

n∑
k=1

(
bik(x, t)vk(x, t) +

t∫
0

B1
ik(x, t, σ)vk(x, σ)dσ +

+
x∫
0

B2
ik(x, t, z)vk(z, t)dz

)
+ fi(x, t), i ∈ {1, . . . ,m};

∂vj
∂x

=
m∑
k=1

(
cjk(x, t)uk(x, t) +

t∫
0

C1
jk(x, t, σ)uk(x, σ)dσ +

+
x∫
0

C2
jk(x, t, z)uk(z, t)dz

)
+

n∑
k=1

(
djk(x, t)vk(x, t) +

t∫
0

D1
jk(x, t, σ)vk(x, σ)dσ +

+
x∫
0

D2
jk(x, t, z)vk(z, t)dz

)
+ gj(x, t), j ∈ {1, . . . , n}
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ç ïî÷àòêîâèìè óìîâàìè
ui(x, 0) = qi(x), 0 ≤ x ≤ l.

Ïðèïóñòèìî, ùî ôóíêöi¨ λi(0, t) òà λi(l, t) íå çìiíþþòü çíàê íà âiäðiçêó [0, T ]. Íåõàé I0 =
{i : λi(0, t) > 0}, Il = {i : λi(l, t) < 0} i öi ìíîæèíè ìiñòÿòü r0 òà rl åëåìåíòiâ, âiäïîâiäíî.
Äîïîâíèìî çàäà÷ó êðàéîâèìè óìîâàìè âèãëÿäó

m∑
k=1

(
γ0
ik(t)uk(0, t) + γlik(t)uk(l, t) +

t∫
0

(
Γ0
ik(t, τ)uk(0, τ) + Γlik(t, τ)uk(l, τ)

)
dτ

)
+

+
n∑
k=1

(
ψik(t)vk(0, t) +

t∫
0

(
Ψ0
ik(t, τ)vk(0, τ) + Ψl

ik(t, τ)vk(l, τ)
)
dτ

)
= δi(t),

i ∈ {1, . . . , r0 + rl + n}.

Âèêîðèñòîâóþ÷è ìåòîä õàðàêòåðèñòèê i ïðèíöèï Áàíàõà ïðî íåðóõîìó òî÷êó, âñòàíîâëå-
íi óìîâè iñíóâàííÿ i ¹äèíîñòi ãëîáàëüíîãî óçàãàëüíåíîãî (íåïåðåðâíîãî) ðîçâ'ÿçêó ìiøàíî¨
çàäà÷i.

1. Ìàóëåíîâ Î. Î ðàçðåøèìîñòè ñìåøàííîé çàäà÷è äëÿ âûðîæäåííîé ïîëóëèíåéíîé ãèïåðáîëè-
÷åñêîé ñèñòåìû íà îòðåçêå / Î. Ìàóëåíîâ, À. Ä. Ìûøêèñ // Èçâ. ÀH ÊàçÑÑÐ. Ñåð. ôèç.-ìàò.
� 1981. � �5. � Ñ. 25-29.

Îáåðíåíà çàäà÷à Ñòåôàíà äëÿ ïàðàáîëi÷íîãî
ðiâíÿííÿ ç äîâiëüíèì ñëàáêèì âèðîäæåííÿì

Íàäiÿ Ãóçèê

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, Óêðà¨íà

hryntsiv@ukr.net

Â îáëàñòi ΩT = {(x, t) : 0 < x < h(t), 0 < t < T < ∞} ç âiëüíîþ ìåæåþ, ùî çàäà¹òüñÿ
ôóíêöi¹þ h = h(t), ðîçãëÿäà¹ìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó êîåôiöi-
¹íòà a = a(t) ó ïàðàáîëi÷íîìó ðiâíÿííi

ψ(t)ut = a(t)uxx + b(x, t)ux + c(x, t)u+ f(x, t), (1)

ç ïî÷àòêîâîþ óìîâîþ
u(x, 0) = ϕ(x), x ∈ [0, h0], (2)

êðàéîâèìè óìîâàìè
u(0, t) = µ1(t), u(h(t), t) = µ2(t), t ∈ [0, T ] (3)

òà óìîâàìè ïåðåâèçíà÷åííÿ

a(t)ux(0, t) = µ3(t), t ∈ [0, T ], (4)

h′(t) = −ux(h(t), t) + µ4(t), t ∈ [0, T ], (5)

äå h0 ≡ h(0) > 0 � çàäàíå ÷èñëî. Âiäîìî, ùî ψ = ψ(t) � ìîíîòîííà çðîñòàþ÷à ôóíêöiÿ,
ψ(t) > 0, t ∈ (0, T ], ψ(0) = 0.

Ïiä ðîçâ'ÿçêîì çàäà÷i (1)-(5) ðîçóìi¹ìî òðiéêó ôóíêöié (a, h, u) ∈ C[0, T ] × C1[0, T ] ×
C2,1(ΩT ) ∩ C1,0(ΩT ), a(t) > 0, h(t) > 0, t ∈ [0, T ], ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (1) òà óìîâè
(2)-(5).
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Çàìiíîþ çìiííèõ y =
x

h(t)
, t = t çàäà÷à (1)-(5) çâîäèòüñÿ äî îáåðíåíî¨ çàäà÷i âiäíî-

ñíî íåâiäîìèõ ôóíêöié (a, h, v), äå v(y, t) ≡ u(yh(t), t), â îáëàñòi ç ôiêñîâàíèìè ìåæàìè
QT = {(y, t) : 0 < y < 1, 0 < t < T}. Âèêîðèñòîâóþ÷è òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó
öiëêîì íåïåðåðâíîãî îïåðàòîðà, âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó âêàçàíî¨
çàäà÷i. Äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó áàçó¹òüñÿ íà âëàñòèâîñòÿõ ðîçâ'ÿçêiâ îäíîðiäíèõ ií-
òåãðàëüíèõ ðiâíÿíü Âîëüòåðà äðóãîãî ðîäó ç iíòåãðîâíèìè ÿäðàìè. Äîñëiäæåííÿ ïðîâåäåíî

ó âèïàäêó ñëàáêîãî âèðîäæåííÿ, êîëè lim
t→0

t∫
0

dτ
ψ(τ) = 0.

bigskip

Çàäà÷à îïòèìàëüíîãî êåðóâàííÿ ãiïåðáîëi÷íîþ
ñèñòåìîþ

Òàðàñ Äåðåâ'ÿíêî

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Iâ. Ôðàíêà, Óêðà¨íà

taras_derevianko@ukr.net

Ðîçãëÿíåìî ãiïåðáîëi÷íó ñèñòåìó íàïiâëiíiéíèõ ðiâíÿíü

∂y

∂t
+A(x, t, u))

∂y

∂x
= f(y, x, t) x ∈ [x0, x1], t ∈ [t0, t1], (1)

äå y(x, t) : [x0, x1] × [t0, t1] → Rn - âåêòîð ñòàíó, u(x, t) : [x0, x1] × [t0, t1] → Rr - âåêòîð
êåðóâàíü, f(y, x, t) : Rn × [x0, x1] × [t0, t1] → Rn - íåëiíiéíà âåêòîð-ôóíêöiÿ, A(x, t, u) =
diag(a1(x, t, u), a2(x, t, u), . . . , an(x, t, u)) - õàðàêòåðèñòè÷íà ìàòðèöÿ i

ai : [x0, x1]× [t0, t1]× Rr →


R++, i ∈ {1, 2, . . . ,m1},
R+ ∩ R−, i ∈ {m1 + 1,m1 + 2, . . . ,m2},
R−−, i ∈ {m2 + 1,m2 + 2, . . . , n}.

Äëÿ ñèñòåìè (1) âèçíà÷èìî ïî÷àòêîâi òà êðàéîâi óìîâè

y(x, t0) = y0(x), x ∈ [x0, x1], (2)

y+(x0, t) = g1(t), t ∈ [t0, t1],
y−(x1, t) = g2(t), t ∈ [t0, t1],

(3)

äå y0(x) : [x0, x1] → Rn, g1(t) : [t0, t1] → Rm1 , g2(t) : [t0, t1] → Rn−m2 - íåëiíiéíi âåêòîð-
ôóíêöi¨.

Çàäà÷à ðîçãëÿäà¹òüñÿ â êëàñi ãëàäêèõ êåðóþ÷èõ âïëèâiâ � êåðóâàííÿ u(x, t) ∈ (C1([x0, x1]
×[t0, t1]))r i çàäîâîëüíÿ¹ ïîòî÷êîâi îáìåæåííÿ âèãëÿäó

u(x, t) ∈ U, (x, t) ∈ [x0, x1]× [t0, t1], (4)

äå U - êîìïàêò â Rr.
Çàäà÷à îïòèìàëüíîãî êåðóâàííÿ ïîëÿãà¹ â ìiíiìiçàöiÿ ôóíêöiîíàëó âèçíà÷åíîãî íà ðîç-

â'ÿçêàõ (1)-(3) ïðè äîïóñòèìèõ êåðóâàííÿõ, ÿêi çàäîâîëüíÿþòü (4)

J(u) =

x1∫
x0

Φ(y(x, t1), x)dx+

x1∫
x0

t1∫
t0

F (y, x, t)dxdt,

äå Φ(·) - öiëîâà ôóíêöiÿ âèçíà÷åíà íà ìåæi îáëàñòi, F (·) - öiëüîâà ôóíêöiÿ âèçíà÷åíà íà
îáëàñòi.
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Êà÷åñòâåííûé àíàëèç íåêîòîðûõ ñèñòåì
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé

À. Å. Çåðíîâ, È. Â. Êåëþõ

Þæíîóêðàèíñêèé íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

èì. Ê. Ä. Óøèíñêîãî, ã. Îäåññà, Óêðàèíà

Â äîêëàäå ðàññìàòðèâàþòñÿ çàäà÷è Êîøè äëÿ íåêîòîðûõ ãèáðèäíûõ ñèñòåì ôóíêöèî-
íàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Ýòè ñèñòåìû ñîäåðæàò ëèáî äâå ðåãóëÿðíûå ïîä-
ñèñòåìû, ëèáî ðåãóëÿðíóþ è ñèíãóëÿðíóþ ïîäñèñòåìû, ëèáî äâå ñèíãóëÿðíûå ïîäñèñòåìû.
Ôîðìóëèðóþòñÿ äîñòàòî÷íûå óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ êàæäàÿ ðàññìàòðèâàåìàÿ
çàäà÷à Êîøè èìååò íåïóñòîå ìíîæåñòâî íåïðåðûâíî äèôôåðåíöèðóåìûõ ðåøåíèé ñ èçâå-
ñòíûìè àñèìïòîòè÷åñêèìè ñâîéñòâàìè. Èñïîëüçóþòñÿ ìåòîäû êà÷åñòâåííîé òåîðèè äèô-
ôåðåíöèàëüíûõ óðàâíåíèé è ôóíêöèîíàëüíîãî àíàëèçà.

Î çàäà÷å ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí â ïëàñòèíêå

Ñ. Â. Ñàðêèñÿí, À. Â. Ìåëêîíÿí

Åðåâàíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Àðìåíèÿ vas@ysu.am

Ðàññìàòðèâàåòñÿ òðåõìåðíàÿ çàäà÷à ðàñïðîñòðàíåíèÿ âîëí â óïðóãîé ïëàñòèíêå. Íà
ïëîñêîñòÿõ, îãðàíè÷èâàþùèå ïëàñòèíêó, çàäàíû óñëîâèÿ ðàâåíñòâà íóëþ íîðìàëüíîãî íà-
ïðÿæåíèÿ, îäíîãî èç êàñàòåëüíûõ íàïðÿæåíèé è îäíîãî èç êàñàòåëüíûõ ïåðåìåùåíèé. Äëÿ
ôàçîâîé ñêîðîñòè ñèììåòðè÷íûõ è àíòèñèììåòðè÷íûõ êîëåáàíèé ïîëó÷åíû õàðàêòåðèñòè-
÷åñêèå óðàâíåíèÿ. Ðàññìîòðåíû ïðåäåëüíûå ñëó÷àè: äëèíà âîëíû î÷åíü âåëèêà è î÷åíü
ìàëà ïî ñðàâíåíèþ ñ òîëùèíîé ïëàñòèíêè. Ïðîâåäåíû ÷èñëîâûå ðàñ÷åòû äëÿ ôàçîâîé
ñêîðîñòè âîëíû.

Ðàññìîòðèì óïðóãóþ ïëàñòèíêó òîëùèíîé 2h. Â ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìå êî-
îðäèíàò (Oxyz) ïëàñòèíêà çàíèìàåò ñëåäóþùóþ îáëàñòü: x ∈ (−∞; +∞); y ∈ (−∞; +∞);
z ∈ [−h;h]. Ïóñòü â ýòîé ïëàñòèíêå ðàñïðîñòðàíÿåòñÿ ïåðèîäè÷åñêàÿ âîëíà ñ ôàçîâîé ñêî-
ðîñòüþ c. Äëÿ óðàâíåíèÿ ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí â ïëàñòèíêå (óðàâíåíèå Ëàìå)
[1]

c2
2 ∆~u+ (c2

1 − c2
1 grad div )~u = ~̈u, (1)

ââîäèòñÿ ïðåîáðàçîâàíèå Ëàìå

~u = gradϕ+ rotφ (div ~φ = 0) (2)

Ïîäñòàíîâêà (2) â óðàâíåíèÿ (1) ïðèâîäèò ê ñëåäóþùèì âîëíîâûì óðàâíåíèÿì

∆ϕ− c−2
1 − ϕ̈ = 0, ∆~φ− c−2

2
~̈φ = 0.
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Ðåøàÿ ïîëó÷åííûå óðàâíåíèÿ äëÿ äèíàìè÷åñêèõ ïîòåíöèàëîâ áóäåì èìåòü

ϕ(x, y, z, t) = (A sinh ν1z +B cosh ν1z) · exp i(k1x+ k2y − ckt),
~φ(x, y, z, t) = (~C sinh ν2z + ~D cosh ν2z) · exp i(k1x+ k2y − ckt),

(3)

ãäå

ν2
1 = k2(1− ηθ), ν2

2 = k2(1− η), η =
c2

c2
2

, θ =
c2

c2
1

, k2 = k2
1 + k2

2,

A, B, ~C(C1, C2, C3), ~D(D1, D2, D3) � íåèçâåñòíûå ïîñòîÿííûå.
Ïðèìåì, ÷òî íà ïëîñêîñòÿõ, îãðàíè÷èâàþùèå ñëîé, çàäàíû ñëåäóþùèå ãðàíè÷íûå óñëî-

âèÿ (ñòåñíåííûé ñâîáîäíûé êðàé) [3]

σ13 = 0, σ33 = 0, u2 = 0 ïðè z = ±h. (4)

Çäåñü â îòëè÷èå îò óñëîâèé ñâîáîäíîé ãðàíèöû ñòàâèòñÿ îãðàíè÷åíèå íà ïåðåìåùåíèå âäîëü
îñè Oy. Èìåÿ âûðàæåíèÿ äèíàìè÷åñêèõ ïîòåíöèàëîâ (3) è èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ
(4) ïîëó÷èì ñèñòåìó âîñüìè ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé, ñîäåðæàùèõ ïîñòîÿííûå
A, B, ~C è ~D. Ïðèðàâíèâàíèå îïðåäåëèòåëÿ ýòîé ñèñòåìû óðàâíåíèé íóëþ ïðèâîäèò ê
õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ, èç êîòîðîãî ïðè çàäàííûõ çíà÷åíèÿõ θ è k ìîæíî íàéòè
ôàçîâóþ ñêîðîñòü c.

Óïðîñòèì çàäà÷ó, ðàññìîòðåâ äâå ñèñòåìû ÷àñòíûõ ðåøåíèé [1]:

ϕ1 = B cosh ν1z · exp ik(x, y, t), ϕ1 = B sinh ν1z · exp ik(x, y, t),

φ11 = C1 sinh ν2z · exp ik(x, y, t), φ21 = D1 cosh ν2z · exp ik(x, y, t),

φ12 = C2 sinh ν2z · exp ik(x, y, t), φ22 = D2 cosh ν2z · exp ik(x, y, t),

φ13 = D3 sinh ν2z · exp ik(x, y, t), φ23 = C3 cosh ν2z · exp ik(x, y, t).

ãäå k(x, y, t) = k1x + k2y − ckt. Ïåðâàÿ ñèñòåìà ñîîòâåòñòâóåò ñèììåòðè÷íîìó âèäó êî-
ëåáàíèé, à âòîðàÿ-àíòèñèììåòðè÷íîìó âèäó êîëåáàíèé. Èñïîëüçóÿ óêàçàííûå ñâîéñòâà
ñèììåòðèè, äîñòàòî÷íî ó÷åñòü ãðàíè÷íûå óñëîâèÿ òîëüêî ïðè z = h.

Äëÿ ñèììåòðè÷íîãî âèäà êîëåáàíèé ïîëó÷àåì ñëåäóþùåå õàðàêòåðèñòè÷åñêîå óðàâíåíèå

tanh ν1h

tanh ν2h
=

(2− η2)− ξ2η(1− η)

4
√

(1− ηθ)(1− η)
, (5)

ãäå ξ = k2
k1
.

Ðàññìîòðåíû ïðåäåëüíûå ñëó÷àè: äëèíà âîëíû î÷åíü âåëèêà è î÷åíü ìàëà ïî ñðàâíåíèþ
ñ òîëùèíîé ñëîÿ. Â ïåðâîì ïðåäåëüíîì ñëó÷àå èç (5) ïîëó÷àåì

(2− η)2 − 4(1− ηθ)− ξ2η(1− η) = 0,

îòêóäà

cξ =
2c2

c1

√
4(c2

1 − c2
2) + ξ2c2

1

4(1 + ξ2)
. (6)

Â ÷àñòíîì ñëó÷àå ξ = 0 (k = 0, ïëîñêàÿ äåôîðìàöèÿ) èç (6) ïîëó÷àåì [1]

c = cN =
2c2

c1

√
c2

1 − c2
2.

Èç (6) âèäíî, ÷òî â îòëè÷èå îò ïëîñêîé äåôîðìàöèè âîëíà îáëàäàåò ñâîéñòâîì äèñïåð-
ñèè. Âî âòîðîì ïðåäåëüíîì ñëó÷àå ïîëó÷èì

(2− η)2 − 4
√

(1− ηθ)(1− η)− ξ2η(1− η) = 0. (7)
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Â ÷àñòíîì ñëó÷àå ξ = 0 (ïëîñêàÿ äåôîðìàöèÿ) óðàâíåíèå (7) ñîâïàäàåò ñ êëàññè÷åñêèì
óðàâíåíèåì Ðýëåÿ. Óðàâíåíèå (7) ïîäðîáíî èññëåäîâàíî â ðàáîòàõ [3,4].

Â îáùåì ñëó÷àå ñèììåòðè÷íûõ êîëåáàíèé ôàçîâóþ ñêîðîñòü c òðåáóåòñÿ îïðåäåëèòü èç
óðàâíåíèÿ (5). Èç âèäà óðàâíåíèÿ (5) äåëàåì âûâîä, ÷òî ôàçîâàÿ ñêîðîñòü c çàâèñèò îò k1h
è ξ è ïîýòîìó èìååò ìåñòî äèñïåðñèÿ. Èç ðàññìîòðåííûõ ïðåäåëüíûõ ñëó÷àåâ ñëåäóåò, ÷òî
äëÿ ïåðâîé ôîðìû êîëåáàíèé ôàçîâàÿ ñêîðîñòü ëåæèò â èíòåðâàëå [cRξ; cξ] (cRξ çíà÷åíèå
ôàçîâîé ñêîðîñòè ïîâåðõíîñòíîé âîëíû (7)).

Äëÿ ôàçîâîé ñêîðîñòè àíòèñèììåòðè÷íûõ êîëåáàíèé ïîëó÷åíî

η − 4

3
(k1h)2(1 + ξ2)(1− θ)− ξ2(1− η)

(
1− (k1h)2

3
(1 + ξ2)(1− ηθ)

)
= 0.

Îòñþäà ìîæíî îïðåäåëèòü ôàçîâóþ ñêîðîñòü âîëí èçãèáà. Çäåñü ìû èìååì äåëî ñ
äèñïåðñèåé âîëíû. Ïðè ξ = 0 ïîëó÷èì çíà÷åíèå ôàçîâîé ñêîðîñòè âîëí èçãèáà â ñëó÷àå
ïëîñêîé äåôîðìàöèè .

Ïðîâåäåíû àíàëîãè÷íûå èññëåäîâàíèÿ ïðè äðóãèõ ãðàíè÷íûõ óñëîâèÿõ è äëÿ òðåõñëîé-
íîé ïëàñòèíêè.
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Óêîðî÷åííÿ íåñêií÷åííî¨ ãiïåðáîëi÷íî¨ ñèñòåìè
êâàçiëiíiéíèõ ðiâíÿíü

Òàðàñ Ôiðìàí

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Óêðà¨íà

tarasfirman91@ukr.net

Ó ôóíäàìåíòàëüíié îáëàñòi D [1] ðîçãëÿíåìî ãiïåðáîëi÷íó ñèñòåìó iç çëi÷åííî¨ êiëüêîñòi
êâàçiëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

∂ui
∂t

+ λi(x, t, u1, u2, . . . )
∂ui
∂x

= fi(x, t, u1, u2, . . . ), i ∈ {1, 2, . . .}; (1)

ç ïî÷àòêîâèìè óìîâàìè
ui(x, 0) = gi(x), i ∈ {1, 2, . . .}. (2)

Ïîðÿä iç çàäà÷åþ (1)�(2) ðîçãëÿäàòèìåìî çàäà÷ó Êîøi äëÿ óêîðî÷åíî¨ ãiïåðáîëi÷íî¨
ñèñòåìè êâàçiëiíiéíèõ ðiâíÿíü, ÿêó îäåðæó¹ìî ç ñèñòåìè ðiâíÿíü (1), áåðó÷è âñi øóêàíi
ôóíêöi¨, ïî÷èíàþ÷è ç (n+ 1)-¨, íà õàðàêòåðèñòèêàõ ïðè t = 0 [1].

Òåîðåìà. Íåõàé âèõiäíi äàíi çàäà÷i (1), (2) çàäîâîëüíÿþòü óìîâè:

1) gi(x) íåïåðåðâíi i çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ çi ñòàëîþ Gi;
2) λi, fi ∈ C(D) ∩ Lipx,loc(D) ïðè ôiêñîâàíèõ u1, u2, . . . , i ∈ {1, 2, . . . };
3) λi, fi çàäîâîëüíÿþòü óìîâó Êîøi-Ëiïøèöÿ çà çìiííèìè uk

|λi(x, t, u′1, . . . , u′n, . . . )− λi(x, t, u′′1, . . . , u′′n, . . . )| ≤ α(x, t) ·∆u,
|fi(x, t, u′1, . . . , u′n, . . . )− fi(x, t, u′′1, . . . , u′′n, . . . )| ≤ β(x, t) ·∆u,
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äå i ∈ {1, 2, . . . }, ∆u = sup
k
|u′k − u′′k|, α(x, t), β(x, t) � äåÿêi íåïåðåðâíi ôóíêöi¨ ;

4) λi, fi çàäîâîëüíÿþòü ïîñèëåíó óìîâó Êîøi-Ëiïøèöÿ çà çìiííèìè uk

|λi(x, t, u1, . . . , un, u
′
n+1, . . . )− λi(x, t, u1, . . . , un, u

′′
n+1, . . . )| ≤ εi(n)α(x, t) ·∆u,

|fi(x, t, u1, . . . , un, u
′
n+1, . . . )− fi(x, t, u1, . . . , un, u

′′
n+1, . . . )| ≤ ε̃i(n)β(x, t) ·∆u,

äå i ∈ {1, 2, . . . }, ∆u = sup
k
|u′n+k − u′′n+k|, εi(n)→ 0, ε̃i(n)→ 0 ïðè n→∞;

5) |fi(x, t, u1, u2, . . . )| ≤ ai ai � äåÿêà ñòàëà, ïðè÷îìó ai → 0, ïðè i→∞.
Òîäi óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)�(2) i ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óêîðî÷åíî¨ ñè-

ñòåìè áóäóòü ÿê çàâãîäíî áëèçüêi ïðè äîñòàòíüî âåëèêîìó çíà÷åííi n.
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On extensions of di�erential operators in Banach spaces

Vladimir Burskii

Institute of Applied Mathematics and Mechanics, Donetsk, Ukraine v30@dn.farlep.net

It is well-known that the classic theory of extensions of partial di�erential operators (Vishik,
H�ormander, Berezansky, Dezin), i.e., the general theory of boundary value problems was built in
the Hilbert space L2(Ω). In this report a starting scheme of theory that deals with the extensions
of operators in Banach spaces will be described, and �rst results of the theory will be obtained.

In a bounded domain Ω ⊂ Rn we consider extensions of the operator (initially given in

the space C∞(Ω)) L+ =
∑
|α|≤l

aα(x)Dα, Dα = (−i∂)|α|

∂xα and its formal adjoint operator L+· =∑
|α|≤l

Dα(a∗α(x) ·), where aα is an N ×N+-matrix with entries (aα)ij ∈ C∞(Ω̄), a∗α is the adjoint

matrix.
For p > 1 and q = p/(p− 1) we introduce the graph norms ‖u‖L,p = ‖u‖Lp(Ω) + ‖Lu‖Lp(Ω),

‖u‖L,q, ‖u‖L+,p, ‖u‖L+,q. Then we build the minimal operators Lp0, Lq0, L
+
p0 and L

+
q0 with their

domains that are understood as the closing of C∞0 (Ω) in the corresponding graph norms and
the maximal operators Lp := (L+

q0)∗, Lq := (L+
p0)∗, L+

p , L
+
q . Each operator LpB = Lp|D(LpB)

with property D(Lp0) ⊂ D(LpB) ⊂ D(Lp) is called an extension (of  Lp0), and the extension

LpB : D(LpB) → [Lp(Ω)]N
+

=: B+
p is called solvable if there exists its continuous two-side

inverse operator L−1
pB : B+

p → D(LpB), LpBL
−1
pB = idB+

p
, L−1

pBLpB = idD(LpB).

Here as usually one introduces the notion of boundary value problem in the form Lpu =
f, Γu ∈ B, where the subspace B in boundary space C(Lp) := D(Lp)/D(Lp0) (Γ: D(Lp) →
C(Lp) is a factor-mapping) gives a homogenous boundary value problem just as the H�ormander
de�nition. Two Vishik conditions of the Hilbert case turn to four conditions in the Banach
case: operator Lp0 has continuous left inverse (condition (1p)) and the same about operators Lq0
(condition (1q)), L

+
p0 (condition (1+

p )) and L+
q0 (condition (1+

q )). Then we prove the theorems

Theorem 1. The operator Lp0 has a solvable extension i� the conditions (1p) and (1+
q ) are

ful�lled.
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Theorem 2. Under conditions (1p), (1+
p ) we have decomposition D(Lp) = D(Lp0)⊕kerLp⊕Wp,

where Wp ia a subspace in D(Lp) such that Lp|Wp : Wp → kerL+
p is an isomorphism.

Theorem 3. Under conditions (1p), (1+
p ) each solvable extension LpB can be decomposed into

the direct sum LpB = Lp0 ⊕ L∂pB, where L∂pB : B → kerL−1
p0 is an isomorphism.

Theorem 4. Under conditions (1p), (1+
p ) each linear subspace B ⊂ C(Lp) such that Γ−1

p B ∩
kerLp = 0, and there exists an operator Mp : kerL−1

p0 → D(Lp) with properties

(i) LpMp = id |kerL−1
p 0
,

(ii) ImMp ⊂ Γ−1
p B, generates a well-posed boundary value problem, i.e., a solvable extension

LpB with domain D(LpB) = Γ−1B.

1. Burskii V. P., Investigation methods of boundary value problems for general di�erential equations,
Kiev, Naukova dumka, 2002 (In Russian).

2. Burskii V. P., Miroshnikova A. A., On extensions of di�erential operators in Banach spaces. Nonli-
near boundary value problems. Vol.19 (2009), p. 5�16 (In Russian).
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On the second spectrum of a module

H. Ansari-Toroghy and F. Farshadifar

University of Guilan, Rasht, Iran ansari@guilan.ac.ir

Let R be a commutative ring andM be an R-module. The second spectrum Specs(M) ofM
is the collection of all second submodules of M . We topologize Specs(M) with Zariski topology,
which is analogous to that for Spec(R), and investigate this topological space from the point
of view of spectral space. For various types of modules M , we obtain conditions under which
Specs(M) is a spectral space. We also investigate Specs(M) with quasi-Zariski topology and
obtain some results in this case.

Derivations and identities for Fibonacci and Lucas
polynomials

Leonid Bedratyuk

Khmelnytsky National University, Ukraine leonid.uk@gmail.com

We consider the locally nilpotent derivations DA,DF ,DL of the polynomial algebra
k[x0, x1, . . . , xn] over a �eld k de�ned by

DA(xi) = ixi−1, DF (xi) =

[ i−1
2 ]∑
j=0

(−1)j(i−1−2j)xi−1−2j ,

DL(xi) = i

[ i−1
2 ]∑
j=0

(−1)jxi−1−2j ,

The derivations are called the Weitzenb�ock derivation, the Fibonacci derivation and the Lucas
derivation respectively. A linear map ϕ : k[x0, x1, . . . , xn]→ k[x0, x1, . . . , xn] is called a (DA,DF )-
intertwining map (resp. a (DA,DL)-intertwining map) if the following condition holds: ϕ◦DA =
DF ◦ ϕ (resp. ϕ ◦ DA = DF ◦ ϕ). We prove the following theorem:

Theorem. (i) A (DA,DL)-intertwining map has the form

ϕ(xn) = xn + α(1)
n xn−2 + α(2)

n xn−4 + . . .+ α(i)
n xn−2i + . . .+ α

([n−1
2 ])

n xn−2[n−1
2 ],

248
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where

α(s)
n =

(−1)s

s!
b0n

s + · · ·+ (−1)s−i

(s− i)!
bin

s+i + · · ·+ bsn
2s,

∞∑
i=0

biz
i = J−1

0 (4z1/2 ).

(ii) A (DA,DF )-intertwining map has the form

ϕ(xn) = xn+1 + α(1)
n xn−1 + α(2)

n xn−3 + . . .+ α(i)
n xn+1−2i + . . .+ α

([n−1
2 ])

n xn+1−2[n−1
2 ],

where

α(s)
n = (n− 2s+ 1)

(
(−1)s

s!
b0n

s−1 + · · ·+ (−1)s−i

(s− i)!
bin

s+i + · · ·+ bsn
2s−1t

)
,

∞∑
i=0

biz
i =

z1/2

J1(4z1/2 )
.

Here ns := n(n− 1) . . . (n− (s− 1)) and Jα denotes the Bessel function.

The jacobians of lower degrees

Grzegorz Biernat

Czestochowa University of Technology, Czestochowa, Poland

grzegorz.biernat@im.pcz.pl

In the presentation we give some relation of the number of zeros of a polynomial mapping
in C2 with a jacobian of non-maximal degree and the number of branches at in�nity of one
coordinate of this mapping.

Torsion theories and relatively-pseudoregular acts

Yuliya Bilyak

Ivan Franko National University of Lviv, Lviv, Ukraine jbilyak@ukr.net

We shall describe the notion of relatively-pseudoregular act over monoid with zero and some
conditions of such acts. We also shall consider torsion theories for which torsion classes contain
all relatively-pseudoregular acts over monoid with zero. And shall answer the question when
torsion class of this torsion theory is axiomatizable.

1. D. R. Qiu, Hereditary torsion theory of pseudoregular S-systems // Semigroup Forum, Vol. 66,
�1 (2003), P. 131-139.

2. J. K. Luedeman, Torsion theories and semigroup of quotients // Lecture Notes in Mathematics
998, Springer-Verlag, Berlin, New York. 1983, P. 350-373.
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On the structure of universal envelope algebra of Lie
algebra of polynomial unitriangular derivations

Yuriy Bodnarchuk

NaUKMA, Kyiv, Ukraine

Let un be a Lie algebra of unitriangular polynomial derivations over the �eld F of zero
characteristic. Elements of un have the form

∑n
i=1 ai(x1, . . . , xi−1)∂xi . In the universal envelope

algebra Un of un we choose the elements Hi = ∂xi · xi∂xn, i = 1, . . . , n − 1, and construct the
elements c(k, j), where k are a multi-degree , i = 2, . . . n, for which next theorem holds.

Theorem. The localization of Un by the powers of ∂xn is a generalized Weil algebra

Ãn−1 = F (. . . ∂xn)[Hi, . . . , c(k,m), . . .] < . . . ∂xi , xi∂xn, . . . >

Moreover, the elements c(k,m) are central elements of Un.

Generalized Higher Derivations

Elena Cojuhari and Barry Gardner

Technical University of Moldova, Moldova cojuhari_e@mail.utm.md

University of Tasmania, Australia

A type of generalized derivation consisting of a collection of self-mappings of a ring associated
with a monoid will be described. These have been used to construct various kinds of �skew�
or �twisted� monoid rings. There are also connections with monoid gradings. Both of these
phenomena will be illustrated as will representations of the generalized derivations by rings of
(generally in�nite) matrices.

Contractions of quasigroups and Latin squares

Ivan I. Deriyenko and Wieslaw A. Dudek

Kremenchuk National University, Ukraine ivan.deriyenko@gmail.com

By a prolongation of a quasigroup we mean a process which shows how from a quasigroup
Q(·) of order n one can obtain a new quasigroup Q′(◦) containing one element more. In other
words, it is a process which shows how a given Latin square can be extended to a new Latin
square containing one row and one column more. The �rst method of a prolongation was given
by R. H. Bruck [1] for Steiner quasigroups. More general methods were proposed V. D. Belousov
[2] and G. B. Belyavskaya [3]. Simple methods of prolongatrions of quasigroups was proposed in
our paper [4].

Below we present a new more general method.
Consider a quasigroup Q ′(◦) in which one can �nd three elements a, b, c ∈ Q ′ such that for

all x, y ∈ Q ′ − {c}, x 6= a, y 6= b we have

x ◦ y = c⇐⇒ x ◦ b = a ◦ y. (1)
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This condition means that in the multiplication table of Q ′(◦) the element c has the same
projection onto the row a and the column b.

Theorem. Any quasigroup Q ′(◦) containing three elements a, b, c ∈ Q ′ satisfying (1) allows a
contraction to a quasigroup Q(·), where Q = Q ′ − {c} and

x · y =



x ◦ y if x ◦ y 6= c, x 6= a, y 6= b,
x ◦ b if x ◦ y = c, x 6= a, y 6= b,
c ◦ y if c ◦ y 6= c, x = a, y 6= b,
x ◦ c if x ◦ c 6= c, x 6= a, y = b,
a ◦ y if c ◦ y = c, x = a, y 6= b,
x ◦ b if x ◦ c = c, x 6= a, y = b,
c ◦ c if x = a, y = b.

1. R. H. Bruck, Some results in the theory of quasigroups, Trans. Amer. Math. Soc. 55 (1944),
19-52.

2. V. D. Belousov, Extensions of quasigroups, (Russian), Bull. Akad. Stiinte RSS Moldoven 8 (1967),
3-24.

3. G. B. Belyavskaya, Contraction of quasigroups, I, (Russian), Izv. Akad. Nauk Moldav. SSR, ser.
Fiz.-tehn. mat. Nauk 1 (1970), 6-12.

4. I. I. Deriyenko and W. A. Dudek, On prolongations of quasigroups, Quasigroups and Related
Systems 16 (2008), 187-198.

Menger algebras of n-ary opening operations

Wieslaw A. Dudek and Valentin S. Trokhimenko

Wroclaw University of Technology, Poland wieslaw.dudek@pwr.wroc.pl

Let A be a nonempty set, P(A) � the family of all subsets of A, Tn(P(A)) � the set of all
n-place transformations of P(A), i.e., mappings from the n-th Cartesian power of P(A) into
P(A). For arbitrary f, g1, . . . , gn ∈ Tn(P(A)) we de�ne the (n + 1)-ary composition f [g1 . . . gn]
by putting:

f [g1 . . . gn](X1, . . . , Xn) = f(g1(X1, . . . , Xn), . . . , gn(X1, . . . , Xn)) (1)

for all X1, . . . , Xn ∈ P(A).

Such de�ned an (n + 1)-ary operation O : (f, g1, . . . , gn) 7→ f [g1 . . . gn] is called the Menger

superposition of n-place functions . Obtained algebra (Tn(P(A)),O) is a Menger algebra in the
sense of [1] and [2].

An n-place transformation f of P(A) is called an opening operation if f [f . . . f ] = f,
f(X1, . . . , Xn) ⊆ X1 ∩ . . .∩Xn and X1 ⊆ Y1 ∧ . . .∧Xn ⊆ Yn −→ f(X1, . . . , Xn) ⊆ f(Y1, . . . , Yn)
for all Xi, Yj ∈ P(A).

Theorem. The Menger superposition of n-place opening operations f , g1, . . ., gn ∈ P(A) is an
opening operation if and only if for all i = 1, . . . , n we have

gi[f . . . f ][g1 . . . gn] = f [g1 . . . gn].
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Theorem. An (n+ 1)-ary algebra (G, o) is isomorphic some Menger algebra of n-place opening
operations on some set if and only if

o(x, . . . , x) = x,

o(x, y, . . . , y) = o(y, x, . . . , x),

o(x, y1, . . . , yn) = o(o(...o(o(x, y1, . . . , y1), y2, . . . , y2), . . .), yn, . . . , yn)

for all x, y, y1, . . . , yn ∈ G.

1. W.A. Dudek, V.S. Trokhimenko: Menger algebras of multiplace functions, (Russian), Centrul Ed.
USM, Chi�sin�au, 2006.

2. W.A. Dudek, V.S. Trokhimenko: Algebras of multiplace functions, De Gruyter, Versita, 2012.

On the Warne extension of a monoid

Iryna Fihel

Ivan Franko National University of Lviv, Lviv, Ukraine figel.iryna@gmail.com

By Z and N we shall denote the set of integers and the set of positive integers, respectively.
Let S be an arbitrary monoid with the group of unitsH(1S), θ : S → H(1S) be a homomorphi-

sm. On the Cartesian product Z× S ×Z we de�ne a semigroup operation by the following way:

(a, s, b)·(c, t, d) = (a+ c− r, f−1
c−r,a · θc−r(s) · f−1

b−r,c · fc−r,b · θ
b−r(t) · fb−r,d, b+ d− r)

where r = min{b, c}, θ0 denoting the identity automorphism of S, and for m ∈ N, n ∈ Z,

(a) f0,n = e is the identity of S; and

(b) fm,n = θm−1(un+1) ·θm−2(un+2) · . . . ·θ(un+(m−1)) ·un+m, where {un : n ∈ Z} is a collection
of elements of H(1S) with un = e if n ∈ N.

The set Z× S ×Z with such de�ned semigroup operation we shall denote by W(S,Z, θ) and
call the Warne extension of the monoid S.

In the report we discuss the properties of the semigroup W(S,Z, θ).
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Some construction method of orthogonal n-ary
operations and hypercubes

Iryna Fryz

Vinnytsia Higher Professional College of Lviv State University of Vital Activity Safety, Ukraine

friz_irina@ukr.net

Wide applications of orthogonal Latin squares and corresponding orthogonal quasigroups in
various areas of mathematics including a�ne and projective geometries, design of experiments,
coding theory and cryptology, theory of nets are well known [1]. But in some applied problems
need of construction of orthogonal hypercubes of n dimension appears. Unlike Latin squares, i.e.,
the n = 2 case, visual method of their construction is a problem therefore algebraic constructi-
on methods of orthogonal systems of n-ary operations including orthogonal systems of n-ary
quasigroups are used. One of such methods is described in [2]. In our report we will describe
new construction method of orthogonal systems of n-ary operations. It is a generalization of the
method from [2].

1. C.F. Laywine, G.L. Mullen Discrete Mathematics Using Latin Squares, Wiley, New York 1998.

2. G.Belyavskaya, G.L.Mullen Orthogonal hypercubes and n-ary operations, Quasigroups and Related
Systems, 13, no 1 (2005), 73�86.

Radicalizers

Barry Gardner

University of Tasmania, Australia gardner@hilbert.maths.utas.edu.au

A strict radical of a ring contains all radical subrings, but generally radicals are not strict
(think of nil subrings of matrix rings). We are interested in when a radical subring is contained in
the radical of a larger subring and more particularly when it is itself the radical of a larger subring.
We call the radicalizer of a subring S the largest subring of which S is the radical. Radicalizers
need not exist. We shall consider conditions on a radical class under which all radical subrings
have radicalizers and conditions on a radical subring that ensure it has a radicalizer. All of this
can be done in any variety of multioperator groups and has a connection with Sylow subgroups.
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On superextensions of inverse semigroups

V. Gavrylkiv

Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

vgavrylkiv@yahoo.com

In the talk we shall discuss the algebraic structure of various extensions of an inverse semi-
group X and detect semigroups whose superextensions λ(X) and N2(X) are inverse semigroups.

Theorem. For a semigroup X and its space of (maximal) linked upfamilies N2(X) (resp. λ(X))
the following conditions are equivalent:

1) N2(X) (resp. λ(X)) is a commutative regular semigroup;

2) N2(X) (resp. λ(X)) is an inverse semigroup;

3) X is a �nite commutative inverse semigroup, isomorphic to one of the following semi-

groups: C2, Ln (and C3, C4, C2 × C2, L2 × C2, L1 t C2, or C2 t Ln) for some n ∈ ω.
Here Cn is a cyclic group and Ln is a linearly ordered semilattice of cardinality n.

1. T. Banakh, V. Gavrylkiv, Algebra in superextensions of inverse semigroups, Algebra Discrete Math.
13:2 (2012), 147�168.

On variety of skew symmetrical strongly nilpotent
matrices

Natalia Golovashchuk and Eugenia Kochubinska

Taras Shevchenko National University of Kyiv, Ukraine golovash@gmail.com

We consider the a�ne variety Vn of skew symmetrical strongly nilpotent n×n-matrices. The
group On of all orthogonal n× n-matrices acts on Vn by conjugates. We study the orbits of On
on Vn.

The matrix A ∈ Vn is called canonical, if its Jordan form is J1(0), J2(0)⊕J2(0), or J2k+1(0),
k ∈ N.

Lemma. Let n < 9, then any orbit of On on Vn contains Kronecker sum of canonical matrices.

The units and idempotents in the group rings

Yuriy Ishchuk

Ivan Franko National University of Lviv, Lviv, Ukraine yu.ishchuk@gmail.com

Let R is associative ring with identity and G is a �nite group. The units and idempotents in
the group ring RG are investigated. The ring A is called clean if every element a of A is clean,
i.e. every element a can be written as the sum of a unit and an idempotent. The conditions on
ring R and group G under which the group ring RG is clean are studied.
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Genera of torsion free polyhedra

Petro Kolesnyk

Institute of Mathematics, Kyiv, Ukraine iskorosk@gmail.com

We consider the stable homotopy category of polyhedra, i.e. �nite cell complexes. We say
that two polyhedra X and Y are in the same genus if their localizations Xp and Yp are stably
equivalent for any prime p. We denote byG(X) the class of polyhedra which are in the same genus
as X. In [1] relations of genera of polyhedra with the theory of genera of integral representations
we established. Here we use these relations to describe G(X) for polyhedra of small dimes1ions.
Namely, we describe stable homotopy classes in G(X) if X is 3-connected of dimension at most 7
and if X is torsion free (i.e. with no torsion in homology groups), 4- or 5-connected of dimension
at most 11.

1. Yu.Drozd, P.Kolesnyk. On Genera of Polyhedra. Cent. Eur. J. Math., 2012, 10(2), 401-410.

Some topological properties of extended prime
spectrum over commutative ring

M. Ya. Komarnytskyi and M. O. Maloid-Glebova

Ivan Franko National University of Lviv, Lviv, Ukraine mykola_komarnytsky@yahoo.com

Notion of extended prime spectrum is given and it's properties are studied. In particular,
is proved that extended prime spectrum is invariant with regard to automorphisms of M and
is closed under union and intersection of chains. Also is proven that extended prime spectrum
is wider that prime spectrum, and extended prime spectrum with Zarisky topology is spectral
space. Relationships between extended prime spectrum of R-module M and extended prime
spectrum of the ring R/Ann(M) is studied. Partially question about homeomorphism between
these spectrum is solving.

1. Belluce, L. P. Spectral closure for non-commutative rings, Communications in Algebra, (1997),
25:5, 1513-1536.

2. Igor Klept, Marcus Tressl, The Prime Spectrum and Extended Prime Spectrum of Noncommutative
Rings, Algebr. Represent. Theor. (2007) 10:257-270.
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On classi�cation of identities of the type (4; 2) on
quasigroups

Halyna Krainichuk

Vinnytsia Institute of Economics and Social Sciences, Ukraine kraynichuk@ukr.net

Let ω, υ be terms containing functional variables and individual variables x1, . . ., xn only.
The formula (∀x1) . . . (∀xn)ω = υ is called a function equation. Sometimes it is called an identity
but it is not the same notion of identity which is true in a concretely de�ned algebra. We say
that a functional equation: has a type (m;n) if it has two individual variables with appearances
m and n; is general if all its functional variables are pairwise di�erent.

V.D. Belousov investigated the minimal quasigroup functional equations. He proved [1] that
such general functional equations have the type (3; 2) and all of them are parastrophically equi-
valent to A(x;B(x;C(x; y))) = y. He stated that there exist 7 functional equations depending on
one functional variable up to parastrophic equivalency [2]. In other words, V.D. Belousov classi-
�ed functional equations with 5 appearances of 2 individual variables. Complete classi�cation of
parastrophic identities of the type (3;2) on quasigroups is given in [3].

R.F.Koval' [4] considered functional equations with 6 appearances of 2 individual variables,
i.e., functional equations of the types (4; 2) and (3; 3). She proved that there exist at most
13 functional equations up to parastrophic equivalency but she did not prove that they are
not parastrophically equivalent and did not �nd their solution sets. Complete classi�cation and
solution of the general functional equations of the type (4; 2) are given in [5]. Also, the functional
equations depending on one functional variable are found by the author and will be presented in
her report.

1. V. D. Belousov Parastrophic-orthogonal quasigroups, Quasigroups and Related Systems 13(2005),
25-72.

2. F.M. Sokhatsky On classi�cation of functional equations on quasigroups. Ukrainian mathematical
journal, 56, No 4 (2004), 1259-1266.

3. H. V. Krainichuk Classi�cation of all parastrophic identities of the type (3;2) on quasigroups.
International Conference on Algebra is dedicated to 100th anniversary of S.M. Chernikov, � August
20-26, 2012.

4. R. F. Koval' Classi�cation of functional equations of small order on a quasigroup operation. Thesis
of kandidat of �zmat nauk, Vinnytsia, 2005.

5. H. V. Krainichuk Classi�cation and solution of functional equations of the type (4; 2) on quasi-
groups. The 20th conference on applied and industrial mathematics, Chi�sin�au, � August 21-25,
2012.
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On the exponential divisors function over Gaussian
integers

Andrew Lelechenko

Odessa National University, Ukraine 1@dxdy.ru

Let τ (e) (so called exponential divisors function [1]) be a multiplicative function such that
τ (e)(pα) = τ(α), where τ(n) denotes the number of divisors of n. Properties of τ (e) and especially
its asymptotic behaviour were widely studied last years (for example, [2]).

We are going to introduce the exponential divisors function over the Gaussian integers Z[i].
Let us denote t(e) : Z[i]→ N such that it is multiplicative over Z[i] and for prime Gaussian integer
p we have t(e)(pα) = τ(α). Here τ stands for the usual divisors function τ : N→ N.

One can also de�ne modi�ed exponential divisors function t
(e)
∗ (pα) = t(α), where t stands for

the function t : Z[i]→ N, counting Gaussian integer divisors.
We have proved the following theorems.

Theorem 1.

lim sup
N(α)→∞

log t(e)(α) log logN(α)

logN(α)
=

log 2

4
,

lim sup
N(α)→∞

log t
(e)
∗ (α) log logN(α)

logN(α)
=

log 2

2
.

Theorem 2. Let F (s) be Dirichlet series for t(e). Then

F (s) = Z(s)Z(2s)Z−1(5s)Z(6s)Z−1(7s)G(s),

F∗(s) = Z(s)Z3(2s)Z−2(3s)Z(4s)Z(5s)G∗(s),

where G(s) is regular for <s > 1/8, G∗(s) is regular for <s > 1/6 and Z(s) denotes Hecke

zeta-function.

Theorem 3. ∑
N(α)≤x

t(e)(α) = Cx+O(x1/2 log13/3 x),

∑
N(α)≤x

t
(e)
∗ (α) = Dx+O(x1/2 log7 x),

where C and D are computable constants.

1. Subbarao M. V. On some arithmetic convolutions // The theory of arithmetical functions, Lecture
Notes in Mathematics. � Springer Verlag, 1972. � Vol. 251. � P. 247�271.

2. Wu J. Probl�eme de diviseurs exponentiels et entiers exponentiellement sans facteur carr�e // J.
Th�eor. Nombres Bordx. � 1995. � Vol. 7, no. 1. � P. 133�141.
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Curved cooperads and homotopy unital A∞-algebras

Volodymyr Lyubashenko

Institute of Mathematics, Kyiv, Ukraine lub@imath.kiev.ua

Curved cooperad is a generalization of a di�erential graded non-counital cooperad. There is
an adjunction (cobar construction, bar construction) between the category of conilpotent curved
cooperads and the category of coaugmented di�erential graded operads. The talk is devoted
to a single example of the cobar construction � that of the operad Ahu∞ of homotopy unital
A∞-algebras. We shall present a curved cooperad whose cobar construction is isomorphic to
Ahu∞ .

Duprime and dusemiprime torsion theories in the
category of regular modules

M. O. Maloid-Glebova

Ivan Franko National University of Lviv, Lviv, Ukraine martamaloid@gmail.com

Duprime and dusemiprime torsion theories are considered and there properties are studied.
In particular, concepts of duprime and dusemiprime torsion theories are considered and is shown
that if a torsion theory k covers a torsion theory k' then torsion theory k−1k is duprime. The
property of the union and intersection of some chain of duprime torsion theories is established.
These facts are applied to the description of the rings with duanalogue of Kaplansky theorem.
For the case of Bezout ring, question about tree similarity of big-poset of duprime torsion theories
is considered.

1. Golan J. S. Linear topologies on a ring: overview // Pitman Research Notes in Mathematics Series,
Longman Scienti�c and Technical, 1974 Vol. 159, p. 1-103.

2. Golan J. S. Topologies on the Torsion-Theoretic Spectrum of a Noncommutatie Ring // Paci�c
Journal of Mathematics, 1974 Vol. 51, No. 2, p 439-450.

Idempotent and nilpotent submodules of di�erential
modules

Ivanna Melnyk

Ivan Franko National University of Lviv, Lviv, Ukraine ivannamelnyk@yahoo.com

Let M be an R�module and let N be a submodule of M . N is called idempotent if N = (N :
M)M . The submodule N of M is called nilpotent if (N : M)kM = {0} for some k ∈ N [1].

The aim of the report is to give some properties of idempotent and nilpotent submodules of
di�erential modules. We will also introduce its di�erential analogues in di�erentially multipli-
cation modules.

1. Ali M. M. Idempotent and nilpotent submodules of multiplication modules // Communications in
Algebra. � 2008. � 36, � 12. � P. 4620-4642.
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On the Hilbert symbol, the local Artin map and the
Tate pairing associated to an isogeny

Volodymyr Nesteruk

Ivan Franko National University of Lviv, Lviv, Ukraine volodymyr-nesteruk@rambler.ru

D. Hilbert de�ned and investigated norm residue symbol, which now it is called the Hilbert
symbol. The connection of Hilbert's symbol and of local Artin map is given for the local �eld [2].
Consider an n-dimensional discretely valued �eld k (chain of �elds k = kn, kn−1, ..., k0, where ki
is a complete discretely valued �eld with the residue �eld ki−1, 1 ≤ i ≤ n). A �eld k is called
an n-dimensional pseudolocal �eld if k0 is pseudo�nite and an n-dimensional general local �eld
if k0 is quasi�nite.

Let k be a �eld, and L be algebraic closures of k, k∗ multiplicative group of k, m a positive
integer, (m, char(k)) = 1, Um the group of mth root of 1 in L, kab be maximal abelian extension
of k, Gal(kab/k) be the Galois group of k. Assume Um ⊂ k. We consider the relation of local
Artin map q : k∗ → Gal(kab/k) and of the Hilbert symbol (·, ·) : k∗/k∗m × k∗/k∗m −→ Um for
n-dimensional (n ≤ 3) general local �eld.

The aim of this work is to prove the relation q(b)(a1/m) = (a, b)a1/m between the Hilbert
symbol and the local Artin map in the case of the n-dimensional general local �eld. Using the
work of M. Papikian [2], we prove the relation of local Artin map and of the Hilbert symbol for
n-dimensional (n ≤ 3) general local �eld.

Theorem 1. Let k be an n-dimensional general local �eld. Then q(b)(a1/m) = (a, b)a1/m.

Let f : A → B be an isogeny of abelian varieties de�ned over �eld k. Then there is unique
isogeny d : B → A, d◦f = degf and d is called the dual isogeny. Let εf there canonical isomorphi-
sm from kerd to the Cartier dual (kerf)∨ of kerf and f(k) : A(k) → B(k) is homomorp�sm
induced by f . For x ∈ kerd(k) = {b ∈ B(k)|d(b) = 0}, y ∈ coker (f(k)) = B(k)/f(A(k)), we
have (x, y) 7→ (εfx)(sa− a), where s is the generator of absolute Galois group Gk and a ∈ A(L),
(f(a) mod f(A(k))) = y. If k is a �nite �eld, P. Bruin [1] de�ned the Tate pairing associated to
f , kerd(k)× coker(f(k)) −→ k∗.

P. Bruin [1] and E. Schaefer [3] shoved that the perfectness of Tate pairing and of the Frey-
R�uck pairing follow from that of the Tate pairing associated to an isogeny.

We prove the perfectness of the Tate pairing associated to an isogeny over pseudolocal �eld
and n-dimensional (n ≤ 3) pseudolocal �eld. Namely,

Theorem 2. Let f be an isogeny between abelian varieties over a pseudolocal �eld k. Let m be

order of kerf . Suppose that k contains m-th roots of 1. Then the Tate pairing associated to f is

perfect.

Theorem 3. Let f be an isogeny between abelian varieties over an n-dimensional pseudolocal
�eld k. Let m be order of kerf . Suppose that k contains m-th roots of 1. Then the Tate pairing

associated to f is perfect.

1. P. Bruin, The Tate pairing for abelian varieties over �nite �elds // Journal de theorie des nombres
de Bordeaux, 2011, 23 (2), P. 323�328.

2. M. Papikian, On Tate Local Duality // Seminar �Kolyvagin's Application of Euler Systems to
Elliptic curves�, Massachusetts Institute of Technology, Spring, 2000, 12 p.,
http://www.math.ucdavis.edu/∼ osserman/semold/# desc.

3. E.F. Schaefer, A new proof for the non-degeneracy of the Frey-R�uck pairing and a connection to
isogenies over the base �eld, in: T. Shaska (editor), Computational Aspects of Algebraic Curves
(Conference held at the University of Idaho, 2005), 1-12. Lecture Notes Series in Computing 13.
World Scienti�c Publishing, Hackensack, NJ, 2005.
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Numerical calculating of index and correspond eigen
vector of strongly connected simply laced quiver

Makar Plakhotnyk1 and Irina Dudchenko1

1Kyiv Nationnal Taras Shevchenko Univ., Kyiv, Ukraine
2Sloviansk National Pedagogical Univ., Donetsk region, Ukraine dudchira@meta.ua

In our talk we are going to introduce a numerical method for calculating the index and
correspond eigen vector of adjacency matrix of a strongly connected simply laced quiver. Our
algorithm uses some known theorems, in particular, Perron and Frobenius Theorems about
spectral properties of indecomposable non-negative and positive matrices.

Our method principally uses the condition that the matrix which is under consideration is
non-negative and is the adjacency matrix of strongly connected quiver. Without these conditions
our ideas do not work.

On some homological properties of the clique-semigroup
of a free partially commutative monoid

Lyudmyla Polyakova

V. N. Karazin Kharkov National University, Ukraine L.Yu.Polyakova@gmail.com

Let Σ be a �nite set and I be a symmetric, irre�exive binary relation over Σ. A monoid
M = M(Σ, I) is said to be free partially commutative if it has a presentation < Σ|{ab =
ba, (a, b) ∈ I} >. We assign an unoriented graph Γ(M) to the monoid M(Σ, I) in the following
way: the set of vertices is Σ and the set of edges is I.

We introduce a clique-semigroup CM , which elements are all the cliques of the graph Γ(M)
and the zero, and study isomorphisms of the 0-homology groups of CM (see [1]) and the homology
groups of M . The main result is

Theorem. Let M be free partially commutative monoid and Γ(M) does not contain cliques with

more than k vertices. Than for every 0-module A
1) H0

1 (CM , A) ∼= H1(M,A);
2) H0

k(CM , A) ∼= Hk(M,A);
3) H0

m(CM , A) = Hm(M,A) = 0 for m > k.

1. B. V. Novikov, L. Yu. Polyakova. On 0-homology of categorical at zero semigroups // Central
European J. Math. � 2009. � V. 7, N2, � P. 165-175.
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On Agrawal conjecture

Roman Popovych and Bogdan Popovych

National University Lviv Politechnika, Lviv, Ukraine rombp07@gmail.com

In 2002 M.Agrawal, N.Kayal and N.Saxena [1] presented a deterministic polynomial-time
algorithm AKS that determines whether an input number is prime or composite. H.Lenstra and
C.Pomerance [2] gave a signi�cantly modi�ed version of AKS with (log n)6+o(1) running time.
The following cojecture was given to improve further the AKS running time.

Agrawal conjecture. If r is a prime number that does not divide n and if (X − 1)n =
Xn − 1(modn,Xr − 1), then either n is prime or n2 = 1(modr).

The conjecture was veri�ed [2] for r < 100 and n < 1010. If Agrawal conjecture were true,
this would improve the AKS time complexity from (log n)6+o(1) to (log n)3+o(1). H.Lenstra and
C.Pomerance [3] gave a heuristic argument which suggests that the above conjecture is false.

The idea of AKS is as follows: to show that the set of elements X+a generates �big enough�
subgroup in the group (Zp[X]/Cr(X))∗. From this point of view it is possible to interpret the
Agrawal conjecture in such a way: if the given polynomial identity holds then the element X− 1
generates big enough subgroup.

We prove that proposition (H.Lenstra) from [3], which indicates that the element X − 1
very likely does not generate big enough subgroup, is is true in a more general case. By the
proposition, we have a heuristic which suggests the existence of many counterexamples [3] to the
Agrawal conjecture. But no counterexample has been yet found. In particular, we have veri�ed
the conjecture for r = 5 and 10100 < n < 10100 + 105.

At the same time we prove that there exists a strictly ascending chain of subgroups 〈X〉 ⊂
〈X + 1〉 ⊂ 〈X − 1〉 ⊂ 〈X − 1, X + 2〉 of the group (Zp[X]/Cr(X))∗ and state the modi�ed
conjecture that the set {X − 1, X + 2} generate big enough subgroup of this group.

Using results from [4] we obtained lower bounds for the number of elements in 〈X + 1〉,
〈X − 1〉, 〈X − 1, X + 2〉.

1. M. Agrawal, N. Kayal and N. Saxena, PRIMES is in P, Ann. of Math., 160 (2), 2004, p.781�793.

2. A. Granville, It is easy to determine whether a given integer is prime, Bull. Amer. Math.Soc., 42
(1), 2005, p.3-38.

3. H. W. Lenstra and C. Pomerance, Remarks on Agrawal's conjecture, 2003.
http://www.aimath.org/WWN/primesinp/articles/html/50a.

4. R. Popovych, Elements of high order in �nite �elds of the form Fq[x]/Φr[x], Finite Fields Appl.
18 (4), 2012, p.700-710.
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On the semigroup of co�nite monotone partial injective
transformations of Ln ×lex Z

Inna Pozdnyakova

Luhansk Taras Shevchenko National University, Luhansk, Ukraine

pozdnyakova.inna@gmail.com

Let Ln be a �nite n-element chain and Z be the set of integers with the usual order. By
Ln ×lex Z we denote the set Ln × Z with lexicographic order.

In our report we discuss on the structure of the semigroup of all co�nite monotone partial
injective transformations of the set Ln ×lex Z.

Note on the Hermite Normal Form

V. M. Prokip

IAPMM NAS of Ukraine, Lviv, Ukraine v.prokip@gmail.com

Let R be a principal ideal domain (a commutative ring with no nonzero divisors and a unit
element e such that every ideal is principal). Denote by Mn,m(R) the set of n×m matrices over
R.

Let

A =

 a11 . . . a1n

. . . . . . . . .
an1 . . . ann


be a matrix of Mn,n(R). For any i = 1, 2, . . . , n; Ai will be denoted (i × n) submatrices of the
matrix A constructed as follows:

A1 =
[
a11 . . . a1n

]
and Ai =

[
Ai−1

ai1 . . . ain

]
for all 2 ≤ i ≤ n.

Theorem. Let A ∈Mn,n(R) be a matrix of rank A = r . If rank Ar = r then for matrix A there

exists a matrix W ∈ GL(n,R) such that

AW = HA =



h1 0 . . . . . . . . . . . . 0
h21 h2 0 . . . . . . . . . 0
. . . . . . . . . . . . . . . . . . . . .
hr,1 hr,2 . . . hr 0 . . . 0
hr+1,1 hr+1,2 . . . hr+1,r 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .
hn1 hn2 . . . hn,r 0 . . . 0


,

where diagonal elements hi belong to the set of nonassociated elements of R, and hij belong to

the complete system of residues modulo the diagonal element hi for all 1 ≤ j < i ≤ r.
The matrix HA for the matrix A is unique.
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On local nearrings of order 32 with Miller-Moreno
groups of units

M. Yu. Raevska and I. Yu. Raevska

Institute of Mathematics of NASU, Kyiv, Ukraine raemarina@rambler.ru

In this report �nite local nearrings with Miller-Moreno groups of units are considered. Using
the computer programm GAP4.4 and the supercomputer of IC, we found all local zero-symmetric
nearrings of size 32 with Miller-Moreno groups of units on some additive groups.

The Small Groups library in GAP gives access to all groups of certain �small� orders.
The groups are sorted by their orders and they are listed up to isomorphism. The function
SmallGroup(n, i) returns the i-th group of order n in the catalogue ([1]). Denote SmallGroup(n, i)
as [n, i].

The number of local zero-symmetric nearrings with [16, 3] as group of units on the following
additive groups are: [32, 5] � 548, [32, 6] � 64, [32, 12] � 624, [32, 2] � 368, [32, 7] � 32, [32, 8] �
32, [32, 36] � 448, [32, 37] � 496.

The number of local zero-symmetric nearrings with [16, 6] as group of units on the following
additive groups are: [32, 22] � 30, [32, 45] � 30.

We remark that the problem of �nding all zero-symmetric nearrings of size 32 (and more
size) with Miller-Moreno groups of units on all additive groups concerning with using the major
RAM memory space and processor time.

1. The GAP Group, Aechen, St Andrews. GAP � Groups, Algoritms, and Programming, Version
4.4.12. (http://www.gap-system.org/).

About varieties of modal lattices and modal groups

Tetiana Savochkina

Kharkiv National Pedagogical University named after G. S. Skororoda, Ukraine

savochkinat@rambler.ru

The lattice L is called modal if for arbitrary elements t, x, y, z ∈ L the inequality t(x+y)(x+
z)(y + z) ≤ tx+ ty + tz is true.

Let U is variety of all modal lattices, M is variety of all modular lattices, and let U ∩M = β.
The group G is modal if its lattice of all subgroups RG ∈ U .

A pair of varieties of groups α, γ, is called exact if the equality α + γ = (α ◦ γ) ∩ (γ ◦ α).
The author has brought a number of statements relating to the theory of lattices of varieties and
varieties of modal groups. In particular:

1) Result chart characteristic variety of lattices β;
2) It is shown that the free modular lattice FM(3) generated variety β ;
3) Necessary and su�cient conditions that the system of subgroups Σ of group G had modal;
4) A study of exact pairs varieties of groups α, γ; a description of lattices of subvarieties

R(α+ γ), for some speci�c varieties of groups α, γ.
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On the canonical form for a certain class of matrices
with respect to similarity

Bogdan Shavarovskii

Pidstryhach Institute of Applied Problems of Mechanics and Mathematics of NAS of Ukraine,

Lviv, Ukraine shavarb@iapmm.lviv.ua

Classi�cation problems of linear algebra split into two types: tame (or classi�able) and wild
(containing the problem of classifying pairs of matrices up to similarity). Gelfand and Ponomarev
[1] proved that the problem of classifying pairs of matrices up to similarity contains the problem
of classifying t-tuples of matrices up to similarity for arbitrary t. Belitskii [2] developed an
algorithm that reduced each pair matrices (M, N) by similarity transformations to a matrix
pair (M, N)can in such a way that (M, N) and (M ′, N ′) are similar i� they are reduced to the
same matrix (M, N)can = (M ′, N ′)can. List of Belitskii's canonical pairs for 4×4 matrices is in
[3]. Canonical form for pairs of complex matrices, in which one matrix has distinct eigenvalues,
is in [4]. A square matrix is nonderogatory if its Jordan blocks have distinct eigenvalues. We
give canonical forms for pairs of complex matrices up to similarity, in which one matrix is one
of the following types:

1. is nonderogatory;

2. has simple structure and all eigenvalues of multiplicities at most two.

1. I.M. Gelfand, V.A. Ponomarev. Remarks on the classi�cationof a pair jf commuting linear trans-
formations in a �nite dimensional vector space // Functional Anal. Appl. 3 (1969) 325�326.

2. G.R. Belitskii. Normal forms in a space of matrices // Analysis in In�nite-Dimensional Spaces
and Operator Theory (V.A. Marchenco, Ed), Naukova Dumka , Kiev, 1983, pp. 3�15 (in Russian).

3. V.V. Sergeichuk, D.V. Galinskii. Classi�cation of pairs of linear operators in a four-dimensional
vector space // In�nite Groups and Related Algebraic Structures, Inst. Mat. Ukrain. Akad.
Nauk, Kiev, 1993, pp. 413�430 (in Russian).

4. Vyacheslav Futorny, Roger A. Horn, Vladimir V. Sergeichuk. A canonical form for nonderogatory
matrices under unitary similarity // Linear Algebra and its Applications, 435 (2011), 830�841.

On quasigroups and some its applications

Victor A. Shcherbacov

Institute of Mathematics and Computer Science, Chisinau, Moldova scerb@math.md

Binary groupoid (Q, ◦) is called a quasigroup if for all ordered pairs (a, b) ∈ Q2 there exist
unique solutions x, y ∈ Q to the equations x ◦ a = b and a ◦ y = b.

It is planned to present some results on 2-transversals in quasigroups and prolongations of
quasigroups.

It is supposed to give information on some possible applications of quasigroups in code theory
and cryptology [1, 2].

1. Piroska Csorgo and Victor Shcherbacov. On some quasigroup cryptographical primitives, (2011)
arxiv.org/abs/1110.6591.

2. V.A. Shcherbacov. Quasigroup based crypto-algorithms, (2012) arxiv.org/abs/1201.3016.



International Conference dedicated to the 120-th anniversary of Stefan Banach 265

A method of teaching determinants

Fedir M. Sokhatsky

University �Ukraina�, Vinnytsia Institute of Economics and Social Sciences, Ukraine

fmsokha@ukr.net

We adopt the notion of diagonal of a matrix from combinatorics: maximal collection of matrix
places being in its di�erent rows and in di�erent columns is called a diagonal of this matrix. This
notion is the base of the notion of determinant.

A collection of cells of an n order square matrix such that both their sets of rows and their
sets of columns are partitions of {1, . . . , n} is said to be a cell diagonal of the matrix. A cell

summand of a determinant |A| being de�ned by a cell diagonal β̂ := {B1, B2, . . . , Bs} is said to
be a number d

β̂
, which is de�ned by

d
β̂

:= (−1)invβ̂ · |B1| · |B2| · . . . · |Bs|,

where invβ̂ denotes a number of inversions in β̂. Using the determinant de�nition we �nd an
elementary proof of the following theorem.

Theorem. Sum of all cell summands of a matrix having the same row partition is equal to the

determinant of the matrix.

The other properties of determinants, including Laplace theorem and Binet-Cauchy formula,
follow immediately from this theorem.

Congruential generators on pseudorandom numbers

Tran The Vinh and Pavel Varbanets

I. I. Mechnikov Odessa National University, Ukraine varb@sana.od.ua

Let p be a prime number, m > 1 be a positive integer. Consider the following recursion

yn+1 ≡ ayn + b (mod pm), (a, b ∈ Z), (1)

where yn is a multiplicative inversive modulo pm for yn if (yn, p) = 1. The parameters a, b, y0

we called the multiplier, shift and initial value, respectively.
In the works of Eichenauer, Lehn, Topuzo�glu, Niederreiter, Shparlinski, Grothe, Emmerih

ets were proved that the inversive congruential generator (1) produces the sequence {xn},
xn = yn/p

m, n = 0, 1, 2, . . ., which passes s-dimensional serial tests on equidistribution and
statistical independence for s = 1, 2, 3, 4 if the de�ned conditions on relative parameters a, b, y0

are accomplishable.
It was proved that this generator is extremely useful for Quasi-Monte Carlo type application.

The sequences of PRN's can be used for the cryptographic applications. Now the initial value
y0 and the constants a and b are assumed to be secret key, and then we use the output of the
generator (1) as a stream cipher.

In our talk we consider two generalizations of the generator (1):

yn+1 ≡ ayn + b+ cy0 (mod pm), (2)
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where m ≥ 3 be positive integer; a, b, c ∈ Zpm , (a, p) = 1, b ≡ c ≡ 0 (mod p).

That generator we call the linear-inversive generator.

The following type of generator over the sequence of pseudorandom numbers connect with
the norm units in the ring of residues modulo pn over Z[i].

Let u+ iv ∈ Z[i] be the generated element of the cyclic group

E` := {ω ∈ Z[i] | (ω, p) = 1, N(ω) ≡ ±1 (mod pm)} , ` = 1, . . . ,m.

We have

#E` =

{
2(p+ 1)p`−1 if p ≡ 3 (mod 4),
2(p− 1)p`−1 if p ≡ 1 (mod 4).

We de�ne the congruential generator

zn ≡ =(u+ iv)n · (<(u+ iv)n)−1 (mod pm), n = 0, 1, 2, . . . .

The main goal of our investigation is the construction of representations of yn (or zn) as the
polynomials on initial value y0 (or u0 + iv0) and number n. Using these representations we study
the special exponential sums on the sequences of pseudorandom numbers {yn} (or {zn})

S =

N−1∑
n=0

e2πihxn/pm for xn = yn or xn = zn, h ∈ Z

and then prove that the sequence {yn/pm} ({zn/pm}) satis�es by requirements of equidistribution
and unpredictability.

Our results generalize the investigations provided by Eichenauer, Niederreiter, Shparlinskii,
S. Varbanets etc.

Norm Kloosterman Sums over Z[i]

Sergey Varbanets

I. I. Mechnikov Odessa National University, Ukraine varb@sana.od.ua

The classical Kloosterman sums �rst appeared in the paper of Kloosterman[1] in connection
with the representation of positive integers quadratic forms. These sums and their generalizations
�nd the various applications in additive number theory.

In our talk we study the n-dimensional norm Kloosterman sums over the ring of Gaussian
integers that have no analogue in the ring Z.

For the Gaussian integers α0, α1, . . . , αn and positive integer h we de�ne n-dimensional
Kloosterman sum

K̃(α0, α1, . . . , αn; q, h) :=
∑
S(C)

e2πi<(α0x0+...αnxn)/q,

where the notation S(C) means that summation passes under condition

C : {xj ∈ Z[i]�qZ[i], j = 0, 1, . . . , n; N(x0, x1, . . . , xn) ≡ h (mod q)} .

(here N(x) denotes the norm of x ∈ Z[i], i.e. N(x) = (<(x))2 + (=(x))2).

We will obtain the non-trivial estimates for K̃(α0, α1, . . . , αn). In particular, we have
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Theorem 1. Let h is a norm residue modulo p and (h, p) = 1 and let α0 ∈ Z[i], α0 6≡ 0 (mod p).
Then

|K̃(α0, α1, . . . , αn; pm, h)| ≤ 2(4n− 1)p2n(m−m0)I(α1, . . . , αn; pm),

where I(α1, . . . , αn; pm) is the number of solutions of the system of congruences over unknowns

uj , vj ∈ Zpm−m0 
ajvj + bjuj ≡ 0 (mod pm−m0),

N(α0)uj + 2kaj
n∏
j=1

(
u2
j + v2

j

)2
≡ 0 (mod pm−m0),

j = 1, . . . , n.

(here m0 = [m+ 1/2]).

Let χ be a Dirichlet character modulo q1, q1|q. We study the twisted norm Kloosterman sum

K̃χ(α, β; q, h) =
∑

x,y∈(Z[i]�qZ[i])
N(xy)≡h (mod q)

χe2πi<(αx+βy)/q.

For sum K̃χ(α, β; q, h) we also obtain �the root� estimate. These results generalize the results
from [2],[3].

1. Kloosterman H.D., On the representation of numbers in the form ax2+by2+cz2+dt2, Acta Math.,
49, 407-464.

2. Varbanets S.P., The norm Kloosterman sums over Z[i], Anal. Probab. Methods Number Theory,
A. Laurinčikas and E. Manstavičius(Eds.), (2007), 225-239.

3. Savastru O. Varbanets S., Norm Kloosterman sums over Z[i], Algebra and Discrete Mathematics,
11(2), (2011), 82-91.

About nilpotent Moufang loops free ordered

Vasile I. Ursu

Institute of Mathematics Simion Stoilow of the Romanian Academy, Technical University of

Moldova, Moldova Vasile.Ursu@imar.ro

As is known [1-3], a Moufang loop can be de�ned as an algebra with a basic set L and a
binary operation · and a unary operation −1 satisfying the following identities:
∀x ∀y x−1(xy) = y,
∀x ∀y (yx)x−1 = y,
∀x ∀y ∀z x(y(xz)) = ((xy)x)z).
Researching Moufang loops in the signature < ·,−1> gives us opportunities to express many

concepts and properties of Moufang loop which are partially ordered or ordered by universal
formulas or quasiuniversally similar to those of group theory. For example, a partially ordered
Moufang loop is an algebraic system L = (L, ·,−1 ,≤) such that (L, ·,−1 , ) is a Moufang loop and
≤ is a partial order on L, stable under multiplication in the sense that

∀x ∀y ∀z ∀t x ≤ y =⇒ (tx)z ≤ (ty)z.

A partially ordered Moufang loop L is linearly ordered if ∀x ∀y (x ≤ y ∨ y ≤ x).
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A Moufang loop L = (L, ·,−1 ) is called free ordered, if each partial order turning L into a
partially ordered Moufang loop can be extened to a linear order turning L into a linearly ordered
Moufang loop.

Our main result is:

Theorem. Every nilpotent Moufang loop without torsion is free ordered.

Taking into account that the property of a Moufang loop to be free ordered is expressed by
a quasiuniversal formula, we can apply local theory of A.I. Mal'tsev and deduce from the above
theorem the following:

Corollary. Local nilpotent Moufang loop without torsion is free ordered.

1. R. H. Bruck, A Survey of Binary Systems. Berlin-Heidelberg-New York: Springer-Verlag. 1958.

2. Chein O., P�ugfeider Y.O., Smith J., Quasigroups and loops: Theory and Applications, Berlin:
Heldermann-Verlag, 1990.

3. V. I. Ursu, On identities of nilpotent Moufang loops, Revue Roumaine de Mathematiques Pures
et Appliquees, 45:3 (2000) 537 � 548.

Ôàêòîðèçàöi¨ êëiòêîâî-òðèêóòíèõ ìàòðèöü òà ¨õ
÷èñëî

Íàòàëiÿ Äæàëþê, Âàñèëü Ïåòðè÷êîâè÷

IÏÏÌÌ iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè nataliya.dzhalyuk@gmail.com

Íåõàé R � êîìóòàòèâíà îáëàñòü ãîëîâíèõ iäåàëiâ, T = triang(T1, . . . , Tk) � íåîñîáëèâà
âåðõíÿ êëiòêîâî-òðèêóòíà n× n−ìàòðèöÿ íàä R.

Íåõàé
T = B1 . . . Bt (1)

� êëiòêîâî-òðèêóòíà ôàêòîðèçàöiÿ ìàòðèöi T, òîáòî Bj = triang(Bj1, . . . , Bjk), j = 1, . . . , t.
Òîäi âèçíà÷íèêè detTi = ∆i ¨ ¨ äiàãîíàëüíèõ êëiòîê Ti ðîçêëàäàþòüñÿ íà ìíîæíèêè

∆i = ϕ1i . . . ϕli, i = 1, . . . , k, j = 1, . . . , t, (2)

äå ϕji = detBji, i = 1, . . . , k, j = 1, . . . , t.
Ôàêòîðèçàöiþ (1) ìàòðèöi T òàêó, ùî

detBji = ϕji, i = 1, . . . , k, j = 1, . . . , t, (3)

íàçèâà¹ìî êëiòêîâî-òðèêóòíîþ ïàðàëåëüíîþ ôàêòîðèçàöi¹þ äî ôàêòîðèçàöi¨ (2) âèçíà÷íè-
êiâ ¨¨ äiàãîíàëüíèõ êëiòîê Ti, i = 1, . . . , k [1].

Çàóâàæèìî, ùî íå äëÿ êîæíî¨ ôàêòîðèçàöi¨ âèçíà÷íèêiâ äiàãîíàëüíèõ êëiòîê Ti ìàòðèöi
T iñíó¹ ¨¨ êëiòêîâî-òðèêóòíà ïàðàëåëüíà ôàêòîðèçàöiÿ.

ßêùî äëÿ êîæíî¨ ôàêòîðèçàöi¨ âèçíà÷íèêiâ äiàãîíàëüíèõ êëiòîê Ti iñíó¹ êëiòêîâî-
òðèêóòíà ïàðàëåëüíà ôàêòîðèçàöiÿ ìàòðèöi T, òî ìàòðèöþ T íàçèâà¹ìî àáñîëþòíî ðîç-
êëàäíîþ.

Äîâåäåíî iñíóâàííÿ àáñîëþòíî ðîçêëàäíèõ êëiòêîâî-òðèêóòíèõ ìàòðèöü. Çðîçóìiëî, ùî
àáñîëþòíî ðîçêëàäíi êëiòêîâî-òðèêóòíi ìàòðèöi ìàþòü ìàêñèìàëüíå ÷èñëî ôàêòîðèçàöié.
Âèäiëåíi òàêîæ êëàñè êëiòêîâî-òðèêóòíèõ ìàòðèöü, äëÿ ÿêèõ âêàçàíi ìåæi äëÿ êiëüêîñòi ¨õ
êëiòêîâî-òðèêóòíèõ ôàêòîðèçàöié.

1. Äæàëþê Í.Ñ., Ïåòðè÷êîâè÷ Â.Ì. Ïàðàëåëüíi ôàêòîðèçàöi¨ ìàòðèöü íàä êiëüöÿìè òà ¨õ
çâ'ÿçêè // Ïðèêë. ïðîáëåìè ìåõ. i ìàò. � 2010. � Âèï. 8. � P. 7�17.
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On a measure of algebraic independence of values of
Jacobi elliptic functions

Yaroslav Kholyavka

Ivan Franko National University of Lviv, Lviv, Ukraine ya_khol@ukr.net

Let sn(z) be the Jacobi elliptic function determined by the modular invariant κ /∈ {0, 1}, whi-
ch is an algebraic number. Let α1, . . . , αn be algebraic numbers linearly independent over Q and
β1, . . . , βm are generators of the �eld Q(sn(α1), . . . , sn(αn)). Then for any non-zero polynomi-
al A ∈ Z[x1, . . . , xm] whose degree does not exceed D and the absolute values of its coe�-
cients do not exceed H the inequality |A(β1, . . . , βm)| ≥ H−c1D

m
holds under the condition

ln(H) ≥ c2D
m ln(D+ 1) for some positive constants c1, c2 depending only on κ and α1, . . . , αm.

1. 1 N. I. Fel'dman, Yu. V. Nesterenko, Transcendental Numbers (Springer, 1998)

2. 2 Waldschmidt M., Elliptic functions and transcendence // http://www.math.jussieu.fr/∼miw/

Simple objects and analogue of Schur's lemma in the
context of theory of indexed categories

I. A. Palas and M. Ja. Komarnytsky

Ivan Franko National University of Lviv, Lviv, Ukraine irapalas@yandex.ru

Theory of indexed categories arose as a result of pioneers ideas of F.W. Lawvere. It is based
on the concept of �a family of objects (or morphisms), indexed by variable set�, [2]. Once an
important contribution to the establishment of this theory have done such famous mathematici-
ans as Lawver, Penon, Pare, Schumacher, Johnstone, Diaconescu and others.

Let S be a �xed category. Then, we say that an S -indexed categoryA consists of the following
data:

(1) for every object I of S a category AI ;

(2) for every morphism α : J → I of S a functor α∗ : AI → AJ , subject to the conditions

(a) (1I)
∗ ∼= 1AI ;

(b) (αβ)∗ ∼= β∗α∗.

So, A be an indexed category with a terminal object. Suppose, that there exist an object of
subobjects of terminal object, which we denote by Ω = Sub(1).

Associative ringed object R in a category A (with nontrivial global unit), which satis�es the
axiom: ∀x((x = 0) ∨ (∃y∃zxy = 1 ∧ zx = 1)) is called geometric �eld [1].

Let M be a module of A, Sub(M) be an object of submodules of module M. We de�ne a
simple module over a ringed object R of indexed category A as a nontrivial left module, for
which Sub(M) ∼= Ω (in case of topos such notion introduced in [3]).

Moreover, ringed object of endomorphisms EndAR(M) of arbitrary module M is de�ned.
Statement. In the indexed category A (with a terminal object and subobject classi�er) ring

of endomorphisms of simple module is a geometric �eld.

1. Äæîíñòîí Ï.Ò. Òåîðèÿ òîïîñîâ. - Ì.: Íàóêà, 1986. - 438 ñ.

2. Pare R., Schumacher D. Abstract families and the adjoint functor theorem. / In book "Indexed
Categories and their Applications". - LNM, - 661, -1978, P. 1-125.

3. Tavakoli J. A characterization of �elds in a topos. // Commun. algebra. - 1985. - vol.13, - N 1. -
P. 101-111.
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On probability measures on the group of Walsh
functions with trivial equivalence class

I. P. Iljinskaya

Kharkov Karazin National University, Kharkov, Ukraine iljinskii@univer.kharkov.ua

The problem of phase retrieval arose in optics and crystallography. It consists in the identi�-
cation of a probability measure µ on Rn or, more generally, on a locally compact abelian group
by the absolute value of its characteristic function µ̂. We consider this problem for probabili-
ty measures on the group of Walsh functions W = {wn}∞n=0 (or on the group (Z/2Z)∞). We
call two measures µ and ν on W equivalent (µ ∼ ν) if |µ̂| = |ν̂|. We say that µ has a trivial

equivalence class if ν ∼ µ implies that ν is a shift of µ. The author earlier obtained necessary
and su�cient conditions for which Poisson distribution, composition of two Poisson distributi-
ons, and composition of three Poisson distributions of special kind have trivial equivalence class
(Dopovidi NAN Ukrainy, 2003, N 8, p. 11-14). For example,

Let µ be the composition of the three Poisson laws with the characteristic function exp{a(wi−
1) + b(wj − 1) + c(wiwj − 1)} (a, b, c > 0, i, j = 1, 2, . . ., i 6= j). The measure µ has a trivial

equivalence class if and only if e−2(a+b) + e−2(b+c) + e−2(c+a) > 1 .
The following theorem has been recently proved by the author and D. Neguritsa.

Theorem. Let µ be the composition of the three Poisson laws with the characteristic function

exp{a(wi−1)+b(wj−1)+c(wk−1)} (a, b, c > 0, i, j, k = 1, 2, . . ., i 6= j, j 6= k, k 6= i, wiwj 6= wk).
The measure µ has a trivial equivalence class if and only if the system of inequalities

e−2a + e−2b + e−2(a+b) > 1 ,
e−2b + e−2c + e−2(b+c) > 1 ,
e−2a − e−2b + e−2c + e−2(a+b) + e−2(b+c) − e−2(c+a) + e−2(a+b+c) > 1
or one of the two systems obtained from given one by cycle transposition of variables a, b, c

is valid.

270
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On a question by A. M. Kagan

A. I. Iljinskii

Kharkov Karazin National University, Kharkov, Ukraine iljinskii@univer.kharkov.ua

A. M. Kagan posed the following question. LetX and Y be two independent random variables
such that the distribution of each of them does not have Gaussian components. Is it possible
that the distribution of the linear form aX + bY has Gaussian components for any real numbers
a 6= 0 and b 6= 0?

In terms of characteristic functions A.M. Kagan's question can be stated as follows. Let
f(t) and g(t) be two characteristic functions without Gaussian divisors. Is it possible that the
characteristic function f(at)g(bt) has Gaussian divisors for all a 6= 0 and b 6= 0? The aim of this
talk is to give a positive answer to this question.

Theorem. The characteristic function f(t) = (1−t2)e−t
2/2 does not have Gaussian divisors, but

the characteristic function f(at)f(bt) has Gaussian divisors for any nonzero numbers a and b.

Stochastic Peano Phenomenon

I. H. Krykun and S. Ya. Makhno

Institute for Applied Mathematics and Mechanics of NASU, Donetsk, Ukraine iwanko@i.ua

We consider measures generated by solutions of the It�o's stochastic equations with small
di�usion

xε(t) =

∫ t

0
b(xε(s))ds+ ε

∫ t

0
σ(xε(s))dw(s), t ≥ 0.

We suppose that
1. The function b(x) is continuous function with b(0) = 0 and xb(x) > 0 for x 6= 0 (or

b(x) > 0 for x 6= 0 or b(x) < 0 for x 6= 0).
2. The function σ(x) is function of �xed sign and for every N <∞

sup
−N=x0<x1<x2<...<xk=N

k∑
i=1

|σ(xi)− σ(xi−1)| <∞.

3. There exists a constant Λ :

b2(x) + σ2(x) ≤ Λ(1 + |x|2), σ2(x) ≥ Λ−1.

We obtain a representation for the limit measure in terms of measures concentrated on extremal
solutions of the corresponding Cauchy problem

y′(t) = b(y(t)), y(0) = 0.

The result depends on integrals ∫ δ

0

1

b(y)
dy,

∫ 0

−δ

1

b(y)
dy

if they converge or diverge for any δ > 0 simultaneously or separately.
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On distribution of the norm for normal random
elements in the space of continuous functions

Ivan Matsak1 and Anatolij Plichko2

1Taras Shevchenko National University of Kyiv, Ukraine mik@unicyb.kiev.ua
2Cracow University of Technology, Krak�ow, Poland

We consider distributions of norms for normal random elements X in Banach spaces, in
particular in the space C(S) of continuous functions on a compact space S. We prove that under
some non-degeneracy condition, the functions FX = P (||X − z|| < r : z ∈ C(S)), r > 0, are
uniformly Lipschitz and that every separable Banach space B can be epsilon-renormed so that
the family FX + z, z ∈ R, becomes uniformly Lipschitz in the new norm for any B-valued non-
degenerated normal random element X.

The dynamics of mean mass of solution for stochastic
porous media equation

S. A. Melnik

IAMM NASU, Donetsk, Ukraine s.a.melnik@yandex.ua

Some theorem about explosion of mean mass of solution for stochastic porous media equation
will be presented.

The generalized Brownian motion process with
discontinuous di�usion characteristics

Andriy Novosyadlo

Ivan Franko National University of Lviv, Lviv, Ukraine nandrew183@gmail.com

Let there be given two Brownian motions in domains D1 = {x : x = (x1, . . . , xd) ∈ Rd, xd <
0} and D2 = {x : x = (x1, . . . , xd) ∈ Rd, xd > 0} in Euclidean space Rd, d ≥ 2, that correspond
to a respective characteristic operators

L1 =
1

2

d∑
i,j=1

b
(1)
ij

∂2

∂xi∂xj
and L2 =

1

2

d∑
i,j=1

b
(2)
ij

∂2

∂xi∂xj
,

where B1 = (b
(1)
ij )di,j=1 and B2 = (b

(2)
ij )di,j=1 are symmetric nonnegative de�ned matrices.

We will consider a continuous Markovian process in Rd such that it's parts in D1 and D2 coi-
ncide with the given Brownian motion processes. For this process in points of common boundary
S = Rd−1 = {x : x = (x1, . . . , xd) ∈ Rd, xd = 0} in addition to a partial re�ection we have also
a di�usion along the boundary. In the report we will show how to construct a Feller semigroup
that describes sought process. This semigroup was obtained by a method of boundary integral
equations for corresponding conjugation problem for a linear second-order parabolic equation
with discontinuous coe�cients, where one conjugation condition is an elliptical second-order
equation with respect to tangent variables. Also we have proven that constructed process can
be treated as generalized di�usion in the interpretation of M. I. Portenko [1].
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1. N.I. Portenko, Generalized Di�usion Processes, Naukova Dumka, Kiev, 1982; English transl.,
Amer. Math. Soc., Providence, RI, 1990.

Distribution of the stopping moment of special
S-stopped branching process

Ostap Okhrin and Iryna Bazylevych

Ivan Franko National University of Lviv, Lviv, Ukraine ostap.okhrin@wiwi.hu-berlin.de

Let us consider unbreakable subcritical uniform branching process µ(t) with continuous time
t and countable number of types of particles. Let us de�ne X = {x1 . . . xd . . .} as the set of
types of particles and introduce a σ-algebra X = σ(X) on this set, which contain all single-point
set. Let us de�ne Z+ as the set of all non-negative integers and Z∞+ = Z+ × . . . × Z+ × . . ..
Considering every trajectory of the give process as the evolution of the particle, P (t, x,A) can be
interpreted as the probability that, a particle that started its motion from point x ∈ X, during
time t falls into A ∈ X . Important assumption for such problems is that at the beginning we
have a very large number of particles n =

∑∞
i=1 ni, where ni is the number of particles of type

xi at the beginning. Assume also, that the number of particles is bounded, what means, that ni
is nonzero.

Let µi(t, A) be a random measure, that de�nes the number of particles at time t which tapes
belong A ∈ X under condition, that at the beginning the was only one particle of type xi,

µ
(j)
i (t, A) if the number of descendants at time point t with types lying in A ∈ X js particle

of type xi (j = 1, . . . , ni), µ(t, A) number of particles at time t which types belong to A ∈ X .
Obvious, µ

(j)
i (t, A) and µ(t, A) are connected by the relationship

µ(t, A) =
∞∑
i=1

ni∑
j=1

µ
(j)
i (t, A).

Let us introduce the process µ(t) = µ(t,X ), that de�nes number of particles at time point t.

The generating function for the process µ(t) is given through F(t, s)=(F 1(t, s), . . . F d(t, s), . . .)′

where s = (s1, . . . sd, . . .)
′, F j(t, s) = Mj

∏∞
k=1(sk)

µ(t,xk). Here Mj - is the conditional expectati-
on.

Let S ⊂ Z∞+ and 0 = (0, . . . , 0, . . .)′ /∈ S. Let us de�ne through ζ the moment of the �rst fall
of the branching process into the subordinating set S.

De�nition. Stopped or S-stopped branching process is the process ξ(t)

ξ(t) =

{
µ(t), t < ζ,
µ(ζ), t ≥ ζ.

Let q(t,a, r), be the transition probability into some �xed state r ∈ S till t under the
condition, that in the starting moment, the system was in state a.

q(t,a, r) = Pa{µ(t) = r}.

More general q(t,a) = Pa{µ(t) = r, r ∈ S}. Under some regularity conditions we prove following
theorem:
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Theorem. The extinction probability from the state a is given through

q(t,a) = 1− exp{(α(t) + C) · a+ o(1)},

where

a =
∑

b/∈S,c∈S

p(b, c).

On consistent estimators of a useful signal in the linear
one-dimensional stochastic model when an expectation

of the transformed signal is not de�ned

Gogi Pantsulaia1, Zurab Zerakidze2, and Gimzer Saatashvili3

1I. Vekua Institute of Applied Mathematics, Tbilisi State University, Georgia
2Division of Mathematics, Gori University, Georgia

3Georgian Technical University, Tbilisi, Georgia g.pantsulaia@gtu.ge

Using methods developed in articles [1]-[2], we prove that an estimator Tn : Rn → R (n ∈ N)
de�ned by

Tn(x1, · · · , xn) = −F−1(n−1#({x1, · · · , xn} ∩ (−∞; 0]))

for (x1, · · · , xn) ∈ Rn, is a consistent estimator of a useful signal θ in one-dimensional linear
stochastic model

ξn = θ + ∆n (n ∈ N),

where #(·) denotes a counting measure, (∆n)n∈N is a sequence of independent equally distri-
buted random variables with strictly increasing continuous distribution function F for which an
expectation is not de�ned.

1. Ibramkhallilov I.Sh., Skorokhod A.V.,On well�o� estimates of parameters of stochastic processes
(in Russian), Kiev (1980).

2. Kuipers L., Niederreiter H., Uniform distribution of sequences, John Wiley & Sons, N.Y.:London.
Sidney. Toronto (1974).
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Some mathematical models for the phenomenon of
di�usion

Mykola Portenko1 and Bohdan Kopytko2

1Institute of Mathematics, Ukrainian National Academy of Sciences, Kyiv, Ukraine
2Ivan Franko National University of Lviv, Lviv, Ukraine

portenko@imath.kiev.ua

The notion of a di�usion process in the theory of stochastic processes is intended to serve as
a mathematical model for the physical phenomenon of di�usion. Since its introduction into the
theory of probability (A. N. Kolmogorov, 1931), several methods for constructing various classes
of di�usion processes have been developed. Moreover, the notion itself has been modi�ed in such
a way that it now allows a researcher to describe the motion of a di�using particle in a medium
moving extremely irregularly and even in a medium where some membranes are located on given
surfaces. Some recent achievements in constructing the processes of the type are discussed in our
lecture. We pay special attention to the problem on existence of transition probability densities
for the processes constructed.

Stochastic di�erential equations in in�nite dimensional
spaces driven by cylindrical L�evy processes

Markus Riedle

King's College London, London, UK markus.riedle@kcl.ac.uk

Since in in�nite dimensional Hilbert spaces there does not exist a Gaussian measure with
independent components, the most common model of noise for a random dynamical system in
a Banach or Hilbert space is the cylindrical Wiener process. In a recent work together with
D. Applebaum, we generalised the concept of cylindrical Wiener processes to cylindrical L�evy
processes in Banach spaces by a systematic approach.

In this talk we apply the developed theory of cylindrical L�evy processes to consider di�erent
types of stochastic di�erential equations in Banach and Hilbert spaces. For that purpose, we
introduce a stochastic integral for random integrands in Hilbert spaces and for deterministic
integrands in Banach spaces. In particular, the latter enables us to show some phenomena which
occur in abstract Cauchy problems in Banach spaces driven by cylindrical L�evy processes. We
illustrate the results by considering some speci�c equations and examples of cylindrical L�evy
processes recently considered in the literature.
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On pasting together two inhomogeneous di�usion
processes on a line

Roman Shevchuk

Ivan Franko National University of Lviv, Lviv, Ukraine r.v.shevchuk@gmail.com

We consider the problem of constructing of two-parameter Feller semigroup describing su�-
ciently general classes of inhomogeneous di�usion processes on a line with corresponding to these
classes versions of the general Feller-Wentzell conjugation condition given at the zero point. The
investigation of this problem is performed by the analytical methods. Such an approach allows
us to obtain the integral representation of the required operator family which is a solution of the
corresponding problem of conjugation for linear second order parabolic equation with variable
coe�cients, discontinuous at the zero point. The integral representation we found is used to
establish some important properties of the constructed processes.

Boundary-value problem for hyperbolic equation with
random initial conditions from Orlicz space

Anna Slyvka-Tylyshchak

Taras Shevchenko National University of Kyiv, Ukraine aslyvka@tn.uz.ua

We consider a boundary problems of homogeneous string vibration with random strongly
Orlicz initial conditions. The main aim of the paper is to propose a new approach for studying
partial di�erential equations with random initial conditions and to apply this approach for the
justi�cation of the Fourier method for solving hyperbolic type problems.

Consider the boundary-value problem of the �rst kind for a homogeneous hyperbolic equation.
The problem is whether one can �nd a function u = (u (x, y) , x ∈ [0, π] , t ∈ [0, t]) satisfying
the following conditions:

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)u− ρ(x)

∂2u

∂t2
= 0; (1)

x ∈ [0, π] , t ∈ [0, T ] , T > 0;

u(0, t) = u(π, t) = 0, t ∈ [0, T ] ; (2)

u(x, 0) = ξ(x),
∂u(x, 0)

∂t
= η(x), x ∈ [0, π] . (3)

Assume also that (ξ(x), x ∈ [0, π]) and (η(x), x ∈ [0, π]) are strongly Orlicz stochastic processes.
Independently of whether the initial conditions are deterministic or random the Fourier

method consists in looking for a solution to the series

u (x, t) =
∞∑
k=1

Xk(x)
(
Ak cos(λ

1/2
k t) +Bkλ

−1/2
k sin(λ

1/2
k t)

)
,

x ∈ [0, π] , t ∈ [0, T ] , T > 0,

where
Ak = tπ0ξ(x)Xk(x)ρ(x)dx, Bk = tπ0η(x)Xk(x)ρ(x)dx, k ≥ 1,
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and where λk, k ≥ 1, andXk = (Xk(x), x ∈ [0, π]), k ≥ 1, are eigenvalues and the corresponding
orthonormal, with weight ρ(•), eigenfunctions of the following Sturm-Liouville problem:

d

dx

(
p(x)

dXk(x)

dx

)
− q(x)X(x) + λρ(x)X(x) = 0, X(0) = X(π) = 0.

The conditions of existence with probability one of twice continuously di�erentiated solution of
the boundary-value problems of hyperbolic type equations of mathematical physics with strongly
Orlicz (1) � (3) stochastic processes are found. The conditions of existence with probability one
of twice continuously di�erentiated solution formulating in terms of correlation functions of the
boundary-value problems of homogeneous string vibration with random strongly Orlicz initial
conditions are found. The estimation for distribution of supremum of this problem has been got
too.
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History of Mathematics

Sala Weinl�os and her Doctoral Thesis on the Hilbert
axiomatization of Geometry

Taras Banakh and Ya. G. Prytula

Ivan Franko National University of Lviv, Ukraine

t.o.banakh@gmail.com, ya.g.prytula@gmail.com

We shall discuss the biography and scienti�c work of Sala Weinl�os (1906-194?), a little known
representative of the young generation of the famous Lviv Mathematical School. In 1927 she
defended her Doctoral Thesis �O niezale
zno�sci I, II, i IV grupy aksjomat�ow geometrii eukli-
desowej tr�ojwymiarowej� (�On the independence of I, II, and IVth groups of axioms of the three-
dimensional Euclidean Geometry�) under the supervision of Hugo Steinhaus. She published two
papers [1], [2].

1. S.Weinl�os, Sur l'ind�ependance des axiomes de co��ncidence et parall�elit�e dans un systeme des axi-
omes de la g�eom�etrie euclidiennce a trois dimensions, Fund. Math. 11:1 (1928) 206�221.

2. S.Weinl�os, Remarques �a propos de la note de M.Rosenthal: �Eine Bemerkung zu der Arbeit von
Frl.Weinl�os...�, Fund. Math. 15:1 (1930) 310�312.

Professor Y.A. Bely and his scienti�c heritage

Oleg Baran and Valentina Darmosiuk

V.O. Sukhomlynski Mykolaiv National University, Ukraine oleg_baran@mail.ru

The report is devoted to scienti�c, methodological and pedagogical heritage of Prof. Y.A.
Bely (1925-2007) in context of development of mathematics education in Mykolayiv in Ukraine.
The basic stages of his life and career have been revealed. The main directions of scienti�c
education at the Nikolaev State Pedagogical Institute and then Mykolayiv V. O. Sukhomlinsky
State University have been determined. The list of professor's publications includes about 300
items on the history of mathematics, new information technologies, the technique of teaching
mathematics. More than 20 of them were published in separate editions (educational and training
manuals, scienti�c and popular publications, etc.), more than 30 were published in di�erent
countries. His scienti�c biography of Kepler, Copernicus, Brahe Tiho, Rehiomontana brought
worldwide recognition to Y.A. Bely. Those books have been translated into other languages and
published abroad.
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The contribution of scientists of Mykolayiv

V. O. Suhomlynskyi National University

to the development of mathematics education
(dedicated to 100-year anniversary of the University)

Oleg Baran and Valentina Darmosiuk

V. O. Sukhomlynski Mykolaiv National University, Ukraine oleg_baran@mail.ru

Mykolayiv V. O. Suhomlinsky National University is one of the oldest universities in Southern
Ukraine. It was founded in 1913 as Pedagogical Institute. The Faculty of Mathematics and Physi-
cs was one of the �rst Faculties created at the Institute. Graduates of the Faculty of Mathematics
and Physics are working e�ectively as quali�ed teachers. They are awarded with the honorary ti-
tle �Distinguished Teacher of the USSR�, �Honored Worker of Education� for hard work and dedi-
cation. They gained Teacher Methodologist and Senior Teacher quali�cation categories. They
work in higher education and become well-known scientists. Over 50 years e�cient professors and
doctors of science, well-known scientists Y.A.Bely, O.P.Kravchenko, O.V.Kyzhel, A.U.Malykh,
I.M.Molchanov, G.V.Piddubny, O.S.Khristenko, etc. were educated at the Faculty of Mathemati-
cs and Physics. Graduate of the Faculty of Mathematics and Physics V. M. Leyfura had been a
jury member of Ukrainian Mathematical Olympiad for many years, many times was involved in
the preparation of Ukrainian national student teams for international mathematics competitions.
Nowadays the head of Mathematics and Mechanics Department is Prof. Budak V. D., a graduate
of Mathematics and Physics Faculty (1968), Rector of the University, PhD (1973), Habilitation
(1996), Professor (1991), corresponding member of Academy of Pedagogical Sciences of Ukraine
(2006), Honored Scientist of Ukraine (1997). At the Department there is a research laboratory
of optical study of the behavior of structural elements which was established in 1989 jointly with
the Institute of Pulse Processes and Technologies NAS of Ukraine. The scienti�c school of Prof.
V. D. Budak is based on the laboratory.

Some comments to S. Mazur's beginning of scienti�c
activity

Halyna Chuyko and Taras Kudryk

Ivan Franko National University of Lviv, Ukraine galina_chuiko@yahoo.com

In the twenties of the last century mathematicians explored intensively various special methods
of summation initiated by O. Toeplitz. S. Mazur got into the swing of the work in 1926 when
H. Steinhaus set him a task [1]. His results were published in 1928 in "Mathematische Zei-
tschrift". S. Mazur's PhD thesis was presented in 1931 under the title "O szeregach warunkowo
sumowalnych" ("On conditionally convergent series"). In this thesis he explored H�older method
H1 and proved that: a) there exist series conditionally summable by this method, which do not
have a Riemann property (that is, an analog of Riemann theorem for conditionally convergent
series fails for them); b) if the sequence of series' elements is bounded, then each series, which is
conditionally summable by H�older method, has the Riemann property.

We present the following documents: S. Mazur's application to be permitted to pass doctoral
exams; the list of published papers as of 1931; the list of submitted papers; the thesis review
signed by Professors S. Banach and S. Ruziewicz.



280 Section: History of Mathematics L'viv, September 17�21, 2012

A paper by Mazur published in 1930 proved to be important for subsequent development
of the summation theory where he �rst applied Banach Space Theory. Henceforth methods of
functional analysis overlorded the summation theory. Results of this paper were included to
Banach's monograph.

The next important step was made in 1933. Jointly with W. Orlicz on the basis of their
notion of (B0)-space (Frechet space) some signi�cant results were announced. However, these
results were not published until 1954.

1. G. K�othe, Stanislaw Mazur's contributions to functional analysis, Math.Ann. 277 (1987), 489�
528.

2. B. Bojarski, Przemowienie wygloszone na uroczystosci nadania stopnia doktora honoris causa Uni-
wersytetu Warszawskiego Profesorowi Stanislawowi Mazurowi, Roczniki Polskiego Òow. Matem.
Seria II, 1980, 257�266.

3. S. Mazur, Przemuwienie wygloszone przy nadaniu doktoratu honorowego UniwersytetuWarszawski-
ego. Ibid, 266�270.

Stefan Banach and Lw�ow Mathematical School

Roman Duda and Ya. G. Prytula

University of Wroclaw, Poland

Ivan Franko National University of Lviv, Ukraine ya.g.prytula@gmail.com

The group of mathematicians gathered around Stefan Banach and Hugo Steinhaus is known
in the History of Mathematics as the Lw�ow Mathematical School. We shall discuss the history
of Lw�ow Mathmatical School and details of the scienti�c biography of Stefan Banach: his study
in Lw�ow Polytechnical school (1910-1914), the start of scinti�c collaboration with Steinhaus
(1916), his work in Lw�ow Polytechnic (1920-1922), Doctoral Exams and Dissertation (1920-1921),
his habilitation in Lw�ow University (1922), his work on positions of associate professor (1922-
1927) and full professor (1927-1945) at Lw�ow University. We shall discuss principal scienti�c
achievements of S. Banach, his collaboration with colleagues, the creative atmosphere of Lw�ow
Mathematical School and its in�uence on the development of Mathematics.

Development of mathematical economics in Poland
over the centuries

Beata Falda

State School of Higher Education in Chelm, Poland bfalda@pwsz.chelm.pl

Development of economic thought was a longtime process. Over the centuries views about
the scope of economics researches and their presentation was changing. This process was full of
numerous crises, returns, revolutions and disputes. One of the topic fascinating certain economi-
sts and schoking others was the mathematization of economics.

Among the �rst Polish researchers, who used advanced methods and tools of mathematical
sciences in the description of economic phenomena, Jozef Maria Hoene-Wronski takes a very
special position. His works concerning the scope of the social economy, in which he makes an
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attempt by de�ning relations occurring between elements of economic processes with the help
of mathematical formulae. Right behind him there is pretty large group of world-sense famous
mathematicians and economists, whose contribution to world-wide mathematical economics is
very signi�cant. Let us mention for example: Zygmunt Rewkowski, Leon Winiarski, Wladyslaw
Maria Zawadzki, Oskar Lange, Zbigniew Czerwinski, Antoni Smoluk and Emil Panek. This
lecture is devoted to presentation of some Polish scientists and their contribution to mathematical
economics.

On some problems bearing a relation to initiation of
in�nite-dimensional analysis

Myroslav Gorbachuk

Institute of Mathematics, National Academy of Sciences of Ukraine, Kyiv, Ukraine

imath@horbach.kiev.ua

The appearence of Banach's monograph �Th�eorie des Operations Lin�eaires� and Stone's one
�Linear Transformations in a Hilbert Space and their Applications to Analysis� stated the origin
of one of the basis branches of modern mathematics, namely in�nite-dimentional (functional)
analysis whose purpose is to study functions y = f(x), where, as distinguished from the classical
Analysis, at least one of the values x, y varies in an in�nite-dimentional space. The problems,
which led to necessity of consideration of such functions, were arising during some milleniums and
attracting a lot of outstanding mathematicians' attention. Among of these numerous problems
we would like to select ones in the following directions:

1) �nding the extremals by which the real laws of development are realized;
2) clearing up the relation between continuity and discreteness, and �nding out harmony

with each other.
In the �rst direction we concentrate on the following aspects:
a) isoperimetric problems in ancient Greece;
b) the brachistochrone and development of the calculus of variations;
c) boundary-value problems of mathematical physics and the Dirichlet principle.
As for the second direction, the following issues are considered:
a) a relation between �continuous� and �discrete� in ancient Greece;
b) the wave and corpuscular theories of light and power series;
c) the problem of mathematical description of oscillations of a string, the principle of superposi-

tion of waves, and the representation of a function in the form of a trigonometric series;
d) the matrix and wave quantum mechanics and isometry of separable Hilbert spaces.

Doctoral thesis �On �nite base in topological groups�
of J�ozef Schreier

Igor Guran

Ivan Franko National University of Lviv, Ukraine igor_guran@yahoo.com

The talk is devoted to the doctoral thesis of J�ozef Schreier (1909�1943). A topological group
(semigroup) has a �nite base, if it can be topologically generated by a �nite number of its
elements. A review of further investigations in the topic of the thesis will be provided.
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Egyptian fractions and their modern continuation

Jan Kubarski

Institute of Mathematics,  L�od�z University of Technology, Poland jan.kubarski@p.lodz.pl

Knowledge of Egyptian mathematics comes from the Rhind papyrus and the Moscow papyrus,
which are described in many books, from hundreds of web sites, as well as numerous articles.
A table of fractions at the beginning of the Rhind papyrus shows fractions of the form 2

n for
odd integers from n = 3 to n = 101 as sums of two, three or four di�erent unit fractions
(with numerators equal to 1). The authors of many research publications noted some patterns
in the decompositions of the fraction 2

n into a sum of unit fractions in the Rhind papyrus.
Szymon Weksler (from University of  L�od�z) in his work [1] presented a mathematical theory of
so-called regular decompositions of fractions 2

n into sums of unit fractions. It turns out that all
decompositions (except for three) of fractions from the Rhind Table are regular in the sense of
Weksler. The three irregular decompositions are better than all the regular ones because they
have smaller last denominator. All researchers agree that the ancients regarded a decomposition
of the fraction to be better if it had the last denominator smaller. An insightful and revealing
work by Sz.Weksler is written in Polish and is not known or cited in the literature on ancient
Egyptian history, and mathematics even by specialists. The purpose of this lecture is to present
these results and also put forward some hypotheses that relate of the Rhind Table and results of
Weksler.

1. Sz.Weksler, Decomposition of the fraction 2
n into a sum of unit fractions in the mathematics of

ancient Egypt, Zeszyty naukowe Uniwersytetu  L�odzkiego,  L�od�z, 1968 (in Polish).

Meier (Maks) Eidelheit (1910-1943)

Lech Maligranda

Lule�a University of Technology, SE-971 87 Lule�a, Sweden lech.maligranda@ltu.se

Meir (Maks) Eidelheit was a Polish mathematician, working in functional analysis. In 1938
he defended Ph.D. thesis �On solvability of systems of linear equations with in�nitely many

unknowns� at the University of Jan Kazimierz in Lw�ow under supervision of Stefan Banach, and
was a member of the so-called Lw�ow School of Mathematics. He published 12 scienti�c papers and
his name is known in mathematics for Eidelheit separation theorem (1936), Eidelheit sequences in
Fr�echet spaces or Eidelheit interpolation theorem (1936) and Eidelheit theorem concerning rings

of continuous functions (1940). In March 1943 he was killed by Germans. His life and scienti�c
achievements will be presented. The talk is based on the presentation [1].

1. L. Maligranda, Meier (Maks) Eidelheit (1910-1943) � on the centenary of his birth, talk in Polish
on 26 May 2011 at the XXV Scienti�c Conference of the Polish Mathematical Society in History
of Mathematics, �Polish mathematics in the �rst half of the twentieth century�, 23-27 May 2011,
B�edlewo, Poland (paper in preparation).

2. J. G. Prytu la, Meier Eidelheit, in ukrainian at:
http://www.franko.lviv.ua/faculty/mechmat/history/meier.html

3. L. Maligranda, V. Mykhaylyuk, and A. Plichko, On a problem of Eidelheit from The Scottish Book

concerning absolutely continuous functions, J. Math. Anal. Appl. 375:2 (2011) 401�411.
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Philosophy of logic and mathematics in the Lw�ow
school of mathematics

Roman Murawski

Adam Mickiewicz University in Pozna�n, Poland rmur@amu.edu.pl

In the talk we shall present and analyze philosophical concepts concerning mathematics and
logic of the main representatives of the Lw�ow school of mathematics: Stefan Banach, Hugo
Steinhaus, Eustachy 
Zyli�nski and Leon Chwistek. The �rst three of those formulated their
philosophical views on the sideline of proper mathematical research, while in the case of Chwistek
his philosophical ideas played as essential and decisive role in the choice of the direction of studies
and research.

S. Banach and types of dimension in the sense of
M. Fr�echet

Szymon Plewik

University of Silesia in Katowice, Poland plewik@math.us.edu.pl

We discuss the opinion of V. Arnold said in an interview for Quantum in 1990 and repeated
in March this year in the Notices [4]:

In the last thirty years the prestige of mathematics has declined in all countries. I think that

mathematicians are partially to be blamed as well (foremost, Hilbert and Bourbaki), particularly

the ones who proclaimed that the goal of their science was investigation of all corollaries of

arbitrary systems of axioms.

Our reference points are two works of S. Banach. In [1], S. Banach showed that the classi-
�cation of Borel functions can be extended onto functions with values in a metric separable
(complete) spaces. But in [2], he gave a set-theoretic theorem which has applications to types of
dimension introduced by M. Fr�echet [3].

1. S. Banach, �Uber analytisch darstellbare Operationen in abstrakten R�aumen, Fundamenta Mathe-
maticae XVII (1929), p. 283-295.

2. S. Banach, Sur les tranformations biunivoques, Fundamenta Mathematicae XIX (1932), 10-16.

3. M. Fr�echet, Les dimensions d'un ensemble abstrait, Mathematische Annalen LXVIII (1910), 10-16.

4. B. Khesin, S. Tabachnikov, Tribute to Vladimir Arnold, Notices 59:3 (2012), p.379.
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Miron Zarycki and development of the foundations
of topology

M. Zarichnyi

Ivan Franko National University of Lviv, Ukraine mzar@litech.lviv.ua

The modern de�nition of a topological space is based on the notion of an open set; the
ideology of the latter traces back its history to the notion of domain considered by Dedekind.
On the other hand, an equivalent de�nition, which uses the Kuratowski closure operator, is
widely used. These two de�nitions re�ect the geometric and algebraic nature of the notion of
topological space.

In his article [1], Miron Zarycki (Myron Zarytsky) proved the equivalence of his de�nition
based on the concept of boundary to Kuratowski's de�nition. Thus, the notion of boundary can
be used as a primitive concept of topology. Other authors have repeatedly returned to the result
of Zarycki. Its advantage is that it describes an algebraic concept that has an obvious geometric
interpretation.

One of the conditions that is considered by Zarycki resembles the Leibnitz rule for the di-
�erentiation operator. Note that there is a close connection between the concepts of di�erenti-
ation and boundary given by the Stokes theorem.

Although rarely, Zarycki's approach to the de�nition of a topological space by the use of the
boundary operator can be found in some modern textbooks of topology. In addition, Zarycki's
article was cited in modern investigations in ontology (see, e.g., [2,3]).

One can �nd the biography of Zarycki and survey of scienti�c achievements in [4].

1. M. Zarycki, Quelques notions fondamentales de l'Analysis Situs aux point du vue de l'Alg�ebre de
la Logique, Fund. Math. 9 (1927), 3�15.

2. Ch. Habel, B. Smith, (Eds.), Topological Foundations of Cognitive Science, Papers from the
Workshop at the FISI-CS, Bu�alo, NY. July 9�10, 1994, pp. 63�80.

3. B. Smith, The Basic Tools of Formal Ontology, In: Nicola Guarino (ed.), Formal Ontology in
Information Systems, Amsterdam, Oxford, Tokyo, Washington, DC: IOS Press (Frontiers in Arti-
�cial Intelligence and Applications), 1998, 19�28.

4. M. Zarichnyi, B. Ptashnyk, Outstanding Ukrainian mathematician and teacher Miron Zarycki (to
the 120th anniversqary), Visn. Lviv un-tu. Ser. mekh.-mat. 70 (2009), 191�207.
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