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Abstract. In this paper we construct and study an integral of operator—valued
functions with respect to Hilbert space—valued measures generated by a res-
olution of identity. Our integral generalizes the Itd stochastic integral with
respect to normal martingales and the It6 integral on a Fock space.
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1. Introduction

It is well known that the It6 integral of adapted square integrable functions plays a
fundamental role in the classical stochastic calculus. In the case of complex—valued
integrands such integral can be interpreted (roughly speaking) as an ordinary
spectral integral applied to a certain vector from an L?-space. The reason for this is
that a square integrable martingale (integrator) can be regarded as a resolution of
identity applied to the above mentioned vector. At the same time, it is considerably
more difficult to establish a relation between the Ité and spectral integrals for L2-
valued integrands, since there is a problem in finding an explicit expression for
the corresponding spectral integral (see, for example, [5] and reference therein). In
this context a natural problem arises, — to give a suitable definition of “spectral
integral” which will generalize the Ito stochastic integral.

In this article we introduce a notion of such “spectral integral” and show that
it generalizes the classical It6 stochastic integral with respect to normal martin-
gales and the It6 integral on a Fock space. Such point of view enables us to treat
all these integrals in one framework.

Let us give a short exposition of our constructions. First of all let us recall the
definition of an ordinary square integrable martingale and its interpretation using
Hilbert space theory, see e.g. [15], [5], [13]. Throughout this paper, (22,4, P) is a
complete probability space endowed with a right continuous filtration {A;}cr,,
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i.e., with a family {A;}icr. of o-algebras A; C A such that A, C A, if s <t and
A = \y5¢ As for all t € R, Furthermore, we assume that A coincides with the
smallest o-algebra generated by Ute]R+ A; and Ag contains all the P-null sets of
A.

Since A; C A, the Hilbert space L?(Q, Ay, P) is a subspace of L?(Q, A, P).
Denote by E; the corresponding orthogonal projection in the space L%(€, A, P)
onto L?(, A, P). It can be shown that a projection-valued function R, > ¢ — E;
is a resolution of identity in the space L?(f2, A, P) and, for each t € R,

E,F = E[F| A/, FeL*(Q, A P),

where E[- |A¢] denotes a conditional expectation with respect to the o-algebra A;.
Note that E} is right continuous (instead of the usual for functional analysis left
continuous) since the filtration {A;};cr, is right continuous. In what follows, we
will consider only right-continuous resolutions of identity.

By definition (see, e.g., [18], [19]) a function M : R, — L2(€, A, P) is called a
square integrable martingale with respect to the filtration {At}t€R+ if EM; = M,
for all s € [0,t]. Such martingale M is said to be closed by a function M., €
L?(Q, A, P) if E;My, = M, for all t € R

Suppose that a square integrable martingale M is closed by M., € L?(Q, A, P).
Then the It6 stochastic integral fR+ F(t) dM; of a complex-valued function F': Ry —

C with respect to M can be interpreted as a spectral integral fR+ F(t) dE; applied

to Mac. That is,
/ F(t)dM, = ( / F(t) dEt) Me..

Ry Ry

In general case, when F is a “fine” L?(Q, A, P)-valued function the It6 integral
is well defined but it is impossible to realize the latter equality, because it is not
clear what the symbol fR+ F(t) dE; means. In view of this it is natural to ask — in

what sense the expression (fR+ F(t) dEt) M can be understood in general case?

A key point for the answer is the observation that the conditional expectation
E[-|A;] is a resolution of identity in the Hilbert space L?(Q, A, P) and that a
function F: Ry — L2(92, A, P) can be naturally viewed as an operator—valued
function Ry > ¢ — Ap(t) whose values are operators Ap(t) of multiplication by
the function F(¢) in the space L?(£2, A, P). This suggests us to consider the above
mentioned question in a more comprehensive sense — in what sense the expression

(/A(t) dEt> Mo, or, equivalently, /A(t) dMy,
Ry R,
can be understood? Here E: Ry — H is a resolution of identity in a Hilbert space

H, Ry >t A(t) is an operator-valued function whose values are linear operators
in H, M; := F;M, is an abstract martingale and M., € H.
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In the next section we give the answer to this question for a certain class of
operator-valued functions Ry > ¢ — A(t). The corresponding integral

/A(t) dM, (1.1)
Ry

we define as an element of the Hilbert space H and call it a Hilbert space-valued sto-
chastic integral (or simply H -stochastic integral). We stress that formally the con-
struction of H-stochastic integral is similar to the one of the It6 integral. Since the
H-stochastic integral integrates with respect to an Hilbert space-valued measure
and the integrand is, generally speaking, non-bounded operator—valued function
one has to analyze the mutual dependencies of the integrand and the integrator.
Therefore, by analogy with the classical It6 integration theory in order to give a
correct definition of integral (1.1) we introduce a suitable notion of adaptedness
between the integrand A and the integrator M.

We illustrate our abstract constructions with a few examples. Thus, in Sec-
tion 3 we show that the Itd stochastic integral is the particular case of the H-
stochastic integral. Namely, we suppose that H := L?(Q, A, P) and take a nor-
mal martingale N: Ry — L?(Q, A, P) as an L*(Q, A, P)-valued martingale (by
definition the process N = {N;}icr, is a normal martingale if N and t —
N? — t are both martingales). For a given adapted square integrable function
F € L*(Ry x Q,dt x P) let Ry >t — Ap(t) be the corresponding operator-
valued function whose values are operators Ag(t) of multiplication by the function
F(t)=F(t,-) € L*(Q, A, P) in the space L?(Q, A, P), i.e.,

L*(Q, A, P) D Dom(Ar(t)) 2 G+ Ap(t)G := F(t)G € L*(Q, A, P).

Then the H-stochastic integral of Ap coincides with the Tto integral fR+ F(t)dN;
of F'. That is,

/ Ap(t)dN, = / F(t)dN,.

R, R,

In Sections 4-6 using the notion of the H-stochastic integral we give the defi-
nition and establish properties of an It6 integral on a symmetric Fock space F(H)
over a real Hilbert space H. In the special important case when H = L?(R,,dt)
we obtain the well-known Ité integral on the Fock space F = F(L*(R4,dt)). This
integral is the pre-image (under the corresponding probabilistic interpretation of
F) of the classical Ito stochastic integral with respect to normal martingales which
possess the Chaotic Representation Property. Observe that the It6 integral on the
Fock space F is the useful tool in the quantum stochastic calculus, see e.g. [4], [2]
for more details.

Most of the basic results of this paper were announced and partially proved
in brief preliminary note [17].



4 Volodymyr Tesko

2. A construction of H-stochastic integral

Let H be a complex Hilbert space with the inner product (-, -)3; and the norm ||-||%,
L(H) be a space of all bounded linear operators in H. Suppose that E: R, — L(H)
is a right-continuous resolution of identity in #, i.e., {E; };cr, is a right-continuous
and increasing family of projections, such that E, := lim; . E; = 1.

A slight generalization of the notion of square integrable martingale is the
following.

Definition 2.1. A function M : Ry — H, t — My, is called an H-valued martingale
with respect to E if E;M; = M, for all t € Ry and all s € [0,¢].

It is clear that an ordinary square integrable martingale M : R — L?(Q, A, P)
with respect to the filtration {A;}+er, is an L?(€2, A, P)-valued martingale with
respect to the resolution of identity F; = E[-|.A4;]. By analogy with the classical
probability the H-valued martingale M will be called closed by a vector Mo, € H
if Mt = E1§Z\4OO7 te R+.

Sometimes it will be convenient for us to regard the H-valued martingale
M: R, — H as an H-valued measure B(Ry) 3 a — M(«a) € H on the Borel
o-algebra B(R, ). To this end, for any interval (s,t] C R, we set

M((s,t]) := My — M, M({0}) := My, M(2):=0,

and then extend this definition to all Borel subsets of Ry. Using such #H-valued
measure we construct a nonnegative Borel measure

B(Ry) 3 a o () = [|M(a)]3 € Ry.

The purpose of this section is to define and study a Hilbert space-valued
stochastic integral (or H-stochastic integral)

/A(t) dM; (2.1)
Ry
for a certain class of functions Ry > ¢ — A(t) whose values are linear operators
in ‘H. A construction of this integral we give step-by-step, beginning with the
simplest class of operator-valued functions. Since in the special case (see above) we
want to obtain a generalization of the classical It6 integral, we have to introduce
a suitable notion of adaptedness between A(t) and M; such that on one hand
gives a natural generalization of the usual notion of adaptedness in the classical
stochastic calculus, and on the other hand, allows us to obtain an analogue of the
It6 isometry property and as a result to extend integral (2.1) from simple to a
wider class of operator-valued functions.
Let us introduce the required class of simple functions. For each point t € Ry,
we denote by

Har(t) :=span{ My, — M, | (s1, s2] C (t,00)} C H
the linear span of the set {M,, — My, | (s1,82] C (t,00)}, and
EM(t) = E(HM(t),H)
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will represent the set of linear operators in A such that continuously act from
Har(t) to H. We stress that the set L£s(t) consists of all linear (bounded or non-
bounded) operators A: H — H such that

A
4ley o = s { 124 | € 2000, 5 2.0} <
gl
Definition 2.2. A linear operator A in H will be called M;-measurable if
(i) A€ Ly(t) and [|Allz,, ¢) = [|All £y (s) for all s € [t,00).
(ii) A is partially commuting with the resolution of identity E. More precisely,
AEsg = ESA97 (A HM(t)a s € [tv OO)

Evidently, if an operator A in H is M;-measurable for some ¢ € R4 then A
is Mg-measurable for all s € [t, 00).

Definition 2.3. We say that a family {A(t)}ier, of linear operators in # is an
M-adapted operator-valued function if, for every ¢t € R, the operator A(t) is
M;-measurable.

An M-adapted operator-valued function Ry > ¢ — A(t) will be called simple
if there exists a partition 0 =ty < t; < --- < ¢, < oo of Ry such that

n—1
At) = Z Ak%(tk,tk+1](t)’ teRy, (2.2)
k=0
where 3,(-) is the characteristic function of a Borel set o € B(Ry). It is clear
that each operator Ay in (2.2) is My, -measurable, since A(t) is the M;-measurable
operator for every t € R.
Denote by S = S(M) the space of all simple M-adapted operator-valued
functions on R;. For each A € S of kind (2.2), we introduce a quasinorm

3 n_l 3
45y = ([ 14O 0 n0) = (3 146l 0 mantisad ) 23
%, k=0
where, as above, y is a Borel measure on Ry defined by u(a) := [|[M(«)l|3,. Since

a simple operator-valued function A is M-adapted, we conclude that, for each
t e Ry,
AOewe = IAOene 5 € [to0).
Due to the latter equality and finite additivity of the measure p, definition (2.3)
is correct, i.e., it does not depend on the choice of representation A in S.
Let us give the definition of an H-stochastic integral.

Definition 2.4. For A € S of kind (2.2), the H-stochastic integral with respect to
M is defined as an element of H given by
n—1

/ A(t)dMy ==Y Ap(My, ,, — My,). (2.4)

By k=0
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Of course, definition (2.4) does not depend on the choice of representation of
the simple function A in the space S. Further, let 0 < s < oo be fixed. Clearly,
if A belongs to S then A 4 also belongs to S. Hence, for every A € S, we can
define an indefinite H-stochastic integral by

S

0 Ry

The following statement gives a description of the properties of our integral.

Theorem 2.5. Let 0 < s < 0o be fized. For all constants a,b € C and for all simple
operator-valued functions A, B € S, we have

S S S

/(aA(t) +bB(t)) dM; = a/A(t) dM; +b/B(t) d M, (2.5)
0 0 0
| [amam ) < [ a1z, duce (2.6)
0 0

Moreover, the indefinite integral fos A(t)dM; of A € S is an H-valued martingale
with respect to resolution of identity E. That is, for any u € [0, s],

B, ( / A(t) th> - /u A(t) dM,. (2.7)
0 0

Proof. Equalities (2.5) and (2.7) are obvious. Let us check inequality (2.6).

Taking into account the definition of fos A(t) dMy, it will be enough to prove
(2.6) replacing s with co. Let A € S be of the form

n—1
A(t) = Apsen, (1), Ag = (t, tega).
k=0

Since M is the H-valued martingale with respect to E, we see that M(Ay) =
E(Ag)M;, ., where E(Ay) := Ey, ., — Ey, . Using Definition 2.2 and the properties


http://imath.kiev.ua/~tesko/

Hilbert space—valued integral of operator—valued functions 7

of resolution of identity F we get

HR[ A(t) dM, i: (/ A() th,/A(t) th)H

Ry Ry
n—1
= Y (AM(Ar), AnM(A)),,
k,m=0
n—1
= Y (AE(A)M,,,,, AnE(An) M, ),
k,m=0
n—1
= Y (B(ANAE(A)M,,,,, E(Ap)AnE(Am) M.,
k,m=0
n—1 n—1
=> (AB(AR) My, AkE(A) My, ), =D 1AM (AR5
k=0 k=0
n—1 n—1
< NARZ e I AR = D I ARIZ,, (1) (AR)
k=0 k=0
— [ 1AWIE, 0 duo.
R+
O

Inequality (2.6) enables us to extend the H-stochastic integral to operator—
valued functions Ry 3 ¢t — A(t) which are not necessarily simple. Namely, denote
by Sz = S2(M) a Banach space associated with the quasinorm || - ||s,. For its
construction, at first it is necessary to pass from S to the factor space S :=
S/{A € S|||Alls, = 0} and then to take the completion of S. It is not difficult
to understand that elements of the space Sy are equivalence classes of operator-
valued functions on R} whose values are linear operators in the space H. These
classes are completely characterized by their following properties:

e An operator-valued function Ry > ¢ — A(t) belongs to some equivalence
class from Sy if and only if, for u-almost all t € Ry, A(t) is a Mi-measurable
function and there exists a sequence (A,)5, of simple functions A4, € S
such that

/ JA®) = A2, dut) >0 as 1 oo. (2.8)
Ry

e Operator-valued functions Ry >t — A(t) and Ry > ¢ — B(t) belong to the
same equivalence class from Sy if and only if, for p-almost all t € R,

A(t)g = B(t)g, g€ Hu(t).
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By convention in what follows we will not make the distinctions between the
equivalence class and operator-valued function from this class.

Definition 2.6. An operator-valued function Ry > ¢ — A(t) is said to be H-
stochastic integrable with respect to M if A belongs to the space Ss.

Let A be an H-stochastic integrable function with respect to M and (A,)52,
be a sequence of the simple functions A, € S such that (2.8) holds. Due to
inequality (2.6) a limit

exists in H and does not depend on the choice of the sequence (A4,)22, C S
satisfying (2.8). We denote such limit by

/A(t) dM; := lim [ A,(t)dM; € H

n— o0
R Ry
and call it the H-stochastic integral of A with respect to M. It is clear, if A and
B belong to the same equivalence class from S5 then

Note that for all H-stochastic integrable functions the assertions of Theo-
rem 2.5 hold. To prove this fact, one should write (2.6) and other expression from
Theorem 2.5 for approximating functions from S and then pass to the limit. We
omit the details, note only that due to (2.6) the limit transition is always possible.

To clarify slightly the definition of H-stochastic integral, we consider a simple
example which shows that an ordinary spectral integral applied to a certain vector
from H can be thought of as the H-stochastic integral.

Ezxample. Let M : Ry — H be an H-valued martingale closed by a certain vector
My, € H. Suppose f: Ry — C is a square integrable function with respect to p,
that is f € L*(Ry, ). In the space H we consider a family {Af(t)}icr, of the
operators of multiplication by the complex number f(¢), i.e.,

Ar(t)g = f(t)g, geH.

It is clear that Ay € So and

/Af(t) dM, —R{ F(t)dM, = (R[ F(t) dEt>Moo.

Ry

Note one simple property of the integral introduced above. Let U be some
unitary operator acting from H onto another complex Hilbert space K. Then

GIR.F*)IC, t*—)Gt 2:{]]\4-,57
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is a K-valued martingale with respect to the resolution of identity
X:Ry —» L(K), te X;:=UEU "

Proposition 2.7. If an operator-valued function Ry > t — A(t) is H-stochastic
integrable with respect to M then the operator-valued function Ry >t — UA(t)U !
is H-stochastic integrable with respect to G and

U (RZ Alt) th) :RZ UAU 1 dG, € K.

Proof. These properties are immediate if A is a simple adapted function, and a
proof of the general case is not difficult. O

3. The Ito6 stochastic integral as a particular case of the
H-stochastic integral

Before stating the results let us recall the definition of the It6 stochastic integral.
In our presentation of stochastic integration we will restrict ourselves to normal
martingales. Note that this family of martingales includes Brownian motion, the
compensated Poisson process and the Azéma martingales as particular cases, see
.g. [8], [6], [13], [11], [3].

Let (Q,.A, P) be a complete probability space with a right continuous filtra-
tion {A;}¢er, - Suppose that A coincides with the smallest o-algebra generated by
Ut€R+ A; and Ag contains all the P-null sets of A. In addition, suppose that Ag
is trivial, that is every o € Ag has probability 0 or probability 1.

By definition a process N = {N;}4ecr, is a normal martingale on (2, A, P)
with respect to {A;}ier, if {Ni}ier, and {NZ - t}ier, are martingales with
respect to {A; }ier. - In other words, N is a normal martingale if Ny € L?(Q, A, P)
for all t € Ry and

E[N; — NyJA) =0,  E[(N,— N} A =t—s (3.1)

for all s,t € Ry such that s < ¢. In what follows, without loss of generality we
assume that Ny = 0.

Let us introduce the space of functions for which the It6 integral is defined.
We will denote by L?(Ry x ) the space of all B(R,) x A-measurable functions
(classes of functions) F': Ry x Q — C such that

//www%mwﬁz/wmﬁmAmﬁ<w

and L2 (R, x ) will present the subspace of A-adapted functions. Recall, a function
F € L*(R; x Q) is called A-adapted if F(t,-) is A;-measurable for almost all
t € Ry, that is F'(¢,-) = E[F(¢,)|.A] for almost all t € R,
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Suppose that F(t) = F(t,z) is a simple function from the space L2(R. x Q),
i.e., there exists a partition 0 =ty < t; < --- < t, < oo of Ry such that

n—1
F() = ZFk%(tk,thrl](') € LX(Ry x Q).
k=0

The It integral of such function F' with respect to N is defined by

n—1
/F(t) dNt = ZFk<Ntk - Ntkfl) S LQ(Q,A, P)
R4 k=0

and has the It6 isometry property
2
H / F(t)dN,
R

Since the set L2 (R4 x Q) of all simple functions from L2 (R x Q) is dense in the
space L2(R, x Q) (with respect to the topology of L?(Ry x Q)), extending the
mapping

L2Ry x Q) DL (Ry x Q)5 F s /F(t) dN; € L*(Q, A, P)

Ry

= 2
L2(Q,AP) / HF(t)||L2(Q7A,P) dt.
Ry

by continuity, we obtain a definition of the It6 integral on L2(R, x Q). In what
follows, we keep the same notation fR+ F(t) dN; for the extension.

Let us show that the It6 integral can be interpreted as the H-stochastic inte-
gral. To this end, we set H := L?(2, A, P) and consider in this space a resolution
of identity

E:Ry — L(L*(Q A P)),  te B :=E[-|A],
generated by the filtration {A;};cr, . It is easy to see that the normal martingale
N is the L?(Q, A, P)-valued martingale with respect to F; := E[-|.A4;] and

p([0,1]) = INel|Z2 (0,4, p) = EIN?] = E[NF | Ao] = ¢

is the ordinary Lebesgue measure on R .

Let us prove that in the context of this section N;-measurability is equivalent
to the usual A;-measurability. More precisely, the following result holds (the proof
being similar to the one in [17] is omitted).

Lemma 3.1. Lett € Ry. For a given function F € L?(Q, A, P) the operator Ar of
multiplication by F in the space L*(Q, A, P), i.e.,

L*(Q, A, P) D Dom(A) > G+ ApG := FG € L*(Q, A, P),
Dom(Ap) := {G € L*(, A, P)| FG € L*(Q, A, P)},

is N¢-measurable if and only if the function F is As-measurable.
Moreover, if F € L?(Q, A, P) is a As-measurable function then

IAF|zys) = IFllL20,4,P) s € [t,00).
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This allows us to establish the following result.

Theorem 3.2. For given F' € L*(Ry x Q) the family {Ap(t)}ier, of the operators
Arp(t) of multiplication by F(t) € L*(Q, A, P) in the space L*(Q, A, P),

L*(Q, A, P) D Dom(Ar(t)) 3 G Ap(t)G := F(t)G € L*(Q, A, P),
is H-stochastic integrable with respect to the normal martingale N (i.e. Ap belongs

to So = S2(N)) if and only if F belongs to the space LZ(Ry x Q).

Proof. This fact is an immediate consequence of Lemma 3.1 and the definitions of
the spaces L2(R; x Q) and Ss. O

The next theorem shows that the It6 stochastic integral with respect to the
normal martingale N can be interpreted as the H-stochastic integral.

Theorem 3.3. Let F € L2(Ry x Q) and {Ap(t)}ier, be the corresponding family
of the operators Ap(t) of multiplication by F(t) in the space L*(Q, A, P). Then

Proof. In view of Theorem 3.2, Lemma 3.1 and the definitions of the integrals, it
is sufficient to prove the statement only for simple functions F' € L2(R x ). But
in this case it can be easily proved directly.

4. An Ito integral on a Fock space

Let F(H) be a symmetric Fock space over a complex separable Hilbert space H,
that is

F(H) := C@@HQ”M,
n=1

where © stands for the symmetric tensor product (® is the ordinary tensor prod-
uct). Thus, F(H) is a complex Hilbert space of sequences f = ()2, such that
each f,, belongs to H®" (H®Y := C) and

o0
£ 15y = 1fol? + Y lfallFrenn! < oo
n=1
Let us fix a resolution of identity Ry > ¢+ P, € L(H) in the space H. For
each t € Ry, we define the second quantization of P; by the formula

Exp P, := I & (P PP,
n=1
ie.,
Exp Pif == (fo, Pifis- oy, P2 fn,...) € F(H) (4.1)
for all f = (fn)%, € F(H). It is clear that Exp P: Ry — L(F(H)) is a resolution
of identity in F(H).
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Suppose that M : Ry — F(H) is an F(H)-valued martingale with respect to
FE; := Exp P, of the form
M, = (0,...,0, My(£),0,0,...) € F(H), (4.2)
——

k-times
where k € N is fixed. In what follows, we fix such martingale M.
In this section, starting with the notion of the H-stochastic integral, we define
an It integral (on the Fock space F(H)) with respect to such martingale M and
derive its properties. More exactly, we give a meaning to the expression

/ f(t) di, (4.3)
R

for a certain class of F(H)-valued functions f: Ry — F(H).

First, let us describe a class of functions f: Ry — F(H) for which expression
(4.3) will be defined. In the Fock space F(H), for a fixed vector f € F(H), we
consider the operator Ay of a Wick multiplication by f, i.e.,

F(H) > Dom(Af) > g— Apg:= fOg € F(H),
Dom(Ay) :={g € F(H)|fOg € F(H)}.

Recall, for given f = ()5, and g = (gn )5, from F(H) the Wick product fOg
is defined by

o0

[0g = <Z fm®gn—m> (4.4)
m=0

n=0
provided the latter sequence belongs to F(H). It is easily seen that Dom(Ay) is
dense in F(H), since Fg,(H) C Dom(Ay) and Fun(H) is a dense subset of F(H).
Here Fun(H) denotes the set of all finite sequences (f,)%2, from F(H).
The following statement underlies the definition of a class of functions for
which integral (4.3) will be defined.

Lemma 4.1. For given t € Ry and f = (fn)oeo € F(H) an operator Ay of Wick
multiplication by f in the space F(H) is M;-measurable if and only if

Exp P.f = f. (4.5)
Moreover, if f € F(H) has property (4.5) then
[Afllcar sy = W7y, s €[t 00). (4.6)

Proof. Suppose that equality (4.5) holds for some t € Ry and f = (f)2>, € F(H).
Let us prove that the corresponding operator Ay of Wick multiplication by f is
M;-measurable. Clearly, for this we need to verify hypotheses of Definition 2.2.

First, let us check that Ay € Lps(t), i.e., there exists a constant C' > 0 such
that

1Al 7y < Cllgllzm
for all g € Hp(t) := span{ M, — My, | (51, 2] C (t,00)} C F(H).
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Fix g € Hps(t). From the definition of the space Hys(t) and (4.2), we conclude
that

9=10,...,0,9,0,0,...). (4.7)
~—
k-times

Therefore, according to (4.4) we have

Arg=fOg=1(0,...,0, foOgk, 1Ok, - - .)-
——

k-times

Taking into account that P®%g, = 0 (because g € H(t) and M is the F(H)-
valued martingale with respect to Exp P) and P2" f, = f,, for all n € NU {0}, we
obtain

nlk!
||fn®gk||§1®n+k = m ||fn||%{®n||9k||%1®k~
Hence
HAfg||_27-'(H) = Hf<>g||.27-‘(H) = Z an@gk”?q@wk (n+k)!
. =0 (4.8)
= fallFronllgrlFrosntkt = 1 15 915 ar)-

n=0
So, we can assert that Ay € Lp/(t) and equality (4.6) holds.
Let us check that Ay is partially commuting with Exp P, i.e.,
A;Exp Py g =Exp P, Ayg, g € Hu(t), s € [t,00). (4.9)
Using (4.1) and (4.7) we get
Ay Exp Pog = fOExpPsg
= (Oa ... 7Oa fOQP?kglw ey fTL@P‘;@kgka .. ) (410)
——

k-times
On the other hand, we have
ExpPs;Afg = ExpPs (f()g)
=(0,...,0, foOP%* gy, ... . PE"f.0P%k g ). (4.11)
——
k-times
Since f = Exp P,f and Exp P;s Exp P, = Exp P, for all s € [t,00), we conclude
that P& f,, = f, for all n € N and all s € [t,00). Hence, from (4.10) and (4.11) it
follows (4.9).
So, the first part of the lemma is proved. Let us prove the converse statement:
if for given f € F(H) the corresponding operator Ay of Wick multiplication by f

in the space F(H) is M;-measurable then (4.5) holds.
Since Ay is the M;-measurable, we see that for any s € [t, 00)

AExp P,g = Exp P, Ag, g € Hu(t).



14 Volodymyr Tesko

Let s € (t,00) and (s1, s2] C (¢, s] be fixed. We take
g:=M,, — M, =(0,...,0,9x,0,0,...) € Hn(t),
———

k-times

where gy := My (s2) — Mi(s1). Then, from the one hand side,
AEsg = Ag = f<>g = (07 o 707f0®g/€7f1®gk7 .- ')7
——

k-times

and on the other side, taking into account that P®*g, = g, we get
EAg = Ey(f09) = (0,0, /o0 PP gy, ... PE" fu 0P gy,
——
k-times
= (07707f0®gkvvpégmfn®gk7)
——

k-times
Hence, f,Ogr = P2"f,®g) for each n € N and all s € (¢,00). Since resolution
of identity (4.1) is right continuous, the latter equality still holds for s = ¢, and
therefore equality (4.5) takes place. O

Now we are ready to introduce a class of F(H)-valued functions for which
integral (4.3) will be defined. Denote by L?(R.y, u; F(H)) := L*(Ry — F(H), i)
the Hilbert space of F(H)-valued functions

PRy FUH), o o = / £ )2y () < o0,
Ry

with the corresponding scalar product, where as above u(a) := ||M(a)H§_-(H).

Definition 4.2. A function f(-) = (fu("))5%y € L*(Ry,p; F(H)) is said to be

n=0

adapted with respect to ExpP if for p-almost all t € R

Exp P, f(t) = f(1).
We will use the notation L2(R., u; F(H)) for the corresponding subspace of the
space L?(R,, u; F(H)) formed by adapted functions.

Let & = £ (Exp P) denote the class of simple adapted functions with respect
to the resolution of identity Exp P. That is, a function f belongs to £ if it belongs
to L2(Ry, u; F(H)) and can be written as

n—1

F) =Y oy i) (t) € F(H) (4.12)
k=0

for p-almost all t € Ry, where 0 =ty < t; < --- < t, < o0 is a partition of Ry. We
denote by £ = & (Exp P) the closure of the set € in the space L*(R, u; F(H)).
Observe that if the structures of the elements of the Hilbert space H and the
orthogonal projection P; are not known, then it is difficult to characterize the space
& (clear only that & C L2(Ry, u; F(H))). In a special case when H = L?(R,., dt)
and P; is the resolution of identity of the operator of multiplication by t in the
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space L2(R,,dt), the space & can be analyzed in a deeper way, in particular, it
can be shown that & = L2(R., u; F(H)), see the next section for more details.

Let us derive the connection between the spaces & (Exp P) and Sy(M).
Proposition 4.3. A function f : Ry — F(H) belongs to the space Es (Exp P) if and
only if the corresponding operator-valued function Ry > t — A (t) whose values
are operators of Wick multiplication by f(t) in the Fock space F(H) belongs to the
space Sa(M).

Proof. This fact is an immediate consequence of Lemma 4.1 and the definitions of
the spaces & (Exp P) and Sy(M). O

Now we are ready to give a definition of It6 integral on the Fock space F(H).

Definition 4.4. An It6 integral of f € & with respect to M is defined by

where A¢(t) is the operator of Wick multiplication by f(¢) in the space F(H).

Clearly, for a simple function f € £ of kind (4.12), we have
n—1

/f(t) dM; = Z f(k)O(Mtk+1 - Mtk) € ]:(H)
Ry k=0

Theorem 4.5. Let f,g € & and a,b € C then
/(af(t)erg(t))th :a/f(t) th+b/g(t) dM;

and

|/ <t>thH;H) — [ 1Oy o). (413)
Ry Ry

Proof. Tt is sufficient to prove the statement for simple adapted functions. The
first assertion is obvious. Concerning the second one, we use the technique of the
proof of Theorem 2.5 and equality (4.8). Thus, for a simple function f € £ of kind
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(4.12) we obtain

2
| [roan] - H f(k (Mo =080
Ry
n—1
= Hf(k)O(Mthrl - Mtk)||.27-'(H)
k=0
n—1
= Hf(k)||2]:(H)||Mtk+1 - MtkHQJ:(H)
k=0
n—1

= Z Hf(k)||.27-'(H) p((th, trgr])
k=0

= [ 1@ o
Ry

O

Remark 4.6. Note as a consequence of the previous theorem that the integral
fR t) dM, is well defined linear isometry operator from a subspace & of the

space LQ(R+,;L,]:(H)) into F(H).

5. Ito integral on the Fock space F(L%(R,))

Let L2(Ry) := L?(R4,dt) be a complex L?-space with respect to the Lebesgue
measure dt = dm(t). The aim of this section is to show that the definition of
the Ito integral on the Fock space F := F(L?(R)) proposed in [4] (see also [2])
is the particular case of the one proposed in the previous section. Note that the
Fock space F is closely related to the chaos expansion in probability theory (see,
e.g., [13], [9], [11] and also Section 6 below) and from a physics point of view it
describes a field of bosonic particles, like photons. We shall always identify (in the
natural way) the space L?(Ry)®" with the space L2, (R7) of all complex-valued
symmetric functions from L?*(R7). Now

1 fall2 g, yon /|fn (brse o ta) 2ty ... dbn

—n'// </|fn try..o,t th1> dty_1dt,

for all f, € L2(R,)®" = L2 (R™).

sym
Recall the definition of the Ito integral on the Fock space F proposed in [4]
(see also [2]). First of all a function Ry 3 ¢t +— f(t) = (fu(t))oLy € F is called Ité

sym
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integrable if f belongs to L?(R,dt; F) and, for almost all t € R,
f(@) = (fo(t), 0,0 f1(t), - - -, 30,00 fu(2), - . ).

In other words, in our terminology, a function f € L?(R,,dt; F) is It6 integrable
if and only if f is an adapted function with respect to the resolution of iden-
tity ExpX': Ry — L(F), t — Exp A}, constructed according to (4.1) using the
resolution of identity

Ry >t Xof i=sq0yf € L*(Ry), feL*Ry),

of the operator of multiplication by ¢ in the space L?(R, ). Following the notations
of the previous section we will denote by L2(R.,dt; F) the set of all adapted
functions with respect to Exp X.

Observe here that each component f,(t1,...,%,;t) of a function

fC)=(fu())nto € Lg(RJ”dt; F)
belongs to the space L? R?) ® L2(R,). It means that f, belongs to LQ(RQL_H)

sym
and it is a symmetric function in the first n variables, i.e., for m-almost all t € R
and for m®"-almost all (t1,...,t,) € R,

1
foti, ... tost) = aan(tU(l), o toyst),

where o running over all permutations of {1,...,n}, m is the Lebesgue measure.

Definition 5.1. The It6 integral I(f) of f € L2(R,,dt; F) is defined as the unique
linear isometric mapping
I: (R, dt; F) — F, Dom(I) := L2(R,, dt; F), (5.1)
such that
I(g22(sy,55)) = 900, #(s,55], 0,0, ....) (5.2)
= (0,90 © (s,55]5+ - In © (s, 55]5---) € F '
for any (s1,s2] C Ry and any g = (9n)52 € F such that Exp Xs, g = g¢.

We stress that a set of all functions Ry > ¢+ f(t) := g, s,(t) € F such
that (s1,s2] C Ry and g = ExpX,, g € F is a total in the space L2(Ry,dt; F).
The isometry of I means that

I(AHIIF = / IfOlFdt,  f € Li(Ry,dt; F). (5-3)
Ry

Let us show that the integral I is a particular case of the integral introduced
in the previous section. To this end, note that

Z:R+—).F, ti—)Zt I:(O,%[07t},0,0,...),
is an F-valued martingale with respect to Exp X and

p([0,8]) = |1 Ze[| = 520,172 g, ) = m((0,2]) = ¢
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is the Lebesgue measure on R, .

Theorem 5.2. We have E(Exp X) = L2(R,dt; F) and

/f )dZ, [ e L2(Ry,dt ).

Proof. Since the set £ (Exp X) of all simple adapted functions with respect to the
resolution of identity Exp X is dense in the spaces & (Exp X) and L2 (R, dt; F),
in view of the definitions of the latter spaces, we conclude that &(ExpX) =
L2(Ry, dt; F).

The second assertion of the theorem directly follows from the definitions of
the integrals. O

Now one can develop an abstract Ito calculus on the Fock space F. In par-
ticular, one can construct iterated It integrals and the corresponding Fock space
chaotic expansion, to prove an analog of Clark—Ocone formula and so on. We do
not discuss this in details (see, e.g., [4], [2]), but we recall here the expression of
the It6 integral I in terms of the Fock space structure. Since this fact is easily
proven, for the reader’s convenience we also present a proof.

Theorem 5.3. Let f(-) = (fn(-))% belongs to L2(Ry,dt; F). Then

= /f(t) dZi = (0, f1, . fr-- ), (5.4)
where each f, (t1,...,tn) is the symmetrization of fn_1(t1,...,tn—1;t) with respect
to n variables, i.e., in view of the fact that frn_1(t1,...,th—1;t) is symmetric in
the first n — 1 variables,

Falti, ..ty anltl,..., ot te).

Proof. According to (5.3) and Theorem 3.2 from [1], for all f € L2(R,,dt; F), we
have

()% = / 1O dt and (10, fiyees fore. )% = / 1F(0)]% dt.
R R

In other words, the linear mappings

feI(f) and fe (0, f1,e fune)
from L2(Ry,dt; F) to F are continuous (more exactly, isometric). Therefore, it is
sufficient to check (5.4) for functions Ry >t +— f(t) := gs¢(s, s,1(t) € F such that
(s1,82] C R4, and g = Exp Xy, g.
Fix (s1,$2] C Ry and g = (g5,)22, € F such that g = Exp X, g. For

F@) = g7(s1,0) () = (Fn®)nZos  Falt) := gno(sy,00) (1),
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we have
[ 10z = 90(2., - 2.,
R4

= (0,90 Q%(sl,sﬂa"'agnfl G%(Sl,sg]?"') = (Oaflv'-'afnw")'

6. Relationship between the classical 1t6 integral
and the Ito integral on the Fock space F

The main purpose of this section is to connect the objects of Sections 3 and 5 with
each other. Such results are fairly standard, but we include it here for the sake of
completeness.

Without going into details, let us give a brief introduction to the theory of
probabilistic interpretations of the Fock space F, see e.g. [13], [9] for more details.
As before, let (€, A, P) be a complete probability space with a right continuous
filtration {A;}icr,, Ao be the trivial g-algebra containing all the P-null sets of
A and A coincides with the smallest o-algebra generated by Ute]m A;. Suppose
N = {N:}ier,, No = 0, is a normal martingale on (9, A, P) with respect to
{Attier, -

It is well known that the mapping (so-called chaos expansion)

IF— LA P),  [=(faizo=If =) Tu(fn), (6.1)

n=0
is well-defined and isometric. Here Iy(fy) := fo and for each n € N

o0ty

L(fn) = n'// (]zfn(th...,tn)dNtl) ...dN,, ,dN,,
00 0

is an m-iterated It6 integral with respect to N.

In what follows we will always assume that the normal martingale N has the
Chaotic Representation Property (CRP), i.e., the mapping I : F — L*(Q, A, P)
is unitary. In this way we get a probabilistic interpretation of the Fock space F.
We observe that the Brownian motion, the compensated Poisson process and some
Azéma martingales are examples of normal martingales which possess the CRP,
see for instance [13], [9], [8], [11], [3].

It is not difficult to show that the mapping I is completely characterized by
the following properties:

(i) I:F — L?(Q, A, P) is the unitary operator. That is, I maps the whole space
F onto whole L?(Q, A, P) and ||If| 12(0,4,p) = || f]l# for all f € F.
(11) Io(fo) = fo for all fo e C.
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(iii) For each n € N and every disjoint sets aq,...,qa, from B(R;) of finite
Lebesgue measure,
I, (50,0 O3y,) = N(aq) - ... - N(ap), (6.2)

where B(R;) > a— N(a) € L?(Q, A, P) is an vector-valued measure gener-
ated by the normal martingale N, i.e., we set

N((s1,82]) = Ny, = Ngy,  N({0}):=No =0,  N(2):=0,
and extend this definition to all Borel subsets of R .

Let us pass to the establishing of the relationship between the objects of
Sections 3 and 5. From property (iii) of the mapping I it immediately follows that
the normal martingale N is the I-image of the F-valued martingale

Z:RJ’_;)‘F, t— Z; ::(O,%[O,t],O,O,...),

i.e., for almost all t € Ry, N, = IZ; € L?(Q, A, P). The following step is to show
that the resolution of identity

E:Ry — L(L*(,A,P)),  t— B :=E[-|A],
is the I-image of the resolution of identity Exp X': Ry — L(F), where as before
Exp X, =T o@D X", Xif =sxonf fe€L*Ry).

n=1

We have the following result.
Lemma 6.1. For all t € Ry we have [7'E[-|A;]I = Exp X;. That is,
I'E[If|A]) = Exp X f = (fo, %0, f15- -+ 0.7 s - --)
forall f = (fn)o>y € F.
Proof. In order to prove the assertion of the lemma it is sufficient to show that
E[L,(fn)At] = L (30,47 fr) (6.3)

for any f, € L>(R,)®", n € N.
Since functions

fr = 0,0 O, o €BRy), aiNa; =2, i#j],

form a total set in L?(R,)®", it is sufficient to check (6.3) for such functions.
Using (6.2), (3.1) and the properties of the conditional expectation, we get

Elln(fn)|At] = E[In(50, © - - - Oa,, )| Ad] = [N(al) oo Nom)| A
- E[H; (N(@i 01 [0.4]) = N(ai 0 ¢ 0) | A
N(a1n[0,¢]) ... N(am N0, ])
= In(#0,n[0,4O - O¥a,n0,) = In(50,47 fn)-

As an immediate consequence we have.
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Corollary 6.2. For given t € Ry a function F € L*(Q, A, P) is an As-measurable
if and only if f = Exp X, f, where f :=1"'F ¢ F.

The next result explains the relationship between the Wick multiplication ¢
on F and the ordinary multiplication on L?(£2, A, P).

Lemma 6.3. Suppose t € R, and F € L?(Q, A, P) is an A;-adapted function.
Then for each o € B([t,o0)) the function FN(a) belongs to L*(0, A, P) and the
I~-image of FN () has the form

I"Y(FN(a)) = I'FOI"Y(N(a)) = TT'FOZ(a). (6.4)
Proof. Using (6.2) and taking into account that for any fixed interval [a,b] C Ry
functions s, ® - - - ®¢,,,, where each «; € B([a,b]) and o;Na; = @ for i # j, form

a total set in the space LQSym([a, b]™) of all complex-valued symmetric functions
from L?([a,b]"), we get

Inii(fn©g1) = Li(fn) I1(91)

for all f, € L*(R4)®™ and all g, € L?*(Ry) such that f, = sgnfy and g1 =
#(1,00)91- Hence, for any f = (fn)pZo € F such that f = ExpX;f and any a €
B([t, 00)),

1(£0Z(a)) = If - 1Z(a) = I - N(a).
From the latter equality and Corollary 6.2, we immediately obtain the assertion
of the lemma. O

Corollary 6.4. Suppose t € R, and F € L*(2, A, P) is an A;-measurable func-
tion. Let Ap be the corresponding operator of multiplication by F in the space
L?(Q, A, P), i.e.,

L*(Q, A, P) D Dom(Ar) 3 G+ ApG := FG € L*(, A, P).
Then, for all g € Hz(t) = span{Z,, — Z, | (51, $2] C (t,00)} C F, we have
I YAplg=I1"1F¢g.

Proof. Let F € L*(Q, A, P) be an A;-measurable function, Ar be the correspond-
ing operator of multiplication by F' in the space L*(Q, A, P) and g € Hz(t). Using
(6.4) we get

IT"Aplg=T""ApG =I"Y(FG) = I"'FOI'G = I"'F{g,
where G := Ig € Hy(t) = span{N;, — Ng, | (s1,52] C (t,00)}. O

Remark 6.5. It should be noticed that in general case the I-image of the Wick
multiplication ¢ distinguishes from the ordinary multiplication. To be precise,
there exist functions F, G € L?(Q, A, P) such that FG € L*(Q2, A, P) but

I"YFG) # I"'FOI @),
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Before establishing the relationship between the classical It6 integral and
the It6 integral on the Fock space F we note that the spaces L?(Ry x ) and
L?(R,,dt; F) can be interpreted as tensor products L*(Ry) ® L?(Q, A, P) and
L?*(R;) ® F respectively. Therefore

1®1: L*(Ry,dt; F) — L*(Ry x Q)
is a well-defined unitary operator.

Theorem 6.6. We have L2 (R x Q) = (1® I)L2(R,dt; F) and

I (R( £(1) dZt> - /If(t) dN,

Ry
for arbitrary f € L2(Ry,dt; F).

Proof. This result follows from Proposition 2.7 combined with Corollaries 6.2
and 6.4. (|

Remark 6.7. Since L2(R, x Q) = (1 ® I)L3(R,dt; F), for any function F €
L2 (R, x) there exists a uniquely defined vector f(-) = (f,(:))2%, € L2(R4, dt; F)
such that F(t) = If(t) = > o2y In(fn(t)) for almost all ¢t € Ry. In view of (5.4),
(6.1) and Theorem 6.6, we get

R{F(t)dNt:I(R[f(t)dZt) 22: n(fn) € L*(Q,A,P).

Using this representation we can easily construct a natural extension of the
1t6 integral, called the Hitsuda—Skorohod integral, whose study has become very
fashionable (see, e.g., [7], [16], [14], [11]). Namely, the expression

Ins(F) =Y In(fn) € L*(2,A,P),  F € Dom(lus),

Dom(Iys) := {G € L*(Ry x ), ZI (gn(t ‘ ZI )€ L2(Q, A, P)}

is called the Hitsuda—Skorohod integral of F. When N is a Brownian motion it is
exactly the integral introduced by Hitsuda [7] and Skorohod [16].

It is clear that L2(R,,dt; F) C Dom(Igs) and the operator Iyg restricted to
the space L2(R,dt; F) coincides with the It6 integral, i.e.,

Ins(F) = /F(t) dNy, F e LZ(Ry,dt; F).
R+

Note that the Hitsuda—Skorohod integral can also be defined as the adjoint of the
Malliavin derivative, see e.g. [20], [14], [12].


http://imath.kiev.ua/~tesko/

Hilbert space—valued integral of operator—valued functions 23

Remark 6.8. In this section we have seen that the It6 integral with respect to
normal martingales with CRP can be interpreted as the image of It6 integral (5.1)
on the Fock space F. Because of this fact we can treat the stochastic analysis
connected with all these martingales in one framework — as the analysis on the
Fock space.

In connection with this it is natural to ask: “is it possible to obtain a similar
result for some normal martingales without the CRP?”. Recently it became clear
(see surveys [10] and the references therein) that this is possible at least for the case
of stochastic integration with respect to Gamma, Pascal and Meixner processes.
But in this case it is necessary to use more complicated “extended Fock space”
instead of the Fock space F. It can be shown that the corresponding It6 integral
on the extended Fock space is the particular case of the H-stochastic integral.
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