
ON THE POSSiBiLiTY OF jOiNiNG TWO PAiRS OF POiNTS iN CONVEX DOMAiNS USiNG PATHS

Dovhopiatyi Oleksandr
(Zhytomyr Ivan Franko State University)
E-mail: Alexdov1111111@gmail.com

Recall, that a set C is convex if any pair of points x, y ∈ C may be joined by some segment which
belongs to C, as well. We define the Euclidean distance between sets and the Euclidean diameter by
the formulae

d(A,B) = inf
x∈A,y∈B

|x− y| , d(A) = sup
x,y∈A

|x− y| .

Sometimes we also write dist (A,B) instead d(A,B) and diamE instead d(E), as well. As usually, we
set

B(x0, r) = {x ∈ Rn : |x− x0| < r} ,

S(x0, r) = {x ∈ Rn : |x− x0| = r} .

We emphasize that, the results established here have already been obtained in particular case, when
a domain is the unit ball [1]. Concerning some applications of modulus inequalities in the mapping
theory, see [2], cf. [3]–[4].

Theorem 1. Let D ′ be a bounded convex domain in Rn, n ⩾ 2, and let E := B(y∗, δ∗/2) be a
ball centered at the point y∗ ∈ D ′, where δ∗ := d(y∗, ∂D

′). Let z0 ∈ ∂D ′. Then for any points
A,B ∈ B(z0, δ∗/8)∩D ′ there are points C,D ∈ B(y∗, δ∗/2), for which the segments [A,C] and [B,D]
are such that

dist ([A,C], [B,D]) ⩾ C0 · |A−B| , (1)
where C0 > 0 is some constant depending only on δ∗ and d(D ′).

Recall that, a Borel function ρ : Rn → [0,∞] is called an admissible for a family Γ of paths γ in
Rn, if the relation ∫

γ

ρ(x) |dx| ⩾ 1 (2)

holds for any locally rectifiable path γ ∈ Γ. A modulus of Γ is defined as follows:

M(Γ) = inf
ρ∈ admΓ

∫
Rn

ρn(x) dm(x) . (3)

The following statements hold.
Corollary 2. Let, under conditions of Theorem 1, Γ denotes the family of all paths joining the
segments [A,C] and [B,D] in D ′. Then

M(Γ) ⩽ m(D ′)

Cn
0

· 1

|A−B|n
, (4)

where M is the modulus of families of paths defined in (3), m(D ′) denotes the Lebesgue measure of
D ′, and C0 is a constant in (1).
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Corollary 3. Let, under conditions of Theorem 1, Γ denotes the family of all paths joining the
segments [A,C] and [B,D] in D ′. Then

M(Γ) ⩾ c̃n · log
(
1 +

3δ∗
8|A−B|

)
, (5)

where M is the modulus of families of paths defined in (3), c̃n > 0 is some constant depending only
on n and D ′.
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