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We construct direct systems of Minkowski, Davis and Chebyshev-Cohn balls and domains, direct
systems of their critical lattices and calculate their direct limits. By (general) Minkowski balls we
mean (two-dimensional) balls in R2 of the form

Dp : |x|p + |y|p ≤ 1, p ≥ 1. (1)
From the proof of Minkowski’s conjecture [1, 2, 3, 4, 5, 8] in notations [8, 9] we have next expressions

for critical determinants and their lattices:
Theorem 1. (1) ∆(Dp) = ∆

(0)
p = ∆(p, σp) =

1
2σp, 2 ≤ p ≤ p0;

(2) σp = (2p − 1)1/p,

(3) ∆(Dp) = ∆
(1)
p = ∆(p, 1) = 4

− 1
p
1+τp
1−τp

, 1 ≤ p ≤ 2, p ≥ p0,

(4) 2(1− τp)
p = 1 + τpp , 0 ≤ τp < 1,

here p0 is a real number that is defined unique by conditions ∆(p0, σp) = ∆(p0, 1), 2, 57 < p0 <
2, 58, p0 ≈ 2.5725

For their critical lattices respectively Λ
(0)
p , Λ

(1)
p next conditions satisfy: Λ

(0)
p and Λ

(1)
p are two Dp-

admissible lattices each of which contains three pairs of points on the boundary of Dp with the property
that (1, 0) ∈ Λ

(0)
p , (−2−1/p, 2−1/p) ∈ Λ

(1)
p ,

Denote by V (Dp) the volume (area) of Dp.

Proposition 2. The volume of Minkowski ball Dp is equal 4
(Γ(1+ 1

p
))2

Γ(1+ 2
p
)
.

Proof. (by Minkowski). Let xP + yp ≤ 1, x ≥ 0, y ≥ 0. Put xp = ξ, yp = η.

V (Dp) =
4

p2

∫∫
ξ

1
p
−1

η
1
p
−1

dξdη, (2)

where the integral extends to the area
ξ + η ≤ 1, ξ ≥ 0, η ≥ 0.

Expression (2) can be represented in terms of Gamma functions, and we get

V (Dp) = 4
(Γ(1 + 1

p))
2

Γ(1 + 2
p)

.

□

We consider balls of the form
Dp : |x|p + |y|p ≤ 1, p ≥ 1,

and call such balls with 1 < p < 2 Minkowski balls. Continuing this, we consider the following classes
of balls and circles.

• Davis balls: |x|p + |y|p ≤ 1 for p0 > p ≥ 2;
• Chebyshev-Cohn balls: |x|p + |y|p ≤ 1 for p ≥ p0;
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Let D be a fixed bounded symmetric about origin convex body (centrally symmetric convex body
for short) with volume V (D).
Proposition 3. [6]. If D is symmetric about the origin and convex, then 2D is convex and symmetric
about the origin.
Corollary 4. Let m be integer m ≥ 0 and n be natural greater m. If 2mD centrally symmetric convex
body then 2nD is again centrally symmetrc convex body.
Proof. Induction.

We consider the following classes of balls (see above) and domains.
• Minkowski domains: 2mDp, integer m ≥ 1, for 1 ≤ p < 2;
• Davis domains: 2mDp, integer m ≥ 1, for p0 > p ≥ 2;
• Chebyshev-Cohn domains: 2mDp, integer m ≥ 1, for p ≥ p0;

Proposition 5. Let m be integer, m ≥ 1. If Λ is the critical lattice of the ball Dp than the sublattice
Λ2m of index 2m is the critical lattice of the domain 2m−1Dp.
The direct system of Minkowski balls and domains has the form (3), where the multiplication by 2

is the continuous mapping
Dp

2−−−−→ 2Dp
2−−−−→ 22Dp

2−−−−→ · · · 2−−−−→ 2mDp
2−−−−→ · · · (3)

The direct system of critical lattices has the form (4), where the multiplication by 2 is the homo-
morphism of abelian groups

Λp
2−−−−→ 2Λp

2−−−−→ 22Λp
2−−−−→ · · · 2−−−−→ 2mΛp

2−−−−→ · · · (4)
In our considerations we have direct systems of Minkowski balls, Minkowski domains and direct

systems of critical lattices with respective maps and homomorphisms. Let Q2 and Z2 be respectively
the field of 2-adic numbers and its ring of integers. Denote the corresponding direct limits by Ddirlim

p

and by Λdirlim
p .

Proposition 6. Ddirlim
p = lim−→ 2mDp ∈ (Q2/Z2)Dp = (

∪
m

1
2mZ2/Z2)Dp.

Proposition 7. Λdirlim
p = lim−→ 2mΛp ∈ (Q2/Z2)Λp = (

∪
m

1
2mZ2/Z2)Λp.
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