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The Fredholm and semi-Fredholm theory on Hilbert and Banach spaces started by studying the in-
tegral equations introduced in the pioneering work by Fredholm in 1903 in [5]. After that, the abstract
theory of Fredholm and semi-Fredholm operators on Hilbert and Banach spaces was further developed
in numerous papers and books such as [1], [2] and [14]. In addition to classical semi-Fredholm theory
on Hilbert and Banach spaces, several generalizations of this theory have been considered. Breuer for
example started the development of Fredholm theory in von-Neumann algebras as a generalization
of the classical Fredholm theory for operators on Hilbert spaces. In [3] and [4] he introduced the
notion of a Fredholm operator in a von Neumann algebra and established its main properties. On
the other hand, Fredholm theory on Hilbert C∗-modules as another generalization of the classical
Fredholm theory on Hilbert spaces was started by Mishchenko and Fomenko. In [13] they introduced
the notion of a Fredholm operator on the standard Hilbert C∗-module and proved a generalization
in this setting of some of the main results from the classical Fredholm theory. In [6], [7], [8], [9] and
[10] we went further in this direction and defined semi-Fredholm and semi-Weyl operators on Hilbert
C∗-modules. We investigated and proved several properties of these new semi- Fredholm operators
on Hilbert C∗-modules as a generalization of the results from the classical semi-Fredholm theory on
Hilbert and Banach spaces. The interest for considering these generalizations comes from the theory
of pseudo differential operators acting on manifolds. The classical theory can be applied in the case
of compact manifolds, but not in the case of non-compact ones. Even operators on Euclidian spaces
are hard to study, for example Laplacian is not Fredholm. Kernels and cokernels of many operators
are infinite dimensional Banach spaces, however, they may also at the same time be finitely generated
Hilbert modules over some appropriate C∗-algebra. Similarly, orthogonal projections onto kernels and
cokernels of many bounded linear operators on Hilbert spaces are not finite rank projections in the
classical sense, but they are still finite projections in an appropriate von Neumann algebra. Therefore,
many operators that are not semi-Fredholm in the classical sense may become semi-Fredholm in a
more general sense if we consider them as operators on Hilbert C∗-modules or as elements of an ap-
propriate von Neumann algebra. Hence, by studying these generalized semi-Fredholm operators, we
get a proper extension of the classical semi-Fredholm theory to new classes of operators.
Now, Kečkić and Lazović in [12] established an axiomatic approach to Fredholm theory. They

introduced the notion of a finite type element in a unital C∗-algebra which generalizes the notion of
the compact operator on the standard Hilbert C∗-module and the notion of a finite operator in a
properly infinite von Neumann algebra. They also introduced the notion of a Fredholm type element
with respect to the ideal of these finite type elements. This notion is at a same time a generalization
of the classical Fredholm operator on a Hilbert space, Fredholm C∗-operator on the standard Hilbert
C∗-module defined by Mishchenko and Fomenko and the Fredholm operator on a properly infinite von
Neumann algebra defined by Breuer. The index of this Fredholm type element takes values in the
K-group. They showed that the set of Fredholm type elements in a unital C∗-algebra is open in the
norm topology and they proved a generalization of the Atkinson theorem. Moreover, they proved the
multiplicativity of the index in the K-group and that the index is invariant under perturbations of
Fredholm type elements by finite type elements.
In this talk we will present the results from [11] regarding semi-Fredholm theory in unital C∗-algebras

as a continuation of the approach by Kečkić and Lazović on Fredholm theory in unital C∗-algebras. We
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will introduce the notion of a semi-Fredholm type element and a semi-Weyl type element with respect
to the ideal of finite type elements and obtain a generalization in this setting of several results from the
classical semi-Fredholm and semi- Weyl theory of operators on Hilbert spaces. The motivation for this
research is not only developing an abstract, axiomatic semi-Fredholm theory in unital C∗-algebras,
but also deriving an extension of Breuer‘s Fredholm theory to semi-Fredholm and semi-Weyl theory
in properly infinite von Neumann algebras by applying our results to this special case. In the first
part of the talk we will present the results in abstract semi-Fredholm theory and semi-Weyl theory in
unital C∗-algebras, whereas in the second part of the talk we will focus on the applications of these
results to the concrete case of properly infinite von Neumann algebras.

REFERENCES
[1] P. Aiena, Fredholm and Local Spectral Theory, with Applications to Multipliers, Kluwer (2004), ISBN 978-1-4020-2525-9
[2] P. Aiena, Fredholm and Local spectral Theory II, Lecture Notes in Mathematics, 2235, (2018), ISBN 978-3-030-02266-2
[3] M. Breuer, Fredholm theories in von Neumann algebras. I, Math. Ann. 178, 243–254 (1968).

https://doi.org/10.1007/BF01350663
[4] M. Breuer, Fredholm theories in von Neumann algebras. II, Math. Ann. 180, 313–325 (1969).

https://doi.org/10.1007/BF01351884
[5] E. I. Fredholm, Sur une classe d’equations fontionnelles, Acta Math. 27 (1903), 365–390.
[6] S. Ivković, Semi-Fredholm theory on Hilbert C*-modules, Banach J. Math. Anal., 13 (4) , 989-1016 October (2019)

doi:10.1215/17358787-2019-0022. https://projecteuclid.org/euclid.bjma/1570608171
[7] S. Ivković, On operators with closed range and semi-Fredholm operators over W*-algebras, Russ. J. Math. Phys. 27,

48-60 (2020) http://link.springer.com/article/10.1134/S1061920820010057
[8] S. Ivković, On various generalizations of semi-A-Fredholm operators, Complex Anal. Oper. Theory 14, 41 (2020).

https://doi.org/10.1007/s11785-020-00995-3
[9] S. Ivković, On Upper Triangular Operator 2× 2 Matrices Over C*-Algebras, FILOMAT, (2020), vol. 34 no. 3, 691-706.

https://doi.org/10.2298/FIL2003691I
[10] S. Ivković, On Drazin invertible C*-operators and generalized C*-Weyl operators, Ann. Funct. Anal. 14, 36 (2023).

https://doi.org/10.1007/s43034-023-00258-0
[11] S. Ivković, Semi-Fredholm theory in C*-algebras, https://arxiv.org/abs/2002.04905
[12] D. J. Kečkić, Z. Lazović, Fredholm operators on C*-algebras. ActaSci.Math. 83 , 629-655 (2017).

https://doi.org/10.14232/actasm-015-526-5
[13] A. S. Mishchenko, A.T. Fomenko, The index of eliptic operators over C*-algebras, Izv. Akad. Nauk SSSR Ser. Mat. 43

(1979), 831–859; English transl., Math. USSR-Izv.15 (1980) 87–112.
[14] S. C. Živković Zlatanović, An Introduction into Fredholm Theory and Generalized Drazin-Riesz Invertible Operators,

20 (28), pp. 113–198, Matematički institut SANU, Beograd (2022). ISSN: 0351-9406


	References

