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The main purpose of this talk is to discuss about the membership in Hölder classes for (p, q)-
harmonic functions u = Kp,q[f ] such that their boundaries functions f ∈ Λβ(T).

Consider the second order partial differential operators, studied in [2], of the form
Lp,q := (1− |z|2)∂∂ + pz∂ + qz∂ − pq, z ∈ D, (1)

where p, q are real parameters. We say that a function u is (p, q)-harmonic if u is twice continuously
differentiable in D and Lp,qu = 0.
Let consider the associated Dirichlet boundary value problem of functions u, satisfying the equation

Lp,qu = 0,
Lp,qu = 0 in D,

u = f on T. (2)
For p, q ∈ R\Z− such that p+ q > −1, the (p, q)−harmonic Poisson kernel is defined by

Kp,q(z) = cp,q
(1− |z|2)p+q+1

(1− z)p+1(1− z)q+1
, cp,q =

Γ(p+ 1)Γ(q + 1)

Γ(p+ q + 1)
,

where Γ is the Gamma function.

The Solution of (2) has the following (p, q)-harmonic integral representation of f ∈ L1(T) which
defined by

u(z) = Kp,q[f ](z) :=
1

2π

∫ 2π

0
Kp,q(ze

−iθ)f(eiθ)dθ, z ∈ D. (3)

Remark that if p = q = 0, then the solution u is the classical harmonic function.

Let us recall the notion of ”Hölder” continuity
Definition 1. For a bounded subset E of the complex plane, let ω be a majorant, i.e., a continuous
increasing function on [0,∞) such that ω(0) = 0 and ω(t)/t is non-increasing for t > 0. For a real or
complex valued function f on E we write f ∈ Λω(E) if there is a constant C > 0 such that

|f(z1)− f(z2)| ≤ Cω(|z1 − z2|), z1, z2 ∈ E.

If ω(t) = tβ , the class is simply denoted by Λβ(E) which is commonly referred to as the Hölder
class for the set E of order β ∈ (0, 1].
The following growth estimate is useful.
Lemma 2. [3] Let u ∈ C1(D) and ω be a majorant satisfying the Dini condition, that is,

ω̃(x) :=

∫ x

0

ω(t)

t
dt < ∞, x > 0.

If f satisfies |∂u(z)|+ |∂u(z)| ≤ C ω(1−|z|2)
1−|z|2 for all z ∈ D, then u ∈ Λω̃(D).

As a consequence of the previous result we get the first main result
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Theorem 3. [1] Let p+ q > 1 and 0 < β ≤ 1. Let f ∈ Λβ(T) and set u = Kp,q[f ]. It yields
(1) If p+ q ̸= β − 1, then u ∈ Λmin{β,p+q+1}(D).

(2) If p+ q = β − 1, then u ∈ Λωβ
(D), where ωβ(t) := tβ

(
1− log(t)

)
.

In particular u ∈
∩

0<α<β

Λα(D).

In particular, for β = 1, and −1 < p + q < 0, we have u ∈ Λp+q+1(D) and we provide an example
where u /∈ Λ1(D). This example shows the failure of the stability of Lipschitz continuity in the case
p + q < 0, i.e we provide new examples of functions f ∈ Λ1(T) such that u = Kp,q[f ] ̸∈ Λ1(D), when
p+ q ∈ (−1, 0]. For more details we refer the reader to [1].

Example 4. [1] Let consider two cases:

• The case −1 < p+ q < 0: let k ∈ Z,

uk(z) :=
1

2π

∫ 2π

0
Kp,q(ze

−iθ)eikθdθ, z ∈ D.

• The case p+ q = 0 and p ̸= 0: let

u0(z) :=
1

2π

∫ 2π

0
Kp,q(ze

−iθ)dθ = cp,qF (−p,−q; 1; |z|2), z ∈ D.

where F is the Gaussian hypergeometric function. Through these two case we can prove that one of
the partial derivative of uk (resp. u0) is not bounded, which leads to uk ̸∈ Λ1(D) (resp. u0 ̸∈ Λ1(D) ).
Definition 5. A sense-preserving diffeomorphism u is said to be K−quasiconformal, if

|∂u(z)|+ |∂u(z)|
|∂u(z)| − |∂u(z)|

≤ K,

throughout the given region Ω, where K ∈ [1,∞) is a constant.
Under an extra condition, we preserve the same order of f and u.
Theorem 6. [1] Let p+ q > 1 and 0 < β ≤ 1, f ∈ Λβ(T) and set u = Kp,q[f ], be a K-quasiconformal
mapping. Then u ∈ Λβ(D).
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