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Let (M,ρ) be a locally compact separable metric space. By a continuous flows of mappings of M
we will understand a family (θs,t)−∞<s≤t<∞, such that

• for all s ≤ t θs,t : M → M ;
• for all (s, x) ∈ R×M the mapping t 7→ θs,t(x) is continuous and satisfies θs,s(x) = x;
• for all r ≤ s ≤ t θs,t ◦ θr,s = θr,t.

If (θs,t)−∞<s≤t<∞ is a continuous flow of mappings of M and D = {(sn, xn) : n ≥ 1} is a countable
dense set in R × M, then one can consider a sequence of continuous functions Φn(t) = θsn,t(xn),
t ∈ [sn,∞), with the property

max(sn, sm) ≤ s,Φn(s) = Φm(s) ⇒ Φn|[s,∞) = Φm|[s,∞) (1).

We are interested in the problem of recovering the flow (θs,t)−∞<s≤t<∞ from the sequence of continuous
functions (Φn)n≥1, Φn ∈ C([sn,∞),M), that satisfy (1). Such problem naturally arises in the theory
of stochastic flows. For example, if θs,·(x) denotes the solution of the stochastic differential equation

dX(t) = a(X(t))dt+ b(X(t))dW (t), X(s) = x, (2)

whereW is a Brownian motion and a and b are continuously differentiable functions bounded together
with their derivatives, then for all r ≤ s ≤ t and x ∈ M, θs,t(θr,s(x)) = θr,t(x) almost surely. However,
the equality θs,t ◦ θr,s = θr,t may not hold simultaneously for all r ≤ s ≤ t. This fact limits the
possibility to apply the dynamic systems technique to the study of stochastic flows. The usual way to
deal with this issue is to consider solutions of (2) for some dense sequence of initial values (sn, xn) and
define solutions for other initial values by a limiting procedure. This strategy works well for stochastic
flows of solutions to stochastic differential equations with sufficiently regular coefficients [1]. However,
a lot of important stochastic flows are either generated by singular stochastic differential equations, or
are not generated by stochastic differential equations at all [2]. This motivates the general question of
a possibility to extend a sequence of continuous mappings (Φn)n≥1 that satisfies (1) to a continuous
flow (θs,t)−∞<s≤t<∞ of mappings of M in the sense that Φn(t) = θs,t(Φn(s)), sn ≤ s ≤ t.
Our main result is the following. Assume that (Φn)n≥1 is a sequence of continuous mappings,

Φn ∈ C([sn,∞),M), that satisfies (1) and is such that the sequence ((sn,Φn(sn)))n≥1 is dense in
R×M, and for every compact L ⊂ R×M the set{

Φn|[s,∞) : sn ≤ s, (s,Φn(s)) ∈ L
}

is relatively compact with respect to the topology of uniform convergence on bounded intervarls.
Consider sets Ks,t

x =
∩

ε>0 {Φn|[s,t] : sn ≤ s, ρ(Φn(s), x) ≤ ε}, and let
E = {(s, x) ∈ R×M : ∀t > s Ks,t

x contains at least two distinct functions}.
Assume that F is a closed subset of R×M, such that E ⊂ F.

Theorem 1. Let (θs,t : −∞ < s ≤ t < ∞) be a family of mappings of M. Define
σs
x = inf{t > s : θs,t(x) ∈ F}.

Assume that
• for all t ∈ (s, σs

x), θs,t(x) ∈ Ks,t
x ;

• if sn ≤ s ≤ t, then θs,t(Φn(s)) = Φ(t);
• if σs

x ≤ t, then θσs
x,t(θs,σs

x
) = θs,t(x);
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• if t > σs
x, and θs,t(x) ∈ F, then there exists n ≥ 1, such that sn ≤ t and θs,·(x)|[t,∞) = Φn|[t,∞).

Then for all r ≤ s ≤ t θs,t ◦ θr,s = θr,t.

We will give applications of the theorem to analogues of Arratia and Burdzy-Kaspi flows on metric
graphs.
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