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INTEGRALS

Anatolii Serdyuk
(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: serdyuk@imath.kiev.ua

Igor Sokolenko
(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: sokol@imath.kiev.ua

Let L,, 1 < p < oo, and C be the spaces of 2m—periodic functions with standard norms || - ||z, and
|| - ||c, respectively.
Denote by Cg’p, 1 < p < 00, the set of all 2r-periodic functions f, representable as convolution
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with a fixed generated kernel W5 € Ly, 1 /p+1/p’ =1, the Fourier series of which has the form
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A function f in the representation (fll) is called (1, 3)-integral of the function ¢ and is denoted by 7. g) ®
(f = jgcp). If (k) # 0, k € N, then the function ¢ in the representation (fl) is called (¢, 3)-derivative
of the function f and is denoted by fg (o= f;—p) The concepts of (1, 3)-integral and (v, 3)-derivative
was introduced by Stepanets [1]. Since ¢ € L, and Wz € Ly, then the function f of the form () is a
continuous function, i.e. Cw C C (see [, Proposition 3.9.2.]).

In the case By =3, B € lR the classes C”/’ are denoted by C’g’p.

For (k) = k~",r > 0, the classes pr and C’w are denoted by ng and Wﬁp, respectively.
The classes W} , are the well-known Weyl-Nagy classes (see [L]). In other words, Wj 1 < p < oo,
are the classes of 2m-periodic functions f, representable as convolutions of the Weyl Nagy kernels

8(t) = Zk cos(kt——),r>0 B € R, with functions ¢ € B).

Ifr e N and f = r, then the functions B, g are the well-known Bernoulli kernels and the corre-
sponding classes Wg, coincide with the well-known classes W, which consist of 2r-periodic functions
f with absolutely continuous derivatives f*) up to (r—1)-th order inclusive and such that || f("]|, < 1.

For (k) = e~ a > 0, r > 0, the classes Cw and Cw are denoted by Co"r and C’a’r respectively.

The sets C5 ; are well-known classes of the generahzed Po1sson integrals [1], i. e classes of convolutions
with the generahzed Poisson kernels
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Further, let K be a convex centrally symmetric subset of C' and let B be a unit ball of the space
C. Let also Fy be an arbitrary N-dimensional subspace of space C', N € N, and .Z(C, Fx) be a set
of linear operators from C to Fy. By Z(C, Fy) denote the subset of projection operators of the set
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Z(C, Fy), that is, the set of the operators A of linear projection onto the set Fi such that Af = f
when f € Fy. The quantities
bn(K,C) = sup sup{e >0:eBNFny1 C K},
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are called Bernstein, Kolmogorov, linear, and projection N-widths of the set K in the space C,
respectively.
The results containing order estimates of the widths by, dny, Ay or m in the case of K = C’qf’p (and,
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in particular, Ws, and Cgp) can be found, for example, in the monographs of Tikhomirov, Pinkus,
Kornejchuk, Romanyuk, Temlyakov etc.

Theorem 1. Let = {Bie}i2 B €R, >0, 7>1,neN and be such that
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then the following inequalities hold
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Theorem 2. Let B = {B:}%2,,8: €R, a >0, r > 1, n € N and the condition (E) is satisfied. Then
as n — oo the following asymptotic equalities hold
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where Py is any of the widths by, dn, AN or TN and Yo, pn 15 defined by (@) and O(1) are the quantities
uniformly bounded in all parameters.

Note that the Theorem E complements the results of the works of Shevaldin (1992), Stepanets
and Serdyuk (1995), Serdyuk (1999), Serdyuk and Sokolenko (2011), Serdyuk and Bodenchuk (2013),
which contain exact estimates for the widths of the classes of convolutions with classical or generalized
Poisson kernels.
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