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FIX a prime number p.

Notation

For an abelian group G whose p-torsion subgroup Is a finite group,

let e(G) denote the p-exponent of the order of the p-torsion
subgroup.

Example

e e(ZIp*Z) =2
e e(Z P ZIp°7) =3



Historical backgrounds

For each number field &, an abelian group called
an |deal class group Ci(k) I1s defined.

The finite number hk) := #CIl(k) IS
an Important algebraic invariant called the class number of %.

Theorem [Kummer, 1847]
Let £, denote a p-th root of unity. It p # 2 and p + K(Q())).

then The Fermat Last Conjecture holds for n = p.




Theorem(lwasawa’s class number formula) [lwasawa, 1959]

Let k/k be a 7 -extension and k,, be the subfields corresponding to the
subgroups p"Z, of Z,. Then there exist u,1 € Z,,and v € Z, depending
only on k_/k, such that

e(Cl(k,n) = pup" + An + v

for sufficiently large n.

Example
ki=Q(,) C Q) CQEp C ... | AL, = kg

n>1




A closed connected orientable 3-manifold M is called a
rational homology 3-sphere(QHS") if H(M, Q) ~ H(S>,Q) for all i > 0.

Theorem [Hillman-Matel-Morishita, 2006]. [Kadokami-Mizusawa,

2008]. [Ueki, 2017]
Let L be a link in a QHS® M. Let M,, - M be a compatible system

of Z/p"Z-covers branched along L. Suppose every M, is a QHS".
Then there exist u,1 € Z,, and v € Z, depending only on M, — M

and p, such that
e(H\(M,,)) = up" + An + v tor sufficiently large n.



Theorem [Cuoco-Monsky, 1981]

| et k. /k be a Zj-extension and &, be the

subfields corresponding to the subgroups
(p"Z,)" of 7. Then there exist some u, 1 € Z,,

depending only on k_/k, such thatw /\
e(Cl(k,)) = (up™ + An+ O(1))p@=bm
where O I1s the Bachmann-Landau notation.




Our main results

Let (M, L) be a pair of a QHS? and a link.
Put X := M — N(L), where N(L) IS an open
tubular neighbourhood of L.

| et X _ — X be a z%cover. Let X, be the

subcovers corresponding to (nZ)?. Let M,
pbe the Fox completions of X .



let W:={¢eC | =1for some n >0} and

et Az, ...,1) € Z[t, ..., 7] denote the Alexander polynomial
of X_ — X, which is corresponding to characteristic
polynomials in lwasawa theory.

Main result 1
Suppose that A(t,, ...,t,) does not vanish on (W\{1})“. Suppose

each M, is a QHS". Then there exist u, 1 € Z,,, depending only
on X_ — X and p, such that

e(H|(M,,)) = (up" + An + O(1))p“=".



M is called an integral homology 3-sphere(ZHS?) if H(M, Z) ~ H(S", Z)
for all i > 0.

Main result 2
Suppose that M is a ZHS’, L consists of d components, and

A, (t,...,t,) does not vanish on (W\{1})% Then there exist u, 1 7
and w,_{,...,41, 4,1, ..., A4, v € Q, depending only on L and p, such that

e(H(M,,)) = up™ + anp' " + g p=D" + Ay inp' "+ L+ pp"+ An+ v

for sufficiently large n.



Remark
We have

M is QHS «<H,(M) is finite

M is ZHS —H,(M) =0

Hence

S° € {ZHS’} c {QHS"} .

(Q € {num. fields with hA(k) =0} c {num. fields})



Exa m Ie @ 2k c;“(.);sings /@
S . )

Let d =2 and M := $3. For the twisted
Whiteheaad link L := W, ,, using a result

of Porti. we obtain
| H, (Mpn) | = p(kP”+2n—2k)p”—2n+2k |



Definition of lwasawa invariants
Let A, :=2Z[, ..., 1and A :=Z T, ..., Ty1]. We have an embedding

A, & 1@(2/19"2)[52/?”2, PP~ Asending Ay 35> 1+ T, €A,

n

Let A+ T4,...,1+T) € A be the Alexander polynomial. Then there
exist unique F, € A and u € Z,, such that A = p#F,and p t F,

Let F, .= F,mod p in (Z/pZ)[[T, ..., Tl

Let A be the number of polynomials of the form (1 + 7)) ---(1 + T )"« — 1
with p } r. (3i) that divides F,,



Example P

A(T+X1+Y)=2XY=2((1+X) - D1 +Y)=1).
Hence A =2. Moreover, u=11t p =2.

ZaoN
f L = 67, then (N~

A(1+X1+Y)=XY? 4+ 2X?Y 4+ 2XY* + X? +5XY + Y+ 3X +3Y +3

=((1+X)(1+Y)—1)” mod3.Hence1=2if p=3.




We made a complete table of ¢ and 1 invariants.

0 0
2 ‘+ XY +3X+Y +2 ,
: i XV X4 6X T XV TV AR 0| 2ifp=2
I Y +10X°% +8X2Y +10X? +4XY +5X 0 lifp=2 5 X3Y? 4+ 2X°%Y 4+ 3X°Y? +
- | 3 | o2 X° +2XY +5X% +6X3Y + TTp=3 92, +9XY +4Y2 +6X +6Y +4 0 0
[Tink | Alexander polynomial of AL(1+ X, 1+Y,...) 0 Tifp=2 AR 2y 43Xy 0 2 if not SRS EP LD LI LILT : :
2 2 3Y +3X2%Y +3 ifp=2 3 -XYZ
L §§+X+Y+2 g b Al i 2X3 AX?Y +5X%+3XY +3X +Y +2 8 i;§2=2 2§ —XYZ_XY_XZ_YZZ_X_Y_Z - :
5 “3+-3X 43V +3 2. | 2X° + -X+Y + — 2 2
CRBULED.GEPI LD I e T3 0 . o XT 4 IXTY T EXT y 2XV 13X 1V 12 Lif p =2 2 W [ XVZ1VZ TYZ — XY2Z — X2V + XY? —X2Z —3XYZ - X2 +Y 0 0
68 | XY T XY? + X2 1 3XY + Y2 13X 137 1 0 0 N7 X3Y 7 2X2Y 1 2XY TSN EXY 0 g3 | —X2Y?Z-2X N ,
0 2 2 2 - _ 2Y - )
6 [oXV+ X7V +2 0 s XTY + X3Y2 § 5X3Y + 2X2Y2 + X3 1 8X2Y + 2XYZ + 0 L | 2xz-ax + XY2Z 1 2X%Y 7 oXV2 F X2Z T oXVZ 1 V2 Z 7 X 0 0
7% X2Y2+ X2Y + XY2+ XY - X —-Y -1 0 0 92 . , s | X2Y2 4+ X2YZ + T o O ———
7% X2YVZ F X2Y + XY2 4+ 3XY + X+ Y +1 lifp=2 f2 5 19 +%X-;;3-;+2X2Y2 FAXS FTX2Y +2XY2 +7X2 +6XY + Y 0 0 85 +4XY+Y2+)2();Z+YQZY )—{(— 2 0 3ifz_2
5 difp= X+ 83 | XYZ-XY-XZ-YZ-X-Y - S 2XY T axE2 0 e
73 | 2XY 0 2 if not 9% | 16X +3Y +3 Y2+ X3 3 8X2Y 7 2XY2 1 2X2 0 0 T XY 12XV Z + X3 43Xy ¥ XPZ 12XV Z T AX 1 if not
72 X3Y +2X2Y +2XY 0 lifp=2 X3Y? 4+ XY +3X°Y? +5X3%Y +4X?%Y? + 83 14X 0 4if p=2
4 2 - .
Y192 9 Y +1 . - 2 2 3 if not
. : 1ifz—2 - }%i;ifyh;l+5de+4X2Y2+4X‘+10X2Y+3XY i 0 0 88 | X3Y3Z2 + X3YZ + XY?Z +2XYZ - -
2 °Y + X°Y + XY — 2 o= 5 Z
;g §3Y+X3+3X2Y+3X2+3XY+3X+Y+2 0 B 922 +8XY+Y24;6X +Y:§Y §;2Y+3xyz XZ-Y?-3X-3Y -2 0 ;fip § 82 X2Y2Z+X2YZ+XY222”;3X2))/£/;FZX22}¥)'/Z:F2X}/2_XZZ_4XYZ—Y22 0 1
z 2 3 Y*+ XY? + - 0 'p= 2y27 - X?2Y?2 - 2X?%Y Z - -
3 2 10XY 0 2. | X°Y +2X P 3 - ~XAY4Z - X
g i(cgfyf*+3Y3Y7+3XZYT+3X3Y+9X2YZ+3xys+2x A ! Z%J 3XTY? +3X%Y +3XY  + X* +7XY + Y +3X +3Y + 0 4if p=2 83 _X2_4xy_y2—2xz_2YZ‘22X _X2‘~’Y+_Y§+2YZ—2X 0 0
8 3 2 +13XY +4Y2 +9X 4+ 6Y +4 5 24 : 2 if not T XY + XY2 F XY Z 1 Y27 =
1 ;gy:%y’;’+xy3+x3+4xzy+4xy2+Y3+4X2+7XY 0 92, | X3Y —2X?%Y - 2XY 0 lifp=2 83 fzyyiz 0 3
82 246X +6Y +4 0 0 YW X3 X?2Y - X2y XY +3X+Y +2 1ifp=3 5 3ifp=2
2 | 44Y ;6 4; XY2 X2 XY Y2 13X +3V +3 ) . - 9% | X°Y -X 0 2 if not 83 | XYz . . 3X2YZ + X3 +3X2Y + 3X2Z +2XYZ + 4X 0 1 tf nok
]2 2X%Y? +3X°Y +3 3 SHTX2Y +7XY?2 +Y 0 3ifp=2 . XYZ+ XY +X°Z+
3 X3Y2 + X2Y3 +2X3Y +4X2Y2 + 2XY3 + X3+ 7 92. | 2X3Y +3X?2Y +3XY 0 lifp=2 83, 1OXY 4+ 2XZ + 4X 0 0
81 | 14X2 £ 10XY 4+ 4Y2 4 6X 16V + 4 0 = s | X°Y —X3-X?Y -3X?-XY -3X-Y -2 0 0 B | XY2Z+ XYZ+X2Y —XY2-XZ-YZ-Z — - 0
8 | X2YZ—X?_—XY-Y2-3X_—-3Y -3 . “fﬁ:z O3 2X'Y - 5X%Y - 6X°Y - 3XY +1 0 0 Sk XzYz2+X2yz+X2Y—XY2+22XYZ+XZ+;2+}Y+XZ ; ;
G 3XY+X+YJ;<2 Y -1 - 0 339 _X3Y+2X:"+X2Y“LSX:HL:;)“LYY+2 0 2 A YV Z - XV Z- X T XY T XPZ - XVZ =
7 | XY - XY-X-Y— —— 30 1 3 2X4Y + X 2 9 _ Y+2Z 3
gg XY +XY+X+Y+1 . ““2_2 951 X;¥Y++3§2));i§()§’y+ 8 2 3 ;§5+))((3;+2X2YZ+X3+2X2Y+2XZZ+2XYZ+X +2XY 0 0
5 o Ya X+Y +2 0 9: 2 3
2 | X% _9ox%y X413 i 32 9 X+Y+2Z
829 = 0 lifp=2 92, 2X3Y+X2Y+XY3 T30y 1 2X2Y2 5 oX2Y + XV — X2 - oX 0 0 4 +22XZ+YZ;'2+2XYZ_Y2Z+X2_Y2 —-2YZ+2X -2Y 0 0
250 XY + X3 -X?Y +3X?2 - XY +3X +Y +2 0 4 s | X3YZ 4+ XTY +2X3Y? +3X3Y + 93 | XYZ+XY
1| — 2 9: . ) 5 -Z ] 2_Y4“-2YZ 0
82, | X°Y , g =2 ‘34 _ZYZ:_X‘,Y+2X3y2+3x3y+2X2Y2+4X2Y+XY2+X +4XY 0 0 X2Y2Z+ X2YZ+ X2Y —XY2+ XYZ-Y2Z+ X 0 | !
3 3 X° -XY 4+3X*-XY +3X + 0 3B | 42X +Y +1 1ifp 3ifp=23
8%4 §YY+ 0 lifp=2 32 2X3Y + 2X2Y + 2XY 0 4ifp=2 97 | 2XYZ-YZ+X-Y—-2Z g 12§)f;0t,
81s 2 36 ) 2 if not 2 2 XYZ
86 _de_X}ﬁ}%g{f;x?fjrgsy+4X2Y"’+XY3+X2Y+XY2‘X2 0 0 92. | XOY +3X4Y +5X3Y +4X2Y +2XY 0 Lif p=2 9 | XY +2XYZ+2X7Y + 0 3
X3y +2 37 3 2 XY Z 0 5
oF —2XY — Y2 —-3X -3y -2 ToXT XY —VZ_3X —37 0 0 92 2X3Y+X2Y+X2+2XY4;3X+Y2;22_3X3_7X2y_3XY2—4X2 0 0 | XY 2o Vg
5 X3Y+X2Y2+XY3+2X Y +2XY~* — 5 38 —X3Y —2X9Y% — X4 —4X°Y —4X 9"'1;0 X2Y2Z XY Z Y2Z+X2—Y2—8XZ—10YZ+2X—2Y 0 0
2 7 — -
%2 | - ) " g - | x 2 9 | _axy-v?_ax-v 3 X2 4+4X°Y + XY* +7X~ 0 2ifp=3 93 | XV 0 5
92 2X2Y2+2X2Y+2XY +3XY = > 5XY2+5XY 0 . X4Y2+2X4Y+X3Yz+X4+5X Y+4 11 -9Z 0
9 | X773 X7¥? 1 XY 1 6XYT 4 XVO 1 EXY 0 421f'fp=t2 % | 14XY +Y? 46X +3Y +3 0 4ifp=3 9, | X°YZ Y2 XY Z+ XY2Z+ XY + XY2-XZ-YZ -2 0
4 1I Nno .
92 | X3Y +2X2Y2 + XY3 +4X2Y +4XY?2 +4XY ; ; X3Y3 4+ 2X3Y2 4 X2V3 4 X3Y 4 5X2Y2 4+ 3X2Y +3XY2 + 3XY 2 if not 93, iz}}izgiﬁz}a1X2YZ+XY22+X2Y+XYz+2XYZ+XZ+YZ 0 0
5 3_2X2%Y —2XY2+ X2+ XY 0 lifp= 9" 3
> | —X3Y2 — X2Y3 — X3Y — 3X2Y2 — XY3 — 2X2Y 11 XY2 XY + X0V2 7 2X%Y — X2V — X2 —2XY —2X -V 0 0 914 +Z 1 2y +2X2Z + X2+ 2XY +2XZ+YZ 0 0
96 +Y2+3X +23)/3+2)(3Y 2X2Y2 — XY3 - X2Y — XY2 + X2 +2XY 0 lifp=2 9‘212 ) 0 11fp=2 o3 X3Y+X3§+X 4+ 2X +
=R e TN B a . 1 3 TI5X +Y +2 ifp=2 38 | XY 4 T “XZ-YZ 0 0
‘ 0X% +10X7% + 14if p : T ANV Z + XZ XY
92 mese g TR 0 0 o7 [ X5 5XT 41 5 el o s | —2XVZ 1 XX - XZ —3XVZF
2 3 — — — 2 _ : 2 - — _ -7
9% 2)§Y};i—§()§§3ix3Y—3X2Y2—XY3—3X2Y_3XYz_2X 3XY 0 1 934 X‘Y+2X Y 4+ 2XY 0 llfp—2 316 +X3 YX2Y+X2Z_X2+XY+XZ+YZ_X+Y 0 0
93 X2X lifp=3 - 92 [ 2X° +5X2 — XY +3X +Y +2 Lifp=2 g 917 ;’Z‘ * 0 3
. 0 0 %5 0 0 3
p) XY 9« | 2XY - 3 -
géo 3X2Yz+x2y+XY2+XY—X—Y—1 0 0 g%ﬁ o 0 lifp=2 9%3 §:§,YZZ_X3Y—2X2YZ—2X2Y—XYZ 1Iifp=2
T XTYT XY — XY XY X TV 1 4ifp=3 VR TFX2Y +6X2+3X +Y +2 0 2ifp=3 99 | — ull BT
92 | XY — 0 if not 9s | 2X" + 2 “4+6X+3Y +3 3 2yZ -2X2%Z
1y +7X3Y +6X2Y +3XY = 92 X?+4X°+ X°Y +7X° +2XY +Y* + 0 0 9% | —X°Z-X?YZ -2 0 0
2 X5Y +4X4Y + 749 p) — -WZ-X2Z
i AT AR TR TR TRV 0 0 S WXZ 7 X7 X W - -
- s i — —
g2, | XY +X"+3X - 0 8 | -WXZ-WYZ-WY+XY-W XYZ+WY + XY + WZ + X2 0 £
9 N 81 SV e e e s 0 0
9%, | XY +X°Y + — 3 T15XY +4Y2 +6X 0 2ifp=2 4 Z-WXZ-WYZ-WY + = -
, | XTYT 1 X3+ 2X7Y § 2XVZ § V3 1 AXT 75X - 8 | WXY
953 +6Y + 4 0
02 XY+ XY*+XY-X-Y-1 0 B
63, | X7V + X2V + XY 0 g
X < XY 0
9z, | X°Y + X°Y + ,
92, | XOY +2X2V § X7 1 3XY 13X +YY +22 0 L
3 7 s 4+2XY 4+3X+Y +
92 X°Y + X?Y + X° + . X p) 10X2 +4XY 0
959

+5X +Y +2




Let W, denote twisted Whitehead links in S°. By a
calculation using the potential functions of links, we obtain

Ay, (6,) = m(x—1)(y—1).

i

.C., 21 Crossings /
o

AWzm(l + X,1+Y)=mXY.

This yields uy, = k. In particular, we have

Main result 3
Suppose d = 2. Then, for arbitrary k£ > 0, there exists a link L

such that u, = k.
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