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Fix a prime number . 

Notation 

For an abelian group  whose -torsion subgroup is a finite group, 
let  denote the -exponent of the order of the -torsion 
subgroup.  

Example 

 

p

G p
e(G) p p

∙ e(ℤ/p2ℤ) = 2

∙ e(ℤ ⊕ ℤ/p3ℤ) = 3



Historical backgrounds 

For each number field , an abelian group called 
an ideal class group  is defined.  
The finite number  is 
an important algebraic invariant called the class number of . 

Theorem [Kummer, 1847] 
Let  denote a -th root of unity. If  and , 
then The Fermat Last Conjecture holds for .

k
Cl(k)

h(k) := #Cl(k)
k

ζp p p ≠ 2 p ∤ h(ℚ(ζp))

n = p



Theorem(Iwasawa’s class number formula) [Iwasawa, 1959] 

Let  be a -extension and  be the subfields corresponding to the 
subgroups  of . Then there exist  and , depending 
only on , such that 

 

for sufficiently large . 

Example 
.

k∞/k ℤp kpn

pnℤp ℤp μ, λ ∈ ℤ≥0 ν ∈ ℤ

k∞/k

e(Cl(kpn)) = μpn + λn + ν

n

k := ℚ(ζp) ⊂ ℚ(ζp2) ⊂ ℚ(ζp3) ⊂ … ⊂ ⋃
n≥1

ℚ(ζpn) =: k∞



A closed connected orientable 3-manifold  is called a 
rational homology 3-sphere( ) if  for all . 

Theorem [Hillman-Matei-Morishita, 2006], [Kadokami-Mizusawa, 
2008], [Ueki, 2017] 
Let  be a link in a  . Let  be a compatible system 
of -covers branched along . Suppose every  is a . 
Then there exist  and , depending only on  
and , such that 
  for sufficiently large .

M
ℚHS3 Hi(M, ℚ) ≃ Hi(S3, ℚ) i ≥ 0

L ℚHS3 M Mpn → M

ℤ/pnℤ L Mpn ℚHS3

μ, λ ∈ ℤ≥0 ν ∈ ℤ Mpn → M

p
e(H1(Mpn)) = μpn + λn + ν n



Theorem [Cuoco-Monsky, 1981] 
Let  be a -extension and  be the 
subfields corresponding to the subgroups 

 of . Then there exist some ,  
depending only on , such that 

 
where  is the Bachmann-Landau notation.

k∞/k ℤd
p kpn

(pnℤp)d ℤd
p μ, λ ∈ ℤ≥0

k∞/k

e(Cl(kpn)) = (μpn + λn + O(1))p(d−1)n,

O



Our main results 
Let  be a pair of a  and a link. 
Put , where  is an open 
tubular neighbourhood of .  
Let  be a -cover. Let  be the 
subcovers corresponding to . Let  
be the Fox completions of .

(M, L) ℚHS3

X := M − N(L) N(L)
L

X∞ → X ℤd Xn

(nℤ)d Mn

Xn



Let  and 
let  denote the Alexander polynomial 
of , which is corresponding to characteristic 
polynomials in Iwasawa theory. 

Main result 1 
Suppose that  does not vanish on . Suppose 
each  is a . Then there exist , depending only 
on  and , such that 

W := {ζ ∈ ℂ ∣ ζpn = 1 for some n ≥ 0}

Δ(t1, …, td) ∈ ℤ[t±1
1 , …, t±1

d ]
X∞ → X

Δ(t1, …, td) (W∖{1})d

Mpn ℚHS3 μ, λ ∈ ℤ≥0

X∞ → X p

e(H1(Mpn)) = (μpn + λn + O(1))p(d−1)n .



 is called an integral homology 3-sphere( ) if  
for all . 

Main result 2 
Suppose that  is a ,  consists of  components, and

 does not vanish on . Then there exist  
and , depending only on  and , such that 
 

 

for sufficiently large .

M ℤHS3 Hi(M, ℤ) ≃ Hi(S3, ℤ)
i ≥ 0

M ℤHS3 L d
ΔL(t1, …, td) (W∖{1})d μ, λ ∈ ℤ≥0

μd−1, …, μ1, λd−1, …, λ1, ν ∈ ℚ L p

e(H1(Mpn)) = μpdn + λnp(d−1)n + μd−1p(d−1)n + λd−1np(d−2)n + … + μ1pn + λ1n + ν .

n



Remark 
We have 
 is  is finite 
 is  
Hence 

 

M ℚHS3⟺H1(M)

M ℤHS3⟺H1(M) = 0

S3 ∈ {ℤHS3} ⊂ {ℚHS3} .
(ℚ ∈ {num. fields with h(k) = 0} ⊂ {num. fields})



Example 

Let  and . For the twisted 
Whitehead link ,  using a result 
of Porti, we obtain 

d = 2 M := S3

L := W2pk

|H1(Mpn) | = p(kpn+2n−2k)pn−2n+2k .

 



Definition of Iwasawa invariants 
Let  and . We have an embedding 

 sending  

Let  be the Alexander polynomial. Then there 
exist unique  and  such that  and  . 

Let  :=  mod  in .  

Let  be the number of polynomials of the form  
with  ( ) that divides .

Λℤ := ℤ[t±1
1 , …, t±1

d ] Λ := ℤp[[T1, …, Td]]

Λℤ ↪ lim←
n

(ℤ/pnℤ)[tℤ/pnℤ
1 , …, tℤ/pnℤ

d ] ≃ Λ Λℤ ∋ ti → 1 + Ti ∈ Λ .

Δ(1 + T1, …,1 + Td) ∈ Λ

F0 ∈ Λ μ ∈ ℤ≥0 Δ = pμF0 p ∤ F0

F0 F0 p (ℤ/pℤ)[[T1, …, Td]]

λ (1 + T1)r1⋯(1 + Td)rd − 1

p ∤ ri ∃i F0



Example 
If , then 

 
Hence . Moreover,  if . 

If , then 
 

 Hence  if .

L = 72
3

ΔL(1 + X,1 + Y) = 2XY = 2((1 + X) − 1)((1 + Y) − 1) .
λ = 2 μ = 1 p = 2

L = 62
1

ΔL(1 + X,1 + Y) = X2Y2 + 2X2Y + 2XY2 + X2 + 5XY + Y2 + 3X + 3Y + 3

≡ ((1 + X)(1 + Y) − 1)2 mod 3. λ = 2 p = 3



We made a complete table of  and  invariants.μ λ



Let  denote twisted Whitehead links in . By a 
calculation using the potential functions of links, we obtain 

 
i.e., 

 
This yields . In particular, we have 

Main result 3 
Suppose . Then, for arbitrary , there exists a link  
such that .

W2m S3

ΔW2m
(x, y) = m(x − 1)(y − 1) .

ΔW2m
(1 + X,1 + Y) = mXY .

μW2pk
= k

d = 2 k ≥ 0 L
μL = k
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