ON SINGULARITIES OF MAPPINGS WITH A LEBESGUE INTEGRABLE MAJORANT
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The following definitions are from [1]. A path + in R™ is a continuous mapping v : A — R™ where
A is an interval in R. Its locus y(A) is denoted by |y|. Given a family I" of paths v in R™, a Borel
function p : R™ — [0, o0] is called admissible for T', abbr. p € admT, if
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for each (locally rectifiable) v € I'. Given p > 1, the p-modulus of T" is defined by the relation

M,([T) = inf /pp )dm(z (1)

pcadmI’

interpreted as +oo if admI' = &.

Given sets E and F and a given domain D in R* = R" U {oo}, we denote by I'(E, F, D) the family
of all paths v : [0,1] — R”™ joining E and F in D, that is, v(0) € E, v(1) € F and v(t) € D for
all t € (0,1). Everywhere below, unless otherwise stated, the boundary and the closure of a set are
understood in the sense of the extended Euclidean space R™. Let zq € D, zg # oo,

S(xzo,r) ={x € R": |z —xo| =7r},S = S(xo,15), i=1,2,
A= A(zg,r1,rm2) ={z € R": 11 < |z —z0| <ra}.
Let f: D — R™ n > 2, and let @ : R™ — [0, oo] be a Lebesgue measurable function such that Q(y) =0

for y € R™\ f(D). Let A = A(yo,71,72) and I'¢(yo, r1,72) denotes the family of all paths v : [a,b] — D

such that f(v) € T'(S(yo,71), S(yo,72), A(yo,71,72)), i.e., f(v(a)) € S(yo,71), f(7(b)) € S(yo,72), and
f(y(t)) € A(yo,r1,r2) for any a < t < b. We say that f satisfies the inverse Poletsky inequality at
yo € f(D) with respect to p-modulus, if the relation

My(Ty(yo,1,72) / Q) -1y — wol) dm(y) 2)
holds for any 0 < r; <19 <719:= sup |y— y0| and any Lebesgue measurable function 7 : (ry,72) —
yef(D)

[0, o0] such that

/n(r) dr>1. (3)

T1
Note that estimates of the type (E) are well known and hold at least for p = n in many classes of
mappings (see, e.g., [2, Theorem 3.2|, [3, Theorem 6.7.II] and [4, Theorem 8.5]). For p # n, similar
estimates may be found, e.g., in [5] and [6].
A mapping f : D — R" is called discrete if the image {f~! (y)} of any point y € R™ consists of
isolated points, and open if the image of any open set U C D is an open set in R"™.
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Later, in the extended space R” = R™ U {oo} we use the spherical (chordal) metric h(z,y) =
|m(z) — m(y)|, where 7 is a stereographic projection of R™ onto the sphere S™(3en41,3) in R™T1,
namely,

h(z,00) = ¥,
/14 |z
k| S (1)

RN N

(see, e.g., I, Definition 12.1]). The following statement is true.

Theorem 1. Let n > 2, p > n, let D be a domain in R™, xg € D, and let f : D\ {zo} — R"
be an open discrete mapping that satisfies the conditions (E)—(E) at any point yo € D'\ {oo}, where
D’ := f(D\ {xzo}).

If Q € LY(D'"), then f has a continuous extension f : D — R™, the continuity of which should be
understood in the sense of the chordal metric h in (??). The extended mapping f is open and discrete

in D. Moreover, if p = n and f(xq) # oo, then there is a neighborhood U C D of the point xo depending
only on xg, and C' = C(n, D, xy) > 0 such that

F@) = Flan) < —Sn QI
logl/" (1 + ﬁ)

for any z,y € U, where ||Q||1 is the norm of the function Q in L*(D’).

(5)
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