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A Riemannian metric g is Einstein if Ric(g) = Λg for some constant Λ. A general existence theorem
for homogeneous Einstein metrics was established in [WZ86]. It is natural to turn to the cohomogeneity
one Einstein metrics, meaning that the principal orbit G/K is of codimension one. The cohomogeneity
one condition reduces the Einstein equation to a system of ODEs. Previously known examples include
[Pag78], [BB82], [KS86], [KS88], and [WW98]. Recently, we proved the existence of an Einstein metric
on HPm+1♯HPm+1 [Chi24], generalizing the result in [Böh98] to all higher dimensions.
We realize that the analytic techniques can be carried over to many other cohomogeneity one spaces.

We develop two criteria to check the existence or non-existence of a cohomogeneity one Einstein metrics
with a certain fixed principal orbit type. In particular, the principal orbit G/K is the total space of
a sphere bundle over a singular orbit G/K, and both the fiber and the base space are irreducible.
Each such a principal orbit is associated to a structural triple (d1, d2, A), where d1 = dim(H/K),
d2 = dim(G/H) and A > 0 is a constant obtained from the O’neil tensor in the theory of Riemannian
submersion. The corresponding cohomogeneity one space, denoted as M , is a double disk bundle,
where G/K collapses to G/H on two ends. The Einstein metric is obtained from the ansatz

dt2 + f2
1 (t) b|h/k + f2

2 (t) b|g/h , (1)
where t parametrizes the 1-dimensional orbit space and b is a background metric.
Our existence theorem is the following.

Theorem 1. For any (d1, d2) with d2 ≥ d1 ≥ 2, there exists a constant χd1,d2 ∈
(
0, d2(d2−1)2

d21(d1d2−d2+4)

]
such that if G/K is a principal orbit with A ∈ [0, χd1,d2), then there is at least one cohomogeneity one
Einstein metrics on M .
The constant χd1,d2 is an algebraic function in (d1, d2), whose formula is very complicated in general.

Nevertheless, we obtain many new examples of inhomogeneous Einstein metrics from previous works
on homogeneous Einstein metrics including [DZ79], [WZ85], [Wan92], [DK08], [Nik16], [PZ21], and
[LW24].
On the other hand, we also have the following non-existence theorem.

Theorem 2. Define

Ψd1,d2 :=
(4(d1 − 1)n2 + d22)(3n+ d1)

(2n2 + n+ d1)2d21

d2(d2 − 1)2

4(d1 − 1)
.

If G/K is a principal orbit with (d1, d2) /∈ {(2, 2), (2, 3), (2, 4)} and A ≥ Ψd1,d2, then there does not
exists any G-invariant cohomogeneity one Einstein metrics on M from ansatz (1).

We find some examples of Theorem 2 from the classification in [DK08], including OP2♯OP2 with
Spin(9)/Spin(7) as its principal orbit.

REFERENCES
[BB82] L. Bérard-Bergery. Sur de nouvelles variétés riemanniennes d’Einstein. In Institut Élie Cartan, 6, volume 6 of Inst.

Élie Cartan, pages 1–60. Univ. Nancy, Nancy, 1982.
[Böh98] C. Böhm. Inhomogeneous Einstein metrics on low-dimensional spheres and other low-dimensional spaces. Inven-

tiones Mathematicae, 134(1):145–176, 1998.

1



2 H. Chi

[Chi24] Hanci Chi. Positive einstein metrics with S4m+3 as principal orbit. Compositio Mathematica, 160(5):1004–1040,
2024.

[DK08] William Dickinson and Megan M. Kerr. The geometry of compact homogeneous spaces with two isotropy summands.
Annals of Global Analysis and Geometry, 34(4):329–350, November 2008.

[DZ79] Joseph E D’Atri and Wolfgang Ziller. Naturally reductive metrics and Einstein metrics on compact Lie groups,
volume 215. American Mathematical Soc., 1979.

[GLP11] GW Gibbons, H Lü, and CN Pope. Einstein metrics on group manifolds and cosets. Journal of Geometry and
Physics, 61(5):947–960, 2011.

[He12] Chenxu He. Cohomogeneity one manifolds with a small family of invariant metrics. Geometriae Dedicata, 157:41–90,
2012.

[Ker98] Megan M Kerr. New examples of homogeneous einstein metrics. Michigan Mathematical Journal, 45(1):115–134,
1998.

[KS86] Norihito Koiso and Yusuke Sakane. Non-homogeneous kähler-einstein metrics on compact complex manifolds. Cur-
vature and Topology of Riemannian Manifolds, pages 165–179, 1986.

[KS88] N. Koiso and Y. Sakane. Non-homogeneous Kähler-Einstein metrics on compact complex manifolds. II.Osaka Journal
of Mathematics, 25(4):933–959, 1988.

[LW24] Jorge Lauret and Cynthia Will. Einstein metrics on homogeneous spaces H × H/∆K. arXiv preprint
arXiv:2402.13407, 2024.

[Nik16] Yu G Nikonorov. Classification of generalized wallach spaces. Geometriae Dedicata, 181(1):193–212, 2016.
[O’N66] Barrett O’Neill. The fundamental equations of a submersion. Michigan Mathematical Journal, 13(4):459–469, 1966.
[Pag78] D. N. Page. A compact rotating gravitational instanton. Physics Letters B, 79(3):235–238, 1978.
[PZ21] Artem Pulemotov and Wolfgang Ziller. On the variational properties of the prescribed ricci curvature functional.

arXiv preprint arXiv:2110.14129, 2021.
[Wan92] McKenzie Y Wang. Einstein metrics and quaternionic kähler manifolds.Mathematische Zeitschrift, 210(1):305–325,

1992.
[WW98] J. Wang and M.Y. Wang. Einstein metrics on S2-bundles. Mathematische Annalen, 310(3):497–526, 1998.
[WZ85] McKenzie Y Wang and Wolfgang Ziller. On normal homogeneous einstein manifolds. In Annales scientifiques de

l’Ecole normale supérieure, volume 18, pages 563–633, 1985.
[WZ86] McKenzie Y Wang and Wolfgang Ziller. Existence and non-existence of homogeneous einstein metrics. Inventiones

mathematicae, 84(1):177–194, 1986.


	References

