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We carry out the complete group classification of the class F of Kolmogorov backward equations
with power diffusivity

Fop: U+ xUy = T — a]’gum,

where a and 8 are arbitrary real parameters, by solving the same problem for the class F’ of the
equations of the form

Fg: up+ ruy = 2P U,

with 3 remains to be the only arbitrary element in the class F’. Using the modified version of the
direct method, we compute the equivalence groupoids G5 and G%, of the classes F and F’, respectively,
and consequently show that the class F’ is semi-normalized in the usual sense. The modification of
the direct method is based on embedding both the classes F and F' into the class F of ultraparabolic
(14-2)-dimensional Fokker—Planck equations of the form

u + B(t,x,y)uy = AQ(t, T, Y) Uz + Al(t, T, Y)ug + Ao(t, x,y)u+ C(t,x,y),

where the tuple § := (B, A%, A', A, O) of arbitrary elements of the class F runs through the solution
set of the system of the inequalities A2 # 0 and B, # 0 with no restrictions on A°, A' and C. The
equivalence groupoid of of the class F was described in [I, 2] via presenting the equivalence group of
this class and stating that it is normalized, see [3| for required notions, results and further references.
We use the known determining equations for admissible transformations within the superclass F as
the known principal constraints for admissible transformations within the classes F and F’. After
explicitly constructing the groupoids G% and G7%/, it is easy to show that the group classification of
the class F reduces to that of the class F'.

The class F' admits a distinguished discrete equivalence transformation

J: t=ysgnuz, Q:%, 7y =tsgnx, ﬂ:g, B=5-8,

which turns out to be the only point equivalence transformation essential for carrying out the group
classification of this class modulo the G%,-equivalence.

The following chain of assertions provides the complete solutions to the group classification problems
for the classes F and F'.

Theorem 1. (i) The point transformations % (c1): (L, %, 7,4, 3,a) = (t,x + c1,y + cit, u, B, a + ¢1)
where c1 is arbitrary constant, constitute a one-parameter group of equivalence transformations of the
class F.

(ii) The wide family of admissible transformations Sap = ((ov, B), T’ (=), (0, 8)) of the class F
from the action groupoid of its equivalence group maps this class onto the class F' interpreted as a
subclass of F.
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(iii) The point transformation # is a (discrete) equivalence transformation of the class F' .

(iv) The class F' is semi-normalized with respect to the discrete equivalence subgroup generated
by 7. In other words, the equivalence groupoid G%, of F' is the Frobenius product of the action
groupoid of this subgroup and the fundamental equivalence groupoid Q}, of F'.

Corollary 2. (i) Different equations ]-'é and fé are similar with respect to point transformations if

and only if B+ B = 5.
(ii) Equations Fop and .7-"&5 are similar with respect to point transformations if and only if either

B=BorB+B=5.
(iii) The equivalence groupoid GF of F is generated by admissible transformations Sop and elements
of G%. More specifically, for each admissible transformation ((a,f),®,(&,p)) of F, we have ® =

7.7 (@) 0 & o m,. 7 (—a) for some point transformation ® with (8, , 5) € G%.
Theorem 3. The kernel Lie invariance algebra 99;, of the equations from the class F' is
g% = (P, PY, T, (tx — y)Ou, 204, 0), where P':=03;, PY:=0,, I:=ud,.

Any equation fé from F' is invariant with respect to the algebra
g5 = (P, PV, T, D% Z(f%)) with D :=(2— B)td; + 20, + (3 — B)ydy, Z(f°) = [P0,

where the parameter function fP = fB(t,x,y) runs through the solution set of this equation, and
B € (—00,5/2] modulo the G%, -equivalence. the mazimal Lie invariance algebra gg of the equation Fg
coincides with g%en if and only if B € R\ {0,2,3,5}. A complete list of G%,-inequivalent essential Lie
symmetry extensions in the class F' is exhausted by the following cases:

B=2: ga=g5" 4+ (Ka) with Ko =2xyd, + y>d, — 2udy,

/8:0: go :ggen+<lc077)37p27pl> with
Ko = t20; + (tx + 3y)0; + 3tyd, — (z*+ 2t)ud,,
P? = 3t20, + t°0, + 3(y — tx)udy, P* =2t + 120, — zudy,, P’ =0, +1t0,.

Corollary 4. The kernel Lie invariance algebra g% of the equations from the class F coincides with
that for the class F', g’y = g% Any equation Fog from F is invariant with respect to the algebra

g&% = (P, PY,1,D°, Z(fF))

with D = (2 = B)td; + (x — )0, + ((3 — By — at)dy, Z(f*F) := f*Pd,, and the parameter func-
tion f8 = foB(t,x,y) running through the solution set of this equation. Modulo the GF -equivalence,
we can assume 3 € (—00,5/2], and a complete list of GF -inequivalent essential Lie symmetry ex-
tensions in the class F is exhausted by the counterparts of those in the class F', Foo and Foo. An
analogous list up to the G%, -equivalence consists of the equations Foo, Foz, Fo3 and Fos.
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