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Typical vector fields on compact 2-manifolds are Morse-Smale fields. Among the gradient fields are
Morse fields or Morse-Smale gradient-like fields that do not contain closed trajectories. They satisfy
three properties:
1) singular points are nondegenerate;
2) there are no saddle connections;
3) α-limit (ω-limit) set of each trajectory is a singular point.
In typical one-parameter field families, one of these conditions is violated. Violation of the first

condition leads to a saddle-node bifurcation, and the second to the appearance of a saddle connection.
The third condition cannot be violated in gradient fields.
Our main purpose is to describe the global topological structure of typical one-parameter bifurca-

tions of gradient vector fields in the following situations: 1) on closed surfaces in the general situation,
2) on closed surfaces with a minimum number of singular points of the vector field, 3) on surfaces with
an edge of a small kind .
To describe a Morse-Smale vector field on a closed surface, we use a cellular structure in which the

cells are stable manifolds of singular points. Separatrices are trajectories belonging to one-dimensional
stable and unstable manifolds of singular points.
A saddle-node bifurcation can be described as a change in the vector field in which one of the

separatrices contracts to a point. If the node is a source, then a pair of cells is reduced in dimensions
0 and 1, and if a node is a sink, then in dimensions 1 and 2.
The saddle connrction bifurcation is described using a subgraph in the form of the letter T, in which

one of the three edges is marked.
Chord diagrams are often used to describe the structure of optimal Morse flows (Morse flows with

the smallest number of singular points on a given surface). We modify the chord diagram to describe
typical gradient bifurcations: 1) for a saddle-node bifurcation using a pair of points on circular arcs,
2) for a saddle-node using a T-insert. In this case, all chords and edges of the T-insert are painted in
two colors depending on the alignment of orientations.
Theorem 1. Optimal saddle-node bifurcations have the same structure if and only if there is an
isomorphism of their chord diagrams that preserves the colors of the chords and the location of the two
selected points on the circle. For every framed chord diagram there is a corresponding bifurcation.
Theorem 2. Optimal saddle connection bifurcations have the same structure if and only if their
chord diagrams with a T-insert are isomorphic. For each chord diagram with a T-insert there is a
corresponding bifurcation.
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