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Let C be the complex plane. In the complex notation f = u + iv and z = x + iy, the Beltrami
equation in a domain G ⊂ C has the form

fz = µ(z)fz, (1)

where µ : G → C is a measurable function and

fz =
1

2
(fx + ify) and fz =

1

2
(fx − ify)

are formal derivatives of f in z and z, while fx and fy are partial derivatives of f in the variables x
and y, respectively.
We consider the following equation written in the polar coordinates (r, θ)

fθ = σ(reiθ) |fr|m fr. (2)

We rewrite the equation (2) in the Cartesian form:

fz =
z

z

1 + iσ(z) |z|−m−1|zfz + zfz|m

1− iσ(z) |z|−m−1|zfz + zfz|m
fz. (3)

Assuming m = 0, the equation (3) also becomes the standard linear Beltrami equation (1) with

µ(z) =
z

z

1 + iσ(z)/|z|
1− iσ(z)/|z|

.

Choosing m = 0 and σ = i|z| in (3), we arrive at the classical Cauchy-Riemann system. Later on we
assume that m > 0.
A mapping f : G → C is called regular at a point z0 ∈ G, if f has the total differential at this point

and its Jacobian Jf = |fz|2 − |fz̄|2 does not vanish. A homeomorphism f of Sobolev class W 1,1
loc is

called regular, if Jf > 0 a.e. By a regular solution of the equation (3) we call a regular homeomorphism
f : G → C, which satisfies (3) a.e. in G.
Later on, we use the following notations:

Br = {z ∈ C : |z| < r} , B = {z ∈ C : |z| < 1}

and
γr = {z ∈ C : |z| = r}.
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Theorem 1. Let f : B → C be a regular homeomorphic solution of the equation (3) which belongs to
Sobolev class W 1,2

loc , and normalized by f(0) = 0. Assume that C > 0 and the coefficient σ : B → C
satisfies the following condition ∫

γr

|σ(z)|m+2

(Imσ(z))m+1 |dz| ⩽ C r2

for a.a. r ∈ (0, 1). Then

lim sup
z→0

|f(z)|
|z|

⩾
(
2π

C

) 1
m

.

Corollary 2. Let f : B → C be a regular homeomorphic solution of the equation (3) which belongs to
Sobolev class W 1,2

loc , and normalized by f(0) = 0 and K > 0. Assume that the coefficient σ : B → C
satisfies the following condition

|σ(z)|m+2

(Imσ(z))m+1 ⩽ K |z|

for a.a. z ∈ B. Then
lim sup

z→0

|f(z)|
|z|

⩾ K− 1
m .

Theorem 3. Let f : B → C be a regular homeomorphic solution of the equation (3) which belongs to
Sobolev class W 1,2

loc , and normalized by f(0) = 0. Suppose that

σ0 = lim inf
ε→0

1

πε2

∫
Bε

|σ(z)|m+2

|z| (Imσ(z))m+1 dxdy.

1) If σ0 ∈ (0,∞), then
lim sup

z→0

|f(z)|
|z|

⩾ cm σ
− 1

m
0 ,

where cm is a positive constant depending on the parameter m.
2) If σ0 = 0, then

lim sup
z→0

|f(z)|
|z|

= ∞.
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