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Definition
Let N > 2, and Ty, Ty, ..., Ty be bounded linear operators acting on a
separable Banach space X.

1. The finite sequence Ti, Ty, ..., Ty is called disjoint hypercyclic or
simply d-hypercyclic if there exists an element x € X’ such that the
set

{(x, %, -, %), (T1x, Tox, ..., Tnx), (lex, T22)<7 . T,%,x), L3 )

is dense in XN. In this case, the element x is called a d-hypercyclic
vector. If the set of all d-hypercyclic vectors for Ty, To, ..., Ty is
dense in X, then we say that Ty, T, ..., Ty are densely
d-hypercyclic .

2. The finite sequence Ty, T, ..., Ty is called disjoint topologically
transitive or simply d-topologically transitive if for any non-empty
open subsets U, Vi, ..., Vy of X, there exist a natural number
n € N such that

Unty"W)n---nTy"(Wn) # 2. (2)



Definition

Let {nk}« be a strictly increasing sequence of positive integers. We say
that Ty,..., Ty € B(X) satisfy the d-hypercyclicity criterion with respect
to {nk}x whenever there exist some dense subsets Xy, Xy, ..., Xy, of X
and mappings S : X — X (1 <1< N, k € N) such that

T/™ — 0 pointwise on Xp,
Si k — 0 pointwise on &} and
(T™Sik — di1ldx,) — 0 pointwise on Xj(1 < i,/ < N) (3)

as k — oo. Also, we say that Ti,..., Ty satisfy the d-hypercyclicity
criterion if there exists some sequence {ny}« for which (3) is satisfied. If
Ti,..., Ty satisfy the d-hypercyclicity criterion, then they are densely
disjoint hypercyclic, so d-hypercyclicity criterion is stronger than dense
disjoint hypercyclicity.



In this presentation, we assume that H is a separable Hilbert space with
an orthonormal basis {e;};cz. For each m € N, we set

Ly, := Span{e_m,e_m+1,---,€m—1,€m}., and we let P, be the
orthogonal projection onto L,,.

The set of all bounded linear operators from H to H is denoted by B(H).
Also, the set of all compact (finite rank, respectively) elements of B(H)
is denoted by Bo(H) (Boo(H), respectively).

Definition
Let U, W € B(H). We define the operator Ty w : B(H) — B(H) by

TU’W(F) = WFU (4)

for all F € B(H).



Theorem
Let Wi, ..., Wy be invertible bounded linear operators on H. Let

U € B(H) be a unitary operator in B(H) such that for each k € N there
exists an N, € N with

Un(Lk) 1L Lk for all n > Nk. (5)
For each k € N denote the operator Ty, w, on Bo(H) by Tk. Also,

assume that {r }N_| C N such that0 < r < r < ...<ry. Then, the
following conditions are equivalent.



(i) The set of all d-hypercyclic vectors of T7*,..., T;' is dense in
By(H).
(ii) For each m € N there exist sequences
{Dy}324, {G,El)}i‘;l, . .,{G,EN)}‘;"Zl of operators in By(H), and a
strictly increasing sequence {n,}72,; C N such that for each
le{l,...,N},
lim || Dk — Po|| = lim |G = Pn|| = 0,
k— o0 k—o0
: It _ —n N —
Jon W7 D = fim w67 =0,

and, for each pair of distinct s, / € {1,..., N},

lim || wy™ w6 = o.

k— 00

(6)



Remark

One can prove a similar result for the operator F — UFW, where W is
invertible and U is a unitary operator satisfying the condition (5). For
this, it would be enough to replace the relations (7) and (8) by the
conditions

lim [|DeW || = lim || G W, = 0
Jim ([ DWW || = lim [|G7 v |
and "
i [6 W wpn | <o
respectively. It follows by passing to the adjoints that if Wi, ..., Wy

satisfy the conditions (6), (7) and (8), then Wy, ..., W}, satisfy these
new conditions.
Example

Assume that o is a translation on Z. Set U, (e)) := eqyj) for all j € Z.
Then, U, is a unitary operator on H satisfying the property (5).



Theorem
The following statements are equivalent:

1) The operators T& W Tlfj’v Wi satisfy d—hypercyclicity criterion on

Bo(H), where U is a unitary operator on H satisfying the condition (5).

2) The operators T} Wy T w,, satisfy d—nhypercyclicity criterion on
Bo(H) for every unitary operator U.

3) The operators Wi*, ..., Wy satisfy d—hypercyclicity criterion on H.

The similar statements hold if we consider By(H) or Bo(H) instead of
Bo(H).



Example

Let n € Nand r, =2r. Put Wi and W, to be the operators on H
defined as
2ej+1 for j <0,

Wile;) =< 1
i) 56+1 for j > 0;

3ej+1 for j <0,
Wa(e) =4 1 .
gej+1 for j > 0.

Then Wi and W, are bounded operators and TG.WI and T} w, satisfy
d—hypercyclicity criterion for every unitary operator U.



In general, consider ¢»(Z) and let {z;} be the natural orthonormal basis
for £(Z). Let V be the unitary operator from ¢3(Z) onto H given by
Vz; = ¢ for all j € Z. By the previous arguments it follows that if

71", ..., Tn™ are disjoint hypercyclic weighted shifts on 05(Z), then
T', ..., Ty satisfy d—hypercyclicity criterion on By(H) where

TA(F)= VT,"V*FU" forall i € {1,...,N} and F € By(H) and U is an
arbitrary unitary operator on H. For more details about disjoint
hypercyclic weighted shifts, see [bms14], [bp07].



Example
Let H=L?(R), a(t) =t —1forall t € R,
wy = 2Xp- + S AR+ and wp = 3XR- + T AR+,

Choose an r, € N and set r, = 2ry.

Let Wy, W, € B(H) be given by W;(f) = w; - (f o) for all f € H and
jeft2}

Then T[},W1 and T[f,W2 satisfy d—hypercyclicity criterion for every
unitary operator U.



In general, if «v is a translation on R and wy, ..., wy are positive,
measurable, bounded weight functions satisfying that Wl_l, ce W,\71 are
also bounded, then we can consider the corresponding sequence

W, ..., WS} of weighted translation operators on L?(R).

If for every I, s € {1,..., N} and m € N we have that

I’/I'I*l r/nfl
lim sup | J] (wioo/=")(t) | = lim sup | [] (wead)2(t) | =0

n—o0 n— oo
te[-mm] g te[-mm] 5,

and in addition

)

. [ T11 (wy 0 0" )(1)]
lim  sup |

n=00 te[—m,m] | H}fo_l(ws o ad)(t)

then the operators Wi, ..., W, satisfy the conditions (6), (7) and (8) .



For an operator T in B(H), we will denote the left an the right multiplier
by L+ and Rr, respectively.

Corollary
Let Wy, ..., Wy be invertible bounded linear operators on H and
{r}1<k<n € N such that 0 < r <--- <ry. Then LW{l’ ol LWArIN satisfy

d—hypercyclicity criterion on Bo(H) if and only if Wi*, ... Wy satisfy
d—hypercyclicity criterion on H. The similar statements hold if we
replace By(H) by B1(H) or Bo(H).



Let (B(H),SOT) denote the space B(H) equipped with the strong
operator topology.

Corollary

We have (ii) implies (i).

(1) TG, T('w, are disjoint topologically transitive in (B(H), SOT)
for every unitary operator U.

(if) For each m € N there exist sequences

{Dy}324, {G,El)}iil, e {G,EN)}iozl of operators in B(H) and a strictly
increasing sequence {ny}?2; C N such that for each | € {1,... N},

s— lim Dy=s— lim G =P,
n—o00 n—o00
and the conditions (7) and (8) hold.
In particular, if WA, ..., Wy satisfy the conditions (6), (7) and (8), then
TUw,s -+ T'w, are disjoint topologically transitive in (B(H), SOT) for
every unitary operator U.



Let A be a non-unital C*-algebra such that A is a closed two-sided ideal
in a unital C*-algebra A;. Let ® be an isometric *-isomorphism of A;
such that ¢(A) = A. Assume that there exists a net {p,}o C A
consisting of self-adjoint elements with || p, ||< 1 for all « and such that
{p?}, is an approximate unit for A. Suppose in addition that for all «
there exists some N, € N such that ®"(p,) - po, =0 for all n > N,.

Let b € G(A1) and To  be the operator on A; defined by

To.p(a) = b-®(a) for all a € A;. Then Ty p is a bounded linear operator
on A; and since A is an ideal in Ay, it follows that Tg p(A) C A
because ®(A) = A.



Theorem

The following statements are equivalent.

(i) To.b is hypercyclic on A.

(ii) For every p, there exists a strictly increasing sequence {ny}x C N
and sequences {qx }k, {dk}« in A such that

Jim | g = pZ, [|=I di = P2 [|=0
—00

and
klim I ¢*”k(b)¢*"k+1(b) . ..<I>*1(b)qk I
—» 00

= lim | @™ (b Hd™2(b7Y) ... (b )b dk |= 0
— 00



If a € Ay, in the sequel we shall denote by L, the left multiplier by a.

Corollary

If there exist dense subsets 1 and Q, of A and a strictly increasing
sequence {ny}x C N such that

k
L‘D’”k(b)@’”k*l(b)‘..d)*l(b) 2? 0

pointwise on €1 and

k
Lone—1(b-1)0m%-2(b-1)...0(b-1)p-1 — O

pointwise on €y, then To p is hypercyclic on A.
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