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Introduction

In this presentation I aim to construct monads on multiprojective
spaces and study their vector bundles.
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Introduction

In this presentation I aim to construct monads on multiprojective
spaces and study their vector bundles.

We shall denote by X the space over which to construct our monad and
the vector bundle associated to the monad we denote by F.
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Introduction

In this presentation I aim to construct monads on multiprojective
spaces and study their vector bundles.

We shall denote by X the space over which to construct our monad and
the vector bundle associated to the monad we denote by F.

I will first set out to establish the existence of monads on a
multiprojective space P x --- x P% and then on P?"*! x ... x P27+l
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Introduction

In this presentation I aim to construct monads on multiprojective
spaces and study their vector bundles.

We shall denote by X the space over which to construct our monad and
the vector bundle associated to the monad we denote by F.

I will first set out to establish the existence of monads on a
multiprojective space P x --- x P% and then on P?"*! x ... x P27+l
We will not distinguish between a vector bundle 2 on X and its locally
free sheaf of section. Why?
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The functor which associates the locally free sheaf & = Ox(F) to a
vector bundle E on X is an equivalence of categories between the
category of vector bundles of rank r over X and the category of locally

free sheaves of rank r on X.
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Motivation

First observe that the difficulty in constructing non-splitting vector
bundles on algebraic varieties increases when the difference between the
rank of the bundle and the dimension of the variety increases.
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Motivation

First observe that the difficulty in constructing non-splitting vector
bundles on algebraic varieties increases when the difference between the
rank of the bundle and the dimension of the variety increases.

Indeed, the most interesting problem is to find indecomposable vector
bundles of low rank comparing with the dimension of the ambient space.

IBEREER IR EF3oT-s1 BlAS SRR Lo LN ISt atatale Vector bundle construction via monac May 27, 2024 9 / 52



Motivation

First observe that the difficulty in constructing non-splitting vector
bundles on algebraic varieties increases when the difference between the
rank of the bundle and the dimension of the variety increases.

Indeed, the most interesting problem is to find indecomposable vector
bundles of low rank comparing with the dimension of the ambient space.
In this context we have the famous Hartshorne’s conjecture concerning
the non-existence of indecomposable rank 2 vector bundles on
n-dimensional projective spaces for n > 7.
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Background

Monads appear in many contexts within algebraic geometry and they
are very useful in construction of vector bundles with prescribed
invariants like rank, determinants, chern class etc.
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Background

Monads appear in many contexts within algebraic geometry and they
are very useful in construction of vector bundles with prescribed
invariants like rank, determinants, chern class etc.

They were first introduced by Horrocks who showed that all vector

bundles E on P? could be obtained as the cohomology bundle of a
monad of the following kind:
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Background

Monads appear in many contexts within algebraic geometry and they
are very useful in construction of vector bundles with prescribed
invariants like rank, determinants, chern class etc.

They were first introduced by Horrocks who showed that all vector
bundles E on P? could be obtained as the cohomology bundle of a
monad of the following kind:

0 —— @;0ps(a;) —2— @;0pa(b;) —2— BnOps(cy) —— 0
where A and B are matrices whose entries are homogeneous

polynomials of degrees b; — a; and ¢, — b; respectively for some integers
1,7, M.
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Monads

Let X be a smooth projective variety. A monad on X is a complex of

B

vector bundles: M, 0 A—23B
and B surjective.

C 0 with « injective

The sheaf E = ker(f)/im(«) is called the cohomology sheaf of the
monad M,
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Display of the monad:
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From which we have:
) K = kernel(pB)
1)@ = cokernel(p)

(i
(i
(i) E = ker(B)/im(«)
(
(

[=h

iv) rank(E) = rank(B) - rank(A) - rank(C)
v) ct(E) = ¢y(B) - c;(A)™ - ¢;(C)~! and particularly
Cl(E)—Cl( )—Cl(A)—Cl(C).
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More definitions

Definition

Let X be a nonsingular projective variety, let .Z be a very ample
invertible sheaf, and V, W, U be finite dimensional k-vector spaces. A
linear monad on X is a short complex of sheaves,

IV RL I W0y LU0 % ——0

where o € Hom/(V, W) ® H.Z is injective and f € Hom(W,U) ® H*.Z
is surjective.

v
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More definitions

Definition

Let X be a nonsingular projective variety, let .Z be a very ample
invertible sheaf, and V, W, U be finite dimensional k-vector spaces. A
linear monad on X is a short complex of sheaves,

I VRL I W0y LU0 % —0

where a € Hom(V, W) ® H.Z is injective and 8 € Hom(W,U) ® H'.Z
is surjective.

v

A torsion free sheaf F on X is said to be a linear sheaf on X if it can
be represented as the cohomology sheaf of a linear monad i.e.

E = ker(f)/im(a), moreover rank(E) = w — u — v, where w = dim W,
v=dimV and v =dimU.
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Existence of Monads

Flgystad, [Communications in Algebra, 28 (2000)]

Lemma

Let k > 1. There exists monads on P¥ whose maps are matrices of
linear forms,

B

0—— 0%, (-1) =— 0%, ¢p(1) ——0
of and only if at least one of the following is fulfilled;
(1)b>2c+k—1,b>a+cand

(2)b>a+c+k
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Theorem on existence

D Maingi [Le Matematiche. Vol. LXIX (2014)]

Theorem

Let X = P" x P™ and let £ = Ox(p, o) be an ample line bundle on X .
Denote by N = h%(Ox(p,0)) — 1. Let o, 3,7 be positive integers such
that at least one of the following conditions holds

(1) 8>2y+ N —1, and > o+ 7,

(2) B>a+~y+N.

Then, there exists a linear monad on X of the form

0—— 0% (—p, —0) — 0% —5 0% (p,0) —— 0
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Theorem on existence

D Maingi [Open Journal of Mathematical Sciences, OMS - Vol 7 (2023)]

Theorem

Let n,m and k be positive integers. Then there exists a linear monad on
X =P" x P" x P™ x P™ of the form;

0 — OX(_17_17_17_1)€Bk T> gn@gm T> OX(1,1,1,1)®k

where %, := 0x(0,-1,0,0)*""* & 0x(~1,0,0,0)*"** and
G, = Ox(o, 0,—-1, O)EBm-i—k D Ox(o, 0,0, _1)@m+k‘
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Theorem on existence

D Maingi [Manuscripta Mathematica (2023)]

Theorem

Let ay,--- ,an and k be positive integers. Then there exists a linear
monad on X = PY X P% x P2 x P* x -.- x P x P% of the form;

0_>OX(_]-7 7_1)6916]04)%1@@%”49)0)((1, 71)@k_>0

where
4 = 0x(—1,0,0,---,0)%1 % ¢ 0x(0,-1,0,0,- - - ,0)Pa T
4 = 0x(0,0,—1,---,0)%92+% 5 0(0,0,0, -1, ,0)Pazt®k
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Theorem on existence

D Maingi [GOAL]

Theorem

Let X =P% ... x P and £ = Ox(ay, - ,a¢) an ample line bundle.
Denote by N = h°(Ox (a1, - ,a4)) — 1. Then there exists a linear
monad Me on X of the form

0= Ox(=a1,---, =) —— 0% —— Oxlar,++,a)® >0

if atleast one of the following is satified
Q@ B>22vy+N—-1, and 8 > a+ 1,
Q B>a+v+ N, where a, 3,7 be positive integers.
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For the ample line bundle . = Ox (a1, ..., a;) we have the Segre
embedding

X =P ... x PO oy P(HO(X, Ox(al,...,at))) ~ pN
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For the ample line bundle . = Ox (a1, ..., a;) we have the Segre
embedding

X =P ... x PO oy P(HO(X, Ox(al,...,at))) ~ pN

where N — <<a1 +a1> <a2 +a2> <an +at>) 1
o1 o %) oy
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Proof.

For the ample line bundle . = Ox (a1, ..., a;) we have the Segre
embedding

X =P ... x PO oy P(HO(X, Ox(al,...,at))) ~ pN

where N — <<a1 +a1> <a2 +a2> <an +at>) 4

aq s o
Suppose that one of the conditions of Flgystad’s is satified thus there
exists a linear monad
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For the ample line bundle .Z = Ox(aq,...,o) we have the Segre
embedding

X =P ... x PO oy P(HO(X, Ox(al,...,at))) ~ pN

where N — <<a1 +Oél> <a2 +Oé2> (an +Oét>> 1

aq s o
Suppose that one of the conditions of Flgystad’s is satified thus there
exists a linear monad

0 —— Opn(—-1)%* —— — 098 — Opy(1)® —— 0

PN

on PV whose morphisms are matrices A and B with entries monomials
of degree one where O

V.
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A € (0pn(—1)2, 05%) = HO(PY, 0pn (1))

B € (0ph, 0pn (1)®7) = HO(PY, 0px (1)#97).
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A€ (0pn (—1)%,05%) = HO(PY, 0pn (1)97)
B e (Oﬁfh OPN(l)@’y) = HO(PN7 OPN(]')@B’Y)'
Thus, A and B induce a monad on X,

0 — 1% 2, 0% T, ger g
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Proof.
A € (0pn(-1)82,087) = HO(PY, Opn (1)8F)
B € (028, 0pn(1)®7) = HO(PY, 0pn (1)897),

PN
Thus, A and B induce a monad on X,

i B
0 — Z=I1% — @ — gy .
whose morphisms are matrices A and B with entries multidegree
monomials such that A € (Ox(—aq,..., —a)®*, O?@B) and
B e (0%, 0x(an,...,a0)®) D
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Corollary on existence

D Maingi [GOAL]

Theorem

Let X =Pl 5 ... x P2 gnd £ = Ox(1,--- ,1) an ample line
bundle. Denote by N = h%(Ox(1,---,1)) — 1. Then there exists a
linear monad My on X of the form

Mo :0 = Ox (=1, ,~1)% —— 0 —— 0x(1,---,1)® >0

if atleast one of the following is satified
QpB22y+N—-1, and B> a+7,
Q@ b>a+v+ N, where a, 8, be positive integers.
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Explicit monad construction via matrices

Let ¢ : X = P! x ... x P! — P¥=2"+1 he the Segre embedding which
is defined as follows:
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Explicit monad construction via matrices

Let ¢ : X = P! x ... x P! — P¥=2"+1 he the Segre embedding which
is defined as follows:
[ano : aa1]fogo t@o1] oot [@mo tam1] = [Tt T Yot Lt Yl
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Explicit monad construction via matrices

Let ¢ : X = P! x ... x P! — P¥=2"+1 he the Segre embedding which
is defined as follows:

[ano : aa1]fogo t@o1] oot [@mo tam1] = [Tt T Yot Lt Yl
First note that since we are taking m copies of P! then we have
N=2m_-1=2"-2+1=22""1-1)+1=2n+1
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Explicit monad construction via matrices

Let ¢ : X = P! x ... x P! — P¥=2"+1 he the Segre embedding which
is defined as follows:

[ano : aa1]fogo t@o1] oot [@mo tam1] = [Tt T Yot Lt Yl
First note that since we are taking m copies of P! then we have
N=2m_-1=2"-2+1=22""1-1)+1=2n+1

Thus from Flgystad, there exists a linear monad

0 —— Opzart (-1 —— 02— Opaun ()™ —— 0
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Explicit monad construction via matrices

Let ¢ : X = P! x ... x P! — P¥=2"+1 he the Segre embedding which
is defined as follows:

[ano : aa1]fogo t@o1] oot [@mo tam1] = [Tt T Yot Lt Yl
First note that since we are taking m copies of P! then we have
N=2m_-1=2"-2+1=22""1-1)+1=2n+1

Thus from Flgystad, there exists a linear monad

0 —— Opensi (~1)F —— OFIH —— Opanii (1) —— 0

From which we induce a monad on X = P! x .- x P!

O—>OX(_17 ,_1>€Bk — o???n@Qk — OX(17 ’1)@k_>0
A B
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Explicit monad construction via matrices

Let ¢ : X = P! x ... x P! — P¥=2"+1 he the Segre embedding which
is defined as follows:

[ano : aa1]fogo t@o1] oot [@mo tam1] = [Tt T Yot Lt Yl
First note that since we are taking m copies of P! then we have
N=2m_-1=2"-2+1=22""1-1)+1=2n+1

Thus from Flgystad, there exists a linear monad

0 —— Opensi (~1)F —— OFIH —— Opanii (1) —— 0

From which we induce a monad on X = P! x .- x P!

O—>OX(_17 ,_1>€Bk — o???n@Qk — OX(17 ’1)@k_>0
A B

by giving the morphisms A and B with B- A =0 and A and B are of
maximal rank.
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Explicit monad construction via matrices

Let ¢ : X = P! x ... x P! — P¥=2"+1 he the Segre embedding which
is defined as follows:

[ano : aa1]fogo t@o1] oot [@mo tam1] = [Tt T Yot Lt Yl
First note that since we are taking m copies of P! then we have
N=2m_-1=2"-2+1=22""1-1)+1=2n+1

Thus from Flgystad, there exists a linear monad

0 —— Opensi (~1)F —— OFIH —— Opanii (1) —— 0

From which we induce a monad on X = P! x .- x P!

O—>OX(_17 ,_1)€Bk — o???n@Qk — OX(17 ’1)@k_>0
A B

by giving the morphisms A and B with B- A =0 and A and B are of
maximal rank.

From A and B whose entries are xg, -, Zn, %0, ,Yn the
homogeneous coordinates on P?"*! we give the correspondence for the
the Segre embedding using the following table:
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Explicit monad construction via matrices

homog.coord. on P?"t! | representation homog.coord. on X
o ap000---0000
T apooo---0001
T2 apo00---0010
Tn—1 a0111---1110
Tn ap111---1111
Yo a1000---0000
n @1000---0001
Y2 a1000---0010
Yn—1 ai111--1110
Yn a1111--1111
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Explicit monad construction via matrices

homog.coord. on P21

homog.coord. on X

apo0o---
a0000---
a0000---

0000
0001
0010

apiiy..-
aoiit.--
a1000---
@1000---
@1000---

1110
1111
0000
0001
0010

@1111---1110
@1111---1111

Q100203040 - *
Q10020630440 - *
Q10020630440 - *

Q1000210031041 - -
Q1000210031041 * - -
Q1100200030040 * *
Q11 Q2030040 * * -
Q1100030040 * + -

Q11021310047 -~ +
Q110021310047 -~ +

* O (m—3)0%(m—2)0¥(m—1)0¥m0
"X (m—3)0%¥(m—2)0¥(m—1)0Cm1
* ¥ (m—3)0%(m—2)0%¥(m—1)1%m0

T (m—3)1%(m—2)1%¥m—1)1%m0
" ¥(m=3)1%m-2)1%m-1)1%ml
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Explicit monad construction via matrices

Specifically we define A and B as follows

@0000---0000 " * a0111---1111 @1000---0000
B =
@p000---0000 - A0111---1111
and
—a1000---0000 " **  —a1111---1111
A= —Aa1000---0000 " **  —a1111---1111
@0000---0000 * * * apii1--1111
L @0000---0000 * * * api11---1111

We note that
Q@ B-A=0and

® The matrices B and A have maximal rank
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Vector bundles

Suppose the ambient space is X = P% x ... x P% then Pic(X) ~ Z".
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Vector bundles

Suppose the ambient space is X = P% x ... x P% then Pic(X) ~ Z".
We shall denote by g; for ¢ =1--- ,n the generators of the Picard
group of X, Pic(X).
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Vector bundles

Suppose the ambient space is X = P% x ... x P% then Pic(X) ~ Z".
We shall denote by g; for ¢ =1--- ,n the generators of the Picard
group of X, Pic(X).

Denote by Ox (g1, ,9n) := p1*Opa1 (g1) @ - - - ® pr*Opan (gn), where
p; for ¢ =1,---  n are natural projections from X onto P%.
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Vector bundles

Suppose the ambient space is X = P% x ... x P% then Pic(X) ~ Z".
We shall denote by g; for ¢ =1--- ,n the generators of the Picard
group of X, Pic(X).

Denote by Ox (g1, ,9n) = p1*Opai (91) ® - - @ pp* Opan (gn), Where
p; for ¢ =1,---  n are natural projections from X onto P%.

For any line bundle . = Ox(91,92,- -+ ,gn) on X and a vector bundle
E, we write E(g1,92, - ,9n) = E® Ox(91,92, - , gn) and

(91,92, ygn) == g1[h1 x P ] + -+ + g,[P% x h,| representing its
corresponding divisor.
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Vector bundles

Suppose the ambient space is X = P% x ... x P% then Pic(X) ~ Z".
We shall denote by g; for ¢ =1--- ,n the generators of the Picard
group of X, Pic(X).

Denote by Ox (g1, ,9n) = p1*Opai (91) ® - - @ pp* Opan (gn), Where
p; for ¢ =1,---  n are natural projections from X onto P%.

For any line bundle . = Ox(91,92,- -+ ,gn) on X and a vector bundle
E, we write E(g1,92, - ,9n) = E® Ox(91,92, - , gn) and

(91,92, ,gn) == gi[h1 x P®] + -+ + ¢, [P® x h,] representing its
corresponding divisor.

The normalization of E on X with respect to .Z is defined as follows:
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Vector bundles

Suppose the ambient space is X = P% x ... x P% then Pic(X) ~ Z".
We shall denote by g; for ¢ =1--- ,n the generators of the Picard
group of X, Pic(X).

Denote by Ox (g1, ,9n) = p1*Opai (91) ® - - @ pp* Opan (gn), Where
p; for ¢ =1,---  n are natural projections from X onto P%.

For any line bundle . = Ox(91,92,- -+ ,gn) on X and a vector bundle
E, we write E(g1,92, - ,9n) = E® Ox(91,92, - , gn) and

(91,92, ,gn) == gi[h1 x P®] + -+ + ¢, [P® x h,] representing its
corresponding divisor.

The normalization of E on X with respect to .Z is defined as follows:
Set d = deg (0x(1,0,---,0)), since

deg »(E(—kg,0,---,0)) =deg»(E) — nk - (E) there is a unique integer
kg := [ng(F)/d] such that 1 — d.(F) < deg »(E(—kg,0,---,0)) <O0.
The twisted bundle Eg_,0pm := E(—kg,0,---,0) is called the
Z-normalization of E.

IBEREER IR EF3oT-s1 BlAS SRR Lo LN ISt atatale Vector bundle construction via monac May 27, 2024 47 / 52



Vector bundles

Suppose the ambient space is X = P% x ... x P% then Pic(X) ~ Z".
We shall denote by g; for ¢ =1--- ,n the generators of the Picard
group of X, Pic(X).

Denote by Ox (g1, ,9n) = p1*Opai (91) ® - - @ pp* Opan (gn), Where
p; for ¢ =1,---  n are natural projections from X onto P%.

For any line bundle . = Ox(91,92,- -+ ,gn) on X and a vector bundle
E, we write E(g1,92, - ,9n) = E® Ox(91,92, - , gn) and

(91,92, ,gn) == gi[h1 x P®] + -+ + ¢, [P® x h,] representing its
corresponding divisor.

The normalization of E on X with respect to .Z is defined as follows:
Set d = deg (0x(1,0,---,0)), since

deg »(E(—kg,0,---,0)) =deg»(E) — nk - (E) there is a unique integer
kg := [ng(F)/d] such that 1 — d.(F) < deg »(E(—kg,0,---,0)) <O0.
The twisted bundle Eg_,0pm := E(—kg,0,---,0) is called the
Z-normalization of E.

Lastly, the linear functional §» on Z" is defined as

5$ P1,D2, " yPn) ‘= degf OX(p17p27'” 7pn)
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Hoppe criterion on stability

Let X be a polycyclic variety with Picard number n, let £ be an ample
line bundle and let E be a rank r > 1 holomorphic vector bundle over
X. If H(X,(AN"E)2—norm(01,- -+ spn)) =0 for 1 < g <r—1 and
every (p1,- - ,pn) € Z" such that § o < 0 then E is £ -stable.

IBEREER IR EFToT-s1 BlAS SRRl LN ISt akatale Vector bundle construction via monac May 27, 2024 49 / 52



Theorem

Let F' be a vector bundle on X = P x ... x P defined by the short
exact sequence

0 F 0¥ —— Ox(01,,0)® —— 0

then F' is stable for an ample line bundle £ = Ox(aq, -, ay)

Proof.

| A

HOY X, \"F(=p1,--+,—pn)) =0 forall Y p;>0and 1 < g < (F)—1
=l
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v
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Theorem

Let X = P* x --- x P*  then the cohomology bundle E associated to
the monad

0= Ox(=a1,--, =) —— 0%’ —— Ox(o1,+,0)® 20

of rank B — o — 7y is simple.
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