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Beltrami equation

Let C be the complex plane. In the complex notation f = u+iv and
7z =x+1y, the Beltrami equation in a domain G C C has the form

(1) fz = nu“(Z)fZ7
where p: G — C is a measurable function and
1 1
f; = i(fx +ify), f,= §(fX —ify)

are formal derivatives of f in Z and z, while f; and f, are partial
derivatives of f in the variables x and y, respectively.



Nonlinear Beltrami equation

Let 0: G — C be a measurable function and m > 0. We consider
the following equation written in the polar coordinates (r,0) :

(2) f. = o(re!%) |fo|™ 1o,

where fg and f; are the partial derivatives of f by 6 and r,
respectively. The equations of this type were studied in the works

[1]-[6].



Nonlinear Beltrami equation

Applying the relations between these derivatives and the formal
derivatives

(3) rf, = zf, +zf;, fo = i(zf, —7fz),
one can rewrite the equation (2) in the Cartesian form:

() 7 0(z) |z, — 7™ —1
" 720(2) o, — 2+ 1

where 6(z) =i0(z)]z|.



Nonlinear Beltrami equation

Under m = 0, the equation (4) reduces to the standard linear
Beltrami equation (1) with the complex coefficient

_ zio(z)|z] -1
HE) = a1
Picking m =0 and o = —i/|z| in (4), we arrive at the classical

Cauchy-Riemann system. For m > ( the equation (4) provides a
partial case of the general nonlinear system of equations (7.33)
given in [7].



Nonlinear Beltrami equation

Next, we consider an equation of another type, namely
(5) fg = o(re'®) || ™ £,
Applying the relations (3), one can rewrite the equation (5) by

7 1+i0(z) |z| ™ Y zf, +7f,™

fZZ*
(6) 7 1=i0(2)|z| ™ L[z, +7,|m

2
Assuming m = 0, the equation (6) also becomes the standard linear

Beltrami equation (1) with

_z1+io(z)/||
HE) = S T 60)

Choosing m =0 and o =i|z| in (6), we arrive again at the classical
Cauchy-Riemann system. Later on we assume that m > 0.



Regular homeomorphic solutions

A mapping f: G — C is called regular at a point zy € G, if f has
the total differential at this point and its Jacobian J¢ = |f,|2 — |f;|?
does not vanish. A homeomorphism f of Sobolev class Wlloi is
called regular, if Js >0 a.e. By a regular homeomorphic solution of
the equation (6) we call a regular homeomorphism f: G — C,
which satisfies (6) a.e. in G.

Later on we use the following notations
B,={zeC:|z|<r}, B={zeC:|z|] <1}
and
%h={z€C:lz|=1}, A0,r,r2)={z€C:r; <|z] <ra}.

The area of set f(B;) we denote by S¢(r) = |£(B;)].



p-angular dilatation

Let f: B — C be a regular homeomorphism of the Sobolev class
Wlloi and p > 1. By the p-angular dilatation of the mapping f with
respect to the point zg = 0 we call a quantity

_ [fp(xe®®)P?

(7) Dy i(2) = Dy (re’?) = I (rc®)

where z =rel? and J; is the Jacobian of f.
For Dy ¢(z) and p > 1, denote

p—1

© dys() = | 5 [ D ()1

2rr
Y



Differential inequality

The following lemma provides a differential inequality for the area
functional S¢(r) = |f(B;)].
Lemma

Let f:B — C be a regular homeomorphism of the Sobolev class
Wlloi that possesses the N-property, and p > 1, K > 0. If

(9) dpe(r) <K foraa. 1e(0,1),
then
(10) Si(r) = 21" K11 P S (1)

fora.a.r€0,1).



The area of the disk image

Lemma

Let f:B — C be a regular homeomorphism of the Sobolev class
Wlloi that possesses the N-property, 1 <p <2 and K> 0. If
dp(r) <K for a.a. r € (0,1), then forr e [0,1)

(11) [£(B:)| > C(p,K)r?,

where C(p,K) = aK» 2.



Asymptotic behavior of regular homeomorphisms

Lemma
Let f:B — C be a regular homeomorphism of the Sobolev class

Wlloi that possesses the N-property and normalized by £(0) = 0,
and1<p<2, K>0.Ilfdy(r) <K fora.a. re(0,1), then

limsup
z—0 |Z|



Asymptotic behavior of regular homeomorphisms

Theorem

Let f B — C be a regular homeomorphism of the Sobolev class
WIOC that possesses the N-property and normalized by £(0) = 0,
and 1 <p < 2. Suppose that

p—1
Ko = 11m1nf / D?.' z)dxdy

1) If ky € (0,00), then

B, oty

limsup
z—0 ‘ ’

where ¢, is a positive constant depending on the parameter p.
2) If ko =0, then

. f
limsup ——— = oo
z—0 ‘Z|



Asymptotic behavior of regular homeomorphic solutions

Theorem

Let f:B — C be a regular homeomorphic solution of the equation
(6) which belongs to Sobolev class Wlloi and normalized by

£(0) = 0. Assume that C > 0 and the coefficient 6 : B — C satisfies
the following condition

7 m—+2
(12) !ﬁl))m“ |dz| < Cr?

for a.a. r € (0,1). Then

(13) timsup L2 5 <2—”)

z—0 |Z’ C

g~



Asymptotic behavior of regular homeomorphic solutions

Corollary

Let f:B — C be a regular homeomorphic solution of the equation
(6) which belongs to Sobolev class Wlloz and normalized by

£(0) =0 and K > 0. Assume that the coefficient o : B — C satisfies
the following condition

7 m+2

(14)

for a.a. zc€B. Then

(15) lim sup



Asymptotic behavior of regular homeomorphic solutions

Example

Fix k > 0 and consider the equation
1
(16) fo = k—mr|fr|mfr

in the unit disk B. Let f = krel®. Obviously, the mapping f belongs
to the Sobolev class W!2(B). The partial derivatives of f with
respect to 0 and r are fy =kire'?, f. =kel® and

Jf(reie) = %Im (Efg) =k%2>0.

Now we show that the mapping f =krel® is a solution of equation
(16). Clearly, o = I |ffnf = = r. Thus, (12) holds, since
}{7@522 T |dz| = Cr? where C= km'
On the other hand, lim H‘(Z—Z‘)' =k.

z—0



Asymptotic behavior of regular homeomorphic solutions

Theorem

Let f: B — C be a regular homeomorphic solution of the equation
(6) which belongs to Sobolev class Wllo’g, and normalized by
£(0) = 0. Suppose that

|m+2
= liminf / dxdy.
£—0 71'82 |Z Im o' m+1 Y

1) If og € (0,00), then
A

ZCm0y ™,

lim sup
z—0 ’Z|

where ¢y, Is a positive constant depending on the parameter m.
2) If 6y =0, then
f
limsup| (@) =

z—0 |Z|




Asymptotic behavior of regular homeomorphic solutions

Example

Let k>0 and o € (1,m+1). Consider the equation

(17) fo = ikr® || ™f;
in the unit disk B. The mapping f =k mﬁmrzlrmti ¢ i6
belongs to the Sobolev class W (]B) Its partial

ﬁ — _ m
mt+l—o’ L .
m+1l m+ @ 2
derivatives with respect to r and 0 are fy = 1k mﬁ mr o om o ed,
fi=k mfBmrm=ed.




Asymptotic behavior of regular homeomorphic solutions

Example
m+l mil-a 16 0

It is easy to see that the mapping f =k mB m o om is a
regular homeomorphic solution of the equation (17). Clearly,
o= ‘f‘f—ﬁ,f = ikr®. The condition 6y =0 in previous theorem is

fulfilled, since

2

|er
e—>0 7t82/’Z ImO' m+

7 dxdy = 0.

By a direct calculation, |f(z)|/|z| — « as z — 0.
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