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Let D be a domain in R” and let b € OD. Then D has property P; at b if the following condition
is satisfied: If E and F are connected subsets of D such that b € EU F, then M (T'(E, F, D)) = oo,
where M denotes the (conformal) modulus of families of paths in R™ (see the definition below), and
I'(E,F,D) is a family of paths joining F and F in D (see e.g. [L, Definition 17.5]). The following
results hold.

Theorem A. Suppose that f : D — D’ is a quasiconformal mapping and that D has property
Py at € 0D. Then C(f,b) contains at most one point at which D’ is finitely connected (see |[L,
Theorem 17.13] ).

Theorem B. Let f : D — R"™ be quasireqular mapping with C(f,0D) C 0f(D). If D is locally
connected at a point b € 0D and D' = f(D) is qc accessible at some point y € C(f,b), then C(f,b) =
{y} (see e.g. [2, Theorem 4.2], c¢f. [3, Theorem 4.2]).

We give some generalization of Theorems A and B. Recall some definitions. A Borel function
p: R™ — [0,00] is called admissible for the family I' of paths v in R™, if the relation f p(z)|dx| > 1

holds for all (locally rectifiable) paths v € I'. In thls case, We erte p € admT'. Let p 1, then p-

modulus of I is defined by the equality M, (I") = F [ PPz (x).Letzg e R™",0 <11 <719 < 00,
Rn
S(zo,r) ={x € R": |z —xo| =71}, B(zxo,r)={r € R":|z—xo| <7} (1)

and A = A(xg,r1,7m2) = {x € R": 1y < |z —x0| <7r2}. Let S; = S(xo,7;), @ = 1,2, where spheres
S(xg,7;) centered at xg of the radius 7; are defined in ([l). Let @ : R* — R be a Lebesgue measurable
function satisfying the condition Q(x) = 0 for x € R\ D. Let p > 1. Due to [4], a mapping f : D — R"
is called a ring Q-mapping at the point xo € D \ {oo} with respect to p-modulus, if the condition

M(FC(S1, 52 D)) < [ QGa) (o aol) dmo) @)
AND
holds for some ro(zg) > 0, all 0 < r; < 19 < rg and all Lebesgue measurable functions 7 : (r1,r2) —

[0, 00] such that

/n(r) dr>1. (3)

Recall that a mapping f : D — R" is called discrete if the pre-image {f~! (y)} of each point y € R"
consists of isolated points, and is open if the image of any open set U C D is an open set in R”. Later,
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in the extended space R" = R™ U {co} we use the spherical (chordal) metric h(x,y) = |n(z) — 7(y)],
where 7 is a stereographic projection R” onto the sphere S™ ( €n+t1, 2) in R"*!, namely,

1 |z — y

T , TFOOFY
J1+ |z \/1—1—]3:\ 1+

(see [, Definition 12.1]). Further, the closure A and the boundary dA of the set A C R™ we understand
relative to the chordal metric A in R™. Given a mapping f : D — R™, we denote C(f,z) := {y € R :

dxp € Dt xp — =z, f(xp) = y,k — oo} and C(f,0D) = |J C(f,z). In what follows, Int A
x€dD

denotes the set of inner points of the set A C R™. Recall that the set U C R" is neighborhood

of the point zp, if zo € Int A. Due to [4], we say that a function ¢ : D — R has a finite mean

oscillation at a point zg € D, write ¢ € FMO(xo), if limsup o2 [ |p(z) — @.| dm(z) < oo,
e—0 "

h(z,00) =

B(xo,a)
where o, = ﬁ [ e(z)dm(z). Let Q : R™ — [0, 00] be a Lebesgue measurable function. We set
B(zo,¢)
>
Q'(x) = { Q(xi’ ggi; 2 }’ Denote by ¢, the mean value of Q'(x) over the sphere |z — xo| = 7,
that means,
1
/ ,_ / -1
on(r) = m / Q'(x)dH" . (4)
|z—x0|="

Note that, using the inversion ¢(z) = ﬁ, we may give the definition of FMO as well as the quantity
in (@) for x¢p = co. We say that the boundary 0D of a domain D in R", n > 2, is strongly accessible at

a point xg € 0D with respect to the p-modulus if for each nelghborhood U of xq there exist a compact
set £ C D, a neighborhood V' C U of zg and § > 0 such that M,(I'(E, F, D)) > ¢ for each continuum
F in D that intersects QU and V.

Theorem 1. ([B]). Letp > 1, let D and D’ be domains inR™, n > 2, f : D — D’ be an open discrete
mapping satisfying relations (@) (B) at the point b € 0D wzth respect to p-modulus, f(D) = D'. In
addition, assume that 1) the set E := f ~1(C(f, dD)) is nowhere dense in D and D is finitely connected
on E, i.e., for any 20 € E and any neighborhood U of zo there is a neighborhood VcuU of zo such
that (D N V) \ E consists of finite number of components; 2) for any neighborhood U of b there is a
neighborhood V- C U of b such that: 2a) V' N D is connected, 2b) (V N D)\ E consists at most of m
components, 1 < m < oo, 8) D'\ C(f,0D) consists of finite components, each of them has a strongly
accessible boundary with respect to p-modulus. Suppose that at least one of the following conditions

is satisfied: 41) a function Q has a finite mean oscillation at the point b; 42) qp(r) = O ([log %]Thl)

5(b)
as r — 0; 43) the condition [ % = 00 holds for some §(b) > 0. Then f has a continuous
0 tr=lq, P71 (1)
extension to b.
If the above is true for any point b € D, the mapping f has a continuous extension f: D — D',

moreover, f(D) = D’.
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