HARMONIC NUMBER SERIES RELATED TO SPECIFIC GENERATING FUNCTIONS
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The central binomial coefficients are defined for integer n > 0 by (2;;) = 572;,1))2' . These numbers are
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closely related to the well-known Catalan numbers, given by C,, =

of order m and the odd harmonic numbers of order m are defined respectively by Hém) => ;%m and
k=1

Oﬁlm) = > m with Hém) = O(()m) = 0. The cases Hfll) = H, and 07(11) = O, correspond to the
k=1

ordinary harmonic and odd harmonic numbers, respectively.

In this note, we present several infinite series involving central binomial coefficients, Catalan num-
bers, harmonic numbers, products of harmonic numbers, and mixed products with odd harmonic
numbers. The method used to derive these expressions relies on integration—a classical technique
that has recently gained renewed attention in the literature [1-3], among others.
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and more generally, for s — % & lco, T#0, and r+ s — % & Z<p,
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Theorem 3. We have
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where ((s) = >, %, (R(s) > 1) is the Riemann zeta function. More generally, for 0 < r € C\ Z<o,
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Theorem 5. For all z € [-1/4,1/4),
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where Liz(z) denotes the dilogarithm function, defined by Lig(x) = > 7z, |z] < 1.
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and, more generally, for r € C\ Z<o,

Z (n+(r+1)/2) o 2 <Hr —H,pp— Hr/2 ﬂr —In2+ >

n=1
REFERENCES

[1] C.Liand W. Chu. Evaluating infinite series involving harmonic numbers by integration. Mathematics, 12(4) : 589, 2024.

[2] A. Sofo and A. S. Nimbran. Euler sums and integral connections. Mathematics, 7(9) : 833, 2019.

[3] S. M. Stewart. Explicit evaluation of some quadratic Euler-type sums containing double-index harmonic numbers. Tatra
Mt. Math. Publ., 77(1) : 73-98, 2020.



	References

