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The Lie-algebraic approach to the rational factorization of Lax type flows in spaces dual to certain
operator Lie algebras (see, for example, [l]) and central extensions of some of them is developed
for the central extension of the Lie algebra A, := Ag{{D%, D~“}}, consisting of fractional integro-
differential operators such as aq := 3 ;7. a;DPa=1) swhere Ag := A{{D, D~'}} is the Lie algebra
of ordinary integral-differential operators, A := Ws°(R;C)n WL (R;C), D* : A — A is a Riemann-
Liouville fractional derivative, a € C\ Z, Rea # 0, a; € Ao, j € Zy, po € N is an order of
the fractional integro-differential operator a,. This Lie algebra possesses the standard commutator
[aq; ba] = aq 0 bg — by © a4, and invariant with respect to this commutator scalar product (aq,bs) =
fR resp (resp,, (aq © bo D™))dz, where ay, by € Ay, 70" is a symbol of the operator product, resp,,
denotes a coefficient at D~ for any fractional integral-differential operator as well as resp denotes a
coefficient at D~! for any ordmary integral-differential operator.

On the central extension A, := A, @ C of the parameterized Lie algebra A, := HyeSl A, by the
Maurer-Cartan 2-cocycle wy(aa,ba) = (aa,ba/dy), where (aq,ba) = [51(aa,ba)dy, aa,ba € Aq,
there exist the commutator

[(aou d)7 (baa 6)] = ([aay ba], WZ(aav boa))a (aou d)7 (baa 6) € A,
and corresponding invariant scalar product
((2a, d), (ba;, €)) = (aa,ba) + ed. (1)

The Lie algebra A, allows the splitting into the direct sum of its two Lie subalgebras A, = A, +@Aa —
where A, ; is the Lie subalgebra of the formal power series by the operator D®. On the space A*
dual to the central extension A, with respect to the scalar product @) the R-deformed commutator

[(aon d)a (bom 6)]72 = ([aou ba]R7 WQ,R(aay ba))a
[aou ba]R = [Raa) ba] + [aom Rba]u WZ,R(aom ba) = w2 (Raom ba) + W?(aay Rba)a

where R : A, — A, is a space endomorphism, R = (P, —P_)/2, Py are projectors on A, + accordingly,
generates the Lie-Poisson bracket

{7 ptr(la: €) = (la, [VY(la), Villa)r) + w2, r(VA(la), Vi(la)) == (V(la), ©Vi(la)),  (2)

where 7, 1 € D(A}) are smooth by Frechet functionals on A}, ~ A, "V” is a symbol of the functional
gradient, the Poisson operator © : T*(A}) — T'(A}) acts by the rule

©: Vy(la) = —[la — cd/0y, (VY(la)) -] + [la — c8/0y, V(la)l<o

for any smooth by Frechet functional v € D(A¥), T(AY) and T*(A}) are tangent and cotangent
spaces to A* accordingly, (la,c) € A’& ~ Aa, lo, € A% is a fractional integro-differential operator of
the order g, € N. By means of the Casimir invariants v, € I (A* ), n € N, satisfying the relatlonshlp
[lo — ¢D/0y, Vn(la)] = 0 at a point (Iy,c) € AX, as Hamiltonians, in the dual space A% ~ A, the
Lie-Poisson bracket (E) determimes the hlerarchy of Lax type Hamiltonian flows in the form

Olo /0ty = [(Vyn(la))+,la — cO/0y], tn €R, neN, (3)
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where the subscript ”+” denotes the projection of the corresponding element from A, on the Lie
subalgebra A, and Vv, (ly) = ZjeZ+ an,jDo‘(”_]). One considers another hierarchy of Lax type

Hamiltonian flows on the dual space A}, such as
dla/dtn = [(Vn(la))+, lo — cd/9y], tn €R, neN, (4)

for some fractional integro-differential operator [ e A}, of the order ¢, € N, which is related with the
operator [, € A}, by the generalized gauge transformation

[a(0) = ¢0/dy = Ba(0)~}(1a(0) — ¢d/dy) Ba(0), (5)
where B,(0) € Aa,+ is some fractional differential operator of the order s, € N with constant coeffi-
cients, at the initial moment of the time ¢, € R for every n € N.

Theorem 1. If for every n € N at the initial moment of the time t, € R the fractional integro-
differential operators lo,la € g* of the order qo, € N are related by the relationship (E), there exist
such fractional differential operators Ay, Bo € Aa,—‘,— of the orders qo + Sa and so accordingly, where
Sa € Ly, So < Qq, that the equalities

lo = AuBSY, Iy = B;Y(Ay — cOB4/0y) (6)

hold. The operators A, Ba € AQ,JF satisfy the following systems of evolution equations

dAa/dtn = (Vn(la))+Aa — Aa(Vyn (D)) + + c(0(Vn(la))+/0y) Ba,

dBao/dtn = (VYn(la))+Ba — Ba(V1m(la))+, n €N, (7)

or, equivalently,

dAo/dtn = (Aa(Vn(la)) =)+ = (VInlla))-Aa)t — c((O(Vn(la))-/0y) Ba)+,

dBa/dtn = (Ba(V1n(la))-)+ — (Vin(la))-Ba)+, mneN.

which possess an infinite sequence of the conservation laws H,, € D(Aa7+ X Aa7+), n € N, in the forms
H,(Ay, By) = ’yn(la)ha:AaB;l = ’Yn(la)|ia:B;1(Aa—caBa/8y)'

Theorem 2. For every n € N the system of evolution equations (ﬁ), given on the subspace A, 4 x
AQ,JF C A, x Ay, is Hamiltonian with respect to the Poisson bracket {.,.}s which arises as a reduction
of the Poisson bracket {.,.} z with the corresponding Poisson operator £ = (P')~1(@@®0)(P™*)~', where
© is a Poisson operator generating the Poisson bracket (B]) at a point [ € A%, P™* : T*(AX & A*) —
T*(Ay x Ay) is an operator adjoint to the Frechet derivative P’ : T(A, x Ay) — T(AL & AY) of the
Backlund transformation P : (Aq, Ba) € Aq X Aq — (la,lo) € A% @ A%, determined by the equalities
@), (P™)~" is inverse to one, on Aq 1 X Aq - and Hamiltonians H, € D(Aq X Ay ) in the forms

HTL(ACM7 BOé) = 'yn(la)ba:AaB;l + FY'(L(Z’Q)|Za:B(;l(Aa_caBa/ay), n c N.

In the case of ¢ = 0 the second Hamiltonian representation for the hierarchy ([) is also found.

The rational factorization method for the central extension A, is applied to construct a new inte-
grable hierarchy of two-dimensional nonlinear dynamical systems with fractional derivatives by one
spatial variable as well as a new integrable hierarchy of two-dimensional hydrodynamic Benney-type
systems, which is its quasiclassical approximation.
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