HoMOTOPY PROPERTIES OF MORSE FUNCTIONS ON NON-ORIENTABLE SURFACES
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Let M be a smooth compact surface and P is a real line R or a circle S'. Denote by F(M, P) the
space of smooth functions f € C°°(M, P) satisfying the following conditions:

1) the function f takes constant value at M and has no critical point in OM;
2) for every critical point z of f there is a local presentation f,: R? — R of f near z such that f,
is a homogeneous polynomial R? — R without multiple factors.
Let X be a closed subset of M. Denote by D(M, X) the group of C*°-diffeomorphisms of M fixed
on X, that acts on the space of smooth functions C*°(M, P) by the rule: (f,h) — f o h, where
he D(M,X), fe C®(M,P).
Let O(f,X)={foh |he D(M,X) be orbit of f with respect to the action above.
Precise algebraic structure of such orbits for oriented surfaces was described in [1]. In particular,
the following theorem holds.

Theorem 1. [I| Let M be a connected compact oriented surface except 2-sphere and 2-torus and let
feF(M,P). Then mO(f,0M) € G, where G is a minimal class of groups satisfying the following
conditions:

1)1eg;
2) if A,B€g, then Ax Be€g;
SifA€eGandn>1, then AL, Z €G.

Definition 2. Let G, H be groups, m € Z and v: H — H be automorphism of order 2. Define the
automorphism ¢: G x H™ — G?*™ x H™ by the formula

é(90s - - - 92m—1, P05 - - - s him—1) = (G2m—1, 905 - - - » G2m—2, 1, ha, ... A1, 7(ho))-

This automorphism ¢ generates homomorphism ¢': Z — G?™ x H™. The corresponding semidirect
product G*™ x H™ x4 Z will be denoted (G, H) 1y, Z.

Theorem 3. [2| Let M be a Mébius band. Then for every f € F(M, P) either
(1) exist groups A,G,H € G, an authmorphism ~v: H — H of order 2 and m > 1, such that

mO(f,0M) =2 Ax (G,H) bym Z,
(2) or there exist groups A,G € G and odd number m > 1 such that
7r1(9(f,8M) XAx G2

Conversely, for every such tuple (A,G,m) or (A,G,H,~v,m) there exists f € F(M, P) such that we
have the corresponding isomorphism.

It was shown in [1] that if M has negative Euler characterictic, then fundamental groups of orbits
of functions in F(M, P) are direct products of such groups for functions only on cylinders, disks and
Moébius bands.
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