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The study of Lie symmetries of nonlinear Schrédinger equations was started in the late 1970es and
was then continued by many scientists, see [, 2, B] and references therein. An important class V of
(14 n)-dimensional nonlinear Schréodinger equations with modular nonlinearities and complex-valued
potentials was comprehensively considered within the framework of Lie symmetries in the literature,
but the main results in this direction were obtained initially in [3] and then in [[L]. The above equations
are the form

bt + thaa + f(P)Y + V(t, 2)1 = 0, (1)

where ¢ and x = (x1,...,x,) are the real independent variables, n € N, 1) is the unknown complex-
valued function of (¢,x), V is an arbitrary smooth complex-valued potential depending on (t,z), and
f is an arbitrary complex-valued nonlinearity depending only on p := |¢], f, # 0. Subscripts of
functions denote differentiation with respect to the corresponding variables. The index a runs from 1
to n, and summation over repeated indices is assumed. Particularly known equations from the class V
are cubic Schrédinger equations with potentials, where f(p) = p?. The complete group classification
of this class was carried out in [3] for n = 1 and in [L] for n = 2. Moreover, the last reference also
contains preliminary results on group analysis of the class V for the case of arbitrary n. At the same
time, even in the most physically relevant case n = 3, the problem of complete group classification of
the class V is still open. The class V is not normalized, but it can be partitioned into three disjoint
normalized subclasses, which are not related to each other by point transformations. These are the
subclasses with logarithmic, power and general nonlinearities. We started extending the results of
[, B] to the case n = 3 and were able to carry out the major part of the group classification for n = 3
and general modular nonlinearities.

Denote by V/ the subclass of the class V with n = 3 and a fixed general value of the nonlinearity f,
i.e., pfop/fp is not a real constant, by ¢* the complex conjugate of 1,

D(l) = 8t, Jl = 56283 — 1‘382, JQ = Igal - x183, Jg = :UlaQ — $281,
P(x) := x“04 + %X?%M, M = ip0y — i)™ Oy,
where the parameters x* and o are real-valued smooth functions of t.
Lemma 1. The class V! is normalized. The maximal Lie invariance algebra gy of an equation Ly
from this class consists of the vector fields of the form c¢D(1) — kqJq + P(x) + oM, where ¢ and Kk,

are arbitrary real constants and the parameter functions x® and o are arbitrary real-valued smooth
functions of t that satisfy the condition

1
Vi + (koxs — k3w + XHVI + (k3z1 — k123 + X2 Vo + (k1me — kot + x°2)Va = ixgt% +or. (2

The kernel Lie invariance algebra of equations from the class VI is ggf = (M).
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Any vector field of the general form presented in Lemma m, where at least one of the parameters ¢, K,
and y“ takes a nonzero value, belongs to gy for a potential V' satisfying the classifying condition (E) for
this vector field. This is why we have g¢y := >, gv = (D(1), Ja, P(x), oM ), where the parameter
functions x® and ¢ run through the set of real-valued smooth functions of ¢,

A subalgebra s of gy is called appropriate if s = gy for some V. For each of such subalgebras, we
define five nonnegative integers that depend on V', are invariant under equivalence transformations of
the class Y/ and label the cases of Lie-symmetry extensions within this class,

r1 :=rank{y | 3o: P(x) + oM €5}, ko:=dimsN{cM)=dimg" =1,
kl =dims N <P(X), UM) — ko, kg :=dims N <J1, JQ, Jg, P(X), UM> — k‘l — ko,
k‘g =dims — ]{}2 — kil — ko.
One has r; € {0,1,2,3}, ko € {0,1,3}, 1 < k1, k1 € {0,...,6} and k3 € {0,1} [L, Section 6].
The following lemmas are useful in the course of the group classification of the class V¥ with n = 3.

Lemma 2. (i) If ks = 3 and Q° = P(X°) + 0"M + ¢°I € s, then P(x"?&,) + 6%°M € s for any
a,b € {1,2,3} and some functions 3% of t.
(i) If ke = 3, then s D (Jy, Jo, J3) modulo the point equivalence in the class V¥, and r1 € {0,3}.

Lemma 3. If x and x are linearly independent and x - X; — X - X = 0, then rank(x, x) = 2.
Lemma 4. Ifrank(x!,x?) = rank(x', x%,x) =2 and x-x' —x;-x' =0, 1 =1,2, then x € (x*, x2).

Lemma 5. Let 1y = 2, i.e., the algebra gy contains at least two vector fields of the form Q° =
P(x®) + oM + ¢°I, s = 1,2, where rank(x!,x?) = 2 for any t in the related interval. Denote
x? i =x! x x?2#0. Then x' - x? — xi - x> = const and the following holds:

(i) k1 € {2,3,4}.

(ii) k1 = 2 if and only if (x" x X7, xi + xi x xi) # 0.

(iii) k1 = 3 if and only if (XO < x¥, x0 4+ xi x xf) =0 but x° x x? #0.

(iv) k1 = 4 if and only if x° x x? = 0.

We have classified the equations from the class V/ with r € {0,1,3} and are almost complete
classification for the case r1 = 2. In particular, if r1 = 3, ko = 0, k3 = 1, then up to the point
equivalence within the class Y/, the algebra gy necessary contains the vector field D(1) + kJ3 with
k = const. For nonzero x, the corresponding case of Lie symmetry extension is the following:

V= i(alw% + oWl + a3$§) + %(ﬁlwl + Bowe)xs + iv:

gy = (M, P(6P! cos kt — 0P sin kt, 6P* sin kt 4 0% cos kt, 6P3), p=1,...,6, D(1) + K.J3),
where wi := x1 cos kt + T sin kt, we := —x1 sin kKt + T3 cos kt, w3 := 3; a1, ag, B1, B2 and k are real
constants with ag # a1 # 0, and k # 0; (9P1(t), OP2(t),6P3(t)) are linearly independent solutions of the
System,

0r — 2607 = (K2 4+ 1) + 51603, 02 4 260} = (k> + )0 + (26>, 03 = a36°.

REFERENCES

[1] Kurujyibwami C. and Popovych R.O., Equivalence groupoids and group classification of multidimensional nonlinear
Schrodinger equations, J. Math. Anal. Appl. 491 (2020), 124271, arXiv:2003.02781.

[2] Nikitin A.G. and Popovych R.O., Group classification of nonlinear Schrédinger equations, Ukrainian Math. J. 53 (2001),
1255-1265, arXiv:math-ph/0301009.

[3] Popovych R.O., Kunzinger M. and Eshraghi H., Admissible transformations and normalized classes of nonlinear
Schrodinger equations, Acta Appl. Math. 109 (2010), 315-359, arXiv:math-ph/0611061.



	References

