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The study of Lie symmetries of nonlinear Schrödinger equations was started in the late 1970es and
was then continued by many scientists, see [1, 2, 3] and references therein. An important class V of
(1 + n)-dimensional nonlinear Schrödinger equations with modular nonlinearities and complex-valued
potentials was comprehensively considered within the framework of Lie symmetries in the literature,
but the main results in this direction were obtained initially in [3] and then in [1]. The above equations
are the form

iψt + ψaa + f(ρ)ψ + V (t, x)ψ = 0, (1)
where t and x = (x1, . . . , xn) are the real independent variables, n ∈ N, ψ is the unknown complex-
valued function of (t, x), V is an arbitrary smooth complex-valued potential depending on (t, x), and
f is an arbitrary complex-valued nonlinearity depending only on ρ := |ψ|, fρ ̸= 0. Subscripts of
functions denote differentiation with respect to the corresponding variables. The index a runs from 1
to n, and summation over repeated indices is assumed. Particularly known equations from the class V
are cubic Schrödinger equations with potentials, where f(ρ) = ρ2. The complete group classification
of this class was carried out in [3] for n = 1 and in [1] for n = 2. Moreover, the last reference also
contains preliminary results on group analysis of the class V for the case of arbitrary n. At the same
time, even in the most physically relevant case n = 3, the problem of complete group classification of
the class V is still open. The class V is not normalized, but it can be partitioned into three disjoint
normalized subclasses, which are not related to each other by point transformations. These are the
subclasses with logarithmic, power and general nonlinearities. We started extending the results of
[1, 3] to the case n = 3 and were able to carry out the major part of the group classification for n = 3
and general modular nonlinearities.
Denote by Vf the subclass of the class V with n = 3 and a fixed general value of the nonlinearity f ,

i.e., ρfρρ/fρ is not a real constant, by ψ∗ the complex conjugate of ψ,
D(1) := ∂t, J1 := x2∂3 − x3∂2, J2 := x3∂1 − x1∂3, J3 := x1∂2 − x2∂1,

P (χ) := χa∂a +
1

2
χat xaM, M := iψ∂ψ − iψ∗∂ψ∗ ,

where the parameters χa and σ are real-valued smooth functions of t.
Lemma 1. The class Vf is normalized. The maximal Lie invariance algebra gV of an equation LV
from this class consists of the vector fields of the form cD(1) − κaJa + P (χ) + σM , where c and κa
are arbitrary real constants and the parameter functions χa and σ are arbitrary real-valued smooth
functions of t that satisfy the condition

cVt + (κ2x3 − κ3x2 + χ1)V1 + (κ3x1 − κ1x3 + χ2)V2 + (κ1x2 − κ2x1 + χ3)V3 =
1

2
χattxa + σt. (2)

The kernel Lie invariance algebra of equations from the class Vf is g∩Vf := ⟨M⟩.
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Any vector field of the general form presented in Lemma 1, where at least one of the parameters c, κa
and χa takes a nonzero value, belongs to gV for a potential V satisfying the classifying condition (2) for
this vector field. This is why we have g⟨ ⟩ :=

∑
V gV = ⟨D(1), Ja, P (χ), σM ⟩, where the parameter

functions χa and σ run through the set of real-valued smooth functions of t,
A subalgebra s of g⟨ ⟩ is called appropriate if s = gV for some V . For each of such subalgebras, we

define five nonnegative integers that depend on V , are invariant under equivalence transformations of
the class Vf and label the cases of Lie-symmetry extensions within this class,

r1 := rank{χ | ∃σ : P (χ) + σM ∈ s}, k0 := dim s ∩ ⟨σM⟩ = dim g∩ = 1,

k1 := dim s ∩ ⟨P (χ), σM⟩ − k0, k2 := dim s ∩ ⟨J1, J2, J3, P (χ), σM⟩ − k1 − k0,

k3 := dim s− k2 − k1 − k0.

One has r1 ∈ {0, 1, 2, 3}, k2 ∈ {0, 1, 3}, r1 ⩽ k1, k1 ∈ {0, . . . , 6} and k3 ∈ {0, 1} [1, Section 6].
The following lemmas are useful in the course of the group classification of the class Vf with n = 3.

Lemma 2. (i) If k2 = 3 and Q0 = P (χ0) + σ0M + ζ0I ∈ s, then P (χ0aδb) + σ̆abM ∈ s for any
a, b ∈ {1, 2, 3} and some functions σ̆ab of t.
(ii) If k2 = 3, then s ⊇ ⟨J1, J2, J3⟩ modulo the point equivalence in the class Vf , and r1 ∈ {0, 3}.

Lemma 3. If χ and χ̆ are linearly independent and χ · χ̆t − χt · χ̆ = 0, then rank(χ, χ̆) = 2.
Lemma 4. If rank(χ1,χ2) = rank(χ1,χ2,χ) = 2 and χ ·χl−χt ·χl = 0, l = 1, 2, then χ ∈ ⟨χ1,χ2⟩.
Lemma 5. Let r1 = 2, i.e., the algebra gV contains at least two vector fields of the form Qs =
P (χs) + σsM + ζsI, s = 1, 2, where rank(χ1,χ2) = 2 for any t in the related interval. Denote
χ0 := χ1 × χ2 ̸= 0. Then χ1 · χ2

t − χ1
t · χ2 = const and the following holds:

(i) k1 ∈ {2, 3, 4}.
(ii) k1 = 2 if and only if

(
χ0 × χ0

t , χ
0
tt + χ1

t × χ2
t

)
̸= 0.

(iii) k1 = 3 if and only if
(
χ0 × χ0

t , χ
0
tt + χ1

t × χ2
t

)
= 0 but χ0 × χ0

t ̸= 0.
(iv) k1 = 4 if and only if χ0 × χ0

t = 0.
We have classified the equations from the class Vf with r1 ∈ {0, 1, 3} and are almost complete

classification for the case r1 = 2. In particular, if r1 = 3, k2 = 0, k3 = 1, then up to the point
equivalence within the class Vf , the algebra gV necessary contains the vector field D(1) + κJ3 with
κ = const. For nonzero κ, the corresponding case of Lie symmetry extension is the following:

V = 1
4(α1ω

2
1 + α2ω

2
2 + α3x

2
3) +

1
2(β1ω1 + β2ω2)x3 + iν :

gV = ⟨M, P (θp1 cosκt− θp2 sinκt, θp1 sinκt+ θp2 cosκt, θp3), p = 1, . . . , 6, D(1) + κJ3⟩,
where ω1 := x1 cosκt + x2 sinκt, ω2 := −x1 sinκt + x2 cosκt, ω3 := x3; α1, α2, β1, β2 and κ are real
constants with α2 ̸= α1 ̸= 0, and κ ≠ 0; (θp1(t), θp2(t), θp3(t)) are linearly independent solutions of the
system,

θ1tt − 2κθ2t = (κ2 + α1)θ
1 + β1θ

3, θ2tt + 2κθ1t = (κ2 + α2)θ
2 + β2θ

3, θ3tt = α3θ
3.
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