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Let us recall the formulation of the classical Koebe theorem.

Theorem A. Let f: D — C be an univalent analytic function such that f(0) =0 and f'(0) = 1.
Then the image of f covers the open disk centered at 0 of radius one-quarter, that is, f(D) D B(0,1/4).

The main fact contained in the paper is the statement that something similar has been done for
a much more general class of spatial mappings. Below dm(z) denotes the element of the Lebesgue
measure in R™. Everywhere further the boundary dA of the set A and the closure A should be
understood in the sense of the extended Euclidean space R™. Recall that, a Borel function p : R® —
[0, 00] is called admissible for the family I' of paths v in R", if the relation

/ pla) |da] > 1 (1)

holds for all (locally rectifiable) paths v € I'. In this case, we write: p € admI'. The modulus of T' is
defined by the equality
M) = inf /p”(x) dm(x). (2)
peadmI’
RTL
Let yp € R™, 0 < 11 <19 < 00 and
A= A(yo,r,r2) ={y € R":r <[y —yo| <r2}. (3)
Given zy € R", we put B(zg,r) = {x € R" : |[x — x¢| < r}, B®” = B(0,1), S(zo,r) = {z € R":
|z — x| = r}. A mapping f : D — R" is called discrete if the pre-image {f~! (y)} of any point y € R"
consists of isolated points, and open if the image of any open set U C D is an open set in R". Given
sets E, F C R" and a domain D C R" we denote by I'(E, F, D) the family of all paths ~ : [a,b] — R"
such that v(a) € E,v(b) € F and y(t) € D for t € (a,b). Given a mapping f : D — R"™, a point
yo € f(D)\ {oo}, and 0 < 1y <12 <719 = sup |y — yo|, we denote by I'¢(yo,71,72) a family of all
yef(D)
paths 7 in D such that f(v) € T'(S(yo,71), S(yo,72), A(yo,71,72)). Let Q : R™ — [0, 00] be a Lebesgue
measurable function. We say that f satisfies the inverse Poletsky inequality at a point yo € f(D)\{oco}
if the relation

MT )< [ Q) vl dm(y) 0
A(yo,r1,2)Nf(D)
holds for any Lebesgue measurable function 7 : (r1,72) — [0, 00| such that

/n(r) dr > 1. (5)

The relations ([) are proved for different classes of mappings, see e.g. [2].
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Set gy (1) = —L= [ Q(y) dH" '(y), where wy,_1 denotes the area of the unit sphere S"~!

Wp—1r"—1
S(yo,)
in R™. We say that a function ¢ : D — R has a finite mean oscillation at a point xg € D, write
p € FMO(xo), if limsup o' [ |p(2) —@.| dm(x) < o0, where p, = oo [ ¢(x) dm(z) and
e—0 B(zo,¢) B(zo,¢)
Q,, is the volume of the unit ball B" in R". We also say that a function ¢ : D — R has a finite mean
oscillation at A C D, write ¢ € FMO(A), if ¢ has a finite mean oscillation at any point xo € A. Let
h be a chordal metric in R?,

1 |z — y|

1+ 2P h(x’y):\/1+|x\2\/1+yy|2

and let h(E) := sup h(x,y) be a chordal diameter of a set E C R™ (see, e.g., [1, Definition 12.1]).
zyel

h(z,00) = ; TFo0FyY,

Given a continuum E C D, § > 0 and a Lebesgue measurable function @ : R™ — [0, co] we denote
by §g,s(D) the family of all open discrete mappings f : D — R", n > 2, satisfying relations (@),(E)
at any point yo € R™ such that h(f(E)) > §. The following statement holds, cf. [3].

Theorem 1. Let D be a domain in R"™, n > 2, and let B(xg,e1) C D for some g1 > 0.

Assume that, Q € L'(R™) and, in addition, one of the following conditions hold:

1) Q € FMO(R");

2) for any yo € R™ there is 6(yo) > 0 such that

5(yo) i@t

—1 = . (6)

o tay (1)

Then there is rq > 0, which does not depend on f, such that
f(B(zo,€1)) D Bp(f(20),70) V¥ f €Frs(D),

where Bp,(f(z0),70) = {w € R™ : h(w, f(z0)) < 70}
Remark 2. The condition Q@ € FMO(co) of the condition (f]) for yo = oo must be understood as
follows: these conditions hold for yy = oo if and only if the function @ = Q (ﬁ) satisfies similar

conditions at the origin.

The result mentioned above is obtained in [4].
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