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1. The connection of the two-fold exterior power
of the pull-back bundle

(N, h): a 4-dimensional Riemannian space form,
M: a Riemann surface,
F: M — N: a conformal immersion,

(u,v): local isothermal coordinates of M.

The induced metric g of M by F'is represented as g = 62>‘(du2 + dv2).

0 0
Ty =dF | — ), To :=dF|—

N1, No: normal vector fields of F' satisfying
h(Ni, Ni) = h(Na, No) = e**, h(Ny, N) = 0.



Suppose that N is oriented and that (17,15, N1, N9) gives the orientation.
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We set e1 := <171, e9 := =15, e3:=—Nji, eq :=—Ny, and
1= 0 eri= —xdy, e3 = 23N eq = R
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The two-fold exterior power A°F*TN of the pull-back bundle F*TN on M
by F'is decomposed into two subbundles /\QiF “I'N, and
O4 1, O+ 9, O4 3form local orthonormal frame fields of /\ZiF “I'N respectively.



V: the Levi-Civita connection of (N, h),
V: the connection of A°’F*TN induced by V.

Then V gives connections of /\2iF “I'N and we obtain

V(041012013 = (01160426 3)

V(04101264 3) =(01101906,3)
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where
o Wi Xy Yy Zi aretunctions given by
W=+ 01, Xe =03, Yo =0 *a), 24 =+ a3
and

o(T1,T1) = ayN1 + 51 N2, o(T1,T5) = agNy + [FoNo,
o(Ty, Th) = a3Ny + B3Ny

for the second fundamental form o of F', and

® ¢4, Y+ are functions given by ¢+ = Ay F 1o, Y+ = Ay F 11, and
(11, o are functions given by

V%lNl = AudV1 + 1V, V%2N1 = ApN1 + poNg

for the normal connection V=+ of F.



2. The equations of Gauss, Codazzi and Ricci

R: the curvature tensor of @,
Lq: the constant sectional curvature of V.

Then we have

0 0 0
R(T1,T5)(011 012013 =(041 019043 |0 0 +Lge*
0 FLpe** 0 |

We can express the left hand side by W4, X+, Y4, Z+ and so on, and

we obtain
WeX1 +YiZe = Loe®M + (¢+)u + (=)v (the equations of Gauss, Ricci),

(Yi)o F (Xp)u = TWxot — Z39,
(Ws)o £ (Z5)u = FYrdt — Xithr

(14, 3]).

(the equations of Codazzi)



K: the curvature of g: K = —6_2)‘()\% + Apw).

We say that the normal connection V1 of F is flat
if the curvature tensor R of V- vanishes, which is equivalent to (11)y = (12)u.

The twistor lifts of F' are sections of the twistor spaces associated with
the pull-back bundle F*I'N and locally given by ©4 ;.

The twistor lifts ©4 1 of I are said to be nondegenerate (resp. degenerate)
if for each € € {+, =}, V1,6, 1 and V1,0, 1 are linearly independent
(resp. dependent) at each point of M.

Then we observe that the following conditions are mutually equivalent ([4]):
(a) the immersion F satisfies both K = Lg and R = 0;

(b) the twistor lifts ©4 1 of I are degenerate;

(c) A4 =W=X4 +Y1Z-=0.



Remark
The twistor lifts ©4 1 of F' are nondegenerate if and only if Ay # 0.

If we suppose A+ # 0, then the equations of Codazzi are rewritten into
(¢+,v7) = (A+, Bx), where

Ar | - L —Xi+ Z (Ya)o F (X4 )u
B:F A:I: i jZYj: jZW:I: | (Wq:)ru + (Z:F)u

Using A+, B, we can obtain characterizations of surfaces such that

the twistor lifts are nondegenerate (|4]).



3. Surfaces with degenerate twistor lifts

e If F' has a parallel normal vector field, then the second fundamental form o

of F' satisfies the linearly dependent condition, that is, F' satisfies
cos 0(ay, g, avg) + sin (B, Bo, B3) = 0
for a function 6.
o If o satisfies the linearly dependent condition, then V- is flat.

e Suppose K # L. Then F' has a parallel normal vector field it and only if
o satisfies the linearly dependent condition ([5]).

e If we suppose K = L, then the linearly dependent condition of o

does not necessarily mean the existence of parallel normal vector fields ([5]).



Suppose that there exist nowhere zero functions k+ satistying
(W, Z5) = kx(—Yx, X1). (1)
Then A+ = 0 hold, that is, F satisfies both K = Ly and R+ = 0.

By (1) and the equations of Codazzi, there exist functions f4 satisfying

(fﬂ:>’0 (fi)u

. Yi = (2)
1+ kL

1+ kL
By the equation of Ricci, we obtain

(f)a+ (f+) = (f-)a+ (/=) (= B).
Therefore, it B £ 0, then there exists a function v satisfying

(F)u|  [eosw —sing | [ (fr)o
(f=)w _sinw COS 1 | (f)u |

X4+ =+




Suppose that X, Y1 satisfy X_%Yg — X%YE = 0.
Then o does not satisfy the linearly dependent condition ([5]).

By the definitions of W4, X+, Y4, Z+, we have
Wo+W_=X,+X_, Y. +Y_ =7, +7_.
Applying (1) to these relations, we obtain
X2 Y2+ X X +Y Y

|
- X, Y. —X_Y, ’
L XTI YR+ X X YYD
B X, Y. —-X_Y, |
Applying (2) to these relati btain ky = Shm =4 )
111 O esSe relatlons € ODlalll == WINEre
pplying ;W il s

A= (f)o(f-)u+ ([2)o(f+)u (F0), C = (f+)ulf=)u — (JH)u(f-)v.



We have A = Bcosvy, C = —Bsin.

Applying these relations and k4 = j]]z: ; é to the equations of Codazzi,
we obtain

o i 0wy ]

Tu | _ (0-)u n O(u,v) (f=)u
v | _(‘9—)1)_ 8(f‘|—7f—) _(f—)v_
0(u, v)
1 2(f+)ulf=)u A A
A i A 2(f+)v(f—)v_ _)\v_

([5]), where

e 7 is a function satistying v, = w1, Yo = W2,

e (_ is a function given by tanf_ = k_,

A= (Fulfd = (ol el = =g 0 0,




In addition, if Ly = 0, then we obtain

_ _ _ _ 8(f-|—7¢) _ _
Tu | _ (0-)u n O(u,v) (f=)u
| v | _(‘9—)?1_ a(f+7f—> _(f—)v_

O(u, v)

Therefore there exists a function € of one variable satisfying

of+,¥) = . O+, f-)
o(u,v) (=) o(u,v)
By this relation and (3), we obtain
Zu = (cos?1)a + (cos ¥ sin1)b + (sin®1))c

([5]), where a, b, ¢ are R*-valued functions constructed by f_ and £(f_).



4. Space-like or time-like surfaces in neutral or Lorentzian

4-dimensional space forms

In the case where IV is neutral, analogous discussions and results are valid

for space-like or time-like surfaces.

In the case where IV is Lorentzian, analogous discussions and results are also
valid for space-like or time-like surfaces.

However, in this case, we need the decomposition of the complexification of
the two-fold exterior power of the pull-back bundle on a space-like or time-like

surface.



(N, h): a 4-dimensional Lorentzian space form,
M: a Riemann surface,
F: M — N: aspace-like and conformal immersion,

(u,v): local isothermal coordinates of M.

The induced metric g of M by F'is represented as g = e2>‘(du2 + dv2).

0 0
Ty =dF | — ), To :=dF|—

N1, No: normal vector fields of F' satistying
h(N1, N1) = —h(N2, Na) = €, h(N1, No) = 0.



Suppose that N is oriented and that (17,15, N1, N9) gives the orientation.

We set e = ei)‘Tl’ €y 1= ei)\TQ, €3 = e%‘Nb ey = ei)\NQ, and
01 = %(61 A ey ++/—les Aey),
B9 = %(61 Ae3++/—leg Ae),
O3 = %(\/—7161 Aes+en A es)

The complexification /\2F N ® C of the two-fold exterior power of

the pull-back bundle F*I'N on M by F'is decomposed into two subbundles
/\QiF *I'N of complex rank 3, and

O, O9, O3 form a local frame field of /\iF*TN



V: the Levi-Civita connection of (N, h).
Then V induces a connection V of A2F*TN ® C naturally.
In addition, V gives the connections of /\iF *TN (4]).

Then we obtain

0 —-W v/—1Y |
V1,(01 02 03) = (01 2 O3) 14 0
/=Y —p 0
0 J/=1Z X |

V(010203 =(010203) | —v=1Z 0 —¢ |,
X ¢ 0




where
W = 042—\/—151, X = a9 =+ _1537
Y =0 —+vV—1lay, Z:=0r++vV—1lag

and
¢ = Ay —V—1po, Y=+ V=1

By these relations, we obtain
WX —YZ = Loe** + ¢ + 1y (the equations of Gauss, Ricci),
Yo+ vV—-1Xy = —V—-1W¢ — Z3),
Wy +V—=1Zy = —/—1Y ¢ — X0
([4, 5]).

Referring to Sections 2, 3, we can obtain analogous results for space-like

(the equations of Codazzi)

surfaces in V.



Remark

For a local complex coordinate w = u + v/ —1v, we have
. 1
Vo owO1 = 5 (W + Z)0 — V-1{(X +Y)03).

Whether @5 /6@61 vanishes or not is determined by F', and
@8 /8@61 = 0 is equivalent to
W+2Z=0 X+Y=0.
In particular, if @8/(‘%@1 =0, then WX —YZ =0.
Therefore @5’ /6@61 = 0 gives a special class of space-like surfaces such that

the complex twistor lifts are degenerate, and

we can obtain a characterization of surfaces with Vg 1ow©O1 =0 ([4]).



M a Lorentz surface,
F: M — N: a time-like and conformal immersion,

(u,v): local coordinates of M compatible with the paracomplex structure
ot M.

The induced metric g of M by F' is represented as g = 62>‘(du2 — dv2).

%, %,
TY = dF | — Ty =dF | —
1:=d ((‘M) ni=d (c%)’

N1, No: normal vector fields of F' satisfying
(N1, N1) = h(No, Np) = e**, h(Ny, Np) = 0.



Suppose that N is oriented and that (17,15, N1, N9) gives the orientation.

1 1 1 1
We set e1 := —N1, e9 .= —<No, e3 = =11, eq .= —=15.
1= 3N €= —xNg, 3= T, ey = )
Then
— 1
O = E(el Ney—+/—leg A 64),
— 1
Oy = E(el Ne3—/—leg A eg),
—— 1
O3 = E(_V_lel Aey+esAes).

form a local frame field of A2 F*TN.



We obtain

0 —/—1IW —/—1Y
V(010263 =(0160263) | V=IW 0  —/-1¢
V1Y /Ty 0
0 Z ~X
VTQ(@l 0y 03)=(016903) | —Z 0 —v/—1¢ |,
X V19 0
where
W =ay++v—181, X :=ay+v/—105,
Y = ﬁg — \/—1041, 4 = 62 — \/—1043
and

¢ =y —V—=1lpg, =Xy — V=1




By these relations, we obtain
WX +YZ+ Loe* + ¢y — by =0 (the equations of Gauss, Ricci),
Yy +V—1Xy = —/—=1W¢ — Z1),
Wy = V=12 = =1V ¢ — X9
([4, 5]).

Referring to Sections 2, 3, we can obtain analogous results for time-like

(the equations of Codazzi)

surfaces in V.
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