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If X is a Banach space, the set of all bounded linear operators from X
into X' is denoted by B(X). Also, we denote Ny := N U {0}.

Definition

Let X’ be a Banach space. A sequence (T,)nen, of operators in B(X) is
called topologically transitive if for each non-empty open subsets U, V of
X, T,(U)NnV # & for some n € N.

A single operator T in B(X) is called topologically transitive if the
sequence (T")nen, is topologically transitive.Similarly, we say that T is
topologically semi-transitive on X if for each pair of open non-empty
subsets O; and O, of X there exists some n € N and some A\ € C\ {0}
such that AT"(0y) N O, # @. We say that T is topologically Ceséro
hyper-transitive on X if for each pair of open non-empty subsets O; and
O, of X there exists a strictly increasing sequence of natural numbers
{ni}« such that n, ' T™(01) N Oy # @ for all k.



Definition

[tsi] Let X be a topological space. Let & : X — X be invertible, and

a, ! be Borel measurable. We say that « is aperiodic if for each
compact subset K of X, there exists a constant NV > 0 such that for each
n> N, we have KNa"(K) = &, where a" means the n-fold combination

of a.



We let 2 be a locally compact non-compact Hausdorff space and « be an
aperiodic homeomorphism of Q. As usual, Cy(€2) denotes the space of all
continuous functions on €2 vanishing at infinity, equipped with the
supremum norm. Moreover, we let w be a positive continuous bounded
function on 2 such that also w™! is also bounded and we put then T, ,,
to be the weighted composition operator on Co(€2) with respect to « and
w, that is Ty, w(f) = w-(foa) for all f € Co(R2). Easily, one can see that
by the above assumptions T, is well-defined and || To w|| < ||w||sup-
Since % is also bounded, then T, ,, is invertible and we have

foa™l

Toé_jvf = 7 (€ G(Q)).

woaoa—

Simply we denote S, ,, := T}

a,w:



Remark

If w and % are weights, the inverse of a weighted composition operator
To,w is also a weighted composition operator. In fact,

Saw = Ty-1 1 . Moreover, if Ty, w, and T,, s, are two weighted

a7, p—
woar

composition operators, then

Taz,WQ © Ta17W1 = T(lloabWQ(WlOOéz)?

so the composition of two weighted composition operators is again a
weighted composition operator. By some calculation one can see that for
each n € N and f € G(Q),

n—1
Tof = (H(woo/)) (foa™ (1)
Jj=0

and

Sawf = (H(Woa_j)> (foa™).(2)

j=1



Lemma

The following are equivalent.

(i) To,w is topologically transitive on Co(2).

(ii) For every compact subset K of  there exists a strictly increasing
sequence {ng}x C N such that

n—1 ne—1

lim ( p|H (wodd™™)(t)|) = I|m sup|H (wo o)~ Y(t)]) =0.

k—)oo
tE j=0



The adjoint T} , is a bounded operator on M(2) where M((2) stands for
the Banach space of all regular Borel measures on 2 equipped with the
total variation norm. It is straightforward to check that

Tiwl(E) = [woatdu oo
E

for every 1 € M(Q2), and every measurable subset E od Q. By (1) and
(2) it follows then that for every n € N, y € M(Q) and a Borel
measurable subset E C Q2 we have that

n—1

T (€)= [ [[woa"du oo™
E

=0

and
n

Samw( /H woa" ) ldy oa”
E



Proposition
The following statements are equivalent.
i) Tx., is topologically transitive on M(2).
ii) For every compact subset K of Q and any two measures p, v in M(Q)
with |v|(K€) = |u|(K€) = 0 there exist a strictly increasing sequence
{nk}x C N and sequences {Ax}, {Bx} of Borel subsets of K such that
a™(K)N K = @ for all k € N and
lim |p|(Ac) = lim |v|(By) =0,
k—00 k—o00
ne—1 Nk

lim sup ([J(woa)(1)) = lim sup (JJ(woa™)"H(1))=0.

k=00 teknA; i o0 teKNBE iy



Corollary

We have that ii) = i)

i) Tx is topologically transitive on M(S2).

ii) For every compact subset K of Q) there exists a strictly increasing
sequence {ny}x C N such that

ne—1 N
Jm, fg,rg(jljo (wodd)(t) = lim fg,g(g(w oa™)7H(t) =0.

Open problem

Does there exist an example where the equivalent conditions of the part
ii) in the previous proposition are satisfied, whereas the sufficient
conditions of the part ii) in this corollary are not satisfied ?



Example
Let Q =R, a(t)=t+1forall t €R and

2 fort < —1,
1
w(t) = > for t > 1,
linear on the segment [—1, 1].

In this case, the sufficient conditions of the preceding corollaries are
satisfied.

1
In general, if M,e >0 suchthat l4+e< M, 1—¢€> v and K1, Ky > 0,
then if w € Cp(R) satisfies that M > |w(t)| > 1+ € for all t < —K; and
1
o <|w(t)| <1 —e€forall t > K, then the sufficient conditions of the

preceding corollary are satisfied.



Proposition

The following statements are equivalent.

i) Tx., is topologically semi-transitive on M(2).

ii) For every compact subset K of Q and any two measures u, v in M(Q)

with |u|(K€) = |v|(K€) = 0 there exist a strictly increasing sequence

{nk}x € N and sequences {A}«, { Bk}« of Borel subsets of K such that
"(K)NK = @ for all k€ N and

lim |u|(Ax) = lim |v|(Bk) =0,
k—00 k—o00

k—o0 tEAINK

|im[< sup h WoaJ ( )( sup H woa ™ ._ (t))]zo.

If « is not aperiodic, then we only have ii) = i).



Proposition
The following statements are equivalent.
i) T is topologically Ceséro hyper-transitive on M((Q).
ii) For every compact subset K of Q and any two measures u, v in M(Q)
with |u|(K€) = |v|(K€) = 0 there exist a strictly increasing sequence
{nk}x € N and sequences {A}«, { Bk}« of Borel subsets of K such that
a™(K)N K = & for all k € N and
lim {u[(Ax) v|(Bk) =0,
k—o0

= lim
k—o0

nk—l
l ! o) (t) ] =
(L, TT e 0]

j=0

= lim ( sup nkﬂ(woa_j)_l (t)) =0.

k—o00
teBiNK i

If « is not aperiodic, then we only have ii) = i).



Example

Let Q =R, a:R — R be given by a(t) =t +1 forall t € R and w be
a continuous bounded positive function on R. If there exist some

M, 6, K1, Ko > 0 such that 1 < M — 6 < w(t) < M for all t < —Kj and
w(t) =1 for all t > Ky, then T , is topologically Ceséro
hyper-transitive, but it is not topologically transitive on M(2). On the
other hand, if a(t) =t —1forall t € R, & < w(t) < 17 for all

t < —Kjyand 1 = w(t) for all t > Kj, then T , is topologically
semi-transitive, but it is neither topologically Cesaro hyper-transitive nor
topologically transitive on M(<2).



For each n € N, we set now C:(% = %(T;"W +S3"w)-
Proposition
We have that (i) = (/) :
(7) The sequence (Céi(?/)v) is topologically transitive on M(Q).
(i) For every compact subset K od Q and any two measures p, v in
M() with |p|(K€) = |v|(K¢) = 0 there exist a strictly increasing
sequence {nx} C N and sequences {Ag}«, { Fk}x, { Dk}« of Borel subsets
of K such that
lim |2[(Ax) [vI(Ax) = 0,
k—o00

= lim
n—o0o

I'Ik—l nk—l

im sup ([ (weo)e)= lim sup (J](woa)() =0,

k—roo teKNAS k—roo teknA;

j=0 j=0
2n,—1 2ny
lim su wo d)(t)) = lim su woa )7t =0,
Jim e (TT woe)(0) = fim e ([Joroe) )

where F, N Dy = @ and Af, N K = F U Dy for all k.



Corollary

We have that (ii) = (i) :

() The sequence (Co*é(z)v) is topologically transitive on M(2).
(i) For every compact subset K od Q we have that

n—1 n—1
Tim sup ([ (w o)) = lim sup ([T(woa™) (1)) =0,
tek =0 teK i=o
2n—1 ' 2n .
Jim sup (] (woe!)(6) = lim sup ([T(wea™)" (1) =0,

j=0 j=1



Let Q be a compact Hausdorff space and M,(€Q) denote the space of all
signed Radon measures on Q with the norm || v ||= |v|(€2). For
v e M, (Q), let ¢, : Cr(Q2) — R be defined by

oy (f) :/Qfdv.

Then v — ¢, is an isometric isomorphism of (M,, (2),] - ||) onto

()", [ - lloo)-



Let k: Q x Q — R be a continuous non - negative function and let u be
a positive Radon measure on € such that

/ k(x,y)du(y) >0 for all x € Q.
Q

Put then k : Q% Q — R to be defined as

k(x,y)
k(x,y) = T ko) dily)’

Then k is continuous, nonnegative and [, k(x,y)du(y) = 1.
We consider now the integral operator T, on Cgr(Q2) given by

Te(F)(x) = [ k(x,¥)f(y)du(y) for all x € Q.
The adjoint of Ty, will be denoted by T}



Proposition B

Under the above assumptions, if ||k||oo < ﬁ, then there exists a

unique invariant probability Radon measure vV on Q such that
(T (v) =7 (Q2) = 0as n— oo

for all probability Radon measures v on €.

As a concrete example, let Q = [0,27], u be the Lebesgue measure on
[0,27] and k : Q x Q — R be given as k(x,y) = %sin(%(x +y)).



We recall that a subset S of a Banach space Y is called spaceable in Y if
S U {0} contains a closed infinite-dimensional subspace of Y.

In this presentation, a subset B of a vector space Y is called a cone if for
each scalar ¢, cB C B.

For a Borel measurable subset E and some p € M(Q), we let ug be the
measure given by pg(B) := u(B N E) for every Borel subset B of Q. If K
is a cone in M(£2), we denote

K :={ue: p € K, E is Borel}.

Since for every scalar A € C we have (Au)g = A g, it follows that K is a
cone. Moreover, K C K.



Proposition
Let K be a cone in M(Q). If there exists a sequence of mutually disjoint
Borel subsets {E,}nen of Q such that for all n

{pe,: pe K}y # {ne, - peMQ)},
then M(Q) \ K (and consequently M(Q) \ K) is spaceable in M(2Q).

Corollary

Let K be the cone of all scalar multiples of positive Radon measures on a
non-compact, locally compact Hausdorff space Q. Then M(Q) \ K is
spaceable in M().



Thank you for attention !
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