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What is a tree?

Combinatorial tree T = (V(T), E(T))

) ’ V(T):{Vl,...,V5}
@ ‘ E(T) = {{vi, v}, {v1,v3}, {va, a}, {v3, v5}}
N d: V(T)x V(T) = Z
‘ e.g. d(Vg,V5) =3
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What is a tree?

The geometric realization (X, d) of T

0.6 X:< ] [0,1]R> /N

ecE(T)
d: X x X =R
eg. d(x,y) =19

0.3
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A segment joining x,y € X in a metric space (X, d) is the image of an
isometric embedding i: [0, d(x, y)|lr — X, i(0) = x, i(d(x,y)) = y.

Definition

An R-tree is a metric space (X, d) such that:
@ any x,y € X can be joined by a unique segment, denoted by [x, y];

@ [x,y] N [x,z] is a segment with x as one endpoint;
Q [x,y]U[x, 2] =y, 2] if [x,y] N [x, 2] = {x}.
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An R-tree that is not the realization of any combinatorial

tree

X =R?, d - “jungle river” metric

y=(1.2)
x=(-2,1)
I d(x,y)=6,d(x,z) =7
L [XaY]m[sz]:[XvW]
W:(].,O) [W’y] U [W,Z] = [y,Z]

z=(3,-1)
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N\-metric spaces

(A, 4, <) — a nontrivial totally ordered Abelian group
Examples: A <R, Z® Z, R@ R (with the lexicographic order), *R
(hyperreal numbers)
@ We can define a A-metric d: X x X — A on X and a A-metric space
(X,d).
@ The family of open balls in (X, d) is a base of a normal Hausdorff
topology on X.
@ We naturally define an isometry between A-metric spaces.
@ The group A is a A-metric space with the A-metric d(x,y) := |x — y|,
where |A] := max{\, —A}.
@ An interval in A is defined as [a, b]p :={A € A: a < X\ < b} for a < b.
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The definition of an R-tree can be generalized to A.

Definition
A A-tree is a A-metric space (X, d) such that:

@ any x,y € X can be joined by a unique segment, denoted by [x, y];
@ [x,y]N[x,z] is a segment with x as one endpoint;

Q [x,ylU[x,z] =y, 2] if [x,y] N [x, 2] = {x}.

Z-trees correspond exactly to combinatorial trees.
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Isometries of A-trees

An isometry g: X — X of a A-tree X can be one of three types:

Q elliptic isometry — g fixes a point in X;
@ inversion — g has no fixed point, but g2 does;

© hyperbolic isometry — g2 has no fixed point.

If A=2A (e.g., A =R), there are no inversions.

Kamil Orzechowski (University of Rzeszéw) Translation length formula AGMA 2025



Translation length and axis of an isometry

Definition
The translation length of an isometry g of a A-tree (X, d) is

el = 0, if g is an inversion,
gl = min{d(x,gx): x € X}  otherwise.

A

Definition
The axis of a hyberbolic isometry g: X — X is the set

Ag = {x € X: d(x,gx) = |lgll}-

It is a nonempty subtree of X isometric to a convex subset of A; the action
of g on Ag corresponds to the translation by ||g|| > 0.
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Example 1 (Cayley graph of the free group F(a, b))

We treat X = F(a, b) as a Z-tree; F(a, b) acts on X by left multiplication.

b
°
b
baleg @ @b
a~1p ab
°
IR 1 . ||abl| = 2
a3 e—2 _@o—— ¢ PEl
— —1.,-1 -1
Ap={...,b7"a ", b ", 1,a,ab,...}
A
a~tp~1 ab—?!
b1~ p—1 b~ 1a
)
b72
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Example 2 (Bruhat-Tits tree)

Let K be a field with a non-Archimedean valuation v, i.e., a
homomorphism v: K* — A such that v(a + b) > min{v(a), v(b)} for
a+b#0.

There exists a A-tree X, and an isometric action of GL(2, K) on X, with
the translation length

]l = max{v(det g) — 2v(tr g), 0}.

@ The action of SL(2, K) on X, is without inversions.

Q If A=17Z, X, is an infinite, regular combinatorial tree.
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Pseudo-length

Definition

A function ||-||: G — A4 is called a pseudo-length if, for all g, h € G, it
satisfies the conditions:

Q@ max{0, ||ghl| — l|gll — ]I} € 2Aif ||g]| > O, ||A]| > O;
Q |lghg | = ||hll;
Q |lghll = llgh™|| or max{|lghll, leh=*|I} < llg|l + [|All;

Q lighll = llgh™|l > llgll + Il All or max{lighll, [lgh~*[I} = llgll + [IAll if
lgll >0, |[hl| > O.

Theorem (Parry 1988)

A function ||-||: G — Ay is a pseudo-length if and only if there exists a
NA-tree X and an action of G on X by isometries such that ||g|| is the
translation length of g for g € G.
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Ping-pong pair

Definition
We call (g, h) € G x G a ping-pong pair if ||g|| > 0, ||h]| > 0, and

llgll = 1IAlll < min{lighl, llgh~*]}-
Geometrically, it means that A; N A, =0 or A; N Ap is a segment

“shorter” than min{||g||, | h]|}.
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Properly discontinuous actions

An action of G on a topological space X is properly discontinuous if, for
each x € X, there exist a neighborhood U > x such that g(U) N U = 0 for
g # le.

Theorem (Culler—-Morgan 1985, Chiswell 1994)

If G acts on a N-tree X by isometries and (a, b) € G x G is a ping-pong
pair, then the subgroup (a, b) is free of rank two, and acts on X
properly discontinuously and without inversions.

Proof methods: referring to the geometry of A-trees, “ping-pong lemma".
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Explicit translation length formula

Theorem (Orzechowski 2025)
If ||-]| is a pseudo-length on G and (a, b) is a ping-pong pair, then

n—1
2[lwl| = <Z Hx,-x;+1\|> + [[xnx1 || > 0.

i=1

for any cyclically reduced word w = xy ... xp, n > 1, x; € {a, b, et bfl}. )

Proof methods: a combinatorial approach using the axioms of a
pseudo-length, induction on word length.
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Another form of the formula

Let w=a"™bp™ .. .aMb" k>1, and my,...,mg,ny,...,nx €7\ {0}.
Then

k k
N, 2k— N
lwll = llall Y _(lmil = 1) + (1] 3 _(Ini] = 1) + [l ab i+ 5 llabll;
i=1 i=1

where N denotes the number of sign changes in the sequence
(mla ny, ..., Mg, Nk, ml)-

The group (a, b) is free of rank two, and acts properly discontinuously and
without inversions on the corresponding N-tree X.
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Inverse problem: construction of a pseudo-length

Let «, B,7,d € A satisfy the conditions
y—a—Be2N, §—a—[Fe2A
y=0>a+p or max{y,0} =a+; (1)
a>0, >0, |a— B <min{y,d}.
Let ¥ := {a,b,a !, b7'} and define f: £ x ¥ — A as follows:
f(a,a) = 2a, f(b,b) =28, f(a,b) =, f(a,b71) =6,
f(x,y) = f(y,x) = f(y 1, x71), f(x,x 1) =0 for x,y € L.
Theorem (Orzechowski 2025)
Let ||1]| := 0, and for w # 1 put

1 n—1
wl| := 5 (Z f(xi, Xiy1) + f(mel)) ,
—

where x1 ... x, is a cyclically reduced word conjugate to w. Then ||-|| is a
pseudo-length on F(a, b).

v,
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Conlusion: existence and uniqueness

If a, B,v,8 € N\ satisfy the conditions (1), then there exists a unique

pseudo-length ||-||: F(a, b) — A4 such that ||a|| = «,
lab~|| = 6.

bl| = B,

ab| =+,

We denote this pseudo-length by ||-|/4,8,+.5-
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Application: purely hyperbolic pseudo-lengths

Definition

A pseudo-length ||-||: G — A4 is called purely hyperbolic if ||g|| > 0 for all
g # 1g. It corresponds to the translation length function of a free action
without inversions on a A-tree.

A

Let {0} # A <R and ||-||: F(a,b) — A+ be a purely hyperbolic
pseudo-length. There exists an automorphism o of F(a, b) and
a, 3,7,9 € N\ satisfying (1) such that

lwll = llo(w)lla,p,5,5 for w e F(a,b).

Finding the automorphism ¢ involves performing a finite sequence of
Nielsen transformations on the basis (a, b) until we get a basis (g, h) that
is a ping-pong pair.
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Algorithm (Culler-Vogtmann 1988, Chiswell 1994)

Input: a purely hyperbolic pseudo-length ||-||: F(a, b) — R
Output: a ping-pong pair generating F(a, b)
(g, h) = (a,b)
if {|g]| < [h]| then
 (g.h)=(hg)
if ||ghl| < |lgh™*|| then
- (g.h) = (g, h7)
while [|g|| — [[h]| = [lgh™"]| do
(g.h):= (gh™*, h)
if [|g]| <[/l then
_ (g.h)=(hg)
if [lghl] < [lgh~!|| then
- (g.h):=(g,h7)
if [lgll = [[All < |lgh™| then
return (g, h)
else
 return (gh™! h)
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