On R-curvature tensor of locally conformal C;-manifolds
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Definition 1 ([3]). An almost contact metric manifold (M?"! g & n, ®) is said to be a locally
conformal C1o-manifold if the following identity holds:

Vx(®)Y = — g(X,dY)a” + g(X,YV) () + da(®Y) X — da(Y) BX
= n(X) {n(¥) [2(Ve&) + Da7)] + g(Ve&, @Y ) € + g(a”, @) €},
for all X,Y € X(M), where o™ = grad « is the vector field described by
gla”, X) = X(a) = da(X).
Theorem 2 ([1]). Let {w'} be a local orthonormal coframe defined on the open set U C M; then on
U there exist unique 1-forms {6;}, 1,7 =0,1,...,2n, such that the second structure equation is given
by
A6 = =6, A 60f + § Ry w* Ao
Proposition 3. If M?"*1 is a locally conformal Cia-manifold, then on M we have
(1) 65 = (a®62 — % 6) w';

(2) 0% = (ap 65 — ava 6F) we;
(3) 65 = C"w + apw?;
(4) ‘98 = Cqw + ag wq;
(5)

)

5) 09 = —Cow — agwy;
(6) 0) = —C"w — apw?,
where a,b,c=1,2,...,n, and & = a + n.

Theorem 4. The Riemannian curvature tensor of a locally conformal Cio-manifold M1, with
n > 1, has the following components on the G-structure adjoined space:

(1) Re. = Coh —CoCh,
(2) R%,, = C% — C°Cl, — ago 68 — (00)2 68 — 201967 Cy,
(3) Ripy = 200005
(4) Ry = —a? 0% + 20 8¢ alb (5;[] — 20l 5,61] g 0%,
(5) Ripa = 2454
(6) R 5= gt — (a0)? 07 6 + 40l 57, . 5,
(7) Rypo = Appo — a0 Cy 5y,
a ahd
(8) R ;= 2A7h,
(9) Re = AGM 4 ag €74,
(10) R, =2 (ab[h 5y — %y, 0y — (a0)? 6, 53]>,
(1) R, = — (%07 — 0% 5} + dale 67 ale ),
(12) Ry, = —a® 57 + a8} + 201 6)) ag + ag O 6}, — ag C* 4.,

and all other components are zero or can be found by the symmetry properties or conjugates of the
above components.

Theorem 5. On the G-structure adjoined space, the Ricci tensor components for a locally conformal
Cha-manifold are given by
(1) roo=0C% +C,*—2C*C, — 2n (aoo + (ozo)Q) +(n—1)a?Cy+ (n—1)ayC?,
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(2) ra0 = Abb0 2n—1)apCy—(n—1)ago — (n— 1) ap g,
(3) Tab = Cab — C Cb — 2A (n — 1) Agb,
(4) rap =C% = C*Cy + ( g0 — 2n()? +a?Cy —af, — (n — 1) « ozh) op
+(n—1)aay— (n—2)a% + A% — a® Cy,
and the remaining components are determined by symmetry, or can be found by using the conjugates
of the given components.

Theorem 6. A locally conformal Cio-manifold is an n-Einstein manifold if and only if the following
conditions hold:

(1) A=C% +C,*—2C*Cy — 2n (g0 + (a0)?) + (n— 1) a? Cy+ (n — 1) g C? — 4,
(2) Agbo = (2n —1DagCy+ (n—1)ag + (n — 1) ap ag,
(3) Ay =5 (Cab — Ca Cp) — (n — 1) v,
(4) A% = (C’a +C,2—2C"Cy — (2n— 1 agg + (n—2)a?Cy+ (n— 1) g C% + af,
+(n—1)ala, —p) 6 —C%Y+CCh+aCh+ (n—2)a% — (n— 1) a® o,
Definition 7 ([2]). An almost contact metric manifold (M?"+1 g, & n, ®) is called a manifold of class
CR; if the curvature tensor R satisfies
g(R(P*X, %Y ) ®Z, W) = g(R(®X,dY)DZ,dW), VX,Y,Z, W € X(M).
Whereas M is called a manifold of class C Ry if the curvature tensor R satisfies
g(R(P2X,3%Y) B2 Z,3*W) = g(R(PX, DY) B2 Z, B*W) + g(R(®X, D%Y) B Z, *W)
+ g(R(®X,d%Y) ®%2Z, dW), VYX,Y,Z,W € X(M).
On the other hand, M is called a manifold of class C'R3 if the curvature tensor R satisfies
g(R(P*X,%Y) 927, &*W) = g(R(PX, DY) DZ,dW), VX,Y,Z W € X(M).

Proposition 8. A locally conformal Ci2-manifold M is a CRsz-manifold if and only if Ay, = 0 on
the G-structure adjoined space.

Proposition 9. A locally conformal Ci2-manifold M is a CRa-manifold if and only if Aj., = 0 on
the G-structure adjoined space.

Corollary 10. A locally conformal Cia-manifold M is a CRo-manifold if and only if M is a CR3-
manifold. That is, on M, CRy = CR3.

Proposition 11. A locally conformal Ci2-manifold M is a CRi-manifold if and only if Ay, =0 and

a’, = —2(ap)? 6% on the G-structure adjoined space.

Theorem 12. Let M be a locally conformal Cho-manifold of class CRs. Then M 1is an n-Einstein
manifold if and only if the following conditions are satisfied:

(1) A=C%+C,*—20"Cy — 2n (ago + (0)?) + (n = 1) a?Cy+ (n — 1) ag C¢ — p,
(2) A =(2n—1)agCq+ (n— 1) g + (n — 1) ap g,
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(3) Qgp — ﬁ(cab—CaCb) (n>1) and Oé[ab]:
(4) A% = (C% +C,* —2CCy — (2n— 1) ago + (n —2) a? Ca+ (n — 1) ag C% + af,
+(n—1)ala, —p) 6t —C%+CCh+aCy+ (n—2)a% — (n— 1) a® o,
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