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Definition 1 ([3]). An almost contact metric manifold (M2n+1, g, ξ, η,Φ) is said to be a locally
conformal C12-manifold if the following identity holds:

∇X(Φ)Y = − g(X,ΦY )α# + g(X,Y )Φ(α#) + dα(ΦY )X − dα(Y )ΦX

− η(X)
{
η(Y )

[
Φ(∇ξξ) + Φ(α#)

]
+ g(∇ξξ,ΦY ) ξ + g(α#,ΦY ) ξ

}
,

for all X,Y ∈ X(M), where α# = gradα is the vector field described by
g(α#, X) = X(α) = dα(X).

Theorem 2 ([1]). Let {ωi} be a local orthonormal coframe defined on the open set U ⊂ M ; then on
U there exist unique 1-forms {θij}, i, j = 0, 1, . . . , 2n, such that the second structure equation is given
by

dθij = −θik ∧ θkj + 1
2 R

i
jkl ω

k ∧ ωl.

Proposition 3. If M2n+1 is a locally conformal C12-manifold, then on M we have
(1) θâb = (αb δac − αa δbc)ω

c;
(2) θbâ = (αb δ

c
a − αa δ

c
b)ωc;

(3) θa0 = Ca ω + α0 ω
a;

(4) θâ0 = Ca ω + α0 ωa;
(5) θ0a = −Ca ω − α0 ωa;
(6) θ0â = −Ca ω − α0 ω

a,
where a, b, c = 1, 2, . . . , n, and â = a+ n.
Theorem 4. The Riemannian curvature tensor of a locally conformal C12-manifold M2n+1, with
n > 1, has the following components on the G-structure adjoined space:

(1) Ra
0ĥ0

= Cah − CaCh,
(2) Ra

0h0 = Ca
h − CaCh − α00 δ

a
h − (α0)

2 δah − 2α[a δ
d]
h Cd,

(3) Ra
0hd = 2α0[h δ

a
d],

(4) Ra
0hd̂

= −α d
0 δah + 2α0 δ

a
b α

[b δ
d]
h − 2α[a δ

c]
h α0 δ

d
c ,

(5) Ra
bhd = 2Aa

bhd,
(6) Ra

bhd̂
= Aad

bh − (α0)
2 δah δ

d
b + 4α[a δ

c]
h α[c δ

d
b],

(7) Ra
bh0 = Aa

bh0 − α0Cb δ
a
h,

(8) Ra
bĥd̂

= 2Aahd
b ,

(9) Ra
bĥ0

= Aah0
b + α0C

a δhb ,

(10) Ra
b̂hd

= 2
(
αb

[h δ
a
d] − αa

[h δ
b
d] − (α0)

2 δa[h δ
b
d]

)
,

(11) Ra
b̂hd̂

= −
(
αbd δah − αad δbh + 4α[a δ

b]
c α[c δ

d]
h

)
,

(12) Ra
b̂h0

= −αb0 δah + αa0 δbh + 2α[a δ
b]
h α0 + α0C

a δbh − α0C
b δah,

and all other components are zero or can be found by the symmetry properties or conjugates of the
above components.
Theorem 5. On the G-structure adjoined space, the Ricci tensor components for a locally conformal
C12-manifold are given by

(1) r00 = Ca
a + C a

a − 2CaCa − 2n
(
α00 + (α0)

2
)
+ (n− 1)αdCd + (n− 1)αdC

d,
1



2

(2) ra0 = Ab
ab0 − (2n− 1)α0Ca − (n− 1)αa0 − (n− 1)α0 αa,

(3) rab = Cab − CaCb − 2Ac
abc − 2(n− 1)αab,

(4) râb = Ca
b − CaCb +

(
−α00 − 2n(α0)

2 + αdCd − αc
c − (n− 1)αh αh

)
δab

+ (n− 1)αa αb − (n− 2)αa
b +Aac

cb − αaCb,
and the remaining components are determined by symmetry, or can be found by using the conjugates
of the given components.
Theorem 6. A locally conformal C12-manifold is an η-Einstein manifold if and only if the following
conditions hold:

(1) λ = Ca
a + C a

a − 2CaCa − 2n
(
α00 + (α0)

2
)
+ (n− 1)αdCd + (n− 1)αdC

d − µ,
(2) Ab

ab0 = (2n− 1)α0Ca + (n− 1)αa0 + (n− 1)α0 αa,
(3) Ac

abc =
1
2 (Cab − CaCb)− (n− 1)αab,

(4) Aac
cb =

(
Ca

a + C a
a − 2CaCa − (2n− 1)α00 + (n− 2)αdCd + (n− 1)αdC

d + αc
c

+ (n− 1)αh αh − µ
)
δab − Ca

b + CaCb + αaCb + (n− 2)αa
b − (n− 1)αa αb.

Definition 7 ([2]). An almost contact metric manifold (M2n+1, g, ξ, η,Φ) is called a manifold of class
CR1 if the curvature tensor R satisfies

g(R(Φ2X,Φ2Y )ΦZ,ΦW ) = g(R(ΦX,ΦY )ΦZ,ΦW ), ∀X,Y, Z,W ∈ X(M).

Whereas M is called a manifold of class CR2 if the curvature tensor R satisfies
g(R(Φ2X,Φ2Y )Φ2Z,Φ2W ) = g(R(ΦX,ΦY )Φ2Z,Φ2W ) + g(R(ΦX,Φ2Y )ΦZ,Φ2W )

+ g(R(ΦX,Φ2Y )Φ2Z,ΦW ), ∀X,Y, Z,W ∈ X(M).

On the other hand, M is called a manifold of class CR3 if the curvature tensor R satisfies
g(R(Φ2X,Φ2Y )Φ2Z,Φ2W ) = g(R(ΦX,ΦY )ΦZ,ΦW ), ∀X,Y, Z,W ∈ X(M).

Proposition 8. A locally conformal C12-manifold M is a CR3-manifold if and only if Aa
bcd = 0 on

the G-structure adjoined space.
Proposition 9. A locally conformal C12-manifold M is a CR2-manifold if and only if Aa

bcd = 0 on
the G-structure adjoined space.
Corollary 10. A locally conformal C12-manifold M is a CR2-manifold if and only if M is a CR3-
manifold. That is, on M , CR2 = CR3.
Proposition 11. A locally conformal C12-manifold M is a CR1-manifold if and only if Aa

bcd = 0 and
αa

c = −1
2(α0)

2 δac on the G-structure adjoined space.
Theorem 12. Let M be a locally conformal C12-manifold of class CR3. Then M is an η-Einstein
manifold if and only if the following conditions are satisfied:

(1) λ = Ca
a + C a

a − 2CaCa − 2n
(
α00 + (α0)

2
)
+ (n− 1)αdCd + (n− 1)αdC

d − µ,
(2) Ab

ab0 = (2n− 1)α0Ca + (n− 1)αa0 + (n− 1)α0 αa,

(3) αab =
1

2(n− 1)
(Cab − CaCb) (n > 1) and α[ab] = 0,

(4) Aac
cb =

(
Ca

a + C a
a − 2CaCa − (2n− 1)α00 + (n− 2)αdCd + (n− 1)αdC

d + αc
c

+ (n− 1)αh αh − µ
)
δab − Ca

b + CaCb + αaCb + (n− 2)αa
b − (n− 1)αa αb.
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