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This work investigates the problem of estimating functionals defined on systems of mutually non-
overlapping domains in the complex plane. In particular, we obtain upper bounds for products of the
inner radii of n such domains with respect to systems of fixed points. The main result establishes the
dependence of these upper bounds on a real parameter v for the entire range of its values vy € (0, n].

Let (B, a) be the inner radius of a domain B C C with respect to a point a € B. The inner radius
is a generalization of the conformal radius to the case of multiply connected domains. The inner radius
of the domain B is related to the generalized Green function gp(z,a) of the domain B by the following
relations:
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gB(z,a) =1n +Inr(B,a)+o(1), z—a,

gB(z,00) =In|z| +Inr(B,o0) + o(1), 2z — oo.

This work is devoted to obtaining evolutionary-type inequalities for functionals of the following form
for all values of the parameter v € (0, nj:
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where n € N, {a;};_, is an arbitrary fixed system of points in the complex plane C\{0}; By, Boo,
{By}}_, is an arbitrary system of pairwise non-overlapping domains such that ap = 0 € By C C,
00 € Boy C C, and ay, € By, C C for k=1, n.

These functionals have been studied in numerous papers under various conditions (see, e.g., [1-
5]), but currently, there are no methods for obtaining their exact maximums for all values of the
parameter v € (0, n]. In particular, in [1], dynamic estimates were proven for the functionals I, (),
Y, (), and J, (), expressed in terms of their initial values I,,(0), Y, (0), and J,(0), respectively, and
a generalization of M.A. Lavrentiev’s result on the maximum product of conformal radii of two non-
overlapping simply connected domains was obtained. In the present work, we obtain evolutionary
estimates for the products of inner radii of pairwise non-overlapping multi-connected domains with
respect to fixed points in the complex plane.

Theorem 1. Letn € N, n > 2, ¢ >0, v € (0,n], and 7 € (0, 7). Then, for any fized system of
distinct points {a}p_, € C\{0} and any collection of pairwise non-overlapping domains By, k = 0,n,
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such that a, € By C C, k = 0,n, ap = 0, and 7 (By,ay) > € for k = 1,n, the following inequality
holds:
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Theorem 2. Letn € N, n >2,¢ >0, v € (0,n], and 7 € (0,7). Then, for any fized system of
distinct points {ak}k 1 € C and any collectzon of pairwise non-overlapping domains Bso, B, such
that o0 € Boo C C, ap € B, C C, k = 1,n, and provided that r(By,ay) > € for all k = 1,n, the
following inequality holds:

Yo(y) <=7 7Y (7).

Theorem 3. Letn € N, n > 2, ¢ >0, v € (0,n], and 7 € (0, ). Then, for any fized system of
distinct points {ay}p_, € C\{O} and any collection of pairwise non-overlapping domains By, B, By,
such that ag =0 € By C C, 0o € B, C C, and ay, € By, C C for k = 1,n, provided that r(By,a) >
for all k = 1,n, the following inequalities hold:
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Theorem 4. Letn € N, n > 3, and vy, 0, k = 1,n, be some positive real numbers such that v, > 0y,
for k =1,n. Then, for any fired system of dzstmct points {ar}}i_, € C and any collection of domains
By, C C, k=1,n, such that a € Bg, k =1,n, BN Bj =0 fori # j, and provided that r(By,ax) > €
for k =1,n and some € > 0, the following inequality holds:
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Ly ) < 200 (n—1) Cé= 11 Jaj — a1 0 H: (Bg, ag).
i,j=1,i<j k=1

The above Theorems allow us to obtain certain estimates of evolutionary type. These estimates can
be useful, for example, when we know the exact estimates for a certain fixed configuration of points ay
and a certain set of exponents 0y, but we need to find estimates for the same configuration of points
a, but for a different set of exponents ay. The estimates obtained in this manner can be more precise
than those obtained directly.
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