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The aim of this paper is to develop a unified approach based on a discrete Abel-type summation
formula (summation by parts). The main idea is to transform reciprocal series containing three or more
factors in the denominator into expressions exhibiting a partial telescoping or alternating structure.
This transformation reduces the complexity of the sums and makes it possible to derive families of
identities in a uniform way. Our results may be viewed as a continuation and extension of the results
obtained in [1], where several three-parameter families of finite reciprocal sums involving Horadam
numbers were evaluated.
We consider sequences wn = wn(a, b; p) defined by the recurrence relation

wn = pwn−1 + wn−2, n ≥ 2,

with initial values w0 = a and w1 = b. This class includes, as special cases, the Fibonacci sequence
Fn = wn(0, 1; 1) and the Lucas sequence Ln = wn(2, 1; 1), as well as several related sequences. We
also use the associated sequences un = wn(0, 1; p) and vn = wn(2, p; p).
Theorem 1. Let r, s, and l be nonnegative integers. If m is odd, then

∞∑
k=1

1

wmk+swm(k+1)+s

∏n−3
i=0 wr(k+i)+l

=
1

umwm+s

∞∑
k=1

(−1)k+1

(
wrk+l + wr(k+n−2)+l

)
umk

wm(k+1)+s

∏n−2
i=0 wr(k+i)+l

.

If m is even, then
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By selecting appropriate values of r, m and l, we obtain from Theorem 1 the following classical-type
and alternating identities involving Fibonacci and Lucas numbers:
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