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Let T > 0, Ω =
(
(0,+∞)×R

)
, ∆ = (∂/∂x1)

2 +(∂/∂x2)
2. Consider the following control system in

a half-plane

wt = ∆w, (x1, x2) ∈ Ω, t ∈ (0, T ), (1)
w
(
0, (·)[2], t

)
= u((·)[2], t), x2 ∈ R, t ∈ (0, T ), (2)

w
(
(·)[1], (·)[2], 0

)
= w0, (x1, x2) ∈ Ω, (3)

where u ∈ U [0, T ] is a control,

U [0, T ] =

{
φ ∈ L∞(R× (0, T ))

∣∣∣∣∣ supt∈[0,T ]
|φ(·, t)| ∈ L2(R)

}
is the set of admissible controls. The subscripts [1] and [2] associate with the variable numbers, e.g. (·)[1]
and (·)[2] correspond to x1 and x2, respectively, if we consider f(x), x ∈ R2. We investigate control
system (1)–(3) in subspaces of Sobolev spaces H−2s(R2) with s = 0, 1. In particular, we consider
w(·, t) ∈ L2(Ω), t ∈ [0, T ] and w0 ∈ L2(Ω). We study the approximate controllability problem for
system (1)–(3).
Definition 1. A state w0 ∈ L2(Ω) is said to be approximately controllable to a target state wT ∈ L2(Ω)
in a given time T > 0 if for each ε > 0, there exists uε ∈ U [0, T ] such that there exists a unique solution
wε to system (1)–(3) with u = uε and∥∥wε

(
(·)[1], (·)[2], T

)
− wT

∥∥
L2 < ε.

Controllability problems for parabolic equations were studied both in bounded and unbounded
domains. However, most of the papers studying these problems deal with domains bounded with
respect to the spatial variables.
The case of a bounded domain is fully studied. It is well known that each initial state of control

system (1)–(3) in a bounded domain D ⊂ Rn with the boundary ∂D of class C2 can be driven to zero
for a given time T > 0. This result was obtained by using Carleman inequalities (see, e.g. [3]).
The case of an unbounded domain is essentially different. An initial state cannot be driven to an

arbitrary target state, but only to a specific one that satisfies a certain relation with the initial state.
For example, it has been proved in [4] that there is no initial data in any Sobolev space of negative
order that may be driven to zero in finite time.
In most papers, controls belonging to L2 were considered. But in our problem, we show that such

controls are not appropriate to consider the approximate controllability property for w0 ∈ L2(Ω) and
w(·, t) ∈ L2(Ω), t ∈ [0, T ]. We consider the initial state w0 = 0 ∈ L2(Ω) and construct the control
u ∈ L2(R× (0, T )) with compact support by means of which w0 = 0 is driven to the end state w(·, T )
that does not belong to L2(Ω). That is why we consider the narrower set of controls U [0, T ], i.e.,
we consider a specific subset of bounded controls in L2(R × (0, T )). This condition guarantees that
w(·, t) ∈ L2(Ω), t ∈ [0, T ], for any w0 ∈ L2(Ω).
We prove the following theorem.

Theorem 2. Each state w0 ∈ L2(Ω) is approximately controllable to any target state wT ∈ L2(Ω) in
a given time T > 0.

1



2

In other words, each initial state w0 ∈ L2(Ω) of system (1)–(3) can be driven to an arbitrary
neighbourhood of any target state wT ∈ L2(Ω) by choosing an appropriate control u ∈ U [0, T ].
The method of proving this theorem is constructive and it provides us with a numerical algorithm

for constructing controls solving the approximate controllability problem for system (1)–(3) and for
approximate end states which are reached by means of these controls. We consider the odd extension
of w and w0 with respect to x1 and obtain a new control system. Then we reduce the controllability
problem for the 2-d parabolic equation controlled by the Dirichlet boundary condition to a finite
family of controllability problems for the 1-d ones controlled by the same boundary conditions. For
this we develop the state and the control in a new control system in the Fourier series with respect to a
basis generated by Hermite functions. For solving the approximate controllability problem for the 1-d
parabolic equation, we apply the method introduced in [1]. As a result we construct controls solving
our problem and approximate end states which are reached by means of constructed controls. Finally,
we analyse the solution to the control problem by applying the Fourier transform and its inverse.
The theorem and the numerical algorithm of solving the approximate controllability problem for

system (1)–(3) are illustrated by an example.
All obtained results are published in [2].
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