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The study of Lie symmetries for Schrödinger equations was started in the 1970s with the linear case,
and it has been continued up to now for more complicated classes of linear Schrödinger equations;
see [2, 3, 5, 4] and references therein. Admissible transformations and Lie symmetries of (1 + n)-
dimensional linear Schrödinger equations with (in general) time-dependent complex-valued potentials,
which are of the general form

iψt + ψaa + V (t, x)ψ = 0, (1)
were studied in [2] for n = 1 and in [3] for arbitrary n ∈ N. Here t and x = (x1, . . . , xn) are the real
independent variables, ψ is the complex dependent variable and V is an arbitrary smooth complex-
valued potential depending on t and x. Here and in what follows the index a runs from 1 to n, and we
assume summation over repeated indices. In [2], the notion of uniformly semi-normalized classes of
differential equations was introduced and the algebraic method of group classification for such classes
was suggested. The results were developed in [3]. The equivalence groupoid G∼

F of the class F of the
above equations was computed, and it was thus shown that this class is uniformly semi-normalized
with respect to the linear superposition of solutions. Hence, the group classification of F reduces to
the classification of specific low-dimensional subalgebras of the associated equivalence algebra. The
group classification problem for the class F was completely solved in [2, 3] for space dimensions one
and two, respectively.
In the present work, we consider the subclass F ′ of the class F that consists of the equations of

the form (1) with time-independent complex-valued potentials. Based on the description of G∼
F in [3],

we construct the equivalence group G∼
F ′ of this subclass and describe its equivalence groupoid via

classifying the admissible transformations within this subclass. This gives the first example in the
literature on applying the method of furcate splitting to classifying admissible transformations within
a non-normalized class of differential equations.
Theorem 1. The equivalence group G∼

F ′ of the class F ′ consists of the point transformations in the
space with the coordinates (t, x, ψ, ψ∗, V, V ∗) whose (t, x, V )-components are of the form

t̃ = λ1t+ λ0, x̃ = ε|λ1|1/2x+ ν, ψ̃ = eiλ3t+iλ2+λ5t+λ4ψ̂, Ṽ =
V̂

|λ1|
+
λ3 − iλ5
λ1

,

where λ0, …, λ5 and ν are real constants with λ1 ̸= 0, and ε := ±1.
Theorem 2. A generating (up to the G∼

F ′-equivalence and the linear superposition of solutions) set
of admissible transformations (V,Φ, Ṽ ) for F ′ is the union of the families

T1F :=
(
x−2
n F ([x1 : . . . : xn])− xaxa, Φ1, x̃

−2
n F ([x̃1 : . . . : x̃n])

)
,

Φ1 : t̃ =
1

2
tan 2t, x̃a =

xa
cos 2t , ψ̃ = | cos 2t|n/2ei tan(2t)|x|2/2ψ,

T2F :=
(
x−2
n F ([x1 : . . . : xn]) + xaxa, Φ2, x̃

−2
n F ([x̃1 : . . . : x̃n])

)
,

Φ2 : t̃ =
1

4
e4t, x̃a = e2txa, ψ̃ = ei|x|2/2−ntψ,

T3αU :=
(
U(x2, . . . , xn) + iαx1 + x1, Φ3α, U(x̃2, . . . , x̃n) + iαx̃1

)
,

Φ3α : t̃ = t, x̃1 = x1 − t2, x̃a = xa, a ̸= 1, ψ̃ = e−itx1+(i+α)t3/3ψ,

T4αUκ :=
(
U(x2, . . . , xn) + iαx1 − x21, Φ4ακ, U(x̃2, . . . , x̃n) + iαx̃1 − x̃21

)
,

1



2

Φ4ακ : t̃ = t, x̃1 = x1 + 2κ cos 2t, x̃a = xa, a ̸= 1, ψ̃ = eκ sin t (−2ix1−2iκ cos 2t−α)ψ,

T5αUκν :=
(
U(x2, . . . , xn) + iαx1 + x21, Φ5ακν , U(x̃2, . . . , x̃n) + iαx̃1 + x̃21

)
,

Φ5ακν : t̃ = t, x̃1 = x1 + 2κe2t + 2νe−2t, x̃a = xa, a ̸= 1, ψ̃ = e(κe2t−νe−2t)(2i(x1+κe2t+νe−2t)−α)ψ,

where [xk : . . . : xn] with k ∈ {1, . . . , n} denotes homogeneous coordinates in the projective space of
dimension n− k, F is a general sufficiently smooth complex-valued function in this space with k = 1,
U is a general sufficiently smooth complex-valued function of (x2, . . . , xn), α, κ, ν ∈ R, κ ̸= 0 in the
fourth family, and (κ, ν) ̸= (0, 0) in the fifth family. Moreover, in the last two families, α ̸= 0 or

x2U2 + · · ·+ xnUn + 2U ̸= 4ϵ(x22 + · · ·+ x2n),

where ϵ = −1 and ϵ = 1 for the fourth and the fifth families, respectively.
Since the class F ′ possesses no normalization properties, we use results of [2, 3] and the above theo-

rems to exhaustively solve the group classification problems for this subclass in space dimensions one
and two up to the general point equivalence and up to the equivalences generated by the corresponding
equivalence groups. But the group classification problem for F ′ and, even more so, for F in space
dimension three are much more cumbersome than their counterparts for n = 1 and n = 2. Since the
group classification problem for the class F has not been solved for n > 2 and, we think, will not be
completely solved in the near future, we directly solve the group classification problem for the class F ′

with n = 3 up to both G∼
F ′- and G∼

F ′-equivalences using an original algebraic version of the method
of furcate splitting. Then we reduce the classification of essential Lie symmetry extensions in the
class F ′ with n = 3 to the classification of nonzero subalgebras of the extended Euclidean algebra ē(3).
Based on the well-known complete list of nonzero inequivalent (with respect to inner automorphisms)
subalgebras of ē(3) presented in [1], we use an optimized procedure to construct a complete list of
G∼

F ′-inequivalent essential Lie-symmetry extensions within the class F ′.
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