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It 1s a classical problem of the Banach space theory to

1 INTRODUCTION

search for estimations of the dimension of linear closed sub-

spaces of the functional Banach space L, (M;dp), p > 1, (in
part, in L, (0, 1; d\), which has many applications in operator
and approximation theories 21, 3, 7,9, 14, 15, 17, 18, 19, 20|,
in dynamical systems theory [4, 8, 10, 11, 16, 24, 25| and
other applied fields.



[5] Grothendieck A., Sur certains sous-espaces vectoriels
de L,. Canadian J. Math. 6 (1954), p. 158-160
Here one can recall the known Subra-
manian inclusion theorem |24| of L,(M,du) into Ly(M,dp)

for 0 < p < g and the classical Grothendieck theorem |[5]

on the estimation of the dimension of a linear closed sub-
space S;E,‘x’) C L,(M,dp), embedded into the Banach space
Loo(M,dp) with respect to a probability measure g on a

space M, as well as 1ts generalization on the case of a lin-

ear closed subspace S;SF) C C(M;R) of continuous functions,
identically imbedded into Lo(M;dpu).



[13] Liu Y., Wu J., Xiong Y., The Grothendieck theorem
in Bergman spaces. arXiv:2511.01521v1 [math.CV| 3
Nov 2025

ﬁRecently, in November 2025, the authors of the work [13]
announced the Grothendieck type embedding theorem for
the Bergman space A,(€2,d\) = Hol(2) N L,(€2) of holo-
morphic functions on a bounded domain {2 C C™ and p - in-

tegrable on {2 with respect to the Lebesgue measure. They
stated the following result.

Theorem 1. Let ¢ > p > 1 and for any bounded domain
(2 C C™ a closed subspace S}F) C Ap(Q2,d\) of the Bergman
space A,(€),d\) be identically embedded into a Bergman

space Ay(2,dX\). Then the dimension dim S;(;.Q) < 0.
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The authors of this theorem based their proof on the
following well known classical theorems |12, 23] from func-

tional analysis.

Theorem 2. If a bounded operator J : X — Y from a
Banach space X to a Banach space Y 1s compact and 1ts
image ImJ CY is closed, then dim (JX) < oc.

Theorem 3. (F. Riesz) A linear subspace of a normed space

X 1s locally compact 1f and only if 1t 1s finite dimensional.



As the authors of the above theorem did not obtain the
upper estimation of the dimension dim S}.E.Q) = N < o©
of the subspace SI()Q) C Ap(€Q2;d\) of the Bergman space
A, (€2, dN), embedded into the Bergman space A,(€2;d\), we
proposed a completely different approach to studying the
Grothendieck embedding problem and presented an upper
estimation of the closed subspace dimension under regard.
In particular, we have stated the following dimension esti-

mation theorem.

Theorem 4. Let a Ilinear closed subspace S;(,Q) C
Ay(2,dN),p > 1, be identically embedded into a Ba-

nach space A,(£2;d\) for ¢ > p > 1, where d\ is the
Lebesgue measure on a bounded complex domain €2 C C™.
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Then the dimension dim SI()‘F) = N € N of a closed sub-
space SJQQ) C Ap(€2,d)\) proves to satisfy the inequality

> 2(g—1) ~ ~
wﬁ |ﬂr(€z)2 < KS}Q for some bounded constant K,, > 0,
where wy = |SU(N)| is the volume of the compact uni-
tary group SU(N ), |€2| is the volume of the bounded domain
() C C"and kn(&y) > 0— is the corresponding homogeneity

parameter at £, = (1,0,0,...,0)y € DY c C¥.




L

In the special case ¢ = oo, when a closed linear subspce
S;f)m) C Ap(2,dN),p > 1, is identically embedded into the
Bergman space As(£2,d\), there is obtained the classical
Grothendieck type theorem.

Proposition 1. Let a linear closed topological subspace
S;ff’c) C Ay(Q2,dN),p > 1, be identically embedded into the
Bergman space A (€2, d\), where d\ is the Lebesgue mea-
sure on a bounded domain 2 C C". Then the dimension
of the closed subspace S}E,m) C Ay(Q2,dX\) proves to satisfy
the 1nequality dim Sém) =N < Kg,oo for some bounded
constant K, o, > 0.



.

2 EMBEDDING OF CLOSED SUBSPACES INTO
BERGMAN SPACES

Below we consider a closed linear subspace S},E‘?) C
A,(Q,dX) ), allowing the identical embedding into the
Bergman space A,(£2,d\) ), where ¢ > p > 1. Then the
following theorems holds.

Theorem 5. The Bergman spaces A, (£2,d\),p > 1, with
respect to the Lebesgue measure d\ on a bounded complex
domain ) C C" are Banach spaces.



This theorem 1s based on the local precompactness of a
complex bounded domain {2 C C" and the following classical

Bergman estimation theorem.

Theorem 6. For any compact subset V C () and arbitrary
function f € A,(2,d\),p > 1, there exists such a bounded
constant Cy > 0 that

sup [f| < Cv||f]lp- (1)
Vv

Proof. Sketch. As the norm ||f||, of any function f &
A,(€2,dN),p > 1, is a subharmonic function, the estimation

(1) easily follows from the compactness of the subset V C 2
and the fact that the distance dist(V,0%2) = ry > 0. [



Now we can formulate our main dimension dim S},‘” =N
estimation theorem.

Theorem 7. Let a Ilinear closed subspace S;E.q) C
Ap(Q2,d\),p > 1, be identically embedded into a Ba-
nach space A,(€2;d\) for ¢ > p > 1, where d\ is the
Lebesgue measure on a bounded complex domain 2 C C",
Then the dimension dim S;(;.Q) = N € N of a closed sub-

space S;L()Q) C A,(Q,d\) proves to satisfy the inequality

0 2(g—1) ~ ~
wﬁ |§L(£z)2 < Kﬁ,q for some bounded constant K,, > 0,
where wy = |SU(N)| is the volume of the compact uni-

tary group SU(N), || is the volume of the bounded domain

() C C"and kn(&y) > 0— is the corresponding homogeneity
parameter at £, = (1,0,0,...,0)y € oDV c CV.



Now we can formulate our main dimension dim SI()q) = N
estimation theorem.

Theorem 7. Let a linear closed subspace S;(;.Q) C
Ay(Q2,dN),p > 1, be identically embedded into a Ba-
nach space A,(£2;dX\) for ¢ > p > 1, where d\ 1Iis the
Lebesgue measure on a bounded complex domain €2 C C".
Then the dimension dim S;SQ) = N € N of a closed sub-
space Sf_()q) C A,(€2,d\) proves to satisfy the inequality
2(g—1)
Lﬁ“" QL(«EE)Q < f{'f;.,q for some bounded constant I%p,q > 0,
where wy = |SU(N)| is the volume of the compact uni-
tary group SU(N), |€2| is the volume of the bounded domain
(2 € C"and kn(&y) > 0— is the corresponding homogeneity

parameter at 5 = (1,0,0,...,0)y € 0DV < CV.




Let us consider a closed linear subspace Sﬁf” C
A, (€2,dX) of the functional Bergman space A,(M,du), p >
1, with respect to the Lebesgue measure on {2, satisfying,
in addition, the identical embedding constraint S}.(;.Q) C

(Ap(Q,dN; |- [1) = (Ag(2,dN); ][ - llg) for ¢ > p > 1. In
order to state Theorem 7 we need some two lemmas.

Lemma 1. For any q > p > 1, there exists a bounded
positive constant K, , > 1, such that

1 fllg < Kpg 111l (2)

for any f € Sé)Q) C Ap(Q,dN) — A, (2, dN)).



I
Proof. As the linear subspace S;fﬁ) C A,(€,d)\), imbedded

A (2,dN),q > p > 1,1is closed in A,(€2,dN), one can
define the identity imbedding mapping

TS 2 S < Ap(Q,dN) — Ag(Q,dN)). (3)

If a sequence {f, : n € N} C S;(()q) converges in S;E-,Q) C
Ay(Q,d\) to an element f — SI(,Q) — A, (€2, d\) with
respect to the norm on A,({2,d\) and simultaneously its
image {JI(;.Q)fn :n € N} C S;(;.Q) C Ay(2,dN\) converges
to an element g € A, (Q,d\) C A,(2,d\) with respect
to the norm on A,(£2,d\), one can identify these limit-
ing functions f ~ ¢ almost everywhere.



+

Really, since
(Q2,d\) C Ay(Q,d\) — Ay(Q,dN),q > p > 1, from the
estimations

| f=gllp <If = fallp + 119 = fallp <
<|f = Fullp +11(g = fo)llp < (4)

<If = fallo +11 (9= 7 Fa) llg "0



+

one obtains that f ~ ¢ almost everywhere and the 1mage
J;()q) (S;(;.Q)) C Ay (Q,dN\) is closed in A,(Q,dN),q > p >
1. The latter, owing to the Banach closed graph theorem
11,2, 12, 22, 23|, gives rise to the existence of such a positive
constant K, , < oo that

| fllq < Kpg |[f]lp (5)

for arbitrary f € S}.SQ) C Ap(Q,dN) — A (Q,dN), g >p > 1.



Remark also, that the following estimations

1£ll2 <11 Fllg = 12 fllg < Kpg l1fllp <00 (6)

hold for any f € SY € A,(Q,d\) < A (Q,dN),q > p > 2.
easily following from the Young inequality. []

Taking into account Lemma 1, we can formulate the
next lemma, which i1s in some sense the converse to the in-
equality (2).



—

Lemma 2. There exists a bounded constant Kp’q —
p—2

}f('ﬂ:}’q(i'vT > 0, such that the following inequality

| fllav < Kpq [Ifll2,v (7)

holds for any compact V. C ) and f € S;(;.Q) — A, (2, dN),
q >p>1(#2).

Proof. It 1 < p < 2, from the Young inequality

fllp < (I f]]2 (8)

for any f € Sj_g)Q) C Ay(Q2,d\) — A,y(2,d\) one obtains
inequality (7) for the bounded K,, > 0.



+

It p > 2, then
for any compact V C (2 one can make use of the following

inequality:
p—2

1flloy < WAl 8 N1F113, (9)

which holds for arbitrary f € S}EQ) C Ay(Q2,d)\). Now having
put, by definition, ¢ > p > 1, the inequality (9) jointly

with that of (2) gives rise to the searched estimation (7),
p—2
where the constant K, ,C\,> > 0 1is bounded, thus proving

the lemma. []



|
Proof. (Proof of Theorem 7). Based on the lemmas above,

one can proceed to proving Theorem 7. First we can observe
that inequality (7) can be estimated, owing to the classical

Young inequality, from the below as

1o (Dlv < Kpg [Ifll2v (10)

by means of a bounded linear functional I |y : (S;SQ); - 1p.v)
— C on the Banach subspace (S;E)QJ|V;|| - ||g.v), where
L(Hlv = @Plv == [, @fd\ for some ¢ € (S2v;]| -
o) = (S”0vs 1 - llav). 1/¢ + 1/q = 1, under the con-
straint ||p|lgv = 1.



+

Taking inequality (10) and the evident

SS: |- [av) C

embedding condition (.S (Sp S0, || -]/4,1), one can

calculate that

[
sup |t,0(f)|V
|| fll2,v#0 Hf||2,V

— ||90||2,V < f{p,q- (11)



.

It now to choose an orthonormal basis dly, =

{21, 00, rontly C (SSP0vs|| - |l2y) for some N € N,

(ij‘(tok |V fV QOJSOde_ 634&;?”903”21/'—1:3&}{—1 N one
can observe that a function ¢, |v = (a|p)n v = Zil ajpilv

S (S}E»,Q)|V; | - ||2,y) has the norm
N 1/2
leallzy = | D lal? = |la|n, (12)
j=1

where the vector |y = (¢, @9, ..., on) TV € (SS)\V)

took a € EV, as an arbitrary vector.



Having substituted the

value of the norm (12) into (11), one obtains the inequality
|G|N < Kp,m (13)

which should be combined with the imposed above condition
|¢all,v = 1. Taking into account that

lgallZy = /V (alo)w|7dA = alf /V (Elp)wlidA = 1, (14

where @ € EV and € := a/laly € DV, |¢|y = 1, we



+

we
can get rid of the variables & € oDV, if to apply to the

above norm equality  (14) the averaging method |[6, 26]
over the unit sboundary oD, which is equivalent to double
averaging over the compact Lie group SU(N), as all vectors
¢ € 9DV allow the representation & = £0g € oDV at the
fixed wector £, = (1,0,0,...,0)y € DY c CV, |£,| = 1, and



-+

g € SU(N). Namely, by integrating it with respect to the
compact group measure dwy(g),g € SU(N) :

laly i dA (ISU(N) dwm(g)Kéoglw)NI@) = |alykn(&o) [y dAloly =
— Jal?, 1] lelvlly kn(€) < wn.
(15)
where kn(&y) > 0 is the corresponding homogeneity param-
eter at £ = (1,0,0,...,0)5 € oDN ¢ CV, and wy =
ISU(N)| = fSU(N) dwy(g) denotes the compact SU(N) -
group volume, we can equivalently obtain from (15) that

WN

T lelvllavkn(€)

la|y = (16)



.

. g—1
Since the norm || [olvllay < || [elvllavi®lT =
—1 1
(fv(t,‘oho)Ndu)lm |Q\% = N1/2|Q\gq_j where we have de-
noted the bounded domain volume |Q| := [ dA, the equality

(16) jointly with the condition (13) yields the final numer-

1cal estimation
2(g—1)

9
L"’Nlﬂ‘ 9 =9

< K 17
N kn(§y)? — P (17

whose left hand side 1s bounded for those integers NV € N,
which ensure the embedded subspace ij(;.q) C Ap(Q,d\) —
A,(Q2,d\) at given ¢ > p, to be finite dimensional, that

is dim Sj_g}Q) = N < o0.




+

Regarding the critical case ¢ = oo, since the representa-
tion (10) is not more acceptable, we need to consider that
the linear bounded functional used there should be replaced

by the following natural expression:

lz(f)lv < Kpoollfll2,v (18)

for any f € SI(;DG) C Ax(€2,d)\) and arbitrary compact
V C Q, where at x € V' the value I(f)|yv = f(z)|y € C.




+

Having calculated the value  sup s, . +0 |f|f(|{;,)|v 12| |v
< K,, and using the Riesz representation theorem for the
functional 1 : (SI()DG) lvill-ll2,v) — C on the Hilbert subspace
(S5 1v3 11+ l2.v) € (Ap(V,dA)s || -[[2,v), there exists for any
r €V C Q such a function g, € (S;[()DG)W; | - [|2.v) that

le(f)lv = (9] f)Iv (19)



and [|lo|lv = |lgzlloy for all f € (S)ys]| -

Oy = {01,020 085 Hv € (S5vsl] - llzy) s a
complete orthonormal set of functions, that is [|p;|[2,y = 1,

0.y ). If now

(piler)lv = I PiPrdi = 0k, j, k € N, the related Parceval
equality

l9:1B,v = X 1(gzle )5 = D _ e (@)IF (20)

jEN jEN



.

combined with the inequality (19) yields the next one:
> @) < Kj o (21)
JEN

which holds for any x € V C 2. Having integrated the ob-
tained inequality (21) over the whole space V C €, we
obtain that

card ¢\ = N < K (22)

tor some N = dim Sém), thus proving the theorem. ]



The reasonings above, concerning the special case g = oo,
can be reformulated as the following proposition.

Proposition 2. Let a linear closed subspace S}.E.DO) C
Ay(Q,d\),p > 1, be identically embedded into a Banach
space Aso(§2,d)\), where d\ is the Lebesgue measure on
a bounded complex domain €2 C C". Then the dimension
of the closed subspace Sj_g}m) C A,(€2,d\) proves to satisfy
the inequality dim S}.(;.DO) = N < Kgm for some bounded
constant K, ~, > 0.



3 CONCLUSION

We considered closed linear subspaces S}E.Q) C Ay (€2, dA)
of the functional Bergman space (A, (€2, d\);||-||p), p > 1,
allowing the identical embedding into the Bergman space
(Ag(2,dN))s || - |lg), ¢ > p > 1, regarding the Lebesgue mea-
sure d\ on a bounded complex domain 2 C C™. Based on
the averaging technique on the unitary Lie group SU(N),

2(g—1)

. . . . (F8) g
we derived the numerical estimation < Kg}q for



|
()

the dimension dim S, = N of a closed linear subspace
Sit()q) C A,(€2,d\),p > 1, embedded into a Bergman space
A,(2,dN),q > p > 1, where R’M > () 1s some some bounded
constant, wy = |SU(N)| is the volume of the compact uni-
tary group SU(N), |€2| is the volume of the bounded domain
Q C C" and kn(&y) > 0— is the corresponding homogeneity
parameter at {5 = (1,0,0,...,0)n € oDN < CH.
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