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p-module of a family of curves

Let I be a family of curves y in the complex plane C. A Borel function
p : C— [0,00] is called admissible for T, denoted p € admT, if

(1) o) 1
Y

for each (locally rectifiable) curve y€T.
Let p > 1. The p-module of the family T is defined as the quantity

= i P
(2) Mp(T) = inf @/ PP (2) dxdy



p-module of a family of curves

For arbitrary sets E, F, and G in C, we denote by A(E,F;G) the
family of all curves y: [a,b] — C that join E and F in G, that is,
such that y(a) € E, y(b) € F and y(t) € G for all a < t < b.



Condenser

A condenser is a pair & = (A,C), where A C C is open and C is a
nonempty compact set contained in A.

A condenser & is a ringlike condenserif A\Cisaring, i.e., A\Cisa
domain whose complement C\ (A \ C) has exactly two components,
where C = CU {o0}.

A condenser & = (A,C) is said to be in a domain G if A C G.



p-capacity of the condenser

Let & = (A,C) be a condenser. Denote by 6, (A) a set of continuous
functions u: A — R! with compact support. Let W (&) = Wy (A, C)
be a family of nonnegative functions u: A — R! such that 1) u €
¢0(A), 2) u(z) > 1 for z € C, 3) u belongs to the class ACL and

8 wa=y (2 (2)°

For p > 1, the quantity

(4) cap, & = cap, (A,C) = ue\i/\I/l(f(éa) J |Vu|P dxdy

is called p-capacity of the condenser &.



Q-homeomorphisms

Let G be a domain in C and let Q : G — [0,0] be a measurable
function. A homeomorphism f: G — C is called a Q-homeomorphism
with respect to p-modulus if

(5) Mp(T) < [ Q)" () dm(z)

G

for every path family I" in G and every function p € admT.
The notion of Q-homeomorphisms with respect to the p-modulus for
p =n was first introduced in the papers 1, 2.
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Ring Q-homeomorphisms

The following notion in a natural way localizes and generalizes the
notion of a Q-homeomorphism with respect to the p-modulus.

Let D be a domain in the complex plane C and let Q : D — [0,]
be a Lebesgue measurable function. A homeomorphism f: D — C is
called a ring Q-homeomorphism with respect to the p-modulus at a
point zg € D if the inequality

) Mp(AESLS2E4) < [ QEINP(17—]) dxdy
A

holds for every ring A = A(zp,r1,r2) ={z€ C:r; < |z—20| <r2}
and the circles S; = S(zg,ri) ={z € C: |z —z¢| =11}, 1= 1,2, where
0 <11 <ry<dg, do = dist(zg,dD), and every measurable function
N : (r1,r2) — [0,00] such that

/n(r)dr: 1.



Ring Q-homeomorphisms

fS:
D



Ring Q-homeomorphisms

Ring Q-homeomorphisms with respect to the p-module in the space

R", n > 2, were studied in the following works:
eforp=nin3 4567
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Ring Q-homeomorphisms

eforl<p<mint? 10 11
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Ring Q-homeomorphisms
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e in the complex plane for p > 2 in 12 16 17 18
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Ring Q-homeomorphisms

In the complex plane, the theory of ring Q-homeomorphisms
with respect to the p-module is used in the study of the asymptotic

properties of regular solutions of nonlinear Beltrami equations, see
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Estimate for p-capacity of the image of a condenser

We denote B, ={z€C:|z|<r}and B={ze C: |z| <1}.
Lemma 1. Letf:B — C be a ring Q-homeomorphism with respect to
the p-modulus at a point zog =0, p > 1. Suppose, for some numbers
A >0 andry € (0,1), the following condition

™) Qo= [ exp(2Q() dm(z) <
Bi,
holds. Then
= T 3 Qo
<Z. "2 log =t
(8) cap,, (fBr,,fBr, ) < Rl ro—1 log -

for every r1, 19 such that 0 <1y <r9 <rg.



Estimate for the area of the image of a disc

Theorem 1. Letf:B — C be a ring Q-homeomorphism with respect
to the p-modulus at a point zg =0, 1 < p < 2. Suppose, for some
numbers A > 0 and rg € (0,1), the condition

©) Qo= [ exp(2Q() dm(z) <

Bry

is fulfilled. Then, for all r € (0, %0) the following estimate holds:

2

(10) m (fEr) < Cp AN (Er) (log 4mQ((])3 )) -p |

where By ={z€ C:|z| <r} and ¢, = (§)*P (%) e



Power-logarithmic asymptotics

Theorem 2. Letf:B — C be a ring Q-homeomorphism with respect
to the p-modulus at a point zg =0, 1 <p < 2, and f(0) = 0. Suppose,
for some numbers A >0 and ry € (0,1), the condition

(1) Q= [ exp(2Q()dm(z) <=

By

is fulfilled. Then

f
(12) 1iminfL|1 <k < oo,
0 |z] (log ﬁ)ﬂ

= (p-1\2>»
where k;, ) = (%)2 P (S, ) "

T



Example 1

Let 0 < ¢ < 1and 1< p<2. Consider the mapping { : B — C, where

a—1
(13) i |z|* 'z, z#0,
0, z=0.
We show that { is a Q-homeomorphism with respect to the p-modu-
lus with
Qz) = al—p|z|(a—1)(2—p)'

Next we find

C_ @D (1)t

zZz 2 bl z 2 .
Therefore,

L(f'(2)) = |£a] = |f2] = t]2|*!

and

Ir(2) = | — > = o2 * V.



Example 1

Now we calculate the inner p-dilatation using the formula
Jf(z) 1— —1)(2—
14 K = 0\ p|,|(@=1)(2-p)
( ) Lp(zv ) P (f’(z)) o |Z|
By Theorem 1.1 from 22, f is a Q-homeomorphism with respect to
the p-modulus with Q(z) = Kj ,(z,f) = &' "P|z|(@~1D(=P),
It is easy to see that

f
(15) lim % = lm ———————
z—0 1\ =p z—0 1\ 2-»p
|z] (log W) (log W)
and, for some 1y € (0,1) and every 4 > 0,
)

/ exp(AQ(z))dm(z) = 27t/rexp (lal’pr(“’l)(z’p)> dr = co.

By, 0

22R. Salimov, E. Sevost’yanov. The Poletskii and Vaisala inequalities for the
mappings with (p,q)-distortion. Complex Variables and Elliptic Equations. 59
(2014), no. 2, 217-231.



Example 2

Let 1 < p < 2. Consider the mapping f: B — C, where
S\ 76
e<— P
(16) fo <10g T > z,z#0,
0,z=0.

We write f in the polar coordinate system (r,6):

1
eﬁ P 0
f=log re'”, f(0)=0.

T

We show that f is a (Q-homeomorphism with respect to the p-modu-
lus with

eﬁ b 1\!P
(17) Qz) = <log ] ) <log‘z|> .




Example 2

Define
1

(18) R(r) =r| log . .
Then

Ro) (o) AN

-p -p
z’l — r — <10g © > s A‘Q = R,/(I') = <10g © ) log .
r T T r

see Proposition 1.4 in 23, It is obvious that Ay < A;. Therefore,

erlp 5 1
1(f'(z)) = <log ) logm

2]

and

r

eﬁ =5 1
Ji(z) = Lide = | log log;.

23E. Sevost'yanov, Mappings with Direct and Inverse Poletsky Inequalities.
Develanmente in Mathematice val 72 <arincer Charm (2092)



Example 2

Hence,

) = p 1-p
(19) Kip(z,f) = lp‘](fff(z))) (log E ’> (log ’;) .

Then, by Theorem 1.1 from 24, f is a Q-homeomorphism with respect
to the p-modulus with

L\ P 1-p
(20) Q<z>=KI,p<z,f>=<1og - |) <1og 1|) |

|z

It is easy to see that
f
(21) lim % = 1.
z—0 1) >=p
71 (tog )

24R. Salimov, E. Sevost’yanov. The Poletskii and Vaisala inequalities for the
mappings with (p,q)-distortion. Complex Variables and Elliptic Equations. 59
(2014), no. 2, 217-231.




Example 2

Next, for every 0 < A < 2 and some ry € (O,e_‘s‘)), where & =
A

2p<2

(22)

'uh—- kel

we obtain
28)




Example 2

Since u > log %

°° u_’_L p = C
/exp(—u(Z—l( 2_p> ))du< /efcudu:%o,
u

log% log%
los L 1 \P
where c =2 -1 <0g]r° +127p > > 0.
Og%
Therefore, .
2
[ ew(2Q) dm(z) < =2

By
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