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Â ñòàòòi îïèñóþòüñÿ îäíîìiðíi îäíîðiäíi ðîçøàðóâàííÿ íà ïðîåêòèâíié
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ïðîåêòèâíîé ïðÿìîé è íàõîäèì àëãåáðû èõ äè��åðåíöèàëüíûõ èíâà-

ðèàíòîâ. Ìû íàõîäèì íîðìàëüíûå �îðìû ëîêàëüíîãî sl2-äåéñòâèÿ è

êëàññè�èöèðóåì îäíîìåðíûå ïðîåêòèâíûå âåëè÷èíû. Ìû ïðèìåíÿåì

ýòè ðåçóëüòàòû ê èíòåãðèðîâàíèþ îáûêíîâåííûõ äè��åðåíöèàëüíûõ

óðàâíåíèé, èìåþùèõ sl2-ñèììåòðèè è íàõîäèì íîâûå êëàññû äè��å-

ðåíöèàëüíûõ óðàâíåíèé èíòåãðèðóåìûõ â êâàäðàòóðàõ.

In this paper we describe 1-dimensional homogeneous bundles of the pro-
jective line and find algebras of their differential invariants. We find normal
forms of local sl2-actions and classify 1-dimensional projective quantities.
We apply these results to integration of ordinary differential equations
equipped with sl2-symmetry and find new classes of differential equations
integrable in quadratures.

Êëþ÷îâi ñëîâà: ïðîåêòèâíi ñòðóêòóðè, ãåîìåòðè÷íi âåëè÷èíè, äè�å-

ðåíöiàëüíi iíâàðiàíòè, iíâàðiàíòíå äè�åðåíöiþâàííÿ.


© Í. �.Êîíîâåíêî, 2009
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1. Âñòóï

Çãiäíî Åðëàíãåíñüêî¨ ïðîãðàìè Ô. Êëåéíà [3℄ ïðîåêòèâíà

ãåîìåòðiÿ ïðÿìî¨ ñêëàäà¹òüñÿ ó âèâ÷åííi iíâàðiàíòiâ ïðîåêòèâ-

íî¨ (äðîáíî-ëiíiéíî¨) äi¨ ãðóïè Ëi SL2(R). Ìè êîíêðåòèçó¹ìî

öå ïîëîæåííÿ é âèâ÷à¹ìî äè�åðåíöiàëüíi iíâàðiàíòè öi¹¨ äi¨. Iç

öi¹þ ìåòîþ ìè ðîçãëÿäà¹ìî îäíîðiäíi ðîçøàðóâàííÿ íàä ïðîå-

êòèâíîþ ïðÿìîþ. Íà ïåðåðiçàõ öèõ ðîçøàðóâàíü, ÿêi ìè íàçè-

âà¹ìî ãåîìåòðè÷íèìè ïðîåêòèâíèìè âåëè÷èíàìè [1℄, [2℄, ïðè-

ðîäíî äi¹ ãðóïà SL2(R).
Â öié ðîáîòi ìè äà¹ìî ïîâíèé îïèñ îäíîìiðíèõ îäíîðiäíèõ

ðîçøàðóâàíü i àëãåáð ¨õíiõ äè�åðåíöiàëüíèõ iíâàðiàíòiâ (Òåî-

ðåìè 1,2,3,4). Ìàþ÷è íà óâàçi çàñòîñóâàííÿ äî çâè÷àéíèõ äè-

�åðåíöiàëüíèõ ðiâíÿíü, ìè ðîçãëÿäà¹ìî çàäà÷ó êëàñè�iêàöi¨

ïðîåêòèâíèõ ãåîìåòðè÷íèõ âåëè÷èí ëîêàëüíî.

Â ÿêîñòi ãðóïè, ùî êëàñè�iêó¹òüñÿ ìè ðîçãëÿäà¹ìî ëîêàëü-

íi òî÷êîâi äè�åîìîð�içìè, ùî çáåðiãàþòü ñòðóêòóðó ðîçøà-

ðóâàííÿ ãåîìåòðè÷íèõ âåëè÷èí. Ó öüîìó âèïàäêó ïðîåêòèâíi

ãåîìåòðè÷íi âåëè÷èíè ðîçïàäàþòüñÿ íà òðè êëàñè, ÿêi ìè ïî-

çíà÷à¹ìî ÷åðåç R,S, T . Áiëüø äåòàëüíà êëàñè�iêàöiÿ óñåðåäèíi

öèõ êëàñiâ íàâåäåíà â òåîðåìi 5. Âîíà ìiñòèòü 8 ïiäêëàñiâ.

Çàóâàæèìî, ùî çíàéäåíi Ñî�óñîì Ëi äi¨ sl2(R) íà ïëîùè-

íi ìiñòÿòüñÿ óñåðåäèíi öi¹¨ êëàñè�iêàöi¨, àëå íå çáiãàþòüñÿ ç

íåþ, òîìó ùî êëàñè�iêàöiéíà ãðóïà äëÿ ãåîìåòðè÷íèõ âåëè÷èí

ñòðîãî ìåíøå ãðóïè âñiõ ëîêàëüíèõ äè�åîìîð�içìiâ ïëîùèíè.

Ó òåîðåìi 1 äàíî äåòàëüíèé îïèñ öèõ êëàñiâ i âiäïîâiäíèõ äié

àëãåáðè Ëi sl2(R).
Ó òåîðåìàõ 2, 3, 4 äà¹òüñÿ ïîâíèé îïèñ äè�åðåíöiàëüíèõ ií-

âàðiàíòiâ äëÿ äàíèõ sl2-äié ó òåðìiíàõ áàçèñíèõ äè�åðåíöiàëü-
íèõ iíâàðiàíòiâ i ¨õíiõ iíâàðiàíòíèõ ïîõiäíèõ. Öåé îïèñ âèêî-

ðèñòà¹òüñÿ ïîòiì äëÿ iíòåãðóâàííÿ çâè÷àéíèõ äè�åðåíöiàëü-

íèõ ðiâíÿíü, ùî ìàþòü sl2 àëãåáðó òî÷êîâèõ ñèìåòðié. À ñàìå,

êîæíå òàêå ðiâíÿííÿ, ÿêùî çàïèñàòè ó äè�åðåíöiàëüíèõ iíâà-

ðiàíòàõ ìîæå áóòè iíòåãðîâàíå "ïî-êðîêîâî". Ñïî÷àòêó ìè ií-

òåãðó¹ìî ðiâíÿííÿ äëÿ áàçîâîãî äè�åðåíöiàëüíîãî iíâàðiàíòà,
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à ïîòiì îòðèìàíi ðîçâ'ÿçêè ðîçãëÿäà¹ìî ÿê çâè÷àéíi äè�åðåí-

öiàëüíi ðiâíÿííÿ ïîðÿäêó, ùî ¹ 6 3 òà âîëîäiþòü sl2-ñèìåòði¹þ.
Ìè îïèñó¹ìî âèïàäêè, êîëè öi ðiâíÿííÿ, ó ñâîþ ÷åðãó,ìîæóòü

áóòè ïðîiíòåãðîâàíi ó êâàäðàòóðàõ. Âiäçíà÷èìî, ùî êîíñòðó-

êòèâíå iíòåãðóâàííÿ ðiâíÿíü äëÿ áàçîâîãî äè�åðåíöiàëüíîãî

iíâàðiàíòà ìîæå áóòè ïðîâåäåíå ïðè íàÿâíîñòi ñèìåòðié, ÿêi,

ó òåðìiíàõ ñïîêîíâi÷íîãî äè�åðåíöiàëüíîãî ðiâíÿííÿ, ¹ íåëî-

êàëüíèìè ñèìåòðiÿìè òèïó Áåêëóíäà. Âiäçíà÷èìî òàêîæ, ùî

çàñòîñóâàííÿ öüîãî ìåòîäó äî çâè÷àéíèõ äè�åðåíöiàëüíèõ ðiâ-

íÿíü, ùî âîëîäiþòü 2-ìiðíîþ ðîçâ'ÿçíîþ àëãåáðîþ ñèìåòðié

”ax+ b”, à òàêîæ çâ'ÿçàíîþ ç íåþ à�iííîþ ãåîìåòði¹þ, ìîæíà

çíàéòè â [5℄.

2. �îçøàðóâàííÿ ïðîåêòèâíèõ ãåîìåòðè÷íèõ âåëè÷èí

�åîìåòðiÿ ïðîåêòèâíî¨ ïðÿìî¨ RP 1
, àáî ïðîåêòèâíà ãåîìå-

òðiÿ,

âèçíà÷à¹òüñÿ ñòðóêòóðíîþ ãðóïîþ SL2(R) i ¨ ¨ äi¹þ äðîáíî-

ëiíiéíèìè ïåðåòâîðåííÿìè íà RP 1
:

λA : [x : y] 7−→ a11x+ a12y

a21x+ a22y
,

äå A = ‖aij‖ ∈ SL2(R). Âiäïîâiäíî, â à�iííié êàðòi [x : 1], öié
äi¨ ãðóïè Ëi, âiäïîâiäà¹ äiÿ, àáî çîáðàæåííÿ àëãåáðè Ëi sl2(R)
ó âåêòîðíèõ ïîëÿõ íà R:[

h a
b −h

]
∈ sl2(R) 7−→ (a+ 2hx− bx2)∂x ∈ D(R).

Ïðîåêòèâíi ãåîìåòðè÷íi âåëè÷èíè ñóòü ïåðåòèíó îäíîðiäíèõ

ðîçøàðóâàíü π : E → RP 1
íàä ïðîåêòèâíîþ ïðÿìîþ [1℄, [2℄, [3℄.

Ó öié ðîáîòi ìè âèâ÷à¹ìî ëîêàëüíó ñòðóêòóðó òàêèõ ðîçøàðó-

âàíü. Òîìó çàìiñòü ïðîåêòèâíî¨ ïðÿìî¨ RP 1
ìè îáìåæèìîñÿ

äåÿêîþ îáëàñòþ à�iííî¨ êàðòè R ⊂ RP 1
. Áiëüøå òîãî, ìè âè-

â÷à¹ìî îäíîìiðíi ïðîåêòèâíi âåëè÷èíè. Äëÿ íèõ ðîçøàðóâàííÿ

π, (ëîêàëüíî) ìà¹ âèãëÿä

π : R2 → R, π : (x, u) 7−→ x,
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à îäíîðiäíiñòü öüîãî ðîçøàðóâàííÿ îçíà÷à¹, ùî ñòàíäàðòíà äiÿ

àëãåáðè Ëi sl2(R) íà ïðÿìié ïiäíÿòà â ðîçøàðóâàííÿ π. Iíøèìè
ñëîâàìè, âåêòîðíi ïîëÿ

X = ∂x, Y = x2∂x, H = x∂x,

ÿêi óòâîðþþòü áàçèñ â sl2(R) i çàäîâîëüíÿþòü íàñòóïíi êîìó-

òàöiéíi ñïiââiäíîøåííÿ

[X,H] = X, [Y,H] = −Y, [X,Y ] = 2H,

ïiäíÿòi äî âåêòîðíèõ ïîëiâ â R2

X = ∂x + a(x, u)∂u,

Y = x2∂x + b(x, u)∂u,

H = x∂x + h(x, u)∂u,

(1)

òàê ùîá âîíè çàäîâîëüíÿëè êîìóòàöiéíèì ñïiââiäíîøåííÿì àë-

ãåáðè sl2(R), òîáòî

[X,H] = X,

[Y ,H] = −Y ,
[X,Y ] = 2H.

(2)

Öi ñïiââiäíîøåííÿ ó ñâîþ ÷åðãó åêâiâàëåíòíi äè�åðåíöiàëü-

íèì ðiâíÿííÿì íà �óíêöi¨ a(x, u), b(x, u), h(x, u)

−a− xax − hau + hx + ahu = 0,

b− xbx − hbu + x2hx + bhu = 0,

−2h− x2ax − bau + bx + abu = 0.

(3)

Äëÿ ðiøåííÿ öi¹¨ ñèñòåìè äè�åðåíöiàëüíèõ ðiâíÿíü ââåäåìî

äîïîìiæíi �óíêöi¨ A, B, H, òàê ùîá

a = A,
h = H + xA,
b = B + 2xH + x2A.
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Òîäi ñèñòåìà (3), ÿê ñèñòåìà äè�åðåíöiàëüíèõ ðiâíÿíü ùîäî

äîïîìiæíèõ �óíêöié A,B,H ìà¹ âèãëÿä:

Hx +AHu −HAu = 0,

B −HBu +BHu = 0,

Bx +ABu −BAu = 0.

(4)

Âiäçíà÷èìî, ùî ó âèïàäêó, êîëè H = 0, B = 0, äîâiëüíà ãëàäêà
�óíêöiÿ A çàäîâîëüíÿ¹ ñèñòåìó ðiâíÿíü (4).

Ïîäàííÿ, ùî âiäïîâiäàþòü âèïàäêó, êîëè H = 0, B = 0 i

A(x, u) � áóäü-ÿêà �óíêöiÿ, ìè âiäíîñèìî äî êëàñó, ÿêèé ïî-

çíà÷à¹ìî ÷åðåç T .
Íåõàé òåïåð H 6= 0. Ïåðåïèøåìî ïåðøå ðiâíÿííÿ ñèñòåìè (4)

ó âèãëÿäi:

(5)

(
1

H

)

x

+

(
A

H

)

u

= 0.

Òîäi, iñíó¹ �óíêöiÿ ϕ(x, u), òàêà ùî

(6) H =
1

ϕu
, A = −ϕx

ϕu
.

ßêùî æ B = 0, òî

(7) A = −ϕx
ϕu
, H =

1

ϕu

¹ ðîçâ'ÿçêîì ñèñòåìè (4).

ßêùî æ B 6= 0, òî òðåò¹ ðiâíÿííÿ ñèñòåìè (4) ìîæíà çàïè-

ñàòè ó âèãëÿäi:

(8)

(
1

B

)

x

+

(
A

B

)

u

= 0.

Îòæå, iñíó¹ �óíêöiÿ ψ(x, u), òàêà ùî

(9) B =
1

ψu
, A = −ψx

ψu
.
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Ó öüîìó âèïàäêó äðóãå ðiâíÿííÿ (4) ñèñòåìè íàáóäå âèãëÿäó:

1

B
+

(
H

B

)

u

= 0.

Òîìó,

(
ψ+H

B

)

u

= 0, àáî H
B +ψ = α(x). Ïiäñòàâëÿþ÷è çíà÷åííÿ

(6) i (9) ó öå ðiâíÿííÿ, îäåðæó¹ìî:

ψu
ϕu

= α(x)− ψ àáî

ψu
α− ψ

= ϕu.

Çâiäñè

− ln(α− ψ) = ϕ+ β̃(x) àáî α− ψ = e−ϕ · β(x),
i îñòàòî÷íî

ψ = α(x) + β(x)e−ϕ.

Êðiì òîãî, çi ñïiââiäíîøåíü (6) i (9), ìàòèìåìî

A = −ϕx
ϕu

= −ψx
ψu
,

àáî

ϕx
ϕu

=
α′ + β′e−ϕ − βϕxe

−ϕ

−βϕue−ϕ
.

Çâiäêè

α′ϕu + β′e−ϕϕu − βϕxϕue
−ϕ = −βϕxϕue−ϕ,

àáî (α′+β′e−ϕ)ϕu = 0. Àëå, îñêiëüêè ϕu 6= 0, òîäi α′+β′e−ϕ = 0,
é îòæå,

α, β = const.

Îòæå, ìè ìà¹ìî òðè òèïè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (3):

1) a = a(x, u), b = x2a(x, u), h = xa(x, u), äå a(x, u) �
äîâiëüíà, ãëàäêà �óíêöiÿ.

2) a = −ϕx

ϕu
; b = 2x−x2ϕx

ϕu
; h = 1−xϕx

ϕu
, äå ϕ(x, u)− äî-

âiëüíà, ãëàäêà �óíêöiÿ.

3) a = −ϕx

ϕu
, b = 2xβ−x2βϕx−eϕ

βϕu
, h = 1−xϕx

ϕu
, äå ϕ(x, u) �

äîâiëüíà, ãëàäêà �óíêöiÿ, à β ∈ R \ 0.
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Îòæå, ìè îòðèìàëè íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1. Ëîêàëüíî âñi îäíîìiðíi ïðîåêòèâíi âåëè÷èíè ðîç-

ïàäàþòüñÿ íà 3 êëàñè, ùî âiäïîâiäàþòü íàñòóïíèì ïîäàííÿì

àëãåáðè Ëi sl2(R):
T

X = ∂x − ϕx

ϕu
∂u,

H = x∂x − xϕx

ϕu
∂u,

Y = x2∂x − x2ϕx

ϕu
∂u.

S

X = ∂x − ϕx

ϕu
∂u,

H = x∂x +
1−xϕx

ϕu
∂u,

Y = x2∂x +
2x−x2ϕx

ϕu
∂u.

R

X = ∂x − ϕx

ϕu
∂u,

H = x∂x +
1−xϕx

ϕu
∂u,

Y = x2∂x +
2xβ − x2βϕx − eϕ

βϕu
∂u,

äå ϕ = ϕ(x, u) � ãëàäêà �óíêöiÿ, ϕu 6= 0, à β ∈ R \ 0 � êîí-

ñòàíòà.

Çàóâàæåííÿ 1. k-òåíçîðè, ÿê êîâàðiàíòíi òàê i êîíòðàâà-

ðiàíòíi, âiäïîâiäàþòü ïðîåêòèâíèì âåëè÷èíàì êëàñó (S)
êîëè ϕ = − 1

k ln |u|, äëÿ êîâàðiàíòíèõ k-òåíçîðiâ, i ϕ = 1
k ln |u|,

äëÿ êîíòðàâàðiàíòíèõ k-òåíçîðiâ.

Çàóâàæåííÿ 2. Ïðîåêòèâíi âåëè÷èíè êëàñó (T ) âiäïîâiäà-

þòü ïåðåðiçàì îäíîìiðíîãî ðîçøàðóâàííÿ π, â ÿêîìó çàäàíà

(íåëiíiéíà) çâ'ÿçíiñòü. Ïiäíÿòòÿ äi¨ àëãåáðè Ëi sl2(R) âiäïî-
âiäà¹ ãîðèçîíòàëüíîìó ëi�òó âåêòîðíèõ ïîëiâ.

Òåîðåìà 1 ñïðàâåäëèâà â îáëàñòi, äå ϕ(x, u) � ãëàäêà �óí-

êöiÿ é ϕu 6= 0. Äiéñíî, ÿê áóäå ïîêàçàíî íèæ÷å, öi ïîäàííÿ

â áàãàòüîõ âèïàäêàõ äîïóñêàþòü ïðîäîâæåííÿ â òi òî÷êè, äå
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ϕu = 0, àáî ϕ, íå âèçíà÷åíà, àáî íå äè�åðåíöiéîâíà. Äåòàëüíå
äîñëiäæåííÿ íîðìàëüíèõ �îðì sl2-ïîäàíü áóäå äàíå â ï. 4.
ßêùî æ ϕu 6= 0, òî ïîøàðîâå âiäîáðàæåííÿ

(x, u) 7→ (x, ϕ(x, u))

¹ ëîêàëüíèì äè�åîìîð�içìîì i ïåðåâîäèòü çàçíà÷åíi ïîäàííÿ

T , R i S â òi æ ïîäàííÿ, ùî âiäïîâiäàþòü �óíêöi¨ ϕ = u , àáî

áóäü-ÿêié �óíêöi¨ ϕ = f(u), äå f ′ 6= 0.
ßêùî âçÿòè ϕ = ln |u|, ìè îäåðæèìî íàñòóïíi ðåàëiçàöi¨, ÿêi

ìè ïîçíà÷èìî ÷åðåç T◦, S◦, R◦:
T◦

X = ∂x, Y = x2∂x, H = x∂x,

S◦

X = ∂x, Y = x2∂x + 2ux∂u, H = x∂x + u∂u,

R◦

X = ∂x, Y = x2∂x + (2ux− αx2)∂u, H = x∂x + u∂u,

äå α = β−1
.

Âiäçíà÷èìî òàê ñàìî, ùî ïîäàííÿ T◦, S◦, R◦ ñóòü ïîäàííÿ

àëãåáðè Ëi sl2(R) íà ïëîùèíi çíàéäåíi Ñ. Ëi [11℄.
Âiäïîâiäíi äi¨ sl2-äi¨ iíòåãðóþòüñÿ é ìè ïðèõîäèìî äî íàñòó-

ïíèõ ìîäåëüíèõ äié ãðóïè Ëi SL2(R):
T◦

λA : (x, u) 7−→
(
a11x+ a12
a21x+ a22

, u

)
,

S◦

λA : (x, u) 7−→
(
a11x+ a12
a21x+ a22

,
u

a21x+ a22

)
,

R◦

λA : (x, u) 7−→
(
a11x+ a12
a21x+ a22

,
1

a21x+ a22
· u

a21(x− αu) + a22

)
,

äå A = ‖aij‖ ∈ SL2(R).
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3. Äè�åðåíöiàëüíi iíâàðiàíòè ïðîåêòèâíèõ

ãåîìåòðè÷íèõ âåëè÷èí

Ó öüîìó ðîçäiëi ìè çíàõîäèìî àëãåáðè äè�åðåíöiàëüíèõ ií-

âàðiàíòiâ äëÿ îäíîìiðíèõ ïðîåêòèâíèõ ãåîìåòðè÷íèõ âåëè÷èí.

Êëàñè�iêàöiéíà Òåîðåìà 1 äîçâîëÿ¹ çðîáèòè öåé îïèñ êîíñò-

ðóêòèâíèì.

Íà ïî÷àòêó íàãàäà¹ìî [1℄, [9℄, [15℄, ùî �óíêöiÿ

f ∈ C∞(Jkπ),

çàäàíà â ïðîñòîði k-äæåòiâ ðîçøàðóâàííÿ ãåîìåòðè÷íèõ âåëè-

÷èí π : R2 → R, íàçèâà¹òüñÿ äè�åðåíöiàëüíèì iíâàðiàíòîì

ïîðÿäêó ≤ k äëÿ çàäàíî¨ äi¨ àëãåáðè sl2(R), ÿêùî

X
(k)

(f) = Y
(k)

(f) = H
(k)

(f) = 0,

äå X
(k)
, Y

(k)
,H

(k)
� k-å ïðîäîâæåííÿ âåêòîðíèõ ïîëiâ X, Y ,

H.

Çàóâàæèìî, ùî ïðè k = 0, �óíêöiÿ ϕ ¹ äè�åðåíöiàëüíèì ií-

âàðiàíòîì äëÿ ãåîìåòðè÷íèõ âåëè÷èí êëàñó (T ), à òîìó ëîêàëü-
íî áóäü-ÿêèé iíâàðiàíò íóëüîâîãî ïîðÿäêó ìà¹ âèãëÿä F (ϕ), äå
F - ãëàäêà �óíêöiÿ. Íåâàæêî òàêîæ áà÷èòè, ùî äëÿ ãåîìå-

òðè÷íèõ âåëè÷èí êëàñó (S) é (R) äè�åðåíöiàëüíèõ iíâàðiàíòiâ
íóëüîâîãî ïîðÿäêó íåìà¹.

3.1. Iíâàðiàíòè ïðîåêòèâíèõ ãåîìåòðè÷íèõ âåëè÷èí

êëàñó (T ). ßê ìè âæå áà÷èëè �óíêöiÿ ϕ, ùî âõîäèòü â îïèñ

ïîäàíü àëãåáðè Ëi sl2(R), äëÿ ãåîìåòðè÷íèõ âåëè÷èí êëàñó (T )
¹ äè�åðåíöiàëüíèì iíâàðiàíòîì. Ç iíøî¨ ñòîðîíè áåçïîñåðåäíi

îá÷èñëåííÿ ïîêàçóþòü, ùî ðîçìiðíiñòü sl2(R)-îðáiò ó ïðîñòîði
2-äæåòiâ J2(π) äîðiâíþ¹ 3. À îñêiëüêè dimJ2(π) = 4, òî äè-

�åðåíöiàëüíèõ iíâàðiàíòiâ ïîðÿäêó ≤ 2, çà âèíÿòêîì �óíêöi¨

ϕ, íåìà¹. Äëÿ òîãî, ùîá çíàéòè iíâàðiàíòè òðåòüîãî ïîðÿäêó

íàãàäà¹ìî, ùî òî÷êîâå ïåðåòâîðåííÿ (x, u) → (x, ϕ(x, u)) ïå-

ðåâîäèòü ñòàíäàðòíó ðåàëiçàöiþ àëãåáðè sl2(R), ùî âiäïîâiäà¹
ϕ = u â ïîäàííi sl2(R) òèïó (T ), ùî âiäïîâiäà¹ �óíêöi¨ ϕ(x, u).
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Äëÿ ñòàíäàðòíî¨ ðåàëiçàöi¨ ëåãêî ïåðåâiðèòè, ùî äîäàòêîâèé ií-

âàðiàíò òðåòüîãî ïîðÿäêó äà¹òüñÿ ïîõiäíîþ Øâàðöà îáåðíåíî¨

�óíêöi¨:

2u1u3 − 3u22
2u41

.

Òîìó, ÿê ëåãêî ïåðåâiðèòè, ó âèïàäêó äîâiëüíî¨ �óíêöi¨ ϕ(x, u)
äè�åðåíöiàëüíèì iíâàðiàíòîì ïîðÿäêó 3 ¹ �óíêöiÿ

I =
2dϕdx

d3ϕ
dx3 − 3(d

2ϕ
dx2 )

2

2(dϕdx )
4

.

Ç ìiðêóâàíü ðîçìiðíîñòi ñëiäó¹, ùî ïî÷èíàþ÷è ç ïîðÿäêó k = 3,
ïðè ïåðåõîäi âiä k-äæåòiâ äî (k + 1)-äæåòiâ, ìè äîäà¹ìî ðiâ-

íî îäèí äè�åðåíöiàëüíèé iíâàðiàíò i ðiâíî îäèí iíâàðiàíò ìè

îäåðæó¹ìî, âèêîðèñòîâóþ÷è ïîõiäíó Òðåññå. Îòæå, ìà¹ìî íà-

ñòóïíèé ðåçóëüòàò:

Òåîðåìà 2. Àëãåáðà äè�åðåíöiàëüíèõ iíâàðiàíòiâ äëÿ ãåîìå-

òðè÷íèõ âåëè÷èí êëàñó (T ), ëîêàëüíî ïîðîäæåíà äè�åðåíöi-

àëüíèì iíâàðiàíòîì íóëüîâîãî ïîðÿäêó

I = ϕ(x, u),

äè�åðåíöiàëüíèì iíâàðiàíòîì òðåòüîãî ïîðÿäêó J , à òàêîæ

âñiìà ïîõiäíèìè Òðåññå

DkJ

DIk
k = 1, 2, . . . .

Iíàêøå êàæó÷è, ëîêàëüíî âñÿêèé äè�åðåíöiàëüíèé iíâàði-

àíò ïîðÿäêó k ìà¹ âèãëÿä:

F

(
I, J,

DJ

DI
, . . . ,

Dk−3J

DIk−3

)
,

äå F � ãëàäêà �óíêöiÿ.
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3.2. Iíâàðiàíòè ïðîåêòèâíèõ ãåîìåòðè÷íèõ âåëè÷èí

êëàñó (S). Íàñàìïåðåä çàóâàæèìî, ùî äëÿ ãåîìåòðè÷íèõ âå-

ëè÷èí êëàñó (S) íåòðèâiàëüíèõ äè�åðåíöiàëüíèõ iíâàðiàíòiâ

ïîðÿäêó ≤ 1 íåìà¹.
Äëÿ çíàõîäæåííÿ äè�åðåíöiàëüíèõ iíâàðiàíòiâ äðóãîãî ïî-

ðÿäêó íåîáõiäíî ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü

(10) X
(2)

(F ) = Y
(2)

(F ) = H
(2)

(F ) = 0

âiäíîñíî �óíêöi¨ F ∈ C∝(J2π). Òóò X
(2)
, Y

(2)
, H

(2)
� äðó-

ãi ïðîäîâæåííÿ âåêòîðíèõ ïîëiâ X , Y , H. Ñïî÷àòêó ðîçãëÿ-

íåìî âèïàäîê, êîëè ϕ = u. Òîäi â ñòàíäàðòíèõ êîîðäèíàòàõ

(x, u, u1, u2) íà J
2(π), ìà¹ìî:

X
(2)

= ∂x,

Y
(2)

= x2∂x + 2x∂u − 2(xu1 − 1)∂u1 + 2(2xu2 − u1)∂u2 ,

H
(2)

= x∂x + ∂u − u1∂u1 − 2u2∂u2 .

Áåçïîñåðåäíi îá÷èñëåííÿ ïîêàçóþòü, ùî çàãàëüíèé ðîçâ'ÿçîê F
öi¹¨ ñèñòåìè ðiâíÿíü (10) ¹ �óíêöi¹þ âiä

e2u(2u2 + u21).

Àëå, îñêiëüêè ëîêàëüíå òî÷êîâå ïîøàðîâå ïåðåòâîðåííÿ,

(x, u) 7−→ (x, ϕ(x, u)),

ïåðåâîäèòü öå, ìîäåëüíå, ïîäàííÿ â çàãàëüíå, ùî âiäïîâiäà¹ äî-

âiëüíié �óíêöi¨ ϕ(x, u), òî ìîæíà ÷åêàòè, ùî �óíêöiÿ

I = e2ϕ
(
2
d2ϕ

dx2
+

(
dϕ

dx

)2)

¹ ðîçâ'ÿçêîì ñèñòåìè (10).

Áåçïîñåðåäíÿ ïåðåâiðêà ïîêàçó¹, ùî öå äiéñíî òàê. Òåïåð ç

òîãî, ùî ðîçìiðíîñòi sl2-îðáiò ó J
2(π) äîðiâíþþòü 3, à dimJ2(π) =

4, âèïëèâà¹, ùî ëîêàëüíî áóäü-ÿêèé ðîçâ'ÿçîê (10) ¹ �óíêöi¹þ
âiä I.
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Äëÿ çíàõîäæåííÿ iíâàðiàíòiâ âèùîãî ïîðÿäêó çíàéäåìî ií-

âàðiàíòíå äè�åðåíöiþâàííÿ, ñêîðèñòàâøèñü íàñòóïíîþ ëåìîþ.

Ëåìà 1. Äëÿ òîãî, ùîá äè�åðåíöiþâàííÿ

∇ = λ
d

dx
: C∞(J∞π) −→ C∞(J∞π),

äå λ ∈ C∝(Jk(π)), áóëî êîìóòàòèâíèì iç ïðîäîâæåííÿì âå-

êòîðíèõ ïîëiâ X, Y , H, òîáòî áóëî iíâàðiàíòíèì äè�å-

ðåíöiþâàííÿì ïðîåêòèâíèõ ãåîìåòðè÷íèõ âåëè÷èí, íåîáõiäíî

i äîñòàòíüî, ùîá �óíêöiÿ λ çàäîâîëüíÿëà íàñòóïíié ñèñòåìi

äè�åðåíöiàëüíèõ ðiâíÿíü:

(11) X
(k)

(λ) = 0, Y
(k)

(λ) = 2xλ, H
(k)

(λ) = λ.

Äîâåäåííÿ.

Íåõàé V âåêòîðíå ïîëå íà R2
:

V = A∂x +B∂u

i ψ = B−Au1 éîãî ïîõiäíà �óíêöiÿ, òîäi éîãî k-å ïðîäîâæåííÿ
ìà¹ âèãëÿä [6, 13℄:

V (k) = ψ
∂

∂u
+
dψ

dx

∂

∂u1
+ · · · + dkψ

dxk
∂

∂uk
+

+A

(
∂

∂x
+ u1

∂

∂u1
+ · · ·+ uk+1

∂

∂uk

)
.

Ìè ðîçãëÿíåìî íåñêií÷åííå ïðîäîâæåííÿ âåêòîðíîãî ïîëÿ V ,
ÿê �îðìàëüíå äè�åðåíöiþâàííÿ âèãëÿäó

V • = Θψ +A
d

dx
: C∞(J∞π) −→ C∞(J∞π),

äå Θψ = ψ ∂
∂u + dψ

dx
∂
∂u1

+ . . . + dkψ
dxk

∂
∂uk

+ . . . � åâîëþöiéíå äè�å-

ðåíöiþâàííÿ [6℄.

Òîäi V •(F ) = V k(F ), ÿêùî F ∈ C∞(Jk).
Ïðÿìå îá÷èñëåííÿ ïîêàçó¹, ùî[

λ
d

dx
, V •

]
=

(
V •(λ)− λ

dA

dx

)
d

dx
.
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Iíàêøå êàæó÷è, äè�åðåíöiþâàííÿ λ d
dx êîìóòó¹ ç íåñêií÷åííèì

ïðîäîâæåííÿì V •
òîäi é òiëüêè òîäi, êîëè

V •(λ) = λ
dA

dx
.

ßêùî âçÿòè çà âåêòîðíå ïîëå V íàøi ïîëÿ X é Y ìè îäåð-

æèìî òâåðäæåííÿ ëåìè.

�îçâ'ÿçóþ÷è ñèñòåìó (11) ïðè k = 0, ìè îòðèìó¹ìî, ùî

∇ = eϕ
d

dx

¹ iíâàðiàíòíèì äè�åðåíöiþâàííÿì äëÿ ãåîìåòðè÷íèõ âåëè÷èí

êëàñó (S). Ïiäðàõóíîê ðîçìiðiâ ïîêàçó¹, ùî ïî÷èíàþ÷è ç ïî-

ðÿäêó k = 2 ïðè ïåðåõîäi âiä k-äæåòiâ äî (k + 1)-äæåòiâ äîäà-
¹òüñÿ ðiâíî îäèí äè�åðåíöiàëüíèé iíâàðiàíò, ÿêèé ìè ìîæåìî

îäåðæàòè çà äîïîìîãîþ iíâàðiàíòíîãî äè�åðåíöiþâàííÿ, òîìó

ìè ïðèõîäèìî äî íàñòóïíîãî ðåçóëüòàòó:

Òåîðåìà 3. Àëãåáðà äè�åðåíöiàëüíèõ iíâàðiàíòiâ äëÿ ïðîå-

êòèâíèõ ãåîìåòðè÷íèõ âåëè÷èí êëàñó (S), ëîêàëüíî ïîðîäæå-

íà áàçèñíèì iíâàðiàíòîì äðóãîãî ïîðÿäêó

I = 2ψ
d2ψ

dx2
−
(
dψ

dx

)2

,

i éîãî iíâàðiàíòíèìè ïîõiäíèìè

∇k(I) k = 1, 2, . . . ,

äå ψ = eϕ é ∇ = ψ d
dx . Iíàêøå êàæó÷è, ëîêàëüíî äè�åðåíöiàëüíi

iíâàðiàíòè ïîðÿäêó k ãåîìåòðè÷íèõ âåëè÷èí êëàñó (S) ìàþòü
âèãëÿä:

F

(
I,∇I, . . . ,∇(k−2)(I)

)
,

äå F - ãëàäêà �óíêöiÿ.
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3.3. Iíâàðiàíòè ïðîåêòèâíèõ ãåîìåòðè÷íèõ âåëè÷èí

êëàñó (R). Ïðÿìèé ïiäðàõóíîê ïîêàçó¹, ùî ó ãåîìåòðè÷íèõ

âåëè÷èí êëàñó (R) íåìà¹ íåòðèâiàëüíèõ äè�åðåíöiàëüíèõ ií-

âàðiàíòiâ íóëüîâîãî é ïåðøîãî ïîðÿäêó. Äëÿ ñèñòåìè äè�åðåí-

öiàëüíèõ ðiâíÿíü

(12) X
(2)

(F ) = Y
(2)

(F ) = H
(2)

(F ) = 0

ìè âèêîðèñòà¹ìî àíàëîãi÷íèé ïðèéîì, ùî é ó âèïàäêó ãåîìå-

òðè÷íèõ âåëè÷èí êëàñó (S). À ñàìå, ðîçãëÿíåìî ñïî÷àòêó âè-

ïàäîê êîëè ϕ = u, òîäi

X
(2)

= ∂x,

Y
(2)

= x2∂x +

(
2x− eu

β

)
∂u +

(
2− 2xu1 − eu

β u1

)
∂u1−

−
(
2u1 + 4xu2 +

eu

β u
2
1 +

eu

β u2

)
∂u2 ,

H
(2)

= x∂x + ∂u − u1∂u1 − 2u2∂u2 .

�îçâ'ÿçóþ÷è ñèñòåìó (12) äëÿ öüîãî âèïàäêó, çíàõîäèìî, ùî

çàãàëüíèé ðîçâ'ÿçîê ¹ �óíêöi¹þ âiä

(u2 − u21)e
2u + 6βu1e

u − 4β2

(
β − u1eu

) 3
2

.

Òîìó, òàêîæ ÿê i äëÿ ãåîìåòðè÷íèõ âåëè÷èí êëàñó (S), ìè ðî-

áèìî âèñíîâîê, ùî �óíêöiÿ

I =

ψ d
2ψ
dx2 − 2

(
Â(ϕ)

)2

+ 6β dψdx − 4β2

(
β − dψ

dx

) 3
2

,

äå ψ = eϕ, ¹ ðîçâ'ÿçêîì ñèñòåìè (12) i âñi äè�åðåíöiàëüíi iíâà-

ðiàíòè 2-ãî ïîðÿäêó ñóòü �óíêöi¨ I.
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Äëÿ çíàõîäæåííÿ iíâàðiàíòiâ âèùîãî ïîðÿäêó ìè âèêîðèñòà-

¹ìî iíâàðiàíòíå äè�åðåíöiþâàííÿ. �îçâ'ÿçóþ÷è ñèñòåìó ðiâ-

íÿíü (11) äëÿ k = 1 çíàõîäèìî iíâàðiàíòíå äè�åðåíöiþâàííÿ

∇ =
ψ√

β − dψ
dx

Â(ϕ).

Îòæå, îäåðæó¹ìî íàñòóïíèé ðåçóëüòàò:

Òåîðåìà 4. Àëãåáðà äè�åðåíöiàëüíèõ iíâàðiàíòiâ ãåîìåòðè-

÷íèõ âåëè÷èí êëàñó (R) ëîêàëüíî ïîðîäæåíà äè�åðåíöiàëüíèì

iíâàðiàíòîì äðóãîãî ïîðÿäêó (I) i âñiìà iíâàðiàíòíèìè ïîõi-

äíèìè ∇k(I), äå k = 1, 2, . . .. Iíøèìè ñëîâàìè, áóäü-ÿêèé äè-

�åðåíöiàëüíèé iíâàðiàíò ïîðÿäêó k ìîæíà ïîäàòè ó âèãëÿäi

F

(
I,∇I, . . . ,∇(k−3)(I)

)
,

äå F � ãëàäêà �óíêöiÿ.

Ïðèêëàä 1. Çàñòîñîâóþ÷è îïåðàòîð ∇ äî iíâàðiàíòà I ìè

çíàõîäèìî, äè�åðåíöiàëüíèé iíâàðiàíò òðåòüîãî ïîðÿäêó:

∇(I) =
ψ2 d3ψ

dx3(
β − dψ

dx

)2 +

3ψ2

(
dψ
dx

)2

2

(
β − dψ

dx

)3 ,

äå ψ = eϕ.

4. Íîðìàëüíi �îðìè é äi¨ àëãåáðè Ëi sl2(R)

Â öüîìó ðîçäiëi ìè ïðèâîäèìî ëîêàëüíó êëàñè�iêàöiþ 1-

ìiðíèõ ãåîìåòðè÷íèõ âåëè÷èí íàä ïðîåêòèâíîþ ïðÿìîþ. À ñà-

ìå ìè êëàñè�iêó¹ìî ëîêàëüíi äi¨ àëãåáðè Ëi sl2(R) â ðîçøàðó-
âàííi ãåîìåòðè÷íèõ âåëè÷èí π : R2 −→ R âiäíîñíî ïñåâäîãðóïè

òî÷êîâèõ ïîøàðîâèõ ïåðåòâîðåíü, òîáòî ïåðåòâîðåíü âèäó:

(x, u) 7−→ (x, F (x, u)).
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Âiäçíà÷èìî, ùî ëîêàëüíà êëàñè�iêàöiÿ äié àëãåáðè Ëi sl2(R)
âiäíîñíî ïñåâäîãðóïè âñiõ ëîêàëüíèõ äè�åîìîð�içìiâ R2

, áóëà

çíàéäåíà Ñî�óñîì Ëi [11℄, i âîíà ñêëàäà¹òüñÿ ç òðüîõ êëàñiâ T0,
S0, R0.

Çàóâàæèìî, ùî âåêòîðíå ïîëå X òðàíñâåðñàëüíå øàðàì ðîç-

øàðóâàííÿ π, i îòæå ëîêàëüíî ìà¹ ïåðøèé iíòåãðàë h(x, u) òà-
êèé, ùî hu 6= 0. Âèáðàâøè ëîêàëüíèé ïîøàðîâèé äè�åîìîð-

�içì

(x, u) 7−→ (x, h(x, u)),

ìè ïåðåâåäåìî âåêòîðíå ïîëå X â ∂x. Ó öüîìó âèïàäêó âåêòîðíi

ïîëÿ Y , H íàáóäóòü âèãëÿäó (1), äå A ≡ 0.
Ç ðiâíÿíü (4) ìà¹ìî, ùî Bx = Hx = 0, i �óíêöi¨

B = B(u), H = H(u)

çàäîâîëüíÿþòü ñïiââiäíîøåííþ:

(13) B −HBu +HuB = 0.

Âiäçíà÷èìî, ùî ïðè B ≡ 0, äîâiëüíà �óíêöiÿH(u) çàäîâîëüíÿ¹
ðiâíÿííþ (13).

Ó öüîìó âèïàäêó

X = ∂x,
Y = x2∂x + 2xH∂u,
H = x∂x +H∂u,

à êëàñè�iêàöiÿ sl2-äié çâîäèòüñÿ äî êëàñè�iêàöi¨ âåêòîðíèõ ïî-
ëiâ H(u)∂u ùîäî ëîêàëüíèõ äè�åîìîð�içìiâ

u 7−→ F (u).

ßê äîáðå âiäîìî, îäíîìiðíi íåíóëüîâi âåêòîðíi ïîëÿ â îêî-

ëi òî÷êè u = 0 ëîêàëüíî åêâiâàëåíòíi (âiäíîñíî ïñåâäîãðóïè

ëîêàëüíèõ äè�åîìîð�içìiâ ïðÿìî¨) âåêòîðíèì ïîëÿì ç íàñòó-

ïíîãî ïåðåëiêó

∂u, λu∂u, ±uk∂u, α(u)∂u,
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ãäå λ ∈ R \ 0, k ∈ N , k ≥ 2, à α(u) � ïëîñêà â íóëi �óí-

êöiÿ. Òîìó, ó öüîìó âèïàäêó, â îêîëi òî÷êè (x = 0, u = 0), ìè
îäåðæó¹ìî íàñòóïíi íîðìàëüíi �îðìè:

1) H = x∂x,
ÿêùî H = 0.
2) H = x∂x + ∂u,
ÿêùî H(0) 6= 0.
3) H = x∂x + λu∂u,
ÿêùî H(0) = 0, àëå H ′(0) = λ 6= 0.
4) H = x∂x + u2k∂u,
ÿêùî H(0) = . . . = H2k−1(0) = 0, àëå H(2k)(0) 6= 0.
5) H = x∂x ± u2k+1∂u,

ÿêùî H(0) = . . . = H2k(0) = 0, àëå H(2k+1)(0) 6= 0.
6) H = x∂x + λu∂u,

ÿêùî λ(u) ïëîñêà â íóëi �óíêöiÿ, òîáòî λ(i)(0) = 0, i =
0, 1, . . ..
Íåõàé òåïåð B 6= 0, i H(0) 6= 0. Òîäi âåêòîðíå ïîëå H(u)∂u

ëîêàëüíèì äè�åîìîð�içìîì çâîäèòüñÿ äî âèãëÿäó ∂u; òîáòî
ìè ìîæåìî ââàæàòè H ≡ 1. Òîäi B − Bu = 0, i B = Ceu.
Òðàíñëÿöi¹þ u 7→ u+const ìè ìîæåìî ïåðåâåñòè �óíêöiþ B =
Ceu ó �óíêöiþ ±eu é îòæå

H = x∂x + ∂u,
Y = x2∂x + (±eu + 2x)∂u.

Íàðåøòi, ÿêùî H(0) = 0, àëå B(0) 6= 0, òî ïîäàâøè �óíêöiþ

H ó âèãëÿäi H = ψB, îäåðæó¹ìî Bψu + 1 = 0, àáî

B = − 1

ψu
, H = − ψ

ψu
.

Ìè ðîçãëÿíåìî òiëüêè âèïàäîê, êîëè âåêòîðíå ïîëå H(u)∂u
ìà¹ íóëü êiíöåâîãî ïîðÿäêó. Ó öüîìó âèïàäêó âåêòîðíå ïîëå

H(u)∂u ìîæíà çâåñòè äî íîðìàëüíî¨ �îðìè λu∂u, ÿêùîH
′(0) =

λ 6= 0, àáî äî âèãëÿäó ±uk∂u, ÿêùî
H(0) = . . . = H(k−1)(0) = 0, H(k)(0) 6= 0, k ≥ 0.
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Iíòåãðóþ÷è ðiâíÿííÿ H = − ψ
ψu

âiäíîñíî ψ, i ïðèïóñêàþ÷è, ùî

ψ ìà¹ îäíó iç çàçíà÷åíèõ âèùå íîðìàëüíèõ �îðì, ìè îäåðæó-

¹ìî:

ψ(u) = Ce−
∫

du
H

i

B = − 1

ψu
=

1

C
He−

∫
du
H .

Îòæå, ãëàäêèé ðîçâ'ÿçîê B(u) iñíó¹ òiëüêè ó âèïàäêó, êîëè

H(u) ìà¹ íóëü ïåðøîãî ïîðÿäêó, òîáòî

H(u) = λu, λ 6= 0.

Òîäi

ψ(u) = Cu−
1
λ ,

i

B =
λ

C
u1+

1
λ .

Îòæå, äëÿ òîãî ùîá �óíêöiÿ B(u) áóëà ãëàäêîþ â íóëi ïîêà-

çíèê ñòåïåíÿ (1 + 1
λ) ïîâèíåí áóòè íàòóðàëüíèì ÷èñëîì.

Íåõàé n = 1 + 1
λ ∈ N, òîäi

λ =
1

n− 1
, H(u) =

u

n− 1
, B(u) = Cun,

n = 0, 2, 3, . . .. Ìàñøòàáíi ïåðåòâîðåííÿ

u 7→ tu, t 6= 0,

çáåðiãàþòü âåêòîðíå ïîëå H(u)∂u, àëå ïåðåâîäÿòü ïîëå

B(u)∂u = Cun∂u

â ïîëå Ctn−1un∂u. Òîìó, çàëåæíî âiä ïàðíîñòi n, âåêòîðíå ïîëå
B(u)∂u ìîæå áóòè ïåðåâåäåíå â ïîëå u

n∂u, ÿêùî n - ïàðíå, àáî

â ïîëå ±un∂u, ÿêùî n - íåïàðíå.

Iíàêøå êàæó÷è, ìè îäåðæó¹ìî íàñòóïíi íîðìàëüíi �îðìè:

H = x∂x +
u

n− 1
∂u, Y = x2∂x + (un +

2ux

n− 1
)∂u,
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ÿêùî n - ïàðíå, i

H = x∂x +
u

n− 1
∂u, Y = x2∂x + (±un + 2ux

n− 1
)∂u,

ÿêùî n � íåïàðíå, i n 6= 1.
Äëÿ òîãî, ùîá âèêëþ÷èòè ç ðîçãëÿäó âèïàäêè ïëîñêèõ âå-

êòîðíèõ ïîëiâ (òîáòî âèïàäêè, êîëè �óíêöiÿ H(u) � ïëîñêà â

íóëi) ìè îáìåæèìîñÿ òiëüêè ãåîìåòðè÷íèìè âåëè÷èíàìè êiíöå-

âîãî ïîðÿäêó, òîáòî òèìè âèïàäêàìè, êîëè �óíêöiÿ H(u) ìà¹
íóëü êiíöåâîãî ïîðÿäêó. Äëÿ òàêèõ âåëè÷èí ìè îäåðæó¹ìî íà-

ñòóïíèé êëàñè�iêàöiéíèé ðåçóëüòàò.

Òåîðåìà 5. Ïðîåêòèâíi ãåîìåòðè÷íi âåëè÷èíè êiíöåâîãî ïî-

ðÿäêó â îêîëi òî÷êè (0,0) ëîêàëüíî åêâiâàëåíòíi, âiäíîñíî ïñåâ-

äîãðóïè ïîøàðîâèõ òî÷êîâèõ ïåðåòâîðåíü, ãåîìåòðè÷íèì âå-

ëè÷èíàì, ùî âiäïîâiäàþòü ïîäàííÿì àëãåáðè Ëi sl2(R) ç íà-

ñòóïíîãî ñïèñêó:

T1) X = ∂x, Y = x2∂x, H = x∂x,

S1) X = ∂x, Y = x2∂x + 2x∂u, H = x∂x + ∂u,

S2) X = ∂x, Y = x2∂x + 2λx∂u, H = x∂x + λu∂u,
äå λ 6= 0.

S3) X = ∂x, Y = x2∂x + 2xu2k∂u, H = x∂x + u2k∂u,
äå k ∈ N.

S4) X = ∂x, Y = x2∂x ± 2xu2k+1∂u, H = x∂x ± u2k+1∂u,
äå k ∈ N.

S5) X = ∂x, Y = x2∂x +
(

2ux
2k−1

+ u2k
)
∂u, H = x∂x + u

2k−1
∂u,

äå k ∈ N.

S6) X = ∂x, Y = x2∂x +
(
ux
k

± u2k+1
)
∂u, H = x∂x + u

2k
∂u,

äå k ∈ N, k > 0.

R±) X = ∂x, Y = x2∂x + (2x± eu)∂u, H = x∂x + ∂u,
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5. Çàñòîñóâàííÿ äî äè�åðåíöiàëüíèõ ðiâíÿíü

Ó öüîìó ðîçäiëi ìè îáãîâîðèìî çàñòîñóâàííÿ îïèñàíèõ âèùå

ñòðóêòóð àëãåáð äè�åðåíöiàëüíèõ iíâàðiàíòiâ äî çâè÷àéíèõ äè-

�åðåíöiàëüíèõ ðiâíÿíü. Íàñàìïåðåä âiäçíà÷èìî, ùî �óíêöiÿ

ϕ, ùî âõîäèòü â îïèñ sl2(R)-ïîäàíü êëàñiâ R,S, T , ¹ ïåðøèì
iíòåãðàëîì âåêòîðíîãî ïîëÿ X. Ç iíøîãî áîêó, ñïiââiäíîøåííÿ

[H,X ] = X ïîêàçó¹, ùî ðîçïîäië íà ïëîùèíi R2
, ïîðîäæóâàíèé

âåêòîðíèì ïîëåì X , äîïóñêà¹ ñèìåòðiþ. Äëÿ ïîäàíü êëàñiâ R
i S âåêòîðíi ïîëÿ X, H ëiíiéíî íåçàëåæíi, i òîìó iíòåãðàëè X,

ìîæóòü áóòè çíàéäåíi êâàäðàòóðàìè [10℄. Òèì ñàìèì äiÿ ãðóïè

Ëi SL2(R) äëÿ ïîäàíü êëàñiâ R i S çíàõîäèòüñÿ êâàäðàòóðàìè.

Äëÿ ïîäàíü êëàñó T öå ñïðàâåäëèâî, ÿêùî âiäîìî ïåðøèé ií-

òåãðàë âåêòîðíîãî ïîëÿ X .

5.1. Ïðîåêòèâíi ãåîìåòðè÷íi âåëè÷èíè êëàñó (T ). Ó öüî-

ìó âèïàäêó êîæíèé äè�åðåíöiàëüíèé iíâàðiàíò

F

(
I, J,

DJ

DI
, . . . ,

DkJ

DIk

)

ïîðÿäêó (k + 3) âèçíà÷à¹ çâè÷àéíå äè�åðåíöiàëüíå ðiâíÿííÿ

(14) F

(
I, J,

DJ

DI
, . . . ,

DkJ

DIk

)
= const.

Àëãåáðà Ëi sl2(R), ðàçîì ç ïîäàííÿì êëàñó T , ¹ àëãåáðîþ òî-

÷êîâèõ ñèìåòðié (14). Ìè áóäåìî ïðèïóñêàòè, ùî ïåðøi iíòåãðà-

ëè âåêòîðíîãî ïîëÿ X âiäîìi, i òîìó âiäîìà äiÿ ãðóïè SL2(R).
Öå îçíà÷à¹, ùî äëÿ ðîçâ'ÿçêiâ (14) çàãàëüíîãî ïîëîæåííÿ, òîá-

òî òàêèõ ðîçâ'ÿçêiâ, ÿêi íå ¹ iíâàðiàíòíèìè ùîäî íåíóëüîâèõ

åëåìåíòiâ àëãåáðè sl2(R), ìè ìîæåìî çà äîïîìîãîþ êâàäðàòóð

âêàçàòè 3 - ïàðàìåòðè÷íå ñiìåéñòâî ðîçâ'ÿçêiâ (14). À ñàìå,

sl2(R)-îðáiòó îáðàíîãî ðîçâ'ÿçêó.
Ïðèïóñòèìî, ùî ðiâíÿííÿ (14), ÿê äè�åðåíöiàëüíå ðiâíÿííÿ

â ïîõiäíèõ Òðåññå, ìà¹ ðîçâ'ÿçîê:

(15) J = F (I).
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Öå ñïiââiäíîøåííÿ ìîæíà ðîçãëÿäàòè, ÿê äè�åðåíöiàëüíå ðiâ-

íÿííÿ J − F (I) = 0 ⊂ J3(π) 3-ãî ïîðÿäêó äëÿ ïðîåêòèâíèõ

ãåîìåòðè÷íèõ âåëè÷èí êëàñó T . �îçìið ïðîñòîðó ðîçâ'ÿçêiâ òà-
êîãî ðiâíÿííÿ äîðiâíþ¹ 3, i òîìó çíàííÿ îäíîãî ÷àñòèííîãî

ðîçâ'ÿçêó ðàçîì ç SL2(R)-äi¹þ, äîçâîëÿ¹ çíàéòè çàãàëüíèé ðîçâ'ÿ-
çîê ðiâíÿííÿ (15).

Âèáðàâøè êîîðäèíàòè (x, u) òàêèì ÷èíîì, ùîá ϕ(x, u) = u,
ìè ìîæåìî çàïèñàòè öå ðiâíÿííÿ ó âèãëÿäi:

(16) S̃(y) = F (y),

äå

S̃(y) =
y′y′′′ − 3

2y
′′2

y′4
,

òà u = y(x). Îñêiëüêè y′ 6= 0, òî, ïðèíàéìíi ëîêàëüíî, ìè ìî-

æåìî ïåðåéòè äî îáåðíåíî¨ �óíêöi¨ x = x(y).
Íåâàæêî ïåðåâiðèòè, ùî

S̃(y) = −S(x),

äå S(x) =
x′x′′′− 3

2
x′′2

x′2
� ïîõiäíà Øâàðöà, òîìó ðiâíÿííÿ (16) äëÿ

îáåðíåíî¨ �óíêöi¨ x = x(y) ìà¹ âèãëÿä

(17) S(x) = −F (y).
Ç iíøîãî áîêó, òåîðåìà Øâàðöà [8℄ ñòâåðäæó¹, ùî çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ (17) ìà¹ âèãëÿä

x(y) =
z1(y)

z2(y)
,

äå z1(y) é z2(y) - ëiíiéíî íåçàëåæíi ðîçâ'ÿçêè ëiíiéíîãî ðiâíÿ-

ííÿ Øðüîäiíãåðà:

z′′ =
1

2
F (y)z.

Òàêèì ÷èíîì, iíòåãðóâàííÿ äè�åðåíöiàëüíèõ ðiâíÿíü âèäó (15)

åêâiâàëåíòíî iíòåãðóâàííþ ëiíiéíèõ ðiâíÿíü Øðüîäiíãåðà ç ïî-

òåíöiàëîì −1
2F . Çîêðåìà, ÿêùî ïîòåíöiàë iíòåãðó¹ìî (ó çìi-

ñòi [6℄), òî iíòåãðóâàííÿ (15) ìîæå áóòè çâåäåíå äî êâàäðàòóð.
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Öå íàïðèêëàä òàê, êîëè ïîòåíöiàë ¹ ðîçâ'ÿçêîì ñòàöiîíàðíîãî

ðiâíÿííÿ Êîðòâåãà-äå Âðiçà, àáî éîãî âèùèõ àíàëîãiâ [12℄.

Òâåðäæåííÿ 1. Ïðèïóñòèìî, ùî äè�åðåíöiàëüíå ðiâíÿííÿ

(14), äëÿ ïðîåêòèâíèõ âåëè÷èí êëàñó T , ÿê äè�åðåíöiàëüíå ðiâ-
íÿííÿ â ïîõiäíèõ Òðåññå, ¹ ñòàöiîíàðíèì ðiâíÿííÿì Êîðòâåãà-

äå Âðiçà, àáî éîãî âèùèì àíàëîãîì. Òîäi ðiâíÿííÿ (14), ÿê ðiâ-

íÿííÿ íà ïðîåêòèâíi ãåîìåòðè÷íi âåëè÷èíè, iíòåãðó¹òüñÿ ó

êâàäðàòóðàõ.

Ïðèêëàä 2. Äè�åðåíöiàëüíå ðiâíÿííÿ 6-îãî ïîðÿäêó

u31(u1u6 − 15u2u5) + u21(99u
2
2 − 16u1u3)u4+

+u1u2u3(96u1u3 − 390u22) + 234u52 = 0

äîïóñêà¹ sl2(R)-àëãåáðó ñèìåòðié êëàñó T i ϕ = u. ßêùî çàïè-
ñàòè éîãî â äè�åðåíöiàëüíèõ iíâàðiàíòàõ, òî âîíî çâîäèòüñÿ

äî ðiâíÿííÿ Êîðòâåãà-äå Âðiçà:

D3J

DI3
+ 6J

DJ

DI
= 0

i òîìó iíòåãðó¹òüñÿ ó êâàäðàòóðàõ.

5.2. Ïðîåêòèâíi ãåîìåòðè÷íi âåëè÷èíè êëàñiâ(R) è (S).
Äëÿ ãåîìåòðè÷íèõ âåëè÷èí êëàñiâ (R) i (S) êîæíèé äè�åðåí-

öiàëüíèé iíâàðiàíò

F (J,∇J, . . . ,∇kJ)

âèçíà÷à¹ äè�åðåíöiàëüíå ðiâíÿííÿ ïîðÿäêó (k + 2)

(18) F (J,∇J, . . . ,∇kJ) = const,

ÿêå äîïóñêà¹ àëãåáðó Ëi sl2(R), ÿê àëãåáðó òî÷êîâèõ ñèìåòðié.
Çàóâàæèìî, ùî ó âèïàäêó ãåîìåòðè÷íèõ âåëè÷èí êëàñiâ (R)

i (S) äiÿ àëãåáðè Ëi sl2(R) iíòåãðó¹òüñÿ ó êâàäðàòóðàõ, i òèì

ñàìèì äiÿ ãðóïè Ëi SL2(R) ìîæå áóòè çíàéäåíà ó êâàäðàòóðàõ.
Òîìó, äè�åðåíöiàëüíi ðiâíÿííÿ 3-ãî ïîðÿäêó

(19) F (J,∇J) = C
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ìîæóòü áóòè ïðîiíòåãðîâàíi ó êâàäðàòóðàõ, ÿêùî âiäîìi ÷à-

ñòèííi ðîçâ'ÿçêè (19).

Òàêi ðîçâ'ÿçêè ìîæíà çíàéòè òàêèì ñïîñîáîì.

Äè�åðåíöiàëüíi ðiâíÿííÿ 2-îãî ïîðÿäêó

(20) J = C1

äîïóñêàþòü 3-ìiðíó àëãåáðó ñèìåòðié sl2(R), i òîìó áóäü-ÿêà 2-
ìiðíà ðîçâ'ÿçíà ïiäàëãåáðà (ñêàæåìî, ïiäàëãåáðà, ùî ïîðîäæå-

íà X i H) äîçâîëÿ¹ ïðîiíòåãðóâàòè (20) ó êâàäðàòóðàõ [10℄.

Òîìó, ìè ìîæåìî øóêàòè ÷àñòèííi ðîçâ'ÿçêè ðiâíÿííÿ (19)

ñåðåä ðîçâ'ÿçêiâ ðiâíÿíü (20), çà óìîâè, ùî ïîñòiéíi C i C1

çâ'ÿçàíi ñïiââiäíîøåííÿì:

F (C1, 0) = C.

Ìåòîä iíòåãðóâàííÿ çàãàëüíèõ ðiâíÿíü (18) ïîëÿãà¹ â çíàõî-

äæåííi çàãàëüíîãî ðîçâ'ÿçêó (18), ðîçãëÿíóòîãî ÿê ðiâíÿííÿ

ùîäî iíâàðiàíòíîãî äè�åðåíöiþâàííÿ ∇, ó âèãëÿäi (20).
Äëÿ öüîãî ââåäåìî ïðîåêòèâíèé ïàðàìåòð s, ùî íàçâåìî ïðî-

åêòèâíèì ïàðàìåòðîì, òàê, ùîá ∇ = d
ds . Òîäi ðiâíÿííÿ (18)

ìîæíà �îðìàëüíî çàïèñàòè ó âèãëÿäi:

(21) F

(
J,
dJ

ds
, . . . ,

dkJ

dsk

)
= C.

Ïðèïóñòèìî, ùî J = f(s) ¹ ðîçâ'ÿçêîì (21), òîäi, äè�åðåíöiþ-

þ÷è, îäåðæó¹ìî

J = f(s), ∇J = f ′(s),

i âèêëþ÷àþ÷è s, ïðèõîäèìî äî ðiâíÿííÿ âèäó (20), ùî âæå ií-

òåãðó¹òüñÿ ó êâàäðàòóðàõ.

Ïðèêëàä 3. Êëàñè÷íi ðiâíÿííÿ ×àçi (Chazy) (äèâ. íàïðè-

êëàä [7℄) ìàþòü âèãëÿä (19) äëÿ âèïàäêó ïðîåêòèâíèõ ãåîìå-

òðè÷íèõ âåëè÷èí êëàñó (R), ïðè âiäïîâiäíîìó âèáîði �óíêöi¨
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ϕ é ïàðàìåòðà β. Òîìó ðiâíÿííÿ âèäó (19) ÿê äëÿ ãåîìåòðè-

÷íèõ âåëè÷èí êëàñó (R) òàê i äëÿ âåëè÷èí êëàñó (T ) ìè íàçè-

âà¹ìî óçàãàëüíåíèìè ðiâíÿííÿìè ×àçi. ßê áóëî ïîêàçàíî âè-

ùå öi ðiâíÿííÿ iíòåãðóþòüñÿ ó êâàäðàòóðàõ, ÿêùî ðiâíÿííÿ

F (C1, 0) = C ìàþòü ðîçâ'ÿçêè âiäíîñíî ïîñòiéíî¨ C1.
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Ïðî òðèêóòíi óíiòàëüíi äiëüíèêè

ìíîãî÷ëåííèõ ìàòðèöü íàä

�àêòîðiàëüíîþ îáëàñòþ

Âñòàíîâëåíî óìîâè iñíóâàííÿ óíiòàëüíèõ òðèêóòíèõ äiëüíèêiâ ìíîãî-

÷ëåííèõ ìàòðèöü íàä �àêòîðiàëüíîþ îáëàñòþ.

Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ óíèòàëüíûõ òðåóãîëüíûõ äåëè-

òåëåé ìíîãî÷ëåííûõ ìàòðèö íàä �àêòîðèàëüíîé îáëàñòüþ.

We establish conditions for existence of monic triangular divisors of poly-
nomial matrices over a factorial domain.

Êëþ÷îâi ñëîâà: moni
 divisor, polynomial matrix, fa
torial domain

Íåõàé R �àêòîðiàëüíà îáëàñòü ç îäèíèöåþ e, Rn,m i Rn,m[x]
ìíîæèíè n × m ìàòðèöü íàä êiëüöåì R òà íàä êiëüöåì ìíî-

ãî÷ëåíiâ R[x] âiäïîâiäíî; In � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n.
Íàäàëi ÷åðåç LRn òà LRn[x] ïîçíà÷àòèìåìî êiëüöÿ n × n íè-

æíiõ òðèêóòíèõ ìàòðèöü íàä R òà R[x] âiäïîâiäíî, à ïiä çàïè-
ñîì (a, b) áóäåìî ðîçóìiòè íàéáiëüøèé ñïiëüíèé äiëüíèê (í.ñ.ä.)
íåíóëüîâèõ åëåìåíòiâ a, b ∈ R.
Â äàíié ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à ïðî çîáðàæåííÿ íåîñîáëèâî¨

ìàòðèöi A(x) ∈ Rn,n[x] ó âèãëÿäi äîáóòêó

A(x) = B(x)C(x), (1)
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äå

B(x) =




b1(x) 0 . . . . . . 0

b21(x) b2(x) 0 . . . 0

. . . . . . . . . . . . . . .

bn1(x) bn2(x) . . . bn,n−1(x) bn(x)


 ∈ LRn[x] (2)

� íèæíÿ òðèêóòíà óíiòàëüíà ìíîãî÷ëåííà ìàòðèöÿ ñòåïåíÿ r
(1 ≤ r ≤ degA(x)), òîáòî bi(x) óíiòàëüíi ìíîãî÷ëåíè ñòåïåíÿ r
äëÿ âñiõ i = 1, 2, . . . , n i deg bij(x) < deg bi(x) äëÿ âñiõ j < i, j =
1, 2, . . . , n− 1. Íàãàäà¹ìî, ùî ìàòðèöþ B(x) ìîæíà çàïèñàòè ó

âèãëÿäi B(x) = Inx
r+B1x

r−1+· · ·+Br, äå Bl ∈ LRn äëÿ âñiõ l =
l, 2, . . . , r. Î÷åâèäíî òàêîæ, ùî detB(x) = b1(x)b2(x) · · · bn(x).
Â òàêié ïîñòàíîâöi äàíà çàäà÷à ¹ íàäçâè÷àéíî ñêëàäíîþ â

ðîçóìiííi âêàçàííÿ íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ òà-

êî¨ �àêòîðèçàöi¨ (äèâ. [1℄). Â öié ñòàòòi âñòàíîâëåíî óìîâè, çà

ÿêèõ äëÿ íåîñîáëèâî¨ ìàòðèöi A(x) ∈ Rn,n[x] iñíó¹ �àêòîðèçà-
öiÿ âèäó (1) ç óìîâîþ (2), ó âèïàäêó, êîëè ìàòðèöi B(x) i C(x)
ìàþòü âçà¹ìíî ïðîñòi âèçíà÷íèêè. Êðiì öüîãî âêàçàíî óìîâè,

çà ÿêèõ äëÿ íåîñîáëèâî¨ ìàòðèöi A(x) iñíóþòü áëî÷íî-òðèêóòíi
óíiòàëüíi äiëüíèêè. Âiäçíà÷èìî, ùî äàíà ñòàòòÿ ¹ ïðîäîâæåí-

íÿì äîñëiäæåíü, ÿêi ðîçïî÷àòi â ðîáîòàõ [2℄, [3℄.

Ìàòðèöi A(x) ∈ Rn,n[x] ïîñòàâèìî ó âiäïîâiäíiñòü ìàòðèöi

A1(x) =
[
a11(x) a12(x) . . . a1n(x)

]
∈ R1,n[x],

Ak(x) =

[
Ak−1(x)

ak1(x) ak2(x) . . . akn(x)

]
∈ Rk,n[x],

äå 1 < k ≤ n. Òåïåð ÷åðåç ai(x) ïîçíà÷èìî í.ñ.ä. ìiíîðiâ i−ãî
ïîðÿäêó ìàòðèöü Ai(x) äëÿ âñiõ i = 1, 2, . . . , n. Î÷åâèäíî, ùî
An(x) = A(x) i an(x) = detA(x).
Íåõàé äëÿ íåîñîáëèâî¨ ìàòðèöi A(x) ∈ Rn,n[x] iñíó¹ �àêòî-

ðèçàöiÿ (1) ç óìîâîþ (2). Íåâàæêî ïåðåêîíàòèñü â òîìó, ùî

{
a1(x) = b1(x)c1(x),

ak(x) = ak−1(x)bk(x)ck(x), k = 2, 3, . . . , n;
(3)
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äå bk(x) = xr + bk1x
r−1 + · · ·+ bkr ∈ R[x] i 1 ≤ r ≤ degA(x).

Çðîçóìiëî, ùî âèêîíàííÿ óìîâ (3) ¹ íåîáõiäíîþ óìîâîþ iñíó-

âàííÿ äëÿ ìàòðèöi A(x) �àêòîðèçàöi¨ (1) ç óìîâîþ (2). Â öüîìó

çâ'ÿçêó îá'¹êòîì íàøîãî äîñëiäæåííÿ áóäóòü íåîñîáëèâi ìàòðè-

öi A(x) iç Rn,n[x], äëÿ ÿêèõ ìà¹ ìiñöå ñèñòåìà ðiâíîñòåé (3). Ìà-

òðèöi A(x) ∈ Rn,n[x], ÿêó çàïèøåìî ó âèãëÿäi A(x) = A0x
s +

A1x
s−1+ · · ·+As, òà ìíîãî÷ëåíó d(x) = xrn+d1x

rn−1+ · · ·+drn
ïîñòàâèìî ó âiäïîâiäíiñòü ìàòðèöi

M =




A0 A1 . . . As

A0 A1 . . . As

. . . . . . . . . . . . . . . . . .

A0 A1 . . . As

In Ind1 . . . Indnr
In Ind1 . . . Indnr

. . . . . . . . . . . . . . . . . .

In Ind1 . . . Indnr








(n− 1)r




s− r

,

N =

[
A0d1 −A1 . . . A0ds −As A0ds+1 . . . A0drn O . . .O︸ ︷︷ ︸

t

]
,

äå t = nr + s − r −max{s, rn}, O � íóëüîâà ìàòðèöÿ ïîðÿäêó

n. Íà íåçàïîâíåíèõ ìiñöÿõ â ìàòðèöi M çíàõîäÿòüñÿ íóëi (äèâ.

òàêîæ [2℄).

Òåîðåìà 1. Ïðèïóñòèìî, ùî äëÿ íåîñîáëèâî¨ ìàòðèöi A(x) ∈
Rn,n[x] âèêîíóþòüñÿ óìîâè

{
a1(x) = b1(x)c1(x),

ak(x) = ak−1(x)bk(x)ck(x), k = 2, 3, . . . , n;

äå bk(x) = xr + bk1x
r−1 + · · ·+ bkr ∈ R[x]. Íåõàé, äàëi,
d(x) = b1(x)b2(x) · · · bn(x).

ßêùî (bi(x), cj(x)) = e äëÿ âñiõ i = 1, 2, . . . , n òà j = 1, 2, . . . , n,
òî äëÿ ìàòðèöi A(x) iñíó¹ �àêòîðèçàöiÿ

A(x) = B(x)C(x)
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òàêà, ùî

B(x) =




b1(x) 0 . . . . . . 0
b21(x) b2(x) 0 . . . 0
. . . . . . . . . . . . . . .
bn1(x) bn2(x) . . . bn,n−1(x) bn(x)


 ∈ LRn[x]

� óíiòàëüíà ìíîãî÷ëåííà ìàòðèöÿ ñòåïåíÿ r ≥ 1 i

deg bij(x) < deg bi(x)

äëÿ âñiõ j < i, òîäi i òiëüêè òîäi, êîëè ìàòðè÷íå ðiâíÿí-

íÿ ZM = N ðîçâ'ÿçíå. ßêùî æ øóêàíèé äiëüíèê B(x) iñíó¹,
òî âií îäíîçíà÷íî âèçíà÷à¹òüñÿ íàáîðîì ìíîãî÷ëåíiâ {b1(x),
b2(x), . . . , bn(x)}.
Äîâåäåííÿ. Íåîáõiäíiñòü âèïëèâà¹ ç òåîðåìè 1 ðîáîòè [2℄.

Äîñòàòíiñòü. Íåõàé ðiâíÿííÿ ZM = N ðîçâ'ÿçíå. Íà ïiä-

ñòàâi òåîðåìè 1 iç [2℄ äëÿ ìàòðèöi A(x) iñíó¹ �àêòîðèçàöiÿ

A(x) = B(x)C(x)

òàêà, ùî B(x) ∈ Rn,n[x] � óíiòàëüíà ìíîãî÷ëåííà ìàòðèöÿ ñòå-
ïåíÿ r iç âèçíà÷íèêîì

detB(x) = d(x) = b1(x)b2(x) · · · bn(x).
Êðiì öüîãî, ìàòðèöÿ B(x) îäíîçíà÷íî âèçíà÷à¹òüñÿ ìíîãî÷ëå-

íîì d(x) .
Îñêiëüêè R îáëàñòü öiëiñíîñòi, òî R ìiñòèòüñÿ â äåÿêîìó ïîëi

P (çîêðåìà â ïîëi ÷àñòîê êiëüöÿ R), òîáòî R ⊂ P . Äëÿ ìàòðèöi
A(x) ∈ Pn,n[x] iñíó¹ ìàòðèöÿ W (x) ∈ GL(n, P ) òàêà, ùî

A(x)W (x) = H(x) =



h11(x) 0 . . . . . . . . . 0

h21(x) h22(x) 0 . . . . . . 0

h31(x) h32(x) h33(x) 0 . . . 0

. . . . . . . . . . . . . . . . . .

hn1(x) hn2(x) hn3(x) . . . hn,n−1(x) hnn(x)



∈ LRn[x],
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äå deg hij(x) < deg hii(x) äëÿ âñiõ 1 ≤ j < i ≤ n, òîáòî ìàòðèöÿ
H(x) ¹ íîðìàëüíîþ �îðìîþ Åðìiòà ìàòðèöi A(x) ∈ Pn,n[x]
(äèâ. [4℄).

Òàê ÿê íàä ìàòðèöåþ A(x) ∈ Pn,n[x] ìè âèêîíóìî åëåìåí-

òàðíi ïåðåòâîðåííÿ ç ¨¨ ñòîâï÷èêàìè, òî íåâàæêî ïåðåêîíàòèñü

â òîìó, ùî ìíîãî÷ëåíè ak(x) i hkk(x) àñîöiéîâàíi íàä ïîëåì P .
Îòæå,

hkk(x) = bk(x)gkk(x); k = 1, 2, . . . , n.

Äîâåäåìî, ùî äëÿ ìàòðèöi H(x) iñíó¹ �àêòîðèçàöiÿ

H(x) = D(x)G(x), (4)

äå

D(x) =




b1(x) 0 . . . . . . . . . 0

d21(x) b2(x) 0 . . . . . . 0

d31(x) d32(x) b3(x) 0 . . . 0

. . . . . . . . . . . . . . . . . .

dn1(x) dn2(x) dn3(x) . . . dn,n−1(x) bn(x)



∈LRn[x],

G(x)=




g11(x) 0 . . . . . . . . . 0

g21(x) g22(x) 0 . . . . . . 0

g31(x) g32(x) g33(x) 0 . . . 0

. . . . . . . . . . . . . . . . . .

gn1(x) gn2(x) gn3(x) . . . gn,n−1(x) gnn(x)



∈LRn[x],

à dij(x) òà gij(x) äåÿêi ìíîãî÷ëåíè iç P [x], ïðè÷îìó

deg dij(x) < deg bi(x)

äëÿ âñiõ 1 ≤ j < i ≤ n.
Ïîìíîæèâøè â ïðàâié ÷àñòèíi ðiâíîñòi (4) D(x) íà ïåðøèé

ñòîâï÷èê ìàòðèöi G(x) çäîáóâà¹ìî ñèñòåìó ðiâíîñòåé




b1(x)g11(x) = h11(x),

d21(x)g11(x) + b2(x)g21(x) = h21(x),

d31(x)g11(x) + d32(x)g21(x) + b3(x)g31(x) = h31(x),
. . . . . . . . . . . . . . . . . .

dn1(x)g11(x) + dn2(x)g21(x) + · · ·+ bn(x)gn1(x) = hn1(x).
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Òàê ÿê (b1(x), gjj(x)) = e äëÿ âñiõ 1 ≤ j ≤ n, òî öÿ ñèñòå-

ìà ðiâíÿíü ðîçâ'ÿçíà. Çðîçóìiëî, ùî ìíîãî÷ëåíè dk1(x) ìîæíà
âèáðàòè òàê, ùî deg dk1(x) < deg bk(x) äëÿ âñiõ 2 ≤ k ≤ n.
Ïðîäîâæóþ÷è àíàëîãi÷íi ìiðêóâàííÿ ç ðåøòó ñòîâï÷èêàìè

ìàòðèöi G(x) i âðàõîâóþ÷è òå, ùî (bi(x), gjj(x)) = e äëÿ âñiõ i =
1, 2, . . . , n òà j = 1, 2, . . . , n, â êiíöåâîìó ðåçóëüòàòi çäîáóâà¹ìî,
ùî ìàòðèöÿ H(x) äîïóñêà¹ �àêòîðèçàöiþ

H(x) = D(x)G(x),

äå

D(x) =




b1(x) 0 . . . . . . 0
d21(x) b2(x) 0 . . . 0
. . . . . . . . . . . . . . .
dn1(x) dn2(x) . . . dn,n−1(x) bn(x)




� íèæíÿ òðèêóòíà óíiòàëüíà ìíîãî÷ëåííà ìàòðèöÿ ñòåïåíÿ r ç
åëåìåíòàìè bi(x) íà ãîëîâíié äiàãîíàëi i

deg dij(x) < deg bi(x), j < i.

Òàê ÿê (detD(x),detG(x)) = e, òî íà ïiäñòàâi íàñëiäêó 5 iç [5℄

óíiòàëüíà ìàòðèöÿ D(x) ∈ Pn,n[x] îäíîçíà÷íî âèçíà÷åíà ìíî-

ãî÷ëåíîì

d(x) = b1(x)b2(x) · · · bn(x).
Îòæå, äëÿ ìàòðèöi A(x) ∈ Pn,n[x] iñíóþòü �àêòîðèçàöi¨

A(x) = B(x)C(x) = D(x)F (x),

äå F (x) = G(x)W−1(x). Î÷åâèäíî, ùî ìàòðèöÿ B(x) òåæ îäíî-

çíà÷íî âèçíà÷åíà ìíîãî÷ëåíîì d(x) íàä ïîëåì P . Íà ïiäñòàâi
íàñëiäêó 5 iç [5℄ çäîáóâà¹ìî B(x) = D(x) ∈ LRn[x], ùî i äîâî-
äèòü òåîðåìó. �

Iç äîâåäåííÿ äîñòàòíîñòi òåîðåìè 1 îòðèìó¹ìî íàñòóïíå òâåð-

äæåííÿ, ÿêi ñ�îðìóëþ¹ìî âèãëÿäi.
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Íàñëiäîê 1.Ïðèïóñòèìî, ùî äëÿ íåîñîáëèâî¨ ìàòðèöi A(x) ∈
Pn,n[x] âèêîíóþòüñÿ óìîâè

{
a1(x) = b1(x)c1(x),

ak(x) = ak−1(x)bk(x)ck(x), k = 2, 3, . . . , n;

äå bk(x) = xr + bk1x
r−1 + · · · + bkr ∈ P [x] i r ≥ 1. ßêùî

(bi(x), cj(x)) = e äëÿ âñiõ i = 1, 2, . . . , n òà j = 1, 2, . . . , n, òî
äëÿ ìàòðèöi A(x) iñíó¹ �àêòîðèçàöiÿ

A(x) = B(x)C(x)

òàêà, ùî

B(x) =




b1(x) 0 . . . . . . 0
b21(x) b2(x) 0 . . . 0
. . . . . . . . . . . . . . .
bn1(x) bn2(x) . . . bn,n−1(x) bn(x)


 ∈ LPn[x]

� óíiòàëüíà ìíîãî÷ëåííà ìàòðèöÿ ñòåïåíÿ r i

deg bij(x) < deg bi(x)

äëÿ âñiõ j < i. ßêùî æ øóêàíèé äiëüíèê B(x) iñíó¹, òî âií

îäíîçíà÷íî âèçíà÷à¹òüñÿ íàáîðîì ìíîãî÷ëåíiâ

{b1(x), b2(x), · · · , bn(x)}.
Â ðîáîòàõ [2℄, [3℄ âñòàíîâëåíi óìîâè, çà ÿêèõ äëÿ íåîñîáëè-

âî¨ ìàòðèöi A(x) ∈ Rn,n[x] iñíó¹ óíiòàëüíèé äiëüíèê B(x) iç
çàäàíèì âèçíà÷íèêîì detB(x) = b(x). Íèæ÷å âêàæåìî óìîâè,
çà ÿêèõ äëÿ ìàòðèöi A(x) iñíóþòü áëî÷íî-òðèêóòíi óíiòàëüíi

äiëüíèêè.

Òåîðåìà 2. Íåõàé íåîñîáëèâà ìàòðèöÿ A(x) ∈ Rn,n[x] äîïó-
ñêà¹ �àêòîðèçàöi¨

A(x) =

[
B1(x) 0

0 In−k

]
C1(x) = B(x)C(x), (5)
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äå B1(x) ∈ Rk,k[x] òà B(x) ∈ Rn,n[x] � óíiòàëüíi ìíîãî÷ëåííi

ìàòðèöi ñòåïåíÿ r. ßêùî (detB1(x),detC(x)) = e, òî

B(x) =

[
B1(x) 0
B21(x) B2(x)

]
,

äå B2(x) ∈ Rn−k,n−k[x] � óíiòàëüíà ìíîãî÷ëåííà ìàòðèöÿ ñòå-
ïåíÿ r.

Äîâåäåííÿ. Òàê ÿê (detB1(x),detC(x)) = e, òî ç ðiâíîñòi (5)

çäîáóâà¹ìî, ùî detB1(x) ¹ äiëüíèêîì detB(x), òîáòî

detB(x) = b2(x) · detB1(x).

Ìàòðèöþ B(x) çàïèøåìî ó âèãëÿäi

B(x) =

[
B11(x) B12(x)
B21(x) B22(x)

]
,

äå B11(x) ∈ Rk,k[x] , B22(x) ∈ Rn−k,n−k[x]. Î÷åâèäíî, ùî B11(x)
i B22(x) � óíiòàëüíi ìíîãî÷ëåííi ìàòðèöi ñòåïåíÿ r. Òåïåð ðiâ-

íiñòü (5) çàïèøåìî òàê

[
B1(x) 0

0 In−k

]
C1(x) =

[
B11(x) B12(x)
B21(x) B22(x)

]
C(x).

Çâiäñè çäîáóâà¹ìî

[
Ik · detB1(x) 0

0 In−k

]
C1(x)C

∗(x) =

[
B∗

1(x) 0
0 In−k

] [
B11(x) B12(x)
B21(x) B22(x)

]
detC(x), (6)

äå C∗(x) òà B∗
1(x) âçà¹ìíi ìàòðèöi äî ìàòðèöü C(x) òà B1(x)

âiäïîâiäíî. Îñêiëüêè (detB1(x),detC(x)) = e, òî ç ðiâíîñòi (6)
âèïëèâà¹

B∗
1(x) · [ B11(x) B12(x) ] = 0( mod detB1(x) ). (7)

Òàê ÿê degB∗
1(x) = r(k − 1) i degB1(x) > degB12(x), òî

deg[B∗
1(x)B12(x)] ≤ kr − 1 < deg detB1(x).



Ïðî òðèêóòíi óíiòàëüíi äiëüíèêè ìíîãî÷ëåííèõ ìàòðèöü 43

Îòæå, ðiâíiñòü (7) ìîæëèâà ëèøå ó âèïàäêó, êîëè

B12(x) = 0.

Îñêiëüêè deg[B∗
1(x)B11(x) ] = kr, òî ç ðiâíîñòi

B∗
1(x)B11(x) = 0( mod detB1(x))

îòðèìó¹ìî B1(x) = B11(x). Ïîêëàâøè B22(x) = B2(x), ìàòðè-

öþ B(x) çàïèøåìî ó âèãëÿäi B(x) =

[
B1(x) 0
B21(x) B2(x)

]
, ùî i

äîâîäèòü òåîðåìó. �

Òåîðåìà 3. Íåõàé íåîñîáëèâà ìàòðèöÿ A(x) ∈ Rn,n[x] äîïó-
ñêà¹ �àêòîðèçàöi¨

A(x) =

[
B1(x) 0

0 In−k

]
C1(x) = B(x)C(x),

äå B1(x) ∈ Rk,k[x] òà B(x) ∈ Rn,n[x] � óíiòàëüíi ìíîãî÷ëåííi

ìàòðèöi ñòåïåíÿ r. Íåõàé, äàëi,

(detB1(x),detC1(x), dA(x)) = e,

(detB(x),detC(x), dA(x)) = e,

äå dA(x) � í.ñ.ä. ìiíîðiâ (n − 1)−ãî ïîðÿäêó ìàòðèöi A(x).
ßêùî detB1(x) ¹ äiëüíèêîì detB(x), òîáòî

detB(x) = b2(x) · detB1(x),

òî

B(x) =

[
B1(x) 0
B21(x) B2(x)

]
,

äå B2(x) ∈ Rn−k,n−k[x] � óíiòàëüíà ìíîãî÷ëåííà ìàòðèöÿ ñòå-
ïåíÿ r.

Äîâåäåííÿ. Íåõàé P � ïîëå, ÿêå ìiñòèòü �àêòîðiàëüíó îáëàñòü

R, òîáòî R ⊂ P . Òàê ÿê

(detB1(x),detC1(x), dA(x)) = e,

(detB(x),detC(x), dA(x)) = e

detB(x) = b2(x) · detB1(x),
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òî íà ïiäñòàâi òåîðåìè 2 iç [6℄, ìàòðèöÿ

[
B1(x) 0

0 In−k

]
∈ Pn,n[x]

¹ ëiâèì äiëüíèêîì ìàòðèöi B(x) ∈ Pn,n[x], òîáòî

B(x) =

[
B1(x) 0

0 In−k

]
G(x).

Îñêiëüêè B(x) òà B1(x) � óíiòàëüíi ìíîãî÷ëåííi ìàòðèöi, òî ç
öi¹¨ ðiâíîñòi îòðèìó¹ìî, ùî G(x) ∈ Rn,n[x].
Ïîêëàâøè

B(x) =

[
B11(x) B12(x)
B21(x) B22(x)

]
, G(x) =

[
G11(x) G12(x)
G21(x) G22(x)

]
,

äå B11(x), G11(x) ∈ Rk,k[x] i B22(x), G22(x) ∈ Rn−k,n−k[x], îñòàí-
íþ ðiâíiñòü çàïèøåìî òàê

[
B11(x) B12(x)
B21(x) B22(x)

]
=

[
B1(x) 0

0 In−k,n−k

][
G11(x) G12(x)
G21(x) G22(x)

]
.

Ç äàíî¨ ðiâíîñòi îòðèìó¹ìî

{
B11(x) = B1(x)G11(x),

B12(x) = B1(x)G12(x).
(8)

Îñêiëüêè B11(x), B1(x) ∈ Rn,n[x] � óíiòàëüíi ìíîãî÷ëåííi ìà-

òðèöi ñòåïåíÿ r, òî ç ïåðøî¨ ðiâíîñòi ñèñòåìè (8) çäîáóâà¹ìî

G11(x) = Ik. Òàê ÿê degB12(x) < degB1(x), òî ç äðóãî¨ ðiâíî-
ñòi ñèñòåìè (8) âèïëèâà¹, ùî G12(x) = 0. Ïîêëàâøè B22(x) =
B2(x), ìàòðèöþ B(x) çàïèøåìî ó âèãëÿäi

B(x) =

[
B1(x) 0
B21(x) B2(x)

]
.

Òåîðåìó äîâåäåíî. �

Íàñëiäîê 2. Íåõàé A(x) ∈ Rn,n[x] � íåîñîáëèâà ìíîãî÷ëåííà
ìàòðèöÿ i dA(x) = const. Íåõàé, äàëi, ìàòðèöÿ A(x) äîïóñêà¹
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�àêòîðèçàöi¨

A(x) =

[
B1(x) 0

0 In−k

]
C1(x) = B(x)C(x),

äå B1(x) ∈ Rk,k[x] òà B(x) ∈ Rn,n[x] � óíiòàëüíi ìíîãî÷ëåííi

ìàòðèöi ñòåïåíÿ r. ßêùî detB1(x) ¹ äiëüíèêîì detB(x), òîáòî
detB(x) = b2(x) · detB1(x) , òî

B(x) =

[
B1(x) 0
B21(x) B2(x)

]
,

äå B2(x) ∈ Rn−k,n−k[x] � óíiòàëüíà ìíîãî÷ëåííà ìàòðèöÿ ñòå-

ïåíÿ r.
Âiäçíà÷èìî, ùî ïiäñòàâi [2℄, [3℄ òà íàâåäåíèõ âèùå ðåçóëü-

òàòiâ ëåãêî âêàçàòè óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ â òðèêóòíèõ

ìàòðèöÿõ äëÿ ìàòðè÷íîãî ìíîãî÷ëåííîãî ðiâíÿííÿ

XsA0 +Xs−1A1 + · · ·+XAs−1 +As = 0,

äå Ai ∈ Rn,n, à X � íåâiäîìà ìàòðèöÿ ïîðÿäêó n. Îñòàííÿ
çàäà÷à ïðè ïåâíèõ îáìåæåííÿõ äîñëiäæóâàëàñü â [7℄, [8℄.
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Íåñêií÷åííî ìàëi ãåîäåçè÷íi

äå�îðìàöi¨ ìåòðèêè ds2

Â äàíié ñòàòòi äîñëiäæóþòüñÿ íåñêií÷åííî ìàëi ãåîäåçè÷íi äå�îðìàöi¨

ìåòðèêè ds2, âñòàíîâëåíî ðîçìiðíiñòü ïðîñòîðó ðîçâ'ÿçêiâ òà çíàéäåíî
âèãëÿä ìåòðèêè.

Â äàííîé ñòàòüå èññëåäóþòñÿ áåñêîíå÷íî ìàëûå ãåîäåçè÷åñêèå äå�îð-

ìàöèè ìåòðèêè ds2, íàéäåíû ðàçìåðíîñòü ïðîñòðàíñòâà ðåøåíèé è âèä

ìåòðèêè.

Infinitesimal deformations of a metric ds2 are investigated. The spase
dimension and the type of a metric are found.

Êëþ÷îâi ñëîâà: ãåîäåçè÷íà äå�îðìàöiÿ, ìåòðèêà

1. Âñòóï

Íàãàäà¹ìî, ùî äå�îðìàöi¨ ïðè ÿêèõ êîæíà ãåîäåçè÷íà êðè-

âà ïåðåõîäèòü, â ãîëîâíîìó, â ãåîäåçè÷íó êðèâó íàçèâàþòüñÿ

ãåîäåçè÷íèìè àáî ïðîåêòèâíèìè (P-äå�îðìàöi¨).

Ií�iíiòåçèìàëüíi ãåîäåçè÷íi äå�îðìàöi¨ ïîâåðõîíü âïåðøå

áóëè âèçíà÷åíi â ðîáîòi Ñèíþêîâà Ì.Ñ. òà �àâðèëü÷åíêà Ì.Ë.

[1℄ ó 1971 ðîöi. Â ìîíîãðà�i¨ [2℄ àâòîðàìè ïîêàçàíî, ùî ÿêùî

ðiìàíiâ ïðîñòið Vn äîïóñêà¹ íåòðèâiàëüíi íåñêií÷åííî ìàëi äå-
�îðìàöi¨, òî âií äîïóñêà¹ i íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåí-

íÿ, i íàâïàêè. Îñíîâíi ðiâíÿííÿ íåñêií÷åííî ìàëî¨ ãåîäåçè÷íî¨

äå�îðìàöi¨ ìàþòü âèãëÿä:

(1)
∇k(δgij) = 2δΨkgij + δΨigkj + δΨjgki
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äå δgij � âàðiàöiÿ ìåòðè÷íîãî òåíçîðà, Ψi � ãðàäi¹íòíèé âå-

êòîð, ∇k � çíàê êîâàðiàíòíî¨ ïîõiäíî¨. Ñëiä çàçíà÷èòè, ùî ãåî-

äåçè÷íi äå�îðìàöi¨ äîïóñêàþòü ïîâåðõíi Ëióâiëëÿ i ëèøå âîíè.

Ïîâåðõíÿìè Ëióâiëëÿ [3℄ ¹, íàïðèêëàä, âñi ïîâåðõíi îáåðòàííÿ,

âñi öåíòðàëüíi ïîâåðõíi 2-ãî ïîðÿäêó òà iíøi.

Çàãàëîì ãåîäåçè÷íi äå�îðìàöi¨ ¹ ìàëîäîñëiäæåíèìè. Îñòàí-

íi ðîêè íàä äàíîþ òåìîþ ïëiäíî ïðàöþ¹ Ôîìåíêî Â.Ò.[4℄, ÿêèé

ïîêàçàâ, ùî äîñëiäæåííÿ íåñêií÷åííî ìàëèõ ãåîäåçè÷íèõ äå-

�îðìàöié ìåòðèêè

ds2 = E(u, v)(du2 + dv2)

çâîäèòüñÿ äî âèâ÷åííÿ ïèòàííÿ ïðî òå, ÷è ìà¹ ðîçâ'ÿçêè ñè-

ñòåìà ëiíiéíèõ äè�åðåíöiàëüíèõ ðiâíÿíü ℑ, äî ÿêî¨ çâîäèòüñÿ
ñèñòåìà îñíîâíèõ ðiâíÿíü (1)

(2)





Xu = Yv,
Xv = −Yu,
Zu = 3((EY )v + EuX),
Zv = 3((EY )u + EvX).

Òóò

X =
δg11
E2

− δg22
E2

,

Y =
2δg12
E2

,

Z =
δg11
E2

+
δg22
E2

.

Òàê,çãiäíî ç Ôîìåíêîì Â.Ò., ñ�åðà S2
"â öiëîìó" äîïóñêà¹

íåòðèâiàëüíå ãåîäåçè÷íå âiäîáðàæåííÿ.

Îñíîâíîþ ìåòîþ äàíî¨ ðîáîòè i ¹ äîñëiäæåííÿ ñèñòåìè (2) òà,

ÿê ðåçóëüòàò, âèçíà÷èòè ðîçìiðíiñòü ïðîñòîðó ðîç'ÿçêiâ, âêàçà-

òè óìîâè �îðìàëüíî¨ iíòåãðîâíîñòi ñèñòåìè (2).
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2. Ïîïåðåäíi âiäîìîñòi

Ñèñòåìó äè�åðåíöiàëüíèõ ðiâíÿíü (2) ìè ðîçãëÿäà¹ìî ÿê

ïiäìíîãîâèä E ⊂ J1(π)




x1 − y2 = 0,
x2 + y1 = 0,
z1 − 3(Evy + Ey2 + Eux) = 0,
z2 − 3(Euy + Ey1 + Evx) = 0.

ó ïðîñòîði 1-äæåòiâ π : R3 ×R2 → R2
, äå

π : (x, y, z, u, v) → (u, v),

à x, y, z, x1, x2, y1, y2, z1, z2 � ñòàíäàðòíi êîîðäèíàòè ó ïðîñòîði

äæåòiâ.

Öåé ïiäìíîãîâèä êîðîçìiðíîñòi 4 i âií âèçíà÷à¹ äâîìiðíå ðîç-

øàðóâàííÿ

π1,0 : E → J0(π).

Ïåðøå ïðîäîâæåííÿ â ñòàíäàðòíèõ êîîðäèíàòàõ

x1,1 − y1,2 = 0,

x1,2 − y2,2 = 0,

x1,2 + y1,1 = 0,

x2,2 + y1,2 = 0,

−3Euvy − 3Euy2 − 3Euux− 3Eux1 − 3Evy1 − 3Ey1,2 + z1,1 = 0,

−3Evvy − 6Evy2 − 3Euvx − 3Eux2 − 3Ey2,2 + z1,2 = 0,

−3Euuy − 6Euy1 − 3Euvx − 3Evx1 − 3Ey1,1 + z1,2 = 0,

−3Euvy − 3Evy1 − 3Evvx − 3Evx2 − 3Euy2 − 3Ey1,2 + z2,2 = 0

öi¹¨ ñèñòåìè E(1) ⊂ J2(π) ìà¹ êîðîçìiðíiñòü 12 i âèçíà÷à¹ 1-

ìiðíå ðîçøàðóâàííÿ π2,1 : E1 → E , i íàðåøòi, 2-å ïðîäîâæåííÿ
x1,1,1 − y1,1,2 = 0,

x1,1,2 − y1,2,2 = 0,

x1,2,2 − y2,2,2 = 0,

x1,1,2 + y1,1,1 = 0,
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x1,2,2 + y1,1,2 = 0,

x2,2,2 + y1,2,2 = 0,

− 3Euuvy − 3Euuy2 − 3Euuux − 6Euux1 − 6Euvy1−
− 6Euy1,2 − 3Eux1,1 − 3Evy1,1 − 3Ey1,1,2 + z1,1,1 = 0,

− 3Evuvy − 6Euvy2 − 3Euuvx − 3Euux2 − 3Euy2,2−
− 3Euvx1 − 3Evvy1 − 3Eux1,2 − 6Evy1,2 − 3Ey1,2,2 + z1,1,2 = 0,

− 3Evvvy − 9Evvy2 − 3Evuvx − 6Euvx2 − 9Evy2,2−
− 3Eux2,2 − 3Ey2,2,2 + z1,2,2 = 0,

− 3Euuuy − 9Euuy1 − 3Euuvx − 6Euvx1 − 9Euy1,1−
− 3Evx1,1 − 3Ey1,1,1 + z1,1,2 = 0,

− 3Euuvy − 6Euvy1 − 3Evuvx − 3Euvx2 − 3Euuy2 − 6Euy1,2−
− 3Evvx1 − 3Evx1,2 − 3Evy1,1 − 3Ey1,1,2 + z1,2,2 = 0,

− 3Evuvy − 3Evvy1 − 3Evvvx − 6Evvx2 − 6Euvy2 − 6Evy1,2−
− 3Evx2,2 − 3Euy2,2 − 3Ey1,2,2 + z2,2,2 = 0.

E(2) ⊂ J3(π) ìà¹ êîðîçìiðíiñòü 24 à ïðîåêöiÿ π3,2 : E2 → E1
¹

äè�åîìîð�içìîì.

�åîìåòðè÷íî, êîæíèé åëåìåíò θ3ǫE(2)
ìîæíà ðîçãëÿäàòè ÿê

2-ìiðíó ïëîùèíó L(θ3), ÿêà äîòèêà¹òüñÿ ïðîäîâæåííÿ E(1)
ó

òî÷öi θ2 = π3,2(θ3). Iíøèìè ñëîâàìè, 2-å ïðîäîâæåííÿ E(2)
ìî-

æíà ðîçãëÿäàòè ÿê äâîìiðíèé ðîçïîäië CE(2) íà ìíîãîâèäi E(1)
,

àáî ÿê çâ'ÿçíiñòü ∇ â 6-ìiðíîìó âåêòîðíîìó ðîçøàðîâóâàííi

π2 : E(1) → R2
.
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Óìîâè iíòåãðóâàííÿ ðîçïîäiëó CE(2) (àáî, ùî òå ñàìå, òðèâi-

àëüíîñòi çâ'ÿçíîñòi ∇) ìè âèðàçèìî â òåðìiíàõ ìóëüòèäóæêè

(multi-bra
kets of di�erential operators), ÿêi áóëè ââåäåíi Ëè÷à-

ãiíèì Â.Â. òà Êðóãëiêîâèì Á.C. [5℄. Íàâåäåìî �îðìóëó äëÿ

îá÷èñëåííÿ òàêî¨ äóæêè, ÿêà çíàéäåíà ó íàâåäåíié ðîáîòi.

Íåõàé ìà¹ìî ñèñòåìó ç n+ 1 ëiíiéíèõ äè�åðåíöiàëüíèõ ðiâ-
íÿíü íà n íåâiäîìi �óíêöi¨:∥∥∥∥∥∥∥∥∥

a11 a12 . . . a1n
a21 a22 . . . a2n
.

.

.

.

.

.

.

.

.

.

.

.

an+11 an2 . . . an+1n

∥∥∥∥∥∥∥∥∥

∥∥∥∥∥∥∥∥∥

u1
u2
.

.

.

un

∥∥∥∥∥∥∥∥∥
= 0,

òóò aij- ëiíiéíi äè�åðåíöiàëüíi îïåðàòîðè. Òîäi äóæêà

{a1, . . . , an+1}
ñêàëÿðíèõ äè�åðåíöiàëüíèõ îïåðàòîðiâ ai = (ai1, . . . , ain) îá-
÷èñëþ ¹ òüñÿ çà �îðìóëîþ

(3) {a1, . . . , an+1} =

n+1∑

i=1

(−1)i−1Ndet(Ai)ai,

äå Ai- ìàòðèöi ðîçìiðó n×n, îòðèìàíi ç ìàòðèöi ‖aij‖, ÿêùî âè-
êðåñëèòè i-òèé ðÿäîê, à Ndet(Ai)- íåêîìóòàòèâíèé âèçíà÷íèê

ìàòðèöi Ai.

Òåîðåìà 1. �îçïîäië CE(2) öiëêîì iíòåãðîâàíèé òîäi é òiëü-

êè òîäi, êîëè îáìåæåííÿ äóæêè íà äðóãå ïðîäîâæåííÿ ðiâ-

íÿíü E2
äîðiâíþ¹ íóëþ.

3. Íåñêií÷åííî ìàëi ãåîäåçè÷íi äå�îðìàöi¨ ìåòðèêè

ds2

�îçãëÿíåìî íà ïîâåðõíi F 2
äåÿêó ìåòðèêó ds2 êëàñó C1

. ßê

âèùå áóëî ñêàçàíî, äîñëiäæåííÿ ãåîäåçè÷íèõ äå�îðìàöié ìå-

òðèêè ds2 çâîäèòüñÿ äî âèâ÷åííÿ ñèñòåìè (2). Ñïðàâåäëèâà
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Òåîðåìà 2. 1) �îçìiðíiñòü ïðîñòîðó ðîçâ'ÿçêiâ ñèñòåìè (2)

íå áiëüøå 6;

2) ðîçìiðíiñòü ïðîñòîðó ðîçâ'ÿçêiâ ñèñòåìè (2) äîðiâíþ¹ 6

òîäi i ëèøå òîäi, êîëè ñèñòåìà ðiâíÿíü (2) �îðìàëüíî iíòå-

ãðîâàíà (ñóìiñíà), à �óíêöiÿ E(u, v) = C3e
C1u+C2v

.

3) äëÿ ïîâåðõîíü íóëüîâî¨ ãàóñîâî¨ êðèâèíè i òiëüêè äëÿ íèõ

ðîçìiðíiñòü ïðîñòîðó íåñêií÷åííî ìàëèõ ãåîäåçè÷íèõ äå�îð-

ìàöié äîðiâíþ¹ 6.

Äîâåäåííÿ. Âèêîðèñòà¹ìî òåîðiþ äóæîê äè�åðåíöiàëüíèõ îïå-

ðàòîðiâ. Äëÿ öüîãî ñèñòåìó (2) çàïèøåìî ó âèãëÿäi

∥∥∥∥∥∥∥∥

∂u −∂v 0
∂v ∂u 0
3Eu 3Ev + 3E∂v −∂u
3Ev 3Eu + 3E∂u −∂v

∥∥∥∥∥∥∥∥

∥∥∥∥∥∥

X
Y
Z

∥∥∥∥∥∥
= 0.

Çíàéäåìî Ndet(Ai), i = 1, 4. Òàê ÿê

Ndet(A1) =

∣∣∣∣∣∣

∂v ∂u 0
3Eu 3Ev + 3E∂v −∂u
3Ev 3Eu + 3E∂u −∂v

∣∣∣∣∣∣
=

= 9Eu∂u∂v + 6Euu∂v + 3E∂2u∂v − 6Ev∂
2
v − 3Evv∂v − 3E∂3v ,

Ndet(A2) =

∣∣∣∣∣∣

∂u −∂v 0
3Eu 3Ev + 3E∂v −∂u
3Ev 3Eu + 3E∂u −∂v

∣∣∣∣∣∣
= 9Euu∂u + 9Eu∂

2
u−

6Eu∂
2
v − 3Evu∂v − 3E∂u∂

2
v + 3Euuu + 3E∂3u + 3Evv∂u + 3Evuv ,

Ndet(A3) =

∣∣∣∣∣∣

∂u −∂v 0
∂v ∂u 0
3Ev 3Eu + 3E∂u −∂v

∣∣∣∣∣∣
= −∂2u∂v − ∂3v ,
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Ndet(A4) =

∣∣∣∣∣∣

∂u −∂v 0
∂v ∂u 0
3Eu 3Ev + 3E∂v −∂u

∣∣∣∣∣∣
= −∂3u − ∂2v∂u,

a1 = (∂u,−∂v , 0),
a2 = (∂v , ∂u, 0),

a3 = (3Eu, 3Ev + 3E∂v ,−∂u),
a4 = (3Ev, 3Eu + 3E∂u,−∂v),

òîäi ìè, íà îñíîâi (3), çíàõîäèìî ðiâíÿííÿ òðåòüîãî ïîðÿäêó,

ÿêå ¹ óìîâîþ �îðìàëüíî¨ iíòåãðîâàíîñòi ñèñòåìè (2):

(4) −Evx1,2,2 − 3Euux1,2 + Eux2,2,2 − Euvx2,2−
2Euuux2 − 2Euvvx2 − Eux1,1,2 + 2Euvx1,1+

Euuvx1 + Evx1,1,1 + Evvvx1 − Euy1,2,2−
2Euuy2,2 − 2Evy2,2,2 − 5Evvy2,2 + 3Euuy1,1+

Euy1,1,1 + Euvy1,2 + 3Euuuy1 − Evvy1,1−
Evvuy1 − 4Evvvy2 − Evvvvy + Euuuuy = 0

Çíàõîäèìî äðóãå ïðîäîâæåííÿ ñèñòåìè (2) i âèêîðèñòîâóþ-

÷è äóæêó (4) îòðèìà¹ìî íàñòóïíå îáìåæåííÿ íà âèáið �óíêöi¨

E(u, v) :

(5) −EvEu +EuvE = 0;

(6) −3 (Ev)
3 + 6E EvEvv + 2E EvEuu+

2E EuEuv − 5(Eu)
2Ev + EuuvE

2 − 3EvvvE
2 = 0;

(7) −15 (Eu)
3 + 6E EvEuv + 20E EuuEu+

4E EuEvv − 9 (Ev)
2Eu − 5EuuuE

2 − EvuvE
2 = 0;

(8) 5 (Eu)
2Euu + 2E EuEvuv − 2E EuEuuu+
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2E EvEvvv − 2E EvEuuv + 2E EuuEvv+

3(Ev)
2Euu − 4E (Euu)

2 − 5 (Eu)
2Evv+

2E (Evv)
2 − EvvvvE

2 + EuuuuE
2 − 3 (Ev)

2Evv = 0.

�iâíÿííÿ (5) çàïèøåìî ó âèãëÿäi (lnE)uv = 0 çâiäêè ñëiäó¹,

ùî E = ea(u)eb(v) i òîäi ðiâíÿííÿ (6), (7), (8) íàáóäóòü òàêîãî

âèãëÿäó:

(9) a′′ (u) b′ (v)− b′′ (v) b′ (v)− b′′′ (v) = 0;

(10) −2 b′′′ (v) b′ (v) + b′′ (v)
(
b′ (v)

)2
+ 3 a′′ (u)

(
b′ (v)

)2
+

2 a′′ (u) b′′ (v)− 3 a′′ (u)
(
a′ (u)

)2 −
(
a′ (u)

)2
b′′ (v)+

2 a′′′ (u) a′ (u)− (a′′ (u))2 −
(
b′′ (v)

)2 − b(4) (v) + a(4) (u) = 0;

(11) −5 a′′ (u) a′ (u)− 3 a′ (u) b′′ (v) + 5 a′′′ (u) = 0

Ç (9) òà (11) ñëiäó¹, ùî �óíêöi¨ a(u), b(v) ¹ ëiíiéíèìè �óí-

êöiÿìè. Ïåðåâiðêîþ ìîæíà ïåðåêîíàòèñÿ, ùî òàêi �óíêöi¨ çà-

äîâîëüíÿþòü i ðiâíÿííÿ (10). Îòæå, E(u, v) = C3e
C1u+C2v

, C1,

C2, C3 - 
onst.

Òàê ÿê íà J0
ó íàñ 3 ñòåïåíi ñâîáîäè , íà ℑ-2, à íà ℑ(1)

-1, òî

áà÷èìî, ùî ðîçìiðíiñòü ïðîñòîðó ðîçâ'ÿçêiâ äîðiâíþ¹ 6.

ßê âiäîìî, ïîâíà êðèâèíà ìîæå áóòè îá÷èñëåíà çà �îðìóëîþ

�àóñà

K =
R1212

g11g22 − g212
,

àáî â ðîçãîðíóòîìó âèãëÿäi

K =
1

(g11g22 − g212)
2
×

×

∣∣∣∣∣∣

−1
2∂

2
uug22 + ∂2uvg12 − 1

2∂
2
vvg11

1
2∂ug11 ∂ug12 − 1

2∂vg11
∂vg12 − 1

2∂ug22 g11 g12
1
2∂vg22 g12 g22

∣∣∣∣∣∣
−
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− 1

(g11g22 − g212)
2

∣∣∣∣∣∣

0 1
2∂vg11

1
2∂ug22

1
2∂vg11 g11 g12
1
2∂ug22 g12 g22

∣∣∣∣∣∣
Âðàõîâóþ÷è, ùî g11 = g22 = E(u, v) = C3e

C1u+C2v
, g12 = 0

ìà¹ìî, ùî K = 0.
Îòæå, ïðè ãåîäåçè÷íié äå�îðìàöi¨ ìåòðèêè ds2 äëÿ ïîâåð-

õîíü íóëüîâî¨ ãàóñîâî¨ êðèâèíè ðîçìiðíiñòü ïðîñòîðó ðîçâ'ÿçêiâ

äîðiâíþ¹ 6 i ëèøå äëÿ íèõ. Ùî i òðåáà áóëî äîâåñòè. �
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ìíîãîîáðàçèÿ ïëîñêîñòåé

ïñåâäîåâêëèäîâà ïðîñòðàíñòâà

The smooth structure on the set of the nonisotropic and isotropic planes
of the pseudo-Euclidean space 1R4 was built. The metric in the local
coordinates on this smooth structure was obtained.
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Îäíîé èç èíòåðåñíûõ ÿâëÿåòñÿ çàäà÷à î âîññòàíîâëåíèè ïî-

âåðõíîñòè ïî åå ãðàññìàíîâó îáðàçó, ðåøåíèåì êîòîðîé äëÿ åâ-

êëèäîâà ïðîñòðàíñòâà çàíèìàëèñü, â ÷àñòíîñòè, ãåîìåòðû õàðü-

êîâñêîé øêîëû, îñíîâàííîé À.Â. Ïîãîðåëîâûì. Îñíîâíûå ðå-

çóëüòàòû èõ èññëåäîâàíèé èçëîæåíû â ìîíîãðà�èè Þ.À. Àìè-

íîâà [1℄.

Ïðåäñòàâëÿåò èíòåðåñ ðåøåíèå àíàëîãè÷íîé çàäà÷è äëÿ ïñåâ-

äîåâêëèäîâà ïðîñòðàíñòâà, íî ýòîìó äîëæíî ïðåäøåñòâîâàòü

èññëåäîâàíèå ãåîìåòðèè ãðàñññìàíîâà ìíîãîîáðàçèÿ ïñåâäîåâ-

êëèäîâà ïðîñòðàíñòâà è åãî ïîäìíîãîîáðàçèé. Ýòîìó âîïðîñó

ïîñâÿùåíà äàííàÿ ñòàòüÿ. Â íåé, â ÷àñòíîñòè, îïðåäåëåíî ïîíÿ-

òèå ñòàöèîíàðíûõ óãëîâ ìåæäó ïëîñêîñòÿìè, ââåäåíà ãëàäêàÿ

ñòðóêòóðà íà ìíîæåñòâàõ íåèçîòðîïíûõ è èçîòðîïíûõ ïëîñêî-

ñòåé, ïîñòðîåíà ìåòðèêà ãðàññìàíîâà ìíîãîîáðàçèÿ.

1. Ïñåâäîåâêëèäîâî ïðîñòðàíñòâî

Ïñåâäîåâêëèäîâî ÷åòûðåõìåðíîå ïðîñòðàíñòâî èíäåêñà 1,

êîòîðîå áóäåì îáîçíà÷àòü

1R4, ìîæíî îïðåäåëèòü êàê òî÷å÷íî-

âåêòîðíîå ïðîñòðàíñòâî, â êîòîðîì âûïîëíåíû âñå àêñèîìû ñè-

ñòåìû Âåéëÿ, çà èñêëþ÷åíèåì àêñèîìû V4, êîòîðóþ çàìåíèì

àêñèîìîé V ∗
4 : ñóùåñòâóþò ÷åòûðå ëèíåéíî íåçàâèñèìûõ âåêòî-

ðà ā1, ā2, ā3, ā4 òàêèõ, ÷òî ā
2
1 < 0, ā22 > 0, ā23 > 0, ā24 > 0.

Âåêòîðû ïðîñòðàíñòâà

1R4, ñêàëÿðíûå êâàäðàòû êîòîðûõ

ïîëîæèòåëüíû (îòðèöàòåëüíû), íàçûâàþòñÿ åâêëèäîâûìè

(ïñåâäîåâêëèäîâûìè) âåêòîðàìè. Íåíóëåâûå âåêòîðû, ñêàëÿð-

íûå êâàäðàòû êîòîðûõ ðàâíû íóëþ, íàçûâàþòñÿ èçîòðîïíûìè

âåêòîðàìè.

Îïðåäåëåíèå îðòîãîíàëüíûõ âåêòîðîâ è äëèíû âåêòîðà ïå-

ðåíåñåì èç åâêëèäîâà ïðîñòðàíñòâà R4 â ïðîñòðàíñòâî
1R4 áåç

èçìåíåíèÿ.

Î÷åâèäíî, ÷òî äâà íåíóëåâûõ îðòîãîíàëüíûõ âåêòîðà ëèíåé-

íî íåçàâèñèìû. Â ïðîñòðàíñòâå

1R4 âîçìîæíû òîëüêî òàêèå

ïàðû îðòîãîíàëüíûõ âåêòîðîâ: åâêëèäîâ è ïñåâäîåâêëèäîâ, åâ-

êëèäîâ è èçîòðîïíûé, äâà åâêëèäîâûõ âåêòîðà.
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Âûáåðåì â ïðîñòðàíñòâå

1R4 îðòîíîðìèðîâàííûé áàçèñ

(ē1, ē2, ē3, ē4)

ñ ìàòðèöåé �ðàìà

E
′

=




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 .

Íåòðóäíî ïîêàçàòü, ÷òî â ïðîñòðàíñòâå

1R4 âñå îðòîíîðìèðî-

âàííûå áàçèñû ñîñòîÿò èç îäíîãî ïñåâäîåâêëèäîâà è òðåõ åâ-

êëèäîâûõ âåêòîðîâ, òî åñòü èìååò ìåñòî çàêîí èíåðöèè áàçèñîâ.

Íî â ïîäïðîñòðàíñòâàõ ýòîãî ïðîñòðàíñòâà ñóùåñòâóþò îðòî-

ãîíàëüíûå áàçèñû, ñîäåðæàùèå èçîòðîïíûé âåêòîð. Çàìåòèì,

÷òî îðòîãîíàëüíûå ñèñòåìû âåêòîðîâ, ñîäåðæàùèå èçîòðîïíûé

âåêòîð, íå ìîãóò áûòü äîñòðîåíû äî îðòîãîíàëüíîãî áàçèñà

ïðîñòðàíñòâà

1R4.

Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ

x̄t = (x1, x2, x3, x4) è ȳt = (y1, y2, y3, y4),

çàäàííûõ ñâîèìè êîîðäèíàòàìè îòíîñèòåëüíî îðòîíîðìèðîâàí-

íîãî áàçèñà, áóäåò èìåòü âèä

x̄tE
′

ȳ = −x1y1 + x2y2 + x3y3 + x4y4,

à ñêàëÿðíûé êâàäðàò âåêòîðà

x̄t = (x1, x2, x3, x4)

� âèä

x̄tE
′

x̄ = −x21 + x22 + x23 + x24.

Åñëè îòëîæèòü âñå âåêòîðû ïðîñòðàíñòâà

1R4 îò íà÷àëà êî-

îðäèíàò, òî êîíöû èçîòðîïíûõ âåêòîðîâ áóäóò ëåæàòü íà ïî-

âåðõíîñòè

−x21 + x22 + x23 + x24 = 0,

êîòîðóþ íàçûâàþò èçîòðîïíûì ãèïåðêîíóñîì.
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Êîíöû åâêëèäîâûõ âåêòîðîâ ëåæàò âî âíåøíåé îáëàñòè, à

êîíöû ïñåâäîåâêëèäîâûõ âåêòîðîâ � âî âíóòðåííåé îáëàñòè

èçîòðîïíîãî ãèïåðêîíóñà.

Ïðÿìûå ïñåâäîåâêëèäîâà ïðîñòðàíñòâà

1R4 äåëÿòñÿ íà åâ-

êëèäîâû, ïñåâäîåâêëèäîâû è èçîòðîïíûå ñîîòâåòñòâåííî òèïó

íàïðàâëÿþùåãî âåêòîðà.

Â ïðîñòðàíñòâå

1R4 åñòü äâóìåðíûå ïëîñêîñòè (äàëåå ïëîñ-

êîñòè), â êîòîðûõ âñå âåêòîðû åâêëèäîâû (èõ íàçûâàþò åâêëè-

äîâûìè ïëîñêîñòÿìè), ïëîñêîñòè, â êîòîðûõ åñòü âåêòîðû âñåõ

òð¼õ òèïîâ (èõ íàçûâàþò ïñåâäîåâêëèäîâûìè ïëîñêîñòÿìè) è

ïëîñêîñòè, â êîòîðûõ åñòü òîëüêî åâêëèäîâû è èçîòðîïíûå âåê-

òîðû (îíè íàçûâàþòñÿ èçîòðîïíûìè ïëîñêîñòÿìè). Åâêëèäî-

âû è ïñåâäîåâêëèäîâû ïëîñêîñòè íàçûâàþòñÿ íåèçîòðîïíûìè.

Òèï ïëîñêîñòè áóäåì ðàñïîçíàâàòü ïî íàáîðó èç äâóõ îðòîãî-

íàëüíûõ íàïðàâëÿþùèõ âåêòîðîâ ā1, ā2.
Ïëîñêîñòü, ñîäåðæàùàÿ âåðøèíó èçîòðîïíîãî ãèïåðêîíóñà

ÿâëÿåòñÿ åâêëèäîâîé (ïñåâäîåâêëèäîâîé, èçîòðîïíîé), åñëè îíà

íå èìååò ñ èçîòðîïíûì ãèïåðêîíóñîì äðóãèõ îáùèõ òî÷åê (ïå-

ðåñåêàåò èçîòðîïíûé ãèïåðêîíóñ ïî äâóì îáðàçóþùèì, êàñà-

åòñÿ èçîòðîïíîãî ãèïåðêîíóñà). Âïîëíå îðòîãîíàëüíûå íåèçî-

òðîïíûå ïëîñêîñòè îòíîñÿòñÿ ê ðàçíûì òèïàì [7℄.

Áóäåì èñïîëüçîâàòü ïîíÿòèå ìàòðè÷íîé êîîðäèíàòû ïëîñêî-

ñòè. Òàê áóäåì íàçûâàòü ìàòðèöó âèäà

A =




a11 a12
a21 a22
a31 a32
a41 a42


 ,

ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ êîîðäèíàòû íàïðàâëÿþùèõ âåê-

òîðîâ ā1, ā2 ïëîñêîñòè.
�àññìîòðèì òðåõìåðíîå ïîäïðîñòðàíñòâî ïðîñòðàíñòâà

1R4.

Âûáåðåì â íåì îðòîãîíàëüíûé áàçèñ. Äâà âåêòîðà ýòîãî áà-

çèñà áóäóò åâêëèäîâûìè. Êëàññè�èöèðîâàòü òðåõìåðíûå ïðî-

ñòðàíñòâà áóäåì ïî òèïó òðåòüåãî áàçèñíîãî âåêòîðà. Òàêèì

îáðàçîì, ìîæíî âûäåëèòü òðåõìåðíîå åâêëèäîâî ïðîñòðàíñòâî
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R3, òðåõìåðíîå ïñåâäîåâêëèäîâî ïðîñòðàíñòâî èíäåêñà 1
1R3 è

òðåõìåðíîå èçîòðîïíîå ïðîñòðàíñòâî R1
3 [7℄.

Â ïðîñòðàíñòâå

1R4 ëþáîå òðåõìåðíîå ïîäïðîñòðàíñòâî ÿâ-

ëÿåòñÿ ëèáî åâêëèäîâûì, ëèáî ïñåâäîåâêëèäîâûì, ëèáî èçî-

òðîïíûì. Ïðîñòðàíñòâà âñåõ òðåõ òèïîâ ñóùåñòâóþò.

Äåéñòâèòåëüíî, ñóùåñòâîâàíèå ïîäïðîñòðàíñòâ R3 è
1R3 íå-

ïîñðåäñòâåííî ñëåäóåò èç òèïà îðòîíîðìèðîâàííîãî áàçèñà ïðî-

ñòðàíñòâà

1R4. Ñóùåñòâîâàíèå èçîòðîïíîãî ïîäïðîñòðàíñòâà

R1
3 ñëåäóåò èç òîãî, ÷òî îðòîãîíàëüíûì äîïîëíåíèåì ïîäïðî-

ñòðàíñòâà < ā >, ãäå ā � èçîòðîïíûé âåêòîð, ÿâëÿåòñÿ ïîä-

ïðîñòðàíñòâî < ā, b̄, c̄ >, ãäå ā, b̄, c̄ � îðòîãîíàëüíàÿ ñèñòåìà

âåêòîðîâ, ïðè÷åì âåêòîðû b̄, c̄ åâêëèäîâû.

2. Ñòàöèîíàðíûå óãëû ïàðû ïëîñêîñòåé

Â åâêëèäîâîì ïðîñòðàíñòâå R4 âçàèìíîå ðàñïîëîæåíèå ïàðû

ïëîñêîñòåé π è τ îäíîçíà÷íî çàäàåòñÿ íàáîðîì óãëîâ ϕ1, ϕ2 ñî

çíà÷åíèÿìè èç [0, π/2]. Ýòè óãëû îïðåäåëÿþòñÿ êàê ñòàöèîíàð-

íûå çíà÷åíèÿ óãëîâ ìåæäó ïðîèçâîëüíûìè âåêòîðàìè ā ∈ π è

b̄ ∈ τ [10℄.
Ìû íå ìîæåì îñòàâèòü áåç èçìåíåíèÿ îïðåäåëåíèå ñòàöè-

îíàðíûõ óãëîâ â ñëó÷àå ïðîñòðàíñòâà

1R4, ïîñêîëüêó â ýòîì

ïðîñòðàíñòâå âåêòîðû íåðàâíîïðàâíû è çíà÷åíèÿ óãëîâ ìåæäó

íèìè íå âñåãäà ìîæíî ñðàâíèòü ìåæäó ñîáîé. Â ýòîì ïàðàãðà-

�å ìû äàäèì îïðåäåëåíèå è ñïîñîáû âû÷èñëåíèÿ ñòàöèîíàðíûõ

óãëîâ ïàðû ïëîñêîñòåé îäíîãî òèïà ïñåâäîåâêëèäîâà ïðîñòðàí-

ñòâà.

2.1. Ñëó÷àé íåèçîòðîïíûõ ïëîñêîñòåé. Ïóñòü π è τ � äâå

íåèçîòðîïíûå ïëîñêîñòè îäíîãî òèïà ïðîñòðàíñòâà

1R4, ïðîõî-

äÿùèå ÷åðåç íà÷àëî êîîðäèíàò. �àññìîòðèì äâóìåðíóþ ïëîñ-

êîñòü, ïðîõîäÿùóþ ÷åðåç íà÷àëî êîîðäèíàò è ïåðïåíäèêóëÿð-

íóþ êàæäîé èç ïëîñêîñòåé π è τ . Óãîë ìåæäó ïðÿìûìè ïåðå-

ñå÷åíèÿ ýòîé äâóìåðíîé ïëîñêîñòè ñ ïëîñêîñòÿìè π è τ áóäåì

íàçûâàòü ñòàöèîíàðíûì óãëîì ïëîñêîñòåé π è τ , à ñàìó äâó-

ìåðíóþ ïëîñêîñòü � óãëîâîé ïëîñêîñòüþ.
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Òåîðåìà 1. Äëÿ ïàðû íåèçîòðîïíûõ ïëîñêîñòåé îäíîãî òèïà

âñåãäà ñóùåñòâóþò äâå âïîëíå îðòîãîíàëüíûå óãëîâûå ïëîñêî-

ñòè.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïóñòü ïëîñêîñòè π è τ çàäà-
íû íàáîðàìè íàïðàâëÿþùèõ âåêòîðîâ ā1, ā2 è b̄1, b̄2 ñîîòâåò-

ñòâåííî. Òîãäà

A =




a11 a12
a21 a22
a31 a32
a41 a42


 ,

B =




b11 b12
b21 b22
b31 b32
b41 b42




� ìàòðè÷íûå êîîðäèíàòû ïëîñêîñòåé π è τ . Ïðîèçâîëüíàÿ äâó-
ìåðíàÿ ïëîñêîñòü, ïåðåñåêàþùàÿ äàííûå, çàäàåòñÿ âåêòîðàìè

c̄1, c̄2 è èìååò ìàòðè÷íóþ êîîðäèíàòó

C =




c11 c12
c21 c22
c31 c32
c41 c42


 ,

ãäå c̄1 = AΛ, c̄2 = BM , Λt = (λ1λ2), M
t = (µ1µ2). Áóäåì èñêàòü

òó äâóìåðíóþ ïëîñêîñòü, êîòîðàÿ ïåðïåíäèêóëÿðíà êàæäîé èç

ïëîñêîñòåé π è τ . Â òàêîé ïëîñêîñòè ñóùåñòâóþò âåêòîðû d̄1 =
α1c̄1 + α2c̄2, d̄2 = β1c̄1 + β2c̄2 òàêèå, ÷òî

(1) d̄t1E
′

āi = 0, d̄t2E
′

b̄i = 0(i = 1, 2).

Ñèñòåìó (1) ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå

(α1AΛ+ α2BM)tE
′

A = 0,

(β1AΛ + β2BM)tE
′

B = 0,

èëè

α1(A
tE

′

A)Λ + α2(A
tE

′

B)M = 0,

β1(B
tE

′

A)Λ + β2(B
tE

′

B)M = 0
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è ðàññìàòðèâàòü êàê ñèñòåìó ëèíåéíûõ óðàâíåíèé îòíîñèòåëü-

íî ýëåìåíòîâ ìàòðèö Λ è M . Äëÿ ñóùåñòâîâàíèÿ íåíóëåâîãî

ðåøåíèÿ ýòîé ñèñòåìû íåîáõîäèìî âûïîëíåíèå ñîîòíîøåíèÿ

∣∣∣∣
α1(A

tE
′

A) α2(A
tE

′

B)

β1(B
tE

′

A) β2(B
tE

′

B)

∣∣∣∣ = 0.

Ìû ìîæåì óïðîñòèòü ïîñëåäíåå óðàâíåíèå, åñëè âûáåðåì â

äàííûõ ïëîñêîñòÿõ π è τ îðòîíîðìèðîâàííûå áàçèñû. Òîãäà

(AtE
′

A) = E2, (BtE
′

B) = E2,

ãäå E2 = diag(1, 1) â ñëó÷àå åâêëèäîâûõ ïëîñêîñòåé è

(AtE
′

A) = E
′

2, (BtE
′

B) = E
′

2,

ãäå E
′

2 = diag(−1, 1) â ñëó÷àå ïñåâäîåâêëèäîâûõ ïëîñêîñòåé. Â

ñëó÷àå åâêëèäîâûõ ïëîñêîñòåé èìååì:

∣∣∣∣
α1 α2(A

tE
′

B)

β1(B
tE

′

A) β2

∣∣∣∣ = 0.

Èñïîëüçóÿ ìåòîä âû÷èñëåíèÿ îïðåäåëèòåëÿ áëî÷íîé ìàòðè-

öû [3, 
.59℄, ïîëó÷èì, ÷òî ïîñëåäíåå ðàâåíñòâî ðàâíîñèëüíî ñëå-

äóþùåìó:

∣∣ α2β1(A
tE

′

B)(BtE
′

A)− α1β2E
∣∣ = 0.

Â ñëó÷àå α2β1 6= 0 ýòî îçíà÷àåò, ÷òî âåëè÷èíû α1β2
α2β1

ÿâëÿþòñÿ

ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû

W = (AtE
′

B)(BtE
′

A).

Ýòà ìàòðèöà ÿâëÿåòñÿ ìàòðèöåé ñàìîñîïðÿæåííîãî îïåðàòîðà

åâêëèäîâîé ïëîñêîñòè.

Äëÿ ïñåâäîåâêëèäîâûõ ïëîñêîñòåé ìàòðèöà

W = E
′

2(A
tE

′

B)E
′

2(B
tE

′

A)

ÿâëÿåòñÿ ìàòðèöåé ñàìîñîïðÿæåííîãî îïåðàòîðà ïñåâäîåâêëè-

äîâîé ïëîñêîñòè. Ýòè ìàòðèöû ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè

ìàòðèöû èç ðàáîòû Á.À. �îçåí�åëüäà [9℄, â êîòîðîé ïîêàçàíî,
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÷òî ñîáñòâåííûå çíà÷åíèÿ óêàçàííîé ìàòðèöû ÿâëÿþòñÿ êâàä-

ðàòàìè êîñèíóñîâ ñòàöèîíàðíûõ óãëîâ. Ïî êàæäîìó èç ýòèõ

çíà÷åíèé ìîæíî îïðåäåëèòü íîðìèðîâàííûå âåêòîðû d̄1 è d̄2,
à çíà÷èò è óãëîâûå ïëîñêîñòè, ïðè÷åì ðàçíûì ñîáñòâåííûì

çíà÷åíèÿì ñîîòâåòñòâóþò âïîëíå îðòîãîíàëüíûå óãëîâûå ïëîñ-

êîñòè. Òåîðåìà äîêàçàíà. �

Óãîë ìåæäó âåêòîðàìè d̄1 è d̄2 ðàâåí ñòàöèîíàðíîìó óãëó

äàííûõ ïëîñêîñòåé. Çàìåòèì, ÷òî åñëè áàçèñû â ïëîñêîñòÿõ π
è τ ÿâëÿþòñÿ íåîðòîíîðìèðîâàííûìè, òî ìàòðèöàW èìååò âèä

W = (AtE
′

A)−1(AtE
′

B)(BtE
′

B)−1(BtE
′

A).

Ïåðåéäåì ê âû÷èñëåíèþ âåëè÷èí ñòàöèîíàðíûõ óãëîâ ïëîñ-

êîñòåé ïðè ðàçëè÷íîì èõ âçàèìíîì ðàñïîëîæåíèè. Ïóñòü ïëîñ-

êîñòè π è τ íå èìåþò îáùèõ íàïðàâëåíèé. Òàê êàê óãëîâûå

ïëîñêîñòè âïîëíå îðòîãîíàëüíû ìåæäó ñîáîé, òî, êàê óêàçàíî

â ïàðàãðà�å 1, îäíà èç óãëîâûõ ïëîñêîñòåé áóäåò ïñåâäîåâêëè-

äîâîé, à âòîðàÿ åâêëèäîâîé è ñòàöèîíàðíûå óãëû ïëîñêîñòåé

îïðåäåëÿþòñÿ èç ðàâåíñòâ

(2) (d̄1, d̄2) = chϕ1,

(3) (d̄
′

1, d̄
′

2) = cosϕ2.

Ïóñòü òåïåðü íàïðàâëÿþùèå ïîäïðîñòðàíñòâà ïëîñêîñòåé π
è τ èìåþò îáùåå íàïðàâëåíèå. Åñëè ýòè ïëîñêîñòè ïñåâäîåâ-

êëèäîâû, òî îíè ìîãóò ïåðåñåêàòüñÿ ïî åâêëèäîâîé, ïñåâäîåâ-

êëèäîâîé èëè èçîòðîïíîé ïðÿìîé. Â êàæäîì èç ýòèõ ñëó÷à-

åâ îíè âëîæåíû â ïðîñòðàíñòâî

1R3. Åñëè îáùåå íàïðàâëåíèå

ÿâëÿåòñÿ åâêëèäîâûì (ïñåâäîåâêëèäîâûì), òî îäèí èç ñòàöèî-

íàðíûõ óãëîâ ðàâåí íóëþ, à âòîðîé íàõîäèòñÿ ïî �îðìóëå (2)

(ñîîòâåòñòâåííî (3)). Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà îáùåå

íàïðàâëåíèå ïëîñêîñòåé π è τ èçîòðîïíîå. Ïóñòü âåêòîð c̄ �
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îáùèé èçîòðîïíûé âåêòîð. Åñëè ā1, b̄1 � íàïðàâëÿþùèå ïñåâ-

äîåâêëèäîâû íîðìèðîâàííûå âåêòîðû ïëîñêîñòåé π è τ ñîîò-

âåòñòâåííî, òî îðòîãîíàëüíûå èì íàïðàâëÿþùèå âåêòîðû ýòèõ

ïëîñêîñòåé èìåþò âèä: ā2 =
1

(ā1,c̄)
c̄− ā1 è b̄2 =

1
(b̄1,c̄)

c̄− b̄1.

Êâàäðàòíîå óðàâíåíèå äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷å-

íèé ìàòðèöû W èìååò âèä

(4) λ2 − (TrW )λ+ |W | = 0.

Ìîæíî ïîêàçàòü, ÷òî |W | = |(AtB)|2, à TrW = −2|(AtB)|.
Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî îïðåäåëèòåëü ìàòðèöû (AtB) íå
çàâèñèò îò âûáîðà ïëîñêîñòåé, èìåþùèõ îáùóþ èçîòðîïíóþ

ïðÿìóþ, è ðàâåí -1. Ïîëó÷àåì, ÷òî óðàâíåíèå (4) èìååò âèä

(λ− 1)2 = 0, òî åñòü ñîáñòâåííûå çíà÷åíèÿ λ1,2 = 1. Çíà÷èò îáà
ñòàöèîíàðíûõ óãëà ðàâíû íóëþ, ÷òî êàæåòñÿ óäèâèòåëüíûì,

ïîñêîëüêó ïëîñêîñòè ðàçëè÷íû.

Ýòîò �àêò ìîæíî îáúÿñíèòü ñëåäóþùèì îáðàçîì. Â ïðî-

ñòðàíñòâå

1R3, îïðåäåëÿåìîì çàäàííûìè ïëîñêîñòÿìè, íå ñó-

ùåñòâóåò ïëîñêîñòè, ïåðïåíäèêóëÿðíîé êàæäîé èç äâóõ ïëîñ-

êîñòåé ñ îáùåé èçîòðîïíîé ïðÿìîé, òàê êàê â ïñåâäîåâêëèäî-

âîé ïëîñêîñòè íå ñóùåñòâóåò âåêòîðà, îðòîãîíàëüíîãî èçîòðîï-

íîìó, êðîìå íåãî ñàìîãî. Âìåñòå ñ òåì ñóùåñòâóåò åâêëèäîâà

ïëîñêîñòü ïðîñòðàíñòâà

1R4, îðòîãîíàëüíàÿ îáùåìó èçîòðîï-

íîìó âåêòîðó äâóõ ïñåâäîåâêëèäîâûõ ïëîñêîñòåé. Îíà ïåðåñå-

êàåò ïðîñòðàíñòâî

1R3, îïðåäåëÿåìîå äàííûìè ïëîñêîñòÿìè,

ïî ïðÿìîé. Áóäåì ñ÷èòàòü ýòó ïðÿìóþ âòîðîé óãëîâîé ïëîñêî-

ñòüþ (âûðîæäåííîé) è, ñîîòâåòñòâåííî, âòîðîé ñòàöèîíàðíûé

óãîë òîæå ðàâíûì íóëþ.

Î÷åâèäíî, â åâêëèäîâîì ïðîñòðàíñòâå òàêîé �àêò íå èìååò

ìåñòà äëÿ íåñîâïàäàþùèõ ïëîñêîñòåé.

Äâå ïåðåñåêàþùèåñÿ åâêëèäîâû ïëîñêîñòè ìîãóò áûòü âëî-

æåíû â îäíî èç ïðîñòðàíñòâ: R3,
1R3, èëè R

1
3. Åñëè îíè ïðèíàä-

ëåæàò ïðîñòðàíñòâó R3, òî îäèí èç ñòàöèîíàðíûõ óãëîâ ðàâåí

íóëþ, à âòîðîé ðåàëèçóåòñÿ â åâêëèäîâîé ïëîñêîñòè è âû÷èñ-

ëÿåòñÿ ïî �îðìóëå (3).
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Åñëè ïëîñêîñòè íàõîäÿòñÿ â ïðîñòðàíñòâå

1R3, òî íåâûðîæ-

äåííàÿ óãëîâàÿ ïëîñêîñòü ÿâëÿåòñÿ ïñåâäîåâêëèäîâîé è ñîîò-

âåòñòâóþùèé åé ñòàöèîíàðíûé óãîë âû÷èñëÿåòñÿ ïî �îðìóëå

(2).

Åñëè ýòè ïëîñêîñòè ïðèíàäëåæàò ïðîñòðàíñòâó R1
3, òî íåâû-

ðîæäåííàÿ óãëîâàÿ ïëîñêîñòü ÿâëÿåòñÿ èçîòðîïíîé è ñîîòâåò-

ñòâóþùèé åé ñòàöèîíàðíûé óãîë íàõîäèòñÿ êàê óãîë ìåæäó

åâêëèäîâûìè âåêòîðàìè èçîòðîïíîé ïëîñêîñòè [9℄.

2.2. Ñëó÷àé èçîòðîïíûõ ïëîñêîñòåé. Ïóñòü π è τ � èçî-

òðîïíûå ïëîñêîñòè, íàòÿíóòûå íà âåêòîðû ā1, ā2 è b̄1, b̄2 ñîîò-
âåòñòâåííî, ïðè÷åì âåêòîðû ā1 è b̄1 � èçîòðîïíûå, ā2 è b̄2 �
åâêëèäîâû. Äëÿ íàõîæäåíèÿ ñòàöèîíàðíûõ óãëîâ ìåæäó íèìè

óæå íåëüçÿ èñïîëüçîâàòü ìàòðèöó

W = (AtE
′

A)−1(AtE
′

B)(BtE
′

B)−1(BtE
′

A),

ïîñêîëüêó ìàòðèöû (AtE
′

A) è (BtE
′

B) ÿâëÿþòñÿ âûðîæäåí-

íûìè. Îïðåäåëèì çíà÷åíèÿ ñòàöèîíàðíûõ óãëîâ ìåæäó èçî-

òðîïíûìè ïëîñêîñòÿìè π è τ êàê ïðåäåëüíûå çíà÷åíèÿ ñòàöèî-
íàðíûõ óãëîâ ìåæäó åâêëèäîâûìè ïëîñêîñòÿìè π1 è τ1, êîãäà
π1 ñòðåìèòñÿ ê π, à τ1 � ê τ .
Âûáåðåì åäèíè÷íûé åâêëèäîâ âåêòîð x̄, îðòîãîíàëüíûé âåê-

òîðàì ā2 è b̄2, ñóùåñòâîâàíèå êîòîðîãî ëåãêî äîêàçûâàåòñÿ.

�àññìîòðèì âåêòîðû ā
′

1 = ā1 + λx̄ è b̄
′

1 = b̄1 + λx̄, ãäå λ �

ïàðàìåòð. Ïðè ñòðåìëåíèè λ ê 0 ïëîñêîñòü π1, îïðåäåëÿåìàÿ
âåêòîðàìè ā

′

1, ā2, ñòðåìèòñÿ ê ïëîñêîñòè π, à ïëîñêîñòü τ1, îïðå-

äåëÿåìàÿ âåêòîðàìè b̄
′

1, b̄2, ñòðåìèòñÿ ê ïëîñêîñòè τ .
Òîãäà ýëåìåíòû ìàòðèöû W = (wij) áóäóò èìåòü âèä:

w11 =
((ā1, b̄1) + λ((ā1, x̄) + (c̄1, x̄)) + λ2)2

(λ(ā1, x̄) + λ2)(λ(b̄1, x̄) + λ2)
+

(ā1, b̄2)
2

λ(ā1, x̄) + λ2
,

w12 =
((ā1, b̄1) + λ((ā1, x̄) + (c̄1, x̄)) + λ2)(ā2, b̄1)

(λ(ā1, x̄) + λ2)(λ(b̄1, x̄) + λ2)
+

(ā1, b̄2)(ā2, b̄2)

λ(ā1, x̄) + λ2
,

w21 =
((ā1, b̄1) + λ((ā1, x̄) + (c̄1, x̄)) + λ2)(ā2, b̄1)

(λ(b̄1, x̄) + λ2)
+ (ā1, b̄2)(ā2, b̄2),
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w22 =
(ā2, b̄1)

2

(λ(b̄1, x̄) + λ2)
+ (ā2, b̄2)

2.

Ñ÷èòàÿ λ ìàëûì, ïîëó÷èì âûðàæåíèÿ äëÿ ñîáñòâåííûõ çíà-

÷åíèé µ1 è µ2 ìàòðèöû W â âèäå

µ1,2 =
2
(
(ā1, b̄1)(ā2, b̄2)− (ā1, b̄2)(ā2, b̄1)

)2
λ+O(λ2)

((ā1, b̄1)2 ± (ā1, b̄1)2)λ+O(λ2)
.

Ïåðåõîäÿ ê ïðåäåëó ïðè λ −→ 0, ïîëó÷èì ñîáñòâåííûå çíà-

÷åíèÿ ìàòðèöû W äëÿ èçîòðîïíûõ ïëîñêîñòåé π è τ :

µ1 = ∞,

µ2 =

(
(ā1, b̄1)(ā2, b̄2)− (ā1, b̄2)(ā2, b̄1)

(ā1, b̄1)

)2

.

Òîãäà ñòàöèîíàðíîìó óãëó ϕ1 ìîæíî ïðèïèñàòü çíà÷åíèå ∞,

à âòîðîé ñòàöèîíàðíûé óãîë íàõîäèòñÿ ïî �îðìóëå

cosϕ2 =
(ā1, b̄1)(ā2, b̄2)− (ā1, b̄2)(ā2, b̄1)

(ā1, b̄1)
.

Â ÷àñòíîì ñëó÷àå äâå èçîòðîïíûå ïëîñêîñòè ìîãóò èìåòü îá-

ùåå íàïðàâëåíèå. Åñëè ïëîñêîñòè π è τ èìåþò îáùåå åâêëèäîâî
íàïðàâëåíèå, òî íåíóëåâîé ñòàöèîíàðíûé óãîë ðàâåí áåñêîíå÷-

íîñòè, à åñëè îáùåå íàïðàâëåíèå èçîòðîïíîå, òî îäèí èç óãëîâ,

îïðåäåëÿåìûé ñîáñòâåííûì çíà÷åíèåì µ2, âû÷èñëÿåòñÿ ïî �îð-
ìóëå cosϕ = (ā2, b̄2), à âòîðîìó óãëó ïðèïèøåì çíà÷åíèå 0 (êàê
óãëó ìåæäó ñîâïàâøèìè èçîòðîïíûìè âåêòîðàìè).

3. �ëàäêàÿ ñòðóêòóðà íà ìíîæåñòâå ïëîñêîñòåé

Êàê èçâåñòíî, ìíîæåñòâî ïëîñêîñòåé åâêëèäîâà ïðîñòðàí-

ñòâà R4, ïðîõîäÿùèõ ÷åðåç íà÷àëî êîîðäèíàò, ìîæíî ïðåâðà-

òèòü â ãëàäêîå ìíîãîîáðàçèå, êîòîðîå íàçûâàþò ãðàññìàíîâûì.

Â ðàáîòå [2℄ ïðèâåäåíû äâà ñïîñîáà ââåäåíèÿ ëîêàëüíûõ êîîð-

äèíàò ïëîñêîñòè ýòîãî ìíîãîîáðàçèÿ. Íèæå ïðåäëàãàåòñÿ ñïî-

ñîá ââåäåíèÿ ëîêàëüíûõ êîîðäèíàò íà ìíîæåñòâàõ ïëîñêîñòåé

ðàçíûõ òèïîâ ïñåâäîåâêëèäîâà ïðîñòðàíñòâà.
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�àññìîòðèì â

1R4 ìíîæåñòâî âñåõ ïëîñêîñòåé, ïðîõîäÿùèõ

÷åðåç íà÷àëî êîîðäèíàò. Áóäåì, ïî àíàëîãèè ñ åâêëèäîâûì ïðî-

ñòðàíñòâîì, íàçûâàòü ýòî ìíîæåñòâî ãðàññìàíîâûì ìíîãîîáðà-

çèåì. Â ïðîñòðàíñòâå

1R4 â ãðàññìàíîâîì ìíîãîîáðàçèè åñòå-

ñòâåííî ðàññìàòðèâàòü òðè ïîäìíîæåñòâà: ïñåâäîåâêëèäîâûõ

ïëîñêîñòåé, åâêëèäîâûõ ïëîñêîñòåé è èçîòðîïíûõ ïëîñêîñòåé,

êîòîðûå áóäåì îáîçíà÷àòü

PG(2, 4), EG(2, 4) è IsG(2, 4) ñîîò-
âåòñòâåííî.

�àññìîòðèì ìíîæåñòâî ïñåâäîåâêëèäîâûõ ïëîñêîñòåé. Çàäà-

äèì â êàæäîé èç íèõ äâà ëèíåéíî íåçàâèñèìûõ îðòîãîíàëüíûõ

âåêòîðà. Òîãäà ïàðàìåòðè÷åñêèå óðàâíåíèÿ ïëîñêîñòè ïðèìóò

âèä

xi = αijt
j, i = 1, ..., 4, j = 1, 2,

ãäå êîý��èöèåíòû αij óäîâëåòâîðÿþò óñëîâèÿì

−α1
mα

1
n +

4∑

i=2

αimα
i
n = εmδmn,

ãäå ε1 = −1, εm = 1,m > 1,m, n = 1, 2.
Çà�èêñèðóåì ïñåâäîåâêëèäîâó ïëîñêîñòü π0 è ðàññìîòðèì

ìíîæåñòâî M ïñåâäîåâêëèäîâûõ ïëîñêîñòåé, ïðîåêòèðóþùèõ-

ñÿ áåç âûðîæäåíèÿ íà ïëîñêîñòü π0. Îðòîíîðìèðîâàííûé áàçèñ
(ē1, ē2, ē3, ē4) ïðîñòðàíñòâà

1R4 âûáåðåì òàê, ÷òîáû ïëîñêîñòü

π0 îïðåäåëÿëàñü áàçèñíûìè âåêòîðàìè ē1, ē2. Òîãäà óðàâíåíèÿ
ïëîñêîñòè π0 èìåþò âèä x

2+µ = 0, µ = 1, 2. Áåñêîíå÷íî áëèçêóþ
ê π0 ïëîñêîñòü π ìîæíî çàäàòü ñèñòåìîé óðàâíåíèé

(5)

{
x3 = ξ11x

1 + ξ12x
2,

x4 = ξ21x
1 + ξ22x

2.
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Íàáîð äåéñòâèòåëüíûõ ÷èñåë {ξµj }, j = 1, 2 áóäåì íàçûâàòü

ëîêàëüíûìè êîîðäèíàòàìè ïñåâäîåâêëèäîâîé ïëîñêîñòè π è çà-
äàâàòü ìàòðèöåé Z = {ξµj }. Ñëåäîâàòåëüíî, ðàçìåðíîñòü ïîä-

ìíîãîîáðàçèÿ

PG(2, 4) ðàâíà ÷åòûðåì. Àíàëîãè÷íî ìîæíî ââå-
ñòè ëîêàëüíûå êîîðäèíàòû åâêëèäîâîé ïëîñêîñòè ïðîñòðàí-

ñòâà

1R4.

�àññìîòðèì è âòîðîé ñïîñîá ââåäåíèÿ ëîêàëüíûõ êîîðäè-

íàò ïëîñêîñòè ïðîñòðàíñòâà

1R4. Ïóñòü π � ïñåâäîåâêëèäîâà

ïëîñêîñòü è f̄1, f̄2 � îðòîíîðìèðîâàííûé áàçèñ â íåé, ñïåöèà-

ëèçèðîâàííûé óñëîâèÿìè (f̄i, ēj) = (f̄j, ēi), i, j = 1, 2. Îòíîñè-
òåëüíî ýòîãî áàçèñà ìàòðè÷íûå êîîðäèíàòû G è F ïëîñêîñòè

èìåþò òàêîé æå âèä êàê è â ïðîñòðàíñòâå R4 [2℄, íî óñëîâèå

îðòîíîðìèðîâàííîñòè áàçèñà çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

F tE
′

F = E
′

2. Åñëè Q � ìàòðèöà ïåðåõîäà îò ñèñòåìû ëîêàëü-

íûõ êîîðäèíàò {ξµj } ê ñèñòåìå {ηβi }, òî

F =

(
E2

Z

)
·Q.

Òîãäà

E
′

2 = F tE
′

F = Qt ·
(
E2 Zt

)
·
(
E

′

2 0
0 E2

)
·
(
E2

Z

)
·Q =

= Qt ·
(
E

′

2 ZtE2

)
·
(
E2

Z

)
·Q = Qt(E

′

2 + ZtZ)Q.

Îòñþäà ïîëó÷èì ñâÿçü ìåæäó ìàòðèöàìè Q è Z â âèäå

QE
′

2Q
t = (E

′

2 + ZtZ)−1.

Äëÿ ñëó÷àÿ åâêëèäîâîé ïëîñêîñòè áàçèñ âûáåðåì òàê, ÷òîáû

âåêòîðû (f̄3, f̄4) ëåæàëè â ïëîñêîñòè, à âåêòîðû (f̄1, f̄2) áûëè
åé îðòîãîíàëüíû. Òîãäà ìàòðè÷íàÿ êîîðäèíàòà G áóäåò èìåòü

âèä

G =

(
Z
E

)
.
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È, ñîîòâåòñòâåííî, ìàòðè÷íàÿ êîîðäèíàòà ýòîé ïëîñêîñòè ïî-

ñëå ñïåöèàëèçàöèè áàçèñà èìååò âèä

F =

(
Z
E2

)
·Q.

Àíàëîãè÷íîå óñëîâèå äëÿ ìàòðèöû Q èìååò âèä

QQt = (E2 + ZtE
′

2Z)
−1.

Ïåðåéäåì ê ïîñòðîåíèþ ãëàäêîé ñòðóêòóðû íà ìíîæåñòâå

IsG(2, 4).
Â ïðîñòðàíñòâå

1R4 ðàññìîòðèì èçîòðîïíûé ãèïåðêîíóñ. Êà-

ñàòåëüíîå ïðîñòðàíñòâî â êàæäîé òî÷êå ãèïåðêîíóñà ÿâëÿåòñÿ

òðåõìåðíûì èçîòðîïíûì ïðîñòðàíñòâîì, îðòîíîðìèðîâàííûé

áàçèñ êîòîðîãî ñîñòîèò èç îäíîãî èçîòðîïíîãî âåêòîðà è äâóõ

åâêëèäîâûõ. Â êàñàòåëüíîì ïðîñòðàíñòâå èçîòðîïíûå ïëîñêî-

ñòè îáðàçóþò ïó÷îê, îñüþ êîòîðîãî ÿâëÿåòñÿ îáðàçóþùàÿ ãè-

ïåðêîíóñà.

Òàêèì îáðàçîì, ìíîæåñòâî èçîòðîïíûõ ïëîñêîñòåé ÿâëÿåòñÿ

ìíîæåñòâîì âñåõ êàñàòåëüíûõ ïëîñêîñòåé èçîòðîïíîãî ãèïåð-

êîíóñà è, ñëåäîâàòåëüíî,

IsG(2, 4) ìîæíî ðàññìîòðåòü êàê êàñà-
òåëüíîå ðàññëîåíèå. Áàçîé ýòîãî ðàññëîåíèÿ áóäåò èçîòðîïíûé

ãèïåðêîíóñ êàê ëèíåé÷àòîå ìíîãîîáðàçèå, à òèïîâûì ñëîåì íàä

òî÷êîé � ïó÷îê êàñàòåëüíûõ ïëîñêîñòåé â òî÷êå ãèïåðêîíó-

ñà. Òîãäà ëîêàëüíûå êîîðäèíàòû ïëîñêîñòè èç

IsG(2, 4) ìîæíî
çàïèñàòü â âèäå (u, v, α), ãäå êîîðäèíàòû u, v îïðåäåëÿþò îá-

ðàçóþùóþ ãèïåðêîíóñà, α � ïàðàìåòð ïó÷êà. Îòìåòèì, ÷òî

ðàçìåðíîñòü ïîäìíîãîîáðàçèÿ

IsG(2, 4) ðàâíà òðåì.

4. Ïîãðóæåíèå ãðàññìàíîâà ìíîãîîáðàçèÿ

4.1. Ïëþêêåðîâû êîîðäèíàòû ïëîñêîñòè. Êàæäóþ ïëîñ-

êîñòü π, ïðîõîäÿùóþ ÷åðåç �èêñèðîâàííóþ òî÷êó, ìîæíî çà-

äàòü ïëþêêåðîâûìè êîîðäèíàòàìè. Äëÿ ýòîãî ðàññìîòðèì îð-

òîíîðìèðîâàííûé áàçèñ ïëîñêîñòè π, ñîñòîÿùèé èç âåêòîðîâ

ā = (a1, a2, a3, a4), b̄ = (b1, b2, b3, b4),
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çàäàííûõ ñâîèìè êîîðäèíàòàìè îòíîñèòåëüíî îðòîíîðìèðîâàí-

íîãî áàçèñà ïðîñòðàíñòâà

1R4. Ñîñòàâèì ìèíîðû âòîðîãî ïî-

ðÿäêà (2× 4)-ìàòðèöû, ñòðîêàìè êîòîðîé åñòü êîîðäèíàòû áà-

çèñíûõ âåêòîðîâ ïëîñêîñòè π, è îáîçíà÷èì èõ ñèìâîëàìè pij

pij =

∣∣∣∣
ai aj
bi bj

∣∣∣∣ , i, j = 1, ..., 4, i < j.

Óïîðÿäî÷åííûé íàáîð pij íàçûâàþò ïëþêêåðîâûìè êîîðäè-

íàòàìè ïëîñêîñòè [1℄. Ïëþêêåðîâû êîîðäèíàòû êîñîñèììåò-

ðè÷íû è óäîâëåòâîðÿþò ñîîòíîøåíèþ Ïëþêêåðà

(6) p12p34 − p13p24 + p14p23 = 0.

Ïëþêêåðîâû êîîðäèíàòû ïñåâäîåâêëèäîâîé, åâêëèäîâîé è

èçîòðîïíîé ïëîñêîñòåé óäîâëåòâîðÿþò ñîîòíîøåíèÿì

(7) −(p212 + p213 + p214) + p223 + p224 + p234 = −1,

(8) −(p212 + p213 + p214) + p223 + p224 + p234 = 1,

(9) −(p212 + p213 + p214) + p223 + p224 + p234 = 0

ñîîòâåòñòâåííî.

Â ÷åòûðåõìåðíîì ïñåâäîåâêëèäîâîì ïðîñòðàíñòâå

1R4 ïëîñ-

êîñòü çàäàåòñÿ øåñòüþ ïëþêêåðîâûìè êîîðäèíàòàìè

p12, p13, p14, p23, p24, p34,

êîòîðûå ìîæíî ñ÷èòàòü êîîðäèíàòàìè òî÷êè â à��èííîì ïðî-

ñòðàíñòâå A6. Îïðåäåëèì â A6 ñêàëÿðíîå ïðîèçâåäåíèå âåêòî-

ðîâ p̄ = (p12, p13, p14, p23, p24, p34) è q̄ = (q12, q13, q14, q23, q24, q34)
�îðìóëîé

(p̄, q̄) = −(p12q12 + p13q13 + p14q14) + p23q23 + p24q24 + p34q34.

Ýòî ðàâíîñèëüíî ââåäåíèþ â A6 ñòðóêòóðû ïñåâäîåâêëèäî-

âà ïðîñòðàíñòâà

3R6. ×èñëà p12, p13, p14, p23, p24, p34 ÿâëÿþòñÿ
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äåêàðòîâûìè êîðäèíàòàìè â

3R6 îòíîñèòåëüíî îðòîíîðìèðî-

âàííîãî áàçèñà ñ ìàòðèöåé �ðàìà diag(−1,−1,−1, 1, 1, 1) [9℄.
Óñëîâèå (7) îçíà÷àåò, ÷òî

PG(2, 4) ëåæèò íà ïÿòèìåðíîé ñ�å-
ðå ìíèìîãî ðàäèóñà ïðîñòðàíñòâà

3R6, èç óñëîâèÿ (8) ñëåäó-

åò, ÷òî ïîäìíîãîîáðàçèå

EG(2, 4) ïðèíàäëåæèò ñ�åðå äåéñòâè-
òåëüíîãî ðàäèóñà ïðîñòðàíñòâà

3R6, à èç óñëîâèÿ (9) âûòåêàåò,

÷òî

IsG(2, 4) ëåæèò íà èçîòðîïíîì ãèïåðêîíóñå ïðîñòðàíñòâà

3R6.

4.2. Ñëó÷àé íåèçîòðîïíûõ ïëîñêîñòåé. Àëãåáðàè÷åñêàÿ

ïîâåðõíîñòü ïðîñòðàíñòâà

3R6, èçîáðàæàþùàÿ ïîäìíîãîîáðà-

çèå

PG(2, 4), çàäàåòñÿ óðàâíåíèÿìè (6) è (7). Íîðìàëüþ ê ïî-

âåðõíîñòè, çàäàííîé íåÿâíî óðàâíåíèåì F (x1, . . . , xn) = 0 â åâ-
êëèäîâîì ïðîñòðàíñòâå, ÿâëÿåòñÿ âåêòîð

gradF =

(
∂F

∂x1
, . . . ,

∂F

∂xn

)
.

Â ïðîñòðàíñòâå

3R6 íîðìàëüþ ê ïîâåðõíîñòè, çàäàííîé óðàâ-

íåíèåì F (x1, x2, x3, x4, x5, x6) = 0, áóäåò âåêòîð

PgradF =

(
− ∂F

∂x1
,− ∂F

∂x2
,− ∂F

∂x3
,
∂F

∂x4
,
∂F

∂x5
,
∂F

∂x6

)
,

êîòîðûé áóäåì íàçûâàòü ïñåâäîãðàäèåíòîì. Ïîýòîìó íîðìàëÿ-

ìè ê ïîäìíîãîîáðàçèþ

PG(2, 4) ÿâëÿþòñÿ ëèíåéíûå êîìáèíà-

öèè ëèíåéíî íåçàâèñèìûõ âåêòîðîâ

p̄ =(p12, p13, p14, p23, p24, p34),

q̄ =(−p34, p24,−p23, p14,−p13, p12).
Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ýòè íîðìàëè îðòîãîíàëü-

íû è p̄2 = −1, q̄2 = 1.
Ïîäìíîãîîáðàçèå

EG(2, 4) ìîæíî ïîãðóçèòü â

3R6 â âèäå

àëãåáðàè÷åñêîé ïîâåðõíîñòè ñ óðàâíåíèÿìè (6) è (8). Âåêòî-

ðû p̄ è q̄ ÿâëÿþòñÿ íîðìàëÿìè ê ýòîé ïîâåðõíîñòè, ïðè÷åì

p̄2 = 1, q̄2 = −1.
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Òàê êàê íîðìàëüíûå ïëîñêîñòè ê àëãåáðàè÷åñêèì ïîâåðõ-

íîñòÿì, èçîáðàæàþùèì ïîäìíîãîîáðàçèÿ

PG(2, 4) è EG(2, 4),
ÿâëÿþòñÿ ïñåâäîåâêëèäîâûìè, òî ìåòðèêà êàæäîé èç ýòèõ ïî-

âåðõíîñòåé èìååò ñèãíàòóðó (−−++).

4.3. Ñëó÷àé èçîòðîïíûõ 2-ïëîñêîñòåé. Ïîäìíîãîîáðàçèå

IsG(2, 4) ÿâëÿåòñÿ òðåõìåðíûì, ïîýòîìó åãî ïîãðóæåíèå â âèäå
àëãåáðàè÷åñêîé ïîâåðõíîñòè â ïðîñòðàíñòâî

3R6 íóæíî çàäàòü

6 − 3 = 3 óðàâíåíèÿìè. Â êà÷åñòâå òàêèõ óðàâíåíèé ìîæíî

âçÿòü

F1 =− (p212 + p213 + p214) + p223 + p224 + p234 = 0,

F2 =p12p34 − p13p24 + p14p23 = 0,

è, íàïðèìåð, ñîîòíîøåíèå

F3 = p212 + p213 + p214 + p223 + p224 + p234 − 1 = 0,

êîòîðîå áóäåì íàçûâàòü óñëîâèåì íîðìèðîâêè. Ïñåâäîãðàäè-

åíòû �óíêöèé F1, F2, F3 èìåþò âèä

PgradF1 =(p12, p13, p14, p23, p24, p34),

PgradF2 =(−p34, p24,−p23, p14,−p13, p12),
PgradF3 =(−p12,−p13,−p14, p23, p24, p34)

è ÿâëÿþòñÿ íîðìàëÿìè ê ïîäìíîãîîáðàçèþ

IsG(2, 4).
Ïåðåéäåì ê ñëåäóþùåé îðòîãîíàëüíîé ñèñòåìå íîðìàëåé:

n̄1 =(0, 0, 0, p23, p24, p34),

n̄2 =(p12, p13, p14, 0, 0, 0),

n̄3 =(−p34, p24,−p23, p14,−p13, p12),
â êîòîðîé n̄21 > 0, n̄22 < 0, n̄23 = 0.
Òàê êàê îðòîãîíàëüíûé áàçèñ êàñàòåëüíîãî ïðîñòðàíñòâà ê

ãèïåðêîíóñó (9) ñîñòîèò èç äâóõ ïñåâäîåâêëèäîâûõ, äâóõ åâ-

êëèäîâûõ è èçîòðîïíîãî âåêòîðà, òî àëãåáðàè÷åñêàÿ ïîâåðõ-

íîñòü, èçîáðàæàþùàÿ ïîäìíîãîîáðàçèå

IsG(2, 4), èìååò ìåòðè-
êó ñèãíàòóðû (− + 0).
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5. Ìåòðèêà â ìíîãîîáðàçèè ïëîñêîñòåé

Â åâêëèäîâîì ïðîñòðàíñòâå â ãðàññìàíîâîì ìíîãîîáðàçèè

ìåòðèêà îïðåäåëÿåòñÿ êàê ñóììà êâàäðàòîâ ñòàöèîíàðíûõ óã-

ëîâ [10℄.

Ïîêàæåì, ÷òî â ãðàññìàíîâîì ìíîãîîáðàçèè ïñåâäîåâêëèäî-

âà ïðîñòðàíñòâà ìîæíî ââåñòè ìåòðèêó, êîòîðàÿ òàêæå ñâÿçàíà

ñî ñòàöèîíàðíûìè óãëàìè.

5.1. Ñëó÷àé íåèçîòðîïíûõ ïëîñêîñòåé. Ìåòðèêó íà ãðàñ-

ñìàíîâîì ìíîãîîáðàçèè íåèçîòðîïíûõ ïëîñêîñòåé ïñåâäîåâê-

ëèäîâà ïðîñòðàíñòâà

1R4 îïðåäåëèì �îðìóëîé

(10) ds2 = Tr[(E2 + ZE
′

2Z
t)−1dZ(E

′

2 + ZtZ)−1dZt]

äëÿ ïñåâäîåâêëèäîâûõ ïëîñêîñòåé è �îðìóëîé

(11) ds2 = Tr[(E
′

2 + ZZt)−1dZ(E2 + ZtE
′

2Z)
−1dZt]

äëÿ åâêëèäîâûõ ïëîñêîñòåé.

Ïîêàæåì, ÷òî äàííûå îïðåäåëåíèÿ ÿâëÿþòñÿ åñòåñòâåííûìè,

è â ýòîé ìåòðèêå êâàäðàò ðàññòîÿíèÿ ìåæäó äîñòàòî÷íî áëèç-

êèìè ïëîñêîñòÿìè âûðàæàåòñÿ ÷åðåç êâàäðàòû ñòàöèîíàðíûõ

óãëîâ.

�àññìîòðèì äâå ïñåâäîåâêëèäîâû ïëîñêîñòè. Ïóñòü ñòàöè-

îíàðíûå óãëû ìåæäó íèìè ðàâíû ϕ1, ϕ2. Çà�èêñèðóåì îäíó

èç ïëîñêîñòåé è ðàññìîòðèì òàêîå îäíîïàðàìåòðè÷åñêîå ñåìåé-

ñòâî ïëîñêîñòåé, êîòîðîå ñîäåðæèò äâå äàííûå ïëîñêîñòè è ñòà-

öèîíàðíûå óãëû ìåæäó ïðîèçâîëüíîé ïëîñêîñòüþ ñåìåéñòâà

è �èêñèðîâàííîé ïëîñêîñòüþ ïðîïîðöèîíàëüíû. Òàêèå ñåìåé-

ñòâà íàçûâàþò ãåëèêîèäàìè [8℄.

Âûáåðåì îðòîíîðìèðîâàííûé áàçèñ ē1, ē2, ē3, ē4 àíàëîãè÷íî

òîìó, êàê îïèñàíî â ðàáîòå [1, ñ.300℄. Â óãëîâûõ ïëîñêîñòÿõ

âûáåðåì âåêòîðû ē1, ē2, ëåæàùèå â �èêñèðîâàííîé ïëîñêîñòè

ñåìåéñòâà, è îðòîãîíàëüíûå èì âåêòîðû ē3, ē4.
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Òàê êàê óãëîâûå ïëîñêîñòè âïîëíå îðòîãîíàëüíû, òî ïîëó-

÷èì íàáîð ïîïàðíî îðòîãîíàëüíûõ âåêòîðîâ. Òîãäà íàïðàâëÿþ-

ùèå âåêòîðû ïðîèçâîëüíîé ïëîñêîñòè ñåìåéñòâà ïñåâäîåâêëè-

äîâûõ ïëîñêîñòåé èìåþò âèä

x̄1 =ch(ϕ1t)ē1 + sh(ϕ1t)ē3,

x̄2 =cos(ϕ2t)ē2 + sin(ϕ2t)ē4, t ∈ [0, 1].

Â âûáðàííîì áàçèñå ìàòðè÷íàÿ êîîðäèíàòà A è ìàòðèöà Z
ëîêàëüíûõ êîîðäèíàò ïðîèçâîëüíîé ïëîñêîñòè ñåìåéñòâà èìå-

þò âèä

A =




ch(ϕ1t) 0
0 cos(ϕ2t)

sh(ϕ1t) 0
0 sin(ϕ2t)


 , Z =

(
th(ϕ1t) 0

0 tg(ϕ2t)

)
.

Ïîñëå ïîäñòàíîâêè ìàòðèöû Z â �îðìóëó (10) ïîëó÷àåì

ds2 = (−ϕ2
1 + ϕ2

2)dt
2, à çíà÷èò

(12) s =

∫ 1

0

√
−ϕ2

1 + ϕ2
2dt =

√
−ϕ2

1 + ϕ2
2.

Äëÿ ñåìåéñòâà åâêëèäîâûõ ïëîñêîñòåé áàçèñ âûáåðåì òàê,

÷òîáû íàïðàâëÿþùèå âåêòîðû ïðîèçâîëüíîé ïëîñêîñòè èìåëè

âèä

x̄1 =ch(ϕ1t)ē3 + sh(ϕ1t)ē1,

x̄2 =cos(ϕ2t)ē4 + sin(ϕ2t)ē2.

Àíàëîãè÷íûå âû÷èñëåíèÿ îïÿòü ïðèâîäÿò ê (12).

5.2. Ñëó÷àé èçîòðîïíûõ ïëîñêîñòåé. Â ïîäìíîãîîáðàçèè

èçîòðîïíûõ ïëîñêîñòåé ìåòðèêó îïðåäåëèì ñëåäóþùåé �îð-

ìóëîé

(13) ds2 = lim
k→∞

Tr[(E
′′

2 + ZE
′′

2Z
t)−1dZ(E

′′

2 + ZtE
′′

2Z)
−1dZt],

ãäå E
′′

2 = diag(k, 1).
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Ïîêàæåì, ÷òî ýòó ìåòðèêó ìîæíî âûðàçèòü ÷åðåç ñòàöèî-

íàðíûå óãëû. �àññìîòðèì ìíîæåñòâî èçîòðîïíûõ ïëîñêîñòåé,

íàïðàâëÿþùèå âåêòîðû êîòîðûõ èìåþò âèä

x̄1 =f(t)ē1 + g(t)ē3,

x̄2 =cos(ϕ2t)ē2 + sin(ϕ2t)ē4,

ãäå óñëîâèå −f2(t) + g2(t) = 0 îáåñïå÷èâàåò èçîòðîïíîñòü âåê-
òîðà x̄1. Ýòî âîçìîæíî îòíîñèòåëüíî áàçèñà ïðîñòðàíñòâà, âåê-
òîðû ē2, ē4 êîòîðîãî ðàñïîëîæåíû â åâêëèäîâîé óãëîâîé ïëîñ-

êîñòè, à âåêòîðû ē1, ē3 � â â åå îðòîãîíàëüíîì äîïîëíåíèè.

Ìàòðè÷íàÿ êîîðäèíàòà ïëîñêîñòè áóäåò èìåòü âèä

A =




f(t) 0
0 cos(ϕ2t)
g(t) 0
0 sin(ϕ2t)


 ,

à ìàòðèöà ëîêàëüíûõ êîîðäèíàò � âèä

Z =

(
p(t) 0
0 tg(ϕ2t)

)
,

ãäå p(t) = f(t)
g(t) . Ïîäñòàâëÿÿ ìàòðèöó Z â �îðìóëó (13), ïîëó÷à-

åì �îðìóëó

s = ϕ2

äëÿ ðàññòîÿíèÿ ìåæäó èçîòðîïíûìè ïëîñêîñòÿìè.

Òàêèì îáðàçîì, êàê è â ñëó÷àå ãðàññìàíîâà ìíîãîîáðàçèÿ åâ-

êëèäîâà ïðîñòðàíñòâà, â ïîäìíîãîîáðàçèÿõ

PG(2, 4), EG(2, 4),
IsG(2, 4) èìååì ìåòðèêó, ñâÿçàííóþ ñî ñòàöèîíàðíûìè óãëàìè.
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ñâîéñòâîì âçàèìíîñòè

Â ñòàòüå ðàññìîòðåíî ñïåöèàëüíîå êîí�îðìíîå îòîáðàæåíèå ïñåâäî-

ñ�åðû è ïîêàçàíî ÷òî îíî îáëàäàåò ñâîéñòâîì ïåðåâîäèòü ãåîäåçè-

÷åñêèå ëèíèè â ñïåöèàëüíûå ëèíèè � ðåøåíèÿ âàðèàöèîííîé èçîïå-

ðèìåòðè÷åñêîé çàäà÷è. Ïîêàçàíî ÷òî îáðàòíîå îòîáðàæåíèå îáëàäàåò

àíàëîãè÷íûì ñâîéñòâîì.

Êëþ÷åâûå ñëîâà: êîí�îðìíîå îòîáðàæåíèå, ïñåâäîñ�åðà

1. Â ñòàòüå ìû ðàññìîòðèì ñïåöèàëüíîå îòîáðàæåíèå è ïîêà-

æåì ÷òî îíî ÿâëÿåòñÿ êîí�îðìíûì è ïîâîðîòíûì ñî ñâîéñòâîì

âçàèìíîñòè.

Ïîâîðîòíîñòü îòîáðàæåíèÿ îçíà÷àåò, ÷òî ïðè îòîáðàæåíèè

ãåîäåçè÷åñêèå ëèíèè ïåðåõîäÿò â èçîïåðèìåòðè÷åñêèå ýêñòðå-

ìàëè, òî åñòü â êðèâûå, ÿâëÿþùèåñÿ ðåøåíèåì âàðèàöèîííîé

çàäà÷è ïî íàõîæäåíèþ ïðÿìåéøèõ ñðåäè êðèâûõ îäèíàêîâîé

äëèíû, ñîåäèíÿþùèõ äâå �èêñèðîâàííûå òî÷êè. Ñâîéñòâî âçà-

èìíîñòè îçíà÷àåò, ÷òî ïðè îáðàòíîì îòîáðàæåíèè ãåîäåçè÷å-

ñêèå ëèíèè òàêæå ïåðåõîäÿò â êðèâûå îïèñàííîãî âèäà.

Âïåðâûå ïîâîðîòíîå îòîáðàæåíèå áûëî ðàññìîòðåíî â ðà-

áîòàõ Ñ. �. Ëåéêî [2℄. Ïîêàçàíî, ÷òî íà äâóìåðíûõ ïîâåðõíî-

ñòÿõ êðèâàÿ ÿâëÿåòñÿ èçîïåðèìåòðè÷åñêîé ýêñòðåìàëüþ ïîâî-

ðîòà åñëè âäîëü íå¼ êðèâèçíà Ôðåíå k è ãàóññîâà êðèâèçíà K
ïðîïîðöèîíàëüíû: k = cK. Ïîêàçàíî, ÷òî îòîáðàæåíèå ÿâëÿ-

åòñÿ ïîâîðîòíûì òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò äâà
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èíâàðèàíòà λ è ψ òàêèõ, ÷òî â îáùåé ïî îòîáðàæåíèþ ñèñòåìå

êîîðäèíàò âûïîëíÿþòñÿ ñëåäóþùèå ðàâåíñòâà:

(1)

∇jψi = ψi(ψj +
Kj

K
) +K(Aeψ + 1)gij ,

P hij = Γhij − Γ̄hij = λiδ
h
j + λjδ

h
i + ψhgij ,

ãäå ∇jψi � êîâàðèàíòíàÿ ïðîèçâîäíàÿ â ìåòðèêå gij è A �

íåêîòîðàÿ êîíñòàíòà.

2. �àññìîòðèì ïñåâäîñ�åðó â E3
, êîòîðàÿ çàäàíà ïàðàìåò-

ðè÷åñêèìè óðàâíåíèÿìè:

(2) x = r sinα, y = r cosα, z =
√

1− r2 − sech−1(r)).

Çäåñü ïàðàìåòð r ïðåäñòàâëÿåò ðàññòîÿíèå îò òî÷êè ïñåâäîñ�å-
ðû äî îñè âðàùåíèÿ, à α � óãîë ïîâîðîòà òî÷êè ïîâåðõíîñòè

îò ïëîñêîñòè yz. Äàííàÿ ïàðàìåòðèçàöèÿ ïðåäñòàâëÿåò ñîáîé

ðåçóëüòàò îáðàùåíèÿ òðàêòðèñû âîêðóã îñè z. Â òàêîé ïàðà-

ìåòðèçàöèè ìåòðè÷åñêàÿ �îðìà ïîâåðõíîñòè ïðèíèìàåò âèä:

(3) ds2 = r−2dr2 + r2dα2.

Êîìïîíåíòû ñâÿçíîñòè â ýòîé ìåòðèêå èìåþò âèä:

(4) Γ1
12 = Γ2

11 = Γ2
22 = 0,Γ2

12 = r−1,Γ1
11 = −r−1,Γ1

22 = −r3.
�àóññîâà êðèâèçíà ïîâåðõíîñòè ïîñòîÿííà è ðàâíà −1.
�àññìîòðèì îòîáðàæåíèå, ñîõðàíÿþùåå óãîë α, íî ¾âûòÿãè-

âàþùåå¿ òî÷êè îò îñè â íàïðàâëåíèè ê êðàþ ïîâåðõíîñòè ïî

ïðàâèëó:

(5) r̄ = r(1− r)−1.

Ïðè ýòîì òî÷êè, ñîîòâåòñòâóþùèå ïàðàìåòðó r â ïðîìåæóò-

êå çíà÷åíèé (0; 0.5), âûòÿíóòñÿ íà ïðîìåæóòîê çíà÷åíèé (0; 1).
Îáðàòíîå îòîáðàæåíèå õàðàêòåðèçóåòñÿ ñëåäóþùèì ïðàâèëîì:

(6) r = r̄(1 + r̄)−1

è, ñîîòâåòñòâåííî, ñîâåðøàåò îáðàòíîå ¾ñòÿãèâàíèå¿ òî÷åê âñåé

ïîâåðõíîñòè íà ÷àñòü ïîâåðõíîñòè.
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3. Ïîêàæåì, ÷òî îòîáðàæåíèÿ (5) è (6) îáëàäàþò ñâîéñòâîì

ïåðåâîäèòü ãåîäåçè÷èñêèå ëèíèè â èçîïåðèìåòðè÷åñêèå ýêñòðå-

ìàëè ïîâîðîòà.

Òåîðåìà 1. Îòîáðàæåíèå (5) ïñåâäîñ�åðû (2) ÿâëÿåòñÿ ïîâî-

ðîòíî-êîí�îðìíûì ñî ñâîéñòâîì âçàèìíîñòè.

Äîêàçàòåëüñòâî. Ïîäñòàâèâ âûðàæåíèå, ñâÿçûâàþùåå íîâûå

è ñòàðûå ïàðàìåòðû òî÷êè, â ìåòðè÷åñêóþ �îðìó ïñåâäîñ�å-

ðû, è ïåðåîáîçíà÷àÿ ïàðàìåòðû, ìû ïîëó÷èì âûðàæåíèå äëÿ

ìåòðèêè âòîðîé ïîâåðõíîñòè â îáùèõ ïî îòîáðàæåíèþ êîîðäè-

íàòàõ:

(7) ds̄2 = (1− r)−2r−2dr2 + (1− r)−2r2dα2.

Ìåòðè÷åñêèå �îðìû ïðîïîðöèîíàëüíû ñ òî÷íîñòüþ äî ìíî-

æèòåëÿ:

(8) ḡij = e2ψgij ,

ãäå e2ψ = (1− r)−2
, ÷òî îçíà÷àåò êîí�îðìíîñòü îòîáðàæåíèÿ.

Äëÿ óäîáñòâà ïðèìåì r çà ïåðâóþ êîîðäèíàòó è α � çà âòî-

ðóþ: x1 = r, x2 = α. Áóäåì îáîçíà÷èòü äè��åðåíöèðîâàíèÿ ïî

íèì ñîîòâåòñòâóþùèìè íèæíèìè çíàêàìè.

À. Ïîêàæåì, ÷òî îòîáðàæåíèå óäîâëåòâîðÿåò óñëîâèÿì ïîâî-

ðîòíîñòè (1). Â ñëó÷àå êîí�îðìíîãî îòîáðàæåíèÿ ïñåâäîñ�åðû

ýòè óñëîâèÿ ïðèíèìàþò âèä:

(9) ∇jψi = ψiψj − (Aeψ + 1)gij ,

Ñ ó÷åòîì óñëîâèÿ êîí�îðìíîñòè îòîáðàæåíèÿ (8) óðàâíåíèÿ

ïîâîðîòíîñòè ïðèîáðåòàþò âèä:

∇1ψ1 =(1− r)−2 − (A(1 − r)−1 + 1)r−2,

∇2ψ1 =0,(10)

∇1ψ2 =0,

∇2ψ2 =− (A(1 − r)−1 + 1)r2.
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Âû÷èñëèì êîâàðèàíòíûå ïðîèçâîäíûå â ëåâîé ÷àñòè ðàâåí-

ñòâà ïðè ïîìîùè çíà÷åíèé êîìïîíåíò ñâÿçíîñòè (4):

∇1ψ1 =
∂ψ1

∂r
− ψ1Γ

1
11 = (1− r)−2 − (1 − r)−1(−r−1),

∇2ψ1 =
∂ψ1

∂x2
− ψ1Γ

1
12 = 0,

∇1ψ2 =
∂ψ2

∂x1
− ψ1Γ

1
21 = 0,

∇2ψ2 =
∂ψ2

∂x2
− ψ1Γ

1
22 = −(1− r)−1(−r3).

Ïîäñòàâèì ýòè çíà÷åíèÿ â óðàâíåíèÿ ïîâîðîòíîñòè (10). Òî-

ãäà âòîðîå è òðåòüå óðàâíåíèÿ âûïîëíÿþòñÿ òîæäåñòâåííî, à

ïåðâîå è ÷åòâåðòîå óðàâíåíèÿ ïðèâîäÿò ê îäíîìó óðàâíåíèþ:

(11) −(1− r)−1(−r−1) = −(A(1− r)−1 + 1)r−2.

Îíî òîæäåñòâåííî âûïîëíÿåòñÿ ïðè A = −1. Òàêèì îáðàçîì,

ïîâîðîòíîñòü îòîáðàæåíèÿ äîêàçàíà.

Á. Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî îáðàòíîå îòîáðàæåíèå òàê-

æå ïîâîðîòíî ñäåëàåì íà âòîðîé ïîâåðõíîñòè (7) çàìåíó ïå-

ðåìåííûõ (6): r̄ = R(1 + R)−1
. È íà ïåðâîé ïîâåðõíîñòè (3)

ñäåëàåì çàìåíó ïåðåìåííûõ: r = R̄(1 + R̄)−1
. Òîãäà îáðàòíîå

îòîáðàæåíèå R → R̄, α → ᾱ ïðèìåò âèä îòîáðàæåíèÿ ïîâåðõ-

íîñòè ñ ìåòðèêîé

(12) ds̄2 = R−2dR2 +R2dα2

íà ïîâåðõíîñòü ñ ìåòðèêîé

(13) ds̄2 = (1 + R̄)−2R̄−2dR̄2 + (1 + R̄)−2R̄2dᾱ2.

Íå ñëîæíî ïðîâåðèòü âûïîëíåíèå óðàâíåíèé ïîâîðîòíîñòè

(9). Ìû ïîëó÷èì åäèíñòâåííîå óðàâíåíèå, àíàëîãè÷íîå óðàâ-

íåíèþ (11):

(14) (1 +R)−1R−1 = (Ā(1 +R)−1 + 1)R−2,

êîòîðîå òîæäåñòâåííî âûïîëíÿåòñÿ ïðè Ā = −1. Òåîðåìà äî-

êàçàíà. �
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4. Îòìåòèì, ÷òî óðàâíåíèÿ ïîâîðîòíîñòè äëÿ îòîáðàæåíèÿ

(9) óäîâëåòâîðÿþò óðàâíåíèÿì êîíöèðêóëÿðíûõ îòîáðàæå-

íèé, èññëåäîâàííûõ Ê. ßíî [4℄, à çíà÷èò ðàññìàòðèâàåìîå îòîá-

ðàæåíèå ïåðåâîäèò ãåîäåçè÷åñêèå îêðóæíîñòè â ãåîäåçè÷åñêèå

îêðóæíîñòè.
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Äè��åðåíöèàëüíûå èíâàðèàíòû

ðàññëîåíèÿ êðèâûõ íà ïëîñêîñòè

Ëîáà÷åâñêîãî

Â ðàáîòå äàåòñÿ ïîëíîå îïèñàíèå àëãåáðû äè��åðåíöèàëüíûõ èíâà-

ðèàíòîâ ðàññëîåíèÿ êðèâûõ íà ïëîñêîñòè Ëîáà÷åâñêîãî îòíîñèòåëüíî

ãðóïïû äâèæåíèé. Ïîêàçàíî, ÷òî äè��åðåíöèàëüíûå èíâàðèàíòû ëþ-

áîãî ïîðÿäêà ïîëó÷àþòñÿ èç äè��åðåíöèàëüíûõ èíâàðèàíòîâ âòîðîãî

ïîðÿäêà ïðè ïîìîùè äè��åðåíöèðîâàíèÿ ïîñëåäíèõ âäîëü èíâàðè-

àíòíûõ âåêòîðíûõ ïîëåé.

Êëþ÷åâûå ñëîâà: ðàññëîåíèÿ êðèâûõ, äè��åðåíöèàëüíûå èíâàðèàíòû,

äæåòû, èíâàðèàíòíûå äè��åðåíöèðîâàíèÿ

1. Ââåäåíèå

Â ðàáîòàõ [5,6℄ ìû ïîñòðîèëè àëãåáðó ñêàëÿðíûõ äè��åðåí-

öèàëüíûõ èíâàðèàíòîâ ðàññëîåíèÿ êðèâûõ íà ïëîñêîñòè Ìèí-

êîâñêîãî. Â ýòîé ðàáîòå ìû ðàññìîòðèì ïëîñêîñòü Ëîáà÷åâñêî-

ãî.

Â êà÷åñòâå ìîäåëè ïëîñêîñòè Ëîáà÷åâñêîãî ìû âûáåðåì ìî-

äåëü Ïóàíêàðå: âåðõíþþ îòêðûòóþ ïîëóïëîñêîñòü

R2
+ = {(x, y) ∈ R2|y > 0}

ñ ìåòðèêîé

(1) ds2 =
dx2 + dy2

y2
.

�åîäåçè÷åñêèìè â ýòîé ìîäåëè ÿâëÿþòñÿ âåðòèêàëüíûå ëó÷è, à

òàêæå äóãè îêðóæíîñòåé ñ öåíòðîì íà îñè x.
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Èí�èíèòåçèìàëüíûå ñèììåòðèè ìåòðèêè (1) èìåþò âèä

X =
∂

∂x
, Y =

x2 − y2

2

∂

∂x
+ xy

∂

∂y
, Z = x

∂

∂x
+ y

∂

∂y
.

Ñäâèãè âäîëü òðàåêòîðèé ýòèõ âåêòîðíûõ ïîëåé ïîðîæäàþò

ãðóïïó äâèæåíèé íà ïëîñêîñòè Ëîáà÷åâñêîãî.

Ïóñòü ϕ : R2
+ → R � ðàññëîåíèå êðèâûõ. Â êîîðäèíàòàõ

òàêîå ðàññëîåíèå ìîæíî çàäàòü ñ ïîìîùüþ íåêîòîðîé ãëàäêîé

(êëàññà C∞
) �óíêöèåé äâóõ ïåðåìåííûõ u = f(x, y), òàêîé, ÷òî

åå äè��åðåíöèàë df 6= 0. Ëèíèè óðîâíÿ ýòîé �óíêöèè ñîâïà-

äàþò ñ êðèâûìè ðàññëîåíèÿ ϕ.
Ôóíêöèÿ f îïðåäåëåíà ñ òî÷íîñòüþ äî êàëèáðîâî÷íîãî ïðå-

îáðàçîâàíèÿ f → F (f), ãäå F : R → R � ïðîèçâîëüíàÿ ãëàäêàÿ

�óíêöèÿ. Êàëèáðîâî÷íîå ïðåîáðàçîâàíèå ïîðîæäàåòñÿ âåêòîð-

íûìè ïîëÿìè âèäà

H = h(u)
∂

∂u
.

Äâèæåíèÿ ïîëóïëîñêîñòè âìåñòå ñ êàëèáðîâî÷íûì ïðåîáðà-

çîâàíèåì ïðÿìîé ïîðîæäàþò ïñåâäîãðóïïó Ëè G, äåéñòâóþ-
ùóþ â ïîëóïðîñòðàíñòâå R3

+ = R2
+ × R ñ êîîðäèíàòàìè x, y, u.

Íàéäåì àëãåáðó äè��åðåíöèàëüíûõ èíâàðèàíòîâ ýòîãî ðàñ-

ñëîåíèÿ îòíîñèòåëüíî ãðóïïû äâèæåíèé.

�àññìîòðèì ðàññëîåíèå

π : R× R2
+ → R2

+, π : (u, x, y) 7→ (x, y).

Ïóñòü Jk(π) � ìíîãîîáðàçèå k-äæåòîâ ëîêàëüíûõ ñå÷åíèé ðàñ-
ñëîåíèÿ π. Ââåäåì íà Jk(π) ñëåäóþùèå (ëîêàëüíûå) êîîðäèíà-
òû:

x, y, u, u1,0, u0,1, . . . , us,t, . . . u0,k.

Çäåñü êîîðäèíàòà us,t îòâå÷àåò ÷àñòíîé ïðîèçâîäíîé

∂s+tu

∂xs∂yt
, (0 ≤ s+ t ≤ k).

Ïðîäîëæåíèÿ âåêòîðíûõ ïîëåé X,Y,Z è H â ïðîñòðàíñòâî

2-äæåòîâ J2(π) èìåþò âèä:
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X(2) =
∂

∂x
,

Y (2) =Y − (xu1,0 + yu0,1)
∂

∂u1,0
+ (yu1,0 − xu0,1)

∂

∂u0,1
−

−(u1,0 + 2xu2,0 + 2yu1,1)
∂

∂u2,0
+ (yu2,0 − u0,1−

− 2xu1,1 − yu0,2)
∂

∂u1,1
+ (u1,0 + 2yu1,1 − 2xu0,2)

∂

∂u0,2
,

Z(2) =Z − u1,0
∂

∂u1,0
− u0,1

∂

∂u0,1
−

− 2u2,0
∂

∂u2,0
− 2u1,1

∂

∂u1,1
− 2u0,2

∂

∂u0,2
,

H(2) =H + h′u1,0
∂

∂u1,0
+ h′u0,1

∂

∂u0,1
+ (h′′u21,0 + h′u2,0)

∂

∂u2,0
+

+(h′′u0,1u1,0 + h′u1,1)
∂

∂u1,1
+ (h′′u20,1 + h′u0,2)

∂

∂u0,2
.

Ïðîñòûå àðè�ìåòè÷åñêèå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ïåð-

âûå äè��åðåíöèàëüíûå èíâàðèàíòû ðàññëîåíèÿ ϕ âîçíèêàþò

â ïðîñòðàíñòâå 2-äæåòîâ J2(π).
Âû÷èñëèì ýòè äè��åðåíöèàëüíûå èíâàðèàíòû. Äëÿ ýòîé öå-

ëè ìû èñïîëüçóåì èíâàðèàíòíûå äè��åðåíöèðîâàíèÿ ïñåâäî-

ãðóïïû Ëè G.

2. Èíâàðèàíòíûå äè��åðåíöèðîâàíèÿ

Ïóñòü J∞(π) � ïðîñòðàíñòâî áåñêîíå÷íûõ äæåòîâ ðàññëîå-

íèÿ π, G � àëãåáðà Ëè ïñåâäîãðóïïû Ëè G è G∞ � ïîäíÿòèå

G â J∞(π).
Äè��åðåíöèàëüíûé îïåðàòîð

∇ : C∞(J∞(π)) → C∞(J∞(π))
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áóäåì íàçûâàòü èíâàðèàíòíûì äè��åðåíöèðîâàíèåì ïñåâäî-

ãðóïïû Ëè G åñëè îí êîììóòèðóåò ñ ëþáûì ýëåìåíòîì X∗ ∈
G∞, òî åñòü

(2) X∗ ◦ ∇ = ∇ ◦X∗.

Ñ ðàññëîåíèåì ϕ, çàäàííîì �óíêöèåé u = f(x, y) ñâÿçàíû
äâà âåêòîðíûõ ïîëÿ íà R2

+: ïîëÿ åäèíè÷íûõ âåêòîðîâ êàñà-

òåëüíûõ è íîðìàëüíûõ ê êðèâûì ðàññëîåíèÿ. Ýòè âåêòîðíûå

ïîëÿ èìåþò âèä

A =
y√

f2x + f2y

(
fy

∂

∂x
− fx

∂

∂y

)

è

B =
y√

f2x + f2y

(
fx

∂

∂x
+ fy

∂

∂y

)

ñîîòâåòñòâåííî. Îíè èíâàðèàíòíû îòíîñèòåëüíî äâèæåíèé

ïëîñêîñòè è êàëèáðîâî÷íîãî ïðåîáðàçîâàíèÿ è ïîðîæäàþò èí-

âàðèàíòíûå äè��åðåíöèðîâàíèÿ

∇t =
y√

u21,0 + u20,1

(
u0,1

d

dx
− u1,0

d

dy

)

è

∇n =
y√

u21,0 + u20,1

(
u1,0

d

dx
+ u0,1

d

dy

)

íà C∞(J∞(π)). Çäåñü

d

dx
=
∂

∂x
+ u1,0

∂

∂u
+ u2,0

∂

∂u1,0
+ u1,1

∂

∂u0,1
+ u3,0

∂

∂u2,0
+ · · ·

d

dy
=
∂

∂y
+ u0,1

∂

∂u
+ u1,1

∂

∂u1,0
+ u0,2

∂

∂u0,1
+ u2,1

∂

∂u2,0
+ · · · .

� îïåðàòîðû ïîëíîãî äè��åðåíöèðîâàíèÿ ïî ïåðåìåííûì x è
y ñîîòâåòñòâåííî.
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3. Äè��åðåíöèàëüíûå èíâàðèàíòû

Ïîñòðîåííûå èíâàðèàíòíûå äè��åðåíöèðîâàíèÿ ïîðîæäà-

þò äâà äè��åðåíöèàëüíûõ èíâàðèàíòà âòîðîãî ïîðÿäêà ïñåâ-

äîãðóïïû Ëè G. Äåéñòâèòåëüíî, íå òðóäíî çàìåòèòü, ÷òî êîì-
ìóòàòîð îïåðàòîðîâ ∇t è ∇n ëèíåéíî âûðàæàåòñÿ ÷åðåç ýòè

îïåðàòîðû:

(3) [∇t,∇n] = I1∇t + I2∇n

Êîý��èöèåíòû I1, I2 ∈ C∞(J2(π) è ÿâëÿþòñÿ ýòèìè äè��å-

ðåíöèàëüíûìè èíâàðèàíòàìè.

Óêàæåì èõ êîîðäèíàòíîå ïðåäñòàâëåíèå:

I1 =
yu2,0u

2
0,1 + yu0,2u

2
1,0 − u30,1 − u0,1u

2
1,0 − 2yu0,1u1,0u1,1

(u21,0 + u20,1)
3/2

è

I2 =
1

(u21,0 + u20,1)
3/2

(u31,0 + u1,0u
2
0,1 + yu21,0u1,1−

− yu1,0u0,1u2,0 + yu1,0u0,1u0,2 − yu1,1u
2
0,1).

Ïóñòü I � äè��åðåíöèàëüíûé èíâàðèàíò k-ãî ïîðÿäêà ïñåâ-
äîãðóïïû Ëè G è ∇ � èíâàðèàíòíîå äè��åðåíöèðîâàíèå.

Ïî îïðåäåëåíèþ èíâàðèàíòíîãî äè��åðåíöèðîâàíèÿ, �óíê-

öèÿ ∇(I) ÿâëÿåòñÿ äè��åðåíöèàëüíûì èíâàðèàíòîì (k+1)-ãî
ïîðÿäêà. Äåéñòâèòåëüíî, â ñèëó (2) ìû ïîëó÷àåì:

X(k+1)(∇(I)) = ∇(X(k)(I)) = 0.

Çäåñü X(k)
� k-å ïðîäîëæåíèå âåêòîðíîãî ïîëÿ X ∈ G.

Òàêèì îáðàçîì, �óíêöèè

I1,1 = ∇t(I1), I1,2 = ∇n(I1), I2,1 = ∇t(I2) è I2,2 = ∇n(I2)

ÿâëÿþòñÿ äè��åðåíöèàëüíûìè èíâàðèàíòàìè òðåòüåãî ïîðÿä-

êà.
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Çàïèñàííûå â êîîðäèíàòàõ, îíè èìåþò ñëåäóþùèé âèä:

I1,1 = − y2

(u1,02 + u0,12)3
(−u0,15u3,0 + (3 u2,0u1,1 + 3 u1,0u2,1)u0,1

4−

− u1,0((u3,0 + 3 u1,2)u1,0 + 6 u1,1
2 − 3 u2,0(u2,0 − u0,2))u0,1

3+

+ u1,0
2((u0,3 + 3 u2,1)u1,0 − 9 u1,1(u2,0 − u0,2))u0,1

2−
− 3 u1,0

3(u1,0u1,2 − 2 u1,1
2 − u0,2(u2,0 − u0,2))u0,1 + u1,0

5u0,3−
− 3 u1,1u1,0

4u0,2),

I1,2 =
−2

(u1,02 + u0,12)3
(y((−1/2 yu2,1 − 1/2 u2,0)u0,1

5+

+ (((−1/2 u3,0 + u1,2)y + 1/2 u1,1)u1,0 + 1/2 y(u2,0u0,2+

+ 2 u1,1
2))u0,1

4 − 3 u1,0(((−1/6 u2,1 + 1/6 u0,3)y + 1/3 u2,0)u1,0+

+ yu1,1(u0,2 − u2,0))u0,1
3 + 1/2 u1,0

2(((−u3,0 + u1,2)y+

2 u1,1)u1,0 + 3 y(−8/3 u1,1
2 − 4/3 u2,0u0,2 + u0,2

2 + u2,0
2))u0,1

2+

+ 3 u1,0
3(((1/3 u2,1 − 1/6 u0,3)y − 1/6 u2,0)u1,0+

+ yu1,1(u0,2 − u2,0))u0,1 − 1/2 u1,0
4((yu1,2 − u1,1)u1,0−

− y(u2,0u0,2 + 2 u1,1
2)))),

I2,1 =
2

(u1,02 + u0,12)3
(y((−1/2 u1,1 − 1/2 yu1,2)u1,0

5+

+ (((u2,1 − 1/2 u0,3)y + 1/2 u2,0)u0,1 − 1/2 (−u1,12+
+ u0,2(u0,2 − u2,0))y)u1,0

4+

+ 1/2 u0,1(((−u3,0 + u1,2)y − 2 u1,1)u0,1+

+ 8 yu1,1(−1/2 u2,0 + u0,2))u1,0
3

− 1/2 (((−u2,1 + u0,3)y − 2 u2,0)u0,1−
− 2 (−5 u1,1

2 + (u0,2 − u2,0)
2)y)u0,1

2u1,0
2+

+ u0,1
3(((−1/2 u3,0 + u1,2)y − 1/2 u1,1)u0,1−

− 2 yu1,1(−2 u2,0 + u0,2))u1,0 − 1/2 u0,1
4((−u2,0 + yu2,1)u0,1−

− y(u1,1
2 + u2,0(u0,2 − u2,0))))),
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I2,2 = − y2

(u1,02 + u0,12)3
(−u2,1u1,05 + ((u3,0 − 2 u1,2)u0,1−

− u1,1(−2 u2,0 + u0,2))u1,0
4 − u0,1((−u2,1 + u0,3)u0,1 − 6 u1,1

2+

+ (u0,2 − u2,0)(−2 u2,0 + u0,2))u1,0
3 − ((−u3,0 + u1,2)u0,1−

− 9 u1,1(u0,2 − u2,0))u0,1
2u1,0

2 − u0,1
3((−2 u2,1 + u0,3)u0,1−

− u2,0
2 + 6 u1,1

2 + 3 u2,0u0,2 − 2 u0,2
2)u1,0+

+ (u0,1u1,2 − 2 u1,1(−1/2 u2,0 + u0,2))u0,1
4).

Ýòèìè èíâàðèàíòàìè èñ÷åðïûâàþòñÿ âñå äè��åðåíöèàëü-

íûå èíâàðèàíòû òðåòüåãî ïîðÿäêà.

Äåéñòâèòåëüíî, ðàçìåðíîñòü ïðîñòðàíñòâà äè��åðåíöèàëü-

íûõ èíâàðèàíòîâ � ýòî êîðàçìåðíîñòü ðåãóëÿðíûõ îðáèò ïðî-

äîëæåíèÿ ïñåâäîãðóïïû Ëè G â ðàññëîåíèå Jk(π). Íàïðèìåð,
ðàçìåðíîñòü ïðîñòðàíñòâà 1-äæåòîâ J1(π) ðàâíà ïÿòè. Îðáèòà

îáùåãî ïîëîæåíèÿ ïîðîæäåíà ïðîäîëæåíèÿìè X(1), Y (1), Z(1)

âåêòîðíûõ ïîëåé X,Y,Z â Jk(π), à òàêæå ïðîäîëæåíèÿìè â

Jk(π) âåêòîðíûõ ïîëåé ∂
∂u è u

∂
∂u è ïîýòîìó òîæå èìååò ðàçìåð-

íîñòü ïÿòü.

Òàêèì îáðàçîì, ó ðà
ñëîåíèÿ êðèâûõ ϕ íå ñóùåñòâóåò äè�-

�åðåíöèàëüíûõ èíâàðèàíòîâ ïåðâîãî ïîðÿäêà. �àçìåðíîñòü îð-

áèòû îáùåãî ïîëîæåíèÿ â Jk(π) ðàâíà k+4, à ðàçìåðíîñòü ïðî-
ñòðàíñòâà Jk(π) ðàâíà 2+Ckk+2. Ïîýòîìó êîðàçìåðíîñòü îðáèòû

ðàâíà

(4) ν(k) = Ckk+2 − k − 2.

Ýòî ÷èñëî ñîâïàäàåò ñ ÷èñëîì �óíêöèîíàëüíî íåçàâèñèìûõ

äè��åðåíöèàëüíûõ èíâàðèàíòîâ, ïîðÿäîê êîòîðûõ íå âûøå k.
Òàêèì îáðàçîì, ÷èñëî µ(k) èíâàðèàíòîâ k-ãî ïîðÿäêà ìîæíî

âû÷èñëèòü ïî �îðìóëå:

(5) µ(k) = ν(k)− ν(k − 1) = k.
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Â ÷àñòíîñòè, ÷èñëî �óíêöèîíàëüíî íåçàâèñèìûõ äè��åðåí-

öèàëüíûõ èíâàðèàíòîâ ïîðÿäêà íå âûøå 3 ðàâíî ïÿòè.
Ïðèâåäåííûå ðàññóæäåíèÿ ïîêàçûâàþò, ÷òî èíâàðèàíòû I1,

I2, I1,1, I1,2, I2,1 è I2,2 �óíêöèîíàëüíî çàâèñèìû. Ïîýòîìó ìåæ-
äó ïîñòðîåííûìè èíâàðèàíòàìè äîëæíî áûòü îäíî ñîîòíîøå-

íèå (òèïà óðàâíåíèÿ Gala â [5℄).

Èíâàðèàíòû ÷åòâåðòîãî ïîðÿäêà ìîæíî ïîëó÷èòü èç èíâà-

ðèàíòîâ òðåòüåãî ïîðÿäêà òàêæå ïðèìåíÿÿ ê íèì îïåðàòîðû

∇t è ∇n. Â ñèëó �îðìóëû (3) êîìïîçèöèè îïåðàòîðîâ ∇t ◦ ∇n

è ∇n ◦ ∇t ïîðîæäàþò îäíè è òå æå èíâàðèàíòû ïî ìîäóëþ

èíâàðèàíòîâ áîëåå íèçêîãî ïîðÿäêà.

Ìû ïîëó÷àåì 6 èíâàðèàíòîâ 4-ïîðÿäêà. Âñåãî æå ìû ïîëó÷è-

ëè 12 èíâàðèàíòîâ ïîðÿäêà íå ìåíåå 4. Ïîýòîìó ÷èñëî �óíêöè-
îíàëüíî íåçàâèñèìûõ èíâàðèàíòîâ ïîðÿäêà íå ìåíåå ÷åòûðåõ

ðàâíî äåâÿòè è ìåæäó ïîñòðîåííûìè èíâàðèàíòàìè äîëæíû

ñóùåñòâîâàòü òðè ñîîòíîøåíèÿ. Îäíî èç íèõ � ñîîòíîøåíèå, î

êîòîðîì ìû óïîìèíàëè âûøå. Äâà äðóãèõ ìû ïîëó÷àåì, ïðè-

ìåíÿÿ ê íåìó îïåðàòîðû ∇t è ∇n.

Àíàëîãè÷íî ìû ìîæåì ïîëó÷èòü äè��åðåíöèàëüíûå èíâà-

ðèàíòû ëþáîãî ïîðÿäêà.

Èòàê, ìû ïîëó÷àåì ñëåäóþùóþ òåîðåìó, êîòîðàÿ îïèñûâàåò

ñòðóêòóðó äè��åðåíöèàëüíûõ èíâàðèàíòîâ ðàññëîåíèÿ êðè-

âûõ íà ïëîñêîñòè Ëîáà÷åâñêîãî.

Òåîðåìà 1. Âñå äè��åðåíöèàëüíûõ èíâàðèàíòû ðàññëîåíèÿ

êðèâûõ íà ïëîñêîñòè Ëîáà÷åâñêîãî îòíîñèòåëüíî ãðóïïû äâè-

æåíèé ïîðîæäåíû äè��åðåíöèàëüíûìè èíâàðèàíòàìè âòî-

ðîãî ïîðÿäêà I1 è I2 è èõ âñåâîçìîæíûìè ïðîèçâîäíûìè ïî

∇t è ∇n.
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Ìîíæà-Àìïåðà: òåëåãðà�íîå

óðàâíåíèå è óðàâíåíèå �åëüìãîëüöà

Ïðèâîäèòñÿ ðåøåíèå ïðîáëåìû ëîêàëüíîé êîíòàêòíîé ýêâèâàëåíòíî-

ñòè óðàâíåíèé Ìîíæà-Àìïåðà ëèíåéíûì óðàâíåíèÿì ñ ïîñòîÿííûì

êîý��èöèåíòàìè. Ïîñòðîåíû íîðìàëüíûå �îðìû: òåëåãðà�íîå óðàâ-

íåíèå è óðàâíåíèå �åëüìãîëüöà.

We solve a problem of local contact equivalence of Monge-Ampère equa-
tions to linear equations with constant coefficients. We find normal forms
for such equations: the telegraph equation and the Helmholtz equation.

Êëþ÷åâûå ñëîâà: ý��åêòèâíûå äè��åðåíöèàëüíûå �îðìû, èíâàðèàíòû

Ëàïëàñà, êîíòàêòíûå ïðåîáðàçîâàíèÿ

1. Ââåäåíèå

Êëàññè÷åñêîå óðàâíåíèå Ìîíæà-Àìïåðà èìååò ñëåäóþùèé

âèä:

(1) Avxx + 2Bvxy + Cvyy +D(vxxvyy − v2xy) + E = 0,

ãäå A,B,C,D,E � �óíêöèè îò íåçàâèñèìûõ ïåðåìåííûõ x, y,
íåèçâåñòíîé �óíêöèè v = v(x, y) è åå ïåðâûõ ïðîèçâîäíûõ

vx, vy.
Óðàâíåíèÿ ýòîãî òèïà íà ïðîòÿæåíèè ïîñëåäíèõ ïîëóòîðà

ñòîëåòèé ïðèâëåêàëè âíèìàíèå ãåîìåòðîâ.
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Êëàññ óðàâíåíèé Ìîíæà-Àìïåðà âûäåëÿåòñÿ èç âñåãî ìíî-

ãîîáðàçèÿ óðàâíåíèé âòîðîãî ïîðÿäêà òåì, ÷òî îí çàìêíóò îò-

íîñèòåëüíî êîíòàêòíûõ ïðåîáðàçîâàíèé è ñîäåðæèò êâàçèëè-

íåéíûå óðàâíåíèÿ.

Ýòîò �àêò áûë èçâåñòåí åùå Ñî�óñó Ëè. Â 1870-õ è 1880-õ

ãîäàõ îí èçó÷àë ïðîáëåìû êëàññè�èêàöèè óðàâíåíèé Ìîíæà-

Àìïåðà îòíîñèòåëüíî (ïñåâäî)ãðóïïû êîíòàêòíûõ ïðåîáðàçî-

âàíèé [21, 22℄.

Ñàì Ñî�óñ Ëè íàøåë óñëîâèÿ ïðèâåäåíèÿ ãèïåðáîëè÷åñêèõ

óðàâíåíèé Ìîíæà-Àìïåðà ê âîëíîâîìó óðàâíåíèþ vxy = 0 ïðè
íàëè÷èè ó íèõ äâóõ ïðîìåæóòî÷íûõ èíòåãðàëîâ

1

, íî äîêàçà-

òåëüñòâà ýòîãî ðåçóëüòàòà îí òàê è íå îïóáëèêîâàë. Çàìåòèì,

îäíàêî, ÷òî ïðîâåðêà íàëè÷èÿ ïðîìåæóòî÷íûõ èíòåãðàëîâ ó

îáùåãî óðàâíåíèÿ Ìîíæà-Àìïåðà, à òåì áîëåå èõ ïîñòðîåíèå,

ÿâëÿåòñÿ íå ïðîñòîé çàäà÷åé.

Â 1978 ã. Ëû÷àãèí [24℄ ïðåäëîæèë ãåîìåòðè÷åñêîå îïèñàíèå

øèðîêîãî êëàññà äè��åðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïî-

ðÿäêà íà ãëàäêèõ ìíîãîîáðàçèÿõ. Åñëè ðàçìåðíîñòü ìíîãîîá-

ðàçèÿ ðàâíà äâóì, òî ýòîò êëàññ ñîâïàäàåò ñ êëàññîì óðàâíåíèé

Ìîíæà-Àìïåðà (1).

Îñíîâíàÿ èäåÿ Ëû÷àãèíà [24, 25℄ çàêëþ÷àåòñÿ â ïðåäñòàâ-

ëåíèè óðàâíåíèé Ìîíæà-Àìïåðà è èõ ìíîãîìåðíûõ àíàëîãîâ

äè��åðåíöèàëüíûìè �îðìàìè íà ïðîñòðàíñòâå 1-äæåòîâ
�óíêöèé íà ãëàäêîì ìíîãîîáðàçèè.

Ïðåèìóùåñòâîì òàêîãî ïîäõîäà ïåðåä êëàññè÷åñêèì ÿâëÿåò-

ñÿ ðåäóêöèÿ ïîðÿäêà ïðîñòðàíñòâà äæåòîâ: èñïîëüçóåòñÿ áîëåå

ïðîñòîå ïðîñòðàíñòâî 1-äæåòîâ J1M âìåñòî ïðîñòðàíñòâà 2-

äæåòîâ J2M , â êîòîðîì, áóäó÷è óðàâíåíèÿìè âòîðîãî ïîðÿäêà,

ad ho
 äîëæíû ëåæàòü óðàâíåíèÿ Ìîíæà-Àìïåðà.

1

Ïðîìåæóòî÷íûì èíòåãðàëîì óðàâíåíèÿ Ìîíæà-Àìïåðà íàçûâàåòñÿ

äè��åðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, êàæäîå ðåøåíèå êîòîðîãî

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ìîíæà-Àìïåðà
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Òàêàÿ èíòåðïðåòàöèÿ óðàâíåíèé Ìîíæà-Àìïåðà ïîçâîëèëà

ïî-íîâîìó âçãëÿíóòü íà ïðîáëåìó èõ êëàññè�èêàöèè è ïîñëó-

æèëà òîë÷êîì ê ïîÿâëåíèþ ìíîæåñòâà ðàáîò äðóãèõ àâòîðîâ

(ñì., íàïðèìåð, [6, 11, 29℄).

Â 1983 ãîäó Ëû÷àãèíûì è �óáöîâûì [27℄ áûëà ðåøåíà ïðî-

áëåìà ïðèâîäèìîñòè íåâûðîæäåííûõ óðàâíåíèé (1) ê óðàâíå-

íèÿì Ìîíæà-Àìïåðà ñ ïîñòîÿííûìè êîý��èöèåíòàìè â ñëó÷àå

êîãäà êîý��èöèåíòû A,B,C,D,E íå çàâèñÿò îò ïåðåìåííîé v.
Â 1996 ã. Òóíèöêèé ñíÿë ýòî îãðàíè÷åíèå è ðåøèë ïðîáëåìó

äëÿ óðàâíåíèé Ìîíæà-Àìïåðà îáùåãî âèäà [29℄.

Ïðîáëåìà ëîêàëüíîé ýêâèâàëåíòíîñòè îáùèõ óðàâíåíèé

Ìîíæà-Àìïåðà ãèïåðáîëè÷åñêîãî, ýëëèïòè÷åñêîãî è ïåðåìåí-

íîãî òèïîâ, êîý��èöèåíòû êîòîðûõ íå çàâèñÿò îò v, áûëà ðå-
øåíà â ðàáîòàõ Êðóãëèêîâà [4�6℄ è àâòîðà [8�11℄. Ïîçäíåå àâòîð

ðåøèë ýòó ïðîáëåìó äëÿ óðàâíåíèé îáùåãî âèäà [12℄, à òàêæå

ïðîáëåìó ïðèâåäåíèÿ óðàâíåíèé Ìîíæà-Àìïåðà ãèïåðáîëè÷å-

ñêîãî è ýëëèïòè÷åñêîãî òèïîâ êîíòàêòíûì ïðåîáðàçîâàíèåì ê

ëèíåéíûì óðàâíåíèÿì [13�16℄.

Ïîäðîáíîå îïèñàíèå èñòîðèè óðàâíåíèé Ìîíæà-Àìïåðà è èõ

êëàññè�èêàöèè, à òàêæå ñòàðûå è íîâûå ðåçóëüòàòû, ìîæíî

íàéòè â ìîíîãðà�èè [19℄ è â ðàáîòå [18℄.

Â ïðåäëàãàåìîé ðàáîòå ìû ðàññìàòðèâàåì ïðîáëåìó êîí-

òàêòíîé ýêâèâàëåíòíîñòè óðàâíåíèé Ìîíæà-Àìïåðà ëèíåéíûì

óðàâíåíèÿì ñ ïîñòîÿííûìè êîý��èöèåíòàìè. �åçóëüòàòû ïî

ãèïåðáîëè÷åñêèì óðàâíåíèÿì áûëè àíîíñèðîâàíû â ðàáîòå [17℄.

Îïèøåì îñíîâíûå èäåè ðàáîòû.

Êàê èçâåñòíî [26℄, íåâûðîæäåííûå óðàâíåíèÿ Ìîíæà-Àìïå-

ðà ïîðîæäàþò íà ïÿòè-ìåðíîì ïðîñòðàíñòâå 1-äæåòîâ J1R2

òðè ðàñïðåäåëåíèÿ: äâà äâóìåðíûõ C+ è C− è îäíî îäíîìåðíîå

l. Äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ýòè ðàñïðåäåëåíèÿ âåùå-

ñòâåííûå, à äëÿ ýëëèïòè÷åñêîãî � êîìïëåêñíûå. Ïðÿìàÿ ñóììà
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ïîäïðîñòðàíñòâ C+(a), C−(a) è l(a) â òî÷êå a ∈ J1R2
ñîâïàäà-

åò èëè ñî âñåì êàñàòåëüíûì ïðîñòðàíñòâîì TaJ
1R2

(äëÿ ãè-

ïåðáîëè÷åñêèõ óðàâíåíèé), èëè ñ åãî êîìïëåêñè�èêàöèåé (äëÿ

óðàâíåíèé ýëëèïòè÷åñêèõ).

Ýòî ðàçëîæåíèå, â ñâîþ î÷åðåäü, ïîðîæäàåò ðàçëîæåíèå â

ïðÿìóþ ñóììó êîìïëåêñà äå �àìà íà ìíîãîîáðàçèè 1-äæåòîâ.

Ïðèìåíÿÿ ýòî ðàçëîæåíèå, ìû ïîñòðîèëè ÷åòûðå òåíçîðíûõ

ïîëÿ òèïà (2,1) íà ïðîñòðàíñòâå 1-äæåòîâ [12℄.

Ïîñòðîåííûå òåíçîðíûå ïîëÿ ïîçâîëÿþò îïðåäåëèòü äâå

äè��åðåíöèàëüíûå 2-�îðìû λ+ è λ−, êîòîðûå ÿâëÿþòñÿ êîí-
òàêòíûìè èíâàðèàíòàìè óðàâíåíèé.

Ïðèìå÷àòåëüíî, ÷òî êîý��èöèåíòû ýòèõ �îðì, âû÷èñëåí-

íûõ äëÿ ëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé, ïðåäñòàâëÿþò

ñîáîé êëàññè÷åñêèå èíâàðèàíòû Ëàïëàñà [20℄. Ïîýòîìó �îðìû

λ+ è λ− ìû íàçûâàåì �îðìàìè Ëàïëàñà [13℄.

Êëàññè÷åñêèå èíâàðèàíòû Ëàïëàñà èìåþò äàâíþþ èñòîðèþ.

Â 1770 ã. Ýéëåð [2℄ ïðè ðåøåíèè ïðîáëåìû èíòåãðèðîâàíèÿ ëè-

íåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé âèäà

(2) vxy = a(x, y)vx + b(x, y)vy + c(x, y)v

ââåë �óíêöèè h = ab + c − ax è k = ab + c − by. Ýòè �óíêöèè

ÿâëÿþòñÿ îòíîñèòåëüíûìè èíâàðèàíòàìè ïðè ïðåîáðàçîâàíè-

ÿõ íåçàâèñèìûõ ïåðåìåííûõ x, y è ïåðåìåííîé v, êîòîðûå íå
ìåíÿþò âèäà óðàâíåíèÿ (2). Òàêèå ïðåîáðàçîâàíèÿ èìåþò ñëå-

äóþùèé âèä:

(3) (x, y, v) 7→ (X(x), Y (y), Z1(x, y)v + Z2(x, y)),

ãäå X,Y,Z1, Z2 � íåêîòîðûå ãëàäêèå �óíêöèè. Ôóíêöèè h è k
óìíîæàþòñÿ íà X ′(x)Y ′(y) ïðè òàêèõ ïðåîáðàçîâàíèÿõ. Îêàçà-
ëîñü, ÷òî óðàâíåíèå (2) ýêâèâàëåíòíî âîëíîâîìó óðàâíåíèþ

vxy = 0

òîãäà è òîëüêî òîãäà, êîãäà èíâàðèàíòû h è k ðàâíû íóëþ è â

ýòîì ñëó÷àå óðàâíåíèå (2) ìîæåò áûòü ïðîèíòåãðèðîâàíî. Åñ-

ëè æå â íóëü îáðàùàåòñÿ òîëüêî îäèí èç ýòèõ èíâàðèàíòîâ, òî
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äè��åðåíöèàëüíûé îïåðàòîð, îòâå÷àþùèé ïðàâîé ÷àñòè óðàâ-

íåíèÿ (2), ðàñêëàäûâàåòñÿ â êîìïîçèöèþ äâóõ äè��åðåíöè-

àëüíûõ îïåðàòîðîâ ïåðâîãî ïîðÿäêà è óðàâíåíèå òàêæå ìîæíî

ðåøèòü.

Ïîçäíåå, â 1773 ã., Ëàïëàñ [20℄ ñóùåñòâåííî ðàçâèë èäåè Ýé-

ëåðà, ñîçäàâ òàê íàçûâàåìûé "êàñêàäíûé ìåòîä" èíòåãðèðî-

âàíèÿ óðàâíåíèé. Èíâàðèàíòû h è k èãðàþò â íåì êëþ÷åâóþ

ðîëü.

Â 1890-õ ãîäàõ Äàðáó óñîâåðøåíñòâîâàë ìåòîä Ëàïëàñà è

íàçâàë �óíêöèè h è k èíâàðèàíòàìè Ëàïëàñà. Ëèíåéíîå ãè-

ïåðáîëè÷åñêîå óðàâíåíèå ìîæåò áûòü ðåøåíî ìåòîäîì Äàðáó

â çàìêíóòîé �îðìå òîãäà è òîëüêî òîãäà, êîãäà ïîñëåäîâàòåëü-

íîñòü èíâàðèàíòîâ Ëàïëàñà, àññîöèèðîâàííàÿ ñ óðàâíåíèåì,

îáðûâàåòñÿ.

Â 2004 ã. Èáðàãèìîâ [3℄ îïèñàë ñòðóêòóðó àëãåáðû äè��å-

ðåíöèàëüíûõ èíâàðèàíòîâ ëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíå-

íèé (2) è ïîêàçàë, ÷òî ëþáîé èõ äè��åðåíöèàëüíûé èíâàðèàíò

îòíîñèòåëüíî ïðåîáðàçîâàíèé (3) ÿâëÿåòñÿ �óíêöèåé îò èíâà-

ðèàíòîâ Ëàïëàñà è �óíêöèé, ïîëó÷åííûõ èç ïîñëåäíèõ ïóòåì

ïðèìåíåíèÿ ê íèì èíâàðèàíòíûõ äè��åðåíöèðîâàíèé.

Àíàëîãè èíâàðèàíòîâ Ëàïëàñà äëÿ ëèíåéíûõ ýëëèïòè÷åñêèõ

óðàâíåíèé áûëè ïîñòðîåíû Êîòòîíîì â 1990 ã. [1℄.

Ïîä÷åðêíåì, ÷òî ïîñòðîåííûå íàìè äè��åðåíöèàëüíûå 2-

�îðìû λ+ è λ−, â îòëè÷èå îò êëàññè÷åñêèõ èíâàðèàíòîâ Ëà-

ïëàñà è Êîòòîíà, ÿâëÿþòñÿ àáñîëþòíûìè äè��åðåíöèàëüíû-

ìè èíâàðèàíòàìè îòíîñèòåëüíî êîíòàêòíûõ ïðåîáðàçîâàíèé.

2. Ïîäõîä Ëû÷àãèíà ê óðàâíåíèÿì Ìîíæà-Àìïåðà

2.1. Ý��åêòèâíûå äè��åðåíöèàëüíûå �îðìû. Ïóñêàé

M � n-ìåðíîå ãëàäêîå ìíîãîîáðàçèå, JkM � ìíîãîîáðàçèå

k-äæåòîâ ãëàäêèõ �óíêöèé íà M , à D(JkM) è Ωs(JkM) �
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C∞(JkM)-ìîäóëè âåêòîðíûõ ïîëåé è äè��åðåíöèàëüíûõ s-
�îðì íà JkM ñîîòâåòñòâåííî. (2n+1)-ìåðíîå ãëàäêîå ìíîãîîá-
ðàçèå 1-äæåòîâ J1M ñíàáæåíî åñòåñòâåííîé êîíòàêòíîé ñòðóê-

òóðîé � ðàñïðåäåëåíèåì Êàðòàíà

C : J1M ∋ a 7→ C(a) ⊂ Ta(J
1M),

çàäàâàåìûì äè��åðåíöèàëüíîé 1-�îðìîé Êàðòàíà U . Ïîäïðî-
ñòðàíñòâî C(a) = kerUa êàñàòåëüíîãî ïðîñòðàíñòâà Ta(J

1M)
íàçûâàåòñÿ ïîäïðîñòðàíñòâîì Êàðòàíà.

Â êàíîíè÷åñêèõ ëîêàëüíûõ êîîðäèíàòàõ Äàðáó

(q, u, p) = (q1, . . . , qn, u, p1, . . . , pn)

íà J1M �îðìà Êàðòàíà èìååò âèä

U = du− pdq = du− p1dq1 − · · · − pndqn.

Îãðàíè÷åíèå äè��åðåíöèàëà �îðìû Êàðòàíà íà ïîäïðî-

ñòðàíñòâî Êàðòàíà íå âûðîæäåíî íà íåì è îïðåäåëÿåò ñèì-

ïëåêòè÷åñêóþ ñòðóêòóðó Ωa.
Âñÿêàÿ äè��åðåíöèàëüíàÿ n-�îðìà ω ∈ Ωn(J1M) îïðåäå-

ëÿåò íåëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð

∆ω : C∞(M) → Ωn(M),

äåéñòâóþùèé íà �óíêöèþ v ∈ C∞ (M) ïî ñëåäóþùåìó ïðàâè-
ëó [25℄:

(4) ∆ω(v) = ω|j1(v)(M).

Çäåñü j1(v)(M) ⊂ J1M � ãðà�èê 1-äæåòà j1(v) è ω|j1(v)(M) �

îãðàíè÷åíèå äè��åðåíöèàëüíîé �îðìû ω íà ýòîò ãðà�èê.

Îïåðàòîð ∆ω íàçûâàåòñÿ îïåðàòîðîì Ìîíæà-Àìïåðà, à

óðàâíåíèå

Eω
def
= {∆ω(v) = 0} ⊂ J2M

� óðàâíåíèåì Ìîíæà-Àìïåðà.
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Çàìåòèì, ÷òî ñîîòâåòñòâèå ìåæäó äè��åðåíöèàëüíûìè n-
�îðìàìè íà J1M è îïåðàòîðàìè Ìîíæà-Àìïåðà íå ÿâëÿåò-

ñÿ âçàèìíî-îäíîçíà÷íûì. Äëÿ óñòàíîâëåíèÿ âçàèìíî-îäíîçíà÷-

íîãî ñîîòâåòñòâèÿ ìåæäó äè��åðåíöèàëüíûìè �îðìàìè è îïå-

ðàòîðàìè íåîáõîäèìî îãðàíè÷èòüñÿ òîëüêî òàê íàçûâàåìûìè

ý��åêòèâíûìè �îðìàìè.

Äè��åðåíöèàëüíûå n-�îðìû íà J1M , èñ÷åçàþùèå íà ëþ-

áîì èíòåãðàëüíîì ìíîãîîáðàçèè ðàñïðåäåëåíèÿ Êàðòàíà, è ïî-

ýòîìó ïîðîæäàþùèå íóëåâîé äè��åðåíöèàëüíûé îïåðàòîð, îá-

ðàçóþò ãðàäóèðîâàííûé èäåàë I∗ =
⊕

s≥0I
s (Is ⊂ Ωs

(
J1M

)
)

âî âíåøíåé àëãåáðå Ω∗ (J1M
)
. Ýëåìåíòû �àêòîð-ìîäóëÿ

Ωsε
(
J1M

)
= Ωs

(
J1M

)
/Is.

íàçûâàþòñÿ ý��åêòèâíûìè s-�îðìàìè (s ≤ n), à ñàì ìîäóëü

� ìîäóëåì ý��åêòèâíûõ äè��åðåíöèàëüíûõ �îðì.

Èìåÿ â âèäó êëàññè÷åñêèå óðàâíåíèÿ Ìîíæà-Àìïåðà (1),

äàëåå ìû îãðàíè÷èìñÿ ñëó÷àåì n = 2. Äëÿ ëþáîãî ýëåìåíòà

�àêòîð-ìîäóëÿ Ω2
ε ìîæåò áûòü âûáðàí åäèíñòâåííûé ïðåäñòà-

âèòåëü ω ∈ Ω2
(
J1M

)
òàêîé, ÷òî X1⌋ω = 0 è ω ∧ dU = 0. Çäåñü

X1 � êîíòàêòíîå âåêòîðíîå ïîëå ñ ïðîèçâîäÿùåé �óíêöèåé 1.
Â êàíîíè÷åñêèõ êîîðäèíàòàõ Äàðáó X1 = ∂/∂u è òàêèå ïðåä-

ñòàâèòåëè èìåþò ñëåäóþùèé âèä:

ω = Edq1 ∧ dq2 +B (dq1 ∧ dp1 − dq2 ∧ dp2)+(5)

+ Cdq1 ∧ dp2 −Adq2 ∧ dp1 +Ddp1 ∧ dp2,
ãäå A,B,C,D,E � íåêîòîðûå ãëàäêèå �óíêöèè íà J1M .

Äè��åðåíöèàëüíûå �îðìû âèäà (5) ìû òàêæå áóäåì íàçû-

âàòü ý��åêòèâíûìè.

Çàìåòèì, ÷òî �îðìå (5) îòâå÷àåò óðàâíåíèå (1).

2.2. Îïåðàòîð Aω. Ïóñòü Ω � îãðàíè÷åíèå äè��åðåíöèàëà

�îðìû Êàðòàíà íà ðàñïðåäåëåíèå Êàðòàíà: Ωa = dU |C(a). Çà-

ìåòèì, ÷òî Ω íå ÿâëÿåòñÿ äè��åðåíöèàëüíîé 2-�îðìîé íà J1
,

òàê êàê ýòîò îáúåêò îïðåäåëåí òîëüêî íà ðàñïðåäåëåíèè Êàð-

òàíà.
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Îïðåäåëèì àññîöèèðîâàííûé ñ �îðìîé ω îïåðàòîð

Aω : D(C) 7→ D(C),

äåéñòâóþùèé íà ìîäóëå âåêòîðíûõ ïîëåéD(C), êîòîðûå ëåæàò
â ðàñïðåäåëåíèè Êàðòàíà [27℄:

X ⌋ω = AωXa⌋ Ω,

ãäå X ∈ D(C) � ïðîèçâîëüíîå âåêòîðíîå ïîëå.

Ôóíêöèÿ Pf(ω) ∈ C∞ (J1M
)
, îïðåäåëÿåìàÿ ðàâåíñòâîì

Pf(ω)Ω ∧ Ω = ω ∧ ω,
íàçûâàåòñÿ ï�à��èàíîì �îðìû ω.
Ïóñòü h � íå îáðàùàþùàÿñÿ â íóëü �óíêöèÿ íà J1M . Äè�-

�åðåíöèàëüíûå ý��åêòèâíûå 2-�îðìû ω è hω îïðåäåëÿþò îä-

íî è òî æå óðàâíåíèå Ìîíæà-Àìïåðà, ò.å. Ehω = Eω. Êðîìå
òîãî, Ahω = hAω è Pf(hω) = h2 Pf(ω).
Ïåðå÷èñëèì îñíîâíûå ñâîéñòâà îïåðàòîðà Aω.

• Îïåðàòîð Aω ñèììåòðè÷åí îòíîñèòåëüíî Ω, òî åñòü,

Ω (AωX,Y ) = Ω (X,AωY )

äëÿ ëþáûõ âåêòîðíûõ ïîëåé X,Y ∈ D(C);

• Âåêòîðíûå ïîëÿ X, è AωX ∈ D(C) êîñîîðòîãîíàëüíû,
òî åñòü

Ω (AωX,X) = 0.

• Êâàäðàò îïåðàòîðà Aω ñêàëÿðåí è

(6) A2
ω + Pf (ω) = 0.

2.3. Õàðàêòåðèñòè÷åñêèå ðàñïðåäåëåíèÿ è ïðÿìàÿ ñóì-

ìà ðàñïðåäåëåíèé. Ïîäïðîñòðàíñòâî Êàðòàíà â êàæäîé òî÷-

êå a ∈ J1M ðàñïàäàåòñÿ â ïðÿìóþ ñóììó ñîáñòâåííûõ ïîäïðî-

ñòðàíñòâ îïåðàòîðà Aa: C(a) = C+(a) ⊕ C−(a), ãäå C±(a) =
{X ∈ C(a)|AaX = ±X}. Ìû ïîëó÷àåì äâà 2-ìåðíûõ ðàñïðåäå-
ëåíèÿ íà J1M :

C± : J1M ∋ a 7−→ C±(a) ⊂ C(a).
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Ýòè ðàñïðåäåëåíèÿ êîñîîðòîãîíàëüíû, ò.å. Ωa(Pa, Qa) = 0 äëÿ

ëþáûõ âåêòîðîâ Pa ∈ C+(a) è Qa ∈ C−(a). Êðîìå òîãî, íà

êàæäîì èç ïîäïðîñòðàíñòâ C+(a) è C−(a) ñèìïëåêòè÷åñêàÿ

ñòðóêòóðà Ωa íå âûðîæäåíà. �àñïðåäåëåíèÿ C± íàçûâàþòñÿ

õàðàêòåðèñòè÷åñêèìè. Ýòî îïðåäåëåíèå îïðàâäàíî òåì, äëÿ

ëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñóùåñòâóåò åñòåñòâåí-

íàÿ ïðîåêöèè ýòèõ ðàñïðåäåëåíèé íà ïëîñêîñòü (x, y). Ýòè ïðî-
åêöèè îäíîìåðíû è èõ èíòåãðàëüíûå êðèâûå ïðåäñòàâëÿþò ñî-

áîé îáû÷íûå õàðàêòåðèñòèêè ëèíåéíûõ óðàâíåíèé. Äëÿ îáùèõ

íåëèíåéíûõ óðàâíåíèé òàêîé åñòåñòâåííîé ïðîåêöèè íå ñóùå-

ñòâóåò.

Çàìåòèì, ÷òî ïðè óìíîæåíèè 2-�îðìû íà −1 ñîáñòâåííûå

ïîäïðîñòðàíñòâà îïåðàòîðà Aa ìåíÿþòñÿ ìåñòàìè, òàê

÷òî óðàâíåíèå Ìîíæà-Àìïåðà ïîðîæäàåò ðàçëîæåíèå ïîäïðî-

ñòðàíñòâà Êàðòàíà ñ òî÷íîñòüþ äî ïåðåñòàíîâêè C+(a) è C−(a).
Îáðàòíî: âñÿêîå ðàçëîæåíèå ïîäïðîñòðàíñòâà Êàðòàíà C(a)

â ïðÿìóþ ñóììó äâóõ äâóìåðíûõ êîñîîðòîãîíàëüíûõ îòíîñè-

òåëüíî Ωa ïîäïðîñòðàíñòâ, íà êàæäîì èç êîòîðûõ ñèìïëåêòè-

÷åñêàÿ ñòðóêòóðà íå âûðîæäåíà, ïîðîæäàåò íåêîòîðîå ãèïåð-

áîëè÷åñêîå óðàâíåíèå Ìîíæà-Àìïåðà.

Îáîçíà÷èì ÷åðåç C
(k)
± èõ k-å ïðîèçâîäíûå.1 Ïåðâûå ïðîèç-

âîäíûå õàðàêòåðèñòè÷åñêèõ ðàñïðåäåëåíèé ÿâëÿþòñÿ 3-ìåðíû-
ìè ðàñïðåäåëåíèÿìè, à èõ ïåðåñå÷åíèå ïîðîæäàåò 1-ìåðíîå ðàñ-
ïðåäåëåíèå

l : J1M ∋ a 7→ l(a) = C
(1)
+ (a) ∩ C(1)

− (a) ⊂ Ta(J
1M),

êîòîðîå íå ëåæèò â ðàñïðåäåëåíèè Êàðòàíà: Ua(Za) 6= 0 äëÿ

ëþáîãî âåêòîðà Za ∈ l(a).

1

Ïåðâàÿ ïðîèçâîäíàÿ P (1)
ðàñïðåäåëåíèÿ P = F〈X1, . . . , Xn〉 � ýòî ðàñ-

ïðåäåëåíèå, ïîðîæäåííîå âåêòîðíûìè ïîëÿìè X1, . . . , Xn è èõ âñåâîçìîæ-

íûìè êîììóòàòîðàìè. Äàëåå � ïî èíäóêöèè.
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Òàêèì îáðàçîì, â êàæäîé òî÷êå a ∈ J1M êàñàòåëüíîå ïðî-

ñòðàíñòâî ê ìíîãîîáðàçèþ 1-äæåòîâ ðàñïàäàåòñÿ â ïðÿìóþ ñóì-

ìó òðåõ ïîäïðîñòðàíñòâ [26℄:

Ta(J
1M) = C+(a)⊕ l(a)⊕ C−(a).

Ïîýòîìó ãèïåðáîëè÷åñêîå óðàâíåíèå Ìîíæà-Àìïåðà ìîæíî

ðàññìàòðèâàòü êàê ïðÿìóþ ñóììó ïðÿìóþ ñóììó òðåõ ðàñïðå-

äåëåíèé:

P = C− ⊕ l ⊕ C+.

Ïóñòü òåïåðü Eω � ýëëèïòè÷åñêîå óðàâíåíèå Ìîíæà-Àìïåðà

è �îðìà ω íîðìèðîâàíà. Ýòîò ñëó÷àé ñõîäåí ñ ãèïåðáîëè÷å-

ñêèì, òîëüêî âìåñòî êàñàòåëüíîãî ïðîñòðàíñòâà Ta(J
1M) íóæ-

íî ðàññìàòðèâàòü åãî êîìïëåêñè�èêàöèþ TC
a (J

1M). Êîìïëåê-
ñè�èêàöèÿ êàñàòåëüíîãî ïðîñòðàíñòâà ðàñïàäàåòñÿ â ïðÿìóþ

ñóììó òðåõ êîìïëåêñíûõ ïîäïðîñòðàíñòâ:

TC
a (J

1M) = C+(a)⊕ l(a)⊕ C−(a),

ãäå C±(a) � ñîáñòâåííûå êîìïëåêñíûå ïîäïðîñòðàíñòâà îïå-

ðàòîðà Aa, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì ±ι (ι =
√
−1)

è l(a) = C
(1)
+ (a) ∩ C

(1)
− (a) � êîìïëåêñíàÿ ïðÿìàÿ. Îòìåòèì,

÷òî ïîäïðîñòðàíñòâà C+(a) è C−(a) êîìïëåêñíî ñîïðÿæåíû:

C+(a) = C−(a), à êîìïëåêñíàÿ ïðÿìàÿ l(a) ïîðîæäåíà äåéñòâè-
òåëüíûì âåêòîðîì: l(a) = CZa, Za ∈ Ta(J

1M).
Òàêèì îáðàçîì, ýëëèïòè÷åñêîå óðàâíåíèå Ìîíæà-Àìïåðà

ïðåäñòàâëÿåò ñîáîé ïðÿìóþ ñóììó êîìïëåêñíûõ ðàñïðåäåëå-

íèé.

3. Äè��åðåíöèàëüíûå òåíçîðíûå èíâàðèàíòû

óðàâíåíèé

3.1. �àçëîæåíèå êîìïëåêñà äå �àìà. �àññìîòðèì ãèïåð-

áîëè÷åñêîå óðàâíåíèå Ìîíæà-Àïìåðà.
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Îáîçíà÷èì ðàñïðåäåëåíèÿ C+, l è C− ÷åðåç P1, P2 è P3 ñîîò-

âåòñòâåííî. Ïóñòü Dj � ìîäóëü âåêòîðíûõ ïîëåé èç ðàñïðåäå-

ëåíèÿ Pj . Ïðîñòðàíñòâî âíåøíèõ s-�îðì íà Ta(J
1M) ðàñïàäà-

åòñÿ â ïðÿìóþ ñóììó

(7) Λs
(
T ∗
a (J

1M)
)
=
⊕

|k|=s
Λk
(
T ∗
a (J

1M)
)
,

ãäå k � ìóëüòèèíäåêñ, k =(k1, k2, k3), ki ∈ {0, 1, . . . ,dimPi},
|k| = k1 + k2 + k3,

Λk
(
T ∗
a (J

1M)
)
=





∑

j1+j2+j3=|k|

θj1 ∧ θj2 ∧ θj3 , ãäå θji ∈ Λki(Pi(a)
∗)





è Λs(Pi(a)
∗) � âåêòîðíîå ïðîñòðàíñòâî âíåøíèõ s-�îðì íà

Pi(a).
Ïóñòü Ωs(Pi) � ìîäóëü ãëàäêèõ ñå÷åíèé âåêòîðíîãî ðàññëî-

åíèÿ

πi :
⋃

a∈J1M

Λs(Pi(a)
∗) → J1M.

Ýòîò ìîäóëü åñòåñòâåííûì îáðàçîì îòîæäåñòâëÿåòñÿ ñ ïîäìî-

äóëåì

Ωsi = {α ∈ Ωs(J1M)| X⌋α = 0 ∀ X ∈ Dj , j 6= i} ⊂ Ωs(J1M)

è â äàëüíåéøåì ìû íå áóäåì äåëàòü ðàçëè÷èé ìåæäó Ωs(Pi) è
Ωsi .
�àçëîæåíèå (7) â ñâîþ î÷åðåäü âëå÷åò ðàçëîæåíèå â ïðÿìóþ

ñóììó ìîäóëÿ äè��åðåíöèàëüíûõ s-�îðì íà J1M :

Ωs
(
J1M

)
=
⊕

|k|=s
Ωk.

Çäåñü

Ωk =





∑

j1+j2+j3=|k|
αj1 ∧ αj2 ∧ αj3 , ãäå αji ∈ Ωkii



 ⊂

3⊗

i=1

Ωkii .
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Âíåøíèé äè��åðåíöèàë òàêæå ðàñïàäàåòñÿ â ïðÿìóþ ñóììó

d =
⊕

|t|=1

dt,

ãäå tj ∈ Ij = {z ∈ Z| |z| ≤ dimPj} è

dt : Ω
k → Ωk+t.

Çäåñü ïîä ñóììîé ìóëüòèèíäåêñîâ a = (ai)i è b = (bi)i ìû
ïîíèìàåì ìóëüòèèíäåêñ a+ b = (ai + bi)i.
�àçëîæåíèå òðåõ ïåðâûõ ÷ëåíîâ êîìïëåêñà äå �àìà ïðåä-

ñòàâëåíî íà ñëåäóþùåé äèàãðàììå:

Åñëè îäíà èç êîìïîíåíò ti ìóëüòèèíäåêñà t îòðèöàòåëüíà, òî

îïåðàòîð dt ÿâëÿåòñÿ C
∞(J1M)�ãîìîìîð�èçìîì [12℄. Íå ñëîæ-

íî ïîêàçàòü, ÷òî òàêèõ íåòðèâèàëüíûõ ãîìîìîð�èçìîâ âñåãî

÷åòûðå: d−1,1,1, d1,1,−1, d2,−1,0 è d0,−1,2.
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3.2. Ôîðìû Ëàïëàñà. Ïóñòü 1i = (0, 1i, 0)
1

� ìóëüòèèíäåêñ

äëèíû 3. �îìîìîð�èçì d1j+1k−1s (s, j, k = 1, 2, 3; s 6= j, k) ìîæ-

íî ðàññìàòðèâàòü êàê C∞(J1M)-ëèíåéíîå îòîáðàæåíèå

d1j+1k−1s : Ω
1s → Ω1j+1k ,

èëè êàê C∞(J1M)-áèëèíåéíîå îòîáðàæåíèå

(8) d1j+1k−1s : Dj ×Dk → Ds.

Ýòè ãîìîìîð�èçìû ìû èñïîëüçóåì äëÿ îïðåäåëåíèÿ òåíçîð-

íûõ ïîëåé τ1j+1k−1s íà J
1M , ïîëîæèâ äëÿ ïðîèçâîëüíûõ âåê-

òîðíûõ ïîëåé X,Y íà J1M

(9) τ1j+1k−1s(X,Y ) = τ1j+1k−1s (PjX,PkY ) ,

ãäå Pj : D(J1M) → Dj � ïðîåêòîð âåêòîðíûõ ïîëåé íà ðàñ-

ïðåäåëåíèå Pj (j = 1, 2, 3).
Òàêèì îáðàçîì, ìû ïîëó÷èëè ÷åòûðå òåíçîðíûõ ïîëÿ

τ−1,1,1, τ1,1,−1, τ2,−1,0 è τ0,−1,2

íà J1M . Â ñèëó (8) èõ ìîæíî ðàññìàòðèâàòü êàê áèëèíåéíûå

îòîáðàæåíèÿ

τ2,−1,0 : C+ × C+ → l,

τ0,−1,2 : C− × C− → l,

τ−1,1,1 : C− × l → C+,

τ1,1,−1 : C+ × l → C−.

Ïóñòü s 6= j, k. Äëÿ ïðîèçâîëüíûõ âåêòîðíûõ ïîëåé X è Y
íà J1M

(10) τ1j+1k−1s(X,Y ) = −Ps [PjX,PkY ] .

Îïðåäåëèì äâå äè��åðåíöèàëüíûå 2-�îðìû λ− è λ+ èç ìî-

äóëÿ Ω101
êàê "êîñóþ ñâåðòêó" òåíçîðíûõ ïîëåé:

(11) λ+ = 〈τ0,−1,2, τ1,1,−1〉 , λ− = 〈τ2,−1,0, τ−1,1,1〉 .

1

åäèíèöà ñòîèò òîëüêî íà i-ì ìåñòå.
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Çäåñü ñêîáêà 〈·, ·〉 îïðåäåëåíà �îðìóëîé
〈α⊗X,β ⊗ Y 〉 = (Y ⌋α) ∧ (X⌋β)

äëÿ òåíçîðîâ âèäà α ⊗ X è β ⊗ Y . Íà ëèíåéíûå êîìáèíàöèè

òàêèõ òåíçîðîâ îíà ïðîäîëæàåòñÿ ïî ëèíåéíîñòè.

Ôîðìû λ+ è λ− ìû áóäåì íàçûâàòü �îðìàìè Ëàïëàñà [13℄.

Êàê ïîêàçûâàåò ñëåäóþùèé ïðèìåð, ýòî îïðåäåëåíèå îïðàâäà-

íî.

Ïðèìåð 4. Äëÿ ëèíåéíîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

(12) vxy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y)

�îðìû Ëàïëàñà èìåþò âèä

λ− = (ab+ c− bq2)dq1 ∧ dq2, λ+ = −(ab+ c− aq1)dq1 ∧ dq2.
Êîý��èöèåíòû k = ab+ c− bq2 è h = ab+ c− aq1 ïðè dq1 ∧ dq2
â ýòèõ âûðàæåíèÿõ ïðåäñòàâëÿþò ñîáîé êëàññè÷åñêèå èíâà-

ðèàíòû Ëàïëàñà [20℄.

Ïðèìåð 5. Äëÿ óðàâíåíèÿ

(13) vxy = f (x, y, v, vx, vy)

�îðìû Ëàïëàñà

(14) λ− = fp2p2 (fp1dq1 ∧ du− dq1 ∧ dp2)+
(fu − p2fp2u + fp1fp2 − p2fp1fp2p2 − ffp1p2 − fq2p2) dq1 ∧ dq2,

(15) λ+ = fp1p1 (fp2dq2 ∧ du− dq2 ∧ dp1)+
(−fu + p1fp1u − fp1fp2 + p1fp2fp1p1 + ffp1p2 + fq1p1) dq1 ∧ dq2.

Ïðèìåð 6. Óðàâíåíèå

vxxvyy − v2xy
(1 + v2x + v2y)

2
= K(x, y),
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îïèñûâàåò ïîâåðõíîñòè ãàóñ
îâîé êðèâèçíû K(x, y), êîòîðûå
çàäàþòñÿ êàê ãðà�èêè �óíêöèé v = v(x, y). Äëÿ K = −1 ýòî

óðàâíåíèå ãèïåðáîëè÷åñêîå è åãî �îðìû Ëàïëàñà èìåþò âèä:

λ− =
1

2(1 + p21 + p22)
(dq1∧dp2−dq2∧dp1−p2du∧dp1+p1du∧dp2),

λ+ = −λ−.
Äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âñå íàøè êîíñòðóêöèè îñòà-

þòñÿ â ñèëå. Íóæíî òîëüêî âìåñòî êîìïëåêñà äå �àìà ðàññìàò-

ðèâàòü åãî êîìïëåêñè�èêàöèþ. Ïîëó÷åííûå ïðè ýòîì �îðìû

Ëàïëàñà áóäóò êîìïëåêñíî ñîïðÿæåííûìè.

Ïðèìåð 7. Äëÿ ëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ

(16) vxx + vyy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y)

�îðìû Ëàïëàñà èìåþò âèä

(17) λ± =
1

4

(
bx − ay ±

(
1

2
(a2 + b2) + 2c− ax − by

)
ι

)
dx∧dy.

Êîý��èöèåíòû ýòèõ �îðì

(18) K = bx − ay, and H =
1

2
(a2 + b2) + 2c− ax − by

ïðåäñòàâëÿþò ñîáîé èíâàðèàíòû Êîòòîíà [1℄.

Óðàâíåíèå Ìîíæà-Àìïåðà áóäåì íàçûâàòü ðåãóëÿðíûì, åñëè

ïðîèçâîäíûå ëþáîãî ïîðÿäêà õàðàêòåðèñòè÷åñêèõ ðàñïðåäåëå-

íèé òàêæå ÿâëÿþòñÿ ðàñïðåäåëåíèÿìè. Ýòî ðàâíîñèëüíî òîìó,

÷òî ðàíã �îðì Ëàïëàñà íå ìåíÿåòñÿ â ðàññìàòðèâàåìîé îáëà-

ñòè. Äàëåå ìû áóäåì ðàññìàòðèâàòü òîëüêî òàêèå óðàâíåíèÿ.

4. Êîíòàêòíàÿ ëèíåàðèçàöèÿ óðàâíåíèé

�àññìîòðèì ïðîáëåìó ëîêàëüíîé ýêâèâàëåíòíîñòè íåâûðîæ-

äåííûõ óðàâíåíèé Ìîíæà-Àìïåðà ëèíåéíûì óðàâíåíèÿì âèäà

(19) vxx ± vyy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y).
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Åñëè óðàâíåíèå Ìîíæà-Àìïåðà ëîêàëüíî êîíòàêòíî ýêâèâà-

ëåíòíî ëèíåéíîìó óðàâíåíèþ âèäà (19), òî åãî �îðìû Ëàïëàñà

óäîâëåòâîðÿþò îäíîìó èç ñëåäóþùèõ óñëîâèé:

(1) λ+ = λ− = 0,
(2) λ+ 6= 0 è λ− 6= 0,
(3) îäíà èç �îðì Ëàïëàñà � íóëåâàÿ, à äðóãàÿ � íåò.

Çàìåòèì, ÷òî òàê êàê �îðìû Ëàïëàñà äëÿ ýëëèïòè÷åñêèõ

óðàâíåíèé êîìïëåêñíî ñîïðÿæåíû, òî äëÿ ïîñëåäíèé ñëó÷àé

íå ìîæåò ðåàëèçîâàòüñÿ äëÿ òàêèõ óðàâíåíèé.

�àññìîòðèì êàæäûé èç ýòèõ ñëó÷àåâ îòäåëüíî.

4.1. Îáå �îðìû Ëàïëàñà îáðàùàþòñÿ â íóëü. Èçâåñòíî,

÷òî åñëè èíâàðèàíòû Ëàïëàñà k è h äëÿ ëèíåéíîãî ãèïåðáî-

ëè÷åñêîãî óðàâíåíèÿ (12) òîæäåñòâåííî ðàâíû íóëþ, òî òàêîå

óðàâíåíèå çàìåíîé ïåðåìåííûõ ìîæåò áûòü ïðèâåäåíî ê âîë-

íîâîìó óðàâíåíèþ vxy = 0. Êàê ïîêàçûâàåò ñëåäóþùàÿ òåîðå-

ìà [17℄, àíàëîãè÷íîå óòâåðæäåíèå îêàçûâàåòñÿ ñïðàâåäëèâûì

è äëÿ óðàâíåíèé Ìîíæà-Àìïåðà.

Òåîðåìà 1. Íåâûðîæäåííîå óðàâíåíèå Ìîíæà-Àìïåðà ëî-

êàëüíî êîíòàêòíî ýêâèâàëåíòíî ëèáî âîëíîâîìó óðàâíåíèþ

vxy = 0, ëèáî óðàâíåíèþ Ïóàññîíà vxx + vyy = f(x, y) òîãäà è

òîëüêî òîãäà, êîãäà îáå åãî �îðìû Ëàïëàñà ðàâíû íóëþ.

4.2. Îáå �îðìû Ëàïëàñà íå îáðàùàþòñÿ â íóëü. Çàìå-

òèì, ÷òî �îðìû Ëàïëàñà äëÿ ëèíåéíûõ óðàâíåíèé (19) óäîâëå-

òâîðÿþò ñëåäóþùèì óñëîâèÿì:

(20) λ± ∧ λ± = 0, λ+ ∧ λ− = 0, dλ± = 0.

Ïîýòîìó ýòè æå óñëîâèÿ äîëæíû âûïîëíÿòüñÿ äëÿ óðàâíåíèé

Ìîíæà-Àìïåðà, êîòîðûå êîíòàêòíî ýêâèâàëåíòíû ëèíåéíûì

óðàâíåíèÿì. Îêàçûâàåòñÿ, ýòè óñëîâèÿ ÿâëÿþòñÿ è äîñòàòî÷-

íûìè. À èìåííî, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïóñòü äëÿ íåâûðîæäåííîãî óðàâíåíèÿ Ìîíæà-

Àìïåðà îáå �îðìû Ëàïëàñà íå îáðàùàþòñÿ â íóëü. Óðàâíåíèå
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ëîêàëüíî êîíòàêòíî ýêâèâàëåíòíî ëèíåéíîìó óðàâíåíèþ (19)

òîãäà è òîëüêî òîãäà, êîãäà óñëîâèÿ (20) âûïîëíÿþòñÿ.

4.3. Îäíà èç �îðì Ëàïëàñà ðàâíà íóëþ, à äðóãàÿ � íåò.

Êàê îòìåòèëè âûøå, ýòîò ñëó÷àé ìîæåò ðåàëèçîâàòüñÿ ëèøü

äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Äëÿ îïðåäåëåííîñòè ïðåäïî-

ëîæèì, ÷òî λ− = 0 è λ+ 6= 0.
Ìû äîëæíû ïðåäïîëîæèòü, ÷òî λ+ ∧ λ+ = 0, èáî ýòî óñëî-

âèå âûïîëíÿåòñÿ äëÿ ëèíåéíûõ óðàâíåíèé. Ýòî îçíà÷àåò, ÷òî

λ+ = η− ∧ ϑ+, ãäå η− ∈ Ω001
è ϑ+ ∈ Ω100

� íåêîòîðûå äè��å-

ðåíöèàëüíûå 1-�îðìû.

Òåîðåìà 3 (ñì. [13℄). Äîïóñòèì, ÷òî îäíà èç �îðì Ëàïëà-

ñà íóëåâàÿ, à âòîðàÿ, ñêàæåì λ+, � íåò. Óðàâíåíèå Ìîíæà-

Àìïåðà ëîêàëüíî êîíòàêòíî ýêâèâàëåíòíî ëèíåéíîìó óðàâíå-

íèþ

vxx − vyy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y).

òîãäà è òîëüêî òîãäà, êîãäà dλ+ = 0, λ+ = η− ∧ ϑ+ è ðàñïðå-

äåëåíèå F〈ϑ+〉 âïîëíå èíòåãðèðóåìî.

5. Óðàâíåíèå vxy = k(x,y)v

Ñëåäóþùàÿ òåîðåìà äàåò óñëîâèÿ ýêâèâàëåíòíîñòè óðàâíå-

íèé Ìîíæà-Àìïåðà ëèíåéíûì ãèïåðáîëè÷åñêèì óðàâíåíèÿì

(19), ó êîòîðûõ a = b = 0.

Òåîðåìà 4. Â îêðåñòíîñòè òî÷êè a0 ∈ J1M ãèïåðáîëè÷åñêîå

óðàâíåíèå Ìîíæà-Àìïåðà ëîêàëüíî êîíòàêòíî ýêâèâàëåíòíî

óðàâíåíèþ

(21) vxy = k(x, y)v

äëÿ íåêîòîðîé �óíêöèè k (k(a0) 6= 0) òîãäà è òîëüêî òîãäà,

êîãäà âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(1) λ+ 6= 0 è λ− 6= 0,
(2) λ+ ∧ λ+ = λ− ∧ λ− = λ+ ∧ λ− = 0
(3) dλ+ = dλ− = 0,
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(4) λ+ + λ− = 0.

Äîêàçàòåëüñòâî. Óñëîâèÿ 1�4 ÿâëÿþòñÿ íåîáõîäèìûìè, ïîñ-

êîëüêó îíè âûïîëíÿþòñÿ äëÿ óðàâíåíèÿ (21). Äîêàæåì èõ äî-

ñòàòî÷íîñòü.

Çà�èêñèðóåì òî÷êó a0(q
0, u0, p0) ∈ J1M . Èç óñëîâèé 2 è 3

ñëåäóåò, ÷òî óðàâíåíèå ëîêàëüíî êîíòàêòíî ýêâèâàëåíòíî ëè-

íåéíîìó óðàâíåíèþ (ñì. [13℄)

vxy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y).

Äëÿ ýòîãî óðàâíåíèÿ ý��åêòèâíàÿ �îðìà

ω = dq1 ∧ dp1 − dq2 ∧ dp2 − 2(ap1 + bp2 + cu+ g)dq1 ∧ dq2.
Çäåñü a, b, c, g � �óíêöèè îò q1, q2. Ó÷èòûâàÿ óñëîâèå 4 òåîðå-

ìû, ïîëó÷àåì, ÷òî bq2 = aq1 , òî åñòü a = ϕq2 è b = ϕq1 äëÿ íåêî-
òîðîé �óíêöèè ϕ = ϕ(q). Ýòà �óíêöèÿ îïðåäåëåíà ñ òî÷íîñòüþ
äî àääèòèâíîé ïîñòîÿííîé, êîòîðóþ ìû âûáåðåì òàê, ÷òîáû â

òî÷êå a �óíêöèÿ ϕ îáðàùàëàñü â íóëü, òî åñòü ϕ(q0) = 0.
Êîíòàêòíîå ïðåîáðàçîâàíèå

φ :





q1 7→ q1,
q2 7→ q2,
u 7→ eϕ(u+ α(q01 − q1) + β(q02 − q2)),
p1 7→ eϕ(p1 − α+ (u+ α(q01 − q1) + β(q02 − q2))ϕq1),
p2 7→ eϕ(p2 − β + (u+ α(q01 − q1) + β(q02 − q2))ϕq2),

ãäå α = u0ϕq1(q
0) è β = u0ϕq2(q

0), ñîõðàíÿåò òî÷êó a0. Ïðè-
ìåíèâ ýòî ïðåîáðàçîâàíèå ê ω è âûäåëèâ ó ïîëó÷åííîé �îðìû

ý��åêòèâíóþ ÷àñòü, ìû ïîëó÷èì �îðìó

φ∗(ω)ε =e
ϕ(dq1 ∧ dp1 − dq2 ∧ dp2)− 2(g + eϕ(u+ α(q01 − q1)+

β(q02 − q2))(c + ϕq1ϕq2 − ϕq1q2))dq1 ∧ dq2.
Åé îòâå÷àåò óðàâíåíèå

(22) vq1q2 = c̃v + g̃,

ãäå

c̃ = c+ ϕq1ϕq2 − ϕq1q2
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è

g̃ = ge−ϕ + (α(q01 − q1) + β(q02 − q2))c̃.

Ïóñòü v = ψ(q1, q2) � ðåøåíèå óðàâíåíèÿ (22), óäîâëåòâîðÿ-

þùåå ñëåäóþùèì óñëîâèÿì Êîøè:

ψ|q2=q02 = γ0(q1) è

∂ψ

∂q2

∣∣∣∣
q2=q02

= γ1(q1),

ãäå �óíêöèè γ0 è γ1 ãëàäêèå è òàêèå, ÷òî γ0(q
0
1) = γ′0(q

0
1) =

γ1(q
0
1) = 0. Ñîãëàñíî òåîðåìå ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è

Êîøè äëÿ óðàâíåíèÿ (22), â íåêîòîðîé îêðåñòíîñòè òî÷êè a0
òàêîå ðåøåíèå ñóùåñòâóåò è åãî ïåðâàÿ ïðîèçâîäíàÿ ïî ïåðå-

ìåííîé q1 îáðàùàåòñÿ â íóëü â ýòîé òî÷êå, ò.å.

∂v
∂q1

∣∣∣
a
= 0. Êîí-

òàêòíîå ïðåîáðàçîâàíèå

(q1, q2, u, p1, p2) 7→ (q1, q2, u+ ψ, p1 + ψq1 , p2 + ψq2),

ñîõðàíÿåò òî÷êó a0 è ïåðåâîäèò óðàâíåíèå (22) â óðàâíåíèå

(21). �

6. Óðàâíåíèå vxx + vxx = k(x,y)v + f(x,y)

Òåîðåìà, àíàëîãè÷íàÿ òåîðåìå 4, ñïðàâåäëèâà è äëÿ ýëëèï-

òè÷åñêèõ óðàâíåíèé.

Òåîðåìà 5. Â îêðåñòíîñòè òî÷êè a0 ∈ J1M ýëëèïòè÷å-

ñêîå óðàâíåíèå Ìîíæà-Àìïåðà E ëîêàëüíî êîíòàêòíî ýêâè-

âàëåíòíî óðàâíåíèþ

(23) vxx + vyy = k(x, y)v + f(x, y)

äëÿ íåêîòîðûõ �óíêöèé k (k(a0) 6= 0) è f òîãäà è òîëüêî

òîãäà, êîãäà âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(1) λ+ 6= 0 è λ− 6= 0,
(2) λ+ ∧ λ+ = λ− ∧ λ− = λ+ ∧ λ− = 0,
(3) dλ+ = dλ− = 0,
(4) λ+ + λ− = 0.
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Äîêàçàòåëüñòâî. Óñëîâèÿ 1�4 ÿâëÿþòñÿ íåîáõîäèìûìè, ïîòî-

ìó ÷òî îíè âûïîëíÿþòñÿ äëÿ óðàâíåíèÿ (23). Äîêàæåì èõ äî-

ñòàòî÷íîñòü.

Èòàê, ïóñòü ýòè óñëîâèÿ âûïîëíÿþòñÿ äëÿ íåêîòîðîãî óðàâ-

íåíèÿ E òèïà H2,2. Çà�èêñèðóåì òî÷êó

a0(q
0
1 , q

0
2 , u

0, p01, p
0
2) ∈ J1M.

Èç óñëîâèé 2 è 3 ñëåäóåò, ÷òî óðàâíåíèå E ëîêàëüíî êîíòàêòíî

ýêâèâàëåíòíî ëèíåéíîìó óðàâíåíèþ [13℄

(24) vxx + vyy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y).

Ó÷èòûâàÿ óñëîâèå 4 òåîðåìû, ïîëó÷àåì, ÷òî bq1 = aq2 , òî
åñòü a = ϕq1 è b = ϕq2 äëÿ íåêîòîðîé �óíêöèè ϕ = ϕ(q). Ýòà
�óíêöèÿ îïðåäåëåíà ñ òî÷íîñòüþ äî àääèòèâíîé ïîñòîÿííîé,

êîòîðóþ ìû âûáåðåì òàê, ÷òîáû â òî÷êå a0 �óíêöèÿ ϕ îáðà-

ùàëàñü â íóëü, òî åñòü ϕ(q0) = 0.
Òàêèì îáðàçîì, ý��åêòèâíàÿ �îðìà, êîòîðàÿ îòâå÷àåò ýòî-

ìó óðàâíåíèþ èìååò âèä

ω = dq1 ∧ dp2 − dq2 ∧ dp1 − (ϕq1p1 + ϕq1p2 + cu+ g)dq1 ∧ dq2.
Êîíòàêòíîå ïðåîáðàçîâàíèå

φ :





q1 7→ q1,
q2 7→ q2,

u 7→ (u+ α(q01 − q1) + β(q02 − q2))e
ϕ
2 ,

p1 7→ (p1 − α+
ϕq1
2 (u+ α(q01 − q1) + β(q02 − q2)))e

ϕ
2 ,

p2 7→ (p2 − β +
ϕq2
2 (u+ α(q01 − q1) + β(q02 − q2)))e

ϕ
2 ,

ãäå α = 1
2u

0ϕq1(q
0) è β = 1

2u
0ϕq2(q

0), ñîõðàíÿåò òî÷êó a0. Ïðè-
ìåíèâ ýòî ïðåîáðàçîâàíèå ê ω è âûäåëèâ ó ïîëó÷åííîé �îðìû

ý��åêòèâíóþ ÷àñòü, ìû ïîëó÷èì �îðìó

φ∗(ω)ε = (k(q)u + f(q))dq1 ∧ dq2 + dq1 ∧ dp2 − dq2 ∧ dp1,
ãäå

k(q) =
1

2
(ϕq2q2 + ϕq1q1)−

1

4
(ϕ2

q1 + ϕ2
q2)− c(q)
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è

f(q) = k(q)(α(q01 − q1) + β(q02 − q2))− ge−
ϕ
2 .

Åé îòâå÷àåò óðàâíåíèå vxx + vyy = k(x, y)v + f(x, y). �

Çàìå÷àíèå 1. Åñëè êîý��èöèåíòû óðàâíåíèÿ Ìîíæà-Àìïå-

ðà � àíàëèòè÷åñêèå �óíêöèè ñâîèõ ïåðåìåííûõ, òî ïðè âû-

ïîëíåíèè óñëîâèé òåîðåìû 5 îíî ìîæåò áûòü ïðèâåäåíî ê

îäíîðîäíîìó óðàâíåíèþ

(25) vxx + vyy = k(x, y)v

äëÿ íåêîòîðîé �óíêöèé k (k(a0) 6= 0).

7. Ïðèâîäèìîñòü óðàâíåíèé Ìîíæà-Àìïåðà ê

ëèíåéíûì óðàâíåíèÿì ñ ïîñòîÿííûìè

êîý��èöèåíòàìè

�àññìîòðèì ïðîáëåìó ïðèâåäåíèÿ óðàâíåíèé Ìîíæà-Àìïå-

ðà ê ëèíåéíûì óðàâíåíèÿì ñ ïîñòîÿííûìè êîý��èöèåíòàìè â

ñëåäóþùåé �îðìóëèðîâêå: íàéòè óñëîâèÿ ïðè êîòîðûõ óðàâ-

íåíèÿ Ìîíæà-Àìïåðà (1) çàìåíîé ïåðåìåííûõ ïðèâîäÿòñÿ ê

óðàâíåíèþ âèäà

(26) vxx ± vyy = αvx + βvy + γv + f(x, y) = 0,

ãäå α, β, γ � ïîñòîÿííûå.

Ïåðåä òåì êàê ðåøàòü ýòó ïðîáëåìó äëÿ îáùèõ óðàâíåíèé

Ìîíæà-Àìïåðà, âûÿñíèì, êàêèå ëèíåéíûå óðàâíåíèÿ ïðèâî-

äÿòñÿ çàìåíîé ïåðåìåííûõ ê óðàâíåíèÿì ñ ïîñòîÿííûìè êîý�-

�èöèåíòàìè. �èïåðáîëè÷åñêèé è ýëëèïòè÷åñêèé òèïû ìû ðàñ-

ñìîòðèì ðàçäåëüíî.

7.1. �èïåðáîëè÷åñêèå ëèíåéíûå óðàâíåíèÿ. Ïðåæäå âñå-

ãî çàìåòèì, ÷òî â ãèïåðáîëè÷åñêîì ñëó÷àå âìåñòî óðàâíåíèÿ

(26) ìîæíî ðàññìàòðèâàòü ýêâèâàëåíòíîå åìó óðàâíåíèå

(27) vxy = λv,
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ãäå λ � íåêîòîðàÿ ïîñòîÿííàÿ. Åñëè ýòà ïîñòîÿííàÿ íå ðàâíà

íóëþ, ýòî óðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ

(28) vxy = v.

Óðàâíåíèå (28) íàçûâàåòñÿ òåëåãðà�íûì.

Ñ�îðìóëèðóåì óñëîâèÿ, ïðè êîòîðûõ ëèíåéíûå óðàâíåíèÿ

âèäà

(29) vxy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y)

çàìåíîé ïåðåìåííûõ ïðèâîäÿòñÿ ê óðàâíåíèÿì âèäà (27).
Ïðè ðåøåíèè ïîñòàâëåííîé çàäà÷è íåîáõîäèìî ðàññìàòðè-

âàòü ïðåîáðàçîâàíèÿ âèäà

(30) (x, y, v) 7→ (X(x), Y (y), Z1(x, y)v + Z2(x, y)),

ãäå X,Y,Z1, Z2 � íåêîòîðûå ãëàäêèå �óíêöèè, èáî òîëüêî òà-

êèå ïðåîáðàçîâàíèÿ ñîõðàíÿþò âèä óðàâíåíèé (29).

Çàìåòèì, ÷òî äëÿ óðàâíåíèé (27) �îðìû Ëàïëàñà èìåþò âèä

λ− = −λ+ = λdq1 ∧ dq2.
Ëåììà 1. Ïóñòü óðàâíåíèå

(31) vxy = k(x, y)v

ðåãóëÿðíî â íåêîòîðîé îêðåñòíîñòè òî÷êè a0 ∈ R2
. Ýòî óðàâ-

íåíèå ëîêàëüíî êîíòàêòíî ýêâèâàëåíòíî óðàâíåíèþ

(32) vxy = λv

äëÿ íåêîòîðîé ïîñòîÿííîé λ â òîì è òîëüêî òîì ñëó÷àå, êî-

ãäà �óíêöèÿ k óäîâëåòâîðÿåò äè��åðåíöèàëüíîìó óðàâíåíèþ

(33) kkxy − kxky = 0.

Äîêàçàòåëüñòâî. Ïóñòü (x0, y0) � êîîðäèíàòû òî÷êè a0. Ôîð-
ìû Ëàïëàñà äëÿ óðàâíåíèÿ (31) èìåþò âèä

λ+ = k(x, y)dx ∧ dy è λ− = −k(x, y)dx ∧ dy.
Òàê êàê ýòî óðàâíåíèå ðåãóëÿðíî, òî ìîãóò ðåàëèçîâàòüñÿ

äâå âîçìîæíîñòè: k ≡ 0 â íåêîòîðîé îêðåñòíîñòè òî÷êè a0 èëè
k(x0, y0) 6= 0.
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Â ïåðâîì ñëó÷àå óðàâíåíèå (31) ïðåäñòàâëÿåò ñîáîé âîëíîâîå

óðàâíåíèå.

�àññìîòðèì âòîðîé ñëó÷àé, êîãäà �óíêöèÿ k íå àííóëèðóåò-
ñÿ â íåêîòîðîé îêðåñòíîñòè òî÷êè a.
Èç óñëîâèÿ (33) ñëåäóåò, ÷òî

∂2 ln |k|
∂q1∂q2

= 0

è ïîýòîìó k(q1, q2) = X̃(q1)Ỹ (q2) äëÿ íåêîòîðûõ �óíêöèé X̃ è

Ỹ .
Ïóñòü X è Y � ïåðâîîáðàçíûå �óíêöèé X̃ è Ỹ ñîîòâåòñòâåí-

íî, òàêèå, ÷òî X(q01) = q01 è Y (q02) = q02. Ý��åêòèâíàÿ �îðìà,

îòâå÷àþùàÿ óðàâíåíèþ (31), èìååò ñëåäóþùèé âèä:

ω = dq1 ∧ dp1 − dq2 ∧ dp2 − 2X ′(q1)Y
′(q2)udq1 ∧ dq2.

Â ñèëó òîãî, ÷òî �óíêöèÿ k íå àííóëèðóåòñÿ, äëÿ �óíêöèé

X è Y â îêðåñòíîñòè òî÷êè a ñóùåñòâóþò îáðàòíûå �óíêöèè,
êîòîðûå îáîçíà÷èì χ è ψ ñîîòâåòñòâåííî. Çàìåòèì, ÷òî

χ(q01) = q01, ψ(q02) = q02, χ′(q01) 6= 0, ψ′(q02) 6= 0.

Êîíòàêòíîå ïðåîáðàçîâàíèå

(q1, q2, u, p1, p2) 7→
(
χ(q1), ψ(q2), u− ξq1 − ηq2,

p1 − ξ

χ′(q1)
,
p2 − η

ψ′(q2)

)
,

ãäå

ξ = p01

(
1

χ′(q01)
− 1

)
è η = p02

(
1

ψ′(q02)
− 1

)
,

ñîõðàíÿåò òî÷êó a0 è ïåðåâîäèò �îðìó ω â �îðìó

ω̃ =dq1 ∧ dp1 − dq2 ∧ dp2−
2X ′(χ(q1))Y

′(ψ(q2))(u − ξq1 − ηq2)χ
′(q1)ψ

′(q2)dq1 ∧ dq2.
Ó÷èòûâàÿ, ÷òî

χ′(q1) =
1

X ′(χ(q1))
è ψ′(q2) =

1

Y ′(ψ(q2))
,
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ïîëó÷àåì, ÷òî

ω̃ = dq1 ∧ dp1 − dq2 ∧ dp2 − 2(u+ γ(q))dq1 ∧ dq2,
ãäå

γ(q) = −X ′(χ(q1))Y
′(ψ(q2))(ξq1 + ηq2).

Ôîðìå ω̃ îòâå÷àåò óðàâíåíèå

(34) vq1q2 = v + γ(q).

Ïóñòü v = z(q1, q2) � ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþ-

ùåå ñëåäóþùèì óñëîâèÿì Êîøè:

z|q2=q02 = ξ0(q1) è

∂z

∂q2

∣∣∣∣
q2=q02

= ξ1(q1),

ãäå �óíêöèè ξ0 è ξ1 ãëàäêèå è òàêèå, ÷òî

ξ0(q
0
1) = ξ′0(q

0
1) = ξ1(q

0
1) = 0.

Ñîãëàñíî òåîðåìå ñóùåñòâîâàíèÿ, òàêîå ðåøåíèå âñåãäà íàé-

äåòñÿ. Êîíòàêòíîå ïðåîáðàçîâàíèå

(q1, q2, u, p1, p2) 7→ (q1, q2, u+ z, p1 + zq1 , p2 + zq2),

ïåðåâîäèò óðàâíåíèå (34) â óðàâíåíèå vxy = v.
�

Ñëåäóþùàÿ òåîðåìà óêàçûâàåò óñëîâèÿ ïðèâîäèìîñòè ëè-

íåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ê òåëåãðà�íîìó óðàâíå-

íèþ.

Òåîðåìà 6. Óðàâíåíèå

(35) vxy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y)

â îêðåñòíîñòè òî÷êè a0(x0, y0) ∈ R2
ëîêàëüíî êîíòàêòíî ýê-

âèâàëåíòíî òåëåãðà�íîìó óðàâíåíèþ

(36) vxy = v
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òîãäà è òîëüêî òîãäà, êîãäà îíî ðåãóëÿðíî, ax = by, à �óíêöèÿ
Φ = ab+ c− by íå îáðàùàåòñÿ â íóëü â òî÷êå a0 è óäîâëåòâî-

ðÿåò ñëåäóþùåìó äè��åðåíöèàëüíîìó óðàâíåíèþ:

(37) ΦΦxy − ΦxΦy = 0.

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì, ÷òî óðàâíåíèå (37)

èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèé âèäà (30).

Íåîáõîäèìîñòü óñëîâèé òåîðåìû ñëåäóåò èç òîãî, ÷òî äëÿ

òåëåãðà�íîãî óðàâíåíèÿ ïåðâûå èíòåãðàëû ðàñïðåäåëåíèé C
(2)
+

è C
(2)
− ðàâíû q1 è q2 ñîîòâåòñòâåííî, à �îðìû Êàðòàíà

λ− = −λ+ = dq1 ∧ dq2.
Ôóíêöèÿ Φ = 1 è ïîýòîìó óäîâëåòâîðÿåò óðàâíåíèþ (37).

Äîêàæåì äîñòàòî÷íîñòü. Ïóñòü a0 ∈ J1M � �èêñèðîâàííàÿ

òî÷êà ñ êîîðäèíàòàìè (q0, u0, p0) è ïóñòü äëÿ óðàâíåíèÿ (35)

âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû. Òîãäà ýòî óðàâíåíèå ëîêàëüíî

êîíòàêòíî ýêâèâàëåíòíî óðàâíåíèþ vxy = k(x, y)v äëÿ íåêîòî-

ðîé ãëàäêîé �óíêöèè k.
Äëÿ ýòîãî óðàâíåíèÿ �óíêöèÿ Φ = k. Ïðèìåíèâ ëåììó 1,

ìû çàâåðøèì äîêàçàòåëüñòâî.

�

7.2. Ýëëèïòè÷åñêèå ëèíåéíûå óðàâíåíèÿ. Ýëëèïòè÷åñ-

êîå óðàâíåíèå âèäà (26) ëîêàëüíî ýêâèâàëåíòíî óðàâíåíèþ

(38) vxx + vyy =
1

4
(α2 + β2 + 4γ)u + f̃(x, y),

ãäå f̃ � íåêîòîðàÿ �óíêöèÿ.

Òàêèì îáðàçîì, ïðè ðåøåíèè ïîñòàâëåííîé ïðîáëåìû âìåñòî

óðàâíåíèé (26) ìû ìîæåì ðàññìàòðèâàòü óðàâíåíèå âèäà

(39) vxx + vyy = κv + f(x, y),

ãäå κ � íåêîòîðàÿ ïîñòîÿííàÿ. Òàêîå óðàâíåíèå íàçûâàåòñÿ

óðàâíåíèåì �åëüìãîëüöà.
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Íàéäåì óñëîâèÿ, ïðè êîòîðûõ ëèíåéíûå ýëëèïòè÷åñêèå

óðàâíåíèÿ âèäà çàìåíîé ïåðåìåííûõ ïðèâîäÿòñÿ ê óðàâíåíèÿì

�åëüìãîëüöà.

Ëåììà 2. Äëÿ âñÿêîé ãàðìîíè÷åñêîé �óíêöèè w(x, y) íàé-

äåòñÿ ãàðìîíè÷åñêàÿ �óíêöèÿ h(x, y), òàêàÿ, ÷òî

(40) h2x + h2y = ew.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî ïî-

êàçàòü, ÷òî ïåðåîïðåäåëåííàÿ ñèñòåìà

(41)

{
hxx + hyy = 0,
h2x + h2y = ew

îòíîñèòåëüíî �óíêöèè h ñîâìåñòíà äëÿ ïðîèçâîëüíîé ãàðìî-

íè÷åñêîé �óíêöèè w. Çàïèøåì ñèñòåìó (41) â âèäå

{
F = 0,
G = 0,

ãäå

F = p11 + p22, G = p21 + p22 − ew,

x1 = x, x2 = y, pi = hxi , pij = hxixj äëÿ i, j = 1, 2. Ñêîáêà
Êðóãëèêîâà-Ëû÷àãèíà-Ìàéåðà [7℄ äëÿ ýòîé ñèñòåìû èìååò âèä:

[F,G] = D2
2(G) +D2

1(G)− 2p2D2(F )− 2p1D1(F )

= 2p211 + 4p212 + 2p222 − ew(wx1x1 + wx2x2 + w2
x1 + w2

x2),

ãäå

Di =
∂

∂xi
+pi

∂

∂u
+pi1

∂

∂p1
+pi2

∂

∂p2
+pi11

∂

∂p11
+pi12

∂

∂p12
+pi22

∂

∂p22

� îïåðàòîð ïîëíîé ïðîèçâîäíîé ïî ïåðåìåííîé xi (i = 1, 2). Â
ñèëó òîãî, ÷òî �óíêöèÿ w � ãàðìîíè÷åñêàÿ,

(42) [F,G] = 2(h2xx + 2h2xy + h2yy)− ew(w2
x + w2

y).

Íå ñëîæíî ïîêàçàòü, ÷òî ýòà ñêîáêà ðàâíà íóëþ â ñèëó ñèñòåìû

(41).
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Òàêèì îáðàçîì, ñîãëàñíî [7℄, ñèñòåìà (41) �îðìàëüíî èíòå-

ãðèðóåìà. À òàê êàê ýòà ñèñòåìà êîíå÷íîãî òèïà, òî îíà èìååò

ãëàäêîå ðåøåíèå h. �

Ïðåæäå âñåãî ðàññìîòðèì óðàâíåíèÿ

(43) vxx + vyy = k(x, y)v + f(x, y).

Ôîðìû Ëàïëàñà äëÿ ýòîãî óðàâíåíèÿ èìåþò âèä

λ+ =
ι

2
k(x, y)dx ∧ dy è λ− = − ι

2
k(x, y)dx ∧ dy.

Òåîðåìà 7. Ïóñòü óðàâíåíèå (43) ðåãóëÿðíî â íåêîòîðîé

îêðåñòíîñòè òî÷êè a0 ∈ R2
. Ýòî óðàâíåíèå ëîêàëüíî êîí-

òàêòíî ýêâèâàëåíòíî óðàâíåíèþ �åëüìãîëüöà (39) òîãäà è

òîëüêî òîãäà, êîãäà �óíêöèÿ k óäîâëåòâîðÿåò ñëåäóþùåìó

óðàâíåíèþ:

(44) k(kxx + kyy) = k2x + k2y .

Äîêàçàòåëüñòâî. Ïóñòü (x0, y0) � êîîðäèíàòû òî÷êè a0. Òàê
êàê ýòî óðàâíåíèå ðåãóëÿðíî, òî ìîãóò ðåàëèçîâàòüñÿ äâå âîç-

ìîæíîñòè: k ≡ 0 â íåêîòîðîé îêðåñòíîñòè òî÷êè a èëè

k(x0, y0) 6= 0.

Â ïåðâîì ñëó÷àå óðàâíåíèå (43) ïðåäñòàâëÿåò ñîáîé óðàâíåíèå

Ïóàññîíà è òåîðåìà äîêàçàíà.

�àññìîòðèì âòîðîé ñëó÷àé, êîãäà �óíêöèÿ k íå àííóëèðóåò-
ñÿ â òî÷êå a0.
Ïóñòü �óíêöèÿ k óäîâëåòâîðÿåò óðàâíåíèþ (44). Åãî ìîæíî

çàïèñàòü â âèäå

∆(ln |k|) = 0,

ãäå ∆ � îïåðàòîð Ëàïëàñà. Ïîýòîìó �óíêöèÿ k èìååò âèä

k(x, y) = εew(x,y),

ãäå w � íåêîòîðàÿ ãàðìîíè÷åñêàÿ �óíêöèÿ è ε = ±1.
Ñîãëàñíî ëåììå 2 íàéäåòñÿ òàêàÿ ãàðìîíè÷åñêàÿ �óíêöèÿ

h = h(x, y), ÷òî k = ε(h2x + h2y). Òàêèì îáðàçîì, ý��åêòèâíàÿ
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äè��åðåíöèàëüíàÿ 2-�îðìà, îòâå÷àþùàÿ óðàâíåíèþ (43) èìå-

åò âèä:

ω = dq1 ∧ dp2 − dq2 ∧ dp1 − (ε(h2q1 + h2q2)u+ f)dq1 ∧ dq2.
Ïóñòü g = g(x, y) � ãàðìîíè÷åñêàÿ �óíêöèÿ, ãàðìîíè÷åñêè ñî-

ïðÿæåííàÿ ñ �óíêöèåé h, ò.å. hx = gy è hy = −gx. Ôóíêöèè
h è g îïðåäåëåíû ñ òî÷íîñòüþ äî àääèòèâíûõ ïîñòîÿííûõ, êî-

òîðûå ìû âûáåðåì òàê, ÷òîáû h(x0, y0) = x0 è g(x0, y0) = y0.
Ïîñòðîèì ïðåîáðàçîâàíèå ïëîñêîñòè R2

, ñîõðàíÿþùåå òî÷êó

a0:

(q1, q2) 7→ (Q1 = h(q), Q2 = g(q)).

Ò.ê. �óíêöèÿ k(a0) 6= 0, òî ÿêîáèàí ýòîãî ïðåîáðàçîâàíèÿ

∣∣∣∣
hx hy
gx gy

∣∣∣∣ = hxgy − hygx = h2x + h2y 6= 0

â íåêîòîðîé îêðåñòíîñòè òî÷êè a0 è îíî îáðàòèìî. Äëÿ îáðàò-
íîãî ïðåîáðàçîâàíèÿ

(Q1, Q2) 7→ (q1 = H(Q), q2 = G(Q))

�óíêöèè H è G òîæå ÿâëÿþòñÿ ãàðìîíè÷åñêè ñîïðÿæåííûìè

è, êðîìå òîãî,

1

HQ1 =
gq2

h2q1 + h2q2
, HQ2 = − hq2

h2q1 + h2q2
,

GQ1 =− gq1
h2q1 + h2q2

, GQ2 =
hq1

h2q1 + h2q2
.

Ïîýòîìó

h2q1 + h2q2 =
1

H2
Q1

+H2
Q2

.

Ïîñòðîèì òåïåðü ìàñøòàáíîå ïðåîáðàçîâàíèå

φ : (q1, q2, u) 7→ (Q1 = h(q), Q2 = g(q), U = u)

1

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî ïðîèçâîäíûå �óíêöèé h è g âûðàæåíû ÷å-

ðåç Q1 è Q2



Íîðìàëüíûå �îðìû äëÿ óðàâíåíèé Ìîíæà-Àìïåðà 119

è ïðîäîëæèì åãî äî êîíòàêòíîãî. Ïðèìåíÿÿ ýòî ïðåîáðàçîâà-

íèå ê �îðìå ω è âûäåëÿÿ ó ïîëó÷åííîé �îðìû ý��åêòèâíóþ

÷àñòü, ìû ïîëó÷èì �îðìó

φ∗(ω)ε = dQ1 ∧ dP1 − dQ2 ∧ dP2 − (εU + f̃(Q))dQ1 ∧ dQ2,

ãäå

f̃(Q) =
f(H(Q), G(Q))

H2
Q1

+H2
Q2

.

Ýòîé äè��åðåíöèàëüíîé �îðìå îòâå÷àåò óðàâíåíèå (39), ãäå

κ = −1 èëè κ = 1. �

Îáðàòèìñÿ òåïåðü ê îáùèì ëèíåéíûì óðàâíåíèÿì.

Òåîðåìà 8. Óðàâíåíèå

(45) vxx + vyy = a(x, y)vx + b(x, y)vy + c(x, y)v + g(x, y)

â îêðåñòíîñòè òî÷êè a0(x0, y0) ∈ R2
ëîêàëüíî êîíòàêòíî ýê-

âèâàëåíòíî óðàâíåíèþ �åëüìãîëüöà (39), ãäå κ 6= 0, òîãäà è

òîëüêî òîãäà, êîãäà îäèí èç èíâàðèàíòîâ Êîòòîíà H ðàâåí

íóëþ, à âòîðîé, K, íå îáðàùàåòñÿ â íóëü â òî÷êå a0 è óäî-

âëåòâîðÿåò ñëåäóþùåìó äè��åðåíöèàëüíîìó óðàâíåíèþ:

(46) K(Kxx +Kyy) = K2
x +K2

y .

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü óñëîâèé òåîðåìû î÷åâèäíà.

Äîêàæåì äîñòàòî÷íîñòü. Ñîãëàñíî òåîðåìå 5, óðàâíåíèå (45)

ëîêàëüíî êîíòàêòíî ýêâèâàëåíòíî óðàâíåíèþ (23), à ñîãëàñ-

íî òåîðåìå 7, ïîñëåäíåå óðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ

�åëüìãîëüöà (39), ãäå κ ìîæåò ïðèíèìàòü çíà÷åíèÿ −1, 0, 1. �

7.3. Óðàâíåíèÿ Ìîíæà-Àìïåðà. Äëÿ óðàâíåíèé âèäà (26)

ëèáî îáå �îðìû Ëàïëàñà íóëåâûå, ëèáî îáå íå îáðàùàþòñÿ â

íóëü è

(47) λ± ∧ λ± = 0.

Ýòè æå óñëîâèÿ äîëæíû âûïîëíÿòüñÿ è äëÿ óðàâíåíèé Ìîí-

æà-Àìïåðà, êîòîðûå êîíòàêòíî ýêâèâàëåíòíû óðàâíåíèþ (26).
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Åñëè äëÿ óðàâíåíèÿ Ìîíæà-Àìïåðà îáå �îðìû Ëàïëàñà íóëå-

âûå, òî îíî, ñîãëàñíî òåîðåìå 1, çàìåíîé ïåðåìåííûõ ïðèâîäèò-

ñÿ ê ëèíåéíûì óðàâíåíèÿì ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

Ïîýòîìó íàì îñòàëîñü ðàññìîòðåòü âòîðîé ñëó÷àé. Îòâåò íà

âîïðîñ äàåò ñëåäóþùàÿ òåîðåìà [16℄.

Òåîðåìà 9. Ïóñòü îáå �îðìû Ëàïëàñà íåâûðîæäåííîãî óðàâ-

íåíèÿ Ìîíæà-Àìïåðà íå îáðàùàþòñÿ â íóëü. Óðàâíåíèå ëî-

êàëüíî êîíòàêòíî ëèíåéíîìó óðàâíåíèþ (26) òîãäà è òîëüêî

òîãäà, êîãäà �îðìû Ëàïëàñà èìåþò âèä

(48) λ+ = Φ(g, h)dg ∧ dh and λ− = −Φ(g, h)dg ∧ dh,
ãäå g è h � ïåðâûå èíòåãðàëû ðàñïðåäåëåíèé C

(2)
+ è C

(2)
− ñîîò-

âåòñòâåííî è �óíêöèÿ Φ(g, h) íå îáðàùàåòñÿ â íóëü è óäîâëå-
òâîðÿåò ñëåäóþùåìó äè��åðåíöèàëüíîìó óðàâíåíèþ:

(49) ΦΦgh − ΦgΦh = 0.

Äîêàçàòåëüñòâî. Èç òåîðåìû 2 ñëåäóåò, ÷òî óðàâíåíèå Ìîíæà-

Àìïåðà ëîêàëüíî êîíòàêòíî ýêâèâàëåíòíî ëèíåéíîìó óðàâíå-

íèþ (19). Ïðèìåíÿÿ òåðåìó 6 äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé,

è òåîðåìó 8 � äëÿ óðàâíåíèé ýëëèïòè÷åñêèõ, ìû ïîëó÷àåì, ÷òî

ïîñëåäíåå óðàâíåíèå ëîêàëüíî ýêâèâàëåíòíî ëèáî òåëåãðà�íî-

ìó óðàâíåíèþ, ëèáî óðàâíåíèþ �åëüìãîëüöà. �
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A brief introduction to the Maslov dequantization, tropical mathematics
and idempotent mathematics is presented. Geometrical applications of the
theory are especially discussed. Tropical mathematics can be treated as
a result of a dequantization of the traditional mathematics as the Planck
constant tends to zero taking imaginary values (the Maslov dequantiza-
tion). The so-called idempotent dequantization is a generalization of the
Maslov dequantization. The idempotent dequantization leads to idem-
potent mathematics, i.e. mathematics over semirings with idempotent
addition. In the spirit of N. Bohr’s correspondence principle there is
a (heuristic) correspondence between important, useful, and interesting
constructions and results over fields and similar results over idempotent
semirings. A systematic application of this correspondence principle leads
to a variety of theoretical and applied results.

Êëþ÷åâûå ñëîâà: The Maslov dequantization, tropi
al mathemati
s, idem-

potent mathemati
s, geometri
al appli
ations

1. Ââåäåíèå

Ñòàòüÿ ÿâëÿåòñÿ êðàòêèì ââåäåíèåì â äåêâàíòîâàíèå Ìàñ-

ëîâà, òðîïè÷åñêóþ è èäåìïîòåíòíóþ ìàòåìàòèêó ñ àêöåíòîì
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íà ãåîìåòðè÷åñêèå ïðèëîæåíèÿ. Ñïèñîê öèòèðóåìîé ëèòåðàòó-

ðû íå ÿâëÿåòñÿ ïîëíûì. Äîïîëíèòåëüíûå ññûëêè ìîãóò áûòü

íàéäåíû, íàïðèìåð, â ýëåêòðîííîì àðõèâå http://arXiv.org è

â ðàáîòàõ [1-7, 9℄.

Â îñíîâå èäåìïîòåíòíîé ìàòåìàòèêè ëåæèò çàìåíà îáû÷íûõ

àðè�ìåòè÷åñêèõ îïåðàöèé íîâûì íàáîðîì áàçîâûõ îïåðàöèé

(òàêèìè êàê ìàêñèìóì èëè ìèíèìóì), ïðè ýòîì ÷èñëîâûå ïî-

ëÿ çàìåíÿþòñÿ èäåìïîòåíòíûìè ïîëóêîëüöàìè è ïîëóïîëÿìè.

Òèïè÷íûå ïðèìåðû � òàê íàçûâàåìûå ìàêñ-ïëþñ àëãåáðà Rmax

è ìèí-ïëþñ àëãåáðà Rmin. Ïóñòü R � ïîëå âåùåñòâåííûõ ÷è-

ñåë. Òîãäà Rmax = R ∪ {−∞} ñ îïåðàöèÿìè x ⊕ y = max{x, y}
è x ⊙ y = x + y. Àíàëîãè÷íî Rmin = R ∪ {+∞} ñ îïåðàöèÿìè

⊕ = min, ⊙ = +. Íîâàÿ îïåðàöèÿ ⊕ ÿâëÿåòñÿ èäåìïîòåíòíîé,

òî åñòü x⊕ x = x äëÿ âñåõ x.
Íà÷èíàÿ ñ êëàññè÷åñêîé ðàáîòû Ñ. Êëèíè [8℄, ìíîãèå àâòî-

ðû (S. C. Kleene, S. N. N. Pandit, Í. Í. Âîðîáüåâ, B. A. Carr�e,

R. A. Cuninghame-Green, K. Zimmermann, U. Zimmermann, M.

Gondran, F. L. Ba

elli, G. Cohen, M. Akian, S. Gaubert, G. J.

Olsder, J.-P. Quadrat, è äðóãèå) øèðîêî èñïîëüçóþò èäåìïî-

òåíòíûå ïîëóêîëüöà è ìàòðèöû íàä ýòèìè ïîëóêîëüöàìè äëÿ

ðåøåíèÿ ðÿäà çàäà÷ òåîðèè àëãîðèòìîâ è äèñêðåòíîé ìàòå-

ìàòèêè. Ñîâðåìåííûé èäåìïîòåíòíûé àíàëèç (èëè èäåìïî-

òåíòíîå èñ÷èñëåíèå, èëè èäåìïîòåíòíàÿ ìàòåìàòèêà) áûë

ðàçðàáîòàí Â.Ï. Ìàñëîâûì è åãî ñîòðóäíèêàìè â âîñüìèäåñÿ-

òûõ ãîäàõ â Ìîñêâå. Íåêîòîðûå ïðåäâàðèòåëüíûå ðåçóëüòàòû

ñ�îðìóëèðîâàëè Ý. Õîï� è �. Øîêå.

Èäåìïîòåíòíàÿ (òðîïè÷åñêàÿ) ìàòåìàòèêà ìîæåò áûòü ïî-

ëó÷åíà ïóòåì äåêâàíòîâàíèÿ òðàäèöèîííîé ìàòåìàòèêè íàä

÷èñëîâûìè ïîëÿìè, ïðè ýòîì ïîñòîÿííàÿ Ïëàíêà ~ ñòðåìèò-

ñÿ ê íóëþ, ïðèíèìàÿ ìíèìûå çíà÷åíèÿ. Òàêàÿ òî÷êà çðåíèÿ

áûëà ïðåäñòàâëåíà �.Ë. Ëèòâèíîâûì è Â.Ï. Ìàñëîâûì â [5℄,

ñì. òàêæå [6℄. Èíà÷å ãîâîðÿ, èäåìïîòåíòíàÿ ìàòåìàòèêà ÿâëÿ-

åòñÿ àñèìïòîòè÷åñêîé âåðñèåé òðàäèöèîííîé ìàòåìàòèêè íàä

ïîëÿìè âåùåñòâåííûõ è êîìïëåêñíûõ ÷èñåë.
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Îñíîâíóþ ïàðàäèãìó èäåìïîòåíòíîé ìàòåìàòèêè âûðàæàåò

èäåìïîòåíòíûé ïðèíöèï ñîîòâåòñòâèÿ. Ýòîò ïðèíöèï òåñíî

ñâÿçàí ñî çíàìåíèòûì ïðèíöèïîì ñîîòâåòñòâèÿ Íèëüñà Áîðà

äëÿ êâàíòîâîé òåîðèè. Îêàçûâàåòñÿ, ÷òî ñóùåñòâóåò ýâðèñòè-

÷åñêîå ñîîòâåòñòâèå ìåæäó ðÿäîì âàæíûõ, èíòåðåñíûõ è ïî-

ëåçíûõ êîíñòðóêöèé è ðåçóëüòàòîâ îáû÷íîé ìàòåìàòèêè íàä

ïîëÿìè è àíàëîãè÷íûìè êîíñòðóêöèÿìè è ðåçóëüòàòàìè íàä

èäåìïîòåíòíûìè ïîëóïîëÿìè è ïîëóêîëüöàìè (ïîëóïîëÿìè è

ïîëóêîëüöàìè ñ èäåìïîòåíòíûìè ñëîæåíèåì).

Ñèñòåìàòè÷åñêîå è ïîñëåäîâàòåëüíîå èñïîëüçîâàíèå èäåìïî-

òåíòíîãî ïðèíöèïà ñîîòâåòñòâèÿ ïðèâîäèò ê ìíîãîîáðàçíûì

ðåçóëüòàòàì, ÷àñòî âåñüìà íåîæèäàííûì. Â ðåçóëüòàòå, íàðÿäó

ñ òðàäèöèîííîé ìàòåìàòèêîé, âîçíèêàåò åå �òåíåâàÿ� èäåìïî-

òåíòíàÿ âåðñèÿ. Ýòà �òåíåâàÿ� âåðñèÿ òàê æå ñâÿçàíà ñ òðà-

äèöèîííîé ìàòåìàòèêîé, êàê êëàññè÷åñêàÿ �èçèêà ñ �èçèêîé

êâàíòîâîé, ñì. ðèñ. 1.

Íèæå îáñóæäàþòñÿ íåêîòîðûå ïðèìåðû, âêëþ÷àÿ ñëåäóþ-

ùèå:

(1) Ïðåîáðàçîâàíèå Ëåæàíäðà ÿâëÿåòñÿ èäåìïîòåíòíîé

(òðîïè÷åñêîé) âåðñèåé ïðåîáðàçîâàíèÿ Ôóðüå-Ëàïëàñà

(Â.Ï. Ìàñëîâ, 1986 ã.).

(2) Åñëè f � ïîëèíîì îò íåñêîëüêèõ ïåðåìåííûõ, òî ïðî-

öåäóðà äåêâàíòîâàíèÿ ïîçâîëÿåò ïîñòðîèòü ìíîãîãðàí-

íèê Íüþòîíà ïîëèíîìà f . Ñ ïîìîùüþ òàê íàçûâàåìî-

ãî ïðåîáðàçîâàíèÿ äåêâàíòîâàíèÿ ìîæíî îáîáùèòü ýòîò

ðåçóëüòàò íà øèðîêèé êëàññ �óíêöèé è âûïóêëûõ ìíî-

æåñòâ.

(3) Ïðèìåíåíèå äåêâàíòîâàíèÿ Ìàñëîâà ê àëãåáðàè÷åñêèì

ìíîãîîáðàçèÿì ïðèâîäèò ê êóñî÷íî-ëèíåéíûì ìíîãîîá-

ðàçèÿì (ìíîãîãðàííèêàì), íàçûâàåìûì òðîïè÷åñêèìè

ìíîãîîáðàçèÿìè (Î. Âèðî, �. Ìèõàëêèí). Òðîïè÷åñêèå

ìíîãîîáðàçèÿ òåñíî ñâÿçàíû ñ àìåáàìè èñõîäíûõ ìíî-

ãîîáðàçèé â ñìûñëå È.Ì. �åëü�àíäà, Ì.Ì. Êàïðàíîâà

è À.Â. Çåëåâèíñêîãî [21℄.
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(4) Ïðèìåíåíèå ïðîöåäóð äåêâàíòîâàíèÿ ê ëèíåéíûì îïå-

ðàòîðàì äàåò ñïåêòðàëüíûå ñâîéñòâà ýòèõ îïåðàòîðîâ.

(5) Ïðèìåíåíèå äåêâàíòîâàíèÿ ê ìåòðèêàì äàåò ðàçìåð-

íîñòü Õàóñäîð�à-Áåçèêîâè÷à, âêëþ÷àÿ �ðàêòàëüíóþ

ðàçìåðíîñòü.

(6) Ïðèìåíåíèå äåêâàíòîâàíèÿ ê ìåðàì è äè��åðåíöèàëü-

íûì �îðìàì äàåò ïîíÿòèå ðàçìåðíîñòè â òî÷êå. Ýòà

ðàçìåðíîñòü ïðèíèìàåò âåùåñòâåííûå çíà÷åíèÿ, â òîì

÷èñëå îòðèöàòåëüíûå.

�èñ. 1. Ñâÿçü ìåæäó èäåìïîòåíòíîé è òðàäèöèîííîé

ìàòåìàòèêîé.

Âî ìíîãèõ îòíîøåíèÿõ èäåìïîòåíòíàÿ ìàòåìàòèêà ïðîùå

òðàäèöèîííîé. Îäíàêî ïåðåõîä îò òðàäèöèîííûõ êîíñòðóêöèé

è ðåçóëüòàòîâ ê èõ èäåìïîòåíòíûì àíàëîãàì ÷àñòî ÿâëÿåòñÿ

íåòðèâèàëüíûì.

2. Ïîëóêîëüöà, ïîëóïîëÿ è äåêâàíòîâàíèå

Ïóñòü íà ìíîæåñòâå K çàäàíû äâå àëãåáðàè÷åñêèå îïåðàöèè:

ñëîæåíèå ⊕ è óìíîæåíèå ⊙. �îâîðÿò, ÷òî íà ìíîæåñòâå K çà-

äàíî ïîëóêîëüöî, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

• ñëîæåíèå ⊕ è óìíîæåíèå ⊙ àññîöèàòèâíû;

• ñëîæåíèå ⊕ êîììóòàòèâíî;
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• óìíîæåíèå ⊙ äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ ⊕:

x⊙ (y⊕ z) = (x⊙ y)⊕ (x⊙ z) è (x⊕ y)⊙ z = (x⊙ z)⊕ (y⊙ z)

äëÿ ëþáûõ x, y, z ∈ K.
Åäèíèöåé ïîëóêîëüöà K íàçûâàåòñÿ òàêîé ýëåìåíò 1 ∈ K,

÷òî 1 ⊙ x = x ⊙ 1 = x äëÿ âñåõ x ∈ K. Íóëåì ïîëóêîëüöà

K íàçûâàåòñÿ òàêîé ýëåìåíò 0 ∈ K, ÷òî 0 6= 1 è 0 ⊕ x = x,
0 ⊙ x = x ⊙ 0 = 0 äëÿ âñåõ x ∈ K. Ïîëóêîëüöî K íàçûâàåòñÿ

èäåìïîòåíòíûì ïîëóêîëüöîì, åñëè x ⊕ x = x äëÿ âñåõ x ∈
K. Ïîëóêîëüöî K ñ ýëåìåíòàìè 0 è 1 íàçûâàåòñÿ ïîëóïîëåì,

åñëè äëÿ ëþáîãî íåíóëåâîãî ýëåìåíòà ìíîæåñòâà K ñóùåñòâóåò

îáðàòíûé ýëåìåíò.

�àññìîòðèì ïîëå âåùåñòâåííûõ ÷èñåë R è ïîëóïîëå âñåõ

íåîòðèöàòåëüíûõ âåùåñòâåííûõ ÷èñåë R+ (îòíîñèòåëüíî îáû÷-

íûõ îïåðàöèé ñëîæåíèÿ è óìíîæåíèÿ). Çàìåíà ïåðåìåííûõ

x 7→ u = h lnx, h > 0, çàäàåò îòîáðàæåíèå Φh : R+ → K =
R ∪ {−∞}. Ïåðåíåñåì îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ èç R

â K ñ ïîìîùüþ îòîáðàæåíèÿ Φh, à èìåííî, ïóñòü u ⊕h v =
h ln(exp(u/h) + exp(v/h)), u ⊙ v = u + v, 0 = −∞ = Φh(0),
1 = 0 = Φh(1), òàêèì îáðàçîì K ïðèîáðåòàåò ñòðóêòóðó ïîëó-

êîëüöà R(h)
èçîìîð�íîãî R+; ñì. ðèñ. 2.

Íåñëîæíî ïðîâåðèòü, ÷òî u ⊕h v → max{u, v} ïðè h → 0
è ÷òî K îáðàçóåò ïîëóêîëüöî îòíîñèòåëüíî ñëîæåíèÿ u ⊕ v =
max{u, v} è óìíîæåíèÿ u ⊙ v = u + v ñ íóëåâûì ýëåìåíòîì

0 = −∞ è åäèíèöåé 1 = 0. Îáîçíà÷èì ýòî ïîëóêîëüöî ÷åðåç

Rmax; îíî èäåìïîòåíòíî, òàê êàê u ⊕ u = u äëÿ âñåõ ýëåìåí-

òîâ. Ïðè ýòîì ïîëóêîëüöî Rmax ÿâëÿåòñÿ ïîëóïîëåì. Àíàëîãèÿ

ñ ïðîöåäóðîé êâàíòîâàíèÿ çäåñü î÷åâèäíà, ïàðàìåòð h èãðàåò

ðîëü ïîñòîÿííîé Ïëàíêà, ïîýòîìó ïîëóïîëå R+ (èëè ïîëå R)

ìîæíî ðàññìàòðèâàòü êàê �êâàíòîâûå� îáúåêòû, à ñàìî ïîëó-

êîëüöî Rmax ìîæåò ðàññìàòðèâàòüñÿ êàê ðåçóëüòàò èõ �äåêâàí-

òîâàíèÿ�. Àíàëîãè÷íàÿ ïðîöåäóðà äëÿ h < 0 äàåò ïîëóêîëü-

öî Rmin = R ∪ {+∞} ñ îïåðàöèÿìè ⊕ = min, ⊙ = +; â ýòîì

ñëó÷àå 0 = +∞, 1 = 0. Ïîëóêîëüöà Rmax è Rmin èçîìîð�íû.
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Ïåðåõîä ê Rmax èëè Rmin íàçûâàåòñÿ äåêâàíòîâàíèåì Ìàñëî-

âà. Ïîíÿòíî, ÷òî ñîîòâåòñòâóþùèé ïåðåõîä îò C èëè R ê Rmax

îñóùåñòâëÿåòñÿ ïðè ïîìîùè äåêâàíòîâàíèÿ Ìàñëîâà è îòîá-

ðàæåíèÿ x 7→ |x|. Äîïóñêàÿ âîëüíîñòü ðå÷è, òàêîé ïåðåõîä â

äàëüíåéøåì ìû òàêæå áóäåì íàçûâàòü äåêâàíòîâàíèåì Ìàñ-

ëîâà.

�èñ. 2. Ïåðåõîä îò R+ ê R(h)
. Íà âñòàâêå: òî æå äëÿ ìàëûõ h.

Ñâÿçü ñ �èçèêîé è ðîëü ìíèìûõ çíà÷åíèé ïîñòîÿííîé Ïëàí-

êà äåòàëüíî îáñóæäàþòñÿ, íàïðèìåð, â [6℄. Èäåìïîòåíòíîå ïî-

ëóêîëüöî R ∪ {−∞} ∪ {+∞} ñ îïåðàöèÿìè ⊕ = max, ⊙ = min
ìîæåò áûòü ïîëó÷åíî â ðåçóëüòàòå �âòîðè÷íîãî äåêâàíòîâàíèÿ�

C, R èëè R+. Äåñÿòêè èíòåðåñíûõ ïðèìåðîâ íåèçîìîð�íûõ

èäåìïîòåíòíûõ ïîëóêîëåö, à òàêæå ìåòîäû ïîëó÷åíèÿ íîâûõ

ïîëóêîëåö èç èñõîäíûõ ðàññìàòðèâàþòñÿ, íàïðèìåð, â [1-6,10℄.
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Òàê íàçûâàåìîå èäåìïîòåíòíîå äåêâàíòîâàíèå ÿâëÿåòñÿ îáîá-

ùåíèåì äåêâàíòîâàíèÿ Ìàñëîâà; ýòî ïåðåõîä îò ïîëåé ê èäåì-

ïîòåíòíûì ïîëóïîëÿì è ïîëóêîëüöàì â ìàòåìàòè÷åñêèõ êîí-

ñòðóêöèÿõ è ðåçóëüòàòàõ.

Äåêâàíòîâàíèå Ìàñëîâà ñâÿçàíî ñ õîðîøî èçâåñòíûì ëîãà-

ðè�ìè÷åñêèì ïðåîáðàçîâàíèåì, èñïîëüçîâàííûì, íàïðèìåð, â

êëàññè÷åñêèõ ðàáîòàõ Ý. Øðåäèíãåðà è Ý. Õîï�à. Èñïîëüçó-

åòñÿ òàêæå òåðìèí �ïðåîáðàçîâàíèå Êîóëà-Õîï�à�.

Èäåè Ý. Õîï�à ïîëó÷èëè äàëüíåéøåå ðàçâèòèå â èçâåñòíîì

ìåòîäå èñ÷åçàþùåé âÿçêîñòè è ìåòîäå âÿçêîñòíûõ ðåøåíèé.

3. Òåðìèíîëîãèÿ: òðîïè÷åñêèå ïîëóêîëüöà è

òðîïè÷åñêàÿ ìàòåìàòèêà

Òåðìèí �òðîïè÷åñêèå ïîëóêîëüöà� ïîÿâèëñÿ â èí�îðìàòèêå

è òåîðèè àëãîðèòìîâ äëÿ îáîçíà÷åíèÿ äèñêðåòíîé âåðñèè àë-

ãåáðû Rmax èëè Rmin è èõ ïîäàëãåáð; äèñêðåòíûå ïîëóêîëüöà

ýòîãî òèïà áûëè íàçâàíû �òðîïè÷åñêèìè� Äîìèíèêîì Ïåðð-

ýíîì â ÷åñòü áðàçèëüñêîãî ñïåöèàëèñòà ïî èí�îðìàòèêå è ìà-

òåìàòèêå Èìðå Ñàéìîíà, â çíàê ïðèçíàíèÿ åãî ïèîíåðñêîé äå-

ÿòåëüíîñòè â äàííîé îáëàñòè.

Â äàëüíåéøåì ñèòóàöèÿ è òåðìèíîëîãèÿ èçìåíèëèñü. Äëÿ

áîëüøèíñòâà ñîâðåìåííûõ àâòîðîâ �òðîïè÷åñêèé� îçíà÷àåò

�íàä ïîëóïîëÿìè Rmax èëè Rmin�, à òðîïè÷åñêèå ïîëóêîëüöà �

ýòî èäåìïîòåíòíûå ïîëóïîëÿ Rmax è Rmin. Â ýòîì æå ñìûñëå

÷àñòî èñïîëüçóþòñÿ òåðìèíû �ìàêñ-ïëþñ� è �ìèí-ïëþñ�. Â íà-

ñòîÿùåå âðåìÿ òåðìèí �òðîïè÷åñêàÿ ìàòåìàòèêà� îáû÷íî îçíà-

÷àåò �ìàòåìàòèêà íàä ïîëóïîëÿìè Rmax èëè Rmin�. Òåðìèíû

�òðîïèêàëèçàöèÿ� è �òðîïè�èêàöèÿ� â òî÷íîñòè îçíà÷àþò äå-

êâàíòîâàíèå è êâàíòîâàíèå â îïèñàííîì âûøå ñìûñëå. Â ëþ-

áîì ñëó÷àå, òðîïè÷åñêàÿ ìàòåìàòèêà ÿâëÿåòñÿ åñòåñòâåííîé è

î÷åíü âàæíîé ÷àñòüþ èäåìïîòåíòíîé ìàòåìàòèêè. Ìíîãèå èç-

âåñòíûå êîíñòðóêöèè è ðåçóëüòàòû èäåìïîòåíòíîé ìàòåìàòèêè

áûëè çàíîâî ïîëó÷åíû â ðàìêàõ òðîïè÷åñêîé ìàòåìàòèêè (è,

îñîáåííî, â òðîïè÷åñêîé ëèíåéíîé àëãåáðå).
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4. Íîâûå ïðèìåðû

Òåïåðü åñòü ñìûñë ðàññêàçàòü íåñêîëüêî ïðèìåðîâ.

Ïðèìåð 4.1. K = [a, b] ñ îïåðàöèÿìè ⊕ = max è ⊙ = min.
Òîãäà a = 0 è b = 1. Ýòî � ïîëíîå ïîëóêîëüöî ñ ëèíåéíûì

ïîðÿäêîì ≤.

Ïðèìåð 4.2. K = R+ ñ îïåðàöèÿìè ⊕ = max è ⊙ = · (îáû÷íîå
óìíîæåíèå). Òîãäà 0=0 è 1=1. Ïîëó÷àåì èäåìïîòåíòíîå ïîëó-

êîëüöî; îáîçíà÷èì ýòî ïîëóêîëüöî ÷åðåç Rmax,m. Ëåãêî âèäåòü,

÷òî ïîëóêîëüöà Rmax è Rmax,m èçîìîð�íû.

�èñ. 3. Ïîëóêîëüöî âûïóêëûõ êîìïàêòîâ. Ñïëîøíîé ëèíèåé

ïîêàçàí ðåçóëüòàò âû÷èñëåíèÿ ñóììû α⊕ β.

Íàäî ñêàçàòü, ÷òî ëþáàÿ êîìáèíàöèÿ ìàêñèìóìà (èëè ìèíè-

ìóìà) ñ àðè�ìåòè÷åñêèìè îïåðàöèÿìè ïîðîæäàåò ÷èñëîâóþ

èäåìïîòåíòíóþ àëãåáðó.

Íàøè îïåðàöèè ÿâëÿþòñÿ àíàëîãàìè áóëåâûõ îïåðàöèé.

Èìåííî òàê îíè ó ìíîãèõ ïðåäòå÷ è âîçíèêàëè. È ñâÿçàíî ýòî

îïÿòü æå ñ êâàíòîâîé òåîðèåé è êâàíòîâîé ëîãèêîé. ßñíî, ÷òî
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ëþáàÿ äèñòðèáóòèâíàÿ ðåø¼òêà � ýòî íåêîòîðîå èäåìïîòåíò-

íîå ïîëóêîëüöî îòíîñèòåëüíî îïåðàöèé âçÿòèÿ òî÷íûõ íèæíèõ

è âåðõíèõ ãðàíåé ïîäìíîæåñòâ, ñîñòîÿùèõ èç äâóõ ýëåìåíòîâ.

Ïðèìåð 4.3. Áóëåâà àëãåáðà: ∨ = ⊕ = max, ⊙ = min = ∧ è

K = {0,1}.

Ïðèìåð 4.4. K = {0,1, a} � èäåìïîòåíòíîå ïîëóêîëüöî èç

òðåõ ýëåìåíòîâ. Çäåñü ýëåìåíò a èãðàåò ðîëü �áåñêîíå÷íîñòè�,
òàê ÷òî a⊕a = a, a⊙a = a, 0⊙a = 0, 1⊙a = a, 0⊕a = 1⊕a = a.
Ýòî � íåòðàäèöèîííàÿ ëîãèêà (ìíîãîçíà÷íàÿ ëîãèêà). Âîîá-

ùå íàäî ñêàçàòü, ÷òî ëîãèêè âíåñëè äîñòîéíûé âêëàä â ïðåäìåò

� è êàê îáúåêòû, è êàê ñïåöèàëèñòû.

Î÷åíü èíòåðåñåí åù¼ òàêîé ïðèìåð (îí ó íàñ åù¼ âñïëûâ¼ò).

Îáû÷íî îí èñïîëüçóåòñÿ â ìàòåìàòè÷åñêîé ýêîíîìèêå, â òåî-

ðèè ýâîëþöèè ìíîæåñòâ Ïàðåòî.

Ïðèìåð 4.5. Ýëåìåíò ýòîãî ïîëóêîëüöà � êîìïàêòíîå âûïóê-

ëîå ïîäìíîæåñòâî (â îáû÷íîì àðè�ìåòè÷åñêîì ïðîñòðàíñòâå).

Íóëü � ýòî ïóñòîå ìíîæåñòâî. Åäèíèöà � ìíîæåñòâî, ñîñòîÿ-

ùåå èç íóëÿ. Îïåðàöèè òàêèå: α⊕β � ýòî âûïóêëàÿ îáîëî÷êà α
è β (ñì. ðèñ. 3), à óìíîæåíèå � ýòî ñëîæåíèå ïî Ìèíêîâñêîìó:

α⊙ β = {a+ b | a ∈ α, b ∈ β}.
Ýòî î÷åíü âàæíîå ïîëóêîëüöî. Îíî ðàáîòàåò è â àëãåáðàè-

÷åñêîé ãåîìåòðèè. Çäåñü, êîíå÷íî, ïîðÿäîê íå ëèíåéíûé.

5. Èäåìïîòåíòíàÿ âûïóêëîñòü

Ïóñòü K � èäåìïîòåíòíîå ïîëóêîëüöî ñ åäèíèöåé 1, è V �

ëèíåéíîå ïðîñòðàíñòâî (ïîëóìîäóëü) íàä K. Ïîäðîáíûå îïðå-
äåëåíèÿ ñì., íàïðèìåð, â [1-4,6,10℄. Òèïè÷íûì ïðèìåðîì ëèíåé-

íîãî ïðîñòðàíñòâà íàä K ÿâëÿåòñÿ äåêàðòîâî ïðîèçâåäåíèå Kn
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èç n ýêçåìïëÿðîâ ïîëóêîëüöà K. Ïðè ýòîì âñå îïåðàöèè î÷å-

âèäíûì îáðàçîì îïðåäåëÿþòñÿ ïîêîìïîíåíòíî è Kn
ÿâëÿåòñÿ

íå òîëüêî ïîëóìîäóëåì íàä K, íî è ïîëóêîëüöîì.

Ìíîæåñòâî C ⊆ K íàçûâàåòñÿ èäåìïîòåíòíî âûïóêëûì, åñ-

ëè äëÿ ëþáûõ ýëåìåíòîâ x, y ∈ C èõ èäåìïîòåíòíî âûïóêëàÿ

êîìáèíàöèÿ λx ⊕ µy, ãäå λ, µ ∈ K è λ ⊕ µ = 1, òàêæå ïðèíàä-

ëåæèò C.
Ñ ðàçëè÷íîé ñòåïåíüþ îáùíîñòè âûïóêëîñòü â ëèíåéíûõ

ïðîñòðàíñòâàõ íàä ïîëóêîëüöàìè ðàññìàòðèâàåòñÿ, íàïðèìåð,

â ðàáîòàõ [11-14,10℄. Íàïðèìåð, èäåìïîòåíòíàÿ âåðñèÿ òåîðåìû

Õàíà-Áàíàõà [10℄ ñòàíäàðòíûì îáðàçîì ñâÿçàíà ñ èäåìïîòåíò-

íîé âûïóêëîñòüþ. Èíòåðåñíûå ïðèìåðû èäåìïîòåíòíî âûïóê-

ëûõ ìíîæåñòâ âîçíèêàþò â òðîïè÷åñêîé ãåîìåòðèè, ñì. [7,13℄ è

íèæå.

6. Èäåìïîòåíòíàÿ àëãåáðà è ëèíåéíàÿ àëãåáðà

Àâòîðîì ïåðâîé èçâåñòíîé ðàáîòû ïî èäåìïîòåíòíîé ëèíåé-

íîé àëãåáðå ñòàë C. Êëèíè. Â åãî ðàáîòå [8℄ ðàññìàòðèâàþòñÿ

ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé íàä íåñêîëüêî

ýêçîòè÷åñêèì èäåìïîòåíòíûì ïîëóêîëüöîì âñåõ �îðìàëüíûõ

ÿçûêîâ ñ �èêñèðîâàííûì êîíå÷íûì àë�àâèòîì. Îäíàêî èäåè

C. Êëèíè îêàçàëèñü âåñüìà îáùèìè è óíèâåðñàëüíûìè. Ïî-

ñëå ýòîãî äåñÿòêè àâòîðîâ èçó÷àëè ìàòðèöû ñ êîý��èöèåíòà-

ìè, ïðèíàäëåæàùèìè èäåìïîòåíòíûì ïîëóêîëüöàì, à òàêæå

ñîîòâåòñòâóþùèå ïðèëîæåíèÿ ê äèñêðåòíîé ìàòåìàòèêå, èí-

�îðìàòèêå, ÿçûêàì ïðîãðàììèðîâàíèÿ, ëèíãâèñòè÷åñêèì çà-

äà÷àì, êîíå÷íûì àâòîìàòàì, ïðîáëåìàì îïòèìèçàöèè íà ãðà-

�àõ, òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ, äèñêðåòíûì ñèñòåìàì

ñîáûòèé è ñåòÿì Ïåòðè, ñòîõàñòè÷åñêèì ñèñòåìàì, îöåíêå ïðî-

èçâîäèòåëüíîñòè êîìïüþòåðîâ, âû÷èñëèòåëüíûì ïðîáëåìàì è

ò.ä. Ýòè íàïðàâëåíèÿ õîðîøî èçâåñòíû è øèðîêî ïðåäñòàâëåíû

â ëèòåðàòóðå. Ïîäðîáíîñòè ñì., íàïðèìåð, â [1,2,5,6,15℄.
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Èäåìïîòåíòíàÿ àáñòðàêòíàÿ àëãåáðà ïîêà íå òàê õîðîøî ðàç-

âèòà, õîòÿ, ñ äðóãîé ñòîðîíû, ñ �îðìàëüíîé òî÷êè çðåíèÿ òåî-

ðèÿ ðåøåòîê, òåîðèÿ óïîðÿäî÷åííûõ ãðóïï è ïîëóãðóïï âõîäÿò

â ñîñòàâ èäåìïîòåíòíîé àëãåáðû. Òåì íå ìåíåå, èìååòñÿ ìíî-

ãî èíòåðåñíûõ ðåçóëüòàòîâ è ïðèëîæåíèé àáñòðàêòíîé èäåìïî-

òåíòíîé òåîðèè.

Â ïîñëåäíèå ãîäû îñîáîå âíèìàíèå ïðèâëåêàþò ê ñåáå âîïðî-

ñû òðîïè÷åñêîé àëãåáðàè÷åñêîé ãåîìåòðèè, ñì. [7℄ è íèæå.

7. Èäåìïîòåíòíûé àíàëèç

Èäåìïîòåíòíûé àíàëèç ïåðâîíà÷àëüíî áûë ïîñòðîåí

Â. Ï. Ìàñëîâûì è åãî ñîòðóäíèêàìè, à çàòåì ðàçâèò â áîëü-

øîì êîëè÷åñòâå ïóáëèêàöèé ðàçëè÷íûõ àâòîðîâ. Ñèñòåìàòè-

÷åñêîìó èçëîæåíèþ èäåìïîòåíòíîãî àíàëèçà ïîñâÿùåíà êíèãà

Â.Ï. Ìàñëîâà è Â.Í. Êîëîêîëüöîâà [2℄.

Ïóñòü K � ïðîèçâîëüíîå ïîëóêîëüöî ñ èäåìïîòåíòíûì ñëî-

æåíèåì ⊕ (êîòîðîå âñåãäà ïðåäïîëàãàåòñÿ êîììóòàòèâíûì),

óìíîæåíèåì ⊙, íóëåì 0, è åäèíèöåé 1. Ìíîæåñòâî K ñíàáæåíî

ñòàíäàðòíûì ÷àñòè÷íûì ïîðÿäêîì �: ïî îïðåäåëåíèþ, a � b
òîãäà è òîëüêî òîãäà, êîãäà a⊕ b = b. Òàêèì îáðàçîì, âñå ýëå-

ìåíòû ìíîæåñòâà K íåîòðèöàòåëüíû: 0 � a äëÿ âñåõ a ∈ K.
Áëàãîäàðÿ ñóùåñòâîâàíèþ ýòîãî ïîðÿäêà, èäåìïîòåíòíûé àíà-

ëèç òåñíî ñâÿçàí ñ òåîðèåé ðåøåòîê, òåîðèåé âåêòîðíûõ ðå-

øåòîê è òåîðèåé óïîðÿäî÷åííûõ ïðîñòðàíñòâ. Áîëåå òîãî, ýòîò

÷àñòè÷íûé ïîðÿäîê ïîçâîëÿåò ìîäåëèðîâàòü áàçîâûå òîïîëîãè-

÷åñêèå ïîíÿòèÿ è ðåçóëüòàòû íà ÷èñòî àëãåáðàè÷åñêîì óðîâíå;

ñèñòåìàòè÷åñêîå èçëîæåíèå òàêîãî ïîäõîäà ìîæíî íàéòè, íà-

ïðèìåð, â ðàáîòàõ [6,10℄.

Àíàëèç ãëàâíûì îáðàçîì èìååò äåëî ñ �óíêöèÿìè, ÷üèìè

çíà÷åíèÿìè ÿâëÿþòñÿ ÷èñëà. Èäåìïîòåíòíûì àíàëîãîì ÷èñëî-

âîé �óíêöèè ÿâëÿåòñÿ îòîáðàæåíèå X → K, ãäåX � ïðîèçâîëü-

íîå ìíîæåñòâî, à K � èäåìïîòåíòíîå ïîëóêîëüöî. Ôóíêöèè ñî

çíà÷åíèÿìè â K ìîæíî ñêëàäûâàòü, óìíîæàòü äðóã íà äðóãà,

à òàêæå óìíîæàòü íà ýëåìåíòû K ïîòî÷å÷íî.
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Èäåìïîòåíòíûì àíàëîãîì ëèíåéíîãî �óíêöèîíàëüíîãî ïðî-

ñòðàíñòâà ÿâëÿåòñÿ ìíîæåñòâî �óíêöèé ñî çíà÷åíèÿìè â K,
çàìêíóòîå îòíîñèòåëüíî ñëîæåíèÿ è óìíîæåíèÿ íà ýëåìåíòû

èç K, èëè K-ïîëóìîäóëü. �àññìîòðèì, íàïðèìåð K-ïîëóìîäóëü
B(X,K) âñåõ �óíêöèé X → K, êîòîðûå îãðàíè÷åíû â ñìûñëå

ñòàíäàðòíîãî ïîðÿäêà â K.
Ïóñòü K = Rmax, òîãäà èäåìïîòåíòíûé àíàëîã èíòåãðàëà

îïðåäåëÿåòñÿ �îðìóëîé

(1) I(ϕ) =

∫ ⊕

X
ϕ(x) dx = sup

x∈X
ϕ(x),

ãäå ϕ ∈ B(X,K). Ñëåäîâàòåëüíî, ðèìàíîâà ñóììà âèäà
∑

i

ϕ(xi) · σi

ñîîòâåòñòâóåò âûðàæåíèþ

⊕

i

ϕ(xi)⊙ σi = max
i

{ϕ(xi) + σi},

êîòîðîå ñõîäèòñÿ ê ïðàâîé ÷àñòè (1) ïðè σi → 0. �àçóìååòñÿ,
ýòî ÷èñòî ýâðèñòè÷åñêàÿ êîíñòðóêöèÿ.

Ôîðìóëà (1) îïðåäåëÿåò èäåìïîòåíòíûé èíòåãðàë (èëè èí-

òåãðàë Ìàñëîâà) íå òîëüêî äëÿ �óíêöèé, ïðèíèìàþùèõ çíà÷å-

íèÿ â Rmax, íî òàêæå è â îáùåì ñëó÷àå, ïðè óñëîâèè, ÷òî ëþáîå

îãðàíè÷åííîå ñâåðõó ïîäìíîæåñòâî K èìååò òî÷íóþ âåðõíþþ

ãðàíü.

Èäåìïîòåíòíàÿ ìåðà (èëè ìåðà Ìàñëîâà) íà X îïðåäåëÿåò-

ñÿ êàê mψ(Y ) = sup
x∈Y

ψ(x), ãäå ψ ∈ B(X,K) è Y ⊆ X. Èíòåãðàë

ïî ýòîé ìåðå èìååò âèä

(2)

Iψ(ϕ) =

∫ ⊕

X
ϕ(x) dmψ =

∫ ⊕

X
ϕ(x)⊙ψ(x) dx = sup

x∈X
(ϕ(x)⊙ψ(x)).

Ôîðìóëà (2) îïðåäåëÿåò òàêæå èäåìïîòåíòíîå ñêàëÿðíîå ïðî-

èçâåäåíèå �óíêöèé ϕ è ψ. Î÷åâèäíî, ÷òî åñëè K = Rmin, òî
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ñòàíäàðòíûé ïîðÿäîê � ÿâëÿåòñÿ ïðîòèâîïîëîæíûì ïî îòíî-

øåíèþ ê îáû÷íîìó ïîðÿäêó ≤, ïîýòîìó âûðàæåíèå (2) ïðèìåò
âèä

∫ ⊕

X
ϕ(x) dmψ =

∫ ⊕

X
ϕ(x)⊙ ψ(x) dx = inf

x∈X
(ϕ(x) ⊙ ψ(x)),

ãäå inf ïîíèìàåòñÿ â ñìûñëå îáû÷íîãî ïîðÿäêà ≤.
Òåïåðü ïîñìîòðèì, êàê îáñòîÿò äåëà ñ ãàðìîíè÷åñêèì àíà-

ëèçîì. Åñëè åñòü ãðóïïà G, òî ìîæíî ïîïðîáîâàòü ïîñòðî-

èòü ãðóïïîâîå ïîëóêîëüöî. �àññìîòðèì, íàïðèìåð, â êà÷åñòâå

òàêîãî ïîëóêîëüöà ïðîñòðàíñòâî âñåõ îãðàíè÷åííûõ �óíêöèé

B(G,K). Òîãäà ñâåðòêà îïðåäåëÿåòñÿ ñëåäóþùèì ñïîñîáîì:

(ϕ⊛ ψ)(x) =

∫ ⊕

G
ϕ(y)⊙ ψ(y−1 · x) dx.

Òàê ìû ïîëó÷àåì ãðóïïîâîå ïîëóêîëüöî.

Îáùèé ïðèíöèï ãàðìîíè÷åñêîãî àíàëèçà ñîñòîèò â òîì, ÷òî

âûáîð ãðóïïîâîé (ïîëó)àëãåáðû îïðåäåëÿåò è âûáîð âàðèàíòà

ãàðìîíè÷åñêîãî àíàëèçà. Åñòåñòâåííî âîçíèêàåò âîïðîñ, íåëü-

çÿ ëè ïîñòðîèòü ÷òî-íèáóäü â äóõå ïðåîáðàçîâàíèÿ Ôóðüå òàê,

÷òîáû ýòà ñâåðòêà ïðè ïðåîáðàçîâàíèè Ôóðüå ïåðåõîäèëà â

îáû÷íîå ïðîèçâåäåíèå. Îïðåäåëèì èäåìïîòåíòíîå (òðîïè÷åñ-

êîå) ïðåîáðàçîâàíèå Ôóðüå. Îáû÷íîå ïðåîáðàçîâàíèå Ôóðüå-

Ëàïëàñà îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

f 7→ f̂(ξ) =

∫

X
ei〈x,ξ〉f(x) dx,

ãäå X = Rn, x ∈ X, à ξ � ëèíåéíûé �óíêöèîíàë x 7→ 〈x, ξ〉 íà
X. Ïðè ýòîì ñàìóþ âàæíóþ ðîëü èãðàåò ýêñïîíåíòà, òî åñòü

õàðàêòåð ãðóïïû X. ×òîáû îáîáùèòü ïðåîáðàçîâàíèå Ôóðüå,

ñêàæåì, íà àëãåáðó Rmax, íàì íóæíî ïîíÿòü, ÷òî òàêîå õà-

ðàêòåð. Õàðàêòåð � ýòî ðåøåíèå �óíêöèîíàëüíîãî óðàâíåíèÿ

f(x+y) = f(x)f(y). Ïðàâèëüíûé àíàëîã ýòîãî óðàâíåíèÿ òàêîé:
f(x+ y) = f(x)⊙ f(y) = f(x) + f(y). �àçóìíûå ðåøåíèÿ òàêî-
ãî �óíêöèîíàëüíîãî óðàâíåíèÿ � ëèíåéíûå �óíêöèè. Âîîáùå,



136 �.Ë.Ëèòâèíîâ, �. Á.Øïèç

ëèíåéíûå è êóñî÷íî ëèíåéíûå �óíêöèè èãðàþò â èäåìïîòåíò-

íîì àíàëèçå î÷åíü âàæíóþ ðîëü. Ñòàëî áûòü, ñîîòâåòñòâóþùåå

òðîïè÷åñêîå ïðåîáðàçîâàíèå Ôóðüå

f 7→ f̂(ξ) =

∫ ⊕

X
〈x, ξ〉 ⊙ f(x) dx = sup

x
{ξ · x+ f(x)}

� ýòî ïðîñòî ïðåîáðàçîâàíèå Ëåæàíäðà (èëè Ôåíõåëÿ [16℄) ñ

òî÷íîñòüþ äî êîñìåòè÷åñêèõ èçìåíåíèé. Ñ ïîìîùüþ äåêâàíòî-

âàíèÿ Ìàñëîâà ìîæíî è íåïîñðåäñòâåííî ïåðåéòè îò ïðåîáðà-

çîâàíèÿ Ôóðüå�Ëàïëàñà ê ïðåîáðàçîâàíèþ Ëåæàíäðà. Íàïîì-

íèì, ÷òî ïðåîáðàçîâàíèå Ëåæàíäðà â êëàññè÷åñêîé ìåõàíèêå

îòâå÷àåò çà ïåðåâîä êàðòèíû Ëàãðàíæà â êàðòèíó �àìèëüòî-

íà è íàîáîðîò. Îêàçûâàåòñÿ, ÷òî ïðåîáðàçîâàíèå Ëåæàíäðà �

ýòî íå ÷òî èíîå, êàê èäåìïîòåíòíàÿ âåðñèÿ ïðåîáðàçîâàíèÿ Ôó-

ðüå. Â ðåçóëüòàòå ïðåîáðàçîâàíèå Ëåæàíäðà ñòàíîâèòñÿ áîëåå

ïîíÿòíûì. Ýòî çàìå÷àòåëüíîå íàáëþäåíèå ïðèíàäëåæèò Âèê-

òîðó Ïàâëîâè÷ó Ìàñëîâó. Ñâÿçü ïðåîáðàçîâàíèÿ Ëåæàíäðà�

Ôåíõåëÿ ñ âûïóêëûìè �óíêöèÿìè è âûïóêëûì àíàëèçîì î÷åíü

õîðîøî èçâåñòíà, ñì., íàïðèìåð, [16-18℄.

Â èäåìïîòåíòíîì àíàëèçå ìû èíòåðåñóåìñÿ ïðîñòðàíñòâàìè

�óíêöèé, êîòîðûå ïðèíèìàþò çíà÷åíèÿ â èäåìïîòåíòíûõ ïî-

ëóïîëÿõ èëè èäåìïîòåíòíûõ ïîëóêîëüöàõ. À òî ïðîñòðàíñòâî,

íà êîòîðîì îïðåäåëåíû íàøè �óíêöèè, åãî ãåîìåòðè÷åñêóþ

ñòðóêòóðó, ìû íå òðîãàåì. Íî ýòî âñ¼-òàêè òîëüêî ÷àñòü èäåì-

ïîòåíòíîé ìàòåìàòèêè. Â ïîñëåäíåå âðåìÿ Îëåã Âèðî î÷åíü

óäà÷íî òðîíóë è ãåîìåòðè÷åñêóþ ñòðóêòóðó, ñì. [19℄.

Â èäåìïîòåíòíîì àíàëèçå âîçíèêàåò áîëüøîå êîëè÷å-

ñòâî âñåâîçìîæíûõ �óíêöèé, �óíêöèîíàëüíûõ ïðîñòðàíñòâ

è ëèíåéíûõ îïåðàòîðîâ. Íî �óíêöèè âîçíèêàþò, êàê ïðàâèëî,

íåãëàäêèå. Ýòî ÿñíî, ïîòîìó ÷òî îïåðàöèè ìàêñèìóì è ìèíè-

ìóì ãëàäêîñòü íàðóøàþò. Ïîýòîìó èäåìïîòåíòíûé àíàëèç �

ýòî àíàëèç íåãëàäêèõ �óíêöèé è íåãëàäêèõ ðåøåíèé äè��å-

ðåíöèàëüíûõ óðàâíåíèé.
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Ïðèìåðàìè ÿâëÿþòñÿ: ïðîñòðàíñòâî âñåõ �óíêöèé, ïðîñò-

ðàíñòâî âñåõ îãðàíè÷åííûõ �óíêöèé, ïðîñòðàíñòâî âñåõ ïî-

ëóíåïðåðûâíûõ (ñíèçó èëè ñâåðõó) �óíêöèé íà òîïîëîãè÷å-

ñêîì ïðîñòðàíñòâå, à òàêæå ïðîñòðàíñòâà âûïóêëûõ è âîãíó-

òûõ �óíêöèé íà ëèíåéíûõ ïðîñòðàíñòâàõ. �àçóìååòñÿ, �óíê-

öèè ïðèíèìàþò çíà÷åíèÿ â òðîïè÷åñêîé àëãåáðå (íàïðèìåð, àë-

ãåáðå ìàêñ-ïëþñ). Ýòè ïðèìåðû èãðàþò âàæíóþ ðîëü â èäåì-

ïîòåíòíîì àíàëèçå. Óäàåòñÿ ïîñòðîèòü àáñòðàêòíûé èäåìïî-

òåíòíûé �óíêöèîíàëüíûé àíàëèç, íà÷èíàÿ ñ àíàëîãîâ òåîðåì

Õàíà-Áàíàõà è �èññà-Ôèøåðà è âêëþ÷àÿ àíàëîãè ðåçóëüòàòîâ

À. �ðîòåíäèêà ïî òîïîëîãè÷åñêèì òåíçîðíûì ïðîèçâåäåíèÿì,

ÿäåðíûì ïðîñòðàíñòâàì è ÿäåðíûì îïåðàòîðàì, ñì. [10, 26, 27℄.

8. Òðîïè÷åñêèå ïîëèíîìû è äåêâàíòîâàíèå

ãåîìåòðèè

�àññìîòðèì òðîïè÷åñêèé àíàëîã ïîëèíîìà. Ìîíîì xn ïåðåé-
äåò â x ⊙ x ⊙ . . . ⊙ x (n ñîìíîæèòåëåé), ò.å. â x + x + . . . +
x = nx. Ñîîòâåòñòâåííî ìîíîì xn1

1 . . . xnk
k ïåðåéäåò â �óíêöèþ

n1x1+. . .+nkxk. Ýòî � ëèíåéíàÿ �óíêöèÿ (â îáû÷íîì ñìûñëå).

Ïîëèíîì � ýòî ñóììà ìîíîìîâ; çäåñü, ñòàëî áûòü, âîçíèêíåò

ìàêñèìóì. Òàê âîçíèêàåò êóñî÷íî ëèíåéíàÿ �óíêöèÿ, êîòîðàÿ,

âäîáàâîê, âûïóêëà. Ýòî íàáëþäåíèå ëåæèò â îñíîâå ìåòîäà

Îëåãà Âèðî, êîòîðûé çàìåòèë, ÷òî ìåòîä, êîòîðûì îí ïîëü-

çîâàëñÿ ìíîãî ëåò íàçàä, íà ñàìîì äåëå ñâÿçàí ñ êâàíòîâàíèåì

è äåêâàíòîâàíèåì [19℄. Åñëè äåêâàíòîâàòü âåùåñòâåííóþ àëãåá-

ðàè÷åñêóþ ãåîìåòðèþ, òî âîçíèêíóò çàäà÷è èç òåîðèè ìíîãî-

ãðàííèêîâ. Ïîñêîëüêó ìíîãîãðàííèêè ñ íóæíûìè ñâîéñòâàìè

ïîñòðîèòü ëåãêî, à ïîñòðîèòü ñîîòâåòñòâóþùèå àëãåáðàè÷åñêèå

ìíîãîîáðàçèÿ � òðóäíàÿ ïðîáëåìà, òî Î. Âèðî ñòðîèë ñíà÷àëà

ìíîãîãðàííèêè, ïîòîì ïðîâîäèë ïðîöåäóðó êâàíòîâàíèÿ è ïî-

ëó÷àë òî, ÷òî åìó áûëî íóæíî. Ïðè÷�åì èñïîëüçîâàëîñü èìåííî

òî êâàíòîâàíèå, î êîòîðîì ìû ñåé÷àñ ãîâîðèì.

Òàê èç ïîëèíîìîâ ïîÿâëÿþòñÿ âûïóêëûå êóñî÷íî ëèíåéíûå

�óíêöèè. À åñëè, êðîìå òîãî, ó÷åñòü, êàê âûïóêëàÿ �óíêöèÿ
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ïîëó÷àåòñÿ èç ñâîèõ êàñàòåëüíûõ, òî îíà òîæå â íåêîòîðîì

ñìûñëå êóñî÷íî ëèíåéíàÿ.

Èòàê, èäåìïîòåíòíàÿ âåðñèÿ âåùåñòâåííîé àëãåáðàè÷åñêîé

ãåîìåòðèè áûëà îòêðûòà Î. Âèðî è ïðåäñòàâëåíà â åãî äîêëà-

äå íà êîíãðåññå â Áàðñåëîíå [19℄. Èñõîäÿ èç èäåìïîòåíòíîãî

ïðèíöèïà ñîîòâåòñòâèÿ, Î. Âèðî ïîñòðîèë êóñî÷íî-ëèíåéíóþ

ãåîìåòðèþ ìíîãîãðàííèêîâ ñïåöèàëüíîãî âèäà â êîíå÷íîìåð-

íûõ ýâêëèäîâûõ ïðîñòðàíñòâàõ êàê ðåçóëüòàò äåêâàíòîâàíèÿ

Ìàñëîâà îáû÷íîé âåùåñòâåííîé àëãåáðàè÷åñêîé ãåîìåòðèè. Îí

òàêæå óêàçàë íà âàæíûå ïðèëîæåíèÿ (íàïðèìåð, â ðàìêàõ 16-

îé ïðîáëåìû �èëüáåðòà î ïîñòðîåíèè âåùåñòâåííîãî àëãåáðàè-

÷åñêîãî ìíîãîîáðàçèÿ ñ ïðåäïèñàííûìè ñâîéñòâàìè) è íà ñâÿçü

ñ êîìïëåêñíîé àëãåáðàè÷åñêîé ãåîìåòðèåé è àìåáàìè â ñìûñëå

È.Ì. �åëü�àíäà, Ì.Ì. Êàïðàíîâà è À.Â. Çåëåâèíñêîãî (ñì. [19-

21℄). Çàòåì êîìïëåêñíàÿ àëãåáðàè÷åñêàÿ ãåîìåòðèÿ áûëà äå-

êâàíòîâàíà �. Ìèõàëêèíûì (ñ òåì æå ðåçóëüòàòîì), êîòîðûé

óêàçàë íîâûå âàæíûå ïðèëîæåíèÿ, ñì. äîêëàä �. Ìèõàëêèíà

íà êîíãðåññå â Ìàäðèäå [7℄. Ýòà íîâàÿ �èäåìïîòåíòíàÿ� (èëè

àñèìïòîòè÷åñêàÿ) ãåîìåòðèÿ òåïåðü îáû÷íî íàçûâàåòñÿ òðî-

ïè÷åñêîé àëãåáðàè÷åñêîé ãåîìåòðèåé.

�ðóáî ãîâîðÿ, äå�îðìàöèÿ àëãåáðàè÷åñêîãî ìíîãîîáðà-

çèÿ ïðè êîíå÷íûõ çíà÷åíèÿõ �ïîñòîÿííîé Ïëàíêà� h è ÿâëÿ-

åòñÿ àìåáîé â ñìûñëå [21℄. Â ïðåäåëå ïðè h → 0 àìåáà ïåðå-

õîäèò â òðîïè÷åñêîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå (ñêåëåò àìå-

áû). Íàïðèìåð, äëÿ ïðÿìîé V = {(x, y) ∈ C2 | x + y + 1 = 0}
ñîîòâåòñòâóþùàÿ òðîïè÷åñêàÿ ïðÿìàÿ Tro(V ) ïðåäñòàâëåíà íà
ðèñ. 4(à). Àìåáà ïðåäñòàâëåíà íà ðèñ. 4(â), à ñîîòâåòñòâóþùàÿ

äå�îðìàöèÿ àìåáû � íà ðèñ. 4(ñ). �àçóìååòñÿ, òðîïè÷åñêàÿ

ïðÿìàÿ ÿâëÿåòñÿ ïðèìåðîì èäåìïîòåíòíî âûïóêëîãî ìíîæå-

ñòâà (ñì. ðàçäåë 5 âûøå).
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�èñ. 4. �Äåêâàíòîâàíèå� àìåáû

Äàâàéòå ïîñìîòðèì, áûâàþò ëè êàêèå-òî ñâÿçè ìåæäó îáû÷-

íûìè (ïîëó)êîëüöàìè è èäåìïîòåíòíûìè ïîëóêîëüöàìè. Äî-

ïóñòèì, ó íàñ åñòü ïîëèíîì P(x) îò îäíîé ïåðåìåííîé ñ íåîò-

ðèöàòåëüíûìè êîý��èöèåíòàìè. Ñîïîñòàâèì åìó åãî ñòåïåíü

degP. Îêàçûâàåòñÿ, ÷òî îòîáðàæåíèå P(x) 7→ degP ÿâëÿåòñÿ

ãîìîìîð�èçìîì â àëãåáðó ìàêñ-ïëþñ.

À ÷òî áóäåò, åñëè ìû âîçüìåì ïîëèíîì P(x1, . . . , xp) îò íåñ-
êîëüêèõ ïåðåìåííûõ? Àíàëîãîì ñòåïåíè â ýòîì ñëó÷àå ÿâëÿ-

åòñÿ ìíîãîãðàííèê Íüþòîíà. Ìíîãîãðàííèê Íüþòîíà � ýòî

âûïóêëûé ìíîãîãðàííèê. Îêàçûâàåòñÿ, ÷òî îòîáðàæåíèå ïî-

ëèíîìà â ñâîé ìíîãîãðàííèê Íüþòîíà � ãîìîìîð�èçì îòíî-

ñèòåëüíî îïåðàöèé âûïóêëîé îáîëî÷êè äâóõ ìíîãîãðàííèêîâ

Íüþòîíà è èõ ñóììû ïî Ìèíêîâñêîìó (ñì. ïðèìåð 4.5).

9. Ïðåîáðàçîâàíèå äåêâàíòîâàíèÿ è îáîáùåíèå

ìíîãîãðàííèêîâ Íüþòîíà

Â ýòîì ðàçäåëå, â êà÷åñòâå îäíîãî èç êîíêðåòíûõ ïðèëî-

æåíèé ìû îáñóäèì ðåçóëüòàòû, îïóáëèêîâàííûå â ðàáîòå [22℄.

Ñóòü ýòèõ ðåçóëüòàòîâ çàêëþ÷àåòñÿ â ñëåäóþùåì. Äëÿ �óíê-

öèé, îïðåäåëåííûõ íà Cn ïî÷òè âñþäó, ìîæíî ïîñòðîèòü ïðåîá-

ðàçîâàíèå äåêâàíòîâàíèÿ f → f̂ , ïîðîæäåííîå äåêâàíòîâàíèåì
Ìàñëîâà. Äëÿ ïîëèíîìèàëüíîé �óíêöèè f ñóáäè��åðåíöèàë
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∂f̂ �óíêöèè f̂ ñîâïàäàåò ñ ìíîãîãðàííèêîì Íüþòîíà ïîëèíî-

ìà f . Äëÿ ïîëóêîëüöà ïîëèíîìîâ ñ íåîòðèöàòåëüíûìè êîý�-

�èöèåíòàìè ïðåîáðàçîâàíèå äåêâàíòîâàíèÿ ÿâëÿåòñÿ ãîìîìîð-

�èçìîì ýòîãî ïîëóêîëüöà â èäåìïîòåíòíîå ïîëóêîëüöî âûïóê-

ëûõ ìíîãîãðàííèêîâ îòíîñèòåëüíî õîðîøî èçâåñòíûõ îïåðàöèé

Ìèíêîâñêîãî. Ýòè ðåçóëüòàòû ìîãóò áûòü îáîáùåíû íà øèðî-

êèé êëàññ �óíêöèé è âûïóêëûõ ìíîæåñòâ.

9.1. Ïðåîáðàçîâàíèå äåêâàíòîâàíèÿ. �àññìîòðèì òîïîëî-

ãè÷åñêîå ïðîñòðàíñòâî X. Äëÿ �óíêöèé f(x), îïðåäåëåííûõ
íà X, áóäåì ãîâîðèòü, ÷òî íåêîòîðîå ñâîéñòâî âûïîëíÿåòñÿ ïî-

÷òè âñþäó (ï.â.), åñëè îíî ñïðàâåäëèâî äëÿ âñåõ ýëåìåíòîâ x
èç îòêðûòîãî âñþäó ïëîòíîãî ïîäìíîæåñòâà â X. Âûáåðåì â

êà÷åñòâå X ìíîæåñòâî Cn èëè Rn; îáîçíà÷èì ÷åðåç Rn+ ìíîæå-

ñòâî x = { (x1, . . . , xn) ∈ X | xi ≥ 0, ãäå i = 1, 2, . . . , n}. Äëÿ
x = (x1, . . . , xn) ∈ X ïîëîæèì exp(x) = (exp(x1), . . . , exp(xn));
òàêèì îáðàçîì, åñëè x ∈ Rn, òî exp(x) ∈ Rn+.

Îáîçíà÷èì ÷åðåç F(Cn) ìíîæåñòâî âñåõ �óíêöèé, íåïðåðûâ-
íûõ íà îòêðûòîì âñþäó ïëîòíîì ïîäìíîæåñòâå U ⊂ Cn, ïðè-

÷åì U ⊃ Rn+. Âî âñåõ íèæå ïðèâåäåííûõ ïðèìåðàõ ìû ðàñ-

ñìîòðèì äàæå áîëåå ðåãóëÿðíûå �óíêöèè, êîòîðûå ãîëîìîð�-

íû â U . Î÷åâèäíî, ÷òî F(Cn) � êîëüöî (è àëãåáðà íàä C) ïî

îòíîøåíèþ ê îáû÷íîìó ñëîæåíèþ è óìíîæåíèþ �óíêöèé.

Äëÿ f ∈ F(Cn) îïðåäåëèì �óíêöèþ f̂h ïî ñëåäóþùåé �îð-

ìóëå:

(3) f̂h(x) = h log |f(exp(x/h))|,
ãäå h � (ìàëûé) âåùåñòâåííûé ïàðàìåòð, à x ∈ Rn. Ïîëîæèì

(4) f̂(x) = lim
h→0

f̂h(x),

åñëè ïðåäåë â ïðàâîé ÷àñòè (4) ñóùåñòâóåò ïî÷òè âñþäó. Íàçî-

âåì �óíêöèþ f̂(x) äåêâàíòîâàíèåì �óíêöèè f(x), à ïðåîáðà-

çîâàíèå f(x) 7→ f̂(x) � ïðåîáðàçîâàíèåì äåêâàíòîâàíèÿ. Ïî ïî-

ñòðîåíèþ f̂h(x) è f̂(x) ìîãóò áûòü ðàññìîòðåíû êàê �óíêöèè,

ïðèíèìàþùèå çíà÷åíèÿ â Rmax. Îòìåòèì, ÷òî íà ñàìîì äåëå
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f̂h(x) è f̂(x) çàâèñÿò òîëüêî îò ñóæåíèÿ �óíêöèè f íà ïîäìíî-

æåñòâî Rn+; ïîýòîìó �àêòè÷åñêè ïðåîáðàçîâàíèå äåêâàíòîâà-

íèÿ çàäàåòñÿ äëÿ �óíêöèé, îïðåäåëåííûõ òîëüêî â Rn+. Ïîíÿò-

íî, ÷òî ïðåîáðàçîâàíèå äåêâàíòîâàíèÿ ïîðîæäåíî äåêâàíòîâà-

íèåì Ìàñëîâà è îòîáðàæåíèåì x 7→ |x|. �àçóìååòñÿ, àíàëîãè÷-
íûå îïðåäåëåíèÿ ìîãóò áûòü äàíû è äëÿ �óíêöèé, çàäàííûõ

íà Rn è Rn+.

Îáîçíà÷èì ÷åðåç V ìíîæåñòâî Rn, ðàññìàòðèâàåìîå êàê ëè-

íåéíîå ýâêëèäîâî ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(x, y) = x1y1 + x2y2 + . . . + xnyn, è ïîëîæèì V+ = Rn+. Íàçî-

âåì �óíêöèþ f ∈ F(Cn) äåêâàíòóåìîé, åñëè åå äåêâàíòîâà-

íèå f̂(x) ñóùåñòâóåò (è îïðåäåëåíî íà îòêðûòîì âñþäó ïëîò-

íîì ïîäìíîæåñòâå â V ). Îáîçíà÷èì ÷åðåç D(Cn) ìíîæåñòâî

âñåõ äåêâàíòóåìûõ �óíêöèé è ïóñòü D̂(V ) îçíà÷àåò ìíîæå-

ñòâî { f̂ | f ∈ D(Cn) }. Íàïîìíèì, ÷òî �óíêöèè èç D(Cn) (è

D̂(V )) îïðåäåëåíû ïî÷òè âñþäó è ðàâåíñòâî f = g îçíà÷àåò,

÷òî f(x) = g(x) äëÿ ëþáîãî x èç îòêðûòîãî âñþäó ïëîòíî-

ãî ïîäìíîæåñòâà â Cn (ñîîòâåòñòâåííî â V ). Îáîçíà÷èì ÷å-

ðåç D+(C
n) ìíîæåñòâî âñåõ �óíêöèé f ∈ D(Cn) òàêèõ, ÷òî

f(x1, . . . , xn) ≥ 0 åñëè xi ≥ 0 äëÿ i = 1, . . . , n; òîãäà f ∈ D+(C
n)

åñëè ñóæåíèå f íà V+ = Rn+ ÿâëÿåòñÿ íåîòðèöàòåëüíîé �óíê-

öèåé. Îáîçíà÷èì ïîëó÷åííûé â ðåçóëüòàòå äåêâàíòîâàíèÿ îá-

ðàç ìíîæåñòâà D+(C
n) ÷åðåç D̂+(V ). �îâîðÿò, ÷òî �óíêöèè

f, g ∈ D(Cn) ÿâëÿþòñÿ �óíêöèÿìè îáùåãî ïîëîæåíèÿ, åñëè

f̂(x) 6= ĝ(x) äëÿ ýëåìåíòîâ x, ïðîáåãàþùèõ îòêðûòîå âñþäó

ïëîòíîå ìíîæåñòâî â V .
Äëÿ �óíêöèé f, g ∈ D(Cn) è íåíóëåâîé êîíñòàíòû c, âåðíû

ñëåäóþùèå ðàâåíñòâà:

1) f̂ g = f̂ + ĝ;

2) |f̂ | = f̂ ; ĉf = f ; ĉ = 0;

3) (f̂ + g)(x) = max{f̂(x), ĝ(x)} ï.â., åñëè f è g íåîòðè-

öàòåëüíû íà V+ (òî åñòü f, g ∈ D+(C
n)), èëè f è g �

�óíêöèè îáùåãî ïîëîæåíèÿ.
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Ëåâûå ÷àñòè ýòèõ óðàâíåíèé îïðåäåëåíû àâòîìàòè÷åñêè.

Ìíîæåñòâî D+(C
n) èìååò åñòåñòâåííóþ ñòðóêòóðó ïîëó-

êîëüöà îòíîñèòåëüíî îáû÷íîãî ñëîæåíèÿ è óìíîæåíèÿ �óíê-

öèé, ïðèíèìàþùèõ çíà÷åíèå â C. Ìíîæåñòâî D̂+(V ) èìååò åñòå-
ñòâåííóþ ñòðóêòóðó èäåìïîòåíòíîãî ïîëóêîëüöà îòíîñèòåëüíî

îïåðàöèé (f ⊕ g)(x) = max{f(x), g(x)}, (f ⊙ g)(x) = f(x)+ g(x);

ýëåìåíòû èç D̂+(V ) ìîæíî ðàññìàòðèâàòü êàê �óíêöèè, ïðèíè-
ìàþùèå çíà÷åíèÿ â Rmax. Ïðåîáðàçîâàíèå äåêâàíòîâàíèÿ ïî-

ðîæäàåò ãîìîìîð�èçì èç D+(C
n) â D̂+(V ).

9.2. Ïðîñòûå �óíêöèè. Äëÿ ëþáîãî íåíóëåâîãî ÷èñëà a ∈ C

è ëþáîãî âåêòîðà d = (d1, . . . , dn) ∈ V = Rn ïîëîæèì

ma,d(x) = a

n∏

i=1

xdii .

Ôóíêöèè òàêîãî âèäà áóäåì íàçûâàòü îáîáùåííûìè ìîíîìàìè.

Îáîáùåííûå ìîíîìû îïðåäåëåíû ï.â. íà Cn è íà V+, íî íå íà
V , èñêëþ÷àÿ ñëó÷àé, êîãäà di ÿâëÿþòñÿ öåëûìè èëè ïîäõîäÿ-

ùèìè ðàöèîíàëüíûìè ÷èñëàìè. Íàçîâåì �óíêöèþ f îáîáùåí-

íûì ïîëèíîìîì, åñëè îíà ïðåäñòàâëÿåò ñîáîé êîíå÷íóþ ñóììó

ëèíåéíî íåçàâèñèìûõ îáîáùåííûõ ìîíîìîâ. Íàïðèìåð, ïîëè-

íîìû Ëîðàíà èëè Ïþèçî ÿâëÿþòñÿ îáîáùåííûìè ïîëèíîìàìè.

Êàê îáû÷íî, äëÿ x, y ∈ V îïðåäåëèì

(x, y) = x1y1 + . . .+ xnyn.

Ëåãêî ïîêàçàòü, ÷òî åñëè f � îáîáùåííûé ìîíîì ma,d(x), òî f̂
� ëèíåéíàÿ �óíêöèÿ x 7→ (d, x). Åñëè f � îáîáùåííûé ïîëè-

íîì, òî f̂ � ñóáëèíåéíàÿ �óíêöèÿ.

Íàïîìíèì (ñì. [17℄), ÷òî âåùåñòâåííàÿ �óíêöèÿ p, îïðåäå-
ëåííàÿ íà V = Rn ñóáëèíåéíà åñëè p = supα pα, ãäå {pα} � íà-

áîð ëèíåéíûõ �óíêöèé. Ñóáëèíåéíûå �óíêöèè, îïðåäåëåííûå

âñþäó íà V = Rn, âûïóêëû; ñëåäîâàòåëüíî, îíè íåïðåðûâíû. Â

äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü òîëüêî òàêèå ñóáëèíåé-

íûå �óíêöèè. Ïóñòü p � íåïðåðûâíàÿ �óíêöèÿ íà V , òîãäà p
ñóáëèíåéíà òîãäà è òîëüêî òîãäà, êîãäà
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(1) p(x+ y) ≤ p(x) + p(y) äëÿ âñåõ x, y ∈ V ;
(2) p(cx) = cp(x) äëÿ âñåõ x ∈ V , c ∈ R+.

Åñëè p1, p2 � ñóáëèíåéíûå �óíêöèè, òî p1 + p2 òàêæå ÿâëÿ-
åòñÿ ñóáëèíåéíîé �óíêöèåé.

Íàçîâåì �óíêöèþ f ∈ F(Cn) ïðîñòîé, åñëè åå äåêâàíòî-

âàíèå f̂ ñóùåñòâóåò è ï.â. ñîâïàäàåò ñ íåêîòîðîé ñóáëèíåéíîé

�óíêöèåé; Äîïóñêàÿ âîëüíîñòü ðå÷è, áóäåì îáîçíà÷àòü ýòó (îä-

íîçíà÷íî îïðåäåëåííóþ âñþäó íà V ) ñóáëèíåéíóþ �óíêöèþ

òåì æå ñèìâîëîì f̂ .
Íàïîìíèì, ÷òî ïðîñòûå �óíêöèè f è g ÿâëÿþòñÿ �óíêöèÿìè

â îáùåì ïîëîæåíèè, åñëè f̂(x) 6= ĝ(x) äëÿ âñåõ x èç îòêðûòîãî
âñþäó ïëîòíîãî ìíîæåñòâà â V . Â ÷àñòíîñòè, îáîáùåííûå ìî-

íîìû ÿâëÿþòñÿ �óíêöèÿìè îáùåãî ïîëîæåíèÿ òîãäà è òîëüêî

òîãäà, êîãäà îíè ëèíåéíî íåçàâèñèìû.

Îáîçíà÷èì ÷åðåç Sim(Cn) � ìíîæåñòâî âñåõ ïðîñòûõ �óíê-

öèé, îïðåäåëåííûõ íà Cn, è îáîçíà÷èì ÷åðåç Sim+(C
n) ìíî-

æåñòâî Sim(Cn) ∩D+(C
n). ×åðåç Sbl(V ) îáîçíà÷èì ìíîæåñòâî

âñåõ (íåïðåðûâíûõ) ñóáëèíåéíûõ �óíêöèé, îïðåäåëåííûõ íà

V = Rn, à ÷åðåç Sbl+(V ) îáîçíà÷èì îáðàç Ŝim+(C
n) ìíîæå-

ñòâà Sim+(C
n) ïðè ïðåîáðàçîâàíèè äåêâàíòîâàíèÿ.

Ìíîæåñòâî Sim+(C
n) ÿâëÿåòñÿ ïîäïîëóêîëüöîì â D+(C

n),

è Sbl+(V ) ÿâëÿåòñÿ èäåìïîòåíòíûì ïîäïîëóêîëüöîì â D̂+(V ).
Ïðåîáðàçîâàíèå äåêâàíòîâàíèÿ ïîðîæäàåò ýïèìîð�èçì ïîëó-

êîëüöà Sim+(C
n) íà Sbl+(V ). Ìíîæåñòâî Sbl(V ) ÿâëÿåòñÿ èäåì-

ïîòåíòíûì ïîëóêîëüöîì îòíîñèòåëüíî îïåðàöèé

(f ⊕ g)(x) = max{f(x), g(x)}, (f ⊙ g)(x)f(x) + g(x).

Êîíå÷íî, ïîëèíîìû è îáîáùåííûå ïîëèíîìû ÿâëÿþòñÿ ïðî-

ñòûìè �óíêöèÿìè.

Áóäåì ãîâîðèòü, ÷òî �óíêöèè f, g ∈ D(V ) àñèìïòîòè÷å-

ñêè ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà f̂ = ĝ; ïðî-
ñòóþ �óíêöèþ f íàçîâåì àñèìïòîòè÷åñêèì ìîíîìîì, åñëè

f̂ � ëèíåéíàÿ �óíêöèÿ. Ïðîñòàÿ �óíêöèÿ f áóäåò íàçûâàòüñÿ
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àñèìïòîòè÷åñêèì ïîëèíîìîì åñëè f̂ ÿâëÿåòñÿ ñóììîé êîíå÷-

íîãî ÷èñëà íåýêâèâàëåíòíûõ àñèìïòîòè÷åñêèõ ìîíîìîâ. Êàæ-

äûé àñèìïòîòè÷åñêèé ïîëèíîì ÿâëÿåòñÿ ïðîñòîé �óíêöèåé.

Ïðèìåð 9.1. Ïðèìåðàìè àñèìïòîòè÷åñêèõ ïîëèíîìîâ ñëóæàò

îáîáùåííûå ïîëèíîìû, ëîãàðè�ìè÷åñêèå �óíêöèè îò (îáîá-

ùåííûõ) ïîëèíîìîâ, ïðîèçâåäåíèÿ ïîëèíîìîâ è ëîãàðè�ìè÷å-

ñêèõ �óíêöèé. Ýòî íåïîñðåäñòâåííî ñëåäóåò èç íàøèõ îïðåäå-

ëåíèé è �îðìóë (3) è (4).

9.3. Ñóáäè��åðåíöèàëû ñóáëèíåéíûõ �óíêöèé è ìíî-

æåñòâà Íüþòîíà äëÿ ïðîñòûõ �óíêöèé. Õîðîøî èçâåñò-

íî, ÷òî ñîâîêóïíîñòü âñåõ âûïóêëûõ êîìïàêòíûõ ïîäìíîæåñòâ

â Rn îáðàçóåò èäåìïîòåíòíîå ïîëóêîëüöî S îòíîñèòåëüíî îïå-

ðàöèé Ìèíêîâñêîãî: äëÿ A,B ∈ S ñóììà A ⊕ B ÿâëÿåòñÿ âû-

ïóêëîé îáîëî÷êîé îáúåäèíåíèÿ A ∪ B; ïðîèçâåäåíèå A ⊙ B
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: A ⊙ B = {x | x = a +
b, ãäå a ∈ A, b ∈ B }; ñì. âûøå ïðèìåð 4.5. Íà ñàìîì äåëå, ìíî-

æåñòâî S ÿâëÿåòñÿ èäåìïîòåíòíûì ëèíåéíûì ïðîñòðàíñòâîì

íàä Rmax (ñì., íàïðèìåð, [10℄). �àçóìååòñÿ, ìíîãîãðàííèêè

Íüþòîíà â ïðîñòðàíñòâå V îáðàçóþò ïîäïîëóêîëüöî N â S.
Âîñïîëüçóåìñÿ íåêîòîðûìè ýëåìåíòàðíûìè ðåçóëüòàòàìè èç

âûïóêëîãî àíàëèçà. Ýòè ðåçóëüòàòû ìîæíî íàéòè, íàïðèìåð,

â êíèãå �.�. Ìàãàðèë-Èëüÿåâà è Â.Ì. Òèõîìèðîâà [17℄.

Äëÿ ëþáîé �óíêöèè p ∈ Sbl(V ) ïîëîæèì

∂p = { v ∈ V | (v, x) ≤ p(x) ∀x ∈ V }.
Èç âûïóêëîãî àíàëèçà õîðîøî èçâåñòíî, ÷òî äëÿ ëþáîé ñóá-

ëèíåéíîé �óíêöèè p ìíîæåñòâî ∂p åñòü â òî÷íîñòè ñóáäè��å-

ðåíöèàë îò p â íóëåâîé òî÷êå. Ñëåäóþùåå óòâåðæäåíèå òàêæå

õîðîøî èçâåñòíî èç âûïóêëîãî àíàëèçà:

Ïðåäëîæåíèå 1. Ïóñòü p1, p2 ∈ Sbl(V ), òîãäà

∂(p1 + p2) = ∂p1 ⊙ ∂p2 =
{ v ∈ V | v = v1 + v2, ãäå v1 ∈ ∂p1, v2 ∈ ∂p2 };

∂(max{p1(x), p2(x)}) = ∂p1 ⊕ ∂p2.
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Ïóñòü p ∈ Sbl(V ). Òîãäà ∂p � íåïóñòîå âûïóêëîå êîìïàêò-

íîå ïîäìíîæåñòâî â V .

Ñëåäñòâèå 1. Îòîáðàæåíèå p 7→ ∂p ÿâëÿåòñÿ ãîìîìîð�èç-

ìîì èäåìïîòåíòíîãî ïîëóêîëüöà Sbl(V ) â èäåìïîòåíòíîå ïî-
ëóêîëüöî S âñåõ âûïóêëûõ êîìïàêòíûõ ïîäìíîæåñòâ ìíîæå-

ñòâà V .

Äëÿ ëþáîé ïðîñòîé �óíêöèè f ∈ Sim(Cn) îáîçíà÷èì ÷åðåç

N(f) ìíîæåñòâî ∂(f̂). Íàçîâåì N(f) ìíîæåñòâîì Íüþòîíà

äëÿ �óíêöèè f . Èç ïðèâåäåííîãî óòâåðæäåíèÿ ñëåäóåò, ÷òî

äëÿ ëþáîé ïðîñòîé �óíêöèè f , åå ìíîæåñòâî Íüþòîíà N(f)
ÿâëÿåòñÿ íåïóñòûì âûïóêëûì êîìïàêòíûì ïîäìíîæåñòâîì â

V .

Òåîðåìà 1. Ïóñòü f è g � ïðîñòûå �óíêöèè. Òîãäà

1) N(fg) = N(f) ⊙ N(g) = { v ∈ V | v = v1 + v2, ãäå
v1 ∈ N(f), v2 ∈ N(g)};

2) N(f + g) = N(f) ⊕ N(g), åñëè f1 è f2 � �óíêöèè â

îáùåì ïîëîæåíèè èëè f1, f2 ∈ Sim+(C
n) (íàïîìíèì,

÷òî N(f) ⊕N(g) åñòü âûïóêëàÿ îáîëî÷êà ìíîæåñòâà

N(f) ∪N(g)).

Ñëåäñòâèå 2. Ïðåîáðàçîâàíèå f 7→ N(f) ïîðîæäàåò ãîìî-

ìîð�èçì èç Sim+(C
n) â S.

Ïðåäëîæåíèå 2. Ïóñòü f = ma,d(x) = a
∏n
i=1 x

di
i � (îáîá-

ùåííûé) ìîíîì; çäåñü d = (d1, . . . , dn) ∈ V = Rn è a � íåíó-

ëåâîå êîìïëåêñíîå ÷èñëî. Òîãäà N(f) = {d}.
Ñëåäñòâèå 3. Ïóñòü f =

∑
d∈Dmad,d � (îáîáùåííûé) ïî-

ëèíîì. Òîãäà N(f) � ìíîãîãðàííèê ⊕d∈D{d}, ò.å. ëèíåéíàÿ
îáîëî÷êà êîíå÷íîãî ìíîæåñòâà D.

Ýòîò âûâîä ñëåäóåò èç òåîðåìû 9.1 è ïðåäëîæåíèÿ 9.2. Â

ýòîì ñëó÷àå N(f) � õîðîøî èçâåñòíûé êëàññè÷åñêèé ìíîãî-

ãðàííèê Íüþòîíà ïîëèíîìà f . Ïîýòîìó ñëåäóþùåå óòâåðæäå-

íèå î÷åâèäíî:
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Ñëåäñòâèå 4. Ïóñòü f � îáîáùåííûé èëè àñèìïòîòè÷å-

ñêèé ïîëèíîì. Òîãäà åãî ìíîæåñòâî Íüþòîíà N(f) ÿâëÿåòñÿ
âûïóêëûì ìíîãîãðàííèêîì.

Äðóãîé ïîäõîä ê ïîñòðîåíèþ îáîáùåííûõ ìíîãîãðàííèêîâ

(ìíîæåñòâ) Íüþòîíà áûë ïðåäëîæåí À. �àøêîâñêèì, ñì., íà-

ïðèìåð, [23, 24℄.

Ïðèìåð 9.2. �àññìîòðèì îäíîìåðíûé ñëó÷àé, ò.å. V = R è

ïîëîæèì

f1 = anx
n + an−1x

n−1 + . . .+ a0,

f2 = bmx
m + bm−1x

m−1 + . . .+ b0,

ãäå an 6= 0, bm 6= 0, a0 6= 0, b0 6= 0. Òîãäà N(f1) ñîâïàäàåò
ñ îòðåçêîì [0, n] è N(f2) � ñ îòðåçêîì [0,m], à ïðåîáðàçîâà-

íèå f 7→ N(f) ñîîòâåòñòâóåò ïðåîáðàçîâàíèþ f 7→ deg(f), ãäå
deg(f) � ñòåïåíü ïîëèíîìà f . Ïðè ýòîì, â ñîîòâåòñòâèè ñ òåî-

ðåìîé 9.1, deg(fg) = deg f + deg g è

deg(f + g) = max{deg f,deg g} = max{n,m},
åñëè ai ≥ 0, bi ≥ 0 èëè åñëè f è g íàõîäÿòñÿ â îáùåì ïîëîæåíèè.

10. Äåêâàíòîâàíèå ëèíåéíûõ îïåðàòîðîâ è

ïîëóãðóïï ëèíåéíûõ îïåðàòîðîâ [25℄

Íàøà öåëü ñîñòîèò â òîì, ÷òîáû ïðèìåíèòü ïðåîáðàçîâà-

íèå äåêâàíòîâàíèÿ ê ìàòðè÷íûì ýëåìåíòàì îïåðàòîðíûõ ïî-

ëóãðóïï, ïîðîæäåííûõ ëèíåéíûìè îïåðàòîðàìè.

Ïðåîáðàçîâàíèå äåêâàíòîâàíèÿ ìîæíî ïåðåïèñàòü â ñëåäó-

þùåé �îðìå:

f 7→ f̂(x) = lim
h→+0

h log(| f(exp(x/h) |) =

= lim
s→+∞

(1/s) · log(| f(exp(sx) |),

ãäå x ∈ Rn è h, s = 1/h ÿâëÿþòñÿ ïîëîæèòåëüíûìè ïàðàìåò-

ðàìè.
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Ïóñòü S � ïîëóãðóïïà è s 7→ πs ÿâëÿåòñÿ ëèíåéíûì ïðåäñòàâ-

ëåíèåì ïîëóãðóïïû S â ïîëíîì (èëè êâàçèïîëíîì) áî÷å÷íîì

ëîêàëüíî âûïóêëîì ïðîñòðàíñòâå V íàä ïîëåì êîìïëåêñíûõ

÷èñåë (ïîñðåäñòâîì íåïðåðûâíûõ îïåðàòîðîâ â V ). Îáîçíà÷èì
÷åðåç V ′

ñîïðÿæåííîå ïðîñòðàíñòâî ê V è ÷åðåç 〈v′, v〉 � çíà÷å-
íèå �óíêöèîíàëà v′ ∈ V ′

íà âåêòîðå v ∈ V . Åñëè s 7→ πv′,v(s) =
〈v′, πsv〉 ÿâëÿåòñÿ ìàòðè÷íûì ýëåìåíòîì ïðåäñòàâëåíèÿ π, òî
åãî äåêâàíòîâàíèå π̂v′,v îïðåäåëÿåòñÿ �îðìóëîé:

π̂v′,v = lims→∞(1/s) · log(| 〈v′, πsv〉 |).
Ìû ðàññìàòðèâàåì ñëó÷àè S = R+ èëè S = Z+. Åñëè ýëå-

ìåíòû v è v′ �èêñèðîâàíû, òî π̂v′,v ∈ S ∪ {∞}.
Ïðåäëîæåíèå 3. Ïóñòü A � ëèíåéíûé îïåðàòîð â V , πs =
exp(sA), è dimV < ∞. Òîãäà ìíîæåñòâî âñåõ äåêâàíòîâàíèé

{π̂v′,v} ñîâïàäàåò ñ ìíîæåñòâîì âåùåñòâåííûõ ÷àñòåé âñåõ

ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà A.

Ýòîò ðåçóëüòàò ìîæíî îáîáùèòü íà ñëó÷àé dimV = ∞.

Ïðåäïîëîæèì, ÷òî äëÿ êàæäîãî ýëåìåíòà v′ ∈ V ′
ñóùåñòâó-

åò òàêîå ÷èñëî r > 0, ÷òî ìíîæåñòâî {r−s · (| 〈v′, πsv〉 |), s ∈ S}
îãðàíè÷åíî äëÿ êàæäîãî âåêòîðà v ∈ V è ÷èñëî r íå çàâèñèò îò
ýëåìåíòà v′ ∈ V ′

. Â ýòîì ñëó÷àå ïðåäñòàâëåíèå π íàçûâàåòñÿ

ýêñïîíåíöèàëüíûì. Îòìåòèì, ÷òî åñëè ïðîñòðàíñòâî V áàíà-

õîâî è ïðåäñòàâëåíèå π ñëàáî íåïðåðûâíî, òî îíî ýêñïîíåíöè-

àëüíî. Â îáùåì ñëó÷àå ñïåêòðàëüíûé ðàäèóñ ρπ îïåðàòîðà π
îïðåäåëÿåòñÿ �îðìóëîé:

ρπ = inf{r | r−sπsv → 0 ñëàáî äëÿ êàæäîãî v ∈ V ïðè s→ +∞}

Ïðåäëîæåíèå 4. Åñëè A � îãðàíè÷åííûé ëèíåéíûé îïåðà-

òîð â áàíàõîâîì ïðîñòðàíñòâå V , S = Z+, π = As, òî ρπ =
ρ(A) = lims→∞ ‖As‖1/s, ò.å. ρπ ÿâëÿåòñÿ òðàäèöèîííûì ñïåê-

òðàëüíûì ðàäèóñîì îïåðàòîðà A.

Òåîðåìà 2. Åñëè ïðåäñòàâëåíèå π ýêñïîíåíöèàëüíî, òî

log ρπ = sup{π̂v′,v | v′ ∈ V ′, v ∈ V }.
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Òåîðåìà 3. Ïóñòü A � êîìïàêòíûé îïåðàòîð è πs = As,
ãäå s ∈ S = Z+. Òîãäà ìíîæåñòâî {π̂v′,v} âñåõ äåêâàíòîâàíèé

ïðåäñòàâëåíèÿ (ïîëóãðóïïû) π ñîâïàäàåò ñ ìíîæåñòâîì âñåõ

÷èñåë âèäà log(| λ |), ãäå λ ïðîáåãàåò ñïåêòð îïåðàòîðà A.

12. Äåêâàíòîâàíèå �óíêöèé ìíîæåñòâ íà

ìåòðè÷åñêèõ ïðîñòðàíñòâàõ [25℄

ÏóñòüM � ìåòðè÷åñêîå ïðîñòðàíñòâî, à S � åãî ïðîèçâîëüíîå
ïîäìíîæåñòâî ñ êîìïàêòíûì çàìûêàíèåì.

Îáîçíà÷èì ÷åðåç Bρ øàð ñ ðàäèóñîì ρ > 0 â M . Ïîêðîåì

ìíîæåñòâî S êîíå÷íûì íàáîðîì øàðîâ ñ ðàäèóñàìè ρm è ïî-

ëîæèì

vd(S) := lim
ρ→0

inf
ρm<ρ

∑

m

vold(Bρm),

ãäå vold(Bρ) = Γ(1/2)d

Γ(1+d/2)ρ
d
� îáúåì øàðà Bρ. Ñóùåñòâóåò òàêîå

÷èñëî D, ÷òî vd(S) = 0 äëÿ d > D è vd(S) = ∞ äëÿ d < D. Ýòî
÷èñëî D íàçûâàåòñÿ ðàçìåðíîñòüþ Õàóñäîð�à-Áåçèêîâè÷à èëè

HB-ðàçìåðíîñòüþ ìíîæåñòâà S, ñì. [28℄. Îòìåòèì, ÷òî íåöå-

ëûå çíà÷åíèÿ HB-ðàçìåðíîñòè íàçûâàþòñÿ �ðàêòàëüíûìè â

ñìûñëå Á. Ìàíäåëüáðîòà.

Òåîðåìà 4. Îáîçíà÷èì ÷åðåç Nρ(S) ìèíèìàëüíîå ÷èñëî øà-
ðîâ ðàäèóñà ρ, ïîêðûâàþùèõ S. Òîãäà

D(S) = limρ→+0 logρ(Nρ(S)
−1),

ãäå D(S) ÿâëÿåòñÿ HB-ðàçìåðíîñòüþ ìíîæåñòâà S. Ïóñòü
ρ = e−s, òîãäà

D(S) = lims→+∞(1/s) · logNexp(−s)(S).

Òàêèì îáðàçîì ðàçìåðíîñòü D(S) ìîæíî ðàññìàòðèâàòü êàê

ðåçóëüòàò äåêâàíòîâàíèÿ �óíêöèè ρ 7→ Nρ(S) (òî÷íåå, êàê
çíà÷åíèå äåêâàíòîâàííîé �óíêöèè â òî÷êå).
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Ïóñòü µ � �óíêöèÿ ìíîæåñòâà íà M (íàïðèìåð, âåðîÿòíîñò-

íàÿ ìåðà) è µ(Bρ) < ∞ äëÿ ëþáîãî øàðà Bρ. Îáîçíà÷èì ÷å-

ðåç Bx,ρ øàð ðàäèóñà ρ ñ öåíòðîì â òî÷êå x ∈ M . Ïîëîæèì

µx(ρ) := µ(Bx,ρ) è

Dx,µ := lims→+∞ − (1/s) · log(|µx(e−s)|).
Ýòî âåùåñòâåííîå ÷èñëî ìîæíî ðàññìàòðèâàòü êàê ðàçìåðíîñòü

ïðîñòðàíñòâà M â òî÷êå x îòíîñèòåëüíî �óíêöèè ìíîæåñòâà

µ. Â ýòîì æå äóõå ìîæíî òðàêòîâàòü îòðèöàòåëüíóþ ðàçìåð-

íîñòü â ñìûñëå Â.Ï. Ìàñëîâà [29℄. ßñíî, ÷òî Dx,µ âîçíèêàåò â

ðåçóëüòàòå ïðîöåäóðû äåêâàíòîâàíèÿ.

Èìåþòñÿ è äðóãèå ïðèëîæåíèÿ ïðîöåäóð äåêâàíòîâàíèÿ â

ðàçëè÷íûõ ìàòåìàòè÷åñêèõ îáëàñòÿõ (ýíòðîïèÿ äèíàìè÷åñêèõ

ñèñòåì è äð.).

12. Áëàãîäàðíîñòè. Àâòîðû âûðàæàþò èñêðåííþþ áëàãî-

äàðíîñòü Ñ.Ñ. Êóòàòåëàäçå, Â.Â. Ëû÷àãèíó, Â.Ï. Ìàñëîâó, Ñ.Í.

Ñåðãååâó è À.Í. Ñîáîëåâñêîìó çà ïîìîùü è ëèòåðàòóðíûå óêà-

çàíèÿ. �àáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ �ÔÔÈ 05�

01�02807-ÍÖÍÈË�à è 08�01�00601�à.
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ìíîãîãðàííèêîâ ñ óâåëè÷åíèåì

îáúåìà

Linear bendings of right convex polyhedra, which increase the volume, are
considered. Previous results on volume increasing linear bendings by A.D.
Milka, D.D. Bleecker, V.A. Alexandrov are improved. For instance, the
obtained relative volume increase for the right tetrahedron is 1.4400047...
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ti
 shell

Ââåäåíèå

À.Â. Ïîãîðåëîâûì çàìå÷åíî, ÷òî òîíêàÿ óïðóãàÿ çàìêíóòàÿ

âûïóêëàÿ îáîëî÷êà, íàãðóæåííàÿ âíóòðåííèì äàâëåíèåì, òå-

ðÿåò óñòîé÷èâîñòü ñ ïîñëåäóþùèì óâåëè÷åíèåì îãðàíè÷èâàå-

ìîãî åþ îáúåìà [1℄� [2℄. Ïðåäëîæåííûé èì ãåîìåòðè÷åñêèé ïîä-

õîä îñíîâûâàåòñÿ íà îðèãèíàëüíîì ïðèíöèïå èçîìåòðèè: áîëü-

øàÿ çàêðèòè÷åñêàÿ äå�îðìàöèÿ îáîëî÷êè àñèìïòîòè÷åñêè òî÷-

íî ïðèáëèæàåòñÿ èçîìåòðè÷åñêèì ïðåîáðàçîâàíèåì � èçãèáà-

íèåì � åå ñðåäèííîé ïîâåðõíîñòè. Òàê âîçíèêëà àêòóàëüíàÿ äëÿ
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ãåîìåòðîâ è ìåõàíèêîâ íåòðèâèàëüíàÿ ïðîáëåìà: íàéòè õàðàê-

òåðíûå ïðèìåðû âûïóêëûõ ïîâåðõíîñòåé, íåïðåðûâíî èçãèáà-

þùèõñÿ ñ óâåëè÷åíèåì îáúåìà; äàòü ÷èñëåííûå âûðàæåíèÿ ïà-

ðàìåòðîâ èçãèáàíèÿ; äëÿ êîíêðåòíûõ ïîâåðõíîñòåé íàéòè ìàê-

ñèìóì îòíîñèòåëüíîãî óâåëè÷åíèÿ îáúåìà. Ïåðâûå èññëåäîâà-

íèÿ â ýòîì íàïðàâëåíèè áûëè âûïîëíåíû äëÿ ìíîãîãðàííèêîâ

â ðàáîòàõ [3℄, [4℄, [5℄.

Â [3℄ ðàññìàòðèâàþòñÿ ñïåöèàëüíûå ëèíåéíûå èçãèáàíèÿ

ïðàâèëüíûõ ìíîãîãðàííèêîâ. Àâòîðîì âûñêàçûâàåòñÿ ãèïîòå-

çà, ÷òî òàêèå èçãèáàíèÿ ñîîòâåòñòâóþò ïîòåðå óñòîé÷èâîñòè

îáîëî÷êè ïîä âíóòðåííèì äàâëåíèåì. ×èñëåííûå âûðàæåíèÿ

äëÿ óâåëè÷åíèÿ îáúåìîâ ìíîãîãðàííèêîâ â [3℄ íå ïðèâîäÿòñÿ.

Íåçàâèñèìî â [4℄ äåòàëüíî è â íàãëÿäíîé ãåîìåòðè÷åñêîé èí-

òåðïðåòàöèè èçëàãàþòñÿ òå æå ñïåöèàëüíûå ëèíåéíûå èçãèáà-

íèÿ ïðàâèëüíûõ ìíîãîãðàííèêîâ, óñòàíàâëèâàþòñÿ àíàëèòè÷å-

ñêèå âûðàæåíèÿ äëÿ îáúåìîâ äå�îðìèðóþùèõñÿ ìíîãîãðàííè-

êîâ è íàõîäÿòñÿ ìàêñèìóìû äîñòèæèìûõ óâåëè÷åíèé îáúåìîâ.

Â [5℄ óêàçûâàåòñÿ ñïåöèàëüíûé ìíîãîãðàííèê, âîçíèêàþùèé

ïðè îïèñàííîì â [3℄� [4℄ ëèíåéíîì èçãèáàíèè òåòðàýäðà, îáú-

åì êîòîðîãî áëèçîê ê óïîìÿíóòîìó ìàêñèìóìó. �åîìåòðè÷åñêè

ýòîò ñïåöèàëüíûé ìíîãîãðàííèê ïðåäåëüíî ïðîñòî ñâÿçàí ñ èñ-

õîäíûì òåòðàýäðîì (ñì. �èñ. 9); àíàëîãè÷íûå ìíîãîãðàííèêè

ìîæíî âûäåëèòü â õîäå ëèíåéíûõ èçãèáàíèé äðóãèõ ïðàâèëü-

íûõ ìíîãîãðàííèêîâ � áóäåì íàçûâàòü èõ ñòàíäàðòíûìè ìíî-

ãîãðàííèêàìè. Â [6℄ ê ñòàíäàðòíûì ìíîãîãðàííèêàì ïðèìåíÿ-

åòñÿ ëèíåéíîå èçãèáàíèå, êîòîðîå ñòðîèòñÿ íà îñíîâå îïèñàí-

íîãî â [3℄ ëèíåéíîãî èçãèáàíèÿ òåòðàýäðà; ââåäåííàÿ êîíñòðóê-

öèÿ èìååò èòåðàöèîííûé õàðàêòåð, âûïîëíåí ïåðâûé øàã èòå-

ðàöèè � ýòîãî øàãà îêàçàëîñü äîñòàòî÷íî, ÷òîáû ñóùåñòâåí-

íî óñèëèòü ðåçóëüòàòû [4℄; ñðåäè ïðàâèëüíûõ ìíîãîãðàííèêîâ

íàèáîëåå çíà÷èòåëüíîå îòíîñèòåëüíîå óâåëè÷åíèå îáúåìà áûëî

ïîëó÷åíî äëÿ òåòðàýäðà è ñîñòàâèëî ≈ 1.41575% [6℄ ïî ñðàâíå-

íèþ ñ ≈ 1.37718% [4℄ è ≈ 1.37714% [5℄.
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Â äàííîé ðàáîòå, ïðèìåíÿÿ óïîìÿíóòûé èòåðàöèîííûé ïðî-

öåññ, ìû óñòàíàâëèâàåì äàëüíåéøèé ðîñò îòíîñèòåëüíîãî óâå-

ëè÷åíèÿ îáúåìîâ ïðàâèëüíûõ ìíîãîãðàííèêîâ. Â òàáëèöå ïðè-

âåäåíû ñîîòâåòñòâóþùèå ÷èñëåííûå ðåçóëüòàòû èç [4℄, [6℄ è ïî-

ëó÷åííûå íàìè íîâûå ðåçóëüòàòû çà 6 øàãîâ èòåðàöèé; ìû ïî-

ëàãàåì, ÷òî äëÿ òåòðàýäðà ìàêñèìóì îòíîñèòåëüíîãî óâåëè÷å-

íèÿ îáúåìà ðàâíÿåòñÿ 1.5:

Áëèêåð Ìèëêà Àâòîðû

Òåòðàýäð 1.37718257... 1.41575603... 1.44000470...
Êóá 1.21865263... 1.23397824... 1.24030167...

Îêòàýäð 1.11580800... 1.13233864... 1.13589463...
Äîäåêàýäð 1.09339757... 1.09733081... 1.09723965...
Èêîñàýäð 1.03631161... 1.05274569... 1.04272167...

Ýòè è ïîäîáíûå èì ðåçóëüòàòû, êðîìå ìàòåìàòè÷åñêîé èõ

çíà÷èìîñòè, íåáåçèíòåðåñíû äëÿ èíæåíåðíûõ ïðèëîæåíèé.

Îíè ìîãóò ïîäñêàçàòü âîçìîæíûå ïðè÷èíû íåêîòîðûõ íåîæè-

äàííûõ è íåîáúÿñíèìûõ ðàçðóøåíèé áîëüøèõ ðåçåðâóàðîâ�

õðàíèëèù, êîðïóñîâ àâèàëàéíåðîâ è ãëóáîêîâîäíûõ ïîäâîäíûõ

ëîäîê. Òàêèå àâàðèè õîðîøî èçâåñòíû â èñòîðèè òåõíèêè [7℄.

Äà è ïðèðîäà íå ìîæåò îòêàçàòüñÿ îò óâåëè÷åíèÿ îáúåìà òåëà,

åñëè â êðèòè÷åñêîé ñèòóàöèè ýòà âîçìîæíîñòü ïðåäóñìîòðå-

íà ãåîìåòðè÷åñêè; ïðèìåðû � íàêàïëèâàþùèåñÿ íàïðÿæåíèÿ

â êîðå Çåìëè, ïðèâîäÿùèå ê âíåçàïíûì è êàòàñòðî�è÷åñêèì

çåìëåòðÿñåíèÿì è èçâåðæåíèÿì âóëêàíîâ, â ÷àñòíîñòè � ñ îá-

ðàçîâàíèåì êàëüäåð [6℄.

1. Ëèíåéíîå èçãèáàíèå ïðàâèëüíîé ïèðàìèäû

1.1. �åîìåòðè÷åñêàÿ êîíñòðóêöèÿ. �àññìîòðèì òåëåñíóþ

ïðàâèëüíóþ ïèðàìèäó Λ, â îñíîâàíèè êîòîðîé ëåæèò ïðàâèëü-
íûé n-óãîëüíèê Σ. Îñíîâíûìè ïàðàìåòðàìè, îïðåäåëÿþùèìè

ìåòðè÷åñêèå ñâîéñòâà ïèðàìèäû Λ, ÿâëÿþòñÿ α = 2π
n � öåí-

òðàëüíûé óãîë îñíîâàíèÿ, β � óãîë áîêîâîé ãðàíè ïðè âåðøèíå
ïèðàìèäû, a � äëèíà ñòîðîíû îñíîâàíèÿ, b � äëèíà áîêîâîãî
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ðåáðà, h � âûñîòà ïèðàìèäû, r � ðàäèóñ îêðóæíîñòè, îïèñàí-
íîé âîêðóã îñíîâàíèÿ. Îáúåì ïèðàìèäû îáîçíà÷èì V . Ìåæäó

óêàçàííûìè âåëè÷èíàìè èìåþòñÿ ñëåäóþùèå ýëåìåíòàðíûå ñî-

îòíîøåíèÿ:

a =2 r sin
α

2
,

b =r
sin α

2

sin β
2

,

h =
√
b2 − r2 = r

√
sin2 α2 − sin2 β2

sin β
2

,

(1) V (Λ) =
1

6
nhr2 sinα =

π

3
r3

sinα

α

√
sin2 α2 − sin2 β2

sin β
2

.

Ïèðàìèäà Λ îäíîçíà÷íî îïðåäåëÿåòñÿ çàäàíèåì óãëà α = 2π
n ,

óãëà 0 < β < α è ðàäèóñà r > 0.
Âåðøèíû n-óãîëüíèêà Σ îáîçíà÷èì Pk, âåðøèíó ïèðàìèäû

� P . �àñïîëîæèì ïèðàìèäó Λ òàêèì îáðàçîì, ÷òîáû íà÷àëî O
ðàñïîëàãàëîñü â öåíòðå îñíîâàíèÿ Σ, âåðøèíà P ðàñïîëàãàëàñü

íà îñè z, à òî÷êà P0 ëåæàëà íà îñè x. Òîãäà ðàññìàòðèâàåìûå
òî÷êè áóäóò èìåòü ñëåäóþùèå êîîðäèíàòû:

(2)

P = (0, 0, h); Pk = (r cos(kα), r sin(kα), 0) , 0 ≤ k ≤ n− 1.

Ïîñòðîèì ëèíåéíîå èçãèáàíèå ïèðàìèäû Λ ïî ñõåìå, ïðåäëî-

æåííîé äëÿ òåòðàýäðà â [3℄. Íà êàæäîì íàêëîííîì ðåáðå PiV
ïèðàìèäû îòìåòèì òî÷êó Si íà ðàññòîÿíèè s ∈ [0, b] îò âåðøè-
íû P . Íà ãðàíè P0P1P âîññòàíîâèì ïåðïåíäèêóëÿðû ê ñòîðî-

íàì P0P è P1P â òî÷êàõ S0 è S1, è íà êàæäîì ïåðïåíäèêóëÿðå

îòëîæèì îòðåçêè �èêñèðîâàííîé äëèíû t, êîòîðûå îáîçíà÷èì
S0Q0 è S1T1 ñîîòâåòñòâåííî. Ñîåäèíèì îòðåçêîì òî÷êè Q0 è
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T1, çàòåì ïðîâåäåì îòðåçêè P0Q0, Q0P , P1T1 è T1P . Â ðåçóëü-

òàòå ïîëó÷èì ðàçáèåíèå èñõîäíîé òðåóãîëüíîé ãðàíè P0P1P íà

5 òðåóãîëüíèêîâ è òðàïåöèþ.

Ñïåöèàëèçèðóåì âûáîð ïàðàìåòðà t òàêèì îáðàçîì, ÷òîáû

äëèíà îòðåçêà Q0T1 ðàâíÿëàñü óäâîåííîé äëèíå îòðåçêà S0Q0,

ò.å. 2t:

t = s tg
β

4
.(3)

Òàêîé âûáîð âåëè÷èíû t âîçìîæåí ïðè ëþáîì çíà÷åíèè ïàðà-

ìåòðà s â ïðåäåëàõ îò 0 äî

√
b2 −

(
a
2

)2
; â ïðåäåëüíîì ñëó÷àå

ïðè s =
√
b2 −

(
a
2

)2
òî÷êè Q0 è T1 áóäóò ðàñïîëàãàòüñÿ â òî÷-

íîñòè íà ñòîðîíå îñíîâàíèÿ P0P1.

Âðàùàÿ ïèðàìèäó íà óãëû kα, 1 ≤ k ≤ n − 1, ïîëó÷èì àíà-

ëîãè÷íûå ðàçáèåíèÿ ãðàíåé PkPk+1V , îáîçíà÷àÿ ñîîòâåòñòâóþ-
ùèå òî÷êè ÷åðåç Qk è Tk+1. Íà �èñ. 1 óêàçàíà "èçìåëü÷åííàÿ"

ðàçâåðòêà òðåóãîëüíîé ïèðàìèäû.

�èñ. 1
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�èñ. 2

�àçâåðòêà ïèðàìèäû Λ ñ îòìå÷åííûìè äîïîëíèòåëüíûìè

âåðøèíàìè è ðåáðàìè äîïóñêàåò ðåàëèçàöèþ íå òîëüêî â âè-

äå ïèðàìèäû Λ ñ �îðìàëüíî ïðîâåäåííûìè äîïîëíèòåëüíûìè

ðåáðàìè, íî è èíóþ ðåàëèçàöèþ, êîòîðóþ ìû ñåé÷àñ ïîñòðîèì.

Ýòî ìíîãîãðàííèê Λ̃, âíåøíèé âèä êîòîðîãî äëÿ ñëó÷àÿ n = 3
ïðåäñòàâëåí íà �èñ. 2. Îïðåäåëÿåòñÿ ìíîãîãðàííèê Λ̃ ñëåäó-

þùèì îáðàçîì. Áóäåì îáîçíà÷àòü ñîîòâåòñòâóþùèå âåðøèíû

Λ̃, äîáàâëÿÿ ê èõ ïðåæíèì áóêâåííûì îáîçíà÷åíèÿì ñèìâîë

"òèëüäà". Ìíîãîãðàííèê Λ̃ èìååò òî æå îñíîâàíèå, ÷òî è ïèðà-

ìèäà Λ, ò.å. P̃k = Pk. Âåðøèíà P̃ ìíîãîãðàííèêà Λ̃ ðàñïîëîæåíà

íà îñè z, åå êîîðäèíàòû ïðåäñòàâèì â âèäå

P̃ = (0, 0, ζ).(4)
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Òî÷êè S̃k, Q̃k è T̃k çàäàäèì ñëåäóþùèì îáðàçîì:

S̃k = (ρ cos(kα), ρ sin(kα), µ),(5)

Q̃k = (ρ cos(kα) − t sin(kα), ρ sin(kα) + t cos(kα), µ),(6)

T̃k = (ρ cos(kα) + t sin(kα), ρ sin(kα)− t cos(kα), µ)(7)

Çàìåòèì, ÷òî òî÷êà S̃k ÿâëÿåòñÿ ñåðåäèíîé îòðåçêà T̃kQ̃k, ïî-
ýòîìó çàìêíóòûé ìíîãîóãîëüíèê S̃0Q̃0T̃1S̃1Q̃1...S̃0, ëåæàùèé â

ãîðèçîíòàëüíîé ïëîñêîñòè z = µ, ïðåäñòàâëÿåò ñîáîé íà ñàìîì
äåëå 2n-óãîëüíèê Q̃0T̃1Q̃1T̃2...Q̃0. Èç (5)�(7) ñëåäóåò, ÷òî ìíîãî-

ãðàííèê Λ̃ èìååò òå æå ñèììåòðèè, ïîðîæäåííûå âðàùåíèÿìè

âîêðóã îñè z è îòðàæåíèÿìè â âåðòèêàëüíûõ ïëîñêîñòÿõ, ÷òî

è èñõîäíàÿ ïèðàìèäà Λ.
Çàâåðøàÿ ïîñòðîåíèå Λ̃, ïîäáåðåì âåëè÷èíû ζ, ρ, µ òàê, ÷òî-

áû ìíîãîãðàííèê Λ̃ áûë èçîìåòðè÷åí ïèðàìèäå Λ. Äëèíû îò-

ðåçêîâ T̃kS̃k è S̃kQ̃k ðàâíû äëèíå t îòðåçêîâ TkSk è SkQk � ýòî
ïðÿìî ñëåäóåò èç (5)�(7). Äëèíû ðåáåð Q̃kT̃k+1 äîëæíû ðàâ-

íÿòüñÿ äëèíå 2t îòðåçêîâ QkTk+1. Îïðåäåëÿÿ ðàññòîÿíèå ìåæ-

äó Q̃k è T̃k+1 ñ ïîìîùüþ (6)�(7), ïîëó÷àåì óðàâíåíèå

ρ2 sin
α

2
− 2ρt cos

α

2
− t2 sin

α

2
= 0.(8)

Äëèíû îòðåçêîâ S̃kP̃ äîëæíû ðàâíÿòüñÿ äëèíå s îòðåçêîâ SkP .
Îïðåäåëÿÿ ðàññòîÿíèå ìåæäó S̃k è P̃ ñ ïîìîùüþ (4), (5), ïîëó-

÷àåì óðàâíåíèå

ρ2 + (ζ − µ)2 = s2.(9)

Äëèíû îòðåçêîâ S̃kP̃k äîëæíû ðàâíÿòüñÿ äëèíå b− s îòðåçêîâ
SkPk. Îïðåäåëÿÿ ðàññòîÿíèå ìåæäó S̃k è P̃k ñ ïîìîùüþ (2) è

(5), ïîëó÷àåì óðàâíåíèå:

(r − ρ)2 + µ2 = (b− s)2.(10)

Íàêîíåö, äëèíû ðåáåð Q̃kP̃k, T̃kP̃k, Q̃kP̃ , T̃kP̃ äîëæíû ðàâíÿòü-

ñÿ äëèíàì îòðåçêîâ QkPk, TkPk, QkP , TkP ñîîòâåòñòâåííî � ýòè

ðàâåíñòâà âûòåêàþò èç (8)�(10).
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Òàêèì îáðàçîì, ìíîãîãðàííèê Λ̃ áóäåò èçîìåòðè÷åí ïèðàìè-

äå Λ, åñëè ρ, ζ, µ óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé (8)�(10),

ãäå s èãðàåò ðîëü ïàðàìåòðà.
Èçìåíÿÿ s, ïîëó÷àåì ñåìåéñòâî ìíîãîãðàííèêîâ Λ̃, èçîìåò-

ðè÷íûõ ïèðàìèäå Λ. Ýòîìó ñåìåéñòâó ìíîãîãðàííèêîâ, ïðåä-

ñòàâëÿþùèõ íåïðåðûâíîå ëèíåéíîå èçãèáàíèå ïèðàìèäû Λ, îò-
âå÷àåò ðåøåíèå ñèñòåìû óðàâíåíèé (8)�(10) â âèäå íåïðåðûâ-

íûõ �óíêöèé ρ(s), µ(s), ζ(s), óäîâëåòâîðÿþùèõ íà÷àëüíûì

óñëîâèÿì ρ(0) = 0, µ(0) = h, ζ(0) = h. Òàêîå ðåøåíèå èìååò
ñëåäóþùèé âèä:

ρ = t(s)
cos α2 + 1

sin α
2

,(11)

µ =
√

(b− s)2 − (r − ρ(s))2,(12)

h = µ(s) +
√
s2 − ρ(s)2.(13)

Ïðè ýòîì ïàðàìåòð s ∈ [0,
√
b2 −

(
a
2

)2
] ïîä÷èíÿåòñÿ íåðàâåí-

ñòâó (b − s)2 − (ρ(s) − c)2 ≥ 0. Àíàëèç ýòîãî íåðàâåíñòâà ñ

ó÷åòîì (3), (11) ïîêàçûâàåò, ÷òî ïàðàìåòð s ìîæåò èçìåíÿòüñÿ

ëèøü â èíòåðâàëå 0 ≤ s ≤ sl, ãäå
sl
b =

cos β
4

cosα
4
cos α+β4 ; ïîýòîìó,

÷åì ìåíüøå α (à çíà÷èò è β), òåì áëèæå ïðåäåëüíîå çíà÷åíèå

sl ê b.
C ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ, ìíîãîãðàííèê Λ̃ îáðàçîâàí

2n ðàâíûìè (ñîãëàñíî ñ (3)) ãðàíÿìè Q̃kT̃kP̃ è T̃kQ̃k+1P̃ , n

ðàâíûìè ãðàíÿìè Q̃kT̃kP̃k, n ðàâíûìè ãðàíÿìè � òðàïåöèÿìè

P̃kQ̃kT̃kP̃k+1 è îñíîâàíèåì Σ.
Äëÿ îïðåäåëåíèÿ îáúåìà, òåëî, îãðàíè÷åííîå ìíîãîãðàííè-

êîì Λ̃, åñòåñòâåííî ðàçäåëèòü íà äâå ÷àñòè, ïðîâåäÿ ãîðèçîí-

òàëüíóþ ïëîñêîñòü z = µ ÷åðåç òî÷êè Q̃k, T̃k; ñì. �èñ. 3 äëÿ

n = 3.
Íèæíÿÿ ÷àñòü òåëà îãðàíè÷åíà ïðàâèëüíûì n-óãîëüíûì îñ-

íîâàíèåì Σ ñíèçó, ïðàâèëüíûì 2n-óãîëüíûì îñíîâàíèåì

Σ′ = Q̃0T̃0Q̃1..T̃n−1Q̃0
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ñâåðõó è ìíîãîãðàííèêîì-ïîÿñêîì Ω′
, ñîñòàâëåííûì èç n òðå-

óãîëüíûõ T̃kQ̃k+1P̃k è n ÷åòûðåõóãîëüíûõ P̃kQ̃kT̃kP̃k+1 áîêîâûõ

ãðàíåé. �àññòîÿíèå ìåæäó ïëîñêîñòÿìè îñíîâàíèé Σ è Σ′
ðàâ-

íî µ(s). Â ïðåäåëüíîì ñëó÷àå ïðè s = sl âñå òî÷êè S̃k è Q̃k, T̃k
áóäóò ëåæàòü â ïëîñêîñòè îñíîâàíèÿ Σ; êàê ñëåäñòâèå, ïîÿñîê

Ω′
óêëàäûâàåòñÿ â ïëîñêîñòü îñíîâàíèÿ, îáðàçóÿ âìåñòå ñ Σ è

Σ′
äâàæäû ïîêðûòûé 3n-óãîëüíèê.
Âåðõíÿÿ ÷àñòü òåëà � ïðàâèëüíàÿ 2n-óãîëüíàÿ ïèðàìèäà

Λ′
, îãðàíè÷åííàÿ ïðàâèëüíûì 2n-óãîëüíûì îñíîâàíèåì Σ′

ñíè-

çó è 2n ðàâíûìè òðåóãîëüíûìè áîêîâûìè ãðàíÿìè Q̃kT̃kP̃ è

T̃kQ̃k+1P̃ .

�èñ. 3

Ïðåäëîæåíèå 1. Âåëè÷èíû, õàðàêòåðèçóþùèå ðàçìåðû ïè-

ðàìèäû Λ′
, âû÷èñëÿþòñÿ ïî ñëåäóþùèì �îðìóëàì:

α′ =
α

2
, β′ =

β

2
, r′ = s

tg

β
4

sin α
4

,

a′ = 2s tg
β

4
, b′ = s

1

cos α4
, h′ = s

√
sin2 α4 − sin2 β4

sin α
4 cos β4
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Ïðèâåäåííûå �îðìóëû ÿâëÿþòñÿ àíàëèòè÷åñêèì ñëåäñòâè-

åì ïðåäëîæåííîé ãåîìåòðè÷åñêîé êîíñòðóêöèè ëèíåéíîãî èç-

ãèáàíèÿ.

1.2. Àíàëèç îáúåìà. Âû÷èñëèì òåïåðü îáúåì òåëà V (Λ̃),

îãðàíè÷åííîãî ìíîãîãðàííèêîì Λ̃. Èñïîëüçóÿ ñìåøàííîå ïðî-

èçâåäåíèå âåêòîðîâ, ïðîâåäåííûõ èç íà÷àëà êîîðäèíàò â ñîîò-

âåòñòâóþùèå âåðøèíû ìíîãîãðàííèêà Λ̃, ñ ó÷åòîì ñèììåòðèè

Λ̃, íàõîäèì:

V (Λ̃) =
n

6
(P̃0, P̃1, Q̃0) +

n

6
(Q̃0, P̃1, T̃1) +

n

6
(P̃0, Q̃0, T̃0)+

+
2n

6
(Q̃0, P̃ , T̃0) =

=
n

6
(r2µ sinα+ rµ(ρ sinα+ t(1− cosα)) + 4hρt).(14)

Ïî �îðìóëàì (3), (11)�(13) îáúåì V (Λ̃) ÿâëÿåòñÿ �óíêöè-

åé ïåðåìåííîé s è ïàðàìåòðîâ α, β è r. Áóäåì èñïîëüçîâàòü

îáîçíà÷åíèå V (Λ̃) = V (s;α, β, r). Äîñòàòî÷íî ïðîñòàÿ è î÷å-

âèäíàÿ ñõåìà àíàëèòè÷åñêîãî ïîñòðîåíèÿ �óíêöèè V (s;α, β, r)
äîïóñêàåò ý��åêòèâíîå ïðèìåíåíèå êîìïüþòåðíûõ ïðîãðàìì

ñèìâîëüíûõ âû÷èñëåíèé è ýëåìåíòàðíûõ ñðåäñòâ ìàòåìàòè÷å-

ñêîãî àíàëèçà äëÿ âñåñòîðîííåãî èçó÷åíèÿ ýòîé �óíêöèè.

Ïðåäëîæåíèå 2. (1) V (Λ̃) = r3V (σ, α, β), ãäå σ =
s

b
.

(2) Ôóíêöèÿ V (σ, α, β) ÿâëÿåòñÿ ñòðîãî âîçðàñòàþùåé ïî

σ ïðè äîñòàòî÷íî ìàëûõ σ ≥ 0.
(3) Ôóíêöèÿ V (σ, α, β) ÿâëÿåòñÿ ñòðîãî óáûâàþùåé ïî σ,

äîñòàòî÷íî áëèçêèõ ê

σl =
sl
b
=

cos β4
cos α4

cos
α+ β

4
.

Äîêàçàòåëüñòâî. Ïåðâûé ïóíêò Ïðåäëîæåíèÿ óñòàíàâëèâàåò-

ñÿ âû÷èñëåíèåì �óíêöèè V (Λ̃) = V (s;α, β, r) ñ ó÷åòîì �îðìóë
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(3), (11)�(13) è ïîäñòàíîâêîé â ïîëó÷åííîå âûðàæåíèå çíà÷å-

íèÿ s = bσ. Âîçíèêàþùàÿ â ðåçóëüòàòå �óíêöèÿ V (σ, α, β) èìå-
åò âèä

V = A0σ
3 + (A1σ

2 +A2σ +A3)
√
A4σ2 +A5σ +A6,

ãäå êîý��èöèåíòû Ai çàâèñÿò îò α è β.
Âòîðîé è òðåòèé ïóíêòû Ïðåäëîæåíèÿ óñòàíàâëèâàþòñÿ âû-

÷èñëåíèåì ïðîèçâîäíîé

dV

dσ
ïðè çíà÷åíèÿõ σ = 0 è σ = σl.

Ôóíêöèÿ

dV

dσ
(0, α, β) ÿâëÿåòñÿ ïîëîæèòåëüíîé, êàêîâû áû íè

áûëè 0 < α < 2π
3 , 0 < β < α, à �óíêöèÿ

dV

dσ
(σl, α, β) ÿâëÿåòñÿ

îòðèöàòåëüíîé ïðè òåõ æå çíà÷åíèÿõ α è β. �

Ïðÿìûì ñëåäñòâèåì Ïðåäëîæåíèÿ 2 ÿâëÿåòñÿ

Òåîðåìà 1. Îáúåì ïèðàìèäû Λ ïðè ëèíåéíîì èçãèáàíèè Λ̃
íà íà÷àëüíîì ýòàïå (ïðè äîñòàòî÷íî ìàëûõ s ≥ 0) óâåëè÷è-
âàåòñÿ.

Ïîýòîìó ìîæíî ïîäîáðàòü çíà÷åíèå s ∈ (0, sl), ïðè êîòî-

ðîì îáúåì V (Λ̃) áóäåò ìàêñèìàëüíûì. Óêàçàííîå êðèòè÷åñêîå
çíà÷åíèå ïàðàìåòðà s, êîòîðîå áóäåì îáîçíà÷àòü sc, ÿâëÿåòñÿ

êîðíåì óðàâíåíèÿ

dV

ds
= 0; ó÷èòûâàÿ, ÷òî V (Λ̃) = r3V (σ, α, β),

çàäà÷à ñâîäèòñÿ ê îòûñêàíèþ êîðíÿ σc =
sc
b
óðàâíåíèÿ

dV

dσ
= 0.

Âòîðîé è òðåòèé ïóíêòû Ïðåäëîæåíèÿ 2 ãàðàíòèðóþò íàëè÷èå

õîòÿ áû îäíîãî òàêîãî êîðíÿ σc âíóòðè èíòåðâàëà (0, σl).

Óðàâíåíèå

dV

dσ
= 0 èìååò âèä

A7σ
3 +A8σ

2 +A9σ +A10 + σ2
√
A11σ2 +A12σ +A13 = 0,

ãäå êîý��èöèåíòû Ai ÿâëÿþòñÿ òðèãîíîìåòðè÷åñêèìè ïîëè-

íîìàìè îòíîñèòåëüíî

α
4 è

β
4 . Ïåðåìåñòèâ ïîñëåäíåå ñëàãàåìîå

â óðàâíåíèè â ïðàâóþ ÷àñòü è âîçâåäÿ îáå ÷àñòè â êâàäðàò,
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ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå ÷åòâåðòîé ñòåïåíè îòíî-

ñèòåëüíî σ:

(15) B1

(s
b

)4
+B2

(s
b

)3
+B3

(s
b

)2
+B4

(s
b

)1
+B5 = 0.

Êîý��èöèåíòû Bi òàêæå ÿâëÿþòñÿ òðèãîíîìåòðè÷åñêèìè

ïîëèíîìàìè îò

α
4 è

β
4 . Èñêîìàÿ âåëè÷èíà σc =

sc
b
ÿâëÿåòñÿ êîð-

íåì óðàâíåíèÿ (15). Àíàëèç, ïðîâåäåííûé ñðåäñòâàìè êîìïüþ-

òåðíûõ ïðîãðàìì ñèìâîëüíûõ âû÷èñëåíèé, ïîêàçûâàåò, ÷òî èç

÷åòûðåõ êîðíåé óðàâíåíèÿ (15) òîëüêî îäèí ÿâëÿåòñÿ âåùå-

ñòâåííûì êîðíåì óðàâíåíèÿ

dV

dσ
= 0, ëåæàùèì âíóòðè èíòåð-

âàëà (0, σl). �ðà�èê σc êàê �óíêöèè îò

α
4 è

β
4 ïðèâåäåí íà

�èñ. 4.

�èñ. 4

Ìû íå âûïèñûâàåì çäåñü óðàâíåíèå (15) â ÿâíîì âèäå; âûðà-

æåíèÿ äëÿ êîý��èöèåíòîâ Bi ãðîìîçäêèå; ãðîìîçäêèì ÿâëÿåò-

ñÿ è ÿâíîå âûðàæåíèå σc =
sc
b
êàê �óíêöèè îò α, β. Ïðèâåäåì

ëèøü îöåíêè äëÿ sc.
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Ïðåäëîæåíèå 3. Ñïðàâåäëèâû íåðàâåíñòâà

0 < b− sc < r
sin α

2

cos β4
<

1√
3
rα.

Äîêàçàòåëüñòâî. Ïðèâåäåì ñõåìó äîêàçàòåëüñòâà. Ïðîàíàëè-

çèðóåì ïîâåäåíèå ïðîèçâîäíîé

dV

dσ
êàê �óíêöèè îò σ, α, β ïðè

0 ≤ σ ≤ σl, 0 < α <
2π

3
0 < β < α.

Ñ îäíîé ñòîðîíû, ïðè σ = σl �óíêöèÿ
dV

dσ
(σl, α, β) ÿâëÿåòñÿ

îòðèöàòåëüíîé, êàêîâû áû íè áûëè çíà÷åíèÿ 0 < β < α < 2π
3 .

Ñ äðóãîé ñòîðîíû, ïðè

σ = 1− 2 sin
β

4

�óíêöèÿ

dV

dσ

(
1− 2 sin

β

4
, α, β

)

ÿâëÿåòñÿ ïîëîæèòåëüíîé ïðè òåõ æå çíà÷åíèÿõ α, β. Îòñþäà
ïîëó÷àåì îöåíêó

(1− 2 sin
β

4
) < σc <

sl
b
< 1,

èç êîòîðîé ñëåäóåò, ÷òî

0 < b− sc < 2b sin
β

4
,

à çíà÷èò

0 < b− sc < r
sin α

2

cos β4
.

Òàê êàê ïðè 0 < β < α < 2π
3 ñïðàâåäëèâû íåðàâåíñòâà

cos
β

4
>

√
3

2
è sin

α

2
<
α

2
,

òî ìû è ïðèõîäèì ê Ïðåäëîæåíèþ 3. �
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Ïîëó÷åííûå îöåíêè ïîçâîëÿþò êà÷åñòâåííî ïðåäñòàâèòü ïî-

âåäåíèå êðèòè÷åñêîãî çíà÷åíèÿ sc. À èìåííî, ÷åì ìåíüøå

α > 0, òåì áëèæå sc ê b. Èíà÷å ãîâîðÿ, ÷åì áîëüøå ãðàíåé èìå-

åò ïèðàìèäà Λ, òåì ìåíüøå áóäåò ïîÿñîê Ω′
ó ìíîãîãðàííèêà

Λ̃ ñ ìàêñèìàëüíûì îáúåìîì.

Èç Ïðåäëîæåíèÿ 1 è ïðèâåäåííûõ îöåíîê ïðÿìî âûòåêàþò è

äðóãèå íåðàâåíñòâà, äåìîíñòðèðóþùèå ïîâåäåíèå ïàðàìåòðîâ

ïèðàìèäû ïðè ìàêñèìèçàöèè îáúåìà.

Ïðåäëîæåíèå 4. Åñëè s = sc, òî âåëè÷èíû, õàðàêòåðèçóþ-
ùèå ðàçìåðû ïèðàìèä Λ è Λ′

, ñâÿçàíû ñëåäóþùèìè ñîîòíîøå-

íèÿìè:

a′

a
>

1− 2 sin β
4

2 cos2 β4
,

b′

b
>

1− 2 sin β
4

cos α4
,

r′

r
>

(1− 2 sin β
4 ) cos

α
4

cos2 β4
,

h′

h
>

(
1− 2 sin

β

4

)
cos α4
cos β4

√
sin2 α4 − sin2 β4√
sin2 α2 − sin2 β2

.

Îòñþäà çàêëþ÷àåì, ÷òî ïðè ìàëûõ çíà÷åíèÿõ óãëîâ α è β,
ò.å. ïðè áîëüøîì ÷èñëå ãðàíåé n, äëèíû ðåáåð áîêîâûõ ãðàíåé,

ðàäèóñû îêðóæíîñòåé, îïèñàííûõ âîêðóã îñíîâàíèé, è âûñîòû

ïèðàìèä Λ è Λ′
ñîîòâåòñòâåííî äîñòàòî÷íî áëèçêè, à îòíîøå-

íèå äëèí ñòîðîí îñíîâàíèé áëèçêî ê 1 : 2, ÷òî îáóñëîâëåíî

óäâîåíèåì êîëè÷åñòâà áîêîâûõ ãðàíåé ïðè ïåðåõîäå îò Λ ê Λ′
.

Åùå îäíî ïîëåçíîå ñëåäñòâèå ïðèâåäåííûõ îöåíîê � âîç-

ìîæíîñòü àïïðîêñèìèðîâàòü êðèòè÷åñêîå çíà÷åíèå sc âåëè÷è-
íîé

sa = b− r
sin α

2

cos β4
(â òîì ñìûñëå, ÷òî sa < sc < b). Äàííîå ïðèáëèæåíèå áóäåò

òåì òî÷íåå, ÷åì ìåíüøå α > 0. Áîëåå ãðóáîé àïïðîêñèìàöèåé

äëÿ sc ÿâëÿåòñÿ

s♯a = b− 1√
3
rα.
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Ïðåäëîæåííàÿ àïïðîêñèìàöèÿ ïîçâîëÿåò óñòàíîâèòü ñëåäó-

þùóþ îöåíêó îòíîñèòåëüíîãî óâåëè÷åíèÿ îáúåìà ïèðàìèäû Λ
ïðè ëèíåéíîì èçãèáàíèè Λ̃.

Ïðåäëîæåíèå 5. Ìàêñèìàëüíûé îáúåì, äîñòèãàåìûé â õîäå

ëèíåéíîãî èçãèáàíèÿ Λ̃ ïðè s = sc, ïðåâîñõîäèò îáúåì èñõîäíîé

ïèðàìèäû Λ áîëåå ÷åì â

χ = 1 +
(α
4

)2
− 11

4

(α
4

)2 β
4

ðàç.

Óêàçàííàÿ îöåíêà ÿâëÿåòñÿ ñîäåðæàòåëüíîé ïðè óñëîâèè

β < 16
11 . Ïîñêîëüêó β < α = 2π

n , òî óñëîâèå β <
16
11 âûïîëíÿåòñÿ

äëÿ âñåõ ïèðàìèä ïðè n ≥ 5 è äëÿ äîñòàòî÷íî âûñîêèõ ïèðàìèä
ïðè n = 3 èëè 4.

Äîêàçàòåëüñòâî. Ïðèâåäåì ñõåìó äîêàçàòåëüñòâà. Ìàêñè-

ìàëüíûé îáúåì ìíîãîãðàííèêà Λ̃, äîñòèãàåìûé ïðè s = sc, ïðå-
âîñõîäèò îáúåì Λ̃, êîòîðûé ïîëó÷àåòñÿ ïðè s = sa. Ïîäñòàâèì
çíà÷åíèå sa, êîòîðîå ìîæíî çàïèñàòü â âèäå

sa = r
sin α

2

sin β
2

(
1− 2 sin

β

4

)
,

â âûðàæåíèå äëÿ �óíêöèè îáúåìà V (s;α, β, r) è ðàçäåëèì ïî-

ëó÷åííîå çíà÷åíèå V (sa;α, β, r) íà îáúåì èñõîäíîé ïèðàìèäû

Λ. �åçóëüòèðóþùåå âûðàæåíèå

V (sa;α, β, r)

V (0;α, β, r)

áóäåò çàâèñåòü òîëüêî îò α è β, åãî ãðà�èê ïðèâåäåí íà �èñ.5.
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Èñïîëüçóÿ ðàçëîæåíèå Òåéëîðà äëÿ

V (sa;α, β, r)

V (0;α, β, r)
ïî α è β,

ìû è íàõîäèì ïðåäñòàâëåííóþ â Ïðåäëîæåíèè âåëè÷èíó χ, ïîç-

âîëÿþùóþ îöåíèòü ñíèçó âûðàæåíèå

V (sa;α, β, r)

V (0;α, β, r)
. Ïîëó÷åí-

íîå çíà÷åíèå χ äàåò îöåíêó ñíèçó è äëÿ ìàêñèìàëüíîãî îòíî-

ñèòåëüíîãî óâåëè÷åíèÿ îáúåìà, äîñòèãàåìîãî â õîäå ëèíåéíîãî

èçãèáàíèÿ Λ̃. �

�èñ. 5

Àíàëèç �èñóíêà 5 ïîçâîëÿåò ïðåäïîëîæèòü, ÷òî íàèëó÷øåå

îòíîñèòåëüíîå óâåëè÷åíèå îáúåìà áóäåò íàáëþäàòüñÿ â ñëó÷àå

äîñòàòî÷íî âûñîêèõ ïèðàìèä ñ íåáîëüøèì ÷èñëîì ãðàíåé.

2. Êîìáèíèðîâàííûå ëèíåéíûå èçãèáàíèÿ ïèðàìèäû

Êîíñòðóêöèÿ, îïèñàííàÿ â ïðåäûäóùåé ÷àñòè � èòåðàöèîí-

íàÿ. Íà ïåðâîì øàãå â ïðîöåññå ðàññìîòðåííîãî âûøå ëèíåé-

íîãî èçãèáàíèÿ ïðàâèëüíîé n-óãîëüíîé ïèðàìèäû Λ âîçíèêà-

åò ìíîãîãðàííèê Λ̃, ñîñòàâëåííûé èç îñíîâàíèÿ Σ, ïîÿñêà Ω′

è áîêîâîé ïîâåðõíîñòè ïðàâèëüíîé 2n-óãîëüíîé ïèðàìèäû Λ′
,



168 À.Ä.Ìèëêà, Â.À. �îðüêàâûé

ðàçìåðû êîòîðûõ îïðåäåëÿþòñÿ çíà÷åíèåì ïàðàìåòðà s = s1 �
âûñîòû áîêîâîé ãðàíè ïèðàìèäû Λ′

.

Íà âòîðîì øàãå ðàññìàòðèâàåì ïèðàìèäó Λ′
è ñòðîèì åå ëè-

íåéíîå èçãèáàíèå ïî îïèñàííîé ñõåìå � â õîäå èçãèáàíèÿ áóäåò

ïîëó÷åí ìíîãîãðàííèê Λ̃′
, íà êîòîðîì åñòåñòâåííûì îáðàçîì

âûäåëÿþòñÿ 4n-óãîëüíàÿ ïèðàìèäà Λ′′
è ïîÿñîê Ω′′

, �îðìà è

ðàçìåðû êîòîðûõ çàâèñÿò îò ñîîòâåòñòâóþùåãî ïàðàìåòðà s2 �
âûñîòû áîêîâîé ãðàíè ïèðàìèäû Λ′′

. Â ðåçóëüòàòå, ìû ïîëó-

÷àåì èçîìåòðè÷íûé ïèðàìèäå Λ ìíîãîãðàííèê, îáîçíà÷èì åãî

Λ̂′′
, êîòîðûé ñîñòàâëåí èç îñíîâàíèÿ Σ, äâóõ ïîÿñêîâ Ω′

, Ω′′
è

áîêîâîé ïîâåðõíîñòè ïèðàìèäû Λ′′
.

Ïðîäîëæàÿ ýòó ïðîöåäóðó, íà k-îì øàãå ñòðîèì ëèíåéíîå

èçãèáàíèå ïðàâèëüíîé 2kn-ãðàííîé ïèðàìèäû Λ(k−1)
è ïîëó-

÷àåì èçîìåòðè÷íûé èñõîäíîé ïèðàìèäå Λ ìíîãîãðàííèê Λ̂(k)
,

ñîñòàâëåííûé èç îñíîâàíèÿ Σ, k ïîÿñêîâ Ω′
,..., Ω(k)

è áîêîâîé

ïîâåðõíîñòè ïðàâèëüíîé 2k+1n-ãðàííîé ïèðàìèäû Λ(k+1)
� ðàç-

ìåðû ìíîãîãðàííèêà çàâèñÿò îò k ïàðàìåòðîâ s1, ..., sk.
Òàêèì îáðàçîì, âîçíèêàåò ïîñëåäîâàòåëüíîñòü ñåìåéñòâ èçî-

ìåòðè÷íûõ ïèðàìèäå ìíîãîãðàííèêîâ:

Λ,

Λ̂(1) = Λ̃ = Σ ∪ Ω′ ∪
(
Λ′ \ Σ′) ,

Λ̂(2) = Σ ∪Ω′ ∪Ω′′ ∪
(
Λ′′ \ Σ′′) ,

Λ̂(k) = Σ ∪ Ω′ ∪ ... ∪Ω(k) ∪
(
Λ(k) \Σ(k)

)
, k ≥ 3.

Åñëè íà êàæäîì øàãå �èêñèðîâàòü çíà÷åíèå ñîîòâåòñòâóþùåãî

ïàðàìåòðà si, òî ïîëó÷èì ïîñëåäîâàòåëüíîñòü êîíêðåòíûõ ìíî-

ãîãðàííèêîâ {Λ̂(k)}∞k=1, èçîìåòðè÷íûõ ïèðàìèäå Λ. Ïîñêîëüêó

sk � ýòî âûñîòà áîêîâîé ãðàíè ïèðàìèäû Λ(k)
, à ñàìà ïèðàìè-

äà Λ(k)
âîçíèêàåò ïðè ëèíåéíîì èçãèáàíèè ïèðàìèäû Λ(k−1)

,

òî sk ≤ sk−1. Èíà÷å ãîâîðÿ, ïîñëåäîâàòåëüíîñòü ïîëîæèòåëü-

íûõ ÷èñåë {sk}∞k=1 ÿâëÿåòñÿ íåâîçðàñòàþùåé, à çíà÷èò � âñåãäà
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ñõîäèòñÿ ê íåêîòîðîìó s♯. Ïðåäåëüíàÿ ïîâåðõíîñòü Λ♯ ñîîòâåò-
ñòâóþùåé ïîñëåäîâàòåëüíîñòè ìíîãîãðàííèêîâ {Λ̂(k)}∞k=1 áóäåò

ïðåäñòàâëÿòü ñîáîé ëèáî ìíîãîãðàííèê ñ áåñêîíå÷íûì ÷èñëîì

ãðàíåé, ïîäõîäÿùèõ ê îäíîé âåðøèíå (ñëó÷àé s♯ = 0), ëèáî
ïîâåðõíîñòü, ñîñòàâëåííóþ èç êðóãîâîãî êîíóñà è ìíîãîãðàí-

íèêà ñ áåñêîíå÷íûì ÷èñëîì ãðàíåé, ïîäõîäÿùèõ ê ãðàíè÷íîé

îêðóæíîñòè êîíóñà (ñëó÷àé s♯ 6= 0).

Âàæíåéøèì ñâîéñòâîì ìíîãîãðàííèêîâ Λ̂(k)
ÿâëÿåòñÿ âîç-

ðàñòàíèå îáúåìà, ïî êðàéíåé ìåðå � ïðè äîñòàòî÷íî ìàëûõ

çíà÷åíèÿõ ïàðàìåòðîâ sk > 0:

V (Λ) < V (Λ̂′) < V (Λ̂′′) < · · · < V (Λ̂(k−1)) < V (Λ̂(k)) < · · ·

Î÷åâèäíî, ÷òî îáúåìû ìíîãîãðàííèêîâ Λ̂(k)
îãðàíè÷åíû ñâåðõó

íåêîòîðîé êîíñòàíòîé, çàâèñÿùåé îò ðàçìåðîâ èñõîäíîé ïèðà-

ìèäû Λ. Íàïðèìåð, ëþáîé Λ̂(k)
ïîìåùàåòñÿ âíóòðü øàðà, äèà-

ìåòð êîòîðîãî ïðåâîñõîäèò âíóòðåííèé äèàìåòð ïèðàìèäû Λ.
Âåñüìà ñëîæíîé ïðåäñòàâëÿåòñÿ çàäà÷à îäíîâðåìåííîãî íà-

õîæäåíèÿ îïòèìàëüíûõ çíà÷åíèé ïàðàìåòðîâ sk, ïðè êîòîðûõ

ïîñëåäîâàòåëüíîñòü èçîìåòðè÷íûõ òåòðàýäðó ìíîãîãðàííèêîâ

{Λ̂(k)}∞k=1 äàåò ìàêñèìàëüíî âîçìîæíîå îòíîñèòåëüíîå óâåëè-

÷åíèå îáúåìà. ×åìó ðàâíà òî÷íàÿ âåðõíÿÿ ãðàíü äëÿ V (Λ̂(k))?
Êàêèì â ýòîì ñëó÷àå áóäåò àñèìïòîòè÷åñêîå ïîâåäåíèå îïòè-

ìèçèðóþùåé ïîñëåäîâàòåëüíîñòè Λ̂(k)
? ×òî áóäåò ïðåäñòàâëÿòü

ñîáîé ïðåäåëüíàÿ ïîâåðõíîñòü Λ♯?
Îäèí èç âîçìîæíûõ ñïîñîáîâ îöåíêè äëÿ ìàêñèìàëüíî âîç-

ìîæíîãî îòíîñèòåëüíîãî óâåëè÷åíèÿ îáúåìà, äîñòèæèìîãî â

õîäå ðàññìàòðèâàåìûõ ëèíåéíûõ èçãèáàíèé ïèðàìèäû, ñîñòî-

èò â òîì, ÷òîáû íà k-øàãå â êà÷åñòâå sk âûáèðàòü çíà÷åíèå,

äàþùåå ìàêñèìàëüíîå óâåëè÷åíèå îáúåìà â õîäå ëèíåéíîãî èç-

ãèáàíèÿ ñîîòâåòñòâóþùåé ïèðàìèäû Λ(k−1)
. Áîëåå ïðîñòîé ñïî-

ñîá, äîïóñêàþùèé ïðîñòóþ ðåàëèçàöèþ ÷èñëåííûìè ìåòîäàìè,

ñîñòîèò â òîì, ÷òîáû íà êàæäîì øàãå âìåñòî sc áðàòü àïïðîêñè-
ìèðóþùåå çíà÷åíèå sa. Ñõîäèìîñòü òàêîé ïðîñòîé ïðîöåäóðû

îïèñûâàåòñÿ ñëåäóþùèì óòâåðæäåíèåì.
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Ïðåäëîæåíèå 6. Óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæè-

òåëüíûõ âåëè÷èí

s(1)a > s(2)a > s(3)a > · · ·
ñõîäèòñÿ ê âåëè÷èíå

s♯ > b
β
2

sin β
2

∞∏

j=0

(
1− 2 sin

β

2j+2

)
.

Ñîîòâåòñòâóþùàÿ ïîñëåäîâàòåëüíîñòü ìíîãîãðàííèêîâ

Λ̂(1), Λ̂(2), Λ̂(3), . . .

ñõîäèòñÿ ê ïîâåðõíîñòè, ñîäåðæàùåé êðóãîâîé êîíóñ, ïðè

ýòîì äëèíà îáðàçóþùåé êîíóñà áóäåò íå ìåíüøå, ÷åì

b
β
2

sin β
2

∞∏

j=0

(
1− 2 sin

β

2j+2

)
.

Äîêàçàòåëüñòâî. Ïðèâåäåì ñõåìó äîêàçàòåëüñòâà. Êàæäîå s
(k)
a

âû÷èñëÿåòñÿ ÷åðåç ñîîòâåòñòâóþùèå óãëû α(k−1)
, β(k−1)

è äëè-

íû ñòîðîí b(k−1)
, a(k−1)

ïèðàìèäû Λ(k−1)
. Ïîñëåäîâàòåëüíîå

ïðèìåíåíèå ðåçóëüòàòîâ Ïðåäëîæåíèÿ 4 è ïðèâîäèò ê èñêîìîé

îöåíêå. �

3. Ëèíåéíûå èçãèáàíèÿ òåòðàýäðà

Êàê ïðèìåíåíèå ãåîìåòðè÷åñêîé êîíñòðóêöèè, îïèñàííîé â

ïðåäûäóùåì ðàçäåëå, ïîñòðîèì ñïåöèàëüíûå ëèíåéíûå èçãèáà-

íèÿ òåòðàýäðà, ïðèâîäÿùèå ê ñóùåñòâåííîìó � áîëåå, ÷åì íà

44 % - óâåëè÷åíèþ îáúåìà.

Ïóñòü M � òåòðàýäð ñ ðåáðàìè äëèíû 1, åãî îáúåì ðàâåí

V (M) =
√
2

12 . Âåðøèíû òåòðàýäðà îáîçíà÷èì F1, ..., F4.

Ïîñòðîèì ñíà÷àëà ëèíåéíîå èçãèáàíèå òåòðàýäðàM , îïèñàí-

íîå â ðàáîòàõ [3℄ è [4℄. Íà êàæäîì ðåáðå FiFj îòìåòèì ñåðåäèíû

Aij . Íà ãðàíè F1F3F4 âîññòàíîâèì ñåðåäèííûå ïåðïåíäèêóëÿ-

ðû îò òî÷åê A13, A14, A34, è îòëîæèì íà ýòèõ ïåðïåíäèêóëÿ-

ðàõ îòðåçêè ðàâíîé äëèíû u, çà�èêñèðîâàííîé â ïðåäåëàõ îò 0
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äî

1
2
√
3
. Êîíöû îòëîæåííûõ îòðåçêîâ îáîçíà÷èì ñîîòâåòñòâåí-

íî D2, D3 è D1. Ñîåäèíÿÿ ýòè òî÷êè ìåæäó ñîáîé, ïîëó÷èì

ïðàâèëüíûé òðåóãîëüíèê D1D2D3. Êðîìå òîãî, ñîåäèíèì îò-

ðåçêàìè òî÷êè D1 ñ F3 è ñ F4, D2 ñ F1 è ñ F3, à D3 ñ F1 è ñ

F4. Ïîëó÷èì ñèììåòðè÷íîå ðàçáèåíèå ãðàíè V1V3V4 íà 10 òðå-
óãîëüíèêîâ, ñì. �èñ. 6. Ïîâòîðèì àíàëîãè÷íóþ ïðîöåäóðó ñ

òåì æå ñàìûì çíà÷åíèåì u è äëÿ îñòàëüíûõ òðåõ ãðàíåé òåòðà-
ýäðà. �àçâåðòêà òåòðàýäðà ñ ïðîâåäåííûìè äîïîëíèòåëüíûìè

ðåáðàìè ïîêàçàíà íà �èñ. 7.

�èñ. 6

Ýòà �èçìåëü÷åííàÿ�, ðàçâåðòêà äîïóñêàåò ðåàëèçàöèþ íå

òîëüêî â âèäå òåòðàýäðà, êàê íà �èñ. 6, íî è äðóãóþ ðåàëèçàöèþ

â âèäå ìíîãîãðàííèêà, èçîìåòðè÷íîãî èñõîäíîìó òåòðàýäðó, íî
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�èñ. 7

íå êîíãðóýíòíîìó åìó. Òàêàÿ ðåàëèçàöèÿ, ñîõðàíÿþùàÿ ñâîé-

ñòâà ïðîñòðàíñòâåííîé ñèììåòðèè òåòðàýäðà, ïðåäñòàâëåíà íà

�èñ. 8.

Ñòðîèòñÿ óïîìÿíóòûé ìíîãîãðàííèê, êîòîðûé îáîçíà÷èìM∗,
ñëåäóþùèì îáðàçîì. Áóäåì îáîçíà÷àòü âåðøèíû ìíîãîãðàí-

íèêà M∗, ñîîòâåòñòâóþùèå âåðøèíàì èñõîäíîãî òåòðàýäðà M ,

òåìè æå áóêâàìè, äîáàâëÿÿ ñèìâîë

∗
. �àñïîëîæèì èñõîäíûé

òåòðàýäð M òàêèì îáðàçîì, ÷òîáû åãî âåðøèíû íàõîäèëèñü â

òî÷êàõ

F1 =

(
1√
3
, 0,− 1

2
√
6

)
, F2 =

(
− 1

2
√
3
,
1

2
,− 1

2
√
6

)
,

F3 =

(
− 1

2
√
3
,−1

2
,− 1

2
√
6

)
, F4 =

(
0, 0,

√
3

2
√
2

)
.

Âåðøèíû F ∗
i ìíîãîãðàííèêà M∗ ðàñïîëîæåíû íà òåõ æå ëó-

÷àõ, ÷òî è ñîîòâåòñòâóþùèå âåðøèíû Fi òåòðàýäðàM , è ðàâíî-

óäàëåíû îò íà÷àëà O. Êîîðäèíàòû ýòèõ âåðøèí çàïèñûâàþòñÿ
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�èñ. 8

ñëåäóþùèì îáðàçîì:

F ∗
1 = λ

(
1√
3
, 0,− 1

2
√
6

)
,(16)

F ∗
2 = λ

(
− 1

2
√
3
,
1

2
,− 1

2
√
6

)
,(17)

F ∗
3 = λ

(
− 1

2
√
3
,−1

2
,− 1

2
√
6

)
,(18)

F ∗
4 = λ

(
0, 0,

√
3

2
√
2

)
.(19)

Òî÷êè A∗
ij ðàñïîëîæåíû íà òåõ æå ëó÷àõ, ÷òî è ñîîòâåòñòâóþ-

ùèå òî÷êè Aij , è òîæå ðàâíîóäàëåíû îò íà÷àëà O. Êîîðäèíàòû
òî÷åê A∗

ij ïîëó÷àþòñÿ óìíîæåíèåì êîîðäèíàò Aij íà îäíó è òó
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æå âåëè÷èíó ξ. Â ÷àñòíîñòè, èìååì:

(20)

A14 =
1

2
(F1 + F4) =

(
1

2
√
3
, 0,

1

2
√
6

)
,

A∗
14 = ξ

(
1

2
√
3
, 0,

1

2
√
6

)
.

Î÷åâèäíî, ÷òî âåðøèíû F ∗
i ñîâìåùàþòñÿ äðóã ñ äðóãîì ñèì-

ìåòðèÿìè òåòðàýäðà. Àíàëîãè÷íûì ñâîéñòâîì îáëàäàþò è òî÷-

êè A∗
ij .

Ïðîâåäåì ÷åðåç òî÷êó A∗
14 ïðÿìóþ l, ïåðïåíäèêóëÿðíóþ ïëîñ-

êîñòè, ïðîõîäÿùåé ÷åðåç òî÷êè F ∗
1 , F

∗
4 è O � ýòà ïðÿìàÿ ïàðàë-

ëåëüíà îñè y. Íà ïðÿìîé l îò òî÷êè A∗
14 îòëîæèì â îáå ñòîðîíû

îòðåçêè ðàâíîé äëèíû u. Êîíöû ïîñòðîåííûõ îòðåçêîâ îáîçíà-

÷èì B∗
1 è D

∗
3:

B∗
1 =

(
1

2
√
3
ξ, u,

1

2
√
6
ξ

)
,(21)

D∗
3 =

(
1

2
√
3
ξ,−u, 1

2
√
6
ξ

)
.(22)

Ïðèìåíÿÿ ê B∗
1 è D

∗
3 ñèììåòðèè òåòðàýäðà, ïîëó÷èì îñòàëü-

íûå òî÷êè B∗
i , C

∗
j , D

∗
k è E

∗
m ìíîãîãðàííèêà M∗, ñîîòâåòñòâóþ-

ùèå òî÷êàì Bi, Cj , Dk è Em èñõîäíîãî òåòðàýäðà M . Â ÷àñòíî-

ñòè, ïðèìåíÿÿ ê òî÷êå B∗
1 âðàùåíèå âîêðóã îñè z íà óãîë 2

3π,
ïîëó÷èì òî÷êó D∗

1:

D∗
1 =

(
− 1

4
√
3
ξ +

√
3

2
u,−1

4
ξ − 1

2
u,

1

2
√
6
ξ

)
.(23)

Àíàëîãè÷íî, ïðèìåíÿÿ ê òî÷êå D∗
3 âðàùåíèå íà óãîë

2
3π ïî

÷àñîâîé ñòðåëêå âîêðóã îñè, ïðîõîäÿùåé ÷åðåç íà÷àëî O ïåð-

ïåíäèêóëÿðíî ê ãðàíè F1F3F4, ïîëó÷èì òî÷êó D∗
2:

D∗
2 =

(
1

4
√
3
ξ +

√
3

6
u,−1

4
ξ − 1

2
u,− 1

2
√
6
ξ +

√
6

3
u

)
.(24)
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Ïîäáåðåì âåëè÷èíû λ ≥ 0 è ξ ≥ 0 òàêèì îáðàçîì, ÷òîáû ìíî-

ãîãðàííèê M∗ áûë èçîìåòðè÷åí òåòðàýäðó M . Äëèíû îòðåçêîâ

F ∗
i A

∗
ij è A

∗
ijF

∗
j äîëæíû ðàâíÿòüñÿ äëèíàì ñîîòâåòñòâóþùèõ îò-

ðåçêîâ FiAij è AijFj , êîòîðûå âñå ðàâíû
1
2 . ×òîáû çàïèñàòü ñî-

îòâåòñòâóþùåå óñëîâèå, ââèäó ñèììåòðèè äîñòàòî÷íî ðàññìîò-

ðåòü, íàïðèìåð, òîëüêî òî÷êè F ∗
1 , F

∗
4 è A∗

14. Èñïîëüçóÿ êîîð-

äèíàòû ýòèõ òî÷åê, ïðåäñòàâëåííûå â (16), (19) è (20), íàéäåì

äëèíû îòðåçêîâ F ∗
1A

∗
14 è A∗

14F
∗
4 . Ëåãêî ïðîâåðèòü, ÷òî äëèíû

óêàçàííûõ îòðåçêîâ áóäóò ðàâíû

1
2 òîãäà è òîëüêî òîãäà, êîãäà

áóäåò âûïîëíåíî ðàâåíñòâî

3λ2 − 2λξ + ξ2 = 2.(25)

Äëèíû ðàâíûõ îòðåçêîâ B∗
iB

∗
j , C

∗
jC

∗
j , D

∗
iD

∗
j è E

∗
i E

∗
j äîëæíû

ðàâíÿòüñÿ äëèíàì ñîîòâåòñòâóþùèõ îòðåçêîâ BiBj , CiCj ,DiDj

è EiEj , êîòîðûå ðàâíû (4u2 + 1) sin
(
π
6 − ar
tg2u

)
. Ââèäó ñèì-

ìåòðèè, óêàçàííîå ðàâåíñòâî äîñòàòî÷íî ïðîâåðèòü äëÿ îäíîé

ïàðû òî÷åê, íàïðèìåð � äëÿ D∗
1 è D

∗
3. Èñïîëüçóÿ êîîðäèíàòû

ýòèõ òî÷åê, ïðåäñòàâëåííûå â (22), (23), è íàõîäÿ ðàññòîÿíèå

ìåæäó D∗
1 è D

∗
3 , ïîëó÷àåì, ÷òî äëèíà îòðåçêà D

∗
1D

∗
3 áóäåò ðàâ-

íà (4u2 +1) sin
(
π
6 − ar
tg2u

)
òîãäà è òîëüêî òîãäà, êîãäà áóäåò

âûïîëíåíî ðàâåíñòâî

1

4
ξ2 − ξu+ u2 = (4u2 + 1) sin

(π
6
− ar
tg2u

)
,

êîòîðîå ïðåîáðàçóåòñÿ ê âèäó

(
1

2
ξ − u

)2

=

(
1− 2

√
3u

2

)2

.(26)

�àâåíñòâî äëèí îñòàâøèõñÿ ñîîòâåòñòâóþùèõ ðåáåð íà ìíî-

ãîãðàííèêàõ M è M∗ áóäåò âûïîëíåíî ïî ïîñòðîåíèþ è â ñèëó

ñèììåòðèè. Òàêèì îáðàçîì, ìíîãîãðàííèêè M èM∗ áóäóò èçî-
ìåòðè÷íû òîãäà è òîëüêî òîãäà, êîãäà λ è ξ óäîâëåòâîðÿþò

óðàâíåíèÿì (25)�(26) ïðè çàäàííîì �èêñèðîâàííîì u.
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Èçìåíÿÿ u îò 0 äî 1
2
√
3
, ìû ïîëó÷àåì ñåìåéñòâî ìíîãîãðàííè-

êîâM∗, èçîìåòðè÷íûõ èñõîäíîìó òåòðàýäðó. Ýòî ñåìåéñòâî áó-
äåò ïðåäñòàâëÿòü ëèíåéíîå èçãèáàíèå òåòðàýäðà, åñëè ìû ñìî-

æåì íàéòè ðåøåíèå óðàâíåíèé (25)�(26) â âèäå äâóõ íåïðå-

ðûâíûõ �óíêöèé λ(u) è ξ(u), óäîâëåòâîðÿþùèõ íà÷àëüíîìó

óñëîâèþ λ(0) = 1 è ξ(0) = 1. �åøåíèå, ñîîòâåòñòâóþùåå ðàñ-
ñìàòðèâàåìîìó ñåìåéñòâó ìíîãîãðàííèêîâ M∗, èìååò âèä

ξ = 2

(
u+

1− 2
√
3u

2

)
,(27)

λ =
1

3

(
ξ +

√
2
√

3− ξ2
)
.(28)

�èñ. 9

Äëÿ âû÷èñëåíèÿ îáúåìà, òåëî, îãðàíè÷åííîå ìíîãîãðàííè-

êîì M∗, åñòåñòâåííî ðàçäåëèòü íà 5 ÷àñòåé, ñì. �èñ. 9. ×åòûðå
÷àñòè îãðàíè÷åíû ðàâíûìè ïèðàìèäàìè ñ øåñòèóãîëüíûìè îñ-

íîâàíèÿìè:
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� ïèðàìèäà Λ1 ñ âåðøèíîé F
∗
1 è îñíîâàíèåì B

∗
1B

∗
2E

∗
3E

∗
2D

∗
2D

∗
3,

� ïèðàìèäà Λ2 ñ âåðøèíîé F
∗
2 è îñíîâàíèåì B

∗
2B

∗
3C

∗
1C

∗
2E

∗
1E

∗
3 ,

� ïèðàìèäà Λ3 ñ âåðøèíîé F
∗
3 è îñíîâàíèåì E

∗
2E

∗
1C

∗
2C

∗
3D

∗
1D

∗
2,

� ïèðàìèäà Λ4 ñ âåðøèíîé F
∗
4 è îñíîâàíèåì B

∗
1B

∗
3C

∗
1C

∗
3D

∗
1D

∗
3.

Îñòàâøàÿñÿ ÷àñòü (îñòîâ) îãðàíè÷åíà ìíîãîãðàííèêîì Λ0, êî-

òîðûé ïðåäñòàâëÿåò ñîáîé ëèáî óñå÷åííûé òåòðàýäð (ïðè

0 < u < 1
2
√
3
), ëèáî ïðîñòî òåòðàýäð (ïðè u = 1

2
√
3
).

Âû÷èñëèì îáúåì ìíîãîãðàííèêà M∗. Èñïîëüçóÿ ñìåøàííîå

ïðîèçâåäåíèå âåêòîðîâ, ïðîâåäåííûõ èç íà÷àëà êîîðäèíàò â ñî-

îòâåòñòâóþùèå âåðøèíû ìíîãîãðàííèêà M∗, è ó÷èòûâàÿ ñèì-

ìåòðèè M∗, ìîæåì çàïèñàòü:

V (M∗) = 4
1

6
(D∗

1 ,D
∗
2 ,D

∗
3) + 12

1

6
(D∗

1 ,D
∗
3, F

∗
4 ) + 12

1

6
(D∗

3 , B
∗
1 , F

∗
4 ).

Ïîäñòàâëÿÿ çíà÷åíèÿ âåêòîðîâ èç (19), (21)�(24), ïîëó÷àåì:

V (M∗) =
1

24
√

(2)
(ξ3 − 12ξu2 + 16u3+

+ 3λξ2 − 36λu2 + 36λξu).

Ñ ó÷åòîì (27)�(28) âåëè÷èíà V (M∗) ïðåäñòàâëÿåò ñîáîé �óíê-
öèþ îò u. �ðà�èê V (M∗) ïðåäñòàâëåí íà �èñ. 10; ãîðèçîíòàëü-
íîé ïóíêòèðíîé ëèíèåé îòìå÷åíî çíà÷åíèå îáúåìà èñõîäíîãî

òåòðàýäðà V (M) =
√
2

12 .

�èñ. 10
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Íàèáîëüøåå óâåëè÷åíèå îáúåìà äîñòèãàåòñÿ ïðè u ≈ uc =
0.1354198, êîãäà V (M∗) ≈ 0.1623025; îòíîñèòåëüíîå óâåëè÷åíèå

îáúåìà â ýòîì ñëó÷àå ðàâíî

V (M∗)
V (M) ≈ 1.3771825, ò.å. ñîñòàâëÿåò

áîëåå 37%. Èìåííî ýòîò ðåçóëüòàò ïîëó÷åí Ä.Ä. Áëèêåðîì â

[4℄.

Îáðàòèì âíèìàíèå íà ñëåäóþùèé óäèâèòåëüíûé �àêò. Â îñ-

íîâàíèè ðàâíûõ ïèðàìèä Λi áóäóò ëåæàòü ïðàâèëüíûå øåñòè-
óãîëüíèêè â òîì è òîëüêî â òîì ñëó÷àå, êîãäà u = ur =

1
2 tan

π
12

� ýòî ìîæíî ïîëó÷èòü, ïðèðàâíÿâ äëèíû ðåáåð D∗
1D

∗
3 è D

∗
3B

∗
1 .

Âåëè÷èíà ur = 1
2 tan

π
12 ≈ 0.1339746 î÷åíü áëèçêà ê íàéäåí-

íîìó âûøå ýêñòðåìàëüíîìó çíà÷åíèþ uc = 0.1354198. Îáúåì
ìíîãîãðàííèêà M∗ â ýòîì ñëó÷àå ðàâåí V (M∗) ≈ 0.1622977,

à îòíîñèòåëüíîå óâåëè÷åíèå îáúåìà ðàâíî

V (M∗)
V (M) ≈ 1.3771421

� ýòî çíà÷åíèå óêàçàíî Â.À. Àëåêñàíäðîâûì â [5℄, ðàçíèöà ñ

íàéäåííûì Ä.Ä. Áëèêåðîì óâåëè÷åíèåì îáúåìà èìååò ïîðÿäîê

10−5
.

Ïîñòðîèì òåïåðü íîâîå ëèíåéíîå èçãèáàíèå òåòðàýäðà M ñî

ñòîðîíàìè äëèíû 1. �àññìîòðèì ñíà÷àëà ëèíåéíîå èçãèáàíèå

M∗, ïðîàíàëèçèðîâàííîå âûøå, è çà�èêñèðóåì u = 1
2 tan

π
12 .

Ê êàæäîé âåðøèíå F ∗
i ìíîãîãðàííèêà M∗ ïðèìûêàåò 6 ðàâíûõ

ðàâíîáåäðåííûõ òðåóãîëüíèêîâ � ãðàíåé, îáðàçóþùèõ áîêîâóþ

ïîâåðõíîñòü ïèðàìèäû Λi, ñì.�èñ. 8�9. Ýòè ÷åòûðå ïèðàìèäû

êîíãðóýíòíû ïðàâèëüíîé ïèðàìèäå Λ ñ øåñòèóãîëüíûì îñíî-

âàíèåì (n = 6, α = π
3 ), óãîë ïðè âåðøèíå áîêîâîé ãðàíè ðàâåí

β = π
6 , äëèíà ðåáåð îñíîâàíèÿ ðàâíà a = 2u = tan π

12 , äëèíà

íàêëîííûõ ðåáåð ðàâíà

b =

√
1

4
+ u2 =

1

2 cos π
12

.

Îáúåì ïèðàìèäû Λ ðàâíÿåòñÿ

1

24
na2

√
4b2 − a2

sin2 α2

tg

α

2
≈ 0.0275370.
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Ïðèìåíèì òåïåðü ê ïèðàìèäå Λ ëèíåéíîå èçãèáàíèå ïî ñõå-

ìå, èçëîæåííîé â ðàçäåëå 2. Ïîëó÷èì ñåìåéñòâî íåêîíãðóýíò-

íûõ íåâûïóêëûõ ìíîãîãðàííèêîâ Λ̃, èçîìåòðè÷íûõ ïèðàìèäå

Λ. Ìàêñèìàëüíîå óâåëè÷åíèå îáúåìà ðàññìàòðèâàåìîé ïèðàìè-

äû Λ ïðè ëèíåéíîì èçãèáàíèè Λ̃ äîñòèãàåòñÿ ïðè s = 0.4267783
è ñîñòàâëÿåò V (Λ̃) ≈ 0.0290564.
Ëèíåéíîå èçãèáàíèå ïèðàìèäû Λ, îäíîâðåìåííî ðåàëèçîâàí-

íîå íà êàæäîé èç ïèðàìèä Λi, ïîðîæäàåò ëèíåéíîå èçãèáàíèå
ìíîãîãðàííèêà M∗, à çíà÷èò � è ëèíåéíîå èçãèáàíèå èñõîäíîãî
òåòðàýäðà M . Ïðè óêàçàííîì âûøå çíà÷åíèè s ìû ïîëó÷àåì

íîâûé ìíîãîãðàííèê M ′
∗, îáúåì êîòîðîãî ðàâåí

V (M ′
∗) = V (M∗)− 4 ∗ V (Λ) + 4 ∗ V (Λ̃) ≈ .1683713.

Îáúåì óêàçàííîãî ìíîãîãðàííèêà M ′
∗ ïðåâîñõîäèò îáúåì èñ-

õîäíîãî òåòðàýäðà M â 1.4286783 ðàç, èíà÷å ãîâîðÿ � áîëåå

÷åì íà 42 %, ñð. [6℄. Òàêèì îáðàçîì, óæå íà ïåðâîì øàãå èòåðà-

öèè äîñòèãíóòîå Áëèêåðîì â [4℄ óâåëè÷åíèå îáúåìà òåòðàýäðà

óëó÷øàåòñÿ áîëåå ÷åì íà 5 %.

Ìíîãîãðàííèê M ′
∗ èìååò áîëåå ñëîæíóþ ñòðóêòóðó, ÷åì M∗.

Âìåñòî êàæäîé èç øåñòèãðàííûõ ïèðàìèä Λi ïîÿâëÿåòñÿ ìíî-

ãîãðàííèê-ïîÿñîê, ñîñòàâëåííûé èç 6 òðåóãîëüíûõ è 6 òðàïåöè-

åâèäíûõ ãðàíåé, è 12-ãðàííàÿ ïðàâèëüíàÿ ïèðàìèäà. Ê êàæäîé

èç ýòèõ 12-ãðàííûõ ïèðàìèä òîæå ìîæíî îäíîâðåìåííî ïðè-

ìåíèòü ëèíåéíîå èçãèáàíèå ïî ñõåìå èç ðàçäåëà 2 � ïîëó÷èì

íîâûé ìíîãîãðàííèê M ′′
∗ , èçîìåòðè÷íûé òåòðàýäðó Λ, ñ óâåëè-

÷åííûì îáúåìîì.

Êàê óêàçàíî â ðàçäåëå 3, îïèñàííûé ïðîöåññ ÿâëÿåòñÿ èòåðà-

öèîííûì. Íà k-îì øàãå ðàññìàòðèâàåòñÿ ìíîãîãðàííèêM
(k−1)
∗ ,

ñîäåðæàùèé ÷åòûðå êîíãðóýíòíûå (2k−1 · 6)-ãðàííûå ïðàâèëü-
íûå ïèðàìèäû. Ñ ïîìîùüþ ëèíåéíîãî èçãèáàíèÿ ýòèõ ïèðàìèä

ïî ñõåìå èç ðàçäåëà 2 ñòðîèòñÿ íîâûé ìíîãîãðàííèê M
(k)
∗ , èçî-

ìåòðè÷íûé òåòðàýäðó M , ñ óâåëè÷åííûì îáúåìîì.

Â íèæåñëåäóþùåé òàáëèöå ïðèâåäåíû ðåçóëüòàòû ÷èñëåí-

íîãî àíàëèçà óêàçàííîãî ïðîöåññà. Â ïåðâîé êîëîíêå óêàçàí
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íîìåð øàãà k, âî âòîðîé, òðåòüåé è ÷åòâåðòîé � êîëè÷åñòâî áî-
êîâûõ ãðàíåé è õàðàêòåðíûå ðàçìåðû ñîîòâåòñòâóþùåé 2k−1 ·6-
ãðàííîé ïèðàìèäû, ïðèíàäëåæàùåéM

(k−1)
∗ è ïîäâåðãàåìîé ëè-

íåéíîìó èçãèáàíèþ íà k-îì øàãå, â ïÿòîé � ýêñòðåìàëüíîå çíà-

÷åíèå sc, â øåñòîé � ìàêñèìàëüíîå îòíîñèòåëüíîå óâåëè÷åíèå

îáúåìà V (M
(k)
∗ )/V (M), äîñòèãàåìîå íà k-îì øàãå.

k n a b sc V (M
(k)
∗ )/V (M)

1 6 0.2679492 0.5176381 0.4267783 1.4286783
2 12 0.1123728 0.4304609 0.3942073 1.4375726
3 24 0.0516754 0.3950532 0.3788093 1.4394450
4 48 0.0248015 0.3790065 0.3713158 1.4398758
5 96 0.0121522 0.3713599 0.3676075 1.4399793
6 192 0.0060154 0.3676378 0.3654378 1.4400047

Ñõîäèìîñòü ðàññìàòðèâàåìîãî ïðîöåññà ÿâëÿåòñÿ äîñòàòî÷-

íî âûñîêîé, è óæå íà 6 øàãå ïîëó÷àåòñÿ ìíîãîãðàííèê M
(6)
∗ ,

èçîìåòðè÷íûé èñõîäíîìó òåòðàýäðó M , îáúåì êîòîðîãî ïðå-

âîñõîäèò îáúåì òåòðàýäðà áîëåå ÷åì íà 44 %.

Ïðåäåëüíàÿ ïîâåðõíîñòü M ♯
ðàññìàòðèâàåìîé ïîñëåäîâà-

òåëüíîñòè ìíîãîãðàííèêîâ M
(k)
∗ , êàê óòâåðæäàëîñü â Ïðåäëî-

æåíèè 6, áóäåò ñîäåðæàòü ÷åòûðå êîíãðóýíòíûõ êðóãîâûõ êî-

íóñà ñ âåðøèíàìè â òî÷êàõ, ñîîòâåòñòâóþùèõ âåðøèíàì èñõîä-

íîãî òåòðàýäðà M , ïðè ýòîì äëèíà îáðàçóþùèõ êîíóñîâ ïðè-

áëèæåííî ðàâíÿåòñÿ 0.36. Îñòàâøàÿñÿ ÷àñòü M ♯
� ýòî ìíîãî-

ãðàííàÿ ïîâåðõíîñòü ñ áåñêîíå÷íûì ÷èñëîì ãðàíåé, êðàé êîòî-

ðîé ñîñòàâëåí èç ÷åòûðåõ îêðóæíîñòåé.

Àíàëîãè÷íóþ êîíñòðóêöèþ ìîæíî ïðèìåíèòü ê êàæ-

äîìó âûïóêëîìó ïðàâèëüíîìó ìíîãîãðàííèêó M . Ñíà÷àëà M
ëèíåéíî èçãèáàåòñÿ ñ óâåëè÷åíèåì îáúåìà ïî ñõåìå èç [3℄� [4℄.

Â ïðîöåññå ïîñòðîåíèÿ ïîëó÷àåòñÿ íåâûïóêëûé ìíîãîãðàííèê

M∗, âêëþ÷àþùèé íåñêîëüêî êîíãðóýíòíûõ ïðàâèëüíûõ ïèðà-

ìèä (8 øåñòèãðàííûõ ïèðàìèä â ñëó÷àå, êîãäà M � êóá; 6
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âîñüìèãðàííûõ ïèðàìèä â ñëó÷àå, êîãäà M � îêòàýäð; 20 øå-

ñòèãðàííûõ ïèðàìèä â ñëó÷àå, êîãäà M � äîäåêàýäð; 12 äåñÿ-

òèãðàííûõ ïèðàìèä â ñëó÷àå, êîãäà M � èêîñàýäð). Ê êàæäîé

èç ïðàâèëüíûõ ïèðàìèä èòåðàöèîííî ïðèìåíÿåòñÿ îïèñàííîå

â ðàçäåëå 2 ëèíåéíîå èçãèáàíèå, ïðèâîäÿùåå ê ïîñëåäîâàòåëü-

íîìó óâåëè÷åíèþ îáúåìà. Â íèæåñëåäóþùåé òàáëèöå â òðå-

òüåé êîëîíêå ïðèâåäåíû ñîîòâåòñòâóþùèå ÷èñëåííûå ðåçóëüòà-

òû îòíîñèòåëüíîãî óâåëè÷åíèÿ îáúåìà ïðàâèëüíûõ ìíîãîãðàí-

íèêîâ ñ ïîìîùüþ îïèñàííîé ïðîöåäóðû (6 øàãîâ èòåðàöèè), â

ïåðâîé è âòîðîé êîëîíêàõ óêàçàíû ñîîòâåòñòâóþùèå ðåçóëüòà-

òû èç [4℄, [6℄.

Áëèêåð Ìèëêà Àâòîðû

Òåòðàýäð 1.37718257... 1.41575603... 1.44000470...
Êóá 1.21865263... 1.23397824... 1.24030167...

Îêòàýäð 1.11580800... 1.13233864... 1.13589463...
Äîäåêàýäð 1.09339757... 1.09733081... 1.09723965...
Èêîñàýäð 1.03631161... 1.05274569... 1.04272167...

Êàê âèäèì, íàèáîëåå ñóùåñòâåííîå óñèëåíèå ðåçóëüòàòîâ èç

[4℄� [6℄ äîñòèãàåòñÿ äëÿ òåòðàýäðà. Â òî æå âðåìÿ, äëÿ èêîñà-

ýäðà è äîäåêàýäðà ïîëó÷åííàÿ äîáàâêà ÿâëÿåòñÿ âåñüìà íåçíà-

÷èòåëüíîé, ÷òî âîçìîæíî îáóñëîâëåíî ïîëîãîñòüþ ïðàâèëüíûõ

ïèðàìèä Λ, âîçíèêàþùèõ ïðè ëèíåéíîì èçãèáàíèè.
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Â íàñòîÿùåé ðàáîòå íàìè äîêàçàíî, ÷òî ñðåäè âñåõ ðèìàíîâûõ ïðî-

ñòðàíñòâ ïîñòîÿííîé ñåêöèîííîé êðèâèçíû òîëüêî òðåõìåðíûå ïðî-

ñòðàíñòâà èìåþò êðó÷åíèå, èíâàðèàíòíîå îòíîñèòåëüíî ãðóïïû äâè-

æåíèé. Òåíçîð êðó÷åíèÿ â ýòèõ ïðîñòðàíñòâàõ êîâàðèàíòíî ïîñòîÿíåí

è îïðåäåëÿåò �îðìó êðó÷åíèÿ. Îòíîøåíèå èíòåãðàëà îò ýòîé �îð-

ìû ïî îãðàíè÷åííîé îáëàñòè ê åå îáúåìó åñòü âåëè÷èíà ïîñòîÿííàÿ,

îïðåäåëÿþùàÿ êðó÷åíèå ïðîñòðàíñòâà. Ââîäÿòñÿ ïîíÿòèÿ îáúåìíîãî

êðó÷åíèÿ è ñêàëÿðíîãî êðó÷åíèÿ.

Êëþ÷åâûå ñëîâà: ðèìàíîâî ïðîñòðàíñòâî, òåíçîð êðó÷åíèÿ

1. ÏóñòüM � ãëàäêîå n-ìåðíîå ìíîãîîáðàçèå, g � ðèìàíîâà

ìåòðèêà íà M , ∇ � ñâÿçíîñòü Ëåâè-×èâèòà, ∇̃ � ìåòðè÷åñêàÿ

ñâÿçíîñòü ñ êðó÷åíèåì: ∇̃g = 0, S � òåíçîð êðó÷åíèÿ ñâÿçíîñòè

∇̃, T � òåíçîð äå�îðìàöèè ñâÿçíîñòè∇. Åñëè (xi)� ëîêàëüíûå

êîîðäèíàòû íà M , ∂i =
∂
∂xi

� åñòåñòâåííûé ëîêàëüíûé áàçèñ

âåêòîðíûõ ïîëåé è ∇∂i∂j = Γkij∂k, ∇̃∂i∂j = Γ̃kij∂k, S
k
ij = Γ̃kij− Γ̃kji,

T kij = Γ̃kij − Γkij , òî, î÷åâèäíî, èìååì:

Γ̃kij = Γ̃k(ij) +
1

2
Skij, Γ̃

k
ij = Γkij + T kij, S

k
ij + Skji = 0.

Êðîìå òîãî ñîãëàñîâàííîñòü ñâÿçíîñòè ∇̃ ñ ìåòðèêîé g èìååò

ìåñòî òîãäà è òîëüêî òîãäà, êîãäà êîìïîíåíòû Tijk = Tij
pgkp

òåíçîðà äå�îðìàöèè êîñîñèììåòðè÷íû ïî ïîñëåäíèì äâóì èí-

äåêñàì. Äåéñòâèòåëüíî, â ëîêàëüíûõ êîîðäèíàòàõ èìååì

∂igjk − gpkΓ̃
p
ij − gjpΓ̃

p
ik = 0 (1)
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èëè

∂igjk − gpkΓ
p
ij − gjpΓ

p
ik − gpkT

p
ij − gjpT

p
ik = 0,

îòêóäà

gpkTij
p + gjpTik

p = 0,

ò.å.

Tijk + Tikj = 0,

÷òî è äîêàçûâàåò íàøå óòâåðæäåíèå. Öèêëèðóÿ (1) ïîëó÷èì

åùå äâà ðàâåíñòâà

∂jgki − gpiΓ̃
p
jk − gkpΓ̃

p
ji = 0,

∂kgij − gpjΓ̃
p
ki − gipΓ̃

p
kj = 0.

Ñêëàäûâàÿ äâà ïåðâûõ ðàâåíñòâà è âû÷èòàÿ ïîñëåäíåå, ïîëó-

÷èì:

(∂igjk + ∂jgki − ∂kgij) =

= gpk(Γ̃
p
ij + Γ̃pji) + gjp(Γ̃

p
ik − Γ̃pki) + gip(Γ̃

p
jk − Γ̃pkj),

èëè

gpk(Γ̃
p
ij + Γ̃pij + Spji) = (∂igjk + ∂jgki − ∂kgij) + gjpS

p
ki + gipS

p
kj,

îòêóäà

2gpkΓ̃
p
ij = (∂igjk + ∂jgki − ∂kgij) + gpkS

p
ij + gjpS

p
ki + gipS

p
kj,

ïîýòîìó

gpkΓ̃
p
ij = Γijk +

1

2
(Sijk + Skij + Skji)

è

Γ̃lij = Γlij +
1

2
(Sij

l + Slij + Slji).

Îò
þäà ïîëó÷àåì âûðàæåíèå òåíçîðà äå�îðìàöèè ÷åðåç òåí-

çîð êðó÷åíèÿ:

Tij
k =

1

2
(Sij

k + Skij + Skji)

è

Tijk =
1

2
(Sijk + Skij + Skji). (2)
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Öèêëèðóÿ (2), ïîëó÷èì:

Tjki =
1

2
(Sjki + Sijk + Sikj).

Ñêëàäûâàÿ ïîñëåäíèå äâà ðàâåíñòâà è ó÷èòûâàÿ êîñóþ ñèì-

ìåòðèþ òåíçîðà êðó÷åíèÿ ïî ïåðâûì äâóì èíäåêñàì, ïîëó÷èì

âûðàæåíèå òåíçîðà êðó÷åíèÿ ÷åðåç òåíçîð äå�îðìàöèè:

Sijk = Tijk + Tjki.

Èç ïðèâåäåííûõ âûøå ðàâåíñòâ ñëåäóåò, ÷òî ñèììåòðè÷å-

ñêàÿ ÷àñòü ñâÿçíîñòè ∇̃ ñîâïàäàåò ñî ñâÿçíîñòüþ Ëåâè-×èâè-

òà òîãäà è òîëüêî òîãäà, êîãäà êîìïîíåíòû Sijk òåíçîðà êðó-
÷åíèÿ è, ñëåäîâàòåëüíî, êîìïîíåíòû Tijk òåíçîðà äå�îðìà-

öèè, êîñîñèììåòðè÷íû ïî âñåì èíäåêñàì [1℄. Â ýòîì ñëó÷àå

Tijk =
1
2Sijk. Òàêîå êðó÷åíèå íàçîâåì êàíîíè÷åñêèì, à 3-�îðìó

Ω = Sijkdx
i ∧ dxj ∧ dxk(i < j < k) � �óíäàìåíòàëüíîé �îðìîé

êðó÷åíèÿ.

2. Âåêòîðíîå ïîëå X = ξi∂i ÿâëÿåòñÿ èí�èíèòåçèìàëüíûì

äâèæåíèåì ðèìàíîâà ïðîñòðàíñòâà V n = (M,g) òîãäà è òîëüêî
òîãäà, êîãäà ïðîèçâîäíàÿ Ëè âäîëü X îò ìåòðè÷åñêîãî òåíçîðà

ðàâíà íóëþ: LXg = 0. Êàê ñëåäñòâèå íåòðóäíî ïîëó÷èòü [2℄,

÷òî è LX∇ = 0. Ïîòðåáóåì, ÷òîáû ëþáîå äâèæåíèå ñîõðàíÿëî

è ñâÿçíîñòü ∇̃: LX∇̃ = 0, ÷òî ðàâíîñèëüíî ðàâåíñòâó LXT = 0
èëè LXS = 0.
Óðàâíåíèÿ äâèæåíèé (óðàâíåíèÿ Êèëëèíãà) èìåþò âèä [2℄

ξij + ξji = 0, (3)

ãäå ξij = ξpi gjp, ξji = ∇iξ
j
. �àâåíñòâî íóëþ ïðîèçâîäíîé Ëè îò

òåíçîðà äå�îðìàöèè çàïèøåì â êîâàðèàíòíûõ ïðîèçâîäíûõ

ξp∇pTijk +∇iξ
pTpjk +∇jξ

pTipk +∇kξ
pTijp = 0

èëè

ξp∇pTijk + ξrq{δri gqpTpjk + δrj g
qpTipk + δrkg

qpTijp} = 0, (4)
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ãäå δji � ñèìâîë Êðîíåêåðà, gij � êîíòðàâàðèàíòíûå êîìïîíåí-

òû ìåòðè÷åñêîãî òåíçîðà g: gipg
pj = δji .

Ïóñòü V n
ÿâëÿåòñÿ ðèìàíîâûì ïðîñòðàíñòâîì ïîñòîÿííîé

ñåêöèîííîé êðèâèçíû è, ñëåäîâàòåëüíî, äîïóñêàåò ãðóïïó äâè-

æåíèé Gr ðàçìåðíîñòè r = n(n + 1)/2. Òîãäà ðàâåíñòâà (4)

äîëæíû âûïîëíÿòüñÿ ïðè ëþáûõ ξp è ξrq, óäîâëåòâîðÿþùèõ
(3). Ïîýòîìó èç (4) ñëåäóåò

∇pTijk = 0 (5)

è

δri g
qpTpjk + δrjg

qpTipk + δrkg
qpTijp−

−δqi grpTpjk − δqj g
rpTipk − δqkg

rpTijp = 0 (6)

Óìíîæàÿ (6) íà glrgmq è ó÷èòûâàÿ êîñóþ ñèììåòðèþ êîìïî-

íåíò òåíçîðà äå�îðìàöèè ïî ïîñëåäíèì äâóì èíäåêñàì, ïîëó-

÷àåì ðàâíîñèëüíûå (6) ñîîòíîøåíèÿ:

gilTmjk− gjlTikm+ gklTijm− gimTljk+ gjmTikl− gkmTijl = 0. (7)

Ëåììà 1. Ñîîòíîøåíèÿ (7) ÿâëÿþòñÿ óñëîâèåì èíòåãðèðó-

åìîñòè ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé (5).

Äîêàçàòåëüñòâî. Óðàâíåíèÿ (5) èìåþò âèä

∂pTijk = TsjkΓ
s
pi + TiskΓ

s
pj + TijsΓ

s
pk (8)

Äè��åðåíöèðóÿ (8) è ó÷èòûâàÿ, ÷òî ∂pqTijk = ∂qpTijk, ïîëó÷èì

∂qTsjkΓ
s
pi + Tsjk∂qΓ

s
pi + ∂qTiskΓ

s
pj+

+Tisk∂qΓ
s
pj + ∂qTijsΓ

s
pk + Tijs∂qΓ

s
pk =

= ∂pTsjkΓ
s
pi + Tsjk∂pΓ

s
pi + ∂pTiskΓ

s
pj+

Tisk∂pΓ
s
pj + ∂pTijsΓ

s
pk + Tijs∂pΓ

s
pk. (9)

Ïðèíèìàÿ âî âíèìàíèå (8) è âûðàæåíèå

Rlijk = ∂iΓ
l
jk − ∂jΓ

l
ik + ΓlipΓ

p
jk − ΓljpΓ

p
ik
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äëÿ êîìïîíåíò òåíçîðà êðèâèçíû, ñîîòíîøåíèÿ (9) ïðèâîäÿòñÿ

ê âèäó

RsqpiTsjk +RsqpjTisk +RsqpkTijs = 0 (10)

Òàê êàê ðèìàíîâî ïðîñòðàíñòâî V n
èìååò ïîñòîÿííóþ ñåêöè-

îííóþ êðèâèçíó, òî

Rsqpi = k(δsqgpi − δspgqi), (11)

ãäå k � êðèâèçíà ïðîñòðàíñòâà. Ïîäñòàâëÿÿ (11) â (10), ïîëó-

÷èì

k(gpiTqik−gqiTpjk+gpjTiqk−gqjTipk+gpkTijq−gqkTijp) = 0 (12)

Åñëè k = 0, òî Rsqpi = 0 è óñëîâèÿ èíòåãðèðóåìîñòè óðàâíå-

íèé (5) âûïîëíÿþòñÿ òîæäåñòâåííî. Åñëè k 6= 0, òî èç (12),

ó÷èòûâàÿ êîñóþ ñèììåòðèþ êîìïîíåíò òåíçîðà äå�îðìàöèè

ïî ïîñëåäíèì äâóì èíäåêñàì, íåìåäëåííî ñëåäóåò (7). �

3. �àññìîòðèì ïîäðîáíåå óñëîâèÿ èíòåãðèðóåìîñòè (7). Ïå-

ðåïèøåì (7), óìíîæèâ íà gqlgrm:

δqi T
r
jk − δqjTik

r + δqkTij
r − δri T

q
jk + δrjTik

q − δrkTij
q = 0, (13)

ãäå T rjk = Tsjkg
sr, Tik

r = Tiksg
sr. Â (13) ñâåðíåì èíäåêñû q è i.

Â ðåçóëüòàòå ïîëó÷èì:

nT rjk − Tjk
r + Tkj

r − T rjk + δrjT∗k
∗ − δrkT∗j

∗ = 0 (14)

èëè

(n− 1)T rjk − Tjk
r + Tkj

r + δrjT∗k
∗ − δrkT∗j

∗ = 0, (15)

ãäå T ∗
∗k = T ssk. Óìíîæèâ (15) íà gir, ïîëó÷èì:

(n− 1)Tijk − Tjki + Tkji + gjiT∗k
∗ − gkiT∗j

∗ = 0. (16)

Öèêëèðóÿ (16), ïîëó÷èì åùå äâà ðàâåíñòâà

(n− 1)Tjki − Tkij + Tikj + gkjT∗i
∗ − gijT∗k

∗ = 0 (17)

(n− 1)Tkij − Tijk + Tjik + gikT∗j
∗ − gjkT∗i

∗ = 0 (18)
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Ñêëàäûâàÿ (16), (17) è (18), ïîëó÷èì

(n−1)(Tijk+Tjki+Tkij)−Tjki−Tkij−Tijk+Tkji+Tikj+Tjik = 0
(19)

èëè, ó÷èòûâàÿ êîñóþ ñèììåòðèþ òåíçîðà äå�îðìàöèè,

(n − 3)(Tijk + Tjki + Tkij) = 0, (20)

îòêóäà äëÿ n 6= 3

Tijk + Tjki + Tkij = 0 (21).

Ó÷èòûâàÿ (21) ðàâåíñòâà (16) ïðèìóò âèä

nTijk + gjiT∗k
∗ − gkiT∗j

∗ = 0. (22)

Óìíîæàÿ (22) íà gkl, ïîëó÷èì

nT lij + gjig
klT∗k

∗ − δliT∗j
∗ = 0 (23).

Â (23) ñâåðíåì èíäåêñû l è i. Â ðåçóëüòàòå áóäåì èìåòü:

nT∗j
∗ + T∗j

∗ − nT∗j
∗ = 0, îòêóäà T∗j

∗ = 0. Òåïåðü (16) ïðè-

ìåò âèä: (n− 1)Tijk − Tjki+ Tkji = 0 èëè, ó÷èòûâàÿ îïÿòü (21),
nTijk = 0, ò.å Tijk = 0 è, ñëåäîâàòåëüíî, Sijk = 0. Òàêèì îáðà-

çîì ñïðàâåäëèâà

Òåîðåìà 1. Åñëè ðèìàíîâî ïðîñòðàíñòâî V n
, n 6= 3, äîïóñ-

êàåò ãðóïïó äâèæåíèé ìàêñèìàëüíîé ðàçìåðíîñòè, òî îíî íå

èìååò èíâàðèàíòíîãî êðó÷åíèÿ.

4. �àññìîòðèì ñëó÷àé n = 3. Ñóùåñòâóåò ñèñòåìà êîîðäè-

íàò, â êîòîðîé ìåòðèêà ðèìàíîâà ïðîñòðàíñòâà V 3
ïîñòîÿííîé

êðèâèçíû èìååò âèä [2℄

ds2 =
dx1

2
+ dx2

2
+ dx3

2

[1 + k
4 (x

12 + x22 + x32)]
2 . (24)

Èìååò ìåñòî

Ëåììà 2. Óñëîâèÿ èíòåãðèðóåìîñòè (7) äëÿ ìåòðèêè (24)

âûïîëíÿþòñÿ òîæäåñòâåííî òîãäà è òîëüêî òîãäà, êîãäà
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òåíçîð äå�îðìàöèè Tijk êîñîñèììåòðè÷åí ïî âñåì èíäåêñàì,

ò.å êîãäà êðó÷åíèå ÿâëÿåòñÿ êàíîíè÷åñêèì.

Äîêàçàòåëüñòâî. Ïîäñòàâèâ êîìïîíåíòû

gij =
δij

[1 + k
4 (x

12 + x22 + x32)]
2 (25)

ìåòðè÷åñêîãî òåíçîðà â (7), ïîëó÷èì

δilTmjk− δjlTikm+ δklTijm− δimTljk+ δjmTikl− δkmTijl = 0 (26)

Âñå èíäåêñû â (26) ïðèíèìàþò çíà÷åíèÿ 1,2,3. Ïîýòîìó (26)

ñîäåðæèò 35 óðàâíåíèé. Òåïåðü íåïîñðåäñòâåííîé ïðîâåðêîé,

âûïèñûâàÿ êàæäîå èç ýòèõ óðàâíåíèé, óáåæäàåìñÿ â ñïðàâåä-

ëèâîñòè íàøåãî óòâåðæäåíèÿ. �

Äàëåå, èíòåãðèðóÿ óðàâíåíèÿ äâèæåíèé

ξp∂pgij + ∂iξ
pgpj + ∂jξ

pgip = 0 (27)

äëÿ ìåòðèêè (24), íàõîäèì áàçèñíûå âåêòîðíûå ïîëÿ (îïåðàòî-

ðû) àëãåáðû Ëè èí�èíèòåçèìàëüíûõ äâèæåíèé:

X1 = [1− k

4
(−x12 + x2

2
+ x3

2
)]∂1 +

k

2
x1x2∂2 +

k

2
x1x3∂3,

X2 =
k

2
x2x1∂1 + [1− k

4
(x1

2 − x2
2
+ x3

2
)]∂2 +

k

2
x2x3∂3,

X3 =
k

2
x3x1∂1 +

k

2
x3x2∂2 + [1− k

4
(x1

2
+ x2

2 − x3
2
)]∂3,

X12 = −x2∂1 + x1∂2, X13 = −x3∂1 + x1∂3, X23 = −x3∂2 + x2∂3.

Äëÿ êàæäîãî îïåðàòîðà X âûïèøåì óðàâíåíèÿ èíâàðèàíòíî-

ñòè òåíçîðà äå�îðìàöèè (LXT = 0):

ξp∂pTijk + ∂iξ
pTpjk + ∂jξ

pTipk + ∂kξ
pTijp = 0 (28)

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùóþ ñèñòåìó äè��åðåíöèàëüíûõ

óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ îòíîñèòåëüíî íåèçâåñòíûõ
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�óíêöèé Tijk:[
1− k

4
(−x12 + x2

2
+ x3

2
)

]
∂1Tijk +

k

2
x1x2∂2Tijk +

k

2
x1x3∂3Tijk+

+
k

2
(x1δ1i − x2δ2i − x3δ3i )T1jk +

k

2
(x2δ1i + x1δ2i )T2jk+

+
k

2
(x3δ1i + x1δ3i )T3jk +

k

2
(x1δ1j − x2δ2j − x3δ3j )Ti1k+

+
k

2
(x2δ1j + x1δ2j )Ti2k +

k

2
(x3δ1j + x1δ3j )Ti3k+

+
k

2
(x1δ1k − x2δ2k − x3δ3k)Tij1 +

k

2
(x2δ1k + x1δ2k)Tij2+

+
k

2
(x3δ1k + x1δ3k)Tij3 = 0,

k

2
x2x1∂1Tijk +

[
1− k

4
(x1

2 − x2
2
+ x3

2
)

]
∂2Tijk +

k

2
x2x3∂3Tijk+

+
k

2
(x2δ1i + x1δ2i )T1jk +

k

2
(−x1δ1i + x2δ2i − x3δ3i )T2jk+

+
k

2
(x3δ2i + x2δ3i )T3jk +

k

2
(x2δ1j + x1δ2j )Ti1k+

+
k

2
(−x1δ1j + x2δ2j − x3δ3j )Ti2k +

k

2
(x3δ2j + x2δ3j )Ti3k+

+
k

2
(x2δ1k + x1δ2k)Tij1 +

k

2
(−x1δ1k + x2δ2k − x3δ3k)Tij2+

+
k

2
(x3δ2k + x2δ3k)Tij3 = 0,

− x2∂1Tijk + x1∂2Tijk − δ2i T1jk + δ1i T2jk − δ2jTi1k+

+ δ1jTi2k − δ2kTij1 + δ1kTij2 = 0,

− x3∂1Tijk + x1∂3Tijk − δ3i T1jk + δ1i T3jk − δ3jTi1k+

+ δ1jTi3k − δ3kTij1 + δ1kTij3 = 0,
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k

2
x3x1∂1Tijk +

k

2
x3x2∂2Tijk +

[
1− k

4
(x1

2
+ x2

2 − x3
2
)

]
∂3Tijk+

+
k

2
(x3δ1i + x1δ3i )T1jk +

k

2
(x3δ2i + x2δ3i )T2jk+

+
k

2
(−x1δ1i − x2δ2i + x3δ3i )T3jk +

k

2
(x3δ1j + x1δ3j )Ti1k+

+
k

2
(x3δ2j + x2δ3j )Ti2k +

k

2
(−x1δ1j − x2δ2j + x3δ3j )Ti3k+

+ (
k

2
x3δ1k +

k

2
x1δ3k)Tij1 + (

k

2
x3δ2k +

k

2
x2δ3k)Tij2+

+
k

2
(−x1δ1k − x2δ2k + x3δ3k)Tij3 = 0,

− x3∂2Tijk + x2∂3Tijk − δ3i T2jk + δ2i T3jk − δ3jTi2k+

+ δ2jTi3k − δ3kTij2 + δ2kTij3 = 0.

Èíòåãðèðóÿ äàííóþ ñèñòåìó, íàõîäèì åå îáùåå ðåøåíèå

Tijk =
cijk

[1 + k
4 (x

12 + x22 + x32)]3
, (29)

ãäå cijk � ïîñòîÿííûå, èç êîòîðûõ, â ñèëó êîñîé ñèììåòðèè

ñóùåñòâåííîé ÿâëÿåòñÿ ëèøü îäíà. Íåòðóäíî óáåäèòüñÿ, ÷òî

òåíçîð äå�îðìàöèè, êàê è òåíçîð êðó÷åíèÿ, êîâàðèàíòíî ïî-

ñòîÿíåí.

Òàêèì îáðàçîì èìååò ìåñòî

Òåîðåìà 2. Òðåõìåðíîå ðèìàíîâî ïðîñòðàíñòâî ïîñòîÿííîé

êðèâèçíû îáëàäàåò êîâàðèàíòíî ïîñòîÿííûì êàíîíè÷åñêèì

êðó÷åíèåì, èíâàðèàíòíûì îòíîñèòåëüíî ãðóïïû äâèæåíèé.

5. Îáîçíà÷èâ ÷åðåç s = 2c123, âûïèøåì �óíäàìåíòàëüíóþ

�îðìó êðó÷åíèÿ:

Ω =
s

[1 + k
4 (x

12 + x22 + x32)]3
dx1 ∧ dx2 ∧ dx3 (30)
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Ïóñòü D � îãðàíè÷åííàÿ îáëàñòü â ïðîñòðàíñòâå V 3
. Òî-

ãäà èíâàðèàíòíûì îáðàçîì îïðåäåëåí èíòåãðàë [3℄ υ =
∫
D

Ω. Ñ

äðóãîé ñòîðîíû, â ðèìàíîâîì ïðîñòðàíñòâå îïðåäåëåí îáúåì

îáëàñòè D èíòåãðàëîì

υ0 =

∫

D

Ω0,

ãäå Ω0 =
√
gdx1 ∧ dx2 ∧ dx3, g = det ‖gij‖. Äëÿ ìåòðèêè (24)

√
g = [1 +

k

4
(x1

2
+ x2

2
+ x3

2
)]−3.

Ïîýòîìó îòíîøåíèå

υ
υ0

îáúåìîâ êàê è îòíîøåíèå

S123√
g ïëîò-

íîñòåé åñòü ïîñòîÿííàÿ âåëè÷èíà s, îïðåäåëÿþùàÿ êðó÷åíèå

ïðîñòðàíñòâà.

Ïóñòü òåïåðü V 3 = (M,g) � ïðîèçâîëüíîå òðåõìåðíîå ðèìà-

íîâî ïðîñòðàíñòâî è ïóñòü êðîìå ìåòðè÷åñêîãî òåíçîðà g(gij)
� ñèììåòðè÷åñêîãî òåíçîðíîãî ïîëÿ íàM , çàäàíî êîñîñèììåò-

ðè÷åñêîå òåíçîðíîå ïîëå S(Sijk). Òîãäà êðîìå ñâÿçíîñòè Ëåâè-

×èâèòà ∇(Γkij) ìû èìååì ìåòðè÷åñêóþ ñâÿçíîñòü

∇̃(Γ̃kij = Γkij +
1

2
Skij)

ñ êàíîíè÷åñêèì êðó÷åíèåì S. Ïóñòü, êàê è ðàíåå, D � íåêîòî-

ðàÿ îãðàíè÷åííàÿ îáëàñòü â ïðîñòðàíñòâå V 3
. Òîãäà ìû ìîæåì

âû÷èñëèòü èíòåãðàëû îò ïëîòíîñòåé S123 è
√
g:

υ =

∫

D

S123dx
1 ∧ dx2 ∧ dx3, υ0 =

∫

D

√
gdx1 ∧ dx2 ∧ dx3

è èíâàðèàíòíûì îáðàçîì îïðåäåëèòü îáúåìíîå êðó÷åíèå êàê

îòíîøåíèå

υ
υ0

è ñêàëÿðíîå êðó÷åíèå êàê îòíîøåíèå

S123√
g ïëîò-

íîñòåé.

Îáúåìíîå êðó÷åíèå ÿâëÿåòñÿ �óíêöèîíàëîì, çàäàííîì íà

ìíîæåñòâå âñåõ îáëàñòåé èíòåãðèðîâàíèÿ, à ñêàëÿðíîå êðó÷å-

íèå åñòü �óíêöèÿ òî÷êè.
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Òàêèì îáðàçîì, åñëè V 3
ÿâëÿåòñÿ ðèìàíîâûì ïðîñòðàíñò-

âîì ïîñòîÿííîé êðèâèçíû è êðó÷åíèå èíâàðèàíòíî îòíîñè-

òåëüíî åãî ãðóïïû äâèæåíèé, òî åãî îáúåìíîå êðó÷åíèå ñîâ-

ïàäàåò ñî ñêàëÿðíûì êðó÷åíèåì è ÿâëÿåòñÿ ïîñòîÿííîé âåëè-

÷èíîé.

6. Ïóñòü k = 0. Òîãäà

Γ̃3
12 = Γ̃1

23 = Γ̃2
31 = −Γ̃3

21 = −Γ̃1
32 = −Γ̃2

13 = s,

îñòàëüíûå � íóëè. Óðàâíåíèÿ ïàðàëëåëüíîãî ïåðåíîñà

dvk

dt
+ Γ̃kij

dxi

dt
vj = 0

âåêòîðà vk = vk(t) âäîëü êðèâîé xk = xk(t) ïðèìóò âèä

dv1

dt
+ s

(
dx2

dt
v3 − dx3

dt
v2
)

= 0

dv2

dt
+ s

(
dx3

dt
v1 − dx1

dt
v3
)

= 0 (31)

dv3

dt
+ s

(
dx1

dt
v2 − dx2

dt
v1
)

= 0

Èññëåäóåì ïîäðîáíåå ïàðàëëåëüíîå ïåðåíåñåíèå, íàïðèìåð,

âåêòîðà v(1, 0, 0) âäîëü êðèâîé x1 = 0, x2 = 0, x3 = t, ò.å. âäîëü
îñè x3. Óðàâíåíèÿ (31) â ýòîì ñëó÷àå âûãëÿäÿò òàê:

dv1

dt
− sv2 = 0,

dv2

dt
+ sv1 = 0,

dv3

dt
= 0. (32)

Èíòåãðèðóÿ ýòó ñèñòåìó, íàõîäèì åå îáùåå ðåøåíèå:

v1 =
√
c21 + c22 cos(st− ϕ0), v

2 = −
√
c21 + c22 sin(st− ϕ0), v

3 = c3,

(33)
ãäå ϕ0 = arctg c2

c1
.

Èç íà÷àëüíûõ óñëîâèé ñëåäóåò, ÷òî c1 = 1, c2 = 0, c3 = 0.
Ïîýòîìó êîíåö âåêòîðà v îïèñûâàåò âèíòîâóþ ëèíèþ

−→r = −→r {cos(st), sin(st), t}, (34)
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ëåæàùóþ íà ïðÿìîì ãåëèêîèäå, êîòîðûé çàìåòàåòñÿ îñüþ x1

ïðè ïàðàëëåëüíîì ïåðåíîñå åå âäîëü îñè x3.
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Î ãåîäåçè÷åñêîé îäíîçíà÷íîé

îïðåäåëåííîñòè â öåëîì íåêîòîðûõ

ñïåöèàëüíûõ êëàññîâ ðèìàíîâûõ

ïðîñòðàíñòâ

Îòðèìàíi ïåâíi òåîðåìè ïðî ãåîäåçè÷íi âiäîáðàæåííÿ �ó öiëîìó� äå-

ÿêèõ êîìïàêòíèõ òà íåêîìïàêòíèõ ðiìàíîâèõ ïðîñòîðiâ.

Ïîëó÷åíî ðÿä òåîðåì î ãåîäåçè÷åñêèõ îòîáðàæåíèÿõ �â öåëîì� íåêî-

òîðûõ êîìïàêòíûõ è íåêîìïàêòíûõ ðèìàíîâûõ ïðîñòðàíñòâ.

Some theorems of geodesic mappings in a whole of certain compact and
non-compact Riemannian spaces are obtained.

Êëþ÷åâûå ñëîâà: riemannian spa
e, a geodesi
 mapping

Ïîä Cr-ìíîãîîáðàçèåì Mn
(n ∈ N , r > 1) áóäåì ïîíè-

ìàòü õàóñäîð�îâî òîïîëîãè÷åñêîå ïðîñòðàíñòâî ñî ñ÷åòíîé áà-

çîé, ó êàæäîé òî÷êè êîòîðîãî ñóùåñòâóåò îêðåñòíîñòü, ãîìåî-

ìîð�íàÿ íåêîòîðîé îáëàñòè ïðîñòðàíñòâà Rn, ëþáûå äâå òà-
êèå îêðåñòíîñòè Cr-ñîãëàñîâàíû ìåæäó ñîáîé. Íà ïîäîáíîì

ìíîãîîáðàçèè ñóùåñòâóåò ðèìàíîâà Cr−1
-ìåòðèêà (çàäàâàåìàÿ

áåñêîíå÷íûì ÷èñëîì ñïîñîáîâ, íå îáÿçàòåëüíî ïîëîæèòåëüíî

îïðåäåëåííàÿ), ïðåâðàùàþùàÿ åãî â ðèìàíîâî Cr-ïðîñòðàíñò-
âî V n

[2℄.

Ïóñòü J � íåïóñòîé èíòåðâàë, îòðåçîê èëè ïîëóèíòåðâàë

ïðÿìîé R1
. Äè��åðåíöèðóåìûì ïóòåì (ïàðàìåòðèçîâàíîé

êðèâîé) êëàññà Ck â Cr-ìíîãîîáðàçèè Mn
(1 ≤ k ≤ r) íàçû-

âàþò Ck-îòîáðàæåíèå l : J → Mn
. Ck-ïóòè l1 : J1 → Mn

è

l2 : J2 → Mn
ñ÷èòàþò Ck-åêâèâàëåíòíûìè, åñëè ñóùåñòâóåò
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òàêîé Ck-äè��åîìîð�èçì γ : J1 → J2, ÷òî l1 = l2 ◦ γ íà J1.
Êëàññ Ck-ýêâèâàëåíòíûõ Ck-ïóòåé íàçûâàþò Ck-êðèâîé âMn

,

êàæäûé ïóòü ýòîãî êëàññà � ïàðàìåòðèçàöèåé äàííîé êðèâîé.

Ck-êðèâàÿ L îäíîçíà÷íî îïðåäåëÿåòñÿ ëþáûì ñâîèì ïóòåì l. Â
êàæäîé ëîêàëüíîé ñèñòåìå êîîðäèíàò Ck-ïóòü l çàäàåòñÿ óðàâ-
íåíèÿìè:

xh = xh(t), t ∈ J, xh(t) ∈ Ck.

Òî÷êà M(t) íàçûâàåòñÿ ãåîäåçè÷åñêîé òî÷êîé C2
-êðèâîé L

ðèìàíîâà Cr-ïðîñòðàíñòâà V n
, (r ≥ 2), åñëè êàñàòåëüíûé ê L

âåêòîð

ηh(t) =
dxh

dt
óäîâëåòâîðÿåò â ýòîé òî÷êå óñëîâèþ

(1) ηh, αη
α ≡ dηh

dt
+ �

h
αβη

αηβ = ρηh,

ãäå èíâàðèàíò ρ çàâèñèò òîëüêî îò t. Åñëè C2
-êðèâàÿ L ðèìàíî-

âà Cr-ïðîñòðàíñòâà V n
, (r ≥ 2) ñîñòîèò ëèøü èç ãåîäåçè÷åñêèõ

òî÷åê, òî îíà íàçûâàåòñÿ ãåîäåçè÷åñêîé ëèíèåé ýòîãî ïðîñòðàí-

ñòâà.

Ñîîòíîøåíèÿ (1) ãîâîðÿò î òîì, ÷òî êðèâàÿ L ÿâëÿåòñÿ ãåî-

äåçè÷åñêîé òîãäà è òîëüêî òîãäà, êîãäà êàñàòåëüíûé âåêòîð ê

íåé êîëëèíåàðåí âäîëü íåå. Â ëþáîì ðèìàíîâîì ïðîñòðàíñòâå

V n
êëàññà Cr (r > 1) ÷åðåç êàæäóþ òî÷êó M0 â êàæäîì íà-

ïðàâëåíèè ηh0 ìîæíî ïðîâåñòè ãåîäåçè÷åñêóþ ëèíèþ è ïðèòîì

òîëüêî îäíó (ñì., íàïðèìåð, [3℄).

Ïðåäïîëîæèì, ÷òî ìåæäó ðèìàíîâûìè Cr-ïðîñòðàíñòâàìè
V n

è V n
(n ≥ 1, r > 1) óñòàíîâëåí Cr-äè��åîìîð�èçì. Åñëè

ïðè ýòîì âñå ãåîäåçè÷åñêèå ëèíèè ïðîñòðàíñòâà V n
ïåðåõîäÿò

â ãåîäåçè÷åñêèå ëèíèè ïðîñòðàíñòâà V n
, òî ãîâîðÿò, ÷òî äàí-

íûé Cr- äè��åîìîð�èçì ÿâëÿåòñÿ ãåîäåçè÷åñêèì îòîáðàæå-

íèåì (ãëîáàëüíî, â öåëîì) ðèìàíîâà ïðîñòðàíñòâà V n
íà ðèìà-

íîâî ïðîñòðàíñòâî V n
.

×àùå, îäíàêî, ðàññìàòðèâàþò ëîêàëüíûå ãåîäåçè÷åñêèå

îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ. Ïóñòü îòîáðàæåíèå f ,
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îïðåäåëåííîå â íåêîòîðîé îêðåñòíîñòè U òî÷êè M0 ðèìàíîâà

Cr-ïðîñòðàíñòâà V n
(n ≥ 1, r > 1) Cr-äè��åîìîð�íî ïåðå-

âîäèò ýòó îêðåñòíîñòü â îêðåñòíîñòü U íåêîòîðîãî Cr-ïðîñò-
ðàíñòâà V n

òàê, ÷òî ïðè ýòîì âñå ãåîäåçè÷åñêèå ëèíèè, ñî-

äåðæàùèåñÿ â îêðåñòíîñòè U , ïåðåõîäÿò â ãåîäåçè÷åñêèå ëè-

íèè îêðåñòíîñòè U . Òîãäà f åñòü îòîáðàæåíèå, ãåîäåçè÷åñêîå â

îêðåñòíîñòè òî÷êè M0. Åñëè òàêèå îòîáðàæåíèÿ ìîæíî îïðå-

äåëèòü äëÿ íåêîòîðîé îêðåñòíîñòè êàæäîé òî÷êè ïðîñòðàíñòâà

V n
, òî ãîâîðÿò, ÷òî V n

ëîêàëüíî äîïóñêàåò ãåîäåçè÷åñêèå îòîá-

ðàæåíèÿ.

Î÷åâèäíî, âñÿêîå ãåîäåçè÷åñêîå îòîáðàæåíèå ïðîñòðàíñòâà

V n
íà ïðîñòðàíñòâî V n

ÿâëÿåòñÿ è ëîêàëüíûì ãåîäåçè÷åñêèì

îòîáðàæåíèåì. Áîëåå òîãî, èç îïðåäåëåíèÿ ãåîäåçè÷åñêîãî îòîá-

ðàæåíèÿ òîò÷àñ æå âûòåêàåò, ÷òî Cr-äè��åîìîð�èçì ìåæäó

ðèìàíîâûìè Cr-ïðîñòðàíñòâàìè V n
è V n

, ÿâëÿþùèéñÿ ëîêàëü-

íûì ãåîäåçè÷åñêèì îòîáðàæåíèåì, áóäåò è ãåîäåçè÷åñêèì îòîá-

ðàæåíèåì V n
íà V n

â öåëîì. Ñóùåñòâóþò, îäíàêî, øèðîêèå

êëàññû ðèìàíîâûõ ïðîñòðàíñòâ, ëîêàëüíî äîïóñêàþùèõ íåòðè-

âèàëüíûå (îòëè÷íûå îò à��èííûõ) ãåîäåçè÷åñêèå îòîáðàæå-

íèÿ, íî íå äîïóñêàþùèå òàêèõ îòîáðàæåíèé â öåëîì [4℄.

Ïóñòü êîîðäèíàòíàÿ îêðåñòíîñòü U Cr-ïðîñòðàíñòâà V n
(n >

1, r > 1) Cr-äè��åîìîð�íà íåêîòîðîé êîîðäèíàòíîé îêðåñòíî-
ñòè U Cr-ïðîñòðàíñòâà V n

. Äîêàçàíî (ñì., íàïðèìåð, [6℄), ÷òî

ýòîò Cr-äè��åîìîð�èçì òîãäà è òîëüêî òîãäà áóäåò ãåîäåçè-

÷åñêèì îòîáðàæåíèåì U íà U , êîãäà â îáùåé ïî îòîáðàæåíèþ

ñèñòåìå êîîðäèíàò âûïîëíÿþòñÿ óñëîâèÿ:

(2) gij,k = 2ψkgij + ψigkj + ψjgki.

Çäåñü gij � ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà V n
, ψi � íåêîòî-

ðûé êîâåêòîð, êîâàðèàíòíîå äè��åðåíöèðîâàíèå ïðîèçâîäèò-

ñÿ â ïðîñòðàíñòâå V n
. �àâåíñòâî (2) èíâàðèàíòíî îòíîñèòåëüíî

âûáîðà ëîêàëüíîé ñèñòåìû êîîðäèíàò.

Â ñîîòâåòñòâèè ñ ïðèâåäåííûìè âûøå îïðåäåëåíèÿìè, ñî-

îòíîøåíèå (2), î÷åâèäíî, ìîæíî èñïîëüçîâàòü è äëÿ èçó÷åíèÿ
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ãåîäåçè÷åñêèõ îòîáðàæåíèé ðèìàíîâûõ ïðîñòðàíñòâ â öåëîì:

äëÿ òîãî, ÷òîáû Cr-äè��åîìîð�èçì ìåæäó Cr-ïðîñòðàíñòâà-
ìè V n

è V n
(n ≥ 2, r > 1) áûë ãåîäåçè÷åñêèì îòîáðàæåíèåì

V n
íà V n

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû â îêðåñòíîñòè êàæ-

äîé òî÷êè ïðîñòðàíñòâà V n
â îáùåé ïî îòîáðàæåíèþ ñèñòåìå

êîîðäèíàò âûïîëíÿëèñü óñëîâèÿ (2).

Ôèãóðèðóþùèé â (2) êîâåêòîð ψi îïðåäåëÿåò ðàññìàòðèâàå-
ìîå ãåîäåçè÷åñêîå îòîáðàæåíèå. Òàê êàê â êàæäîì ðèìàíîâîì

ïðîñòðàíñòâå V n

�

α
iα =

1

2
∂i ln |g|,

ãäå g = det ||gij ||(6= 0), òî

(3) ψi =
1

2(n+ 1)
∂i ln

∣∣∣∣
g

g

∣∣∣∣ ,

ãäå g = det ||gij||(6= 0). Â ñèëó òîãî, ÷òî

g
g ïðè ïðåîáðàçîâàíèè

êîîðäèíàò ïðåäñòàâëÿåò ñîáîé èíâàðèàíò, êîâåêòîð ãðàäèåíòåí

: ψi = ∂iψ. Ïðè ψi ≡ 0 ãåîäåçè÷åñêîå îòîáðàæåíèå âûðîæäàåò-
ñÿ â à��èííîå è, êàê óæå ãîâîðèëîñü, ñ÷èòàåòñÿ òðèâèàëüíûì,

ïðè ψi íå ñîâïàäàþùåì òîæäåñòâåííî ñ íóëåì � íåòðèâèàëü-

íûì.

Åñëè ïðîñòðàíñòâî V n
íå äîïóñêàåò (ëîêàëüíî èëè ãëîáàëü-

íî) íåòðèâèàëüíûõ ãåîäåçè÷åñêèõ îòîáðàæåíèé, òî ãîâîðÿò, ÷òî

îíî (ëîêàëüíî èëè ãëîáàëüíî) ãåîäåçè÷åñêè îäíîçíà÷íî îïðåäå-

ëåíî â òîì ñìûñëå, ÷òî åãî îáúåêò à��èííîé ñâÿçíîñòè åäèí-

ñòâåííûì îáðàçîì îïðåäåëÿåòñÿ ñîâîêóïíîñòüþ åãî ãåîäåçè÷å-

ñêèõ ëèíèé.

Cr-äè��åîìîð�íûå ðèìàíîâû Cr-ïðîñòðàíñòâà V n
è V n

,

êàê è Cr-äè��åîìîð�íûå îêðåñòíîñòè ýòèõ ïðîñòðàíñòâ, âñå-

ãäà ìîæíî îòíåñòè ê îáùåìó ïî ðàññìàòðèâàåìîìó äè��åî-

ìîð�èçìó àòëàñó, òî åñòü, �àêòè÷åñêè, ñ÷èòàòü, ÷òî ìåòðè-

÷åñêèå òåíçîðû gij è gij îïðåäåëåíû íà îäíîì è òîì æå Cr-
ìíîãîîáðàçèè Mn

(íåêîòîðîé åãî îêðåñòíîñòè). Ïîýòîìó âî-

ïðîñ î òîì, äîïóñêàåò ëè äàííîå V n
ëîêàëüíî èëè ãëîáàëüíî
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íåòðèâèàëüíûå ãåîäåçè÷åñêèå îòîáðàæåíèÿ, ñâîäèòñÿ ê âîïðî-

ñó ñóùåñòâîâàíèÿ â íåêîòîðîé îêðåñòíîñòè êàæäîé òî÷êè V n

èëè íà âñåì V n
ñèììåòðè÷íîãî íåîñîáåííîãî Cr−1

-òåíçîðà gij è

Cr−2
-êîâåêòîðà ψi(6= 0), óäîâëåòâîðÿþùèõ óðàâíåíèÿì (2), (3).

Ñëåäîâàòåëüíî, â çàäàííîì ðèìàíîâîì ïðîñòðàíñòâå V n
(2) è

(3) îáðàçóþò îñíîâíóþ ñèñòåìó óðàâíåíèé òåîðèè ãåîäåçè÷å-

ñêèõ îòîáðàæåíèé (â �îðìå Ëåâè-×èâèòû). Ýòî ñèñòåìà íåëè-

íåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé â êîâàðèàíòíûõ ïðîèç-

âîäíûõ ïåðâîãî ïîðÿäêà îòíîñèòåëüíî êîìïîíåíò òåíçîðà gij ,
íå ÿâëÿþùàÿñÿ ñèñòåìîé òèïà Êîøè. Â îáùåì ñëó÷àå òàêèå ñè-

ñòåìû íå äîïóñêàþò ý��åêòèâíîãî èññëåäîâàíèÿ ðåãóëÿðíûìè

ìåòîäàìè íà ïðåäìåò ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè èõ ðå-

øåíèé.

Ïîëîæèâ

(4) aij = e2ψgαβgαigβj ,

(5) λi = −e2ψψαgαβgβi,

(6) µ = e2ψ[(n+ 1)ψαψβ − ψα, β]g
αβ,

Í.Ñ. Ñèíþêîâ ïåðåøåë [3℄ ê ýêâèâàëåíòíîé ñèñòåìå äè��åðåí-

öèàëüíûõ óðàâíåíèé, äîïóñêàþùåé ðåãóëÿðíûå ìåòîäû èññëå-

äîâàíèÿ. Òî÷íåå, èì áûëî äîêàçàíî, ÷òî äëÿ òîãî, ÷òîáû ðè-

ìàíîâî Cr-ïðîñòðàíñòâî V n
(n ≥ 2, r > 3) äîïóñêàëî íåòðèâè-

àëüíûå ãåîäåçè÷åñêèå îòîáðàæåíèÿ, íåîáõîäèìî è äîñòàòî÷íî,

÷òîáû ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé

(7) aij, k = λ(igj)k,

(8) nλi, k = µgik + aαiR
α
. k − aαβR

α
ik

β
. ,

(9) (n− 1)µ, k = 2(n− 1)λαR
α
. k + aαβ

(
2Rα. k ,

β
. −Rαβ.., k

)
,

èìåëà â ýòîì ïðîñòðàíñòâå ðåøåíèå îòíîñèòåëüíî ñèììåòðè÷-

íîãî íåîñîáåííîãî äâàæäû êîâàðèàíòíîãî Cr−1
-òåíçîðà aij , êî-

âàðèàíòíîãî Cr−2
-âåêòîðà λi(6= 0) è Cr−3

-èíâàðèàíòà µ.
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Ñèñòåìà (7)�(9) ïåðâîãî ïîðÿäêà, òèïà Êîøè, ëèíåéíàÿ, ñ îä-

íîçíà÷íî îïðåäåëåííûìè ïðîñòðàíñòâîì V n
êîý��èöèåíòàìè.

Êîâåêòîð λi, óäîâëåòâîðÿþùèé óðàâíåíèÿì ñèñòåìû (7)�(9),

ãðàäèåíòåí:

(10) λi = ∂iλ,

ãäå, ñ òî÷íîñòüþ äî ïîñòîÿííîé, λ = 1
2a

γ
.γ

µ ≡ λα.,α ≡ gij
(

∂2λ

∂xi∂xj
− λα�

α
ij

)
.

Ïî èçâåñòíîìó ðåøåíèþ ñèñòåìû (7)�(9) ìåòðè÷åñêèé òåíçîð

gij ïðîñòðàíñòâà V
n
, íà êîòîðîå â ñèëó íàëè÷èÿ ýòîãî ðåøå-

íèÿ, ðàññìàòðèâàåìîå ïðîñòðàíñòâî V n
äîïóñêàåò íåòðèâèàëü-

íîå ãåîäåçè÷åñêîå îòîáðàæåíèå, íàõîäèòñÿ èç ñîîòíîøåíèé, îá-

ðàòíûõ ê (4)�(6). Èìåííî, èç (4) è (5) âûòåêàåò, ÷òî

(11) ψi = −λαaαβgβi =
1

2
∂i ln

∣∣∣∣
g̃

g

∣∣∣∣ ,

ãäå aαβ � ýëåìåíòû ìàòðèöû, îáðàòíîé ê ||aij ||, g̃ = det ||aij.. ||.
Çíà÷èò, ñ òî÷íîñòüþ äî ïîñòîÿííîé

ψ =
1

2
ln

∣∣∣∣
g̃

g

∣∣∣∣

è â ñèëó (4),

(12) gij = e2ψaαβgαigβj .

Ñîîòíîøåíèÿ ïåðåõîäà (4)�(6) è (11)�(12) ïîêàçûâàþò, ÷òî ñè-

ñòåìà (7)�(9), ïîäîáíî ñèñòåìå îñíîâíûõ óðàâíåíèé â �îðìå

Ëåâè-×èâèòû, õàðàêòåðèçóåò êàê ëîêàëüíûå ãåîäåçè÷åñêèå

îòîáðàæåíèÿ, òàê è ãåîäåçè÷åñêèå îòîáðàæåíèÿ â öåëîì. Åå ðå-

øåíèÿ íîñÿò òîãäà ñîîòâåòñòâåííî ëîêàëüíûé èëè ãëîáàëüíûé

õàðàêòåð.

Ïðèìåíåíèå èçâåñòíîé òåîðåìû �ðèíà [2,5℄ ïîçâîëÿåò äîêà-

çàòü, ÷òî ñïðàâåäëèâà
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Òåîðåìà 1. �åîäåçè÷åñêîå îòîáðàæåíèå â öåëîì êîìïàêòíî-

ãî, îðèåíòèðóåìîãî, ñ ïîëîæèòåëüíî îïðåäåëåííîé ìåòðèêîé

ðèìàíîâà Cr-ïðîñòðàíñòâà V n
(n > 1, r > 2) íà ðèìàíîâî

Cr-ïðîñòðàíñòâî V n
òðèâèàëüíî, åñëè èìååò ìåñòî íåðàâåí-

ñòâî

(13)

∫

V n

e4ψgαβgγσTαγσβdv ≥ 0,

ãäå

(14) Tαγσβ = gγβRασ −Rαγσβ .

Äîêàçàòåëüñòâî. Äëÿ ðåøåíèÿ aij , λi(6= 0), µ ñèñòåìû (7)�

(9), îòâå÷àþùåãî îïðåäåëåííîìó íåêîòîðûì êîâåêòîðîì ψi(6=
0) íåòðèâèàëüíîìó ãåîäåçè÷åñêîìó îòîáðàæåíèþ â öåëîì ðàñ-

ñìàòðèâàåìîãî ïðîñòðàíñòâà V n
íà Cr-ïðîñòðàíñòâî V n

, â ñî-

îòâåòñòâèè ñ óðàâíåíèÿìè ñèñòåìû (7)�(9) èìåþò ìåñòî ñîîò-

íîøåíèÿ: (
λi.a

γ
. γ

)
,i
= µaγ. γ + 2λαλ

α
. ,

(
λαa

αi
. .

)
,i
=

1

n
µaγ. γ +

1

n
aαβ. . a

γσ
. . Tαγσβ + (n + 1)λαλ

α
. .

Íî ïî òåîðåìå �ðèíà

∫

V n

(
λi.a

γ
. γ

)
,i
dv = 0;

∫

V n

(
λαa

αi
. .

)
,i
dv = 0.

Ñëåäîâàòåëüíî,

(15)

∫

V n

µaγ. γdv = −2

∫

V n

λαλ
α
. dv,

(16)

∫

V n

µaγ. γdv +

∫

V n

aαβ. . a
γσ
. . Tαγσβdv + n(n+ 1)

∫

V n

λα. λαdv = 0.
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Ïîäñòàâèâ (15) â (16) è ïðèâåäÿ ïîäîáíûå ÷ëåíû, íàéäåì:

(17)

∫

V n

aαβ. . a
γσ
. . Tαγσβdv + (n− 1)(n + 2)

∫

V n

λαλ
α
. dv = 0.

Êîãäà

(18)

∫

V n

aαβ. . a
γσ
. . Tαγσβdv ≥ 0,

(17) âîçìîæíî ëèøü ïðè λi ≡ 0. Çíà÷èò, â ýòîì ñëó÷àå îòîáðà-

æåíèå ïðîñòðàíñòâà V n
íå ìîæåò áûòü íåòðèâèàëüíûì. Ïîä-

ñòàâèâ â (18) âìåñòî òåíçîðà aij. . åãî âûðàæåíèå ÷åðåç ìåòðè÷å-
ñêèé òåíçîð gij ïðîñòðàíñòâà V

n
(�îðìóëû (4)) ìû ïåðåéäåì

ê íåðàâåíñòâó (13). �

Èç ýòîé òåîðåìû íåïîñðåäñòâåííî âûòåêàåò

Òåîðåìà 2. Êîìïàêòíûå, îðèåíòèðóåìûå, ñ ïîëîæèòåëüíî

îïðåäåëåííîé ìåòðèêîé ðèìàíîâû Cr-ïðîñòðàíñòâà V n
(n >

1, r > 2), â êîòîðûõ äëÿ ïðîèçâîëüíîãî ñèììåòðè÷íîãî òåí-

çîðà bij èìååò ìåñòî íåðàâåíñòâî

bαβbγσTαγσβ ≥ 0

â öåëîì íå äîïóñêàþò íåòðèâèàëüíûõ ãåîäåçè÷åñêèõ îòîáðà-

æåíèé.

Èçâåñòíî [4℄, ÷òî îáëàäàþùèå ïîëîæèòåëüíî îïðåäåëåííîé

ìåòðèêîé êîìïàêòíûå ïðîñòðàíñòâà ïîñòîÿííîé íåïîëîæèòåëü-

íîé êðèâèçíû â öåëîì íå äîïóñêàþò íåòðèâèàëüíûõ ãåîäåçè÷å-

ñêèõ îòîáðàæåíèé. Ïîä÷åðêíåì, ÷òî òàêèå ïðîñòðàíñòâà óäî-

âëåòâîðÿþò è óñëîâèÿì òåîðåìû 2. Â ñàìîì äåëå, â ýòîì ñëó÷àå

Tijkl = −k (ngjlgik − gjkgil)

è äëÿ ïðîèçâîëüíîãî ñèììåòðè÷íîãî òåíçîðà bij

bilbjkTijkl = −k
(
nb..αβb

αβ −
(
bγ .

γ

)2)
.
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Íî nb..αβb
αβ −

(
bγ .

γ

)2 ≥ 0, åñëè ìåòðèêà ðàññìàòðèâàåìîãî ïðî-
ñòðàíñòâà ïîëîæèòåëüíî îïðåäåëåíà. Çíà÷èò, ïðè k ≤ 0

bilbjkTijkl ≥ 0

äëÿ ëþáîãî ñèììåòðè÷íîãî òåíçîðà bij .

Òåîðåìà 3. Êîìïàêòíûå, îðèåíòèðóåìûå, ñ ïîëîæèòåëüíî

îïðåäåëåííîé ìåòðèêîé ðèìàíîâû Cr-ïðîñòðàíñòâà V n
(n >

1, r > 2), â êîòîðûõ äëÿ ïðîèçâîëüíîãî ñèììåòðè÷íîãî òåí-

çîðà bij ñïðàâåäëèâî íåðàâåíñòâî

(19) bαβbγσRαγσβ ≤ 0

â öåëîì íå äîïóñêàþò íåòðèâèàëüíûõ ãåîäåçè÷åñêèõ îòîáðà-

æåíèé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, â óäîâëåòâîðÿþùåì óñëîâè-

ÿì òåîðåìû 3 ïðîñòðàíñòâå V n bαβbγσRαγσβ ≤ 0 äëÿ ëþáîãî

ñèììåòðè÷íîãî òåíçîðà bij . Ïîëîæèì bij = piqj + pjqi, ãäå

gijp
iqj = 0, gijp

ipj = gijq
iqj = 1.

(Äëÿ êàæäîé òî÷êè ïðîñòðàíñòâà V n
âåêòîðû pi, qj , óäîâëå-

òâîðÿþùèå ýòèì óñëîâèÿì õîòÿ áû â äàííîé òî÷êå V n
, ìîæíî

âûáðàòü âñåãäà [56℄). Òîãäà

Rαγσβb
αβbγσ = Rαγσβ

(
pαqβ + pβqα

)
(pγqσ + pσqγ) =

= Rαγσβp
αpσqβqγ +Rαγσβp

γpβqαqσ =

= −2Rαγσβp
αpβqγqσ.

Îòñþäà, â ñèëó (19), ïîëó÷èì

(20) Rαγσβp
αpβqγqσ ≥ 0

Â ïðîèçâîëüíîé òî÷êå èññëåäóåìîãî ïðîñòðàíñòâà V n
ðàññìîò-

ðèì òåïåðü åäèíè÷íûé âåêòîð pi è (n − 1) åäèíè÷íûõ âåêòî-

ðîâ qi(1), q
i
(2),. . . ,q

i
(n−1), îðòîãîíàëüíûõ âåêòîðó pi è ìåæäó ñî-

áîé. (Èõ òàêæå ìîæíî âûáðàòü âñåãäà [6℄). Èç (20) âûòåêàåò,
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÷òî Rαγσβp
αpβqγ

(a)
qσ(a) ≥ 0, a = 1, n− 1. Êðîìå òîãî, î÷åâèäíî,

Rαγσβp
αpβpγpσ ≡ 0. Ñëåäîâàòåëüíî,

(21) Rαγσβp
αpβ

(
pγpσ +

n−1∑

a=1

qγ(a)q
σ
(a)

)
≥ 0.

Ñ äðóãîé ñòîðîíû, èçâåñòíî (ñì., íàïðèìåð, [8℄), ÷òî

pγpσ +
n−1∑

a=1

qγ
(a)
qσ(a) = gγσ .

Ïîýòîìó (21) îçíà÷àåò, ÷òî

(22) Rαβp
αpβ ≥ 0

äëÿ ïðîèçâîëüíîãî åäèíè÷íîãî âåêòîðà pi. Òàê êàê ìåòðèêà

ðàññìàòðèâàåìîãî ïðîñòðàíñòâà ïîëîæèòåëüíî îïðåäåëåíà,

(22) èìååò ìåñòî íå òîëüêî äëÿ ïðîèçâîëüíîãî åäèíè÷íîãî, íî

è âîîáùå äëÿ ëþáîãî âåêòîðà pi â êàæäîé òî÷êå ïðîñòðàíñòâà

V n
. Íî òîãäà äëÿ ïðîèçâîëüíîãî ñèììåòðè÷íîãî òåíçîðà bij â

êàæäîé òî÷êå ïðîñòðàíñòâà V n

Rαβgγσb
αγbβσ ≥ 0.

Â ñàìîì äåëå, â ïðîèçâîëüíîé òî÷êå V n
äâå �îðìû gγσ è Rγσ

(gγσ ïîëîæèòåëüíî îïðåäåëåíà) ìîæíî îäíîâðåìåííî ïðèâåñòè
ê äèàãîíàëüíîìó âèäó [1℄. Òîãäà

Rαβgγσb
αγbβσ =

n∑

i=1

Rii
(
bii
)2 ≥ 0

â ñèëó (21).

Òåïåðü î÷åâèäíî, ÷òî â ðàññìàòðèâàåìîì ïðîñòðàíñòâå V n

Tαγσβb
αβbγσ = (gγβRασ −Rαγσβ) b

αβbγσ ≥ 0.

Ïî òåîðåìå 1 òàêèå ïðîñòðàíñòâà â öåëîì íå äîïóñêàþò

íåòðèâèàëüíûõ ãåîäåçè÷åñêèõ îòîáðàæåíèé. �



Î ãåîäåçè÷åñêîé îäíîçíà÷íîé îïðåäåëåííîñòè â öåëîì 205

Â [7℄ È. Ñàòî èññëåäîâàë ñâîéñòâà òàê íàçûâàåìûõ ðèìàíî-

âûõ ïðîñòðàíñòâ �îòäåëèìîé�, êðèâèçíû, òåíçîð �èìàíà êîòî-

ðûõ óäîâëåòâîðÿåò ñîîòíîøåíèÿì

Rijkl = σSijSkl,

ãäå σ � íåíóëåâàÿ ïîñòîÿííàÿ, Sij � íåêîòîðûé êîñîñèììåòðè-

÷åñêèé òåíçîð. Ïðè ýòîì, â ÷àñòíîñòè, íà òàêèå ïðîñòðàíñòâà

íàêëàäûâàëèñü óñëîâèÿ êîìïàêòíîñòè, îðèåíòèðóåìîñòè, ïîëî-

æèòåëüíîé îïðåäåëåííîñòè ìåòðèêè.

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî ïðè σ ≤ 0 êîìïàêòíûå, îðèåí-
òèðóåìûå, ñ ïîëîæèòåëüíî îïðåäåëåííîé ìåòðèêîé ðèìàíîâû

ïðîñòðàíñòâà "îòäåëèìîé" êðèâèçíû óäîâëåòâîðÿþò óñëîâèÿì

òåîðåìû 3 è, çíà÷èò, â öåëîì íå äîïóñêàþò íåòðèâèàëüíûõ ãåî-

äåçè÷åñêèõ îòîáðàæåíèé.

Ñïðàâåäëèâîñòü èçâåñòíîé òåîðåìû �ðèíà äëÿ âåêòîðíûõ

ïîëåé ñ êîìïàêòíûì íîñèòåëåì, çàäàííûõ è íà íåêîìïàêòíûõ

îðèåíòèðîâàííûõ ìíîãîîáðàçèÿõ ñ �èêñèðîâàííûì ýëåìåíòîì

îáúåìà [2℄, ïîçâîëÿåò ðàñïðîñòðàíèòü äîêàçàííûå òåîðåìû 1�3

è íà íåêîìïàêòíûå ðèìàíîâû ïðîñòðàíñòâà.

Â ÷àñòíîñòè, ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.

Òåîðåìà 4. Îðèåíòèðóåìûå, ñ ïîëîæèòåëüíî îïðåäåëåííîé

ìåòðèêîé ðèìàíîâû Cr-ïðîñòðàíñòâà V n
(n > 1, r > 2), â

êîòîðûõ äëÿ ïðîèçâîëüíîãî ñèììåòðè÷íîãî òåíçîðà bij ñïðà-
âåäëèâî íåðàâåíñòâî

bαβbγσTαγσβ ≥ 0,

â öåëîì íå äîïóñêàþò íåòðèâèàëüíûõ ãåîäåçè÷åñêèõ îòîáðà-

æåíèé, äëÿ êîòîðûõ êîâåêòîð ψi èìååò êîìïàêòíûé íîñè-

òåëü.

Òåîðåìà 5. Îðèåíòèðóåìûå, ñ ïîëîæèòåëüíî îïðåäåëåííîé

ìåòðèêîé ðèìàíîâû Cr-ïðîñòðàíñòâà V n
(n > 1, r > 2), â

êîòîðûõ äëÿ ïðîèçâîëüíîãî ñèììåòðè÷íîãî òåíçîðà bij ñïðà-
âåäëèâî íåðàâåíñòâî

bαβbγσRαγσβ ≤ 0
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â öåëîì íå äîïóñêàþò íåòðèâèàëüíûõ ãåîäåçè÷åñêèõ îòîáðà-

æåíèé, äëÿ êîòîðûõ êîâåêòîð ψi èìååò êîìïàêòíûé íîñè-

òåëü.
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ïîëåé íà ìíîãîîáðàçèÿõ

�èìàíà-Êàðòàíà

Ïðèâåäåíà êëàññè�èêàöèÿ ìíîãîîáðàçèé �èìàíà-Êàðòàíà. èçó÷åíû

ãåîìåòðè÷åñêèå ñâîéñòâà íåêîòîðûõ èç âûäåëåííûõ êëàññîâ ìíîãîîá-

ðàçèé �èìàíà-Êàðòàíà. Ïîëó÷åíû óñëîâèÿ, êîòîðûå ïðåïÿòñòâóþò ñó-

ùåñòâîâàíèþ ïñåâäîêèëëèíãîâûõ è ïñåâäîãàðìîíè÷åñêèõ âåêòîðíûõ

ïîëåé íà ìíîãîîáðàçèÿõ �èìàíà-Êàðòàíà íåêîòîðûõ êëàññîâ.

Êëþ÷åâûå ñëîâà: ìíîãîîáðàçèÿ �èìàíà-Êàðòàíà, ïñåâäîêèëëèíãîâûå è

ïñåâäîãàðìîíè÷åñêèå âåêòîðíûå ïîëÿ

1. Ââåäåíèå

Ìåòðè÷åñêè-à��èííûì ïðîñòðàíñòâîì íàçûâàåòñÿ òðèïëåò

(M,g,∇), ãäå M � äè��åðåíöèðóåìîå ìíîãîîáðàçèå ðàçìåðíî-

ñòè n > 1 ñ ìåòðèêîé g íåêîòîðîé ñèãíàòóðû è ëèíåéíîé ñâÿç-

íîñòüþ ∇ ñ íåíóëåâûì êðó÷åíèåì S, êîòîðàÿ, âîîáùå ãîâîðÿ,
íå çàâèñèò îò g. Èìåííî ýòè ïðîñòðàíñòâà â ïîñëåäíèå ïîëâåêà
ñòàëè îáúåêòîì èíòåíñèâíîãî èçó÷åíèÿ â òåîðåòè÷åñêîé �èçè-

êå, ñâèäåòåëüñòâîì ÷åìó ñîòíè îïóáëèêîâàííûõ ñòàòåé.
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Íàïðîòèâ, â äè��åðåíöèàëüíîé ãåîìåòðèè òîëüêî ÷àñòíûå

âèäû ìåòðè÷åñêè-à��èííîãî ïðîñòðàíñòâà (M,g,∇) âðåìÿ îò

âðåìåíè ïîïàäàëè â ïîëå çðåíèÿ ó÷åíûõ, î ÷åì ìû ñêàæåì íè-

æå, íî â öåëîì ãåîìåòðèÿ (M,g,∇) íèêîãäà íå âûçûâàëà èõ

àêòèâíîãî èíòåðåñà.

Íà÷àëî òåîðèè ìåòðè÷åñêè-à��èííûõ ïðîñòðàíñòâ áûëî ïî-

ëîæåíî Êàðòàíîì (ñì. [1℄), ïðåäëîæèâøèì âìåñòî ñâÿçíîñòè

Ëåâè-×èâèòà ∇ â GRT (General Relativity Theory) ðàññìàò-

ðèâàòü íåñèììåòðè÷íóþ ëèíåéíóþ ñâÿçíîñòü ∇, îáëàäàþùóþ
ñâîéñòâîì ìåòðè÷íîñòè ∇g = 0.
Â ðåçóëüòàòå ïðîñòðàíñòâî-âðåìÿ ïîëó÷àëî â äîïîëíåíèå ê

êðèâèçíå åùå è êðó÷åíèå. Â ïîñëåäñòâèå èì áûëî îïóáëèêîâàíî

åùå äâå ðàáîòû (ñì. [2℄, [3℄) â ðàçâèòèå ñâîåé òåîðèè, êîòîðàÿ

ïîëó÷èëà íàçâàíèå Einstein-Cartan Theory of Gravity èëè ñîêðà-

ùåííî ECT (ñì. [4℄). �åçóëüòàòû Êàðòàíà íàøëè îòðàæåíèå â

èçâåñòíûõ ìîíîãðà�èÿõ ïî äè��åðåíöèàëüíîé ãåîìåòðèè ïåð-

âîé ïîëîâèíû ïðîøëîãî âåêà (ñì. [5℄, [6℄).

Âïëîòü äî íà÷àëà 60-õ ãîäîâ èäåÿ Êàðòàíà íå íàõîäèëà ïîä-

äåðæêè ó �èçèêîâ-òåîðåòèêîâ. Òîë÷êîì ê èçó÷åíèþ ÅÑÒ ïî-

ñëóæèëè ðàáîòû Êèáëà (ñì. [7℄) è Ñöèÿìû (ñì. [8℄), êîòîðûå

íåçàâèñèìî äðóã îò äðóãà óñòàíîâèëè ñâÿçü ìåæäó êðó÷åíèåì S
ñâÿçíîñòè ∇ è ñïèí òåíçîðîì ìàòåðèè s (spin tensor of matter).
Â ïîñëåäñòâèå áûëè îòêðûòû è äðóãèå �èçè÷åñêèå ïðèëîæå-

íèÿ ECT (ñì. [9℄, [10℄).

Â ïîñëåäñòâèå òåîðèÿ Ýéíøòåéíà-Êàðòàíà áûëà îáîáùåíà

çà ñ÷åò ñíÿòèÿ òðåáîâàíèÿ ìåòðè÷íîñòè äëÿ ëèíåéíîé ñâÿçíî-

ñòè ∇. Íîâàÿ òåîðèÿ ïîëó÷èëà íàçâàíèå Metri
-A�ne Gauge

Theory of Gravity èëè ñîêðàùåííî MAG (ñì. [11℄, [12℄). ×èñëî

ðàáîò, îïóáëèêîâàííûõ â ðàìêàõ ÅÑÒ èñ÷èñëÿåòñÿ ñîòíÿìè, à

â ðàìêàõ MAG óæå äåñÿòêàìè.

Îïóáëèêîâàííûå ðåçóëüòàòû èìåþò â áîëüøåé ñòåïåíè ïðè-

êëàäíîé �èçè÷åñêèé õàðàêòåð. Âñå èñõîäíûå �îðìóëû áûëè
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ïîçàèìñòâîâàíû �èçèêàìè èç ðàáîò Êàðòàíà âìåñòå ñ åãî ìå-

òîäîì, êîòîðûé ñåé÷àñ òàê è íàçûâàåòñÿ �ìåòîä âíåøíèõ �îðì

Êàðòàíà�.

Òàêæå íåòðóäíî ïðîñëåäèòü çàèìñòâîâàíèÿ è èç ìîíîãðà�èé

ïî äè��åðåíöèàëüíîé ãåîìåòðèè, íàïðèìåð, èç èçâåñòíîé ìî-

íîãðà�èè Ñõîóòåíà è Ñòðîéêà (ñì. [6℄). Â ýòîì êîíòåêñòå õà-

ðàêòåðíà ðàáîòà Ìàê Êðåà (ñì. [13℄), ãäå áûëè âûâåäåíû íåïðè-

âîäèìûå îòíîñèòåëüíî äåéñòâèÿ ïñåâäîîðòîãîíàëüíîé ãðóïïû

ðàçëîæåíèÿ òåíçîðîâ íåìåòðè÷íîñòè Q = −∇g, êðó÷åíèÿ S è

êðèâèçíû R ñâÿçíîñòè ∇, îñíîâíûå ñîîòíîøåíèÿ íà êîòîðûå

áûëè ïðèâåäåíû åùå â ìîíîãðà�èè Ñõîóòåíà è Ñòðîéêà.

Â ñâîþ î÷åðåäü, èäåþ ñâîåé ñòàòüè Ìàê Êðåà òàêæå ïîçà-

èìñòâîâàë èç äè��åðåíöèàëüíîé ãåîìåòðèè, ãäå óæå äàâíî è

õîðîøî èçâåñòíû íåïðèâîäèìûå ðàçëîæåíèÿ òåíçîðîâ êðèâèç-

íû R ðèìàíîâà è êåëåðîâà ìíîãîîáðàçèé.

Âîñïîëüçîâàâøèñü ðåçóëüòàòîì Ìàê Êðåà, öåëûé êîëëåêòèâ

àâòîðîâ (ñì. [14℄) òàê æå êàê ýòî äåëàëîñü íå ðàç â ðèìàíîâîé

ãåîìåòðèè, íî ïî äðóãèì ïîâîäàì (ñì., íàïðèìåð, [15℄; [17℄, ñòð.

586�620), çà ñ÷åò ïîñëåäîâàòåëüíîãî ïî-ïàðíîãî îáðàùåíèÿ â

íóëü íåïðèâîäèìûõ êîìïîíåíò ðàçëîæåíèÿ òåíçîðà êðó÷åíèÿ

S âûäåëèë 3 êëàññà ïðîñòðàíñòâ (M,g,∇).
Ïåðâûé êëàññ A õàðàêòåðèçóåòñÿ óñëîâèåì

S = (n− 1)−1trace S ∧ IdTM ,
âòîðîé êëàññ B � óñëîâèåì S = Alt S è, íàêîíåö, òðåòèé êëàññ

C õàðàêòåðèçóåòñÿ ñëåäóþùèì ñòðîåíèåì òåíçîðà êðó÷åíèÿ

CS = S −AS −BS

äëÿ ïðîèçâîëüíîé x ∈M .

Òàêæå â ýòîé ñòàòüå áûëà ïðîâåäåíà ñèñòåìàòèçàöèÿ ðåçóëü-

òàòîâ, ïîëó÷åííûõ â ðàìêàõ ÅÑÒ äëÿ ÷åòûðåõìåðíîãî ïðî-

ñòðàíñòâà (M,g,∇). Çàìåòèì, ÷òî â îòëè÷èå îò ãåîìåòðè÷åñêîé
òðàäèöèè (ñì., íàïðèìåð, [17℄, ñòð. 585-620) íàðÿäó ñ êëàññàìè

A, B è C ïðîñòðàíñòâ ê ðàññìîòðåíèþ íå áûëè ïðèâëå÷åíû

êëàññû A⊕ B, A⊕ C è B ⊕ C.
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Íà êîíòðàñòå ñî âñå óâåëè÷èâàþùèìñÿ ïîòîêîì ðàáîò �èçè-

êîâ, ãåîìåòðû ê íàñòîÿùåìó âðåìåíè ïî÷òè ïîòåðÿëè èíòåðåñ

ê òåîðèè, îñíîâû êîòîðîé çàëîæèë åùå â äâàäöàòûõ ãîäàõ ïðî-

øëîãî âåêà èçâåñòíûé ãåîìåòð Êàðòàí. Íàèáîëåå ÿðêèìè è, ê

ñîæàëåíèþ, ïîñëåäíèìè ðåçóëüòàòàìè ãåîìåòðè÷åñêîé òåîðèè

ïðîñòðàíñòâ (M,g,∇) ÿâëÿþòñÿ ðåçóëüòàòû Âàíõåêêå è Òðè-

÷åððè ïî ãåîìåòðèè �ìíîãîîáðàçèé ñ îäíîðîäíîé ñòðóêòóðîé�.

Â ïðèíÿòîé ñîâðåìåííîé �èçèêîé òåðìèíîëîãèè ýòà òåîðèÿ

íàçûâàåòñÿ Riemann-Cartan Theory èëè ñîêðàùåííî RCT. �åî-

ìåòðèÿ �èìàíà-Êàðòàíà ýòî ãåîìåòðèÿ ìåòðè÷åñêè-à��èííîãî

ïðîñòðàíñòâà (M,g,∇), ñ ïîëîæèòåëüíî îïðåäåëåííîé (ðèìà-

íîâîé) ìåòðèêîé g è ëèíåéíîé ñâÿçíîñòüþ ∇ ñ íåíóëåâûì êðó-

÷åíèåì S òàêîé, ÷òî Q = 0,∇R = 0 è ∇T = 0.
Âàíõåêêå è Òðè÷åððè ([16℄) ïîëó÷èëè íåïðèâîäèìîå îòíî-

ñèòåëüíî äåéñòâèÿ îðòîãîíàëüíîé ãðóïïû ðàçëîæåíèå òåíçîðà

äå�îðìàöèè T = ∇ − ∇ è èñïîëüçîâàëè åãî äëÿ êëàññè�èêà-

öèè ïðîñòðàíñòâ (M,g,∇), à çàòåì â äðóãèõ ðàáîòàõ èìè áûëà

èçó÷åíà ãåîìåòðèÿ ïðîñòðàíñòâ èç âûäåëåííûõ 6 êëàññîâ.

Èç âñåõ âèäîâ à�èííî-ìåòðè÷åñêèõ ïðîñòðàíñòâ (M,g,∇)
â ãåîìåòðèè ïîñëåäîâàòåëüíî â òå÷åíèå äëèòåëüíîãî âðåìåíè

èçó÷àëèñü òîëüêî �÷åòâåðòü-ñèììåòðè÷åñêèå ìåòðè÷åñêèå ïðî-

ñòðàíñòâà�, è èõ ÷àñòíûé âèä �ïîëóñèììåòðè÷åñêèå ìåòðè÷å-

ñêèå ïðîñòðàíñòâà�, (ñì. [18℄-[22℄).

×åòâåðòü-ñèììåòðè÷åñêèå ìåòðè÷åñêèå ïðîñòðàíñòâà ñóùå-

ñòâóþò â ðàìêàõ RCT è ÅCT è âûäåëÿþòñÿ äîïîëíèòåëüíûì

óñëîâèåì

T (X,Y ) := U(X)p(Y )− V (Y )p(X)− g(U(X), Y )W,

ãäå

g(U(X), Y ) = (Sym F )(X,Y ), g(V (X), Y ) = (Alt F )(X,Y )

äëÿ íåêîòîðîãî êîâàðèàíòíîãî 2-òåíçîðà F è p(X) := g(W,X).
Ïîëóñèììåòðè÷åñêèå ìåòðè÷åñêèå ïðîñòðàíñòâà îïðåäåëÿ-

þòñÿ, â ñâîþ î÷åðåäü, óñëîâèåì

T (X,Y ) := U(Y )X − U(X)Y
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äëÿ ëþáûõ âåêòîðíûõ ïîëåé X è Y íà M .

�åîìåòðèÿ �â öåëîì�, ìåòðè÷åñêè-à��èííûõ ïðîñòðàíñòâ çà-

ñòûëà íà ðåçóëüòàòàõ ßíî, Áîõíåðà è �îëüäáåðãà (ñì. [23℄-[25℄)

ñåðåäèíû ïðîøëîãî âåêà. Â èõ ðàáîòàõ â ðàìêàõ RCT äîêàçû-

âàëèñü �òåîðåìû èñ÷åçíîâåíèÿ�, (vanishing theorems) äëÿ ïñåâ-

äîêèëëèíãîâûõ è ïñåâäîãàðìîíè÷åñêèõ âåêòîðíûõ ïîëåé è òåí-

çîðîâ íà êîìïàêòíûõ ïðîñòðàíñòâàõ (M,g,∇), âûäåëÿåìûõ
óñëîâèåì trace S = 0.
Äàæå íå ñìîòðÿ íà ïîñëåäóþùèå ïîïûòêè îáîáùåíèÿ èõ ðå-

çóëüòàòîâ çà ñ÷åò ââåäåíèÿ â ðàññìîòðåíèå êîìïàêòíûõ ìåòðè-

÷åñêè-à��èííûõ ïðîñòðàíñòâ ñ ãðàíèöåé (ñì. [26℄) ýòî,

ïî-ïðåæíåìó, áûëî äîêàçàòåëüñòâî òåõ æå òåîðåì èñ÷åçíîâå-

íèÿ äëÿ òåõ æå âåêòîðíûõ ïîëåé è òåíçîðîâ.

Ïðè ýòîì ñ�îðìóëèðîâàííûå â �òåîðåìàõ èñ÷åçíîâåíèÿ�,

(vanishing theorems) óñëîâèÿ ïðåïÿòñòâèÿ ñóùåñòâîâàíèþ ïñåâ-

äîêèëëèíãîâûõ è ïñåâäîãàðìîíè÷åñêèõ âåêòîðíûõ ïîëåé è òåí-

çîðîâ ïîðàæàþò ñâîåé ãðîìîçäêîñòüþ, â îòëè÷èå îò òåîðåì äëÿ

êèëëèíãîâûõ è ãàðìîíè÷åñêèõ âåêòîðíûõ ïîëåé è òåíçîðîâ íà

ðèìàíîâûõ ìíîãîîáðàçèÿõ. Ïðè ýòîì ñëåäóåò îñîáî îòìåòèòü,

÷òî ãåîìåòðèÿ òàêèõ âåêòîðîâ è òåíçîðîâ íè äî, íè ïîñëå öè-

òèðóåìûõ íàìè ðàáîò íèêåì íå èçó÷àëàñü.

íàì óäàëîñü íàìåòèòü ïóòè ìîäåðíèçàöèè ýòîé òåõíèêè, ïðè

ýòîì ïåðâûå ïîëó÷åííûå ðåçóëüòàòû, àíîíñèðîâàííûå íà Ìåæ-

äóíàðîäíîé êîí�åðåíöèè ��åîìåòðèÿ â Îäåññå � 2008� è íà

Ìåæäóíàðîäíîé êîí�åðåíöèè ïî äè��åðåíöèàëüíûì óðàâíå-

íèÿì è äèíàìè÷åñêèì ñèñòåìàì â Ñóçäàëå â 2008 ãîäó (ñì

[27℄, [28℄), èìåþò ãåîìåòðè÷åñêè ñîäåðæàòåëüíûé è êîìïàêò-

íûé âèä, ÷òî âíóøàåò óâåðåííîñòü â ïðàâèëüíîñòè âûáðàííîãî

íàïðàâëåíèÿ èññëåäîâàíèé.

Â íàñòîÿùåé ñòàòüå áóäóò èçëîæåíû íåêîòîðûå ãåîìåòðè÷å-

ñêèå ñâîéñòâà íåêîòîðûõ êëàññîâ ïðîñòðàíñòâ �èìàíà-Êàðòàíà

(M,g,∇), êîòîðûå äî ñèõ ïîð íå ïîïàëè â ïîëå çðåíèÿ ãåîìåò-

ðîâ è óñëîâèÿ, ïðåïÿòñòâóþùèå èõ ñóùåñòâîâàíèþ.
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Êðîìå òîãî, íàìè áûëè ïîëó÷åíû óñëîâèÿ ïðåïÿòñòâèÿ ñó-

ùåñòâîâàíèÿ ïñåâäîêèëëèíãîâûõ è ïñåâäîãàðìîíè÷åñêèõ âåê-

òîðíûõ ïîëåé íà ìíîãîîáðàçèÿõ �èìàíà-Êàðòàíà îòäåëüíûõ

êëàññîâ.

2. Ìíîãîîáðàçèå �èìàíà-Êàðòàíà

2.1. Ìíîãîîáðàçèå �èìàíà-Êàðòàíà îïðåäåëÿåòñÿ (ñì. [12℄)

êàê òðèïëåò (M,g,∇), ãäå M - n-ìåðíîå (n ≥ 2) ìíîãîîáðà-
çèå ñ ïîëîæèòåëüíî îïðåäåëåííûì ìåòðè÷åñêèì òåíçîðîì gij è

ëèíåéíîé íåñèììåòðè÷åñêîé ñâÿçíîñòüþ ∇ ñ êîý��èöèåíòàìè

Γ
i
jk òàêîé, ÷òî

∇kgij = ∂kgij − gljΓ
l
ik − gilΓ

l
jk = 0, (2.1)

ãäå ∂k = ∂/∂xk, â ëîêàëüíîé ñèñòåìå êîîðäèíàò x1, x2, . . . , xn íà
M . Ïîñêîëüêó ñâÿçíîñòü ∇ íå ïðåäïîëàãàåòñÿ ñèììåòðè÷íîé,

òî äëÿ íåå îïðåäåëåí òåíçîð êðó÷åíèÿ ñâÿçíîñòè S ñ êîìïîíåí-

òàìè S k
ij = 2−1(Γ

k
ij − Γ

k
ji).

Êîý��èöèåíòû ñâÿçíîñòè ∇ âûðàæàþòñÿ ÷åðåç ñèìâî-

ëû Êðèñòî��åëÿ Γijk ñâÿçíîñòè Ëåâè-×èâèòà ∇ ïîñðåäñòâîì

ðàâåíñòâà (ñì. [25℄, ñòð. 78)

Γ
k
ij = Γkij + S k

ij − Skij − Skji. (2.2)

Íàðÿäó ñ òåíçîðîì êðó÷åíèÿ S ñâÿçíîñòè ∇ îïðåäåëÿåòñÿ

òåíçîð äå�îðìàöèè T = ∇ − ∇ ñâÿçíîñòè ∇ â ñâÿçíîñòü ∇,
÷üè êîìïîíåíòû T k

ij = Γ
k
ij − Γkij èìåþò ñâÿçü ñ êîìïîíåíòà-

ìè òåíçîðà êðó÷åíèÿ S, âûðàæàþùóþñÿ ðàâåíñòâàìè (2.2) è

S k
ij = 2−1(T k

ij − T k
ji ). Èç íèõ, â ÷àñòíîñòè, ïîñëåäóåò, ÷òî

T l
il = 2S l

il . (2.3)

Îäíîâðåìåííî èç (2.1) âûâîäèì, ÷òî

Tikj + Tjki = 0. (2.4)
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Èçâåñòíû òàêæå óðàâíåíèÿ, ñâÿçûâàþùèå êîìïîíåíòû òåí-

çîðîâ êðèâèçíû R è R , �è÷÷è Ric è Ric è ñêàëÿðíûå êðèâèçíû
Scal è Scal ñâÿçíîñòåé ∇ è ∇, âèäà (ñì. [14℄; [25℄, ñòð. 80)

R
l

ijk = R l
ijk +∇iT

l
kj −∇jT

l
ki + T l

miT
m

kj − T l
mjT

m
ki , (2.5)

Rjk = Rjk +∇lT
l

kj −∇jTk − TmT
m

kj − T l
mjT

m
kl , (2.6)

Scal = Scal − 2∇jT
j − TijkT

kij − TjT
j, (2.7)

ãäå T j = gklTjkl.

2.2. Åñëè ïðåäïîëîæèòü, ÷òî ìíîãîîáðàçèå M � êîìïàêòíîå

è îðèåíòèðîâàííîå ñ ýëåìåíòîì îáúåìà

dv =
√

det g dx1 ∧ dx2 ∧ · · · ∧ dxn,
òîãäà áóäåò ñïðàâåäëèâîé òåîðåìà �ðèíà (ñì. [25℄, ñòð. 30)

∫

M

(div ξ)dv = 0.

Çäåñü íà îñíîâàíèè (2.3) èìååì

div ξ = ∇iξ
i = ∇iξ

i + 2ξkSikj,

à ïîòîìó íà ìíîãîîáðàçèÿõ �èìàíà-Êàðòàíà (M,g,∇) êëàññà
B ⊕ C è òîëüêî íà íèõ ñïðàâåäëèâû ðàâåíñòâà

div ξ = trace ∇ξ = trace∇ ξ

äëÿ ëþáîãî âåêòîðíîãî ïîëÿ ξ.
Ìîæíî îïðåäåëèòü òàêæå ïîëíûå ñêàëÿðíûå êðèâèçíû

Scal(M) =

∫

M

Scal dv

è

Scal(M) =

∫

M

Scal dv
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ìíîãîîáðàçèÿ (M,g,∇). Ïðè ýòîì íà îñíîâàíèè òåîðåìû �ðèíà

èç ðàâåíñòâ (2.7) âûâîäèòñÿ óðàâíåíèå ñâÿçè

Scal(M) = Scal(M)−
∫

M

(TijkT
kij + 4‖trace S‖2)dv. (2.8)

Äëÿ ìíîãîîáðàçèé �èìàíà-Êàðòàíà (M,g,∇) êëàññà A ⊕ B
óñëîâèÿ ñâÿçè (2.7) ïðèíèìàþò ñëåäóþùèé âèä:

Scal(M) = Scal(M)−4∇jS
j−3SijkS

ijk−2(2n−5)(n−1)−1SjS
j.

Äàííîå ðàâåíñòâî íà îñíîâàíèè òåîðåìû �ðèíà ïðèâîäèòñÿ

ê âèäó

Scal(M) = Scal(M)−
∫

M

(3‖S‖2+2(2n−5)(n−1)−1‖trace S‖2)dv.

À ïîòîìó ïðè n ≥ 3 ñóùåñòâóåò ïðåïÿòñòâèå äëÿ çàäàíèÿ íå-

ñèììåòðè÷åñêîé ìåòðè÷åñêîé ñâÿçíîñòè ∇ êëàññà A⊕B íà ðè-

ìàíîâîì ìíîãîîáðàçèè (M,g) â âèäå óñëîâèÿ íà ïîëíûå ñêàëÿð-
íûå êðèâèçíû Scal(M) ≥ Scal(M) ñâÿçíîñòåé ∇ è ∇, ïðè÷åì
ðàâåíñòâî âûïîëíÿåòñÿ òîëüêî â ñëó÷àå èõ ñîâïàäåíèÿ: ∇ = ∇.
Òàêæå çàìåòèì, ÷òî èç (2.7) äëÿ ìíîãîîáðàçèé (M,g,∇)

êëàññà B èìååò ìåñòî ðàâåíñòâî Scal = Scal − ‖T‖2. À ïîòîìó

ñóùåñòâóåò îãðàíè÷åíèå äëÿ çàäàíèÿ íåñèììåòðè÷åñêîé ìåò-

ðè÷åñêîé ñâÿçíîñòè ∇ êëàññà B íà ðèìàíîâîì ìíîãîîáðàçèè

(M,g) â âèäå óñëîâèÿ íà ñêàëÿðíûå êðèâèçíû Scal ≥ Scal ñâÿç-
íîñòåé ∇ è ∇, ïðè÷åì ðàâåíñòâî âûïîëíÿåòñÿ òîëüêî â ñëó÷àå

èõ ñîâïàäåíèÿ: ∇ = ∇.
Äëÿ ìíîãîîáðàçèé �èìàíà-Êàðòàíà (M,g,∇) êëàññà A èç

(2.7) èìååì

Scal = Scal − 4(∇jS
j + n(n− 1)−1SjS

j).
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Â ýòîì ñëó÷àå äëÿ êîìïàêòíîãî ìíîãîîáðàçèÿ M óðàâíåíèÿ

ñâÿçè (2.8) ïðèíèìàþò ñëåäóþùèé âèä:

Scal(M) = Scal(M)− 4n(n − 1)−1

∫

M

‖trace S‖2dv.

À ïîòîìó ñóùåñòâóåò ïðåïÿòñòâèå äëÿ çàäàíèÿ íåñèììåòðè÷å-

ñêîé ìåòðè÷åñêîé ñâÿçíîñòè ∇ êëàññà A íà ðèìàíîâîì ìíîãî-

îáðàçèè (M,g) â âèäå óñëîâèÿ íà ïîëíûå ñêàëÿðíûå êðèâèçíû
Scal(M) ≥ Scal(M) ñâÿçíîñòåé ∇ è ∇, ïðè÷åì ðàâåíñòâî âû-

ïîëíÿåòñÿ òîëüêî â ñëó÷àå èõ ñîâïàäåíèÿ: ∇ = ∇.

3. Ïñåâäîêèëëèíãîâîå âåêòîðíîå ïîëå

3.1. Âåêòîðíîå ïîëå Êèëëèíãà ξ îïðåäåëÿåòñÿ íà ðèìàíîâîì
ìíîãîîáðàçèè (M,g) óñëîâèåì Lξg = 0 äëÿ ïðîèçâîäíîé Ëè

Lξ ïî îòíîøåíèþ ê âåêòîðíîìó ïîëþ ξ. Èñïîëüçóÿ ïðàâèëî

âû÷èñëåíèÿ ïðîèçâîäíîé Ëè (ñì. [25℄, ñòð. 40)

Lξgij = ξk∂kgij + gkj∂iξ
k + gik∂jξ

k, (3.1)

íàõîäèì âûðàæåíèå ïðîèçâîäíîé Ëè â ñâÿçíîñòè ∇ (ñì. òàì

æå)

Lξgij = ∇iξj +∇jξi, (3.2)

è â íåñèììåòðè÷åñêîé ìåòðè÷åñêîé ñâÿçíîñòè ∇
Lξgij = ∇iξj +∇jξi − 2(Skij + Skji)ξ

k. (3.3)

Âåêòîðíîå ïîëå ξ íà ìíîãîîáðàçèè �èìàíà-Êàðòàíà (M,g,∇)
íàçûâàåòñÿ ïñåâäîêèëëèíãîâûì (ñì. [25℄, ñòð. 86), åñëè îíî óäî-

âëåòâîðÿåò óðàâíåíèÿì

∇iξj +∇jξi = 0. (3.4)

Èç (3.2) è (3.3) âûâîäèì, ÷òî äëÿ Skij + Skji = 0 óðàâíå-

íèÿ êèëëèíãîâûõ è ïñåâäîêèëëèíãîâûõ âåêòîðíûõ ïîëåé ñîâ-

ïàäàþò, à ïîòîìó íà ìíîãîîáðàçèÿõ �èìàíà-Êàðòàíà (M,g,∇)
êëàññà B êàæäîå âåêòîðíîå ïîëå Êèëëèíãà ÿâëÿåòñÿ ïñåâäî-

êèëëèíãîâûì, âåðíî è îáðàòíîå.
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Îïèðàÿñü íà óñòàíîâëåííûé �àêò çàêëþ÷àåì, ÷òî óñëîâè-

åì ïðåïÿòñòâèÿ äëÿ ñóùåñòâîâàíèÿ ïñåâäîêèëëèíãîâûõ âåê-

òîðíûõ ïîëåé íà êîìïàêòíîì ìíîãîîáðàçèè (M,g,∇) êëàññà
B áóäåò õîðîøî èçâåñòíîå óñëîâèå îòðèöàòåëüíîé îïðåäåëåí-

íîñòè òåíçîðà �è÷÷è Ric ñâÿçíîñòè Ëåâè-×èâèòà ∇ (ñì. [25℄,

ñòð. 36).

3.2. Â ìîíîãðà�èè [25℄ áûëè íàéäåíû óñëîâèÿ ïðåïÿòñòâèÿ

ñóùåñòâîâàíèþ ïñåâäîêèëëèíãîâûõ âåêòîðíûõ ïîëåé íà êîì-

ïàêòíûõ ìíîãîîáðàçèÿõ �èìàíà-Êàðòàíà (M,g,∇) êëàññà B ⊕
C. Óñëîâèÿ ýòè, â ÷åì íåòðóäíî óáåäèòüñÿ, íîñÿò äîâîëüíî ãðî-

ìîçäêèé õàðàêòåð. Â êà÷åñòâå îáîáùåíèÿ ïîëó÷åííûõ ðåçóëü-

òàòîâ (òàê ïî òåêñòó) áûëà äîêàçàíà (ñì. [25℄, ñòð. 91-92) ñëå-

äóþùàÿ òåîðåìà:

Åñëè íà êîìïàêòíîì ìíîãîîáðàçèè (M,g,∇) ñ òåí-

çîðîì êðó÷åíèÿ S, óäîâëåòâîðÿþùèì óðàâíåíèÿì âèäà Sijk −
Sikj + gijAk − gikAj = 0, êâàäðàòè÷íàÿ �îðìà Rijξ

iξj ÿâëÿåò-
ñÿ íåïîëîæèòåëüíî îïðåäåëåííîé, òî êàæäîå ïñåâäîêèëëèíî-

âîå âåêòîðíîå ïîëå ξ äîëæíî èìåòü ðàâíûå íóëþ êîâàðèàíò-

íûå ïðîèçâîäíûå îòíîñèòåëüíî ñâÿçíîñòè ∇. Åñëè æå �îð-

ìà Rijξ
iξj ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé, òî íå ñó-

ùåñòâóåò ïñåâäîêèëëèíãîâà âåêòîðíîãî ïîëÿ, îòëè÷íîãî îò

íóëÿ.

Ìîæíî äîêàçàòü, ÷òî äàííàÿ òåîðåìà ñïðàâåäëèâà òîëüêî

äëÿ ïîëóñèììåòðè÷åñêèõ ñâÿçíîñòåé. Ïðîâåäåì àíàëèç, ïðèâå-

äåííîãî â òåîðåìå óðàâíåíèÿ. Ïðåäïîëîæèì, ÷òî òåíçîð êðó-

÷åíèÿ S ñâÿçíîñòè ∇ óäîâëåòâîðÿåò óñëîâèþ

Sijk − Sikj + gijAk − gikAj = 0. (3.5)

Ïåðåïèøåì óñëîâèÿ (3.5) äâàæäû:

Sijk − Sikj + gijAk − gikAj = 0. (3.5a),

Sjik − Sjki + gijAk − gjkAi = 0. (3.5b).
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Ñëîæèì îáà óðàâíåíèÿ, ïîëó÷èì:

−Sikj − Sjki = Skij + Skji = −2gijAk + gikAj + gjkAi.

Â èòîãå èìååì:

Skij + Skji = −2gijAk + gikAj + gjkAi. (3.6)

�àññìîòðèì ýòî óðàâíåíèå ñîâìåñòíî ñ óðàâíåíèåì (3.5)

Skij − Skji + gikAj − gkjAi = 0. (3.5c)

Âû÷èòàÿ (3.5
) èç (3.6), ïîëó÷àåì:

2Skji = 2(−gijAk + gkiAj)

èëè

Skji = gkiAj − gijAk.

Îòêóäà ñâåðòêîé ñ ìåòðè÷åñêèì òåíçîðîì gij íàõîäèì

S l
kl = Skjig

ij = (1− n)Ak,

ò.å.

Ak = −(n− 1)−1Sk,

ãäå Sk = S l
kl . Ïîýòîìó

Skji = (n− 1)−1(gijSk − gkiSj)

èëè

S i
kj = (n− 1)−1(δijSk − δikSj),

÷òî ñîîòâåòñòâóåò óñëîâèÿì ïîëóñèììåòðè÷åñêîé ñâÿçíîñòè.

Â èòîãå çàêëþ÷àåì, ÷òî â ïðèâåäåííîé âûøå òåîðåìå Ê. ßíî

ðå÷ü èäåò î ìíîãîîáðàçèÿõ �èìàíà-Êàðòàíà (M,g,∇) êëàññà A
è òîëüêî î íèõ. À ïîòîìó îá îáîáùåíèè, êîòîðîå áûëî çàÿâëåíî,

ãîâîðèòü íå ñîâñåì êîððåêòíî.

Ñïðàâåäëèâà

Òåîðåìà 1. Åñëè â êîìïàêòíîì ìíîãîîáðàçèè �èìàíà-Êàð-

òàíà (M,g,∇) êëàññà A êâàäðàòè÷íàÿ �îðìà Rijξ
iξj ÿâëÿåòñÿ

íåïîëîæèòåëüíî îïðåäåëåííîé, òî êàæäîå ïñåâäîêèëëèíãîâîå

âåêòîðíîå ïîëå ξ äîëæíî èìåòü ðàâíûå íóëþ êîâàðèàíòíûå



218 C.Å.Ñòåïàíîâ, È.À. �îðäååâà

ïðîèçâîäíûå îòíîñèòåëüíî êîý��èöèåíòîâ à��èííîé ñâÿçíî-

ñòè ìíîãîîáðàçèÿ. Åñëè �îðìà Rijξ
iξj ÿâëÿåòñÿ îòðèöàòåëü-

íî îïðåäåëåííîé, òî íå ñóùåñòâóåò ïñåâäîêèëëèíãîâà âåêòîð-

íîãî ïîëÿ, îòëè÷íîãî îò íóëÿ.

4. Ïñåâäîãàðìîíè÷åñêîå âåêòîðíîå ïîëå

Âåêòîðíîå ïîëå ξ íàçûâàåòñÿ ïñåâäîãàðìîíè÷åñêèì (ñì. [25℄,

ñòð. 84), åñëè

∇iξj −∇jξi = 0, ∇iξ
i = 0. (4.1)

Ïðèòîì, ÷òî ñ ó÷åòîì ðàâåíñòâ

Γ
k
ij = T k

ij + Γ k
ij ,

S k
ij = 2−1(T k

ij − T k
ji )

è (2.3) óðàâíåíèÿì (4.1) ìîæíî ïðèäàòü ñëåäóþùèé âèä

∇iξj −∇jξi + 2ξkS
k

ij = 0, ∇iξ
i + 2ξkS i

ki = 0. (4.2)

Èç (4.1) è (4.2) íåïîñðåäñòâåííî âûòåêàåò, ÷òî ñîâïàäåíèå ïñåâ-

äîãàðìîíè÷åñêèõ è ãàðìîíè÷åñêèõ âåêòîðíûõ ïîëåé ìîæíî

îæèäàòü òîëüêî íà ìíîãîîáðàçèÿõ �èìàíà-Êàðòàíà (M,g,∇)
êëàññà B ⊕ C.
Â ìîíîãðà�èè [25℄ áûëè íàéäåíû, óñëîâèÿ ïðåïÿòñòâèÿ ñó-

ùåñòâîâàíèþ ïñåâäîãàðìîíè÷åñêèõ âåêòîðíûõ ïîëåé íà êîì-

ïàêòíûõ ìíîãîîáðàçèÿõ �èìàíà-Êàðòàíà (M,g,∇) êëàññà B ⊕
C. Óñëîâèÿ ýòè, êàê è â ñëó÷àå ïñåâäîêèëëèíãîâûõ âåêòîðíûõ

ïîëåé, íîñèëè çà÷àñòóþ äîâîëüíî ãðîìîçäêèé õàðàêòåð. Íàìè

áóäåò äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 2. Åñëè íà êîìïàêòíîì ìíîãîîáðàçèè �èìàíà-Êàð-

òàíà (M,g,∇) êëàññà A⊕B êâàäðàòè÷íàÿ �îðìà Rijξ
iξj ÿâëÿ-

åòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé, òî êàæäîå ïñåâäîãàðìî-

íè÷åñêîå âåêòîðíîå ïîëå ξ äîëæíî èìåòü ðàâíûå íóëþ êîâà-

ðèàíòíûå ïðîèçâîäíûå îòíîñèòåëüíî ñâÿçíîñòè ∇. Åñëè æå

�îðìà Rijξ
iξj ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, òî íå



Î ñóùåñòâîâàíèè ïñåâäîêèëëèíãîâûõ âåêòîðíûõ ïîëåé 219

ñóùåñòâóåò ïñåâäîãàðìîíè÷åñêîãî âåêòîðíîãî ïîëÿ, îòëè÷íî-

ãî îò íóëÿ.

Â íà÷àëå äîêàçàòåëüñòâà ñîøëåìñÿ íà òåîðåìó 7.20 ìîíîãðà-

�èè [25℄, â êîòîðîé óòâåðæäàåòñÿ, ÷òî íà êîìïàêòíîì ìíîãî-

îáðàçèè (M,g,∇) íå ìîæåò âûïîëíÿòüñÿ íåðàâåíñòâî

(Rij +Rji)ξ
iξj − 2(Sijk + Sikj − gijBk − gikBj)ξ

i∇ kξj+

+ (gjlgkm + gjmgkl)∇ kξj∇ mξl ≥ 0

äëÿ ëþáîãî âåêòîðíîãî ïîëÿ Bk è ïñåâäîãàðìîíè÷åñêîãî âåê-

òîðíîãî ïîëÿ ξ, åñëè òîëüêî íå èìååò ìåñòà ñîîòâåòñòâóþùåå

ðàâåíñòâî. Â ÷àñòíîì ñëó÷àå, êîãäà òåíçîð êðó÷åíèÿ óäîâëå-

òâîðÿåò óðàâíåíèþ âèäà

Sijk + Sikj = gikBj + gijBk + gjkAi, (4.3)

ïðèâåäåííîå âûøå óñëîâèå çàïèøåòñÿ òàê

(Rij +Rji)ξ
iξj + (gjlgkm + gjmgkl)∇ kξj∇ mξl ≥ 0 (4.4)

è, ñëåäîâàòåëüíî, äëÿ íåîòðèöàòåëüíî îïðåäåëåííîé êâàäðà-

òè÷íîé �îðìû Rijξ
iξj èç (4.4) ïîñëåäóåò, ÷òî êàæäîå ïñåâäî-

ãàðìîíè÷åñêîå âåêòîðíîå ïîëå ξ äîëæíî èìåòü ðàâíûå íóëþ

êîâàðèàíòíûå ïðîèçâîäíûå îòíîñèòåëüíî ñâÿçíîñòè ∇.
Ñ äðóãîé ñòîðîíû, äëÿ ïîëîæèòåëüíî îïðåäåëåííîé êâàäðà-

òè÷íîé �îðìû Rijξ
iξj óñëîâèå (4.4) âûïîëíÿåòñÿ àâòîìàòè÷å-

ñêè è, ñëåäîâàòåëüíî, ïñåâäîãàðìîíè÷åñêèõ âåêòîðíûõ ïîëåé

ξ íà òàêîì ìíîãîîáðàçèè �èìàíà-Êàðòàíà (M,g,∇) íå ñóùå-
ñòâóåò.

Ïðîâåäåì àíàëèç óðàâíåíèé (4.3). Äëÿ ýòîãî íàéäåì Ai è Bi,
ñâåðíóâ (4.3) ïîñëåäîâàòåëüíî ñ gjk, à çàòåì ñ gij . Ó÷èòûâàÿ,
÷òî Sijk + Sjik = 0, ïîëó÷èì:

{
2Si = 2Bi + nAi
−Sk = (1 + n)Bk +Ak

,
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îòêóäà ñëåäóåò, ÷òî

Bi =− (n− 1)Si,

Ai =2(n− 1)Si.

Â èòîãå ïîëó÷àåì ðàâåíñòâà

Sijk + Sikj = (n− 1)−1(2gjkSi − gikSj − gijSk),

êîòîðûå ÿâëÿþòñÿ îïðåäåëÿþùèìè äëÿ ìíîãîîáðàçèé �èìàíà-

Êàðòàíà êëàññà ∇ ∈ A⊕ B.
Äîêàçàííàÿ òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì òåîðåìû 7.10 (ñì.

[25℄, ñòð. 85) íà ñëó÷àé íåñèììåòðè÷åñêîé ìåòðè÷åñêîé ñâÿçíî-

ñòè êëàññà A⊕ B.
Â çàêëþ÷åíèå ñäåëàåì îäíî çàìå÷àíèå. Ïîñêîëüêó ìíîãîîá-

ðàçèÿ �èìàíà-Êàðòàíà (M,g,∇) êëàññà A⊕ B âêëþ÷àþò â ñå-

áÿ â êà÷åñòâå ÷àñòíûõ âèäîâ ìíîãîîáðàçèÿ �èìàíà-Êàðòàíà

(M,g,∇) êëàññîâ A è B, òî äîêàçàííàÿ òåîðåìà èìååò ìåñòî

è äëÿ ýòèõ êëàññîâ ìíîãîîáðàçèé.
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Èí�èíèòåçèìàëüíûå ãàðìîíè÷åñêèå

ïðåîáðàçîâàíèÿ è ñîëèòîíû �è÷÷è

Êëàññè÷åñêèìè ìåòîäàìè ìàòåìàòè÷åñêîãî àíàëèçà ñ èñïîëüçîâàíèåì

èí�èíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðåîáðàçîâàíèé èçó÷àþòñÿ ñîëè-

òîíû �è÷÷è íà íåêîìïàêòíûõ è êîìïàêòíûõ ìíîãîîáðàçèÿõ.

Êëþ÷åâûå ñëîâà: Èí�èíèòåçèìàëüíûå ãàðìîíè÷åñêèå ïðåîáðàçîâàíèÿ,

ñîëèòîíû �è÷÷è

1. Ââåäåíèå

1.1. Òåîðèÿ ïîòîêîâ �è÷÷è íà ãëàäêèõ ìíîãîîáðàçèÿõ, îñíîâû

êîòîðîé çàëîæèë �.Ñ. �àìèëüòîí â ñåðèè ñòàòåé, îïóáëèêîâàí-

íûõ â 80�90-õ ãîäàõ ïðîøëîãî âåêà, ñåãîäíÿ ñòàëà íåâåðîÿòíî

ïîïóëÿðíîé (ñì. [1℄; [2℄ è öèòèðóåìóþ òàì ëèòåðàòóðó).

Ñàìîïîäîáíîå ðåøåíèå óðàâíåíèé �àìèëüòîíà ïîòîêà �è÷÷è

ñâÿçàíî ñ íàëè÷èåì íà ìíîãîîáðàçèè òàê íàçûâàåìîãî ñîëèòîíà

�è÷÷è, êîòîðûé ìîæåò áûòü ðàññìîòðåí êàê �èêñèðîâàííàÿ

�ñòàðòîâàÿ� òî÷êà ýòîãî ïîòîêà (ñì. [1℄, ñòð.21-22; [2℄, ñòð. 154-

156).

1.2. Èçâåñòíûå ðåçóëüòàòû â òåîðèè ãàìèëüòîíîâûõ ïîòîêîâ

�è÷÷è, â êîòîðûõ ïðèñóòñòâóþò ñîëèòîíû �è÷÷è, ñâÿçàíû, êàê
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ïðàâèëî, ñ òðåáîâàíèåì êîìïàêòíîñòè äëÿ ìíîãîîáðàçèé, íà

êîòîðûõ îíè ðàññìàòðèâàþòñÿ (ñì. [2℄, ñòð. 128, 245, 266, 388,

514; [4℄, ñòð. 7; [5℄, ñòð. 123, 126-127 è äð.).

Ñ äðóãîé ñòîðîíû ñïèñîê �îòêðûòûõ ïðîáëåì� â òåîðèè ãà-

ìèëüòîíîâûõ ïîòîêîâ �è÷÷è (ñì. [2℄, ñòð. 265, 389-390) íàðÿäó

ñ çàäà÷àìè, ãäå ïðèñóòñòâóåò óñëîâèå êîìïàêòíîñòè äëÿ ìíîãî-

îáðàçèé ñ ñîëèòîíàìè �è÷÷è, âêëþ÷àåò è çàäà÷è ñ ñîëèòîíàìè

�è÷÷è íà íåêîìïàêòíûõ ìíîãîîáðàçèÿõ.

Íàïðèìåð, òðåáóåòñÿ äîêàçàòü, ÷òî íà íåêîìïàêòíîì ìíîãî-

îáðàçèèMn(n ≥ 3) íå ñóùåñòâóåò ðàñòÿãèâàþùåãîñÿ ãðàäèåíò-
íîãî ñîëèòîíà �è÷÷è ñ ìåòðèêîé ïîëîæèòåëüíî çàùåìëåííîé

êðèâèçíû �è÷÷è. Ýòî äîïîëíèëî áû èçâåñòíûé ðåçóëüòàò î ðàñ-

òÿãèâàþùåìñÿ ñîëèòîíå �è÷÷è íà êîìïàêòíîì ìíîãîîáðàçèè,

ãäå îí ÿâëÿåòñÿ ãðàäèåíòíûì (ñì. [4℄, ñòð. 7; [5℄, ñòð. 126-127) ñ

ýéíøòåéíîâîé ìåòðèêîé îòðèöàòåëüíîé êðèâèçíû �è÷÷è (ñì.

[1℄, ñòð. 117; [2℄, ñòð. 353; [5℄, ñòð. 123; 127).

Ïðèòîì, ÷òî àíàëîãè÷íûå ðåçóëüòàòû äëÿ ñòàáèëüíîãî ñî-

ëèòîíà �è÷÷è èçâåñòíû êàê íà êîìïàêòíîì (ñì. òàì æå), òàê

è íåêîìïàêòíîì (ñì. [2℄, ñòð. 364) ìíîãîîáðàçèÿõ. Â ïîñëåäíåì

ñëó÷àå óñëîâèåì ïðåïÿòñòâèÿ äëÿ ñóùåñòâîâàíèÿ ãðàäèåíòíî-

ãî ñòàáèëüíîãî ñîëèòîíà �è÷÷è ñëóæèò ïîëîæèòåëüíàÿ çàùåì-

ë¼ííîñòü êðèâèçíû �è÷÷è åãî ìåòðèêè.

Â íàñòîÿùåé ñòàòüå ìû èçó÷èì ìåòîäàìè êëàññè÷åñêîãî àíà-

ëèçà ñîëèòîíû �è÷÷è, èñïîëüçóÿ ââåäåííîå ðàíåå ïîíÿòèå èí-

�èíèòåçèìàëüíîãî ãàðìîíè÷åñêîãî ïðåîáðàçîâàíèÿ.

�åçóëüòàòû ýòîé ðàáîòû áûëè àíîíñèðîâàíû íà äâóõ ìåæ-

äóíàðîäíûõ êîí�åðåíöèÿõ (ñì. [12℄, ñòð. 127-128; [13℄, ñòð. 260-

261).

2. Cîëèòîíû è ïîòîêè �è÷÷è

2.1. Ñîëèòîíîì �è÷÷è (ñì. [1℄, ñòð. 22; [2℄, ñòð. 353; [3℄) íà n-

ìåðíîì (n ≥ 2) ñâÿçíîì äè��åðåíöèðóåìîì ìíîãîîáðàçèè Mn

íàçûâàåòñÿ ðåøåíèå (g0,X0, λ) äè��åðåíöèàëüíûõ óðàâíåíèé

−2Ric0 = LX0g0 + 2λg0 (2.1)
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ãäå g0 � ïîëíàÿ ðèìàíîâà ìåòðèêà, X0 � ïîëíîå âåêòîðíîå

ïîëå, LX0 � ïðîèçâîäíàÿ Ëè ïî îòíîøåíèþ ê âåêòîðíîìó ïîëþ

X0 è λ � íåêîòîðàÿ ïîñòîÿííàÿ.

Ñîëèòîí �è÷÷è íàçûâàåòñÿ ñòàáèëüíûì (steady), åñëè λ = 0,
ñòÿãèâàþùèìñÿ (shrinking), åñëè λ < 0, è, íàêîíåö, ðàñòÿãè-
âàþùèìñÿ (expanding), åñëè λ > 0 (ñì. [1℄, ñòð. 22; [2℄, ñòð. 154;
353).

Ñîëèòîí �è÷÷è íàçûâàåòñÿ ãðàäèåíòíûì (ñì. [1℄, ñòð. 22; [2℄,

ñòð. 154), åñëè âåêòîðíîå ïîëå X0 ÿâëÿåòñÿ ãðàäèåíòîì íåêî-

òîðîé ñêàëÿðíîé �óíêöèè f . Â ýòîì ñëó÷àå óðàâíåíèÿ (2.1)

ïðèíèìàþò âèä

−Ric0 = ∇0∇0f + λg0 (2.2)

äëÿ ñâÿçíîñòè Ëåâè-×èâèòà ∇0
ìåòðèêè g0. Äëÿ ãðàäèåíòíîãî

ñîëèòîíà �è÷÷è ïðèíÿòî îáîçíà÷åíèå (g0, f, λ).

2.2. Åñëè íà n-ìåðíîì (n ≥ 2) ñâÿçíîì äè��åðåíöèðóåìîì

ìíîãîîáðàçèè Mn
çàäàí ñîëèòîí �è÷÷è (g0,X0, λ), òî íà âêëþ-

÷àþùåì 0 èíòåðâàëå J ⊂ R ñóùåñòâóåò ïîðîæäàåìîå âåêòîð-

íûìè ïîëÿìè Yt = (1 + λt)−1X0 1-ïàðàìåòðè÷åñêîå ñåìåéñòâî

äè��åîìîð�èçìîâ ψt = ψ(t) ìíîãîîáðàçèÿ Mn
, êîòîðîå, â

ñâîþ î÷åðåäü, çàäàåò 1-ïàðàìåòðè÷åñêîå ñåìåéñòâî ìåòðèê gt =
g(t) = (1 + λt)ψ∗

t g0, ÿâëÿþùååñÿ ðåøåíèåì óðàâíåíèé �àìèëü-

òîíà ïîòîêà �è÷÷è (ñì. [1℄, ñòð. 21-22; [2℄, ñòð. 154-156)

∂

∂t
g(t) = −2Rict

äëÿ òåíçîðà �è÷÷è Rict ìåòðèêè gt = g(t). Âåðíî è îáðàòíîå.

3. Èí�èíèòåçèìàëüíûå ãàðìîíè÷åñêèå

ïðåîáðàçîâàíèÿ

3.1. Èí�èíèòåçèìàëüíûì ãàðìîíè÷åñêèì ïðåîáðàçîâàíèåì

ðèìàíîâà ìíîãîîáðàçèÿ (Mn, g) íàçûâàåòñÿ âåêòîðíîå ïîëå Õ
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òàêîå, ÷òî èíäóöèðîâàííàÿ èì 1-ïàðàìåòðè÷åñêàÿ ãðóïïà ëî-

êàëüíûõ ïðåîáðàçîâàíèé ìíîãîîáðàçèÿ (Mn, g) ñîñòîèò èç ëî-
êàëüíûõ ãàðìîíè÷åñêèõ äè��åîìîð�èçìîâ (ñì. [6℄ - [8℄).

Ìíîæåñòâî èí�èíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðåîáðàçî-

âàíèé ïðåäñòàâëÿåò ñîáîþ R-ìîäóëü, êîòîðûé íà êîìïàêòíîì

ìíîãîîáðàçèè (Mn, g) èìååò êîíå÷íóþ ðàçìåðíîñòü (ñì. [6℄; [8℄).

Ïðè ýòîì àëãåáðà Ëè èí�èíèòåçèìàëüíûõ èçîìåòðèé ìíîãî-

îáðàçèÿ (Mn, g) ñîäåðæèòñÿ â R-ìîäóëå èí�èíèòåçèìàëüíûõ

ãàðìîíè÷åñêèõ ïðåîáðàçîâàíèé (ñì. òàì æå).

Èí�èíèòåçèìàëüíûå ãàðìîíè÷åñêèå ïðåîáðàçîâàíèÿ ñîñòàâ-

ëÿþò ÿäðî îïðåäåëåííîãî â [6℄ ñàìîñîïðÿæåííîãî ëàïëàñèàíà

ßíî

✷ = δ ◦ δ∗ − δ∗ ◦ δ,
ãäå δ � îïåðàòîð êîäè��åðåíöèðîâàíèÿ, �îðìàëüíî ñîïðÿæåí-

íûé îïåðàòîðó δ∗X = LXg = 0 . Óñòàíîâëåíà ñâÿçü ìåæäó èç-
âåñòíûì (ñì., íàïð., [10℄, ñòð. 167) ëàïëàñèàíîì Õîäæà ∆H è

ëàïëàñèàíîì ßíî ✷, èìåþùàÿ âèä (ñì. [6℄; [8℄)

✷ = ∆H − 2Ric∗, (3.1)

ãäå Ric∗- îïåðàòîð �è÷÷è, ñîîòâåòñòâóþùèé îòíîñèòåëüíî ìåò-
ðèêè g òåíçîðó �è÷÷è Ri
.

3.2. �àññìîòðèì ñîëèòîí �è÷÷è (g0,X0, λ) íà n-ìåðíîì (n ≥ 2)
ñâÿçíîì äè��åðåíöèðóåìîì ìíîãîîáðàçèè Mn

. Ñïðàâåäëèâà

Ëåììà 1. Âåêòîðíîå ïîëå X0 ñîëèòîíà �è÷÷è (g0,X0, λ), çà-
äàííîãî íà n-ìåðíîì (n ≥ 2) ìíîãîîáðàçèè Mn

, ÿâëÿåòñÿ èí-

�èíèòåçèìàëüíûì ãàðìîíè÷åñêèì ïðåîáðàçîâàíèåì ðèìàíîâà

ìíîãîîáðàçèÿ (Mn, g0).

Äîêàçàòåëüñòâî. Ïåðåïèøåì óðàâíåíèÿ (2.1) ñîëèòîíà �è÷÷è

(g0,X0, λ) â ëîêàëüíûõ êîîðäèíàòàõ x1, . . . , xn ìíîãîîáðàçèÿ

Mn

−Rij =
1

2
LX0gij + λgij (3.2)
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äëÿ LX0gij := ∇iXj +∇jXi. Çäåñü Xi = gijX
j , Rij è gij � êîì-

ïîíåíòû 1-�îðìû ω0, äâîéñòâåííîé âåêòîðíîìó ïîëþ X0, òåí-

çîðîâ �è÷÷è Ric0 è g0, à òàêæå ∇k � ñèìâîë êîâàðèàíòíîãî

äè��åðåíöèðîâàíèÿ ñâÿçíîñòè Ëåâè-×èâèòà ∇0
â íàïðàâëåíèè

∂k = ∂/∂xk, â çàïèñè êîòîðûõ ñèìâîë �0� ìû äëÿ óïðîùåíèÿ

îáîçíà÷åíèé îïóñêàåì.

Äëÿ ñèìâîëîâ Êðèñòî��åëÿ Γkij ñâÿçíîñòè Ëåâè-×èâèòà ∇0

ñïðàâåäëèâû �îðìóëû ([9℄, �ëàâà 1, �îðìóëû (5.12) è (5.21))

LXΓ
k
ij = ∇i∇jX

k +RkiljX
l;

LXΓ
k
ij =

1

2
gkl{∇i(LXglj) +∇j(LX)gil −∇l(LXgij)},

Ñâåäåì ýòè äâå �îðìóëû â îäíó è íà îñíîâàíèè (5.1) ïðèäà-

äèì åé ñëåäóþùèé âèä

∇i∇jX
k +Rkilj =

1

2
gkl{−∇iRlj −∇jRil +∇lRij}. (3.3)

Åñëè ñâåðíóòü ëåâóþ è ïðàâóþ ÷àñòè ðàâåíñòâà (3.3) ñ gij , ïî-
ëó÷èì

✷Xk := −(gij∇i∇jX
k +RklX

l) = 0, (3.4)

ïîñêîëüêó 2gij∇iRjl = ∇ls0.
Ñëåäîâàòåëüíî, âåêòîðíîå ïîëå X0 ñîëèòîíà �è÷÷è

(g0,X0, λ),

êàê è äâîéñòâåííàÿ åìó 1-�îðìà ω0, ïðèíàäëåæàò ÿäðó îïåðà-

òîðà Ê. ßíî ✷ (ñì. [9℄, ñòð. 40). Ïîñëåäíåìó, êàê ýòî ïîêàçàíî

â [6℄ è [8℄, ìîæíî ïðèäàòü âèä ✷ = δ ◦ δ∗ − δ∗ ◦ δ. Â ñèëó (3.1)

ðàâåíñòâî (3.4) ìîæíî åùå ïðåäñòàâèòü â ñëåäóþùåì âèäå (ñì.

[7℄)

∆HX
j = 2RjkX

k, (3.5)

ãäå Rjk - êîìïîíåíòû îïåðàòîðà �è÷÷è Ric∗0. �

Çàìå÷àíèå 1. Çíàÿ, ÷òî âåêòîð X0 ñîëèòîíà �è÷÷è

(g0,X0, λ)
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ÿâëÿåòñÿ èí�èíèòåçèìàëüíûì ãàðìîíè÷åñêèì ïðåîáðàçî-

âàíèåì, ñâîéñòâà ýòîãî ïðåîáðàçîâàíèÿ ìîæíî ïðèïèñàòü ñî-

ëèòîíó �è÷÷è íå òîëüêî íà ðèìàíîâîì, íî êåëåðîâîì ìíîãî-

îáðàçèÿõ (ñì. [6℄ - [8℄).

4. Ýíåðãèÿ âåêòîðíîãî ïîëÿ ñîëèòîíà �è÷÷è

4.1. Äëÿ âåêòîðíîãî ïîëÿ X0 ñîëèòîíà �è÷÷è (g0,X0, λ) ââåäåì
â ðàññìîòðåíèå ñêàëÿðíóþ �óíêöèþ E(X0) = 2−1g0(X0,X0),
íàçûâàåìóþ ýíåðãèåé âåêòîðíîãî ïîëÿ X0 (ñì., íàïð., [11℄).

Ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü (g0,X0, λ) � ñîëèòîí �è÷÷è íà íåêîì-

ïàêòíîì ìíîãîîáðàçèè Mn(n ≥ 2). Åñëè ýíåðãèÿ E(X0) âåê-
òîðíîãî ïîëÿ X0 èìååò êðèòè÷åñêóþ òî÷êó x ∈Mn

, â êîòî-

ðîé X0(x) 6= 0, òîãäà ñîëèòîí �è÷÷è áóäåò ñòÿãèâàþùèìñÿ

(ñîîòâåòñòâåííî ðàñòÿãèâàþùèìñÿ èëè ñòàáèëüíûì), åñëè â

ýòîé òî÷êå Ric0(X0,X0) > 0 (ñîîòâåòñòâåííî Ric0(X0,X0) <
0 èëè Ric0(X0,X0) = 0).

Äîêàçàòåëüñòâî. Èç óðàâíåíèé ñîëèòîíà �è÷÷è (3.2) ïîñëåäó-

åò

−Ric0(X0,X0) = X0(E(X0)) + 2λE(X0), (4.1)

ïîñêîëüêó

X0(E(X0)) = g(X0,∇0
X0
X0).

Ïóñòü òåïåðü x ∈ Mn
� êðèòè÷åñêàÿ òî÷êà �óíêöèè E(X0),

òîãäà â ýòîé òî÷êå X0(E(X0)) = 0. Â èòîãå

Ric0(X0(x),X0(x)) = −2λE(X0)(x).

Åñëè ïðè ýòîì X0(x) 6= 0, òî óòâåðæäåíèÿ òåîðåìû 1 ñòàíîâÿò-

ñÿ î÷åâèäíûìè. �

Çàìå÷àíèå 2. Èç òåîðåìû, â ÷àñòíîñòè, ñëåäóåò, ÷òî íà

êîìïàêòíîì ìíîãîîáðàçèè ñîëèòîí �è÷÷è ñ ïîëîæèòåëüíîé

êðèâèçíîé �è÷÷è è íåîáðàùàþùèìñÿ â íóëü âåêòîðíûì ïîëåì

X0 ñ íåîáõîäèìîñòüþ ÿâëÿåòñÿ ñòÿãèâàþùèìñÿ.
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Òåîðåìà 2. Ïóñòü (g0,X0, λ) � ñîëèòîí �è÷÷è íà íåêîì-

ïàêòíîì ìíîãîîáðàçèè Mn(n ≥ 2) òàêîé, ÷òî ìåòðèêà g0
èìååò îòðèöàòåëüíóþ êðèâèçíó �è÷÷è, òîãäà ñîëèòîí �è÷÷è

áóäåò ðàñòÿãèâàþùèìñÿ, åñëè ýíåðãèÿ E(X0) âåêòîðíîãî ïîëÿ
X0 èìååò ëîêàëüíûé ìàêñèìóì â íåêîòîðîé òî÷êå x ∈Mn

.

Äîêàçàòåëüñòâî. Äîïóñòèì, ÷òî ýíåðãèÿ E(X0) âåêòîðíîãî ïî-
ëÿ X0 èìååò ëîêàëüíûé ìàêñèìóì â íåêîòîðîé òî÷êå x ∈ Mn

, òîãäà â ýòîé òî÷êå ∆E(X0) ≤ 0 . Ñ äðóãîé ñòîðîíû, äëÿ

E(X0) íåïîñðåäñòâåííûå âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ðàâåí-

ñòâà (3.4) äàþò

∆E(X0) := traceg(Hess(E(X0)) =

= g0(∇0X0,∇0X0)−Ric0(X0,X0). (4.2)

Èç (4.2) â ïðåäïîëîæåíèè îá îòðèöàòåëüíîé îïðåäåëåííîñòè

êðèâèçíû �è÷÷è ñëåäóåò, ÷òî íà Mn
âñþäó ∆E(X0) > 0 , åñëè

òîëüêî X0 6= 0. Èç ýòèõ äâóõ íåðàâåíñòâ çàêëþ÷àåì, ÷òî X0

äîëæåí áûòü íóëåì â òî÷êå x ∈ Mn
. Íî òàê êàê E(X0) èìååò

ëîêàëüíûé ìàêñèìóì â x ∈ Mn
è ïðè ýòîì E(X0) > 0 âñþäó

íà Mn
, åñëè òîëüêî X0 6= 0, òî X0 äîëæåí îáðàùàåòñÿ â íóëü

â íåêîòîðîé îêðåñòíîñòè Ux òî÷êè x ∈Mn
.

Òîãäà æå â îêðåñòíîñòè Ux óðàâíåíèÿ (2.1) ïðèìóò âèä

Ric0 = −λg0,
èç êîòîðûõ ïîñëåäóåò, ÷òî λ > 0, à ïîòîìó (g0,X0, λ) - ðàñòÿ-
ãèâàþùèéñÿ ñîëèòîí �è÷÷è. �

4.2. Â çàêëþ÷åíèå ðàññìîòðèì êîìïàêòíûé âàðèàíò òåîðåìû 1.

Òåîðåìà 3. Ïóñòü íà êîìïàêòíîì ìíîãîîáðàçèè Mn
çàäàí

ñîëèòîí �è÷÷è (g0,X0, λ). Åñëè òåíçîð �è÷÷è Ric0 ìåòðèêè

g0 óäîâëåòâîðÿåò óñëîâèþ Ric0(X0,X0) ≤ 0 , òî ñîëèòîí �

ñòàáèëüíûé, ìåòðèêà g0 � �è÷÷è-ïëîñêàÿ, à âåêòîðíîå ïîëå

X0 � êîâàðèàíòíî ïîñòîÿííîå. Åñëè æå òåíçîð �è÷÷è îòðè-

öàòåëüíî îïðåäåëåí, òî ñîëèòîí � ðàñòÿãèâàþùèéñÿ, ìåò-

ðèêà g0 � ýéíøòåéíîâàÿ, à âåêòîðíîå ïîëå X0 � íóëåâîå.
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Äîêàçàòåëüñòâî. �àññìîòðèì äëÿ êîìïàêòíîãî ìíîãîîáðàçèÿ

Mn (n ≥ 2) îðèåíòèðîâàííîå äâóëèñòíîå íàêðûòèå è âîñïîëü-

çóåìñÿ òåîðåìîé �ðèíà

∫
Mn divXdv = 0 äëÿ divX = ∆E(X0).

Òîãäà â ñîîòâåòñòâèå ñ (4.2) ïîëó÷èì:

∫

Mn

[g0(∇0X0,∇0X0)−Ric0(X0,X0)] = 0. (4.3)

Ïðè Ric0(X0,X0) ≤ 0 èç (4.3) çàêëþ÷àåì, ÷òî Ric0(X0,X0) = 0
è ∇0X0 = 0 . Ïðè ýòîì èç (4.1) ïîñëåäóåò, ÷òî λ = 0 , à èç (2.1),
÷òî Ric0 = 0. Áîëåå òîãî, åñëè Ric0(X0,X0) < 0, òî èç (4.3)

çàêëþ÷àåì, ÷òî X0 = 0, à ýòî àâòîìàòè÷åñêè âëå÷åò, ÷òî λ > 0.
Ïðè ýòîì èç (2.1) ïîñëåäóåò, ÷òî Ric0 = −λg0. �

Çàìå÷àíèå 3. Ïîñêîëüêó äîêàçàíî (ñì. Ââåäåíèå), ÷òî ðàñ-

òÿãèâàþùèéñÿ è ñòàáèëüíûé ñîëèòîíû �è÷÷è íà êîìïàêò-

íîì ìíîãîîáðàçèè ÿâëÿþòñÿ ãðàäèåíòíûìè ñ ìåòðèêàìè ñî-

îòâåòñòâåííî ýéíøòåéíîâîé ñ îòðèöàòåëüíîé êðèâèçíîé

�è÷÷è è �è÷÷è-ïëîñêîé, òî òåîðåìó 3 ìîæíî ðàññìàòðèâàòü

êàê îáðàòíîå, äîïîëíÿþùåå äàííîå óòâåðæäåíèå.

5. Ñîëèòîíû �è÷÷è ñ ìåòðèêîé ïîñòîÿííîé

ñêàëÿðíîé êðèâèçíû

5.1. Ïóñòü ñêàëÿðíàÿ êðèâèçíà s0 ìåòðèêè g0, îïðåäåëÿåìàÿ
êàê ñëåä îïåðàòîðà �è÷÷è Ric∗0, ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷è-

íîé. Ñïðàâåäëèâà

Òåîðåìà 4. Ïóñòü (g0,X0, λ) � ñîëèòîí �è÷÷è íà íåêîì-

ïàêòíîì ìíîãîîáðàçèè Mn(n ≥ 2) ñ ìåòðèêîé g0 ïîñòîÿííîé
ñêàëÿðíîé êðèâèçíû s0. Åñëè s0 = 0, òî ìåòðèêà g0 áóäåò

�è÷÷è-ïëîñêîé, à âåêòîðíîå ïîëå X0 � èí�èíèòåçèìàëüíîé

ãîìîòåòèåé. Åñëè æå s0 6= 0, òî íåíóëåâûå λ è s0 èìåþò

ðàçíûå çíàêè è ïðè ýòîì äëÿ

(1) ñòàáèëüíîãî ñîëèòîíà ìåòðèêà g0 áóäåò �è÷÷è-ïëîñ-

êîé, à âåêòîðíîå ïîëå X0 - èí�èíèòåçèìàëüíîé èçî-

ìåòðèåé;
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(2) ñòÿãèâàþùåãîñÿ ñîëèòîíà 0 < s0 ≤ n|λ|;
(3) ðàñòÿãèâàþùåãîñÿ ñîëèòîíà −nλ ≤ s0 < 0.

Äîêàçàòåëüñòâî. Íà îñíîâàíèè ðàâåíñòâà δ∆H = ∆hδ (ñì.

[10℄, ñòð. 167) èç óðàâíåíèé (5.4) âûâîäèì:

∆HδX0 = δ(2Ric∗0X0),

ãäå â ëåâîé ÷àñòè èìååì íóëü, ïîñêîëüêó

∆HδX0 = −∆HdivX0 = ∆H(s0 + nλ) = 0,

è îäíîâðåìåííî â ïðàâîé ÷àñòè èìååì:

δ(2Ric∗0X0) = −(2∇kRkj)X
j − 2Rkj∇kXj =

= −Xj∇js0 −Rkj(∇kXj +∇jXk) = −Rkj(∇kXj +∇jXk).

Â èòîãå ïðèõîäèì ê ðàâåíñòâó

Rkj(∇kXj +∇jXk) = 0. (5.1)

Èç óðàâíåíèé ñîëèòîíà �è÷÷è (3.2) íàõîäèì:

LX0gij = −2(Rij + λgij),

ñ ó÷åòîì ýòîãî èç (5.1) âûâîäèì, ÷òî

−2Rkj(R
kj + λgkj) = −2(‖Ric‖2 + λs0) = 0,

îòêóäà

λs0 = −‖Ric‖2 ≤ 0. (5.2)

Èç (5.2) ñëåäóåò, âî-ïåðâûõ, ÷òî íåíóëåâûå λ è s0 èìåþò ðàç-
íûå çíàêè è, âî-âòîðûõ, ÷òî ïðè λ = 0 èëè s0 = 0 ìåòðèêà g0 ñ
íåîáõîäèìîñòüþ ñòàíîâèòñÿ �è÷÷è-ïëîñêîé. Ïðè÷åì â ïåðâîì

ñëó÷àå âåêòîðíîå ïîëå X0 � èí�èíèòåçèìàëüíàÿ èçîìåòðèÿ,

÷òî î÷åâèäíî, à âî âòîðîì � èí�èíèòåçèìàëüíàÿ ãîìîòåòèÿ,

ïîñêîëüêó LX0g0 = −2λg0.
Ñîãëàñíî (3.2) èìååì: Rij = −2−1LX0gij − λgij è òîãäà èç

(5.1) ïîñëåäóåò, ÷òî ‖LX0gij‖2 − 4λ(s0 + nλ) = 0, îòêóäà

λ(s0 + nλ) =
1

4
‖LX0gij‖2 ≥ 0 (5.3)
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Åñëè òåïåðü ïðåäïîëîæèòü, ÷òî s0 > 0, òîãäà èç (5.3) ïðè λ < 0
ñëåäóåò, ÷òî 0 < s0 ≤ n | λ |. Åñëè æå s0 < 0 è λ > 0, òî èç (5.3)
ñëåäóåò, ÷òî −nλ ≤ s0 < 0. �

5.2. Ïîñêîëüêó ãåîìåòðèÿ ðàñòÿãèâàþùåãîñÿ è ñòàáèëüíîãî ñî-

ëèòîíîâ �è÷÷è íà êîìïàêòíîì ìíîãîîáðàçèè èçâåñòíà (ñì. òåî-

ðåìó 3), òî êîìïàêòíûé âàðèàíò òåîðåìû 4 ñ�îðìóëèðóåì êàê

òåîðåìó î ñòÿãèâàþùèìñÿ ñîëèòîíå �è÷÷è.

Òåîðåìà 5. Äëÿ òîãî ÷òîáû íà êîìïàêòíîì ìíîãîîáðàçèè

Mn (n > 2) ìåòðèêà g0 ñòÿãèâàþùåãîñÿ ñîëèòîíà �è÷÷è

(g0,X0, λ)

áûëà ýéíøòåéíîâîé, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû åå ñêà-

ëÿðíàÿ êðèâèçíà s0 áûëà ïîñòîÿííîé âåëè÷èíîé.

Äîêàçàòåëüñòâî. Ïóñòü ìåòðèêà g0 ñîëèòîíà �è÷÷è (g0,X0, λ),
çàäàííîãî íà êîìïàêòíîì ìíîãîîáðàçèèMn

, èìååò ïîñòîÿííóþ

ñêàëÿðíóþ êðèâèçíó s0. Âîñïîëüçóåìñÿ èíòåãðàëüíîé �îðìó-

ëîé Ê. ßíî (ñì. [9℄, �ëàâà II, �îðìóëà (1.14))

∫

Mn

(g(✷X + n−1(n− 2)∇δX,X)− 2−1 ‖ LXg + 2n−1δXg ‖2)dV = 0,

ÿâëÿþùåéñÿ îäíîé èç ðàçíîâèäíîñòåé òåîðåìû �ðèíà.

Äëÿ âåêòîðíîãî ïîëÿ X0 ñîëèòîíà �è÷÷è (g0,X0, λ) è ïîñòî-
ÿííîé ñêàëÿðíîé êðèâèçíû s0 èìååì ✷X0 = 0 è

∇0δX0 = ∇0(s0 + nλ) = 0.

Â ðåçóëüòàòå èç �îðìóëû ïîñëåäóåò, ÷òî LX0g = −2n−1δX0g0.
Áîëåå òîãî, ñ ïîìîùüþ òåîðåìû �ðèíà

∫
Mn δXdv = 0 íàõîäèì,

÷òî s0 = −nλ > 0, à ñ ó÷åòîì (5.3) è LX0g0 = 0. Òîãäà óðàâíå-
íèÿ (2.1) ñîëèòîíà �è÷÷è ïðèìóò âèä Ric0 = −λg0 = n−1s0g0.
Îáðàòíîå î÷åâèäíî. �

Çàìå÷àíèå 4. Åñëè â äîïîëíåíèå ê óñëîâèÿì òåîðåìû 5 ïî-

òðåáîâàòü çàùåìë¼ííîñòü êðèâèçíû �è÷÷è âèäà Ric0 <
1
2s0g0,
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òî ìåòðèêà g0 áóäåò èìåòü ïîëîæèòåëüíóþ ïîñòîÿííóþ

ñåêöèîííóþ êðèâèçíó.

6. Äâóìåðíûå ãðàäèåíòíûå ñîëèòîíû �è÷÷è

6.1. �àññìîòðèì ñîëèòîí �è÷÷è (g0,X0, λ) íà äâóìåðíîì ñâÿç-

íîì ìíîãîîáðàçèè M2
. Òîãäà Ric0 = 2−1s0g0, ïðè÷åì â îáùåì

ñëó÷àå s0 6= const. Îäíîâðåìåííî èç óðàâíåíèé ñîëèòîíà �è÷÷è
(2.1) âûâîäèì

LX0g0 = −2(2−1s0 + λ)g0 (6.1)

è, ñëåäîâàòåëüíî, X0 � èí�èíèòåçèìàëüíîå êîí�îðìíîå ïðå-

îáðàçîâàíèå. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 6. Ïóñòü íà ñâÿçíîì ìíîãîîáðàçèè M2
ñóùåñòâó-

åò ãðàäèåíòíûé ñîëèòîí �è÷÷è (g0, f, λ), òîãäà ïðè f 6= const
ðèìàíîâî ìíîãîîáðàçèå (M2, g0) êîí�îðìíî ñ�åðå 3-ìåðíîãî åâ-
êëèäîâà ïðîñòðàíñòâà R3

.

Äîêàçàòåëüñòâî. Äëÿ ãðàäèåíòíîãî ñîëèòîíà (g0, f, λ) óðàâíå-
íèÿ (6.1) ïðåäñòàíóò â ñëåäóþùåì âèäå

∇0∇0f = −(2−1s0 + λ)g0,

îòêóäà ïîñëåäóåò, ÷òî ∆f = −2(2−1s0+λ), à ïîòîìó óðàâíåíèÿ
ãðàäèåíòíîãî ñîëèòîíà �è÷÷è çàïèøóòñÿ ñëåäóþùèì îáðàçîì

∇0∇0f = 2−1∆fg0.
Òåïåðü îñòàëîñü ñîñëàòüñÿ íà òåîðåìó (ñì. [9℄, �ëàâà 2, Òåîðå-

ìà 6.3), ñîãëàñíî êîòîðîé íàëè÷èå íà n-ìåðíîì (n ≥ 2) ñâÿçíîì
ïîëíîì ðèìàíîâîì ìíîãîîáðàçèè (Mn, g0) ñêàëÿðíîé �óíêöèè
f (f 6= const) ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèé

∇0∇0f = n−1∆fg0,

ñëóæèò íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì êîí�îðìíîñòè

ðèìàíîâà ìíîãîîáðàçèÿ (Mn, g0) ãèïåðñ�åðå n-ìåðíîãî åâêëè-
äîâà ïðîñòðàíñòâà Rn+1

. �
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// Ìåæä. êîí�. ïî äè��åðåíöèàëüíûì óðàâíåíèÿì è äèíàìè÷åñêèì

ñèñòåìàì, Ñóçäàëü. � 2008.� Pp.260�261.
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äè��åðåíöèàëüíûõ èíâàðèàíòîâ

Â ðàáîòå îïèñûâàåòñÿ ñòðóêòóðà àëãåáðû ñêàëÿðíûõ äè��åðåíöèàëü-

íûõ èíâàðèàíòîâ êðèâûõ íà ïëîñêîñòè ñ ìåòðèêàìè Åâêëèäà èëè Ìèí-

êîâñêîãî îòíîñèòåëüíî R-êîí�îðìíûõ ïðåîáðàçîâàíèé.

We describe a structure of the algebra of scalar differential invariants of
plane curves with respect to conform transformations.

Êëþ÷åâûå ñëîâà: di�erential invariants, invariant di�erentiation

1. Ââåäåíèå

Ïóñòü R2
ε � ïëîñêîñòü ñ ìåòðèêîé ds2 = dy2 + εdx2. Çäåñü

x, y � êîîðäèíàòû íà ïëîñêîñòè è ε = ±1. Ïðè ε = 1 ýòî �

ïëîñêîñòü Åâêëèäà, à ïðè ε = −1 � ïëîñêîñòü Ìèíêîâñêîãî.

Ïðåîáðàçîâàíèå φ ïëîñêîñòè R2
ε íàçûâàåòñÿ êîí�îðìíûì,

ïðè ïðåîáðàçîâàíèè ìåòðèêà óìíîæàåòñÿ íà íåêîòîðóþ ïîëî-

æèòåëüíóþ �óíêöèþ, òî åñòü

(1) φ∗(ds2) = λds2

äëÿ íåêîòîðîé �óíêöèè λ ∈ C∞(R2
ε), λ > 0 [3℄.

Åñëè æå ïðè ïðåîáðàçîâàíèè φ ìåòðèêà óìíîæàåòñÿ íà ïî-

ëîæèòåëüíóþ êîíñòàíòó (òî åñòü â �îðìóëå (1) λ ∈ R+
), òî

òàêîå ïðåîáðàçîâàíèå áóäåì íàçûâàòü R-êîí�îðìíûì.

Ìíîæåñòâî R-êîí�îðìíûõ ïðåîáðàçîâàíèé ïëîñêîñòè ÿâ-

ëÿåòñÿ ãðóïïîé Ëè, êîòîðóþ ìû áóäåì íàçûâàòü R-êîí�îðìíîé
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ãðóïïîé Ëè è îáîçíà÷àòü Gcm. Îíà ïðåäñòàâëÿåò ñîáîé ïîëó-

ïðÿìîå ïðîèçâåäåíèå ãðóïïû äâèæåíèé Gm è ãðóïïû ãîìîòå-

òèåé Gh.

Â ïðåäëàãàåìîé ðàáîòå ìû äàåì ïîëíîå îïèñàíèå àëãåáðû

äè��åðåíöèàëüíûõ èíâàðèàíòîâ êðèâûõ îòíîñèòåëüíî R-êîí-

�îðìíûõ ïðåîáðàçîâàíèé ïëîñêîñòè R2
ε.

Ìû ââîäèì ïîíÿòèå R-êîí�îðìíîé êðèâèçíû êðèâîé, êîòî-

ðàÿ â íàøåì ñëó÷àå èãðàåò òàêóþ æå âàæíóþ ðîëü, êàê è îáû÷-

íàÿ êðèâèçíà íà ïëîñêîñòè Åâêëèäà. Íî, â îòëè÷èè îò êðè-

âèçíû êðèâîé, R-êîí�îðìíàÿ êðèâèçíà � äè��åðåíöèàëüíûé

èíâàðèàíò íå âòîðîãî, à òðåòüåãî ïîðÿäêà. Äè��åðåíöèàëüíûå

èíâàðèàíòû k-ãî ïîðÿäêà ïîëó÷àþòñÿ èç íåå ïîñëåäîâàòåëüíûì
ïðèìåíåíèåì îïåðàöèè èíâàðèàíòíîãî äè��åðåíöèðîâàíèÿ.

Ïîëó÷åííîå îïèñàíèå àëãåáðû äè��åðåíöèàëüíûõ èíâàðè-

àíòîâ ìîæíî ïðèìåíèòü ê èíòåãðèðîâàíèþ íåëèíåéíûõ îáûê-

íîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé, äîïóñêàþùèõ àëãåá-

ðó ñèììåòðèé Gcm.

Îòìåòèì, ÷òî â ðàáîòå [5℄ îïèñàíà ñòðóêòóðà àëãåáðû äè�-

�åðåíöèàëüíûõ èíâàðèàíòîâ ðàññëîåíèÿ êðèâûõ íà ïëîñêîñòè

Ìèíêîâñêîãî.

2. Äè��åðåíöàëüíûå èíâàðèàíòû è èíâàðèàíòíûå

äè��åðåíöèðîâàíèÿ

Áàçèñ àëãåáðû Ëè Gcm ñîñòîèò èç ñëåäóþùèõ âåêòîðíûõ ïî-

ëåé: X = ∂x, Y = ∂y (ïàðàëëåëüíûå ïåðåíîñû), Z = x∂y + εy∂x
(ïîâîðîòû

1

) èH = x∂x+y∂y (ãîìîòåòèè). Çàìåòèì, ÷òî ýòè âåê-
òîðíûå ïîëÿ � êîíòàêòíûå âåêòîðíûå ïîëÿ ñ ïðîèçâîäÿùèìè

�óíêöèÿìè

(2) h1 = p1, h2 = 1, h3 = x+ εyp1, h4 = y − p1x

1

Äëÿ ïëîñêîñòè Ìèíêîâñêîãî � ãèïåðáîëè÷åñêèå ïîâîðîòû.
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ñîîòâåòñòâåííî. Ïîýòîìó àëãåáðó Ëè Gcm ìîæíî îòîæäåñòâèòü

ñ àëãåáðîé Ëè êîíòàêòíûõ âåêòîðíûõ ïîëåé Xh ñ ïðîèçâîäÿ-

ùèìè �óíêöèÿìè âèäà

(3) h(x, y, p1) = a1 + a2p1 + a3(x+ εyp1) + a4(y − p1x),

ãäå a1, . . . , a4 � êîíñòàíòû [2, 7℄.

Ïóñòü ϕ � íåêîòîðàÿ êðèâàÿ íà R2
ε, çàäàííàÿ â âèäå ãðà�èêà

�óíêöèè y = f(x) è ïóñòü JkR � ïðîñòðàíñòâî k-äæåòîâ ãëàä-
êèõ �óíêöèé íà R. Íàïîìíèì, ÷òî �óíêöèÿ I ∈ C∞(JkR) íà-
çûâàåòñÿ (ñêàëÿðíûì) äè��åðåíöèàëüíûì èíâàðèàíòîì êðè-

âîé îòíîñèòåëüíî ãðóïïû Ëè G, åñëè îíà íå ÿâëÿåòñÿ ïîñòîÿí-
íîé è ñîõðàíÿåòñÿ ïîä äåéñòâèåì k-ãî ïðîäîëæåíèÿ ýòîé ãðóï-
ïû [1℄. ×èñëî k íàçûâàåòñÿ ïîðÿäêîì äè��åðåíöèàëüíîãî èí-

âàðèàíòà.

Íàéäåì äè��åðåíöèàëüíûé èíâàðèàíò êðèâîé òðåòüåãî ïî-

ðÿäêà îòíîñèòåëüíî ãðóïïû Gcm. Äëÿ åãî ïîñòðîåíèÿ èñïîëü-

çóåì äè��åðåíöèàëüíûå èíâàðèàíòû ãðóïïû äâèæåíèé Gm.

Ïóñòü x, y, p1, p2, · · · , pk � êàíîíè÷åñêèå êîîðäèíàòû íà ïðî-

ñòðàíñòâå JkR. Êàê èçâåñòíî, ïåðâûé äè��åðåíöèàëüíûé èí-

âàðèàíò êðèâîé îòíîñèòåëüíî ãðóïïû Gm ýòî � êðèâèçíà êðè-

âîé, ÿâëÿþùàÿñÿ èíâàðèàíòîì âòîðîãî ïîðÿäêà:

(4) I2 =
p2

(p21 + ε)
3
2

.

Äè��åðåíöèðîâàíèå ∇ íà J∞R áóäåì íàçûâàòü èíâàðèàíò-

íûì äè��åðåíöèðîâàíèåì ãðóïïû Ëè G åñëè äëÿ ëþáîãî âåê-

òîðíîãî ïîëÿ X∗ ∈ G∞
äèàãðàììà

C∞(J∞R)
∇ ✲ C∞(J∞R)

C∞(J∞R)

X∗

❄ ∇ ✲ C∞(J∞R)

X∗

❄

êîììóòàòèâíà.
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Èíâàðèàíòíîå äè��åðåíöèðîâàíèå ïîçâîëÿåò ñòðîèòü íîâûå

äè��åðåíöèàëüíûå èíâàðèàíòû èç óæå èçâåñòíûõ. Äåéñòâè-

òåëüíî, ïóñòü, íàïðèìåð, I � äè��åðåíöèàëüíûé èíâàðèàíò

ãðóïïû Ëè G è ∇ � èíâàðèàíòíîå äè��åðåíöèðîâàíèå. Òîãäà

X∗(∇(I)) = ∇(X∗(I)) = 0

äëÿ ëþáîãî âåêòîðíîãî ïîëÿ X∗ ∈ G∞
. Òàêèì îáðàçîì, �óíê-

öèÿ ∇(I) òîæå ÿâëÿåòñÿ äè��åðåíöèàëüíûì èíâàðèàíòîì.

×åðåç

d
dx : C∞(J∞R) → C∞(J∞R) îáîçíà÷èì ïîëíóþ ïðîèç-

âîäíóþ ïî ïåðåìåííîé x:

d

dx
=

∂

∂x
+ p1

∂

∂y
+ · · ·+ pk

∂

∂pk−1
· · · .

Ïóñòü X = A(x, y)∂x + B(x, y)∂y � âåêòîðíîå ïîëå íà R2
èç

àëãåáðû Ëè G. Ñëåäóþùàÿ ëåììà [4℄ óêàçûâàåò ìåòîä âû÷èñ-

ëåíèÿ èíâàðèàíòíûõ äè��åðåíöèðîâàíèé.

Ëåììà 1. Åñëè �óíêöèÿ λ ∈ C∞(JkR) óäîâëåòâîðÿåò óðàâ-

íåíèþ

(5) X∗(λ)− λ
dA

dx
= 0

äëÿ ëþáîãî âåêòîðíîãî ïîëÿ X∗ ∈ G∞
, òî ∇ = λ d

dx � èíâàðè-

àíòíîå äè��åðåíöèðîâàíèå ãðóïïû Ëè G.

Ïðèìåíèì äîêàçàííóþ ëåììó ê ãðóïïå äâèæåíèé.

Ëåììà 2. Äè��åðåíöèðîâàíèå

D =
1√
p21 + ε

d

dx

ÿâëÿåòñÿ èíâàðèàíòíûì äè��åðåíöèðîâàíèåì ãðóïïû äâèæå-

íèé Gm.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïðèìåíèòü

ïðåäûäóùóþ ëåììó ê âåêòîðíûì ïîëÿì X,Y,Z ïðè k = 1.
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Ïðîäîëæåíèÿ ýòèõ âåêòîðíûõ ïîëåé â ïðîñòðàíñòâî 1-äæåòîâ

èìåþò ñëåäóþùèé âèä:

X(1) =∂x,

Y (1) =∂y,

Z(1) =− εy∂x + x∂y + (1 + εp21)∂p1 .

Ñëåäîâàòåëüíî �óíêöèÿ λ = λ(x, y, p1) äîëæíà óäîâëåòâîðÿòü
ñëåäóþùåé ñèñòåìå óðàâíåíèé:

∂λ

∂x
= 0,

∂λ

∂y
= 0, (1 + εp21)

∂λ

∂p1
+ p1λ = 0.

Åå îáùåå ðåøåíèå èìååò âèä:

λ =
C√
p21 + ε

,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. �

Äè��åðåíöèàëüíûé èíâàðèàíò òðåòüåãî ïîðÿäêà îòíîñè-

òåëüíî ãðóïïû äâèæåíèé Gm ïîëó÷èì, ïðèìåíÿÿ ê èíâàðèàíòó

I2 îïåðàòîð D:

I3 =
p3(p

2
1 + ε)− 3p1p

2
2

(p21 + ε)3
.

3. R-êîí�îðìíàÿ êðèâèçíà

Âåêòîðíîå ïîëå H ïîðîæäàåò 1-ïàðàìåòðè÷åñêóþ ãðóïïó

ht : (x, y) 7→ (etx, ety)

íà ïëîñêîñòè. Åå ïîäíÿòèå â ïðîñòðàíñòâî 3-äæåòîâ èìååò âèä:

h
(3)
t : (x, y, p1, p2, p3) 7→ (etx, ety, p1, e

−tp2, e
−2tp3).

Ïîýòîìó íà äè��åðåíöèàëüíûå èíâàðèàíòû I2 è I3 îíà äåé-

ñòâóåò ñëåäóþùèì îáðàçîì:

(6) h
(3)∗
t (I2) = e−tI2 è h

(3)∗
t (I3) = e−2tI3.
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Ìû âèäèì, ÷òî àáñîëþòíûå èíâàðèàíòû I2 è I3 ãðóïïû Ëè

Gm ÿâëÿþòñÿ îòíîñèòåëüíûìè èíâàðèàíòàìè ãðóïïû Ëè Gcm.

Òàêèì îáðàçîì, �óíêöèÿ

(7) J3 =
I3
I22

=
p3(p

2
1 + ε)− 3p1p

2
2

p22

ÿâëÿåòñÿ (àáñîëþòíûì) äè��åðåíöèàëüíûì èíâàðèàíòîì òðå-

òüåãî ïîðÿäêà ãðóïïû Gcm. Ýòîò èíâàðèàíò ìû áóäåì íàçûâàòü

R-êîí�îðìíîé êðèâèçíîé.

Ïóñòü ϕ � íåêîòîðàÿ êðèâàÿ, çàäàííàÿ óðàâíåíèåì y = f(x).
Îãðàíè÷åíèå J3 íà ãðà�èê 3-äæåòà �óíêöèè f áóäåì íàçûâàòü

R-êîí�îðìíîé êðèâèçíîé êðèâîé ϕ è îáîçíà÷àòü Kϕ, òî åñòü

Kϕ = J3|j3(f).
Î÷åâèäíî, R-êîí�îðìíàÿ êðèâèçíà íå îïðåäåëåíà â òî÷êàõ

êðèâîé, ãäå âòîðàÿ ïðîèçâîäíàÿ �óíêöèè f îáðàùàåòñÿ â íóëü.
Â òîì ÷èñëå îíà íå îïðåäåëåíà äëÿ ïðÿìûõ.

Ïðèìåð 8. R-êîí�îðìíàÿ êðèâèçíà ïàðàáîëû y = x2 + px+ q
(p, q � ïîñòîÿííûå) ðàâíà −6x.

Ïðèìåð 9. Íàéäåì êðèâûå, äëÿ êîòîðûõ R-êîí�îðìíàÿ êðè-

âèçíà ðàâíà íóëþ. Äëÿ ýòîãî íóæíî ðåøèòü îáûêíîâåííîå

äè��åðåíöèàëüíîå óðàâíåíèå òðåòüåãî ïîðÿäêà Kϕ = 0, èëè,
â òåðìèíàõ �óíêöèè y, óðàâíåíèå

y′′′ =
3y′y′′2

y′2 + ε
.

Ïîýòîìó èñêîìûå êðèâûå óäîâëåòâîðÿþò óðàâíåíèþ

(y + a)2 + ε(x+ b)2 = c2,

è îïðåäåëÿþò ëèáî îêðóæíîñòè (ïðè ε = 1), ëèáî ãèïåðáîëû

(ïðè ε = −1). Çäåñü a, b, c � ïðîèçâîëüíûå ïîñòîÿííûå.

Òåîðåìà 1. Äëÿ âñÿêîé ãëàäêîé �óíêöèè λ = λ(x), îïðåäåëåí-
íîé â èíòåðâàëå O ⊂ R, ñóùåñòâóåò êðèâàÿ ϕ, òàêàÿ, ÷òî åå
êîí�îðìíàÿ êðèâèçíà Kϕ ðàâíà λ(x) â íåêîòîðîì èíòåðâàëå

O′ ⊂ O.
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Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ðàññìîòðèì îáûêíîâåí-

íîå äè��åðåíöèàëüíîå óðàâíåíèå

y′′′(y′2 + ε)− 3y′y′′2

y′′2
= λ(x)

îòíîñèòåëüíî �óíêöèè y.
Ïóñòü ε = −1. Çàäàäèì íà÷àëüíûå äàííûå äëÿ �óíêöèè y â

íåêîòîðîé �èêñèðîâàííîé òî÷êå x0 òàê, ÷òîáû y′(x0) 6= ±1 è

y′′(x0) 6= 0. Çíà÷åíèå �óíêöèè y â ýòîé òî÷êå ìîæíî âûáðàòü

ïðîèçâîëüíûì. Äëÿ ε = 1 íà÷àëüíûå äàííûå äîñòàòî÷íî âû-

áðàòü òàê, ÷òîáû y′′(x0) 6= 0. Òîãäà ïî òåîðåìå ñóùåñòâîâàíèÿ
äëÿ çíà÷åíèé x èç íåêîòîðîé îêðåñòíîñòè òî÷êè x0 ýòî óðàâ-

íåíèå èìååò ðåøåíèå y = f(x) . Òàêèì îáðàçîì, êîí�îðìíàÿ

êðèâèçíà êðèâîé ϕ, çàäàâàåìîé óðàâíåíèåì y = f(x) ðàâíà

Kϕ(x) = λ(x). �

4. Ñòðóêòóðà àëãåáðû ñêàëÿðíûõ äè��åðåíöèàëüíûõ

èíâàðèàíòîâ

Íàéäåì àëãåáðó ñêàëÿðíûõ äè��åðåíöèàëüíûõ èíâàðèàí-

òîâ êðèâûõ îòíîñèòåëüíî ãðóïïû Gcm. Ïðèìåíÿÿ ëåììó 1 ê

âåêòîðíûì ïîëÿì X,Y,Z,H ïðè k = 2 ìû íàõîäèì, ÷òî

λ =
p21 + ε

p2
.

Òàêèì îáðàçîì, îïåðàòîð

∇ =
p21 + ε

p2

d

dx

ÿâëÿåòñÿ èíâàðèàíòíûì äè��åðåíöèðîâàíèåì. Èñïîëüçóÿ èí-

âàðèàíòíîå äè��åðåíöèðîâàíèå ∇, ìû ìîæåì ïîñòðîèòü äè�-

�åðåíöèàëüíûå èíâàðèàíòû âûñøèõ ïîðÿäêîâ:

J4 = ∇(J3), . . . , Jk = ∇(Jk−1), . . . .
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Óêàæåì âèä äè��åðåíöèàëüíîãî èíâàðèàíòà ÷åòâåðòîãî ïî-

ðÿäêà â êîîðäèíàòàõ:

J4 = −1 + p21
p42

(3p42 − 2p22p1p3 + 2p23 + 2p23p
2
1 − p2p4 − p2p4p

2
1).

Òåîðåìà 2. Ôóíêöèè J3, J4, . . . , Jk, . . . îáðàçóþò ïîëíóþ ñè-

ñòåìó ëîêàëüíûõ äè��åðåíöèàëüíûõ èíâàðèàíòîâ êðèâîé îò-

íîñèòåëüíî R-êîí�îðìíûõ ïðåîáðàçîâàíèé ïëîñêîñòè R2
ε.

Äîêàçàòåëüñòâî. Ïðîñòîé ïîäñ÷åò ðàçìåðíîñòè àëãåáðû äè�-

�åðåíöèàëüíûõ èíâàðèàíòîâ ãðóïïû Gcm ïîêàçûâàåò, ÷òî íå

ñóùåñòâóåò äè��åðåíöèàëüíûõ èíâàðèàíòîâ ïîðÿäêà < 3 è ñó-
ùåñòâóåò ðîâíî k−2 äè��åðåíöèàëüíûõ èíâàðèàíòîâ ïîðÿäêà
íå âûøå k (k ≥ 3).
Â ñàìîì äåëå, ðàçìåðíîñòü îðáèòû îáùåãî ïîëîæåíèÿ ïðî-

äîëæåíèÿ â ïðîñòðàíñòâî 3-äæåòîâ ãðóïïû Ëè Gcm ðàâíà ÷å-

òûðåì, à ðàçìåðíîñòü ñàìîãî ïðîñòðàíñòâà J3R ðàâíà ïÿòè.

Ïîýòîìó ñóùåñòâóåò òîëüêî îäèí äè��åðåíöèàëüíûé èíâàðè-

àíò òðåòüåãî ïîðÿäêà. Ïðè ïîâûøåíèè ïîðÿäêà äæåòîâ íà åäè-

íèöó ðàçìåðíîñòü îðáèòû ãðóïïû Gcm íå ìåíÿåòñÿ, à ðàçìåð-

íîñòü ïðîñòðàíñòâà äæåòîâ óâåëè÷èâàåòñÿ íà åäèíèöó. Ïîýòî-

ìó êàæäûé ðàç ïðè ïåðåõîäå îò ïðîñòðàíñòâà (k − 1)-äæåòîâ
ê ïðîñòðàíñòâó k-äæåòîâ âîçíèêàåò òîëüêî îäèí íîâûé äè�-

�åðåíöèàëüíûé èíâàðèàíò, êîòîðûé èìååò ïîðÿäîê k. Íî òàê
êàê èíâàðèàíò Jk ïîëó÷àåòñÿ èç Jk−1 ïðèìåíåíèåì ê ïîñëåäíå-

ìó èíâàðèàíòíîãî äè��åðåíöèðîâàíèÿ ∇, òî (ñ òî÷íîñòüþ äî

êàëèáðîâî÷íîãî ïðåîáðàçîâàíèÿ) Jk è åñòü ýòîò íîâûé èíâàðè-
àíò. �

Ñëåäñòâèå 1. Âñÿêèé ëîêàëüíûé äè��åðåíöèàëüíûé èíâàðè-

àíò êðèâîé ïîðÿäêà ≤ k (k ≥ 3) èìååò âèä

F (J3, . . . , Jk),

ãäå F � íåêîòîðàÿ ãëàäêàÿ �óíêöèÿ.
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5. R-êîí�îðìíàÿ ýêâèâàëåíòíîñòü êðèâûõ

Äâå êðèâûå ϕ è γ íà ïëîñêîñòè R2
ε áóäåì íàçûâàòü êîí�îðì-

íî ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò R-êîí�îðìíîå ïðåîáðà-

çîâàíèå, ïåðåâîäÿùåå îäíó êðèâóþ â äðóãóþ.

Ó ãðóïïû Ëè Gcm åñòü âûðîæäåííûå îðáèòû.

Êðèâóþ ϕ áóäåì íàçûâàòü íåâûðîæäåííîé åñëè åå ïîäíÿòèå

â J4R íå èìååò îáùèõ òî÷åê ñ âûðîæäåííîé îðáèòîé.

Ïóñòü ϕ � êðèâàÿ íà ïëîñêîñòè, íà êîòîðîé äè��åðåíöèàë

êîí�îðìíîé êðèâèçíû íåâûðîæäåí, òî åñòü dKϕ 6= 0. Òîãäà
�óíêöèþ Kϕ ìîæíî ïðèíÿòü çà íîâûé ïàðàìåòð t íà êðèâîé

è îãðàíè÷åíèå äè��åðåíöèàëüíîãî èíâàðèàíòà J = J4 íà êðè-
âóþ ϕ ìîæåò áûòü ïðåäñòàâëåíî â âèäå íåêîòîðîé �óíêöèè îò

ýòîãî ïàðàìåòðà: Jϕ = Fϕ(t).

Òåîðåìà 3. Åñëè íà äâóõ íåâûðîæäåííûõ êðèâûõ ϕ è γ äè�-

�åðåíöèàëû êîí�îðìíûõ êðèâèçí íå âûðîæäàþòñÿ, òî îäíà

êðèâàÿ ìîæåò áûòü ïåðåâåäåíà â äðóãóþ R-êîí�îðìíûì ïðå-

îáðàçîâàíèåì òîãäà è òîëüêî òîãäà, êîãäà Fϕ ≡ Fγ .

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü î÷åâèäíà. Äîêàæåì äîñòà-

òî÷íîñòü. Ïóñòü äëÿ êðèâûõ γ = {y = g(x)} è ϕ = {y = f(x)}
âûïîëíÿåòñÿ óñëîâèå Fϕ ≡ Fγ ≡ F . �àññìîòðèì îáûêíîâåííîå

äè��åðåíöèàëüíîå óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà

(8) J = F (K),

îïðåäåëÿþùåå ãèïåðïîâåðõíîñòü E â ïðîñòðàíñòâå 4-äæåòîâ.
Òàê êàê �óíêöèè y = g(x) è y = f(x) ÿâëÿþòñÿ ðåøåíèÿìè

ýòîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ, òî ïîäíÿòèÿ êðèâûõ γ è
ϕ â ïðîñòðàíñòâî J4R ëåæàò íà ãèïåðïîâåðõíîñòè E.
Ïóñòü γ(4) è ϕ(4)

� ïîäíÿòèÿ êðèâûõ γ è ϕ â ïðîñòðàíñòâî

4-äæåòîâ ñîîòâåòñòâåííî. Ïîêàæåì, ÷òî êðèâóþ γ(4) ñäâèãîì
âäîëü òðàåêòîðèé âåêòîðíûõ ïîëåé X,Y,Z,H ìîæíî ïåðåâå-

ñòè â êðèâóþ ϕ(4)
. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî ïîä-

íÿòèå ãðóïïû Gcm â J4R äåéñòâóåò òðàíçèòèâíî íà ðåøåíèÿõ

óðàâíåíèÿ (8).
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Ëþáîå âåêòîðíîå ïîëå X ∈ G(4)
cm ÿâëÿåòñÿ èí�èíèòåçèìàëü-

íîé ñèììåòðèåé óðàâíåíèÿ E. Çäåñü G(4)
� ïîäíÿòèå àëãåáðû

Ëè G â J4R. Êàæäàÿ ñèììåòðèÿ óðàâíåíèÿ ðàñêëàäûâàåòñÿ íà

äâå ñîñòàâëÿþùèå � õàðàêòåðèñòè÷åñêóþ ñèììåòðèþ è òàñóþ-

ùóþ ñèììåòðèþ [7℄.

Íàïîìíèì [7℄, ÷òî õàðàêòåðèñòè÷åñêèå ñèììåòðèè äåéñòâó-

þò íà ïðîñòðàíñòâå JkR âäîëü ðåøåíèé è, ñòàëî áûòü, ïåðå-

âîäÿò êàæäîå ðåøåíèå â ñåáÿ. Ñ òî÷íîñòüþ äî óìíîæåíèÿ íà

�óíêöèþ îíè ïðåäñòàâëÿþò ñîáîé âåêòîðíîå ïîëå

∆k =
∂

∂x
+ p1

∂

∂y
+ · · · + pk

∂

∂pk−1
.

Òàñóþùèå æå ñèììåòðèè, íàïðîòèâ, ïåðåâîäÿò îäíî ðåøåíèå â

äðóãèå. Óêàæåì âèä òàñóþùèõ ñèììåòðèé. Ïîäíÿòèå âåêòîð-

íîãî ïîëÿ X = A(x, y) ∂∂x + B(x, y) ∂∂y ∈ Gcm â ïðîñòðàíñòâî

k-äæåòîâ èìååò âèä:

X
(k)
h = S

(k)
h +A∆k,

ãäå h = B − p1A. Ïîýòîìó

S
(k)
h = X

(k)
h −A∆k,

òî åñòü

S
(k)
h = h

∂

∂y
+∆1(h)

∂

∂p1
+ · · ·+∆

(k)
k (h)

∂

∂pk
,

Âåêòîðíîå ïîëå S
(k)
h íàçûâàþò ýâîëþöèîííûì äè��åðåíöè-

ðîâàíèåì.

Â ñèëó òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ

óðàâíåíèÿ E, äîñòàòî÷íî äîêàçàòü òðàíçèòèâíîñòü äåéñòâèÿ

ãðóïïû G
(3)
cm íà ïðîñòðàíñòâå íà÷àëüíûõ äàííûõ ðåøåíèé. Íå

ñëîæíî ïîêàçàòü, ÷òî ãðóïïà Ëè, ïîðîæäåííàÿ âåêòîðíûìè ïî-

ëÿìè S
(4)
h1
, . . . S

(4)
h4

äåéñòâóåò íà E ãëîáàëüíî òðàíçèòèâíî. Òà-

êèì îáðàçîì, ëþáàÿ òî÷êà a0 ∈ E ìîæåò áûòü ïåðåâåäåíà â

ëþáóþ äðóãóþ òî÷êó a1 ∈ E êîìáèíàöèåé ñäâèãîâ âäîëü âåê-

òîðíûõ ïîëåé S
(4)
h1
, . . . S

(4)
h4
. Ïîýòîìó èç òåîðåìû åäèíñòâåííîñòè
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ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ E ñëåäóåò, ÷òî êðèâàÿ γ
ìîæåò áûòü (ëîêàëüíî) ïåðåâåäåíà â êðèâóþ ϕ. �

Ïðèìåð 10. Ïðîèëëþñòðèðóåì äîêàçàííóþ òåîðåìó íà ïðè-

ìåðå êðèâûõ

ϕ = {y = −x2|x < 0}
è

γ = {y = −√
x|x > 0}.

Âû÷èñëÿÿ äëÿ íèõ êîí�îðìíûå êðèâèçíû, ïîëó÷èì: Kϕ = 6x
è Kγ = −6

√
x. Äè��åðåíöèàëüíûå èíâàðèàíòû ÷åòâåðòîãî

ïîðÿäêà ðàâíû

Jϕ = 3 + 12x2

è

Jγ = 12x

(
1 +

1

4x

)

ñîîòâåòñòâåííî. Ìû âèäèì, ÷òî �óíêöèè F äëÿ ýòèõ êðèâûõ

ñîâïàäàþò:

Fϕ(t) = Fγ(t) = 3 +
t2

3
.

Â òîæå âðåìÿ î÷åâèäíî, ÷òî ïîâîðîòîì íà óãîë

π
2 âîêðóã

íà÷àëà êîîðäèíàò êðèâàÿ ϕ ñîâìåùàåòñÿ ñ êðèâîé γ.
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Î ëîêàëüíî ñèììåòðè÷åñêîé

ñòðóêòóðå, ñâÿçàííîé ñ îáîáùåííîé

ëåâîé òðè-òêàíüþ Áîëà Bl(p, q, q)

The generalized left Bol 3-web Bl(p, q, q) on a smooth manifold M,
dimM = p + q, defined by a local smooth Bol quasigroup is considered.
The symmetric space structure connected with the web Bl(p, q, q) is stud-
ied.

Êëþ÷åâûå ñëîâà: three-web, Bol quasigroup, symmetri
 spa
e

ÏóñòüQ(∗)� ëîêàëüíàÿ äè��åðåíöèðóåìàÿ q-ìåðíàÿ êâàçè-
ãðóïïà, Y � ãëàäêîå p-ìåðíîå ìíîãîîáðàçèå, (p ≤ q),

f : Q× Y → Y, z = f(a, y), (1)

� ãëàäêàÿ �óíêöèÿ, òàêàÿ, ÷òî â êàæäîé òî÷êå ìíîæåñòâà Q×
Y ðàíãè ìàòðèö ßêîáè (∂f/∂a) è (∂f/∂y) ìàêñèìàëüíû è äëÿ

ëþáûõ y ∈ Y è a, b ∈ Q âûïîëíÿåòñÿ óñëîâèå

f(a, f−1(b, f(a, y))) = f(a ∗ b, y), (2)

ãäå f−1 : Q × Y → Y , y = f−1(a, z). Òîãäà áóäåì ãîâîðèòü

(ñì. [5℄), ÷òî êâàçèãðóïïà Q(∗) äåéñòâóåò íà ìíîãîîáðàçèè Y
ïî ïðàâèëó (2).

Ñ äðóãîé ñòîðîíû, ñîãëàñíî [3℄, �óíêöèÿ f çàäàåò íà ìíî-

ãîîáðàçèè M = Q× Y ðàçìåðíîñòè p + q òðè-òêàíü W (p, q, q),
îáðàçîâàííóþ òðåìÿ ñëîåíèÿìè

λ1 : a = const, λ2 : y = const, λ3 : z = f(a, y) = const


© �.À.Òîëñòèõèíà, 2009
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ðàçìåðíîñòåé p, q è q ñîîòâåòñòâåííî. Óðàâíåíèå z = f(a, y) íà-
çûâàåòñÿ óðàâíåíèåì òðè-òêàíè W (p, q, q) [5℄. Ýòî óðàâíåíèå
îïðåäåëÿåò òðåõáàçèñíóþ áèíàðíóþ îïåðàöèþ

(·) : Q× Y → Y, z = a · y ≡ f(a, y),

êîòîðàÿ íàçûâàåòñÿ ëîêàëüíûì êîîðäèíàòíûì ãðóïïîèäîì

òðè-òêàíè W (p, q, q).
Ïðè p = q óðàâíåíèå z = a · y ÿâëÿåòñÿ ëîêàëüíî îäíîçíà÷íî

ðàçðåøèìûì îòíîñèòåëüíî ïåðåìåííûõ a è y, ïîýòîìó îïåðà-

öèÿ (·) ÿâëÿåòñÿ ãëàäêîé ëîêàëüíîé êâàçèãðóïïîé. Íàïîìíèì

[1℄, ÷òî ïîñëåäíÿÿ íàçûâàåòñÿ ëîêàëüíîé êîîðäèíàòíîé êâàçè-

ãðóïïîé ñîîòâåòñòâóþùåé òðè-òêàíè W (q, q, q). Äëÿ òðè-òêàíè
W (p, q, q) ðàçìåðíîñòè ìíîãîîáðàçèé Q è Y , âîîáùå ãîâîðÿ,

ðàçëè÷íû, ïîýòîìó îïåðàöèÿ (·) êâàçèãðóïïîé, âîîáùå ãîâîðÿ,
íå ÿâëÿåòñÿ.

Ïåðåìåííûå a, y è z, âõîäÿùèå â óðàâíåíèå òêàíè, äîïóñêàþò
ïðåîáðàçîâàíèÿ âèäà

ã = α(a), ỹ = β(y), z̃ = γ(z),

ãäå α, β, γ � ëîêàëüíûå äè��åîìîð�èçìû. Ïðè ýòîì óðàâíå-

íèå òêàíè ïðåîáðàçóåòñÿ ê âèäó

z̃ = f̃(ã, ỹ) = γ ◦ f(α−1(ã), β−1(ỹ)).

Òðîéêà ëîêàëüíûõ áèåêöèé (α, β, γ) íàçûâàåòñÿ èçîòîïè÷åñ-

êèì ïðåîáðàçîâàíèåì èëè èçîòîïèåé êîîðäèíàòíîãî ãðóïïîèäà

òðè-òêàíè W (p, q, q).
Â [5℄ äîêàçàíà

Òåîðåìà 1. Åñëè êâàçèãðóïïà Q(∗) äåéñòâóåò íà ìíîãîîáðà-

çèè Y ïî ïðàâèëó (2), òî îíà èçîòîïíà ëåâîé ëóïå Áîëà.

Íàïîìíèì [4℄, ÷òî ëóïà (êâàçèãðóïïà ñ åäèíèöåé) íàçûâàåòñÿ

ëåâîé ëóïîé Áîëà, åñëè â íåé âûïîëíÿåòñÿ ëåâîå òîæäåñòâî

Áîëà

(u ◦ (v ◦ u)) ◦ w = u ◦ (v ◦ (u ◦ w)).
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Â [5℄ �óíêöèÿ f : Q × Y → Y , óäîâëåòâîðÿþùàÿ òîæäå-

ñòâó (2), íàçâàíà êâàçèãðóïïîé Áîëà ïðåîáðàçîâàíèé, à Q(∗) �
ïàðàìåòðè÷åñêîé êâàçèãðóïïîé êâàçèãðóïïû Áîëà ïðåîáðàçî-

âàíèé. Òðè-òêàíü W (p, q, q), îïðåäåëÿåìàÿ êâàçèãðóïïîé Áîëà

ïðåîáðàçîâàíèé, íàçûâàåòñÿ îáîáùåííîé ëåâîé òêàíüþ Áîëà è

îáîçíà÷àåòñÿ Bl(p, q, q).

Òåîðåìà 2. Áàçà ïåðâîãî ñëîåíèÿ òðè-òêàíè Bl(p, q, q) ÿâëÿ-
åòñÿ ëîêàëüíî ñèììåòðè÷åñêèì ïðîñòðàíñòâîì.

Äîêàçàòåëüñòâî. Íà áàçå Q ïåðâîãî ñëîåíèÿ λ1 òðè-òêàíè

Bl(p, q, q) îïðåäåëèì ñåìåéñòâî �óíêöèé Sa(b) = a∗b, ãäå a ∈ Q,
b ∈ Ua ⊂ Q, Ua � äîñòàòî÷íî ìàëàÿ îêðåñòíîñòü òî÷êè a. Â ñè-

ëó (2) îïåðàöèÿ (∗) èäåìïîòåíòíà: a ∗ a = a, ëåâîîáðàòèìà:
a ∗ (a ∗ b) = b è ëåâîäèñòðèáóòèâíà: a ∗ (b ∗ c) = (a ∗ b) ∗ (a ∗ c)
[5℄, ïîýòîìó ñîãëàñíî [4℄ (ñì. òàêæå [2℄) �óíêöèè Sa ÿâëÿþòñÿ
ëîêàëüíûìè ñèììåòðèÿìè, à ìíîãîîáðàçèå {Q,Sa} áóäåò ëî-

êàëüíî ñèììåòðè÷åñêèì ïðîñòðàíñòâîì. �

Ïðèìåð 11. Â [6℄ íàéäåíû óðàâíåíèÿ íåêîòîðîé îáîáùåííîé

ëåâîé òêàíè Áîëà Bl(2, 3, 3):

{
z1 = a1 + y1 − a3y2(a2 + y2),
z2 = a2 + y2.

(3)

Ñ äðóãîé ñòîðîíû, óðàâíåíèÿ (3) çàäàþò äåéñòâèå íåêîòî-

ðîé òðåõïàðàìåòðè÷åñêîé êâàçèãðóïïû Áîëà Q(∗) íà äâóìåð-
íîì ìíîãîîáðàçèè Y . Íàéäåì óðàâíåíèÿ c = a ∗ b ýòîé êâàçè-

ãðóïïû. Çàïèøåì òîæäåñòâî (2) â âèäå äâóõ ðàâåíñòâ:

f(a, y) = f(b, ȳ), f(c, y) = f(a, ȳ) (4)

((2) ïîëó÷àåòñÿ èç (4) èñêëþ÷åíèåì ïåðåìåííîé ȳ).
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Äëÿ òðè-òêàíè (3) èìååì:

a1 + y1 − a3y2(a2 + y2) = b1 + ȳ1 − b3ȳ2(b2 + ȳ2),

a2 + y2 = b2 + ȳ2,

c1 + y1 − c3y2(c2 + y2) = a1 + ȳ1 − a3ȳ2(a2 + ȳ2)

c2 + y2 = a2 + ȳ2.

Èñêëþ÷àÿ ȳ = (ȳ1, ȳ2) èç ïîñëåäíåé ñèñòåìû, ïîëó÷èì óðàâ-

íåíèÿ, êîòîðûå óäîâëåòâîðÿþòñÿ òîæäåñòâåííî îòíîñèòåëü-

íî y = (y1, y2) â òîì è òîëüêî â òîì ñëó÷àå, åñëè âûïîëíÿþòñÿ

ðàâåíñòâà



c1 = 2a1 − b1 − (a2 − b2)(a2(a3 − b3) + a3(a2 − b2)),
c2 = 2a2 − b2,
c3 = 2a3 − b3.

(5)

Óðàâíåíèÿ (5) îïðåäåëÿþò òðåõïàðàìåòðè÷åñêóþ êâàçèãðóïïó

Áîëà êâàçèãðóïïû Áîëà ïðåîáðàçîâàíèé (3). Ñ äðóãîé ñòîðî-

íû, ñîãëàñíî òåîðåìå 2 óðàâíåíèÿ (5) çàäàþò ëîêàëüíûå ñèì-

ìåòðèè Sa(b) = a ∗ b íà òðåõìåðíîé áàçå Q ïåðâîãî ñëîåíèÿ

ðàññìàòðèâàåìîé òðè-òêàíè Bl(2, 3, 3).
Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî ïàðàìåò-

ðè÷åñêàÿ êâàçèãðóïïà (5) ÿâëÿåòñÿ èäåìïîòåíòíîé, ëåâîîáðà-

òèìîé è ëåâîäèñòðèáóòèâíîé, à èçîòîïíàÿ åé ëóïà � ëåâîé ëó-

ïîé Áîëà. Ìîæíî ïîêàçàòü òàêæå, ÷òî ëåâàÿ îáðàòíàÿ êâàçèã-

ðóïïà ïîñëåäíåé îïðåäåëÿåò èçâåñòíóþ øåñòèìåðíóþ ñðåäíþþ

òêàíü Áîëà (òêàíü Bm) ñ ñèììåòðè÷íûì òåíçîðîì êðó÷åíèÿ aij

(i, j = 1, 2, 3) ðàíãà 1 [7℄:




w1 = u1 + v1 − u2v2(u3 + v3),
w2 = u2 + v2,
w3 = u3 + v3.

Â [8℄ ïîêàçàíî, ÷òî ýòà òðè-òêàíü Bm ÿâëÿåòñÿ ýëàñòè÷íîé

(òêàíüþ E), òî åñòü â åå êîîðäèíàòíûõ ëóïàõ âûïîëíÿåòñÿ òîæ-
äåñòâî ýëàñòè÷íîñòè: (u ◦ v) ◦ u = u ◦ (v ◦ u). Â [8℄ ýòà òêàíü

îáîçíà÷åíà E1.
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Ïðèìåð 12. �àññìîòðèì äðóãóþ øåñòèìåðíóþ ýëàñòè÷íóþ

òðè-òêàíü E2 (ñì. [8℄), îïðåäåëÿåìóþ óðàâíåíèÿìè





z1 = x1 + y1,

z2 = x2 + y2e−2x1 + (x3y1 − x1y3)e−2x1 ,
z3 = x3 + y3.

Ïîñêîëüêó ýëàñòè÷íûå òêàíè îáðàçóþò ñîáñòâåííûé ïîäêëàññ

òêàíåé Bm [8℄, òî ýòà òêàíü ÿâëÿåòñÿ ñðåäíåé òêàíüþ Áîëà.

Èçîòîïè÷åñêèì ïðåîáðàçîâàíèåì

x2e2x
1
+ x1x3 → x2, y2 − y1y3 → y2, z2e2z

1
+ z3z1 → z2

óðàâíåíèÿ òêàíè E2 ïðèâîäÿòñÿ ê âèäó



z1 = x1 + y1,

z2 = (x2 + y2)e2y
1
+ (x3 + y3)(x1 + y1 + (y1 − x1)e2y

1
),

z3 = x3 + y3.

(6)

Íàéäåì ëåâóþ îáðàòíóþ êâàçèãðóïïó äëÿ êâàçèãðóïïû (6),

çàòåì ïåðåîáîçíà÷èì ïåðåìåííûå: xi → zi, zi → ai, yi → −yi.
Â ðåçóëüòàòå ïîëó÷èì óðàâíåíèÿ




z1 = a1 + y1,

z2 = (a2 − a3a1)e2y
1
+ y2 + a3(a1 + 2y1),

z3 = a3 + y3.
(7)

Ýòè óðàâíåíèÿ, ñ îäíîé ñòîðîíû, îïðåäåëÿþò øåñòèìåðíóþ ëå-

âóþ òêàíü Áîëà, à, ñ äðóãîé ñòîðîíû, çàäàþò äåéñòâèå íåêîòî-

ðîé òðåõïàðàìåòðè÷åñêîé êâàçèãðóïïû Áîëà Q(∗) íà òðåõìåð-
íîì ìíîãîîáðàçèè Y .
Íàéäåì óðàâíåíèÿ ñîîòâåòñòâóþùåé ïàðàìåòðè÷åñêîé êâà-

çèãðóïïû c = a ∗ b. Äëÿ ýòîãî çàïèøåì ðàâåíñòâà (4) ñ ó÷åòîì

(7) è èñêëþ÷èì èç ïîëó÷åííîé ñèñòåìû ïåðåìåííûå yi è ȳi.
Ïîñëå âû÷èñëåíèé ïîëó÷èì:




c1 = 2a1 − b1,

c2 = a2(e−2(a1−b1) + e2(a
1−b1))− b2,

c3 = 2a3 − b3.
(8)

Ýòî è åñòü óðàâíåíèÿ èñêîìîé êâàçèãðóïïû c = a ∗ b.
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Ïîêàæåì, ÷òî ïåðâûå äâà óðàâíåíèÿ ñèñòåìû (7):

{
z1 = a1 + y1,

z2 = (a2 − a3a1)e2y
1
+ y2 + a3(a1 + 2y1)

(9)

çàäàþò äåéñòâèå êâàçèãðóïïû (8) íà íåêîòîðîì äâóìåðíîì ìíî-

ãîîáðàçèè. Â ñàìîì äåëå, â ïðàâóþ ÷àñòü óðàâíåíèé (9) íå âõî-

äèò ïåðåìåííàÿ y3. Ýòî îçíà÷àåò, ÷òî (9) îïðåäåëÿþò ãðóïïîèä
f : Q × Ȳ → Ȳ , ãäå Ȳ = {(y1, y2)}, Ȳ ⊂ Y . Íåïîñðåäñòâåííîé
ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå ðà-

âåíñòâà (2) óäîâëåòâîðÿþòñÿ òîæäåñòâåííî â ñèëó (8). Ñëåäî-

âàòåëüíî, óðàâíåíèÿ (9) çàäàþò äåéñòâèå òðåõïàðàìåòðè÷åñêîé

êâàçèãðóïïû Áîëà (8) íà äâóìåðíîé ïëîñêîñòè Ȳ è îïðåäåëÿ-

þò îáîáùåííóþ ëåâóþ òêàíü Áîëà Bl(2, 3, 3) íà ïÿòèìåðíîì

ìíîãîîáðàçèè Q × Ȳ . Íà òðåõìåðíîé áàçå Q ïåðâîãî ñëîåíèÿ

ýòîé òêàíè óðàâíåíèÿ (8) çàäàþò ëîêàëüíûå ñèììåòðèè âèäà

Sa(b) = a ∗ b.

Ïðèìåð 13. Äëÿ êîîðäèíàòíîé êâàçèãðóïïû øåñòèìåðíîé

òðè-òêàíè Bm ñ ñèììåòðè÷íûì òåíçîðîì aij ðàíãà 2 (ñì. [7℄):





z1 = x1 + y1e−2z3 ,

z2 = x2e−2z3 + y2 − 2z1y3,
z3 = x3 + y3

(10)

óðàâíåíèÿ ëåâîé îáðàòíîé êâàçèãðóïïû íåêîòîðûì èçîòîïè÷å-

ñêèì ïðåîáðàçîâàíèåì ïðèâîäÿòñÿ ê âèäó





z1 = a1 + y1e−a
3
,

z2 = a2 + (y2 − a1y3)ea
3
,

z3 = a3 + y3.

(11)

Ýòè óðàâíåíèÿ, ñ îäíîé ñòîðîíû, îïðåäåëÿþò øåñòèìåðíóþ ëå-

âóþ òêàíü Áîëà, à, ñ äðóãîé, çàäàþò íà òðåõìåðíîì ìíîãîîáðà-

çèè Y äåéñòâèå òðåõïàðàìåòðè÷åñêîé ëåâîé êâàçèãðóïïû Áîëà
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Q(∗):




c1 = a1 + (a1 − b1)eb
3−a3 ,

c2 = a2 + (a2 − b2)ea
3−b3 − (a1 − b1)(a3 − b3)ea

3
,

c3 = 2a3 − b3.

(12)

Íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñÿ, ÷òî óðàâíåíèÿ

{
z2 = a2 + (y2 − a1y3)ea

3
,

z3 = a3 + y3,
(13)

(âòîðîå è òðåòüå óðàâíåíèÿ ñèñòåìû (11)), çàäàþò äåéñòâèå

òðåõïàðàìåòðè÷åñêîé êâàçèãðóïïû (12) íà äâóìåðíîé ïëîñêî-

ñòè Ȳ = {(y2, y3)}, Ȳ ⊂ Y .
Óðàâíåíèÿ (13) îïðåäåëÿþò òàêæå îáîáùåííóþ ëåâóþ òêàíü

Áîëà Bl(2, 3, 3) íà ïÿòèìåðíîì ìíîãîîáðàçèè Q × Ȳ . Ìíîæå-

ñòâî Q ñ ëîêàëüíûìè ñèììåòðèÿìè Sa(b) = a ∗ b, êîòîðûå çà-
äàþòñÿ óðàâíåíèÿìè (12), áóäåò òðåõìåðíûì ñèììåòðè÷åñêèì

ïðîñòðàíñòâîì.

Ïðèìåð 14. �àññìîòðèì ïîñëåäíþþ èç òðåõ øåñòèìåðíûõ

òêàíåé Bm, óðàâíåíèÿ êîòîðûõ íàéäåíû â [7℄:





z1 = x1e2z
3
+ y1 + 2z2x3,

z2 = x2 + y2e2z
3
,

z3 = x3 + y3.

(14)

Äëÿ ýòîé òêàíè, êàê è äëÿ òêàíè (10), òåíçîð aij èìååò ðàíã 2.
Óðàâíåíèÿ ëåâîé òêàíè Áîëà Bl, îïðåäåëÿåìîé ëåâîé îáðàò-

íîé êâàçèãðóïïîé êîîðäèíàòíîé êâàçèãðóïïû (14), ìîãóò áûòü

ïðèâåäåíû ê âèäó





z1 = a1 + (y1 − y3a2)e−a
3
,

z2 = a2 + y2ea
3
,

z3 = a3 + y3.

(15)

Ýòè óðàâíåíèÿ îïðåäåëÿþò òàêæå äåéñòâèå íåêîòîðîé òðåõïà-

ðàìåòðè÷åñêîé ëåâîé êâàçèãðóïïû Áîëà Q(∗) íà òðåõìåðíîì
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ìíîãîîáðàçèè Y . Óðàâíåíèÿ êâàçèãðóïïû Q(∗) íàõîäÿòñÿ íåïî-
ñðåäñòâåííûìè âû÷èñëåíèÿìè è èìåþò âèä





c1 = a1 + (a1 − b1)eb
3−a3 − (a2 − b2)(a3 − b3)e−a

3
,

c2 = a2 + (a2 − b2)ea
3−b3 ,

c3 = 2a3 − b3.

(16)

Êàê è âûøå, ìîæíî ïîêàçàòü, ÷òî óðàâíåíèÿ

{
z1 = a1 + (y1 − a2y3)e−a

3
,

z3 = a3 + y3,
(17)

(ïåðâîå è òðåòüå óðàâíåíèÿ ñèñòåìû (15)), çàäàþò äåéñòâèå

êâàçèãðóïïû (16) íà äâóìåðíîé ïëîñêîñòè Ȳ = {(y1, y3)}, Ȳ ⊂
Y . Óðàâíåíèÿ (17) îïðåäåëÿþò òàêæå îáîáùåííóþ ëåâóþ òêàíü

Áîëà Bl(2, 3, 3) íà ïÿòèìåðíîì ìíîãîîáðàçèè Q×Ȳ . Áàçà Q ïåð-

âîãî ñëîåíèÿ ýòîé òêàíè ñ ëîêàëüíûìè ñèììåòðèÿìè Sa(b) =
a ∗ b, êîòîðûå çàäàþòñÿ óðàâíåíèÿìè (16), áóäåò òðåõìåðíûì

ñèììåòðè÷åñêèì ïðîñòðàíñòâîì.
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1. Ââåäåíèå

Â [1℄ áûëî âïåðâûå äîêàçàíî, ÷òî òåíçîð êðèâèçíû òêàíè Áî-

ëà êîñîñèììåòðè÷åí ïî äâóì íèæíèì èíäåêñàì. Â [2℄ áûëà äî-

êàçàíà äîñòàòî÷íîñòü ýòîãî óñëîâèÿ äëÿ òîãî, ÷òîáû òêàíü áû-

ëà áîëîâîé. Ïðèâåäåííîå â [2℄ êðàñèâîå, íî âåñüìà ñëîæíîå ãåî-

ìåòðè÷åñêîå äîêàçàòåëüñòâî îïèðàåòñÿ íà ãåîäåçè÷åñêèå ñâîé-

ñòâà êàíîíè÷åñêîé ñâÿçíîñòè ×åðíà, ïðèñîåäèíåííîé ê òðè-

òêàíè.

Â íàñòîÿùåé ðàáîòå ïðèâîäèòñÿ áîëåå ïðîñòîå äîêàçàòåëü-

ñòâî, èäåþ êîòîðîãî ìû èñïîëüçîâàëè â ðàáîòå [3℄ äëÿ îïè-

ñàíèÿ òêàíåé Áîëà, îáðàçîâàííûõ ñëîåíèÿìè ðàçíûõ ðàçìåð-

íîñòåé. Íî, óêàçàâ â [3℄ òåíçîðíûå óñëîâèÿ áîëîâîñòè, èõ äî-

ñòàòî÷íîñòü ìû íå äîêàçàëè. Çäåñü ïðèâåäåíî ïîäðîáíîå äî-

êàçàòåëüñòâî äëÿ "êëàññè÷åñêèõ"òêàíåé Áîëà, òî åñòü òêàíåé,

îáðàçîâàííûõ ñëîåíèÿìè îäèíàêîâîé ðàçìåðíîñòè.

Íàïîìíèì, ÷òî òåîðåìà �îðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì

[1℄.


© À.Ì.Øåëåõîâ, 2009



Î äîñòàòî÷íîì óñëîâèè áîëîâîñòè 257

Òåîðåìà 1. Ïóñòü W � òðè-òêàíü, îáðàçîâàííàÿ òðåìÿ

ñëîåíèÿìè ðàçìåðíîñòè r íà ãëàäêîì ìíîãîîáðàçèè M ðàç-

ìåðíîñòè 2r. Åñëè òåíçîð êðèâèçíû òêàíè W óäîâëåòâîðÿåò

óñëîâèþ

bij(kℓ) = 0, (1)

òî òêàíü W ÿâëÿåòñÿ ñðåäíåé òêàíüþ Áîëà.

1. Ñîãëàñíî [4℄, êîðåïåð ω
1

i, ω
2

i
(i, j, k = 1, 2, . . . , r) íà ìíîãî-

îáðàçèè M ìîæíî âûáðàòü òàê, ÷òî ñëîåíèÿ òêàíè áóäóò çà-

äàâàòüñÿ óðàâíåíèÿìè ω
1

i = 0, ω
2

i = 0, ω
3

i = 0 ïðè÷åì �îðìû

íîðìèðîâàíû óñëîâèåì

ω
1

i + ω
2

i + ω
3

i = 0. (2)

Ôîðìû ω
1

i, ω
2

i
óäîâëåòâîðÿþò óðàâíåíèÿì ñòðóêòóðû [4℄:

dω
1

i = ω
1

j ∧ ωij + aijkω
1

j ∧ ω
1

k, dω
2

i = ω
2

j ∧ ωij − aijkω
2

j ∧ ω
2

k, (3)

dωij − ωkj ∧ ωik = bijkℓω
1

k ∧ ω
2

ℓ. (4)

Çäåñü âåëè÷èíû aijk êîñîñèììåòpè÷íû ïî íèæíèì èíäåêñàì è

îáðàçóþò òåíçîð êðó÷åíèÿ òêàíè W . Âåëè÷èíû bijkℓ îáðàçóþò
òåíçîð êðèâèçíû òêàíè W . Ýòè òåíçîðû ñâÿçàíû ðÿäîì ñîîò-

íîøåíèé, êîòîðûå ìû íå ïðèâîäèì. Ñîãëàñíî [4℄, òåíçîðíûå

ïîëÿ êðó÷åíèÿ è êðèâèçíû îäíîçíà÷íî îïðåäåëÿþò òðè-òêàíü

W = (X,λα).
Ïóñòü äëÿ íåêîòîðîé òêàíèW âûïîëíÿåòñÿ óñëîâèå (1). �àñ-

ñìîòðèì íà òêàíè W äâå îáëàñòè U è Ū , è ïóñòü äè��åðåí-

öèàëüíûå �îðìû â îáëàñòè U îáîçíà÷åíû, êàê è âûøå, ÷åðåç

ω
α

i
è ωij , à â îáëàñòè Ū � ÷åðåç ω̄

α

i
è ω̄ij . Åñòåñòâåííî, �îðìû ñ

÷åðòîé óäîâëåòâîðÿþò òåì æå ñòðóêòóðíûì óðàâíåíèÿì (3) è

(4).

Ñ ïîìîùüþ óðàâíåíèé (3), (4) è óñëîâèÿ (1) íåïîñðåäñòâåííî

ïðîâåðÿåòñÿ, ÷òî âåðíî
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Ïðåäëîæåíèå 1. Ñèñòåìà óðàâíåíèé

ω
1

i = −ω̄
2

i, ω
2

i = −ω̄
1

i, ωij = ω̄ij (5)

âïîëíå èíòåãðèðóåìà íà òêàíè W .

Ñèñòåìà (5) îïðåäåëÿåò íåêîòîðîå ñåìåéñòâî îòîáðàæåíèé

òêàíè W íà ñåáÿ. Ïóñòü f � îäíî èç íèõ. Èç óðàâíåíèé (5)

íåïîñðåäñòâåííî âûòåêàåò

Ïðåäëîæåíèå 2. Îòîáðàæåíèå f ïåðåâîäèò ñëîè ïåðâîãî

ñëîåíèÿ òêàíè W â ñëîè âòîðîãî ñëîåíèÿ è íàîáîðîò, à ñëîè

òðåòüåãî ñëîåíèÿ ïåðåâîäèò â ñëîè òðåòüåãî ñëîåíèÿ.

Äåéñòâèòåëüíî, óðàâíåíèÿ ω
1

i = 0, ω
2

i = 0 è ω
1

i+ω
2

i = 0 âëåêóò,

ñîîòâåòñòâåííî, ω̄
2

i = 0, ω̄
1

i = 0 è ω̄
1

i + ω̄
2

i = 0.

Îòîáðàæåíèå f ïåðåâîäèò òêàíü W â òêàíü W , íî ìåíÿåò

ìåñòàìè ñëîè ïåðâûõ äâóõ ñëîåíèé. Ïîýòîìó, êàê ýòî ïðèíÿòî

â òåîðèè êâàçèãðóïï (ñì., íàïðèìåð, [5℄), òàêîå ïðåîáðàçîâàíèå

òêàíè áóäåì íàçûâàòü ãëàâíîé àâòîòîïèåé.

Êàê âèäíî èç ñèñòåìû (5), åå ðåøåíèå çàâèñèò îò 2r + ρ ïà-
ðàìåòðîâ, ãäå ρ � ðàíã ñèñòåìû �îðì ωij . Ñëåäîâàòåëüíî, ðàñ-
ñìàòðèâàåìàÿ òðè-òêàíü W äîïóñêàåò 2r+ ρ-ïàðàìåòðè÷åñ-
êîå ñåìåéñòâî ãëàâíûõ àâòîòîïèé.

Ýòè àâòîòîïèè, î÷åâèäíî, ñîõðàíÿþò êàíîíè÷åñêóþ ñâÿç-

íîñòü ×åðíà òðè-òêàíè (îïðåäåëÿåìóþ ñòðóêòóðíûìè óðàâíå-

íèÿìè (3) è (4)). Â ÷àñòíîñòè, îíè ïåðåâîäÿò ãåîäåçè÷åñêèå ïîä-

ìíîãîîáðàçèÿ â ãåîäåçè÷åñêèå.

Ïîñêîëüêó ìíîæåñòâî àâòîòîïèé ðàññìàòðèâàåìîé òðè-

òêàíè W çàâèñèò îò 2r+ ρ ïàðàìåòðîâ, òî ñðåäè íèõ èìåþòñÿ,
âîîáùå ãîâîðÿ, òàêèå, êîòîðûå îáëàäàþò íåïîäâèæíûìè òî÷-

êàìè. Â íåïîäâèæíîé òî÷êå êîîðäèíàòû îáðàçà è ïðîîáðàçà

ñîâïàäàþò, ñëåäîâàòåëüíî, â òàêîé òî÷êå ω
1

i = ω̄
1

i, ω
2

i = ω̄
2

i
,

òàê ÷òî äâå ïåðâûå ñåðèè óðàâíåíèé (5) îòîáðàæåíèÿ f ñîâ-

ïàäàþò è ïðèíèìàþò âèä ω
1

i = −ω
2

i
. Íî ýòî óðàâíåíèÿ òðåòüå-

ãî ñëîåíèÿ òêàíè W . Ïðîèíòåãðèðîâàâ èõ, ïîëó÷èì óðàâíåíèå
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òðåòüåãî ñëîåíèÿ â íåêîòîðûõ ëîêàëüíûõ êîîðäèíàòàõ:

z0 = F (x, y), (6)

ãäå F � �óíêöèÿ òêàíè, x, y, z0 � ïàðàìåòðû, ñîîòâåòñòâåííî,

ïåðâîãî âòîðîãî è òðåòüåãî ñëîåíèé òêàíè W , ïðè÷åì ïàðàìåò-

ðû x è y ÿâëÿþòñÿ ïåðåìåííûìè, à z0 �èêñèðîâàíî. Ñîãëàñíî
îïðåäåëåíèþ �óíêöèè òêàíè ïîëó÷àåì, ÷òî ñîîòâåòñòâóþùèå

ñëîè ïåðâûõ äâóõ ñëîåíèé îòîáðàæåíèÿ f , îïðåäåëÿåìîãî óðàâ-
íåíèåì (6), ïåðåñåêàþòñÿ â òî÷êàõ ñëîÿ òðåòüåãî ñëîåíèÿ, îïðå-

äåëÿåìîãî óðàâíåíèåì z = z0. Òàêèì îáðàçîì, îòîáðàæåíèå f
ÿâëÿåòñÿ ñèììåòðèåé îòíîñèòåëüíî ýòîãî ñëîÿ.

Ñ äðóãîé ñòîðîíû, x è y ÿâëÿþòñÿ ëîêàëüíûìè êîîðäèíàòà-

ìè íåïîäâèæíîé òî÷êè. Èòàê, äîêàçàíî

Ïðåäëîæåíèå 3. Ñóùåñòâóþò ãëàâíûå àâòîòîïèè òêà-

íè W , êîòîðûå ÿâëÿþòñÿ ñèììåòðèÿìè îòíîñèòåëüíî ñëî-

åâ òðåòüåãî ñëîåíèÿ, ïðè÷åì ïîñëåäíèå ïðåäñòàâëÿþò ñîáîé

ìíîãîîáðàçèÿ íåïîäâèæíûõ òî÷åê ýòèõ àâòîòîïèé.

Îòñþäà âûòåêàåò, âî-ïåðâûõ, ÷òî ìíîæåñòâî ãëàâíûõ àâòî-

òîïèé òêàíè W , äîïóñêàþùèõ íåïîäâèæíûå òî÷êè, çàâèñèò îò

r ïàðàìåòðîâ.
Âî-âòîðûõ, èç òîãî �àêòà, ÷òî îòîáðàæåíèå f , äîïóñêàþùåå

íåïîäâèæíûå òî÷êè, ÿâëÿåòñÿ ñèììåòðèåé îòíîñèòåëüíî ñëîÿ

òðåòüåãî ñëîåíèÿ è èç ïðåäëîæåíèÿ 2 âûòåêàåò, ÷òî íà òðè-

òêàíè W çàìûêàþòñÿ ñðåäíèå �èãóðû Áîëà, ÷òî è äîêàçûâàåò

òåîðåìó 1.

2. �àññìîòðèì, íàïðèìåð, øåñòèìåðíóþ òðè-òêàíü Áîëà [6℄,

êîòîðàÿ ÿâëÿåòñÿ òàêæå ýëàñòè÷íîé òêàíüþ (òêàíü E1, ñì. [4℄,

ñòð. 157):

z1 = x1 + y1 − (x2 + y2)x3y3,

z2 = x2 + y2,

z3 = x3 + y3

(7)
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Óðàâíåíèÿ (7) ïîëó÷åíû â ðåçóëüòàòå èíòåãðèðîâàíèÿ ñòðóê-

òóðíûõ óðàâíåíèé. Â ïðîöåññå èíòåãðèðîâàíèÿ áûëè íàéäåíû

ñëåäóþùèå �îðìû, âõîäÿùèå â ñòðóêòóðíûå óðàâíåíèÿ (3) è

(4) (íå óêàçàííûå �îðìû ðàâíû íóëþ):

ω
1

1 = −udx2 − (w + x2y3)dx3 + x2x3dx3 + dx1,

ω
2

1 = −udy2 − (w + y2x3)dy3 + y2y3dy3 + dy1,

ω
1

2 = ϕ(−vdx3 + dx2), ω
2

2 = ϕ(−vdy3 + dy2),

ω
1

3 = ϕ− 1
2dx3, ω

2

3 = ϕ− 1
2dy3,

(8)

è

ω1
2 = ϕ−1du, ω2

3 = ϕ
3
2 dv,

ω1
3 = ϕ

1
2 (x2dy3 + y2dx3 + vdu+ dw),

(9)

ãäå xi, yi è u, v, w � ñîîòâåòñòâåííî, ãëàâíûå è âòîðè÷íûå

ïàðàìåòðû, ïðè÷¼ì

x3 − y3 = 2ϕ
1
2 . (10)

Ôîðìû (8) è (9) óäîâëåòâîðÿþò íåêîòîðîé ñèñòåìå âíåøíèõ

êâàäðàòè÷íûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè

êîý��èöèåíòàìè. Ïðè ýòîì âñå 9 �îðì (à, ñëåäîâàòåëüíî, è

âñå 9 ïåðå÷èñëåííûõ ïàðàìåòðîâ) ÿâëÿþòñÿ íåçàâèñèìûìè.

Ñèñòåìà (5) äëÿ ýòîé òêàíè ïðèíèìàåò âèä:

− udx2 − (w + x2y3)dx3 + x2x3dx3 + dx1 =

= ūdȳ2 + (w̄ + ȳ2x̄3)dȳ3 − ȳ2ȳ3dȳ3 − dȳ1),

− udy2 − (w + y2x3)dy3 + y2y3dy3 + dy1 =

= ūdx̄2 + (w̄ + x̄2ȳ3)dx̄3 − x̄2x̄3dx̄3 − dx̄1),

ϕ(−vdx3 + dx2) = −ϕ̄(−v̄dȳ3 + dȳ2),

ϕ(−vdy3 + dy2) = −ϕ̄(−v̄dx̄3 + dx̄2),

ϕ− 1
2 dx3 = −ϕ̄− 1

2 dȳ3,

ϕ̄− 1
2 dx̄3 = −ϕ− 1

2 dy3

(11)
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è

ϕ−1du = ϕ̄−1dū, ϕ
3
2 dv =

= ϕ̄
3
2 dv̄,

ϕ
1
2 (x2dy3 + y2dx3 + vdu+ dw) =

= ϕ̄
1
2 (x̄2dȳ3 + ȳ2dx̄3 + v̄dū+ dw̄).

(12)

Çäåñü, êàê è âûøå,

x̄3 − ȳ3 = 2ϕ̄
1
2 . (13)

Ïîñëåäîâàòåëüíî èíòåãðèðóÿ ýòó ñèñòåìó, íàéäåì êîíå÷íûå

óðàâíåíèÿ ïðåîáðàçîâàíèÿ:

ϕ̄ =kϕ, ū = ku+ p, v̄ = k−
3
2 v + q,

x̄2 =− k−1y2 − k
1
2 qy3 + x̄20, ȳ

2 = −k−1x2 − k
1
2 qx3 + ȳ20,

x̄3 =− k
1
2 y3 + x̄30, ȳ

3 = −k 1
2x3 + ȳ30 ,

x̄1 =− y1 − pk−1y2 − k
1
2 pqy3 − k

1
2 w̄0y

3−
1

2
k(x̄20 + ȳ20)(y

3)2 +
1

3
k

3
2 (y3)3 + x̄10,

ȳ1 =− x1 − pk−1x2 − k
1
2 pqx3 − k

1
2 w̄0x

3−
1

2
k(x̄20 + ȳ20)(x

3)2 +
1

3
k

3
2 (x3)3 + ȳ10,

w̄ =k−
1
2w − kqx3y3 − kqu+ k

1
2 x̄20x

3 + k
1
2 ȳ20y

3 + w̄0.

(14)

Çäåñü k, p, q, x̄10, ȳ
1
0, . . . , w̄0 � ïîñòîÿííûå èíòåãðèðîâàíèÿ. Èç

ýòèõ óðàâíåíèé íàõîäèì, â ÷àñòíîñòè, ÷òî x̄3 − ȳ3 = k
1
2 (x3 −

y3) + x̄30 − ȳ30 = 0. Îòñþäà â ñèëó ðàâåíñòâ (10) è (13) ïîëó÷àåì

x̄30 = ȳ30. (15)

Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ïðè ïðåîáðàçîâàíèÿõ (14)

ñëîè òðåòüåãî ñëîåíèÿ ðàññìàòðèâàåìîé òêàíè E1 ïåðåõîäÿò

òàêæå â ñëîè òðåòüåãî ñëîåíèÿ.
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Íåïîäâèæíûå òî÷êè ïðåîáðàçîâàíèÿ (12) îïðåäåëÿòñÿ èç

óñëîâèÿ xi = x̄i, yi = ȳi, â ñèëó êîòîðîãî èç (10) è (13) íàõîäèì,
÷òî ϕ = ϕ̄, è èç (12) ñëåäóåò k = 1. Â ðåçóëüòàòå óðàâíåíèÿ (14)

äàþò:

x3 + y3 = x̄30,

x2 + y2 = −qy3 + x̄20 = −qx3 + ȳ20 ,

x1 + y1 = −py2 − pqy3 − w̄0y
3 − 1

2
(x̄20 + ȳ20)(y

3)2+

+
1

3
(y3)3 + x̄10 =

= −px2 − pqx3 − w̄0x
3 − 1

2
(x̄20 + ȳ20)(x

3)2 +
1

3
(x3)3 + ȳ10,

ū = u+ p, v̄ = v + q,

w̄ = w − qx3y3 − qu+ x̄20x
3 + ȳ20y

3 + w̄0.

(16)

Óðàâíåíèé (16) ñîäåðæàò 5 ñîîòíîøåíèé íà ëîêàëüíûå êîîð-

äèíàòû xi è yi. Òàêèì îáðàçîì, ïîëó÷àåòñÿ ñëåäóþùèé âûâîä:

ïðåîáðàçîâàíèå (14) òêàíè E1 ñîäåðæèò íåïîäâèæíûå òî÷êè

ïðè óñëîâèè k = 1, ïðè÷åì ìíîæåñòâî íåïîäâèæíûõ òî÷åê

ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, îäíîìåðíûì.

Êàê âèäíî èç óðàâíåíèé (16), ìàêñèìàëüíàÿ ðàçìåðíîñòü

ìíîãîîáðàçèÿ íåïîäâèæíûõ òî÷åê ìîæåò áûòü 3, ïðè÷åì, êàê

ëåãêî ïðîâåðèòü, ýòî äîñòèãàåòñÿ ïðè óñëîâèè, ÷òî âî âòîðîé

è òðåòüåé ñåðèÿõ óðàâíåíèé (16) îñòàåòñÿ ïî îäíîìó íåçàâèñè-

ìîìó óðàâíåíèþ. Ïðîñòîå âû÷èñëåíèå ïîêàçûâàåò, ÷òî ïðåîá-

ðàçîâàíèå (14) òêàíè E1 ñîäåðæèò òðåõìåðíîå ìíîãîîáðàçèå

íåïîäâèæíûõ òî÷åê ïðè óñëîâèè k = 1, p = q = 0, x̄10 = x̄20 =
0, ȳ10 = ȳ20 = 0, w̄0 = −x̄20x̄30. Òàêèõ ïðåîáðàçîâàíèé òðåõïàðà-

ìåòðè÷åñêîå ñåìåéñòâî, è èõ íåïîäâèæíûå òî÷êè ÿâëÿþòñÿ

ñëîÿìè òðåòüåãî ñëîåíèÿ òêàíè E1.



Î äîñòàòî÷íîì óñëîâèè áîëîâîñòè 263

Ñïèñîê ëèòåðàòóðû

[1℄ Àêèâèñ Ì.À.; Øåëåõîâ À.Ì. Î âû÷èñëåíèè òåíçîpîâ êpèâèçíû è

êpó÷åíèÿ ìíîãîìåpíîé òpè-òêàíè. Ñèá.ìàò.æ., 1971, ò.12, 5, ñ. 953�

960.

[2℄ Ôåäîðîâà, Â.È. Îá óñëîâèè, îïðåäåëÿþùåì ìíîãîìåðíûå òðè-òêàíè

Áîëà. Ñèá.ìàò.æ., 1978, ò.19, 4, ñ. 922�928.

[3℄ Òîëñòèõèíà �.À., Øåëåõîâ À.Ì. Î òðè-òêàíè Áîëà, îáðàçîâàííîé

ñëîåíèÿìè ðàçíûõ ðàçìåðíîñòåé. Èçâ. Âóçîâ. Ìàòåìàòèêà.- 2005.- �

5 (516). - ñ. 56-62.

[4℄ Àêèâèñ Ì.À., Øåëåõîâ À.Ì. Geometry and Algebra of

Multidimensional Òhree-webs. Kluwer A
ademi
 Publishers,

Dordre
ht/Boston/London, 1992, 375 ðð.

[5℄ Áåëîóñîâ, Â.Ä. Îñíîâû òåîðèè êâàçèãðóïï è ëóï. Ì., Íàóêà, 1967,

223 ñ.

[6℄ Ôåäîðîâà, Â.È. Øåñòèìåðíûå òðè-òêàíè Áîëà ñ ñèììåòðè÷íûì òåí-

çîðîì aij
. Â ñá. "Òêàíè è êâàçèãðóïïûÊàëèíèí, Êàëèíèíñêèé ãîñó-

íèâåðñèòåò, 1981, ñ. 110�123.



Çáiðíèê ïðàöü

Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

2009, ò.6, �2, 264-275

J. B.Cooper

Johannes Kepler Universität, Linz, Austria
E-mail: cooper@bayou.uni-linz.ac.at

T.Russell

Santa Clara University, USA
E-mail: trussell@scu.edu

On Samuelson Submanifolds in Four
Space

The object of study in this talk is a general class of submanifolds of
R4. The motivation for this work was the derivation of the following
equation which answered a question posed by the distinguished economist
P.A. Samuelson.

1. The Holy Grail Equation

The Holy Grail Equation has the following form:

− b3
∂2a

∂y2
− a3 ∂

2b

∂y2
+ 2

(
∂a

∂x
−

∂b
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)2

− 2b2
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)
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(
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+
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(
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∂y
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∂x∂y
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∂2b

∂x∂y

)))

+

(
∂2a

∂x2
−

∂2b

∂x2

)
+ b

(
∂b

∂y

∂a

∂x
+

∂a

∂y

)(
−4

∂a

∂y
+ 3

∂b

∂x
−

∂2a

∂x2
+

∂2b

∂x2

)
= 0.

We will discuss the origins of this equation below.

We turn to our central definition. For reasons which will soon be
apparent, we write (x, y, u, v) for the coordinates of a typical point
of R4. Consider such a point. If it lies on a given two dimensional

c© J. B.Cooper, T.Russell, 2009
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submanifold M then by the implicit function theorem, indeed by
the definition of a submanifold, there is a neighbourhood of U of
(x, y, u, v) so that U ∩M is the graph of a smooth function. There
are 6 possibilities:

I. u and v as functions of x and y,
II. x and y as functions of u and v,
III. u and x as functions of v and y,

and the 3 analogous cases: u and y as functions of v and x, v and
x as functions of u and y resp. u and x as functions of v and y.

We say that M is a Samuelson submanifold if, in case I, u =
f(x, y), v = g(x, y), where f and g satisfy the equations

(
g2
J

∂

∂x
+
g1
J

∂

∂y

)(
−f2
J

∂J

∂x
+
f1
J

∂J

∂y

)
=

(
g2
J

∂J

∂x
+
g1
J

∂J

∂y

)(
−f2
J

∂J

∂x
+
f1
J

∂J

∂y

)
.

Here J is the Jacobi-determinant f1g2 − f2g1 – subscripts denote
partial derivatives.

In case II we demand that

J−1J−1
uv = JuJv

where J−1 = f1g2 − f2g1 and x = f(u, v), y = g(u, v).
In case III with u = f(v, x), y = g(v, x), the required equation

is

J
1

f2

∂

∂y

(
∂J

∂v
− f1
f2

∂J

∂y

)
=

1

f2

∂J

∂y

(
∂J

∂v
− f1
f2

∂J

∂y

)

where J = −f1/g2.
Thus definition is motivated by the concept of a Samuelson

configuration which was introduced in [9] following a suggestion
of Professor Samuelson. In view of further applications it seems to
be advantageous to introduce the more symmetric version above.
The relation between the two concepts is clarified below.
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2. The Connection with Webs

For the general concept of webs, we refer to the classical text
[6]. A more modern version is in [1]. In this paper we will only be
concerned with 1-webs in 2-space.

The relation between the above notion and the subject of webs
lies in the following simple observation.

Suppose we have such a manifold. Then this, generically, de-
scribes a two web in R2 as follows: we project the manifold suc-
cessively onto the (x, y, u) and (x, y, v) spaces and then consider
the intersections with planes parallel to the (x, y) plane.

At this point, we describe briefly various ways to specify webs
in the plane:

(1) As the level curves u(x, y) = c of a smooth real valued
function. (Example: if u(x, y) = x2 + y2 we get the family
of concentric circles centered at the origin.)

(2) As indexed families x = c1(λ, t), y = c2(λ, t) of
parametrized curves. (Example: x = λ cos t, y = λ sin t
describes the same family.)

(3) As the flow lines of a vector field F = (F1, F2) i.e. the
solution curves of the system

dx

dt
= F1(x(t), y(t))

dy

dt
= F2(x(t), y(t)).

(Example: F = (−y, x) again produces the family of con-
centric circles.)

(4) As the family of solutions of the differential equation dy
dx =

a(x, y) for a given smooth functions on the plane (a(x, y)
is the gradient of the curve through (x, y)). This can
be regarded as a special case of 3 where F is the direc-
tional field (1, a(x, y)), (the concentric circles correspond
to a(x, y) = −x

y ).
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A key point in our discussion is the fact that these associations
are not uniquely determined. Thus if we are given two functions u
and v, then their level curves form a 2-web in R2. However these
webs do not uniquely determine u and v. This is the motivation
for the following definition.

Let u be a smooth real-valued function on the plane. Then a
recalibration of u is a function of the form U = φ ◦ V where φ is a
diffeomorphism between open intervals of R. More formally, U is
a member of the orbit of u under the group of diffeomorphisms of
the line (more accurately, the pseudo-group of diffeomorphisms of
the above type).

We now turn to our main result which gives various characteri-
zations of Samuelson submanifolds and which we will formulate in
the spirit of classical differential geometry (i.e. without detailing
what may occur in non-generic cases). Hence the quotation marks
around the word equivalent in our formulation.

Let be M a 2-manifold in R4, W the 2-web it induces on R2

(i.e. the configuration of two webs).
Then following concepts are “equivalent”:

(1) M is a Samuelson submanifold.
(2) W is an S-configuration [9].
(3) The Jacobi-determinant J = uxvy−uyvx splits multiplica-

tively as a function of u and v.
(4) The gradient fields a(x, y) and b(x, y) of the webs satisfy

the Holy Grail equation.
(5) The derivative of the differential form

divF · ω1 − ω1([F,G])ω2

vanishes. Here ω1 and ω2 are the differential forms dual
to the bases generated by the fields F,G. In coordinates,

ω1 =
1

F1G2 −G2F1
(G2,−G1)
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and

ω2 =
1

F1G2 −G2F1
(−F2, F1).

(6) There are two vector fields F and G with

divF = divG = [F,G] = 0

so that the webs consist of the flow lines of F and G resp.
(7) There are recalibrations U and V of u and v for which the

Jacobi-determinant is 1.
In the formulation of the next conditions we remark that

Diff (R)2 acts on R4(R5) and so on the family of submani-
folds of R4(R5) via the formula

(x, y, u, v) 7→ (x, y, φ(u), ψ(v))

(x, y, u, v,E) 7→ (x, y, φ(u), φ(ψ), E).

(8) M is equivalent to a Lagrangian submanifold of R4 with
the canonical symplectic structure x∧ y−u∧ v, under this
group action.

(9) The manifold is equivalent to the projection of a Legen-
drian submanifold of R5 onto R4, when we regard R5 as a
contact manifold with the differential form E±x dv±u dy.
(The four possible choices of sign depend on which of the
four cases in III above holds) [4].

We remark that in [17] Tabachnikov has introduced a connection
on 2-webs in the symplectic space (R2, x∧ y) where he states that
any of the above conditions is equivalent to the vanishing of this
connection.

We mention briefly connections with themes in economics, car-
tography, thermodynamics, elementary geometry.

3. Economics

The first use of the mathematical theory of webs in economics
was by Debreu, [11, 12]. Debreu had earlier obtained conditions
for a preference ordering to be representable by a numerical func-
tion, Debreu [10]. Once such a function exists, it was natural for
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economists to ask when it would be additively separable. Debreu
showed that this question was equivalent to requiring that a 3-
web in the plane given by the level curves of the function, the
verticals, and the horizontals be equivalent to the trivial 3-web.
This in turn required the satisfaction of the Blasche/Thomsen/Bol
hexagon condition, Thomsen [18], Blaschke [5], see also Vind [19]
and Wakker [20].

Here we will use web theory in a quite different way. As noted
in the introduction, the original motivation for the derivation of
the Holy Grail equation was to provide a test for the presence of
maximization processes in economics. Such processes, Samuelson
[16], are mathematically equivalent to the processes of classical
thermodynamics. In this section we will show how web theory can
also be used to provide a test for maximizing behavior. We focus
on the economic situation, but, suitably reinterpreted, the under-
lying ideas are equally applicable to classical thermodynamics.

We use the same framework as Samuelson [16]. We consider a
firm which hires 2 inputs, say L1 and L2 , at competitive prices
W1 andW2 respectively. The firm sells its output as a monopolist
into a downward sloping demand function. In principle we can
experimentally construct two families of demand functions. The
first, steeper, family, L1(W1,L2) gives the demand for L1 at input
price W1 when L2, the quantity of the other input, is held fixed.
The second, flatter family L1(W1,W2), gives the demand when
the price of the second input is held fixed, see Samuelson [16].

As discussed earlier, view this data as a 2-web given by the
projection of a manifold in R4 onto 3-dimensional W1L1W2 and
W1L1L2 space respectively, the resulting projected manifold being
then intersected by planes parallel to the W1L1 plane.

A key question in economics is the identification of the condi-
tions on this 2-web necessary for the firm to be acting so as to
maximize profits. Samuelson proposed the following simple test.

Samuelson Maximization Test: A firm whose input demand
data is given by a 2-web cannot be a profit maximizer unless ab =
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cd, where a, b, c, d are areas of quadrilaterals bounded by “threads”
of the web.

As Tabachnikov has shown, Tabachnikov [17], when the Samuel-
son area condition is satisfied, the 2-web is trivial under an area
preserving transformation. Thus we can calibrate the leaves of
the web in such a way that there is unit area between the threads
labeled x and x+ 1 and y and y + 1, for each respective member
of the family. In classical thermodynamics this calibration corre-
sponds to the passage from empirical temperature and entropy to
absolute temperature and entropy. In economics this recalibration
is not possible, so the relevant test for maximization is whether or
not the already calibrated 2-web, when trivialized to the horizon-
tal/vertical web already satisfies the equal area condition.

Tabachnikov [17] gives a further characterization of the profit
maximizing condition. If we place the standard area (symplec-
tic) form dL1 ∧ dW1 on R2, the 2-web of factor demands is a
Lagrangian 2-web since all curves on the symplectic plane are La-
grangian sub-manifolds. Tabachnikov’s theorem 0.1 now applies
directly and a symplectic, torsion free, connection (the Hess con-
nection [15], can be associated with the web. As Tabachnikov
shows, when the Samuelson test is satisfied with equality, this
connection is flat. This provides an alternative characterization of
profit maximizing behavior.

Finally we note that if we impose the standard symplectic form

dL1 ∧ dW1 + dL2 ∧ dW2

on R4, the 2-dimensional sub-manifold is a Lagrangian sub-
manifold of R4. This means that the mapping from L1,W1 to
L2,W2 is area preserving and orientation reversing as we have
just seen. Since maximizing economic processes take place on La-
grangian sub-manifolds, economics, too, succumbs to Weinstein’s
Lagrangian creed. That everything is a Lagrangian submanifold
[21].
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4. Cartography

(The Central Problem of Mathematical Cartography.)

Our starting points are the two basic map projections:

• the Lambert projection which is an equal area projection,
• the Mercator projection which is a conformal projection
(see, for example, Brown [7]).

All equal area (conformal) projections arise from the compo-
sition of these projections with area preserving maps (conformal
maps) of the plane. (We remark that it follows from our main
result that a 2 web is the family of meridians resp. parallels of an
equal-area projection iff they form an S-configuration.)

The central problems of cartography were to characterize all
equal area (conformal) projections whose meridians and parallels
are (generalized) circles (cf. [7]).

The conformal case was solved by Lagrange, the equal area case
by Gravé, a mathematician at the University of Kiev. In order to
get the flavour of Gravé’s result, consider the equation

x = δ cos
u+ ǫ

k
− sin

u+ ǫ

k

√
2kv + e,

y = δ sin
u+ ǫ

k
+ cos

u+ ǫ

k

√
2kv + e

(δ, ǫ, k, l are parameters), which is taken from article [14] with his
solution to the second problem. Then the mapping from (u, v)
to (x, y) described by this formula is an equal area mapping of
the plane with the required property. Gravé’s result consists of
a list of analogous formulae which includes all possible equal-area
projections with the above property.

We note that it follows easily from the main result that certain
special S-configurations can be generated by groups in either of
the following ways:

A) if we are given 2 one-parameter groups of area-preserving
transformations A(t), B(t) so that A and B commute, then
their orbits form an S-configuration;
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B) if A(t) is as above and Γ is a generic curve, then the webs
formed by the orbits of A resp. the images of Γ under A
form an S-configuration.

It is natural to express the result of Gravé’s in terms of such
groups. Thus we require one-parametric groups whose orbits are
generalized circles. There are three natural candidates:

• the translation group.
• the rotation group.
• the dilatation group.

We can then use these three groups together with an additional
generalized circle to generate S-configurations as in B) and hence
equal area projections. It turns out that all of Gravé’s configura-
tions arise in this manner and this provides a much more accessible
version of his characterization.

5. Thermodynamics

Suppose we are given two functions u and v (empirical temper-
ature and empirical entropy). Then the basic facts of thermody-
namics are contained in the statement: u and v can be recalibrated
to satisfy the Maxwell relations, if and only if their level curves (the
“isotherms” and “adiabatics”) form an S-configuration. These re-
calibrations, which are essentially unique, are absolute tempera-
ture and absolute entropy.

We remark that this application was our motivation for seek-
ing a more symmetric version of Samuelson’s area condition. The
equations of state for a thermodynamic substance involve two re-
lationships between the four quantities p, V , T , S (pressure, vol-
ume, (empirical) temperature, (empirical) entropy) but there is
no necessity (empirical or theoretical) which dictates the choice of
dependent and independent variables.

Examples:

• Ideal gas: u = xy, v = xyγ ,
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• Van der Waals gas: u = (x+ 1
y2
)(y−1), v = (x+ 1

y2
)(y−1)γ ,

• Feynman gas: u = xy, v = xyγ(xy),

• u = (x+ 1
y2
)(y − 1), v = (x+ 1

y2
)(y − 1)

γ((x+ 1
y2

)(y−1))
.

All of these satisfy the Holy Grail theorem and so have unique
recalibrations for which they satisfy the Maxwell relationships.
The resulting computations provide insights into the nature of
real gases.

6. Geometry

We close with the remark that a number of elegant geometrical
configurations which we call Apostol-Tabachnikov configurations
are examples of S-configurations and this gives a simple and ele-
gant approach to some of their properties. These are generated by
a single curve and a web of tangential curves, one at each point.
The second web is obtained by moving the initial curve along the
latter in a suitable manner.

(1) Apostol configurations. In this case we move a curve along
its tangents. Analytically, thus is given by the equations

x(u, v) = c1(u) + v
(ċ1(u), ċ2(u))√
ċ21(u) + ċ22(u)

,

y(u, v) = c2(u) + v
(ċ1(u), ċ2(u))√
ċ21(u) + ċ22(u)

.

(2) Tait-Kneser configurations. Here the second foliation con-
sists of the family of osculating circles:

(x(u, v), y(u, v)) =

(c1(u), c2(u)) +

[
cos v − sin v
sin v cos v

] [
c1(u)− C1(u)
c2(u)− C2(u)

]
.

(C(u) is the center of curvature).
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(3) Tait-Kneser-Tabachnikov configurations generated by the
curve y = f(x).

x(u, v) = u+ v,

y(u, v) =

n∑

r=0

vr

r!
f (r)(u).

(For these configurations, see references [2], [3] and [13].) In
each case it is a routine matter to compute the Jacobi-determinant
and to verify that it splits multiplicatively in the required manner.
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Geodesic Webs and PDE Systems of
Euler Equations

We find necessary and sufficient conditions for the foliation defined by level
sets of a function f(x1, . . . , xn) to be totally geodesic in a torsion-free con-
nection and apply them to find the conditions for d-webs of hypersurfaces
to be geodesic, and in the case of flat connections, for d-webs (d ≥ n+ 1)
of hypersurfaces to be hyperplanar webs. These conditions are systems of
generalized Euler equations, and for flat connections we give an explicit
construction of their solutions.
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1. Introduction

In this paper we study necessary and sufficient conditions for
the foliation defined by level sets of a function to be totally geo-
desic in a torsion-free connection on a manifold and find necessary
and sufficient conditions for webs of hypersurfaces to be geodesic.
These conditions has the form of a second-order PDE system for
web functions. The system has an infinite pseudogroup of sym-
metries and the factorization of the system with respect to the
pseudogroup leads us to a first-order PDE system. In the pla-
nar case (cf. [1]), the system coincides with the classical Euler
equation and therefore can be solved in a constructive way. We
provide a method to solve the system in arbitrary dimension and
flat connection.

c© V.V.Goldberg, V.V. Lychagin, 2009
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2. Geodesic Foliations and Flex Equations

Let Mn be a smooth manifold of dimension n. Let vector fields
∂1, . . . , ∂n form a basis in the tangent bundle, and let ω1, . . . , ωn

be the dual basis. Then

[∂i, ∂j ] =
∑

k

ckij∂k

for some functions ckij ∈ C∞ (M) , and

dωk +
∑

i<j

ckijω
i ∧ ωj = 0.

Let ∇ be a linear connection in the tangent bundle, and let Γkij be
the Christoffel symbols of second type. Then

∇i (∂j) =
∑

k

Γkij∂k,

where ∇i
def
= ∇∂i , and

∇i

(
ωk
)
= −

∑

j

Γkijω
j.

In [1] we proved the following result.

Theorem 1. The foliation defined by the level sets of a function
f(x1, . . . , xn) is totally geodesic in a torsion-free connection ∇ if
and only if the function f satisfies the following system of PDEs:

∂i (fi)

fifi
− ∂i (fj) + ∂j (fi)

fifj
+
∂j (fj)

fjfj
=

=
∑

k

(
Γkii

fk
fifi

+ Γkjj
fk
fjfj

− (Γkij + Γkji)
fk
fifj

)
(1)

for all i < j, i, j = 1, . . . , n; here fi =
∂f

∂xi
.
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We call such a system a flex system.
Note that conditions (1) can be used to obtain necessary and

sufficient conditions for a d-web formed by the level sets of the
functions fα(x1, . . . , xn), α = 1, . . . , d, to be a geodesic d-web,
i.e., to have the leaves of all its foliations to be totally geodesic:
one should apply conditions (1) to the all web functions fα, α =
1, . . . , d

2.1. Geodesic Webs on Manifolds of Constant Curvature.

In what follows, we shall use the following definition.

Definition 1. We call by (Flex f)ij the following function:

(Flex f)ij = f2j fii − 2fifjfij + f2i fjj,

where i, j = 1, . . . , n, fi =
∂f

∂xi
and fij =

∂2f

∂xi∂xj
.

It is easy to see that (Flex f)ij = (Flex f)ji, and (Flex f)ii = 0.

Proposition 1. Let (Rn, g) be a manifold of constant curvature
with the metric tensor

g =
dx21 + · · ·+ dx2n(

1 + κ
(
x21 + · · ·+ x2n

))2 ,

where κ is a constant. Then the level sets of a function

f(x1, . . . , xn)

are geodesics of the metric g if and only if the function f satisfies
the following PDE system:

(2) (Flex f)ij =
2κ
(
f2i + f2j

)

1 + κ
(
x21 + · · ·+ x2n

)
∑

k

xkfk

for all i, j.

Proof. To prove formula (2), first note that the components of the
metric tensor g are

gii = b2, gij = 0, i 6= j,
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where

b =
1

1 + κ
(
x21 + · · ·+ x2n

) .

It follows that

gii = g−1
ii , g

ij = 0, i 6= j.

We compute Γijk using the classical formula

(3) Γkij =
1

2
gkl
(
∂gli
∂xj

+
∂glj
∂xi

− ∂gij
∂xl

)

and get

Γkii = 2κxkb, k 6= i; Γiii = −2κxib; Γ
k
ij = 0, i, j 6= k, i 6= j;

Γiij = −2κxjb, i 6= j; Γjij = −2κxib, i 6= j.

Substituting these values of Γijk into the right-hand side of for-

mula (1), we get formula (2). �

Note that if n = 2, then PDE system (2) reduces to the single
equation

Flex f =
2κ (x1f1 + x2f2)

(
f21 + f22

)

1 + κ
(
x21 + x22

) ,

where Flex f = (Flex f)12.
This formula coincides with the corresponding formula in [1].
We rewrite formula (2) as follows:

(4)
(Flex f)ij
f2i + f2j

= 2κb
∑

k

xkfk.

The left-hand side of equation (4) does not depend on i and j.
Thus we have

(Flex f)ij
f2i + f2j

=
(Flex f)kl
f2k + f2l

for any i, j, k, and l.
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It follows that if

(5) (Flex f)ij = 0

for some fixed i and j, then (5) holds for any i and j.
In other words, one has the following result.

Theorem 2. Let W be a geodesic d-web on the manifold (Rn, g)

given by web-functions
{
f1, . . . , fd

}
such that (fak )

2+(fal )
2 6= 0 for

all a = 1, . . . , d and k, l = 1, 2, . . . , n. Assume that the intersection
of W with the plane (xi0 , xj0) , for given i0 and j0, is a linear
planar d-web. Then the intersection of W with arbitrary planes
(xi, xj) are linear webs too.

2.2. Geodesic Webs on Hypersurfaces in Rn.

Proposition 2. Let (M,g) ⊂ Rn be a hypersurface defined by
an equation xn = u (x1, . . . , xn−1) with the induced metric g and
the Levi-Civita connection ∇. Then the foliation defined by the
level sets of a function f (x1, . . . , xn−1) is totally geodesic in the
connection ∇ if and only if the function f satisfies the following
system of PDEs:

(6) (Flex f)ij =
u1f1 + · · ·+ un−1fn−1

1 + u21 + · · · + u2n−1

(f2j uii−2fifjuij+f
2
i ujj).

Proof. To prove formula (6), note that the metric induced by a
surface xn = u(x1, . . . , xn−1) is

g = ds2 =
n−1∑

k=1

(1 + u2k)dx
2
k + 2

n−1∑

i,j=1(i 6=j)
uiujdxidxj .

Thus the metric tensor g has the following matrix:

(gij) =




1 + u21 u1u2 . . . u1un−1

u2u1 1 + u22 . . . u2un−1

...
...

. . .
...

u1 un−1u2 . . . 1 + u2n−1



,
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and the inverse tensor g−1 has the matrix

(gij) =
1

1 +

n−1∑

k=1

(1 + u2k)

×

×




n−1∑

k=2

(1 + u2k) −u1u2 . . . −u1un−1

−u2u1
n−1∑

k=1(k 6=2)

(1 + u2k) . . . −u2un−1

...
...

. . .
...

−un−1u1 −un−1u2 . . .
n−2∑

k=1

(1 + u2k)




.

Computing Γijk by formula (3), we find that

Γkij =
ukuij

1 +
n−1∑

k=1

(1 + u2k)

.

Applying these formulas to the right-hand side of (1), we get for-
mula (6). �

We rewrite equation (6) in the form

(7)
(Flex f)ij

f2j uii − 2fifjuij + f2i ujj
=
u1f1 + · · ·+ unfn
1 + u21 + · · ·+ u2n

.

It follows that the left-hand side of (7) does not depend on i
and j, i.e., we have

(Flex f)ij
f2j uii − 2fifjuij + f2i ujj

=
(Flex f)kl

f2l ukk − 2fkflukl + f2kull

for any i, j, k and l. This means that if

(Flex f)ij = 0
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for some fixed i and j, then

(Flex f)kl = 0

for any k and l.
In other words, we have a result similar to the result in Theo-

rem 2.

Theorem 3. Let W be a geodesic d-web on the hypersurface
(M,g) given by web functions

{
f1, . . . , fd

}
such that

(
faj
)2
uii − 2fai f

a
j uij + (fai )

2 ujj 6= 0,

for all a = 1, . . . , d and k, l = 1, 2, . . . , n. Assume that the intersec-
tion of W with the plane (xi0 , xj0) , for given i0 and j0, is a linear
planar d-web. Then the intersection of W with arbitrary planes
(xi, xj) are linear webs too.

3. Hyperplanar Webs

In this section we consider hyperplanar geodesic webs in Rn

endowed with a flat linear connection ∇.
In what follows, we shall use coordinates x1, . . . , xn in which

the Christoffel symbols Γijk of ∇ vanish.
The following theorem gives us a criterion for a web of hyper-

surfaces to be hyperplanar.

Theorem 4. Suppose that a d-web of hypersurfaces, d ≥ n + 1,
is given locally by web functions fα(x1, . . . , xn), α = 1, ..., d. Then
the web is hyperplanar if and only if the web functions satisfy the
following PDE system:

(8) (Flex f)st = 0,

for all s < t = 1, . . . , n.

Proof. For the proof, one should apply Theorem 1 to all foliations
of the web. �
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In order to integrate the above PDEs system, we introduce the
functions

As =
fs
fs+1

, s = 1, . . . , n − 1,

and the vector fields

Xs =
∂

∂xs
−As

∂

∂xs+1
, s = 1, . . . , n− 1.

Then the system can be written as

Xs (At) = 0,

where s, t = 1, . . . , n− 1.
Note that

[Xs,Xt] = 0

if the function f is a solution of (8).
Hence, the vector fields X1, . . . ,Xn−1 generate a completely in-

tegrable (n− 1)-dimensional distribution, and the functions

A1, . . . , An−1

are the first integrals of this distribution.
Moreover, the definition of the functions As shows that

Xs(f) = 0, s = 1, . . . , n − 1,

also.
As a result, we get that

As = Φs (f) , s = 1, . . . , n− 1,

for some functions Φs.
In these terms, we get the following system of equations for f :

∂f

∂xs
= Φs (f)

∂f

∂xs+1
, s = 1, . . . , n− 1,

or

(9)
∂f

∂xs
= Ψs (f)

∂f

∂xn
, s = 1, . . . , n− 1,
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where Ψn−1 = Φn−1, and

Ψs = Φn−1 · · ·Φs
for s = 1, . . . , n− 2.

This system is a sequence of the Euler-type equations and there-
fore can be integrated. Keeping in mind that a solution of the
single Euler-type equation

∂f

∂xs
= Ψs (f)

∂f

∂xn

is given by the implicit equation

f = u0 (xn +Ψs (f)xs) ,

where u0(xn) is an initial condition, when xs = 0, and Ψs is an
arbitrary nonvanishing function, we get solutions f of system (8)
in the form:

f = u0 (xn +Ψn−1 (f)xn−1 + · · ·+Ψ1 (f)x1) ,

where u0(xn) is an initial condition, when

x1 = · · · = xn−1 = 0,

and Ψs are arbitrary nonvanishing functions.
Thus, we have proved the following result.

Theorem 5. Web functions of hyperplanar webs have the form

(10) f = u0 (xn +Ψn−1 (f)xn−1 + · · ·+Ψ1 (f)x1) ,

where u0(xn) are initial conditions, when x1 = · · · = xn−1 =
0, and Ψs are arbitrary nonvanishing functions.

Example 15. Assume that n = 3,

f1(x1, x2, x3) = x1, f2(x1, x2, x3) = x2, f3(x1, x2, x3) = x3,

and take u0 = x3, Ψ1(f4) = f24 , Ψ2(f4) = f4 in (10). Then we get
the hyperplanar 4-web with the remaining web function

f4 =
x2 − 1±

√
(x2 − 1)2 − 4x1x3
2x1

.
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It follows that the level surfaces f4 = C of this function are defined
by the equation

x1(C
2x1 − Cx2 + x3 + C) = 0,

i.e., they form a one-parameter family of 2-planes

C2x1 − Cx2 + x3 + C = 0.

Differentiating the last equation with respect to C and excluding C,
we find that the envelope of this family is defined by the equation

(x2)
2 − 4x1x3 − 2x2 + 1 = 0.

Therefore, the envelope is the second-degree cone.

Example 16. Assume that n = 3,

f1(x1, x2, x3) = x1, f2(x1, x2, x3) = x2, f3(x1, x2, x3) = x3,

and take u0 = x3,Ψ1(f4) = 1,Ψ2(f4) = f24 in (10). Then we get
the linear 4-web with the remaining web function

f4 =

(
1±

√
1− 4x2(x1 + x3)

2x2

)2

.

The level surfaces f4 = C2 of this function are defined by the
equation

x2(x1 + C2x2 + x3 − C) = 0,

i.e., they form a one-parameter family of 2-planes

x1 + C2x2 + x3 − C = 0.

Differentiating the last equation with respect to C and excluding C,
we find that the envelope of this family is defined by the equation

4x1x2 + 4x2x3 − 1 = 0.

Therefore, the envelope is the hyperbolic cylinder.

In the next example no one foliation of a web W3 coincides
with a foliation of coordinate lines, i.e., all four web functions are
unknown.
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Example 17. Assume that n = 3 and take

Description 1.

(i) u01 = x3, Ψ1(f1) = f21 , Ψ2(f1) = f1;
(ii) u02 = x3, Ψ1(f2) = 1, Ψ2(f2) = f22 ;
(iii) u03 = x23, Ψ1(f3) = f3, Ψ2(f3) = 1;
(iv) u04 = x3, Ψ1(f4) = Ψ2(f4) = f4.

in (10). Then we get the linear 4-web with the web functions

f1 =
x2 − 1±

√
(x2 − 1)2 − 4x1x3
2x1

,

f2 =

(
1±

√
1− 4x2(x1 + x3)

2x2

)2

(see Examples 15 and 16) and

f3 =

(
1±

√
1− 4x1(x2 + x3)

2x1

)2

,

f4 =
x3

1− x1 − x2
.

It follows that the leaves of the foliation X1 are tangent 2-planes
to the second-degree cone

(x2)
2 − 4x1x3 − 2x2 + 1 = 0

(cf. Example 15 and 16), the leaves of the foliation X2 and X3 are
tangent 2-planes to the hyperbolic cylinders

4x1x2 + 4x2x3 − 1 = 0 and 4x1x2 + 4x1x3 − 1 = 0

(cf. Example 16), and the leaves of the foliation X4 are 2-planes
of the one-parameter family of parallel 2-planes

Cx1 +Cx2 + x3 = 1,

where C is an arbitrary constant.
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Feedback Equivalence of
1-dimensional Control Systems of
the 1-st Order

The problem of local feedback equivalence for 1-dimensional control sys-
tems of the 1-st order is considered. The algebra of differential invariants
and criteria for the feedback equivalence for regular control systems are
found.

Keywords: differential invariants, invariant differentiation

1. Introduction

In this paper we study the problem of local feedback equivalence
for 1-dimensional control systems of 1-st order.

As in paper ( [8]) we use the method of differential invariants.
To this end we consider control systems as underdetermined ordi-
nary differential equations. This gives a representation of feedback
transformations as a special type of Lie transformations, and we
study and find differential invariants of these representation.

Remark also that from the EDS point of view the case of control
systems considered here is equivalent to the case of second order
systems considered in ( [8]), but from ODE point of view they
have different algebras of feedback differential invariants.

To find a structure of the algebra of feedback differential in-
variants we first find 3 feedback invariant derivations. Then the
differential invariants algebra is generated by two basic differential

c© V.V. Lychagin, 2009
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invariants J and K of orders 2 and 3 respectively and by all their
invariant derivations.

This description allows us to find invariants for the formal feed-
back equivalence problem.

To get a local feedback equivalence we introduce a notion of reg-
ular control system and connect with such a system a 3-dimensional
submanifold Σ in R14.

The main result of the paper states that two regular control
systems are locally feedback equivalent if and only if the corre-
sponding 3-dimensional submanifolds Σ coincide.

2. Representation of Feedback Pseudogroup

Let

(1)
·
x = F (x, u,

·
u),

be an autonomous 1-dimensional control system of the 1-st order.
Here the function x = x (t) describes a dynamic of the state of

the system, and u = u (t) is a scalar control parameter.
We shall consider this system as an undetermined ordinary dif-

ferential equation of the first order on sections of 2-dimensional
bundle π : R3 → R , where π : (x, u, t) 7−→ t.

Let E ⊂ J1 (π) be the corresponding submanifold. In the canon-
ical jet coordinates (t, x, u, x1, u1, . . . ) this submanifold is given by
the equation:

x1 = F (x, u, u1) .

It is known (see, for example, [6]) that Lie transformations in
jet bundles Jk (π) for 2-dimensional bundle π are prolongations of
point transformations, that is, prolongations of diffeomorphisms
of the total space of the bundle π.

We shall restrict ourselves by point transformations which are
automorphisms of the bundle π.

Moreover, if these transformations preserve the class of systems
(1) then they should have the form

(2) Φ : (x, u, t) → (X (x) , U (x, u) , t) .
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Diffeomorphisms of form (2) is called feedback transformations.
The corresponding infinitesimal version of this notion is a feedback
vector field, i.e. a plane vector field of the form

Xa,b = a (x) ∂x + b (x, u) ∂u.

The feedback transformations in a natural way act on the con-
trol systems of type (1):

E 7−→ Φ(1) (E) ,
where Φ(1) : J1 (π) → J1 (π) is the first prolongation of the point
transformation Φ.

Passing to functions F, defining the systems, we get the follow-

ing action on these functions:Φ̂ : F 7−→ G, where the function G
is a solution of the equation

(3) Xx G = F (X,U,UxG+ Uuu1) .

The infinitesimal version of this action leads us to the following

representation Xa,b 7−→ X̂a,b of feedback vector fields:

(4) X̂a,b = a ∂x + b ∂u + (u1bu + f bx) ∂u1 + ax f ∂f .

In this formula X̂a,b is a vector field on the 4-dimensional space
R4 with coordinates (u, u, u1, f) , and this field corresponds to the
above action in the following sense.

Each control system (1) determines a 3-dimensional submani-
fold LF ⊂ R4, the graph of F :

LF = {f = F (x, u, u1)} .
Let At be the 1-parameter group of shifts along vector field Xa,b

and let Bt : R
4 → R4 be the corresponding 1-parameter group of

shifts along X̂a,b, then these two actions related as follows

L
Ât(F )

= Bt (LF ) .

In other words, if we consider an 1-dimensional bundle

κ : R4 → R3,
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where κ((u, u, u1, f)) = (u, u, u1), then formula (4) defines the

representation X 7−→ X̂ of the Lie algebra of feedback vector
fields into the Lie algebra of Lie vector fields on J0 (κ) , and the

action of Lie vector fields X̂ on sections of bundle κ corresponds
to the action of feedback vector fields on right hand sides of (1)

3. Feedback Differential Invariants

By a feedback differential invariant of order ≤ k we understand
a function I ∈ C∞ (Jkκ

)
on the space of k-jets Jk(κ), which is in-

variant under of the prolonged action of feedback transformations.
Namely,

X̂a,b
(k)

(I) = 0,

for all feedback vector fields Xa,b.
In what follows we shall omit subscript of order of jet spaces, and

say that a function I on the space of infinite jets I ∈ C∞ (J∞κ)
is a feedback differential invariant if

X̂a,b
(·)

(I) = 0,

where X̂a,b
(·)

is the prolongation of the vector field Xa,b in the
space of infinite jets J∞κ.

In a similar way one defines a feedback invariant derivations as
combinations of total derivatives

∇ = A
d

dx
+B

d

du
+ C

d

du1
,

A,B,C ∈ C∞ (J∞κ) ,

which are invariant with respect to prolongations of feedback trans-
formations, that is,

[X̂a,b
(·)
,∇] = 0

for all feedback vector fields Xa,b.
Remark that for these derivations functions ∇ (I) are differen-

tial invariants ( of order, as a rule, higher then order of I) for
any feedback differential invariant I. This observation allows us to
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construct new differential invariants from known ones only by the
differentiations.

Recall the construction of the Tresse derivations in our case.
Let J1, J2, J3 ∈ C∞ (Jkκ

)
be three feedback differential invariants,

and let

d̂Ji =
dJi
dx

dx+
dJi
du

du+
dJi
du1

du1

be their total derivatives.
Assume that we are in a domain D in Jkκ, where

d̂J1 ∧ d̂J2 ∧ d̂J3 6= 0.

Then, for any function V ∈ C∞ (J lκ
)
over domain D, one has

decomposition

d̂V = λ1d̂J1 + λ2d̂J2 + λ3d̂J3.

Coefficients λ1, λ2 and λ3 of this decomposition are called the
Tresse derivatives of V and are denoted by

λi =
DV

DJi
.

The remarkable property of these derivatives is the fact that they
are feedback differential invariants (of higher, as a rule, order then
V ) each time when V is a feedback differential invariant.

In other words, the Tresse derivatives

D

DJ1
,
D

DJ2
and

D

DJ3

are feedback invariant derivations.

4. Dimensions of Orbits

First of all, we remark that the submanifold {f = 0} is a sin-
gular orbit for the feedback action in the space of 0-jets J0κ. The

generating function of the feedback vector field X̂a,b has the form:

φa,b = axf − afx − bfu − (u1bu + fbx) fz,
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and the formula for prolongations of vector fields ( [6]) shows that
in the space of 1-jets J1κ, in addition, we have one more singular
orbit {fu1 = 0}. In similar way, we have one more singular orbit
{fu1u1 = 0} in the space of 2-jets. There are no more additional
singular orbits in the spaces of k-jets, when k ≥ 3.

We say that a point xk ∈ Jkκ is regular, if f 6= 0, fu1 6=
0, fu1u1 6= 0 at this point.

In what follows we shall consider orbits of regular points only.
It is easy to see, that the k−th prolongation of the feedback

vector field X̂a,b depends on (k + 1)-jet of function a (x) and (k+
1)-jet of function b (x, u) .

Denote by V k
i and W k

ij the components of the decomposition

X̂a,b
(k)

=
∑

0≤i≤k+1

a(i) (x)V k
i +

∑

0≤i+j≤k+1

∂i+jb

∂xi∂uj
W k
ij.

Then, by the construction, the vector fields V k
i , 0 ≤ i ≤ k+1, and

W k
ij, 0 ≤ i+j ≤ k+1, generate a completely integrable distribution

on the space of k-jets, integral manifolds of which are orbits of the
feedback action in Jkκ.

Straightforward computations show that there are no non trivial
feedback differential invariants of the 1-st order.

LetOk+1 be a feedback orbit in Jk+1κ, then the projectionOk =
κk+1,k (Ok+1) ⊂ Jkκ is an orbit too, and to determine dimensions
of the orbits one should find dimensions of the bundles: κk+1,k :
Ok+1 → Ok. To do this we should find conditions on functions a

and b under which X̂a,b
(k)

= 0 at a point xk ∈ Jkκ.

Assume that X̂a,b
(k−1)

= 0 at the point xk−1 ∈ Jk−1κ . Then

the vector field X̂a,b
(k)

is a κk,k−1-vertical over this point.
Components

dkφ

dxiduj
∂

∂fσij
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of this vector field, where σij = (x, . . . , x︸ ︷︷ ︸,
i-times

u, . . . , u︸ ︷︷ ︸
j-times

), i + j = k, and

components
dkφ

dxidujdu1

∂

∂fτij
,

where τij = (x, . . . , x︸ ︷︷ ︸,
i-times

u, . . . , u︸ ︷︷ ︸
j-times

), i+ j = k − 1 depend on

∂k+1b

∂xi∂uj
,

and
dk+1a

dxk+1

respectively.
All others components

dkφ

dxrdusdut1

∂

∂fσ

are expressed in terms of k-jet of b (x, u) and k-jet of function
a (x) .

It shows that the bundles: κk,k−1 : Ok → Ok−1 are (k + 3)-
dimensional, when k > 1.

Feedback orbits in the space of 2-jets can be found by direct
integration of 12-dimensional completely integrable distribution
generating by the vector fields V 1

i , 0 ≤ i ≤ 3, and W 1
ij, 0 ≤ i+ j ≤

2. Summarizing, we get the following result.

Theorem 1. (1) The first non-trivial differential invariants
of feedback transformations appear in order 2 and they are
functions of the basic invariant

J =
f2 fu1u1

(u1fu1 − f) f2u1
.

(2) There are
k (k + 1)

2
− 2
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independent differential invariants of pure order k.
(3) Dimension of the algebra of differential feedback invariants

of order k ≥ 2, is equal to

k3

6
+
k2

2
− 5k

3
+ 1.

(4) Dimension of the regular feedback orbits in the space of
k-jets, k ≥ 2, is equal to

(k + 1)2

2
+

23k

3
+

5

2
.

5. Invariant Derivations

We’ll need the following result which allows us to compute in-
variant derivations.

Assume that an infinitesimal Lie pseudogroup g is represented
in the Lie algebra of contact vector fields on the manifold of 1-jets
J1 (Rn) .

Moreover, we will identify elements g with the corresponding
contact vector fields , i.e. we assume that elements of g have the
form Xf (see [6]), where f is the generating function.

Lemma 1. Let x1, . . . , xn be coordinates in Rn, and let

(x1, . . . , xn, u, p1, . . . , pn)

be the corresponding canonical coordinates in the 1-jet space
J1 (Rn) . Then a derivation

∇ =
n∑

i=1

Ai
d

dxi

is g-invariant if and only if functions Ai ∈ C∞ (J∞Rn) , j =
1, . . . , n, are solutions of the following PDE system:

(5) Xf (Ai) +
n∑

j=1

d

dxj

(
∂f

∂pi

)
Aj = 0,

for all i = 1, . . . , n, and Xf ∈ g.
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Proof. We have, [6]:

X•
f = Ef −

n∑

i=1

∂f

∂pi

d

dxi
,

where

Ef =
∑

σ

d|σ|f
dxσ

∂

∂pσ

is the evolutionary derivation, σ is a multi index and {pσ} are the
canonical coordinates in J∞Rn.

Using the fact that evolutionary derivations commute with the
total ones and the relation

[∇,X•
f ] = 0,

we get

0 =




n∑

j=1

Aj

d

dxj
,Ef −

n∑

i=1

∂f

∂pi

d

dxi




= −
∑

j

Ef (Aj)
d

dxj
+
∑

i,j

(
−Aj

d

dxj

(
∂f

∂pi

)
d

dxi
+
∂f

∂pi

dAj

dxi

d

dxj

)

= −
∑

s


X•

f (As) +
∑

j

Aj

d

dxj

(
∂f

∂ps

)
 d

dxs
.

�

In our case we expect three linear independent feedback invari-
ant derivations. To solve PDE system (5) we first assume that the
unknown functions are functions on the 1-jet space J1R3. Then
collect terms in (5) with a, a

′

, a′′ and b, bx, bu, bxx, bxu and bu u we
get the system of 8 differential equations for 3 unknown functions.
Solving the system we found two independent invariant deriva-
tions. The last one we get in a similar way by assuming that the
unknown functions are functions on the 2-jet space J2R3.
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Finally, we have 3 feedback invariant derivations:

∇1 =
u1fu1 − f

fu1

d

du
+
f − u1fu1

f2u1
fu

d

du1
,

∇2 =
f

fu1

d

du1
,

∇3 = f
d

dx
+

f

fu1

d

du
+

(
fxfu1 + fu − zfu u1 − fxu1

fu1u1
+
u1fu1 − f

f2u1
fu

)
d

du1
.

These derivations obey the following commutation relations

[∇2,∇1] = J ∇1

[∇3,∇1] = K ∇2

[∇3,∇2] = −∇3 + J ∇1 + L ∇2

where K and L are some differential invariants of the 3rd order
(see below).

6. Differential Invariants of the 3-rd Order

Theorem 1 shows that there are four independent differential
invariants of the 3-rd order. We get three of them simply by
invariant differentiations:

∇1 (J) ,∇2 (J) ,∇3 (J) .

The symbols of these invariants contain:

• symbol of ∇2 (J) depends on fu1u1u1 ,
• symbol of ∇1 (J) depends on fu1u1u1 and fuu1u1 ,
• symbol of ∇3 (J) depends on fu1u1u1 ,fuu1u1 and fxu1u1 .

It shows that these differential invariants are independent.
The similar observation shows that the differential invariant

L, which appears in the commutation relations, is a function of
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J,∇1 (J) ,∇2 (J) ,∇3 (J) , and the differential invariant K is the
forth independent invariant. It has the following form:

K=−u1fxu + 2u1
f2u
ffu1

− 2
f2u
fu1

2+

+
f uuu1 − 2 fufx + ffxu

fu1
− u1

(f uuu1 − 2 fufx)

f
+

+
c1

fu1fu1u1
2+

c2

ffu1u1
2+

c3

fu1u1
2+

c4
ffu1u1

+
c5

fu1fu1u1
+

c6
fu1u1

,

where

c1=−ffufxu1fu1u1u1 − u1fufuu1fu1u1u1 + f2ufu1u1u1 ,

c2=u1
(
fufu1fuu1u1−f2ufu1u1u1−fxfufu1fu1u1u1+fxfu12fuu1u1

)

+u1
2fuu1 (−fu1fuu1u1 + fufu1u1u1) ,

c3=ffxu1fuu1u1 + fxfufu1u1u1 − fufuu1u1 − fxfu1fuu1u1

+u1 (fufxu1fu1u1u1 − fu1fxu1fuu1u1 + fuu1fuu1u1) ,

c4=−u1
(
2 fu1fxfuu1 − fu1fufxu1 + fufuu1 + fu1f uu + fu1

2fxu
)

+u1
2
(
fu1f uuu1 − fufuu1u1 + fuu1

2
)
,

c5=ffufxu1u1 − ffxu1fuu1 + fufuu1 + u1
(
fufuu1u1 − fuu1

2
)
,

c6=fuu − fufxu1 + 2 fxfuu1 + fu1fxu − ff xuu1

+u1 (fu1f xuu1 − f uuu1 + fxu1fuu1 − fufxu1u1) .

7. Algebra of Feedback Differential Invariants

By regular orbits we mean feedback orbits of regular points.
Counting the dimensions of regular feedback orbits shows that

the following result is valid.

Theorem 2. Algebra of feedback differential invariants in a neigh-
borhood of a regular orbit is generated by differential invariant J
of the 2-nd order, differential invariant K of the 3-rd order and
all their invariant derivatives.
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8. The Feedback Equivalence Problem

Consider two control systems given by functions F and G. Then,
to establish feedback equivalence, we should solve the differential
equation

(6) F (X,U,UxG (x, u, u1) + Uuu1)−Xx G (x, u, u1) = 0

with respect to unknown functions X (x) and U (x, u) .
Let us denote the left hand side of (6) by H. Then assuming

the general position one can find functions X,Xx, U, Ux, Uu from
the equations

H = Hu1 = H(2)
u1 = H(3)

u1 = H(4)
u1 = 0.

Remark, that the above general conditions are feedback invari-
ant, depends on finite jet of the system and holds in a dense open
domain of the jet space. Therefore, it holds in regular points.

Assume that we get

U = A (x, u, u1) , Ux = B (x, u, u1) ,

Uu = C (x, u, u1) ,X = D (x, u, u1) ,

X ′ = E (x, u, u1)

Then the conditions

Au1 = Bu1 = Cu1 = Du1 = Eu1 = 0,

Du = Eu = 0

and

B = Ax, C = Au, E = Dx

show that if (6) has a formal solution at each point (x, u, u1) in a
domain then this equation has a local smooth solution.

On the other hand if system F at a point p = (x0, u0, u01) and
system G at a point p̃ = (x̃0, ũ0, ũ01) has the same differential in-
variants then, by the definition, there is a formal feedback trans-
formation which send the infinite jet of F at the point p to the
infinite jet of G at the point p̃.
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Keeping in mind these observations and results of theorem 2 we
consider the space R3with coordinates (x, u, u1) and the space R14

with coordinates (j, j1, j2, j3, j11, j12, j13, j22, j23, j33k, k1, k2, k3) .
Then any control system, given by function F (x, u, u1), defines

a map

σF : R3 → R14,

by

j = JF , k = KF ,

ji = (∇i(J))
F , ki = (∇i(K))F ,

jij = (∇i∇j(J))
F ,

where i, j = 1, 2, 3, and the subscript F means that the differential
invariants are evaluated due to the system.

Let
Φ : R3 → R3

be a feedback transformation.
Then from the definition of the feedback differential invariants

it follows that
σF ◦ Φ = σ

Φ̂(F )
.

Therefore, the geometrical image

ΣF = Im (σF ) ⊂ R14

does depend on the feedback equivalence class of F only.
We say that a system F is regular in a domain D ⊂ R3 if

(1) 4-jets of F belong to regular orbits,
(2) σF (D) is a smooth 3-dimensional submanifold in R14, and
(3) three of five functions j, j1, j2, j3, k are coordinates on ΣF .

Assume, for example, that functions j1, j2, j3 are coordinates
on ΣF . The following lemma gives a relation between the Tresse
derivatives and invariant differentiations ∇1,∇2,∇3.

Lemma 2. Let
D

DJ1
,
D

DJ2
,
D

DJ3
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be the Tresse derivatives with respect to differential invariants Ji =
∇i (J).

Then the following decomposition

(7) ∇i =
∑

j

Rij
D

DJj

with feedback differential invariants Rij of order ≤ 4 is valid.

Proof. Applying both parts of (7) to invariant Jk we get

∇i (Jk) = Rik

which is a feedback differential invariant of order ≤ 4. �

Theorem 3. Two regular systems F and G are locally feedback
equivalent if and only if

(8) ΣF = ΣG.

Proof. Let us show that the condition 8 implies a local feedback
equivalence.

Assume that

JF = jF (J1, J2, J3) , J
F
ij = jFij (J1, J2, J3) ,

KF = kF (J1, J2, J3) ,K
F
i = kFi (J1, J2, J3)

on ΣF , and

JG = jG (J1, J2, J3) , J
G
ij = jGij (J1, J2, J3) ,

KG = kG (J1, J2, J3) ,K
G
i = kGi (J1, J2, J3)

on ΣG.
Then condition 8 shows that jF = jG, jFij = jGij , k

F
i = kGi and

kF = kG.
Moreover,as we have seen the invariant derivations ∇1,∇2,∇3

are linear combinations of the Tresse derivatives with coefficients
which are feedback differential invariants of order ≤ 4.

In other words, the above functions jF , kF , jFij , k
F
i and their

partial derivatives in j1, j2, j3 determine the restrictions of all dif-
ferential invariants.
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Therefore, condition 8 equalize restrictions of differential invari-
ants not only to order ≤ 4 but in all orders, and provides formal
and therefore local feedback equivalence between F and G. �
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1. Introduction

A considerable literature exists on the dynamics of vortex tubes,
particularly on the topic of the Burgers’ vortex (Burgers 1948). In
an influential paper that contains substantial references, Moffatt,
et al. (1994) coined the simile Burgers’ vortices are the sinews of
turbulence and thus identified the heart of the problem; that is,
these filament-like vortices stitch together the large-scale anatomy
of vortical dynamics. Despite the twisting, bending and tangling
they undergo, they appear to be the preferred states of Navier-
Stokes turbulent flows. The purpose of this paper is to investigate
the enduring subject of turbulence in the light of the recent ad-
vances made in the geometry of Kähler manifolds. We believe that
evidence exists that suggests that turbulent vortical dynamics may
be governed by geometric principles.

The incompressible Navier-Stokes equations, in two dimensions,
are

(1)
∂u

∂t
+ u · ∇u+

1

ρ
∇P = ν∇2u ,

(2)
∂ρ

∂t
+∇ · (ρu) = 0 .

Here, u(x, t) is the fluid velocity, the pressure and density of the
fluid are denoted by P (x, t) and ρ(x, t) respectively, ∇ is the gra-
dient operator and ν is the viscosity; in the inviscid case when
ν = 0 we have the Euler equations. The constraint imposed by
the incompressibility condition

(3) ∇ · u = 0,

is very severe. It means that the convective derivative of the den-
sity vanishes. In turn this means that an initially homogeneous
(constant density) fluid remains constant for all time;

ρ(x, 0) = ρ(x, t) = constant.

Hereafter this density is taken as unity. Moreover, when (3) is
applied across (1) it demands that velocity derivatives and the
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pressure are related by a Poisson equation

(4) −∇2P = ui,juj,i ,

where ∇2 is the Laplace operator (and the summation convention
is used with i, j = 1, 2).

Burgers’ vortices are examples of a two-and-a-half-dimensional
flow, which can be defined by the class of velocity fields written
as (Gibbon et al. (1999))

(5) u(x, y, z, t) = {u1(x, y, t), u2(x, y, t), zγ(x, y, t)} .
This flow is linear in z in the k̂-direction; thus it is stretching
(or compressing) in that direction but is linked dynamically to
its cross-sectional part. The nomenclature refers to the fact that
it is neither fully two- nor three-dimensional but lies somewhere
in-between1 Its components must also satisfy the divergence-free
condition

(6) u1,x(x, y, t) + u2,y(x, y, t) + γ(x, y, t) = 0 .

The class of velocity fields in equation (5), first used in Ohkitani
& Gibbon (2000), is a more general classification of Burgers-type
solutions and contains the specific form of the Burgers vortex so-
lutions used in Moffatt et al. (1994). Included in (5) are the Euler
solutions of Stuart (1987, 1991), in which u1 and u2 are also linear
in x (say) leaving the dependent variables to be functions of y and
t. Then stretching can occur in two directions thereby producing
sheet-like vortical solutions.

1In the case of the three-dimensional Euler equations data can become
rough very quickly; our manipulations in this paper are therefore purely for-
mal. In fact it has been shown numerically in Ohkitani & Gibbon (2000) and
analytically in Constantin (2000) that solutions of the type in (5) can become
singular in a finite time, which is consistent with observations that vortex tubes
have finite life-times; the singularity is not real in the full three-dimensional
Euler sense as it has infinite energy but indicates that the flow will not sustain
the structure (5) for more than a finite time. For the possibility of a real Euler
singularity see Kerr (1983) and Kerr (2005).
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The differences between the three-dimensional and two-dimensi-
onal Navier-Stokes equations are fundamental because the vortex
stretching term ω · ∇u in the equation for vorticity is present in
the former but absent in the latter. Nevertheless, Lundgren (1982)
has shown that for two-and-a-half-dimensional flows of the type

(7) u1 = − 1
2
xγ(t) + ψy u2 = − 1

2
yγ(t)− ψx u3 = zγ(t)

can be mapped into solutions of the two-dimensional Navier-Stokes
equations with ψ(x, y, t) as a stream function.

To investigate the geometric structure behind these solutions re-
quires certain technical tools; these are outlined in §2 of this paper.
The constraint in equation (4) is the basis of our geometric argu-
ments, and because it is true for both the Navier-Stokes and Euler
equations, the conclusions reached in this paper are valid for both
cases. It is, of course, to be expected that any geometric structure
should be independent of viscosity. From now on when we refer
to the Navier-Stokes equations it should be implicitly understood
that the Euler equations are also included. The Kähler structure
for the two-dimensional Navier-Stokes equations is described in §3
and then formulated for two-and-a-half-dimensional Navier-Stokes
flows in §4. Our results show that the necessary condition on the
pressure for a Kähler structure to exist in two spatial dimensions
(with time entering only as a parameter) for the two-dimensional
Navier-Stokes equations is ∇2P > 0. This constraint is highly
restrictive: by no means all two-dimensional Navier-Stokes flows
would conform to it. More promising is the equivalent condition
for two-and-a-half dimensional solutions of type (7). Theorem 1
in §4 shows that these two-and-a-half-dimensional solutions have
an underlying Kähler structure if ∇2P has a very large negative
lower bound, thus associating a wide set of ‘thin’ solutions with
the Kähler property. While the existence of a negative finite lower
bound suggests some work still needs to be done, this result im-
plies that preferred vortical thin sets have a connection with a
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Kähler geometric structure that deserves further study. A differ-
ent line of enquiry by Gibbon (2002) has shown that the three-
dimensional Euler equations has a quaternionic structure in the
dependent variables.

The work of Roubtsov & Roulstone (1997, 2001) showed how
Kähler structures arise in atmosphere and ocean dynamics. The
dynamics of cyclones and anti-cyclones, and ocean eddies, is strong-
ly constrained by the rotation of the Earth, and this feature is key
to the ubiquity of almost-complex structures on the phase space
of so-called balanced models (see McIntyre & Roulstone (2002)).
Central to this work is the fact that equations of Monge-Ampère
type govern the balance between the wind and pressure distribu-
tions. In the context of balanced models, almost-complex struc-
tures are the signature of the slowly-evolving, large-scale weather
systems in our atmosphere (and in the large-scale eddies in the
oceans). The solutions considered in this paper represent the ideal
cases of straight tubes or flat sheets; in reality, as indicated in the
first paragraph of this section, these vortical objects constantly
undergo processes of bending and tangling. Speculatively, it is
possible that once this process is underway, solutions move from
living on a Kähler manifold in two complex dimensions to other
complex manifolds of a higher dimension, although this is a much
more difficult mathematical problem to address and further results
are presented by Roulstone et al. (2008).

This present work emerged from the observation that (4), when
used in the context of atmospheric dynamics and modified by a
term representing the rotation of the Earth, is often studied as
part of a system of balance conditions for the fluid velocity u

when the pressure field is given (and thus it is often considered a
generalization of the notion of geostrophic balance). In the case of
incompressible flows, this leads to a Monge-Ampère equation for a
stream function (Charney 1955), and this was the trigger for our
current investigation.
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2. Differential Forms and Monge–Ampère Equations

In this section we prepare some tools that enable us to study cer-
tain partial differential equations arising in incompressible Navier-
Stokes flows from the point-of-view of differential geometry. An
introduction to the application of some basic elements of exterior
calculus to the study of partial differential equations, with appli-
cation to fluid dynamics, can be found in McIntyre & Roulstone
(2002). Here, we shall draw largely on Lychagin et al. (1993) and
Banos (2002).

A Monge–Ampère equation is a second order partial differential
equation, which, for instance in two variables, can be written as
follows:

(8) Aφxx + 2Bφxy + Cφyy +D(φxxφyy − φ2xy) + E = 0,

where A,B,C andD are smooth functions of (x, y, φ, φx, φy). This
equation is elliptic if

(9) AC − 4B2 −DE > 0.

In dimension n, a Monge–Ampère equation is a linear combination
of the minors of the hessian matrix1 of φ. We shall refer to such
equations as symplectic Monge–Ampère equations when the coeffi-
cients A,B,C andD are smooth functions of (x, y, φx, φy) ∈ T ∗R2;
i.e. they are smooth functions on the quotient bundle J1R2/J0R2,
where J1R2 denotes the manifold of 1-jets on R2.

2.1. Monge–Ampère operators. Lychagin (1979) has proposed
a geometric approach to these equations, using differential forms
on the cotangent space (i.e. the phase space). The idea is to
associate with a form2 ω ∈ ∧n(T ∗Rn), where

∧n denotes the

1We denote by hess(φ) the determinant of the hessian matrix of φ. For
example, in two variables, hess(φ) = φxxφyy − φ2

xy.
2The use of the Greek letters ω and Ω is common in differential geometry;

these symbols should not be confused with the fluid vorticity vector ω.



Kähler Geometry and Burgers’ Vortices 309

space of differential n-forms on T ∗Rn, the Monge–Ampère equa-
tion △ω = 0, where △ω : C∞(Rn) → Ωn(Rn) ∼= C∞(Rn) is the
differential operator defined by

△ω(φ) = (dφ)∗ω ,

and (dφ)∗ω denotes the restriction of ω to the graph of the differ-
ential dφ : Rn → T ∗Rn of φ. A form ω ∈ ∧n(T ∗Rn) is said to be
effective if ω∧Ω = 0, where Ω is the canonical symplectic form on
T ∗Rn. Then the so called Hodge-Lepage-Lychagin theorem tells us
that this correspondence between Monge–Ampère equations and
effective forms is one to one. For instance, the Monge–Ampère
equation (8) is associated with the effective form

ω = Adp∧dy+B(dx∧dp−dy∧dq)+Cdx∧dq+Ddp∧dq+Edx∧dy,
where (x, y, p, q) is the symplectic system of coordinates of T ∗R2,
and on the graph of dφ, p = φx and q = φy. So, for example, if
we pull-back the one-form dp to the base space, we have

dp = φxxdx+ φxydy,

and then
dp ∧ dq = hess(φ)dx ∧ dy,

where we have also used the skew symmetry of the wedge product.

2.2. Monge–Ampère structures. The geometry of Monge-Am-
père equations in n variables can be described by a pair

(Ω, ω) ∈
2∧
(T ∗Rn)×

n∧
(T ∗Rn)

such that

(1) Ω is symplectic; that is, nondegenerate (Ω ∧ Ω 6= 0) and
closed (dΩ = 0)

(2) ω is effective; that is, ω ∧ Ω = 0.

Such a pair is called a Monge–Ampère structure. In four dimen-
sions (that is n = 2), this geometry can be either complex or real
and this distinction coincides with the usual distinction between
elliptic and hyperbolic, respectively, for differential equations in
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two variables. Indeed, when ω ∈ ∧2(T ∗R2) is a non-degenerate
2-form (ω ∧ ω 6= 0), one can associate with the Monge–Ampère

structure (Ω, ω) ∈ ∧2(T ∗R2)×∧2(T ∗R2) the tensor Iω defined by

1√
|pf(ω)|

ω(·, ·) = Ω(Iω·, ·)

where pf(ω) is the pfaffian of ω: ω ∧ ω = pf(ω)(Ω ∧ Ω). Thus, for
the effective form ω associated with the Monge–Ampère equation
(8), the pf(ω) coincides with (9). This tensor is either an almost
complex structure or an almost product structure:

(1) △ω is elliptic ⇔ pf(ω) > 0 ⇔ I2ω = −Id
(2) △ω is hyperbolic ⇔ pf(ω) < 0 ⇔ I2ω = Id

and it is integrable if and only if

(10) d

(
1√

|pf(ω)|
ω

)
= 0.

Given a pair of two-forms (Ω, ω) on T ∗Rn, such that ω ∧ Ω = 0,
then by fixing the volume form in terms of Ω, we can define a
pseudo-riemannian metric gω in terms of the quadratic form
(11)

gω(X,Y ) =
ιXΩ ∧ ιY ω + ιY Ω ∧ ιXω

Ω ∧Ω
∧ π∗(vol), X, Y ∈ TRn,

where vol is the volume form on Rn and π : T ∗Rn 7→ Rn. We
can now identify our Monge–Ampère equation given by ω with an
almost Kähler structure given by the triple (Rn, gω, Iω) via

(12) ω(X,Y ) ≡ gω(IωX,Y ).

One can go further and in particular, in R4, one can show how a
natural hyper-Kähler structure emerges by identifying points in R4

with quaternions ℓ ∈ H. This structure was utilized by Roubtsov
& Roulstone (1997, 2001) in their description of nearly geostrophic
models of meteorological flows.
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3. Two-dimensional Navier-Stokes flows

If the flow described by (1) is two-dimensional, and if the fluid
is incompressible, then we can represent the velocity by

(13) u = k ×∇ψ,
where ψ(x, y, t) is a stream function and k is the local unit vector
in the vertical. If we substitute this for the velocity in (4), we get

(14) ∇2P = −2(ψ2
xy − ψxxψyy) .

This is an equation of Monge–Ampère type (cf. (8)) for ψ, given
∇2P , and it is an elliptic equation if

(15) ∇2P > 0

(cf. (8) and (9) with E = ∇2P,D = −2, A = B = C = 0; see also
Larchevêque 1990, 1993). We use, once again, the usual notation
for coordinates on T ∗R2, p = ψx, q = ψy, and then we can express
(14) geometrically on the graph of dψ via

(16) ω2d ≡ ∇2P dx ∧ dy − 2dp ∧ dq; △ω2d
= 0.

In these coordinates Ω ≡ dx ∧ dp + dy ∧ dq, and on the graph of
dψ

(17) △Ω = 0,

which says simply that ψxy = ψyx. Equations (16) and (17) define
an almost complex structure, Iω2d

, on T ∗R2, given in coordinates
by

Iik =
1√

2∇2P
Ωijωjk.

That is

Iω2d
=




0 0 0 − 1
α

0 0 1
α 0

0 −α 0 0
α 0 0 0






312 I. Roulstone, B. Banos, J.D.Gibbon, V.N.Roubtsov

with ∇2P = 2α2. This almost complex structure is integrable (cf.
(10)) in the special case

(18) ∇2P = constant .

Recall that time is merely a parameter here. When P satisfies
(18), we can introduce the coordinates X ,Y , and a two-form ωXY

(19) X = x− iα−1q, Y = y + iα−1p, ωXY = dX ∧ dY,
then (14) together with (17) are equivalent to

(20) △ωXY
= 0.

To summarize, the graph of ψ is a complex curve in (T ∗R2, Iω2d
).

This is the basis for a Kähler description of the incompressible two-
dimensional Navier-Stokes equations. The condition (15) will cer-
tainly not be satisfied by all two-dimensional Navier-Stokes flows.
However, with the aid of Lundgren’s transformation (Lundgren
1982), we find that the Kähler structure can be extended to a
class of two-and-a-half-dimensional flows, as designated in §1, for
which this condition is less restrictive.

4. A result for two-and-a-half dimensional flows

At this point it is appropriate to work with the two-and-a-half-
dimensional Burgers solutions introduced in §1 in equations (5),
(6) and (7). Based on the results of the last section, we shall
prove a more realistic result for two-and-a-half-dimensional flows
in Theorem 1.

Lundgren (1982) made a significant advance when he showed
that the class of three-dimensional Navier-Stokes solutions
(21)
u1(x, y, t) = − 1

2
γ(t)x+ ψy ; u2(x, y, t) = − 1

2
γ(t)y − ψx

(22) u3(x, y, t) = zγ(t) + φ(x, y, t)

under the limited conditions of a constant strain γ(t) = γ0, can be
mapped back to the two-dimensional Navier-Stokes equations un-
der a stretched co-ordinate transformation; see also Majda (1986),
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Majda & Bertozzi (2002), Saffman (1993), and Pullin & Saffman
(1998). In (21), ψ = ψ(x, y, t) is a two-dimensional stream func-
tion. This idea was extended by Gibbon et al. (1999) to a time-
dependent strain field γ = γ(t) with the inclusion of a scalar
φ(x, y, t) in (22). The class of solutions in (21), which are said to
be of Burgers-type, is generally thought to represent the observed
tube-sheet class of solutions in Navier-Stokes turbulent flows (Mof-
fatt et al. (1994) and Vincent & Meneguzzi (1994)).

Depending upon the sign of γ(t) the vortex represented by (21)
either stretches in the z-direction and contracts in the horizon-
tal plane, which is the classic Burgers vortex tube, or vice-versa,
which produces a Burgers’ vortex shear layer or sheet. Thus γ,
which can be interpreted as the aggregate effect of other vortices
in the flow, acts an externally imposed strain function or ‘pup-
pet master’, and can switch a vortex between the two extremes of
these two topologies as we discussed in §1.

This class of solutions is connected to the results of §§2 and 3
through the following theorem, which is the main result of this
section, and of the paper1:

Theorem 1. If a two-and-a-half-dimensional Burgers-type class
of solutions has a Laplacian of the pressure that is bounded by
∇2

3P > − 3
2
γ2 then any associated underlying two-dimensional Na-

vier-Stokes flow is of Kähler type.

Proof. To prove this theorem we first need two Lemmas. Firstly
let u = (u1, u2, u3) be a candidate velocity field solution of the
three-dimensional Navier-Stokes equations taken in the form
(23)
u1 = u1(x, y, t), u2 = u2(x, y, t), u3 = zγ(x, y, t) + φ(x, y, t).

1The notation used in this section is: ∇ is the two-dimensional gradient
and ∇3 is the three-dimensional gradient. ∇2 and ∇2

3 are the two- and three-
dimensional Laplacians respectively (to avoid confusion with the symbol △ in
§2).
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with z appearing only in u3. With this velocity field the total
derivative is now

(24)
D

Dt
=
∂

∂t
+ u1

∂

∂x
+ u2

∂

∂y
+ (zγ + φ)

∂

∂z

and the vorticity vector ω must satisfy

(25)
Dω
Dt = Sω + ν∇2ω ,

where S is the strain matrix whose elements are

Sij = 1
2
(ui,j + uj,i) .

In the following Lemma v(x, y, t) = (u1, u2), and P(x, y, t) is a
two-dimensional pressure variable which is related to the full pres-
sure P in (31). The material derivative is now

(26)
D
Dt =

∂

∂t
+ v · ∇

Lemma 1. (see Gibbon et al. 1999) Consider the velocity field
u = (v, zγ + φ); then v, ω3, φ and γ satisfy

(27)
Dv

Dt +∇P = ν∇2v
Dω3

Dt = γω3 + ν∇2ω3 ,

(28)
Dφ
Dt = −γφ+ ν∇2φ ,

(29)
Dγ
Dt + γ2 + Pzz(t) = ν∇2γ .

The velocity field v satisfies the continuity condition ÷v = −γ and
the second partial z-derivative of the pressure Pzz is constrained
to be spatially uniform.

Remark 1. While (27) looks like a two-dimensional Navier-
Stokes flow, the continuity condition implies that the two-dimensi-
onal divergence divv 6= 0; thus an element of three-dimensionality
remains.
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Proof. The evolution of the third velocity component u3 = γz+φ
is given by

(30) − Pz =
Du3
Dt

− ν∇2u3 =

= z

(Dγ
Dt + γ2 − ν∇2γ

)
+

(Dφ
Dt + γφ− ν∇2φ

)

which, on integration with respect to z, gives

(31) − P (x, y, z, t) = 1
2
z2
(Dγ
Dt + γ2 − ν∇2γ

)
+

+ z

(Dφ
Dt + γφ− ν∇2φ

)
− P(x, y, t).

It is in this way that P(x, y, t) is related to P (x, y, z, t). However,
from the first two components of the Navier-Stokes equations, we
know that ∇P must be independent of z. For this to be true the
coefficients of z and z2 in (31) must necessarily satisfy

(32)
Dφ
Dt + γφ− ν∇2φ = c1(t),

Dγ
Dt + γ2 − ν∇2γ = c2(t).

c1(t) is an acceleration of the co-ordinate frame which can be taken
as zero without loss of generality. Equation (31) shows that c2(t) =
−Pzz(t) which restricts Pzz to being spatially uniform. To find the
evolution of ω3 we consider the strain matrix S = {Sij}

(33) S =




u1,x
1
2 (u1,y + u2,x) 1

2
(zγx + φx)

1
2
(u1,y + u2,x) u2,y 1

2
(zγy + φy)

1
2
(zγx + φx) 1

2
(zγy + φy) γ


 .

Working out the vorticity field ω from (23) it is easily seen that
(Sω)3 = γω3. Thus (25) shows that ω3 decouples from φ to give
the equation for ω3 in (27). �

Now let us consider the class of Burgers’ velocity fields given
in (21) with a stream function ψ(x, y, t). The strain rate variable
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γ is taken as a function of time only. The continuity condition is
now automatically satisfied. The material derivative is given by

(34)
D
Dt =

∂

∂t
− 1

2
γ(t)

(
x
∂

∂x
+ y

∂

∂y

)
+ Jx,y(ψ, ·).

New co-ordinates can be taken (Lundgren’s transformation (Lund-
gren (1982)))

(35) s(t) = exp

(∫ t

0
γ(t′) dt′

)

(36) x̃ = s1/2x, ỹ = s1/2y, t̃ =

∫ t

0
s(t′) dt′,

which re-scale ω3 and φ into new variables

(37) ω̃3(x̃, ỹ, t̃) = s−1ω3(x, y, t), φ̃(x̃, ỹ, t̃) = s φ(x, y, t).

The material derivative is

(38)
D
Dt̃ =

∂

∂t̃
+ ṽ · ∇̃

where ψ(x, y, t) = ψ̃(x̃, ỹ, t̃), ṽ =
(
ψ̃ỹ ,−ψ̃x̃

)
and ∇̃ = î ∂x̃ + ĵ ∂ỹ.

The relation between v = (u1, u2) and ṽ is given by

(39) u1 = − 1
2
γ(t)x+ s1/2ṽ1, u2 = − 1

2
γ(t)y + s1/2ṽ2

and the relation between the two material derivatives in combina-
tion with the respective Laplacians is

(40)
D
Dt − ν∇2 = s

(D
Dt̃ − ν∇̃2

)
.

Introducing a new pressure variable P̃ as

(41) P̃ = s−1
[
P − 1

4
(x2 + y2)

(
γ̇ − 1

2
γ2
)]

our results can be summarized in our second Lemma:
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Lemma 2. The re-scaled velocity field ṽ satisfies the two-dimensi-
onal re-scaled Navier-Stokes equations (÷ ṽ = 0)

(42)
Dṽ

Dt̃ + ∇̃P̃ = ν∇̃2ṽ .

The vorticity ω̃3(x̃, ỹ, t̃) = −∇̃2 ψ̃ and the passive scalar φ̃(x̃, ỹ, t̃)
satisfy

(43)
Dω̃3

Dt̃ = ν∇̃2ω3,
Dφ̃
Dt̃ = ν∇̃2φ .

Proof. From (35) we note the useful result that Ds/Dt = γs. Using
(39) we write

(44)
Du1
Dt

− ν∇2u1 = − 1
2
x
(
γ̇ − 1

2
γ2
)
+ s3/2

(Dṽ1
Dt̃ − ν∇2ṽ1

)
,

(45)
Du2
Dt

− ν∇2u2 = − 1
2
y
(
γ̇ − 1

2
γ2
)
− s3/2

(Dṽ2
Dt̃ − ν∇2ṽ2

)
.

Next we appeal to the definition of the pressure P̃ in (41) to

give the velocity pressure relation in (42). The results for φ̃ and
ω̃3 follow immediately. �

The proof of Theorem 1 is now ready to be completed. To
obtain the full three-dimensional Laplacian of the pressure ∇2

3P
we use (41) and (29) and write

−∇2
3P = 3

2
γ2 + s2

[
∂

∂x̃

(Dṽ1
Dt̃ − ν∇2ṽ1

)
+
∂

∂ỹ

(Dṽ2
Dt̃ − ν∇2ṽ2

)]

= 3

2
γ2 − s2∇̃2P̃ .(46)

Thus if ∇2
3P satisfies the condition in Theorem 1 then the cor-

responding Kähler positivity condition (15) on the Laplacian for
two-dimensional flow is satisfied. �

Lundgren’s mapping breaks down under one condition: while
the strain γ(t) can take either sign, if it is forever negative or for
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long intervals, the domain t ∈ [0, ∞] maps on to a finite section
of the t̃-axis. For example, if

γ = −γ0 = const < 0

then s = exp(−γ0t) and t̃ = γ−1
0 [1− exp(−γ0t)]. Hence t ∈ [0, ∞]

maps onto t̃ ∈ [0, γ−1
0 ].

5. Summary

We have shown how Kähler geometry arises in the Navier-Stokes
equations of incompressible hydrodynamics, via a Monge–Ampère
equation associated with (4). Although it is certainly not the case
that all two-dimensional flows will satisfy the condition for the
Kähler structure to exist, the situation looks much more promising
for two-and-a-half-dimensional flows, of which Burgers vortex is
one example.

Issues relating to the existence and interpretation of Kähler
structures, the integrability conditions, and related matters involv-
ing contact and symplectic structures, were discussed by McIntyre
& Roulstone (2002) in connection with various Monge–Ampère
equations arising in geophysical fluid dynamics. The semi-geo-
strophic equations of meteorology, which are a particularly useful
model for studying the formation of fronts, were the starting point
in McIntyre & Roulstone op. cit. for an investigation into the role
of novel coordinate systems, similar to those we have found here
in (19) and (49). In semi-geostrophic theories, such coordinates
facilitate significant simplifications of difficult nonlinear problems,
and they are associated with canonical Hamiltonian formulations
of these systems. Issues relating to contact and symplectic geom-
etry may also be relevant to the results presented in this paper,
and this suggests one direction for further study.

A further variation on this theme revolves around the addition
of rotation to the system, which, as we pointed out in the Introduc-
tion, has important meteorological applications. Euler’s equations
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of motion are

(47)
∂v

∂t
+ v · ∇v + f(k× v) +∇P = 0 ,

where 1
2
f is the angular frequency of the rotation. If we examine

these equations in two dimensions, with constant rotation, then
taking the divergence of (47) gives

(48) ∇2P = −2(ψ2
xy − ψxxψyy) + f∇2ψ.

This equation, which is commonly referred to as the Charney bal-
ance condition in the geophysical fluid dynamics literature, is an
elliptic Monge–Ampère equation for ψ if ∇2P + f2/2 > 0 . The
associated complex structure is integrable when ∇2P is a constant
(cf. (10)), and in this case we can introduce new complex coordi-
nates

(49) X̃ = ax+ i(fy + 2q), Ỹ = ay − i(fx+ 2p),

with a = (2∇2P + f2)1/2. Once again, (48) together with (17) are
equivalent to

ωX̃Ỹ ≡ dX̃ ∧ dỸ , △ωX̃Ỹ
= 0.

If the pressure is zero, or harmonic, then (48) is suggestive of
a special Lagrangian structure. A special Lagrangian structure
has also been noted in the work of Roubtsov & Roulstone (2001),
but its role in that context is obscure (see McIntyre & Roulstone
(2002) equation (13.27) et seq.).
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pressibles bi-dimensionnels. C. R. Acad. Sci. Paris Ser. II, 311, 33-36.
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�àçäåëÿþùåå ïðåîáðàçîâàíèå è

êâàäðàòè÷íûå äè��åðåíöèàëû â

çàäà÷àõ î íåíàëåãàþùèõ îáëàñòÿõ

In this work new inequalityes for inner radii of non-overeapping domains
are obtained.

�àçäåë ãåîìåòðè÷åñêîé òåîðèè �óíêöèé êîìïëåêñíîãî ïåðå-

ìåííîãî, ñâÿçàííûé ñ ðàçðàáîòêîé ìåòîäîâ ðåøåíèÿ ýêñòðå-

ìàëüíûõ çàäà÷ î íåíàëåãàþùèõ îáëàñòÿõ, ïðåäñòàâëÿåò ñîáîé

èçâåñòíîå êëàññè÷åñêîå íàïðàâëåíèå. Ñ ðåçóëüòàòàìè, ìåòîäà-

ìè è èñòîðèåé ðàçâèòèÿ ýòîãî íàïðàâëåíèÿ ìîæíî îçíàêîìèòü-

ñÿ â ðàáîòàõ [1�12℄. Âàæíûì ýëåìåíòîì èññëåäîâàíèÿ ýêñòðå-

ìàëüíûõ çàäà÷ ÿâëÿåòñÿ òåîðèÿ êâàäðàòè÷íûõ äè��åðåíöè-

àëîâ è îäèí èç êëþ÷åâûõ åå ðåçóëüòàòîâ � "Îñíîâíàÿ ñòðóê-

òóðíàÿ òåîðåìà"Äæ. À. Äæåíêèíñà, îïèñûâàþùàÿ ãëîáàëüíóþ

ñòðóêòóðó òðàåêòîðèé êâàäðàòè÷íûõ äè��åðåíöèàëîâ íà êî-

íå÷íîé ðèìàíîâîé ïîâåðõíîñòè (ñì.[2℄). Â ðàáîòàõ [6, 7℄ áûë

ðàçðàáîòàí ìåòîä ðàçäåëÿþùåãî ïðåîáðàçîâàíèÿ, êîòîðûé ïðè

îïðåäåëåííûõ óñëîâèÿõ ïîçâîëÿåò ñâîäèòü çàäà÷è ñ áîëüøèì

÷èñëîì íåèçâåñòíûõ ïàðàìåòðîâ ê çàäà÷àì ñ ìåíüøèì èõ ÷èñ-

ëîì. Ýòî îáñòîÿòåëüñòâî ÿâèëîñü êëþ÷åâûì äëÿ ðåøåíèÿ ðÿäà

òðóäíûõ çàäà÷ (ñì.[6, 7℄).

Ïîäàâëÿþùåå áîëüøèíñòâî ðåçóëüòàòîâ î íåíàëåãàþùèõ îá-

ëàñòÿõ ñâÿçàíî, â òîé èëè èíîé ñòåïåíè, ñ ïîëó÷åíèåì òî÷-

íûõ îöåíîê ïðîèçâåäåíèé âíóòðåííèõ ðàäèóñîâ ýòèõ îáëàñòåé

ñì.[1�16℄.
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Â 1974 ã. â ðàáîòå [5℄ ïîëó÷åí ïåðâûé ðåçóëüòàò äëÿ �óíêöè-

îíàëîâ "òèïà ñóììû". Â [17℄ ýòîò ðåçóëüòàò ïîëó÷èë äàëüíåé-

øåå ðàçâèòèå. Èññëåäîâàíèå ïîäîáíûõ çàäà÷ íàòàëêèâàåòñÿ íà

îïðåäåëåííûå òðóäíîñòè, äëÿ ïðåîäîëåíèÿ êîòîðûõ íåîáõîäè-

ìî íàéòè íîâûå ìåòîäû. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïðè-

ìåíåíèå ê çàäà÷àì î �óíêöèîíàëàõ �òèïà ñóììû� íîâîãî ìå-

òîäà, èñïîëüçóþùåå ðàçäåëÿþùåå ïðåîáðàçîâàíèå, ðàçâèòîãî â

ðàáîòàõ [8�12℄.

Â ïîñëåäíåå âðåìÿ âîçðîñ èíòåðåñ ê ýêñòðåìàëüíûì çàäà-

÷àì ñ òàê íàçûâàåìûìè ñâîáîäíûìè ïîëþñàìè ñîîòâåòñòâóþ-

ùèõ êâàäðàòè÷íûõ äè��åðåíöèàëîâ (ñì.[3, 4�12). Íîâûå çàäà-

÷è ýòîãî òèïà ðåøåíû â äàííîé ðàáîòå.

2. Îáîçíà÷åíèÿ è îïðåäåëåíèÿ. Ïóñòü N, C � ìíîæåñòâà íà-

òóðàëüíûõ è êîìïëåêñíûõ ÷èñåë ñîîòâåòñòâåííî. Êàê îáû÷íî,

C = C ∪ {∞} åñòü ðàñøèðåííàÿ êîìïëåêñíàÿ ïëîñêîñòü èëè

ñ�åðà �èìàíà.

Ïóñòü An = {ak}nk=1 � ïðîèçâîëüíûé íàáîð ðàçëè÷íûõ òî÷åê

åäèíè÷íîé îêðóæíîñòè, ïîä÷èíåííûõ óñëîâèþ

0 = arg a1 < arg a2 < . . . < arg an < 2π. (1)

Ñèñòåìîé íåíàëåãàþùèõ îáëàñòåé (ñ.í.î.) íàçûâàåòñÿ

êîíå÷íûé íàáîð ïðîèçâîëüíûõ îáëàñòåé {Bk}nk=1, n ∈ N, n ≥ 2,

òàêèõ, ÷òî Bk ⊂ C, Bk ∩Bm = ∅, k 6= m, k,m = 1, n.
Ââåäåì â ðàññìîòðåíèå îáëàñòè

Ek = {w : arg ak < argw < arg ak+1},
k = 1, n En+1 = E1, argan+1 = 2π, arg an+2 = arg a2 + 2π

Îáîçíà÷èì θk =
1
πarg

ak+1

ak
, k = 1, n. ßñíî, ÷òî Σnk=1θk = 2.

Ôóíêöèÿ

ξ = πk(w) = −i(e−i arg akw)
1
θk , k = 1, n,

ïðè íàäëåæàùåì âûáîðå âåòâè îäíîëèñòíî îòîáðàæàåò îáëàñòü

Ek íà ïðàâóþ ïîëóïëîñêîñòü. Äëÿ óäîáñòâà ñâÿçíóþ êîìïîíåí-

òó ìíîæåñòâà Q, ñîäåðæàùóþ òî÷êó b, îáîçíà÷èì [Q]b. Áóäåì
ãîâîðèòü, ÷òî ñ.í.î. óäîâëåòâîðÿåò äîïîëíèòåëüíîìó óñëîâèþ
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íåíàëåãàíèÿ îòíîñèòåëüíî íàáîðà òî÷åê An = {ak}nk=1, |ak| = 1,
åñëè ak ∈ Bk, k = 1, n, è ïðè êàæäîì k = 1, n ñóùåñòâóåò õîòÿ

áû îäíà ãîðèçîíòàëüíàÿ ïðÿìàÿ

lk(η) = {ξ : Imξ = η}, η ∈ (−1, 1),

íå èìåþùàÿ îáùèõ òî÷åê ñ ìíîæåñòâîì πk

([
Bk ∩ Ek

]
ak

)
è ñ

ìíîæåñòâîì πk

([
Bk+1 ∩ Ek

]
ak+1

)
, ãäå πk(D) � îáðàç ìíîæå-

ñòâàD ïðè îòîáðàæåíèè πk. Âíóòðåííèé ðàäèóñ îáëàñòè B ⊂ C

îòíîñèòåëüíî òî÷êè a ∈ B îáîçíà÷èì ÷åðåç r(B, a) (ñì.[6, 13℄).
3. �åçóëüòàòû è äîêàçàòåëüñòâà. �àññìîòðèì çàäà÷ó î ìàê-

ñèìóìå �óíêöèîíàëà

n∑

k=1

r(Bk, ak) (2)

íà êëàññå âñåõ ñ.í.î., óäîâëåòâîðÿþùèõ äîïîëíèòåëüíîìó óñëî-

âèþ íåíàëåãàíèÿ îòíîñèòåëüíî ñèñòåì òî÷åê åäèíè÷íîé îêðóæ-

íîñòè An = {ak}nk=1, óäîâëåòâîðÿþùèõ óñëîâèþ (1).

Ýòà çàäà÷à îòíîñèòñÿ ê òèïó çàäà÷ ñî ñâîáîäíûìè ïîëþñàìè

íà îêðóæíîñòè. Ñ�îðìóëèðóåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü n ∈ N, n ≥ 2. Òîãäà äëÿ ëþáîé ñèñòåìû

ðàçëè÷íûõ òî÷åê An = {ak}nk=1, |ak| = 1, k = 1, n, ïîä÷èíåííûõ
óñëîâèþ (1), è ëþáîé ñ.í.î., óäîâëåòâîðÿþùåé äîïîëíèòåëüíî-

ìó óñëîâèþ íåíàëåãàíèÿ îòíîñèòåëüíî An, ñïðàâåäëèâî íåðà-
âåíñòâî

n∑

k=1

r(Bk, ak) ≤ 4.

Â ÷àñòíîñòè, çíàê ðàâåíñòâà â ýòîì íåðàâåíñòâå äîñòè-

ãàåòñÿ òîãäà, êîãäà òî÷êè ak è îáëàñòè Bk ÿâëÿþòñÿ, ñîîò-
âåòñòâåííî, ïîëþñàìè è êðóãîâûìè îáëàñòÿìè êâàäðàòè÷íî-

ãî äè��åðåíöèàëà

Q(w)dw2 = − wn−2

(wn − 1)2
dw2 (3)
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Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç {D}∗ ìíîæåñòâî,

ñèììåòðè÷íîå ìíîæåñòâó D îòíîñèòåëüíî ìíèìîé îñè.

�àññìîòðèì ïðè âñåõ k = 1, n ñëåäóþùèå îáëàñòè

G
(1)
k = πk

(
[Bk ∩ Ek]ak

)
∪
{
πk

(
[Bk ∩ Ek]ak

)}∗
,

G
(2)
k = πk

(
[Bk+1 ∪ Ek]ak+1

)
∪
{
πk

([
Bk+1 ∩ Ek

]
ak

)}∗
.

Èñïîëüçóÿ ðàáîòû [6, 7℄ ïîëó÷àåì íåðàâåíñòâà

r(Bk, ak) ≤
√
θk−1θkr(G

(1)
k1
,−i)r(G(2)

k−1, i).

Òîãäà äëÿ �óíêöèîíàëà (2) ìîæåì çàïèñàòü îöåíêà

n∑

k=1

r(Bk, ak) ≤
n∑

k=1

[
θk−1r(G

(2)
k−1, i) · θk · r(G

(1)
k ,−i)

]1/2
≤

≤ 1

2

n∑

k=1

[
θk−1r(G

(2)
k−1, i) + θkr(G

(1)
k ,−i)

]
= (4)

=
1

2

n∑

k=1

θk

[
r(G

(1)
k ,−i) + r(G

(2)
k , i)

]
.

Òåîðåìà äîêàçàíà.

Äàëåå ñ�îðìóëèðóåì ëåììó, ïðèíàäëåæàùóþ À. Ê. Áàõòèíó

è ÿâëÿþùóþñÿ ñóùåñòâåííûì îáîáùåíèåì ðåçóëüòàòà [17℄.

Ëåììà 1. Ïóñòü a1, a2 ∈ C, a1 6= a2, è L � ìíîæåñòâî âñåõ

ïðÿìûõ, èìåþùèõ îäíó è òîëüêî îäíó òî÷êó ïåðåñå÷åíèÿ ñ

îòêðûòûì îòðåçêîì (a1, a2).
Òîãäà äëÿ ïðîèçâîëüíûõ îáëàñòåé êîìïëåêñíîé ïëîñêîñòè

B1, B2, a1 ∈ B1, a2 ∈ B2, êîòîðûå óäîâëåòâîðÿþò óñëîâèþ

(B1 ∩ l)∪ (B2 ∩ l) = ∅ õîòÿ áû äëÿ îäíîé ïðÿìîé l ∈ L, âûïîë-
íÿåòñÿ íåðàâåíñòâî

r(B1, a1) + r(B2, a2) ≤ 2|a1 − a2|
�àâåíñòâî äîñòèãàåòñÿ äëÿ ïîëóïëîñêîñòåé, îáùàÿ ãðàíèöà

êîòîðûõ åñòü ïðÿìàÿ l ∈ L îðòîãîíàëüíàÿ îòðåçêó (a1, a2).
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Äîêàçàòåëüñòâî ëåììû. Ïóñòü B0
1 åñòü êîìïîíåíòà ìíî-

æåñòâà C\l ñîäåðæàùàÿ òî÷êó a1, a B
0
2 � âòîðàÿ êîìïîíåíòà

ìíîæåñòâà C\l, ñîäåðæàùàÿ òî÷êó a2. ßñíî, ÷òî B
0
1 è B0

2 �

ïîëóïëîñêîñòè óäîâëåòâîðÿþùèå óñëîâèÿì ëåììû. Òîãäà B1 ⊂
B0

1 è B2 ⊂ B0
2 . Òîãäà î÷åâèäíî, ÷òî

r(B1, a1) + r(B2, a2) ≤ r(B0
1 , a1) + r(B0

2 , a2) = 2|a1 − a2| sin θ,

ãäå θ� óãîë ìåæäó îòðåçêîì (a1, a2) è l. Îòñþäà ñëåäóåò ñïðà-
âåäëèâîñòü ëåììû.

Ïî ïîñòðîåíèþ îáëàñòè G
(2)
k è G

(1)
k íå ïåðåñåêàþòñÿ ñ ïðÿìîé

lk(η), îðòîãîíàëüíîé ê îòðåçêó (−i, i), è, êðîìå òîãî, iη ∈ lk(η).
Òàêèì îáðàçîì, óñëîâèÿ ëåììû âûïîëíåíû ïðè âñåõ k = 1, n.
Òîãäà èç (4) âûòåêàåò, ÷òî

∑
r(Bk, ak) ≤ 2

n∑

k=1

θk = 4.

Ñëó÷àé ðàâåíñòâà ïðîâåðÿåòñÿ íåïîñðåäñòâåííî ñ ó÷åòîì

ñâîéñòâà ðàçäåëÿþùåãî ïðåîáðàçîâàíèÿ ([6�12℄).

Ñëåäñòâèå 1. Ïóñòü n ∈ N, n ≥ 2 è {αk}nk=1 � íàáîð íåîò-

ðèöàòåëüíûõ ÷èñåë,

∑n
k=1 αk = 1. Òîãäà äëÿ �óíêöèîíàëà

In =
n−1∑

p=0

n∏

k=1

rαk+p(Bk, ak),

ãäå αn+p = αp, p = 1, n, çàäàííîãî íà ìíîæåñòâå âñåõ ñ.í.î.,

óäîâëåòâîðÿþùèõ äîïîëíèòåëüíîìó óñëîâèþ íåíàëåãàíèÿ, îò-

íîñèòåëüíî ñèñòåì òî÷åê An = {ak}nk=1 åäèíè÷íîé îêðóæíî-

ñòè, ïîä÷èíåííûõ óñëîâèþ (1), ñïðàâåäëèâî íåðàâåíñòâî

In ≤ 4.

Çíàê ðàâåíñòâà äîñòèãàåòñÿ ïðè âûïîëíåíèè óñëîâèé

òåîðåìû 1.
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Äîêàçàòåëüñòâî ñëåäñòâèÿ 1. Äåéñòâèòåëüíî, â ñèëó

èçâåñòíîãî íåðàâåíñòâà ïîëó÷àåì

n∏

k=1

rαk+p(Bk, ak) ≤
n∑

k=1

αk+p r(Bk, ak)

Òîãäà èìååò ìåñòî ñîîòíîøåíèå

n−1∑

p=1

n∏

k=1

rαk+p(Bk, ak) ≤
n∑

k=1

(
n−1∑

p=0

αk+p)r(Bk, ak) =
n∑

k=1

r(Bk, ak)

òàê êàê ïî óñëîâèÿì ñëåäñòâèÿ 1

n−1∑

p=0

αk+p =

n∑

k=1

αk = 1. (5)

Èç (5) è òåîðåìû 1 ïîëó÷àåì óòâåðæäåíèå ñëåäñòâèÿ 1.

×àñòíûì ñëó÷àåì ñëåäñòâèÿ 1 ÿâëÿåòñÿ òàêîé ðåçóëüòàò.

Ñëåäñòâèå 2. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 ñïðàâåä-

ëèâî íåðàâåíñòâî

√
r(B1, a1)r(B2, a2)+

+
√
r(B2, a2)r(B3, a3) + . . .+

√
r(Bn, an)r(B1, a1) ≤ 4.

Çíàê ðàâåíñòâà äîñòèãàåòñÿ ïðè âûïîëíåíèè óñëîâèé

òåîðåìû 1.

Àíàëîãè÷íî òåîðåìå 1 ìîæíî äîêàçàòü äðóãîé ðåçóëüòàò.

Òåîðåìà 2. Ïóñòü n ∈ N, n ≥ 2. Òîãäà äëÿ ëþáîé ñèñòå-

ìû ðàçëè÷íûõ òî÷åê An = {ak}nk=1, |ak| = 1, k = 1, n, ïîä÷è-
íåííîé óñëîâèþ (1) è ëþáîé ñèñòåìû íåíàëåãàþùèõ îáëàñòåé,

óäîâëåòâîðÿþùåé äîïîëíèòåëüíîìó óñëîâèþ íåíàëåãàíèÿ îò-

íîñèòåëüíî An, ñïðàâåäëèâî íåðàâåíñòâî

n∑

k=1

(θk · θk−1)
−1/2 r(Bk, ak) ≤ 2n.
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Çíàê ðàâåíñòâà äîñòèãàåòñÿ, â ÷àñòíîñòè, òîãäà, êîãäà

òî÷êè ak è îáëàñòè Bk ÿâëÿþòñÿ, ñîîòâåòñòâåííî, ïîëþñàìè
è êðóãîâûìè îáëàñòÿìè êâàäðàòè÷íîãî äè��åðåíöèàëà (3).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ íåðàâåíñòâî (4), ïîëó÷àåì,

÷òî

n∑

k=1

(θk−1θk)
−1/2r(Bk, ak) ≤

≤
n∑

k=1

{
r(G

(2)
k−1, i)r(G

(1)
k − i)

}1/2
≤

≤ 1

2

n∑

k=1

[r(G
(2)
k−1, i) + r(G

(1)
k ,−i)] =

=
1

2

n∑

k=1

[r(G
(1)
k ,−i) + r(G

(2)
k i)] ≤ 2n.

Óòâåðæäåíèå î çíàêå ðàâåíñòâà ïðîâåðÿåòñÿ íåïîñðåäñòâåí-

íî. Òåîðåìà 2 äîêàçàíà.

Äëÿ îáîáùåíèÿ òåîðåìû 2 íàì íåîáõîäèìû äîïîëíèòåëüíûå

îïðåäåëåíèÿ.

Â ïðåäûäóùèõ òåîðåìàõ èñïîëüçîâàëèñü ñèñòåìû òî÷åê ðàñ-

ïîëîæåííûå íà îêðóæíîñòè. �àññìîòðèì òåïåðü ñèñòåìû òî÷åê

An = {ak}nk=1, ak ∈ C\{0}, k = 1, n, n ≥ 2, óäîâëåòâîðÿþ-
ùèå óñëîâèþ (1). Òàêèå ñèñòåìû òî÷åê íàçûâàþòñÿ n ëó÷åâû-

ìè (ñì.[8�12, 16℄). Êàæäîé n ëó÷åâîé ñèñòåìå An = {ak}nk=1

ñîîòâåòñòâóåò ñèñòåìà òî÷åê Ãn = { ak
|ak|}

n
k=1, ðàñïîëîæåííàÿ íà

åäèíè÷íîé îêðóæíîñòè. Ïîýòîìó îáëàñòè Ek, âåëè÷èíû θk è

�óíêöèè ξ = πk(w) äëÿ An = {ak}n ïî îïðåäåëåíèþ ïîëàãàåì

ðàâíûìè ñîîòâåòñòâåííî Ek, θk è ξ = πk(w), k = 1, n, ïîñòðî-

åííûì äëÿ ñèñòåìû Ã = { ak
|ak|}

n
k=1. Àíàëîãè÷íî ïðåäûäóùåìó

áóäåì ãîâîðèòü, ÷òî ñ.í.î. {Bk}nk=1 óäîâëåòâîðÿåò äîïîëíèòåëü-

íîìó óñëîâèþ íåíàëåãàíèÿ îòíîñèòåëüíî n ëó÷åâîé ñèñòåìû

òî÷åê An = {ak}nk=1, åñëè ak ∈ Bk, k = 1, n, è ïðè êàæäîì
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k = 1, n ñóùåñòâóåò õîòÿ áû îäíà ãîðèçîíòàëüíàÿ ïðÿìàÿ

lk(η) = {ξ : Imξ = η}, η ∈
(
−|ak|1/θk , |ak+1|1/θk

)

íå èìåþùàÿ îáùèõ òî÷åê íè ñ ìíîæåñòâîì πk([Bk∩ Ēk]ak), íè ñ
ìíîæåñòâîì πk([Bk+1 ∩ Ēk]ak+1

). Ñîâåðøåííî àíàëîãè÷íî ñòðî-

ÿòñÿ îáëàñòè G
(1)
k , G

(2)
k , k = 1, n.

Êàê è ðàíåå, èñïîëüçóÿ ðåçóëüòàòû ðàáîò [6, 7℄ è [8�12℄ ïî-

ëó÷àåì ñîîòíîøåíèÿ

r(Bk, ak) ≤ (θk−1θk)
1/2|ak|

− 1
2
( 1
θk−1

+ 1
θk

)+1·

·
(
r(G

(1)
k ,−i|ak|

1
θk ) r(G

(2)
k−1, i|ak|

1
θ k−1)

)1/2
.

Òàêèì îáðàçîì, áóäåì èìåòü äëÿ �óíêöèîíàëà ñëåäóþùóþ

îöåíêó

In =

=
n∑

k=1

|ak|
1
2
(1/θk−1+

1
θk

)

(θk−1θk)1/2|ak|
· r(Bk, ak) ≤

≤ 1

2

n∑

k=1

[
r(G

(1)
k ,−i|ak|

1
θk ) + r(G

(2)
k , i|ak+1|1/θk)

]
≤

≤
n∑

k=1

(|ak|1/θk + |ak+1|
1
θk ).

Îòñþäà âûòåêàåò òàêîé ðåçóëüòàò.

Òåîðåìà 3. Ïóñòü n ∈ N, n ≥ 2. Òîãäà äëÿ ëþáîé n ëó÷åâîé

ñèñòåìû òî÷åê An = {ak}nk=1 òàêîé, ÷òî

n∑

k=1

(
|ak|1/θk + |ak+1|1/θk

)
= 2n,

è ëþáîé ñ.í.î. {Bk}nk=1, êîòîðàÿ óäîâëåòâîðÿåò äîïîëíèòåëü-

íîìó óñëîâèþ íåíàëåãàíèÿ îòíîñèòåëüíî An, ñïðàâåäëèâî íå-
ðàâåíñòâî

In ≤ 2n.
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Çíàê ðàâåíñòâà äîñòèãàåòñÿ, â ÷àñòíîñòè, êîãäà ak è Bk ÿâ-
ëÿþòñÿ, ñîîòâåòñòâåííî, ïîëþñàìè è êðóãîâûìè îáëàñòÿìè

êâàäðàòè÷íîãî äè��åðåíöèàëà (3).

Â çàêëþ÷åíèå àâòîðû âûðàæàþò èñêðåííþþ áëàãîäàðíîñòü

À.Ê.Áàõòèíó çà ïîñòàíîâêó çàäà÷ è ïîëåçíûå ñîâåòû ïðè ïîä-

ãîòîâêå ê ðàáîòå.
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Ïîñòðîåíèå (min, max) -

ýêâèâàëåíòíûõ ÷. ó. ìíîæåñòâ

In this paper we solve the problem on an explicit construction of a (min,
max)-equivalent partially ordered set for given defining sequences.

Íà ïðîòÿæåíèè âñåé ñòàòüè ðàññìàòðèâàþòñÿ òîëüêî êîíå÷-

íûå ÷àñòè÷íî óïîðÿäî÷åííûå (ñîêðàùåííî ÷. ó.) ìíîæåñòâà.

Ïóñòü S � ÷. ó. ìíîæåñòâî, íå ñîäåðæàùåå ýëåìåíòà 0. Êâàä-
ðàòè÷íîé �îðìîé Òèòñà ÷. ó. ìíîæåñòâà S íàçûâàþò ñëåäóþ-

ùóþ (öåëî÷èñëåííóþ) êâàäðàòè÷íóþ �îðìó qS : ZS∪0 → Z:

qS(z) = z20 +
∑

i∈S
z2i +

∑

i<j,i,j∈S
zizj − z0

∑

i∈S
zi.

Çäåñü ZS∪0 îáîçíà÷åò ìíîæåñòâî öåëî÷èñëåííûõ âåêòîðîâ

z = (zi), i ∈ S ∪ 0.

Ýòà �îðìà èãðàåò âàæøóþ ðîëü â òåîðèè ïðåäñòàâëåíèé. Â

÷àñòíîñòè, â [1℄ äîêàçàíî, ÷òî ÷. ó. ìíîæåñòâî S èìååò êîíå÷-

íûé òèï òîãäà è òîëüêî òîãäà, êîãäà åãî �îðìà Òèòñà ñëàáî

ïîëîæèòåëüíà.

Â ðàáîòå [2℄ ââåäåíî ïîíÿòèå (min, max)-ýêâèâàëåíòíîñòè

÷. ó. ìíîæåñòâ, êîòîðîå, â ÷àñòíîñòè, ñûãðàëî ðåøàþùóþ ðîëü
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(êàê ìåòîä) ïðè îïèñàíèè ÷. ó. ìíîæåñòâ ñ ïîëîæèòåëüíîé êâàä-

ðàòè÷íîé �îðìîé Òèòñà è P -êðèòè÷åñêèõ ÷. ó. ìíîæåñòâ [3℄.
Íàïîìíèì ñîîòâåòñòâóþùèå îïðåäåëåíèÿ èç [2℄.

Ïóñòü S � ÷. ó. ìíîæåñòâî. Ïîä ïîäìíîæåñòâîì X ⊆ S ïîä-

ðàçóìåâàåòñÿ ïîëíîå ÷. ó. ïîäìíîæåñòâî, ò. å. äëÿ x, y ∈ X x < y
â X òîãäà è òîëüêî òîãäà, êîãäà x < y â S. Ïîäìíîæåñòâî X
íàçûâàåòñÿ íèæíèì (ñîîòâ. âåðõíèì), åñëè x ∈ S âñÿêèé ðàç,

êîãäà x < y (ñîîòâ. x > y) è y ∈ S. Çàïèñü x >< y áóäåò îçíà÷àòü,
÷òî ýëåìåíòû x è y íå ñðàâíèìû. Ìíîæåñòâî ýëåìåíòîâ x ∈ S,
íåñðàâíèìûõ (ñîîòâ. ñðàâíèìûõ) ñ �èêñèðîâàííûì ýëåìåíòîì

a ∈ S, áóäåì îáîçíà÷àòü S><(a) (ñîîòâ. S(a)). Äëÿ ïîäìíîæåñòâ
Y è Z ìíîæåñòâà S áóäåì ïèñàòü Y < Z, åñëè y < z äëÿ ïðîèç-
âîëüíûõ y ∈ Y, z ∈ Z (ýòî çàâåäîìî âûïîëíÿåòñÿ, êîãäà Y èëè

Z ÿâëÿåòñÿ ïóñòûì). Îäíîýëåìåíòíûå ïîäìíîæåñòâà S îòîæ-

äåñòâëÿþòñÿ ñ ñàìèìè ýëåìåíòàìè.

Äëÿ ÷. ó. ìíîæåñòâ X è Y ìû ïèøåì X =0 Y , åñëè X è Y
ðàâíû êàê îáû÷íûå ìíîæåñòâà (ò. å. áåç ðàññìîòðåíèÿ ïîðÿä-

êîâ íà íèõ). Åñëè æå X =0 Y è ïðè ýòîì x < y â X òîãäà è

òîëüêî òîãäà, êîãäà x < y â Y , òî X è Y íàçûâàþòñÿ ðàâíûìè

êàê ÷. ó. ìíîæåñòâà.

Ïðîäîëæàåì èçëàãàòü îïðåäåëåíèÿ èç [2℄.

Îïðåäåëèì äëÿ ìèíèìàëüíîãî (ñîîòâ. ìàêñèìàëüíîãî) ýëå-

ìåíòà a ∈ S ÷. ó. ìíîæåñòâî S↑
a (ñîîòâ. S

↓
a) ñëåäóùèì îáðàçîì:

ýòî îáúåäèíåíèå (áåç ïåðåñå÷åíèÿ) ïîäìíîæåñòâ {a} è S \ a ñ

íàèìåíüøèì ÷àñòè÷íûì ïîðÿäêîì, êîòîðûé ñîäåðæèò çàäàí-

íûé íà S \a ïîðÿäîê, è ïðè ýòîì a > S><(a) (ñîîòâ. a < S><(a)).

Äðóãèìè ñëîâàìè, S↑
a =0 S (ñîîòâ. S↓

a =0 S) è îòíîøåíèå ÷à-

ñòè÷íîãî ïîðÿäêà çàäàåòñÿ ñëåäóþùèìè óñëîâèÿìè:

a) a � ìàêñèìàëüíàÿ (ñîîòâ. ìèíèìàëüíàÿ) òî÷êà S↑
a (ñîîòâ.

S↓
a);

b) åñëè x, y 6= a, òî x < y â S↑
a (ñîîòâ. S↓

a) òîãäà è òîëüêî

òîãäà, êîãäà x < y â S;
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) a > x â S↑
a (ñîîòâ. a < x S↓

a) òîãäà è òîëüêî òîãäà, êîãäà

a >< x â S.

Â äàëüíåéøåì áóäåì ïèñàòü S↑↑
xy âìåñòî (S↑

x)
↑
y, S

↑↓
xy âìåñòî

(S↑
x)

↓
y è ò. ä.

Ïóñòü S è T � ÷. ó. ìíîæåñòâà òàêèå, ÷òî S =0 T . ×. ó. ìíî-
æåñòâî T íàçîâåì (min, max)-ýêâèâàëåíòíûì ÷. ó. ìíîæåñòâó

S, åñëè T ðàâíî íåêîòîðîìó ÷. ó. ìíîæåñòâó âèäà

S = S
ε1ε2...εp
x1x2...xp (p ≥ 0),

ãäå εi ∈ {↑, ↓} è äëÿ i ∈ {1, . . . , p} xi � ìèíèìàëüíàÿ

(ñîîòâ. ìàêñèìàëüíàÿ) òî÷êà Si−1 = S
ε1ε2...εi−1
x1x2...xi−1 , åñëè εi =↑

(ñîîòâ. εi =↓); ïðè p = 0 ñ÷èòàåì, ÷òî S = S. Çàìåòèì, ÷òî
ìû íå òðåáóåì, ÷òîáû ýëåìåíòû x1, x2, . . . , xp áûëè ðàçëè÷íû.

Ââåäåííîå îòíîøåíèå ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè

(ñì. [3℄).

Â ýòîé ñòàòüå ïðîäîëæàåòñÿ èçó÷åíèå (min, max)-ýêâèâà-

ëåíòíîñòíûõ ÷. ó. ìíîæåñòâ. À èìåííî, äîêàçàíà òåîðåìà, êîòî-

ðàÿ äà¼ò âîçìîæíîñòü âûïèñàòü ÷. ó. ìíîæåñòâî T ∼=(min,max) S
íåïîñðåäñòâåííî, à íå ÷åðåç p øàãîâ, êàê óêàçàíî â ñàìîì îïðå-

äåëåíèè.

Åñëè γ = (y1, . . . , ys) � ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ íåêî-

òîðîãî ìíîæåñòâà Y (ýëåìeíòû yi íå îáÿçàòåëüíî ðàçíûå), à

ε = {ε1, . . . , εs} � ïîñëåäîâàòåëüíîñòü ñèìâîëîâ ↓ è ↑, òî áóäåì
îáîçíà÷àòü ÷åðåç

m+
y (γ, ε) = m+

y (y1, . . . , ys; ε1, . . . , εs)

(ñîîòâåòñòâåííî

m−
y (γ, ε) = m−

y (y1, . . . , ys; ε1, . . . , εs)),

ãäå y ∈ Y , ÷èñëî ýëåìåíòîâ yi òàêèõ, ÷òî yi = y è ïðè ýòîì

εp =↑ (ñîîòâåòñòâåííî εp =↓), à ÷åðåç

my(γ, ε) = my(y1, . . . , ys; ε1, . . . , εs)
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� èõ ðàçíîñòü:

my(γ, ε) = m+
y (γ, ε) −m−

y (γ, ε).

Òåîðåìà.Ïóñòü T = S
ε1ε2...εp−1εp
x1x2...xp−1xp è äëÿ y ∈ S ïîëîæèì

m(y) = my(x1, . . . , xp; ε1, . . . , εp). Äëÿ ýëåìåíòîâ b, c ∈ T èìååò

ìåñòî íåðàâåíñòâî b < c òîãäà è òîëüêî òîãäà, êîãäà â S
âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

1) b < c è m(b) = m(c);

2) b > c è m(b) = m(c)− 2;

3) b >< c è m(b) = m(c)− 1.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü b < c â T . Ïîêà-
æåì, ÷òî â S âûïîëíÿåòñÿ îäíî èç óñëîâèé 1) � 3).
Ïðèìåíèì èíäóêöèþ ïî ÷èñëó p. Ñëó÷àé p = 0 òðèâèàëüíûé

(òàê êàê T = S è m(y) ≡ 0, òî èìååò ìåñòî óñëîâèå 1)).
�àññìîòðèì òåïåðü ñëó÷àé p = 1: T = Sε1x1 . Òîãäà, î÷åâèäíî,

T
ε−1
1
x1 = S

ε1ε
−1
1

x1x1 = S. Åñëè x1 6= b, c, òî (ïî îïðåäåëåíèþ T ε
−1
1
)

b < c â S, à ïîñêîëüêó m(b) = m(c) = 0, òî â S âûïîëíÿåòñÿ

óñëîâèå 1). Åñëè x1 = b, òî b � ìèíèìàëüíûé ýëåìåíò T (b � íå

ìîæåò áûòü ìàêñèìàëüíûì, òàê êàê b < c), à çíà÷èò, ε−1
1 =↑;

è ïîñêîëüêó â ýòîì ñëó÷àå b >< c â S è m(b) = −1,m(c) = 0,
òî â S âûïîëíÿåòñÿ óñëîâèå 3). Íàêîíåö, åñëè x1 = c, òî b �
ìàêñèìàëüíûé ýëåìåíò T , à çíà÷èò, ε−1

1 =↓; à ïîñêîëüêó òîãäà
b >< c â S è m(b) = 0,m(c) = 1, òî â S îïÿòü òàêè âûïîëíÿåòñÿ

óñëîâèå 3).

Ïóñòü òåïåðü p > 1. Ïîëîæèì S′ = Sε1x1 è

m′(y) = my(x2, . . . , xp; ε2, . . . , εp),

ãäå y ∈ S. Òîãäà T = (S′)
ε2...εp−1
x2...xp−1 è ïî èíäóêöèîííîìó ïðåäïî-

ëîæåíèþ â S′
âèïîëíÿåòñÿ îäíî èç òàêèõ óñëîâèé:

1′) b < c è m′(b) = m′(c);

2′) b > c è m′(b) = m′(c)− 2;
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3′) b >< c è m′(b) = m′(c)− 1.

Äàëåå äîêàçàòåëüñòâî áóäåì ïðîâîäèòü ïî òîé æå ñõåìå, ÷òî

è äëÿ ñëó÷àÿ p = 1. Ëåãêî âèäåòü, ÷òî S = S
ε1ε

−1
1

x1x1 = (S′)
ε−1
1
x1 . Åñ-

ëè x1 6= b, c, òî (ïî îïðåäåëåíèþ (S′)
ε−1
1
x1 ) b < c â S, à ïîñêîëüêó

m(b) = m′(b) è m(c) = m′(c), òî â S âûïîëíÿåòñÿ êàêîå-ëèáî

èç óñëîâèé 1), 2) èëè 3), åñëè òîëüêî â S′
âûïîëíÿåòñÿ ñîîòâåò-

ñòâóþùåå åìó óñëîâèå 1′), 2′) èëè 3′).
Ïóñòü òåïåðü x1 = b. Åñëè â S′

âûïîëíÿåòñÿ óñëîâèå 1′), òî b
� ìèíèìàëüíûé ýëåìåíò S′

, à çíà÷èò, ε−1
1 =↑; ïîñêîëüêó òîãäà

b >< c â S è m(b) = m′(b)− 1,m(c) = m′(c), òî â S âûïîëíÿåòñÿ

óñëîâèå 3). Åñëè æå âûïîëíÿåòñÿ óñëîâèå 2′), òî b� ìàêñèìàëü-

íûé ýëåìåíò S′
, à çíà÷èò, ε−1

1 =↓; íî ïîñêîëüêó òîãäà b >< c â
S è

m(b) = m′(b) + 1, m(c) = m′(c),

òî â S âûïîëíÿåòñÿ óñëîâèå 3). Íàêîíåö, åñëè âûïîëíÿåòñÿ

óñëîâèå 3′), òî ëèáî b � ìèíèìàëüíûé ýëåìåíò S′
è ε−1

1 =↑,
ëèáî b � ìàêñèìàëüíûé ýëåìåíò S′

è ε−1
1 =↓. Òîãäà â ïåðâîì

ñëó÷àå b > c â S è m(b) = m′(b) − 1,m(c) = m′(c), à âî âòî-

ðîì � b < c â S è m(b) = m′(b) + 1,m(c) = m′(c). Çíà÷èò, â S
âûïîëíÿåòñÿ ñîîòâåòñòâåííî óñëîâèå 2) èëè 1).

Ñëó÷àé x1 = c ðàññìàòðèâàåòñÿ àíàëîãè÷íî ñëó÷àþ x1 = b.

Äîñòàòî÷íîñòü. Ïóñòü â S âûïîëíÿåòñÿ îäíî èç óñëîâèé

1) � 3). Ïîêàæåì, ÷òî b < c â T .
Ïðèìåíèì èíäóêöèþ ïî ÷èñëó p. Åñëè p = 0, òî T = S è

m(y) = 0 äëÿ ëþáîãî y, à òîãäà ìîæåò âûïîëíÿòüñÿ òîëüêî

óñëîâèå 1), è çíà÷èò, b < c.
Â ñëó÷àå p = 1 èìååì m(b),m(c) ∈ {0, 1} è m(b)+m(c) = 1, à

çíà÷èò, âûïîëíÿåòñÿ ëèáî óñëîâèå 1) ïðè m(b) =
= m(c) = 0, ëèáî óñëîâèå 3) ïðè m(0) = 1,m(c) = 1. Â îáî-

èõ ñëó÷àÿõ â ÷. ó. ìíîæåñòâå T = Sε1x1 âûïîëíÿåòñÿ îòíîøåíèå

b < c.
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Ïåðåõîäèì ê ñëó÷àþ p > 1. Ïîëîæèì, êàê è ïðè äîêàçàòåëü-
ñòâå íåîáõîäèìîñòè, S′ = Sε1x1 è (äëÿ y ∈ S)

m′(y) = my(x2, . . . , xp; ε2, . . . , εp).

Òîãäà T = (S′)ε2...εpx2...xp .

Åñëè x1 6= b, c, òî m′(b) = m(b),m′(c) = m(c) è ïî èíäóêöè-

îííîìó ïðåäïîëîæåíèþ b < c â T (òàê êàê èç óñëîâèé 1)�3) â

S′
âûïîëíÿåòñÿ òî æå ñàìîå óñëîâèå, ÷òî è â S).
Ïóñòü òåïåðü x1 = b. Åñëè ε1 =↑, òî

m′(b) = m(b)− 1, m′(c) = m(c),

è åñëè â S âûïîëíÿåòñÿ óñëîâèå 1) (ñîîòâåòñòâåííî 3)), òî â S′

âûïîëíÿåòñÿ óñëîâèå 3) (ñîîòâåòñòâåííî 2)); óñëîâèå 2) âûïîë-

íÿòüñÿ íå ìîæåò, òàê êàê b � ìèíèìàëüíûé ýëåìåíò S. Åñëè æå
ε1 =↓, òî m′(b) = m(b)+ 1,m′(c) = m(c), è åñëè â S âûïîëíÿåò-

ñÿ óñëîâèå 2) (ñîîòâåòñòâåííî 3)), òî â S′
âûïîëíÿåòñÿ óñëîâèå

3) (ñîîòâåòñòâåííî 1)); óñëîâèå 1) âûïîëíÿòüñÿ íå ìîæåò, òàê

êàê b � ìàêñèìàëüíûé ýëåìåíò S.
Ñëó÷àé x1 = c ðàññìàòðèâàåòñÿ àíàëîãè÷íî ñëó÷àþ x1 = b.
Òåîðåìà äîêàçàíà.

�àññìîòðèì ïðèìåð, êîòîðûé ïîêàçûâàåò, êàêèì îáðàçîì

ïðèìåíÿåòñÿ íàøà òåîðåìà.

Âîçüìåì â êà÷åñòâå S ÷. ó. ìíîæåñòâî
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è, ïîëüçóÿñü òåîðåìîé, âû÷èñëèì ÷. ó. ìíîæåñòâî T = S↑↑↓↓↓↑
125165 .

Ïîñêîëüêó

m(1) = m(3) = m(4) = m(5) = 0, m(2) = 1, m(6) = −1,
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òî óñëîâèå 1) âûïîëíÿåòñÿ ïðè (b, c) = (1, 4), (1, 5), (3, 4), óñëî-
âèå 2) � ïðè (b, c) = (6, 2) è óñëîâèå 3) � ïðè

(b, c) = (6, 1), (6, 4), (6, 5), (1, 2), (3, 2), (4, 2).

Çíà÷èò, T èìååò ñëåäóþùèé âèä:

✉

✉

✉

✉ ✉

✉

�
��1

6

3

5 4

2
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�åàëiçàöiÿ çàìêíåíèõ 1-�îðì ç

çàìêíåíèìè ðåêóðåíòíèìè êðèâèìè

íà çàìêíåíèõ ïîâåðõíÿõ

The closed 1-forms with isolated zeros and closed recurrent curves on closed
surfaces are considered. The theorem of realization of such closed 1-forms
is proved.

Êëþ÷îâi ñëîâà: çàìêíåíà 1-�îðìà, ðåàëiçàöiÿ.

1. Âñòóï

Ó ðîáîòi [1℄ Ñ.Â. Áiëóí i Î.Î. Ïðèøëÿê çíàéøëè òîïîëî-

ãi÷íó êëàñè�iêàöiþ çàìêíåíèõ 1-�îðì Ìîðñà ç içîëüîâàíèìè

íóëÿìè òà çàìêíåíèìè ðåêóðåíòíèìè êðèâèìè íà çàìêíåíèé

ïîâåðõíÿõ. Ó ðîáîòàõ [3, 4℄ Í.Â. Áóäíèöüêà òà Î.Î. Ïðèøëÿê

îòðèìàëè íåîáõiäíi òà äîñòàòíi óìîâè òîïîëîãi÷íî¨ åêâiâàëåí-

òíîñòi çàìêíåíèõ 1-�îðì ç içîëüîâàíèìè íóëÿìè íà îði¹íòîâà-

íèõ òà íåîði¹íòîâàíèõ ïîâåðõíÿõ âiäïîâiäíî.

Ìåòîþ öi¹¨ ðîáîòè ¹ âèâ÷åííÿ ðåàëiçàöi¨ çàìêíåíèõ 1-�îðì

ç içîëüîâàíèìè íóëÿìè òà çàìêíåíèìè ðåêóðåíòíèìè êðèâèìè

íà çàìêíåíèõ ïîâåðõíÿõ.

2. Îñíîâíi îçíà÷åííÿ

Íàãàäà¹ìî äåÿêi îçíà÷åííÿ ç ðîáiò [1,3℄. Íåõàé M � çàìêíå-

íà ïîâåðõíÿ ðîäó p i íà M çàäàíà çàìêíåíà 1-�îðìà

ω = A(x, y)dx +B(x, y)dy,
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äå A,B : U → R� ãëàäêi �óíêöi¨, U ⊂M � âiäêðèòà ìíîæèíà,

(x, y) � êîîðäèíàòè â U .

Îçíà÷åííÿ 1. Ïîçíà÷èìî ÷åðåç

N(ω) = {z ∈M : A(z) = 0, B(z) = 0}
ìíîæèíó íóëiâ �îðìè ω. Êðèâà γ ⊂M , ùî íå ìiñòèòü íóëiâ,

íàçèâà¹òüñÿ iíòåãðàëüíîþ êðèâîþ 1-�îðìè ω, ÿêùî ëîêàëüíî
âîíà ¹ ðiâíåì �óíêöi¨ f òàêî¨, ùî ω = df .

Áóäåìî ðîçãëÿäàòè òiëüêè ìàêñèìàëüíi iíòåãðàëüíi êðèâi

(ÿêi íå ¹ âëàñíèìè ïiäìíîæèíàìè iíøèõ êðèâèõ) i áóäåìî íà-

çèâàòè ¨õ ïðîñòî êðèâèìè.

Íåõàé z ∈M\N(ω). Äëÿ êîæíîãî äîñèòü ìàëîãî îêîëó U(z)
öi¹¨ òî÷êè êðèâà, ùî ïðîõîäèòü ÷åðåç z, ðîçáèâà¹ U(z) íà äâi

÷àñòèíè: äîäàòíó {v : f(v) − f(z) > 0} i âiä'¹ìíó {v : f(v) −
f(z) < 0}. Îá'¹äíàííÿ äîäàòíèõ ÷àñòèí îêîëiâ áóäåìî íàçèâàòè
äîäàòíîþ ïiäîáëàñòþ, âiä'¹ìíèõ � âiä'¹ìíîþ ïiäîáëàñòþ.

Îçíà÷åííÿ 2. Íóëü 1-�îðìè íàçèâà¹òüñÿ içîëüîâàíèì, ÿêùî
iñíó¹ éîãî îêië, ùî íå ìiñòèòü iíøèõ íóëiâ.

Äàëi â ðîáîòi áóäåìî ðîçãëÿäàòè çàìêíåíi 1-�îðìè, ÿêi ìà-

þòü ëèøå ñêií÷åííå ÷èñëî içîëüîâàíèõ íóëiâ. Âiäîìî, ùî ií-

òåãðàëüíi êðèâi íå ìàþòü äæåðåë (âèòîêiâ), ñòîêiâ i êðèâèõ,

ω-ãðàíè÷íèìè àáî α-ãðàíè÷íèìè ìíîæèíàìè ÿêèõ ¹ êðèâi ãî-

ìåîìîð�íi êîëó S1
.

Îçíà÷åííÿ 3. Iíòåãðàëüíà êðèâà γ : R → M íàçèâà¹òüñÿ

ðåêóðåíòíîþ, ÿêùî

γ ⊂ {z ∈M : ∃{tn} → ±∞, γ(tn) → z, n → ∞}.
Ç îçíà÷åííÿ âèïëèâà¹, ùî ÿêùî iíòåãðàëüíà êðèâà ¹ çàìêíå-

íîþ àáî ñêðiçü ùiëüíîþ â M , òî âîíà ¹ ðåêóðåíòíîþ. Äàëi â

ðîáîòi ðîçãëÿäàþòüñÿ ëèøå çàìêíåíi ðåêóðåíòíi êðèâi.

1-Ôîðìà íàçèâà¹òüñÿ çàìêíåíîþ, ÿêùî dω = 0. Âiäîìî, ùî
iñíó¹ f ∈ C2(U), äå U � âiäêðèòà ìíîæèíà: ω = df òîäi i

ëèøå òîäi, êîëè ω çàìêíåíà â U . Òîìó äàëi áóäåìî ðîçãëÿäàòè
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òàêi 1-�îðìè ω, äëÿ ÿêèõ ëîêàëüíî iñíó¹ �óíêöiÿ f : ω = df .
Ç ðîáîòè [5℄ âiäîìî, ùî äëÿ êîæíî¨ êðèòè÷íî¨ òî÷êè z0 (êðiì
ëîêàëüíîãî ìiíiìóìó i ìàêñèìóìó) iñíó¹ îêië, ó ÿêîìó �óíêöiÿ

f ñïðÿæåíà ç �óíêöi¹þ Re (x + iy)k äëÿ äåÿêîãî ÷èñëà k ∈ N.

Ìîæëèâi ëèøå äâà ðiçíîâèäè içîëüîâàíèõ òî÷îê: ñiäëî i öåíòð.

Îá'¹äíàííÿ íóëiâ òà iíòåãðàëüíèõ êðèâèõ, ùî ¨õ ç'¹äíóþòü,

çàìêíåíî¨ 1-�îðìè ω áóäåìî ðîçãëÿäàòè ÿê ãðà� G(ω), ÿêèé
âêëàäåíèé â M . Ïðè öüîìó, ÿêùî ç íóëÿ âèõîäèòü íåçàìêíåíà

ðåêóðåíòíà ïiâêðèâà, òî äëÿ îòðèìàííÿ ãðà�ó G(ω) ìè âiäiòíå-
ìî öþ ïiâêðèâó íà äåÿêié âiäñòàíi âiä íóëÿ, îòðèìà¹ìî ðåáðî

ç îäíi¹þ âåðøèíîþ âàëåíòíîñòi 1. Îñêiëüêè â îêîëi êîæíîãî

íóëÿ �óíêöiÿ f ñïðÿæåíà ç �óíêöi¹þ Re (x+ iy)k äëÿ äåÿêîãî
÷èñëà k ∈ N, òî iç êîæíîãî íóëÿ, âiäìiííîãî âiä öåíòðó, âèõî-

äèòü ïàðíà êiëüêiñòü ïiâêðèâèõ i êîæíà âåðøèíà ãðà�ó G(ω),
êðiì âåðøèí âàëåíòíîñòi 1, ìà¹ ïàðíó âàëåíòíiñòü. Äàëi áóäåìî

ââàæàòè, ùî öåíòð ìà¹ 0-âàëåíòíiñòü, òîáòî ïàðíó âàëåíòíiñòü.

Çàóâàæèìî, ùî ìè íå ðîçãëÿäà¹ìî âåðøèíè âàëåíòíîñòi 2. Îò-

æå, âåðøèíàìè ãðà�à G(ω) ¹ íóëi àáî òî÷êè ç âåðøèíàìè âà-

ëåíòíîñòi 1, à ðåáðàìè � iíòåãðàëüíi êðèâi, ùî ¨õ ç'¹äíóþòü.

Îñêiëüêè â äàíié ðîáîòi ìè ðîçãëÿäà¹ìî 1-�îðìè ω ç çàìêíå-

íèìè ðåêóðåíòíèìè êðèâèìè, òî ó ãðà�i G(ω) íå áóäå âåðøèí
âàëåíòíîñòi 1.

�îçãëÿíåìî M ÷åðåç ñêëåþâàííÿ âiäïîâiäíèõ ñòîðií ó ïðà-

âèëüíîìó 4p-êóòíèêó äëÿ îði¹íòîâàíî¨ i 2p-êóòíèêó
äëÿ íåîði¹íòîâàíî¨ ïîâåðõíi â R2

, p � ðiä M . Â êîæíié òî-

÷öi iíòåãðàëüíî¨ êðèâî¨ â R2
ìîæíà çàäàòè ¹äèíèé âåêòîð p̄ =

(A,B) = (∂f∂x ,
∂f
∂y ).

Îçíà÷åííÿ 4. Áóäåìî ââàæàòè, ùî â êîæíié òî÷öi âå-

êòîð p̄ íàïðàâëåíèé âiä iíòåãðàëüíî¨ êðèâî¨ ç ìåíøèì çíà÷å-

ííÿì ðiâíÿ (ç âiä'¹ìíî¨ ÷àñòèíè îêîëó) äî iíòåãðàëüíî¨ êðè-

âî¨ ç áiëüøèì çíà÷åííÿì ðiâíÿ (â äîäàòíó ÷àñòèíó îêîëó),

òîáòî âåêòîð p̄ ëîêàëüíî ïîðiâíþ¹ 2 ñóñiäíi iíòåãðàëüíi êðè-

âi çàìêíåíî¨ 1-�îðìè ω i áóäåìî éîãî íàçèâàòè ïîðiâíþþ÷èì

íàïðÿìêîì â òî÷öi.
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3. �åàëiçàöiÿ çàìêíåíî¨ 1-�îðìè íà ïîâåðõíÿõ

ÍåõàéM � çàìêíåíà ïîâåðõíÿ ðîäó p, G � ãðà�, âêëàäåíèé

â M , ÿêèé íå ìà¹ âåðøèí âàëåíòíîñòi 2 i ìà¹ âåðøèíè ïàðíî¨

âàëåíòíîñòi. Íåõàé äîâiëüíà çàìêíåíà êðèâà s ïåðåòèíà¹ G â

òî÷êàõ xk. Çà�iêñó¹ìî äåÿêó òî÷êó ïåðåòèíó xk i ïîñòàâèìî ¨é
ó âiäïîâiäíiñòü çíàê δk, ÿêèé ¹ +, àáî −. Òîäi ç êîæíîþ íàñòó-

ïíîþ òî÷êîþ xk+1 áóäåìî ïîâ'ÿçóâàòè çíàê δk+1 çà òàêèì ïðà-

âèëîì: ÿêùî ðóõàþ÷èñü ïî s êîæíó íàñòóïíó òî÷êó ïåðåòèíó

xk+1 ìîæíà îòðèìàòè ðóõàþ÷èñü âiä ïîïåðåäíüî¨ xk ïî ðåáðàõ
i âåðøèíàõ (÷è ðåáði) ãðà�ó G, òî äëÿ òî÷êè xk+1 áóäåìî ââà-

æàòè δk+1 = −δk, òîáòî δk çìiíþ¹ çíàê. ßêùî òàêèõ ðåáåð (÷è

ðåáðà) íå iñíó¹, òî ç òî÷êîþ xk+1 ñïiâñòàâèìî δk+1 = δk, òîáòî
δk çíàêó íå çìiíþ¹. Çàóâàæèìî, ùî çíàê δk áóäåìî ñòàâèòè ïå-
ðåä ïåðåòèíîì êðèâî¨ s ç ãðà�îì G, ÿêèé âèçíà÷à¹ òî÷êó xk.
Òàêèì ÷èíîì, íà êðèâié s ìè çàäàëè ìíîæèíó òî÷îê xk, ÿêi
óòâîðåíi ïåðåòèíîì ãðà�à G ç êðèâîþ s, i ç êîæíîþ òî÷êîþ

ñïiâñòàâèëè çíàê δk, ÿêèé äîðiâíþ¹ + ÷è −.

Ëåìà 1. Íåõàé M � çàìêíåíà ïîâåðõíÿ ðîäó p, G(ω) � ãðà�

çàìêíåíî¨ 1-�îðìè ω, âêëàäåíèé â M , ÿêèé íå ìà¹ âåðøèí

âàëåíòíîñòi 2. s � äîâiëüíà çàìêíåíà êðèâà, ÿêà ïåðåòèíà¹

G(ω) ïîñëiäîâíî â òî÷êàõ xk, ç ÿêèìè ñïiâñòàâëåíi çíàêè δk
çà ïðàâèëîì, îïèñàíèì âèùå. Òîäi ïðè ïîâíîìó îáõîäi s, ïî÷è-
íàþ÷è ç xk, ìè ïîâåðíåìîñÿ â ïî÷àòêîâó òî÷êó ç òèì ñàìèì

çíàêîì δk.

Äîâåäåííÿ.Îñêiëüêè G(ω) � ãðà� çàìêíåíî¨ 1-�îðìè ω, òî
â îêîëi G(ω) âñþäè óçãîäæåíi ïîðiâíþþ÷i íàïðÿìêè. Êîæíà ií-
òåãðàëüíà êðèâà ðîçáèâà¹ îêië äîâiëüíî¨ òî÷êè íà äâi ÷àñòèíè:

äîäàòíó i âiä'¹ìíó. Â îêîëi G(ω) âñþäè óçãîäæåíi ïîðiâíþþ-

÷i íàïðÿìêè i êîæåí ïîðiâíþþ÷èé íàïðÿìîê íàïðÿìëåíèé ç

âiä'¹ìíî¨ ÷àñòèíè îêîëó ó äîäàòíó, òîáòî âiä − äî +. Òîìó â

êîæíié òî÷öi xk çíàê δk ðîçãëÿíåìî ÿê äîäàòíó (ïðè δk = +)
÷è âiä'¹ìíó (ïðè δk = −) ÷àñòèíó îêîëó.
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Íåõàé xk � òî÷êà ïåðåòèíó êðèâî¨ s ç ãðà�îì G(ω) i íåõàé
δk � çíà÷åííÿ, ÿêå ìè ñïiâñòàâèëè ç xk. �óõàþ÷èñü ïî êðèâié s
ïiäõîäèìî äî xk+1 � íàñòóïíî¨ òî÷êè ïåðåòèíó êðèâî¨ s ç ãðà-
�îì G(ω). ßêùî xk+1 ìîæíà îòðèìàòè, ðóõàþ÷èñü âiä ïîïåðå-

äíüî¨ òî÷êè xk, ïî ðåáðàõ i âåðøèíàõ (÷è ðåáði) ãðà�ó G(ω),
òî öå îçíà÷à¹, ùî òî÷êè xk i xk+1 íàëåæàòü äî îäíîãî öèêëó,

ÿêèé ìiñòèòü iíøèé ìàêñèìàëüíèé çâ'ÿçíèé ïiäãðà� (íàïðè-

êëàä öåíòð), òîìó â äàíîìó öèêëi ïîðiâíþþ÷èé íàïðÿìîê áóäå

çìiíþâàòèñÿ íà ïðîòèëåæíèé i çà ïðàâèëîì, îïèñàíèì âèùå, ç

òî÷êîþ xk+1 ñïiâñòàâèìî δk+1 = −δk. ßêùî æ xk+1 íå ìîæíà

îòðèìàòè, ðóõàþ÷èñü âiä ïîïåðåäíüî¨ xk ïî ðåáðàõ i âåðøè-

íàõ (÷è ðåáði) ãðà�ó G(ω), òî òî÷êè xk i xk+1 íàëåæàòü äî

ðiçíèõ ìàêñèìàëüíèõ çâ'ÿçíèõ ïiäãðà�iâ, ÿêi ðîçäiëÿ¹ îáëàñòü,

ãîìåîìîð�íà öèëiíäðó, òîìó ïîðiâíþþ÷èé íàïðÿìîê íå áóäå

çìiíþâàòèñÿ íà ïðîòèëåæíèé i çà ïðàâèëîì, îïèñàíèì âèùå, ç

òî÷êîþ xk+1 ñïiâñòàâèìî δk+1 = δk.
Ç îïèñàíèõ ïîÿñíåíü âèïëèâà¹, ùî â êîæíié íàñòóïíié òî÷öi

ïåðåòèíó xk+1 êðèâî¨ s ç ãðà�îì G(ω) çíàê δk+1 áóäå ïðîòè-

ëåæíèì äî δk, ëèøå ÿêùî áóäå çìiíþâàòè íàïðÿìîê âiäïîâiä-

íèé ïîðiâíþþ÷èé íàïðÿìîê, i δk+1 áóäå äîðiâíþâàòè δk, ÿêùî
íàïðÿìîê ïîðiâíþþ÷îãî íàïðÿìêó çàëèøàòèìåòüñÿ áåç çìií.

Îñêiëüêè çíàê δk ìè âèçíà÷à¹ìî îäíîçíà÷íî, à ñàìå: ïåðåä ïå-

ðåòèíîì s ç ãðà�îì G(ω), ÿêèé âèçíà÷à¹ òî÷êó xk, òî â äàíîìó
âèïàäêó ïîðiâíþþ÷èé íàïðÿìîê â òî÷öi xk áóäå îäíîçíà÷íî çà-
äàâàòè δk � çíàê îäíi¹¨ ÷àñòèíè îêîëó. Òîìó çàìiñòü äîñëiäæå-

ííÿ ïîðiâíþþ÷èõ íàïðÿìêiâ 1-�îðìè ω ìîæíà äîñëiäæóâàòè

çíàêè δk. À îñêiëüêè ïîðiâíþþ÷i íàïðÿìêè âñþäè óçãîäæåííi,

òî ïðè îáõîäi s ìè ïîâåðíåìîñÿ â ïî÷àòêîâó òî÷êó ç òèì ñàìèì

ïîðiâíþþ÷èì íàïðÿìêîì, òîáòî ç òèì ñàìèì çíàêîì δk.
Ëåìà äîâåäåíà.

Ïîêàæåìî, ùî ó âèïàäêó R2
ñïðàâåäëèâà îáåðíåíà âëàñòè-

âiñòü.
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Ëåìà 2. Íåõàé G � ãðà�, âêëàäåíèé â R2
, ÿêèé íå ìà¹ âåðøèí

âàëåíòíîñòi 2 i ìà¹ âåðøèíè ïàðíî¨ âàëåíòíîñòi, s � äîâiëü-

íà çàìêíåíà êðèâà, ÿêà ïåðåòèíà¹ G ïîñëiäîâíî â òî÷êàõ xk.
Ñïiâñòàâèìî ç òî÷êàìè xk çíàêè δk çà ïðàâèëîì, îïèñàíèì

âèùå. Ïðè îáõîäi s, ïî÷èíàþ÷è ç òî÷êè xk, ìè ïîâåðíåìîñÿ â

ïî÷àòêîâó òî÷êó ç òèì ñàìèì çíàêîì δk. Òîäi G = G(ω) �
ãðà� äåÿêî¨ çàìêíåíî¨ 1-�îðìè ω.

Äîâåäåííÿ. Ëîêàëüíî êîæíå ðåáðî G ðîçáèâà¹ îêië

òî÷êè xk íà äîäàòíó i âiä'¹ìíó ÷àñòèíè i, ÿê îïèñóâàëîñü â

äîâåäåííi ïîïåðåäíüî¨ ëåìè, δk âèçíà÷à¹ çíàê ÷àñòèíè îêîëó,

ÿêèé çóñòði÷à¹ìî äî ïåðåòèíó s ç G. Òîäi −δk � çíàê iíøî¨

÷àñòèíè îêîëó.

�óõàþ÷èñü ïî çàìêíåíié êðèâié s ìè âñþäè ðîçñòàâëÿ¹ìî

çíàêè δk â îêîëàõ äî ïåðåòèíó s ç G. Â ÷àñòèíàõ îêîëiâ ïiñëÿ

ïåðåòèíó s ç G çíàêè áóäóòü ïðîòèëåæíèìè äî δk. Ïðîâåäå-
ìî àíàëîãi÷íi ìiðêóâàííÿ äëÿ äîâiëüíî¨ çàìêíåíî¨ êðèâî¨ s. Â
êîæíié òî÷öi çàäà¹ìî ïîðiâíþþ÷èé íàïðÿìîê, ÿêèé éäå âiä −
äî +. Îñêiëüêè ïðè îáõîäi äîâiëüíî¨ êðèâî¨ s ìè ïîâåðíåìîñÿ

â ïî÷àòêîâó òî÷êó ç òèì ñàìèì çíàêîì δk, òî öå ¹ ñâiä÷åííÿì
òîãî, ùî ïîðiâíþþ÷èé íàïðÿìîê ïðè îáõîäi äîâiëüíî¨ êðèâî¨ s
ïîâåðíåòüñÿ ç òèì ñàìèì íàïðÿìêîì â ïî÷àòêîâó òî÷êó. À öå i

îçíà÷à¹, ùî ìè îòðèìàëè âñþäè óçãîäæåíi ïîðiâíþþ÷i íàïðÿì-

êè.

Îòæå, ìè îòðèìàëè G � ãðà�, ÿêèé íå ìà¹ âåðøèí âàëåí-

òíîñòi 2 i ìà¹ âåðøèíè ïàðíî¨ âàëåíòíîñòi, i âñþäè óçãîäæåíi

ïîðiâíþþ÷i íàïðÿìêè, òîìó G = G(ω) � ãðà� äåÿêî¨ çàìêíåíî¨

1-�îðìè ω.
Ëåìà äîâåäåíà.

Òåîðåìà 1. Íåõàé M � çàìêíåíà ïîâåðõíÿ ðîäó p, G � ãðà�,

ÿêèé íå ìà¹ âåðøèí âàëåíòíîñòi 2 i ìà¹ âåðøèíè ïàðíî¨ âà-

ëåíòíîñòi, âêëàäåíèé â M . Iñíó¹ çàìêíåíà 1-�îðìà ω ç çàäà-

íèì ãðà�îì G = G(ω) òîäi i ëèøå òîäi, êîëè âèêîíóþòüñÿ: s
� äîâiëüíà çàìêíåíà êðèâà, ÿêà ïåðåòèíà¹ G ïîñëiäîâíî â òî-

÷êàõ xk; êîæíié òî÷öi xk ïîñòàâëåíî ó âiäïîâiäíiñòü çíàê δk
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çà ïðàâèëîì, îïèñàíèì âèùå. Òîäi ïðè ïîâíîìó îáõîäi s, ïî÷è-
íàþ÷è ç òî÷êè xk, ìè ïîâåðíåìîñÿ â ïî÷àòêîâó òî÷êó ç òèì

ñàìèì çíàêîì δk.

Äîâåäåííÿ. Íåîáõiäíiñòü. Âèïëèâà¹ ç ëåìè 1.

Äîñòàòíiñòü. �îçãëÿíåìî îêðåìî âèïàäêè, êîëè M � îði-

¹íòîâàíà àáî íåîði¹íòîâàíà ïîâåðõíÿ.

1) M � îði¹íòîâàíà ïîâåðõíÿ. �îçãëÿíåìî M ÷åðåç ñêëåþ-

âàííÿ âiäïîâiäíèõ ñòîðií ïðàâèëüíîãî 4p-êóòíèêà â R2
, p � ðiä

M . Êîæíà ïàðà âiäïîâiäíèõ ñòîðií ó 4p-êóòíèêó çàäà¹ äåÿêó

çàìêíåíó êðèâó sj íà M .

Íåõàé {sj} � ìíîæèíà çàìêíåíèõ êðèâèõ íàM , xjk � òî÷êè

ïåðåòèíó êðèâî¨ sj ç ãðà�îì G. Çà�iêñó¹ìî äîâiëüíó çàìêíåíó
êðèâó s1 i ðîçñòàâèìî çíàêè δ1k â òî÷êàõ x1k, ïåðåòèíó êðèâî¨
s1 ç ãðà�îì G çà ïðàâèëîì, îïèñàíèì âèùå. Íåõàé êðèâi s1 i sj ,
j 6= 1, ïåðåòèíàþòüñÿ. Ïðè ïåðåòèíi s1 i sj , j 6= 1, ðîçãëÿíåìî
íîâi çàìêíåíi êðèâi, ÿêi íàëåæàòü s1 ∪ sj , à ñàìå: âiçüìåìî âiä
òî÷êè ïåðåòèíó öèõ êðèâèõ ïî îäíié äóçi ç êîæíî¨ êðèâî¨ òàê,

ùîá ¨õ îá'¹äíàííÿ çàäàâàëî îði¹íòîâàíó êðèâó. Òîäi, çíàþ÷è

çíàêè δ1k íà êðèâié s1, ìè çàäà¹ìî çíàêè δjk íà êðèâié sj . �îç-
ñòàâèìî çíàêè δjk äëÿ âñiõ òî÷îê ïåðåòèíó êðèâèõ sj ç ãðà�îì
G. Òàêèì ÷èíîì, ìè ðîçñòàâèëè çíàêè δjk íà ìåæi 4p-êóòíèêà.
Çíàêè δjk â òî÷êàõ ïåðåòèíó G ç ìåæåþ 4p-êóòíèêà iíäóêó-

þòü çíàêè δk íà ðåáðàõ G, ÿêi ïåðåòèíàþòü ìåæó. Îñêiëüêè ó

âíóòðiøíîñòi 4p-êóòíèêà ïðè ïîâíîìó îáõîäi äîâiëüíî¨ êðèâî¨

s, ïî÷èíàþ÷è ç òî÷êè xk, ìè ïîâåðíåìîñÿ â ïî÷àòêîâó òî÷êó

ç òèì ñàìèì çíàêîì δk, òî ó âíóòðiøíîñòi 4p-êóòíèêà âñþäè,

çà ïðàâèëîì, îïèñàíèì âèùå, ðîçñòàâëåíi çíàêè δk. Çà ëåìîþ 2

iñíó¹ çàìêíåíà 1-�îðìà ω ç çàäàíèì ãðà�îì G = G(ω).
2) M � íåîði¹íòîâàíà ïîâåðõíÿ. �îçãëÿíåìî M ÷åðåç ñêëå-

þâàííÿ âiäïîâiäíèõ ñòîðií ó ïðàâèëüíîìó 2p-êóòíèêó â R2
, p

� ðiä M . Ïîçíà÷èìî ÷åðåç c1, ć1, c2, ć2, . . ., cp, ćp ñòîðîíè 2p-
êóòíèêà, ïðè÷îìó ñòîðîíè ç îäíàêîâèìè íèæíiìè iíäåêñàìè

îòîòîæíþþòüñÿ. Çàóâàæèìî, ùî ìåæà

c1ć1c2ć2 . . . cpćp ãîìåîìîð�íà çàìêíåíié îði¹íòîâàíié êðèâié â
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R2
. Îáõîäÿ÷è ìåæó c1ć1c2ć2 . . . cpćp, ïîñëiäîâíî ïîçíà÷à¹ìî òî-

÷êè ïåðåòèíó ñòîðîíè ci ç ãðà�îì G ÷åðåç yis, i = 1, p, s =
1, S(i), òîäi ýis � òî÷êè ïåðåòèíó ñòîðîíè ći ç ãðà�îìG. Îñêiëü-
êè ci i ći îòîòîæíþþòüñÿ, òî yis i ýis ðîçìiùåííi îäíàêîâî íà ci
i ći.
�îçãëÿíåìî äåÿêó ñòîðîíó ci : ci ∩G 6= ∅, òî÷êó yi1 ∈ ci∩G i

çàäàìî â yi1 äîâiëüíèé ïîðiâíþþ÷èé íàïðÿìîê (íàïðèêëàä ïî-
ðiâíþþ÷èé íàïðÿìîê çáiãà¹òüñÿ ç íàïðÿìêîì ñòîðîíè ci). ßêùî
yi2 ìîæíà äîñÿãíóòè ðóõàþ÷èñü âiä ïîïåðåäíüî¨ yi1 ïî ðåáðàõ
i âåðøèíàõ (÷è ðåáði) ãðà�ó G, òî öå îçíà÷à¹, ùî òî÷êè yi2 i
yi1 íàëåæàòü äî îäíîãî öèêëó, ÿêèé ìiñòèòü iíøèé ìàêñèìàëü-
íèé çâ'ÿçíèé ïiäãðà� (íàïðèêëàä öåíòð), òîìó â äàíîìó öèêëi

ïîðiâíþþ÷èé íàïðÿìîê áóäå çìiíþâàòèñÿ íà ïðîòèëåæíèé i çà

ïðàâèëîì, îïèñàíèì âèùå, ç òî÷êîþ yi2 ñïiâñòàâèìî ïîðiâíþ-

þ÷èé íàïðÿìîê, ïðîòèëåæíèé äî ïîðiâíþþ÷îãî íàïðÿìêó yi1,
â iíøîìó âèïàäêó ïîðiâíþþ÷èé íàïðÿìîê íå çìiíþ¹òüñÿ. Àíà-

ëîãi÷íî ðîçãëÿäà¹ìî âñi òî÷êè ç ci ∩ G i çàäà¹ìî ïîðiâíþþ÷i

íàïðÿìêè íà íèõ.

Ïîðiâíþþ÷i íàïðÿìêè íà ñòîðîíi ći áóäåìî çàäàâàòè â òàêèé
ñïîñiá: ó òî÷öi ýis ïîðiâíþþ÷èé íàïðÿìîê áóäå ïðîòèëåæíèì

äî ïîðiâíþþ÷îãî íàïðÿìêó â òî÷öi yis, òîáòî ÿêùî â òî÷öi yis
ïîðiâíþþ÷èé íàïðÿìîê çáiãàâñÿ ç íàïðÿìêîì ñòîðîíè ci, òî â
òî÷öi ýis ïîðiâíþþ÷èé íàïðÿìîê áóäå ïðîòèëåæíèì äî íàïðÿì-

êó ñòîðîíè ći. Òàêèì ÷èíîì, ìè çàäàëè ïîðiâíþþ÷i íàïðÿìêè

â òî÷êàõ ïåðåòèíó G ç ïàðîþ ñòîðií ci, ći.
Ïðè îáõîäi c1ć1c2ć2 . . . cpćp ðîçãëÿíåìî ñòîðîíó cj : cj ∩ G 6=

∅, òî÷êó yj1 ∈ cj ∩ G. ßêùî yj1 ìîæíà îòðèìàòè, ðóõàþ÷èñü

âiä ïîïåðåäíüî¨ òî÷êè ýiS(i) ïî ðåáðàõ i âåðøèíàõ (÷è ðåáði)

ãðà�ó G, òî öå îçíà÷à¹, ùî òî÷êè ýiS(i) i yj1 íàëåæàòü äî îäíî-
ãî öèêëó, òîìó â äàíîìó öèêëi ïîðiâíþþ÷èé íàïðÿìîê áóäå

çìiíþâàòèñÿ íà ïðîòèëåæíèé i çà ïðàâèëîì, îïèñàíèì âèùå, ç

òî÷êîþ yj1 ñïiâñòàâèìî ïîðiâíþþ÷èé íàïðÿìîê, ïðîòèëåæíèé

äî ïîðiâíþþ÷îãî íàïðÿìêó yiS(i), â iíøîìó âèïàäêó ïîðiâíþþ-
÷èé íàïðÿìîê íå çìiíþ¹òüñÿ. Çàäàâøè ïîðiâíþþ÷èé íàïðÿìîê
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â òî÷öi yj1, àíàëîãi÷íî äî âèïàäêó ç ïàðîþ ñòîðií ci, ći, çàäà-
¹ìî ïîðiâíþþ÷i íàïðÿìêè â òî÷êàõ ïåðåòèíó G ç cj , ćj . Äàëi
óçàãàëüíþ¹ìî âèêëàäåíi ìiðêóâàííÿ íà âñþ ìåæó 2p-êóòíèêà.
Ïîðiâíþþ÷i íàïðÿìêè â òî÷êàõ ïåðåòèíó G ç ìåæåþ 2p-

êóòíèêà iíäóêóþòü ïîðiâíþþ÷i íàïðÿìêè íà ðåáðàõ G, ÿêi ïå-
ðåòèíàþòü ìåæó. ßêùî çàäàìî êîæåí ïîðiâíþþ÷èé íàïðÿìîê

÷åðåç + i −, òî ïîðiâíþþ÷èé íàïðÿìîê íàïðàâëåíèé ç − â +.
Îñêiëüêè çà óìîâîþ òåîðåìè ïðè îáõîäi äîâiëüíî¨ çàìêíåíî¨

êðèâî¨ ìè ïîâåðíåìîñÿ â ïî÷àòêîâó òî÷êó ç òèì ñàìèì çíàêîì,

òî íîâi + i − áóäóòü âñþäè óçãîäæåíèìè. Òîäi çà ëåìîþ 2 iñíó¹

çàìêíåíà 1-�îðìà ω ç çàäàíèì ãðà�îì G = G(ω).
Òåîðåìà äîâåäåíà.

4. Âèñíîâîê

Ó äàíié ðîáîòi çíàéäåíî óìîâè, ïðè ÿêèõ äåÿêèé ãðà�, ÿêèé

íå ìà¹ âåðøèí âàëåíòíîñòi 2 i ìà¹ âåðøèíè ïàðíî¨ âàëåíòíî-

ñòi, âèçíà÷à¹ çàìêíåíó 1-�îðìó ç çàìêíåíèìè ðåêóðåíòíèìè

êðèâèìè íà çàìêíåíèõ ïîâåðõíÿõ.
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The linear fractional transformations from C to C are investigated. Ne-
cessary and sufficient conditions for a topological conjugacy of such trans-
formations are obtained.

Êëþ÷îâi ñëîâà: äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ, Ìüîáióñîâi ïåðåòâîðåí-

íÿ, òîïîëîãi÷íà ñïðÿæåíiñòü, êëàñè�iêàöiÿ.

1. Âñòóï

Äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ � öå ïåðåòâîðåííÿ âèãëÿäó

f(z) =
az + b

cz + d
,

äå a, b, c, d ∈ C òàêi, ùî ad − bc 6= 0. Îñòàííÿ óìîâà ãàðàíòó¹

òå, ùî f íå ¹ êîíñòàíòîþ, à òàêîæ, ùî c òà d íå äîðiâíþþòü

íóëþ îäíî÷àñíî. Òàêèì ÷èíîì, f âèçíà÷åíå íà âñüîìó C, ÿêùî

c = 0, i íà C\{−d
c}, ÿêùî c 6= 0. Ïîêëàäåìî:

f(∞) = ∞ ïðè c = 0,
f(−d

c ) = ∞, f(∞) = a
c ïðè c 6= 0.

Ïiñëÿ öüîãî f áóäå âçà¹ìíî îäíîçíà÷íèì ïåðåòâîðåííÿì C

íà ñåáå.

Íåõàé X = C àáî C.

Âiäîáðàæåííÿ f , g : X → X íàçèâàþòü òîïîëîãi÷íî ñïðÿ-

æåíèìè (ïîçíà÷àòèìåìî f
t∼ g), ÿêùî iñíó¹ ãîìåîìîð�içì

h : X → X òàêèé, ùî g = h ◦ f ◦ h−1
.
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Íàäàëi ái¹êòèâíi âiäîáðàæåííÿ áóäåìî íàçèâàòè ïåðåòâîðå-

ííÿìè.

Äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ f , g : C → C íàçèâàþòü ñïðÿ-

æåíèìè (ïîçíà÷àòèìåìî f
ℓf∼ g), ÿêùî iñíó¹ äðîáîâî-ëiíiéíå

ïåðåòâîðåííÿ h : C → C òàêå, ùî g = h ◦ f ◦ h−1
.

Î÷åâèäíî, ùî çi ñïðÿæåíîñòi äðîáîâî-ëiíiéíèõ âiäîáðàæåíü

âèïëèâà¹ ¨õ òîïîëîãi÷íà ñïðÿæåíiñòü, àëå îáåðíåíå òâåðäæåííÿ

íå âiðíå.

À. Áåðäîí [1℄ êëàñè�iêóâàâ äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ, ç

òî÷íiñòþ äî ñïðÿæåíîñòi.

Êëàñè�iêàöiÿ äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü, ç òî÷íiñòþ äî

òîïîëîãi÷íî¨ ñïðÿæåíîñòi, çàëèøàëàñÿ âiäêðèòîþ ïðîáëåìîþ,

òîìó ðîçâ'ÿçàííþ öi¹¨ çàäà÷i é ïðèñâÿ÷åíî äàíó ðîáîòó. Ìè

îòðèìàëè íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1. Íåõàé f , g : C → C � äðîáîâî-ëiíiéíi ïåðåòâî-

ðåííÿ.

ßêùî f òà g ìàþòü õî÷à á ïî 2 ðiçíi íåðóõîìi òî÷êè ξ1,

ξ2 òà ψ1, ψ2, âiäïîâiäíî, òî f
t∼ g òîäi i òiëüêè òîäi, êîëè

âèêîíóþòüñÿ òàêi óìîâè:

àáî

{
|f ′(ξ)| 6= 1,
|g′(ψ)| 6= 1,

àáî f ′(ξ) = g′(ψ), àáî f ′(ξ) = g′(ψ),

äå ξ ∈ {ξ1, ξ2}, ψ ∈ {ψ1, ψ2}.
ßêùî f òà g ìàþòü òiëüêè ïî 1 íåðóõîìié òî÷öi, òî âîíè

çàâæäè ¹ òîïîëîãi÷íî ñïðÿæåíèìè.

Â iíøèõ âèïàäêàõ ïåðåòâîðåííÿ f òà g íå ¹ òîïîëîãi÷íî

ñïðÿæåíèìè.

2. Ïîïåðåäíi âiäîìîñòi

À. Áåðäîí [1℄ êëàñè�iêóâàâ äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ, ç

òî÷íiñòþ äî ñïðÿæåíîñòi, à ñàìå: ïîêàçàâ, ùî êîæíå âiäìiííå

âiä òîòîæíîãî äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ f , â çàëåæíîñòi
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âiä êiëüêîñòi íåðóõîìèõ òî÷îê, ¹ ñïðÿæåíèì ç îäíi¹þ çi ñòàí-

äàðòíèõ (íîðìàëüíèõ) �îðì :

(1)

mk(z) = kz, äå k 6= 0, 1
m1(z) = z + 1.

Òîáòî, ÿêùî âiäìiííå âiä òîòîæíîãî äðîáîâî-ëiíiéíå ïåðåòâî-

ðåííÿ f ìà¹ 2 ðiçíi íåðóõîìi òî÷êè, òî iñíó¹ k ∈ C\{0; 1} òàêå,
ùî f

ℓf∼ mk; ÿêùî f ìà¹ òiëüêè 1 íåðóõîìó òî÷êó, òî f
ℓf∼ m1.

Âiäîìî, ùî êîæíà êîìïëåêñíà (2× 2) ìàòðèöÿ

A =

(
a b
c d

)
, ad− bc 6= 0,

âèçíà÷à¹ äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ

f(z) =
az + b

cz + d
,

ùî äi¹ ç ðîçøèðåíî¨ êîìïëåêñíî¨ ïëîùèíè íà ñåáå. I íàâïàêè,

êîæíå äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ f âèçíà÷à¹ ìàòðèöþ A, ç
òî÷íiñòþ äî ìíîæíèêà, ùî íå äîðiâíþ¹ 0.

À. Áåðäîí [1℄, âèêîðèñòîâóþ÷è �óíêöiþ

tr

2(f) =
tr

2(A)

det(A)
, A ∈ GL(2,C),

ÿêà ¹ iíâàðiàíòíîþ âiäíîñíî ïåðåòâîðåííÿ A 7→ λA, λ 6= 0, äîâiâ
òàêó òåîðåìó.

Òåîðåìà 2. [1℄ Íåõàé f , g : C → C âiäìiííi âiä òîòîæíîãî

äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ. Òî f
ℓf∼ g òîäi i òiëüêè òîäi, êîëè

tr

2(f)=tr2(g).

Ó ðîáîòi [2℄ äàíà êëàñè�iêàöiÿ, ç òî÷íiñòþ äî òîïîëîãi÷íî¨

ñïðÿæåíîñòi, ëiíiéíèõ âiäîáðàæåíü ç C â C, òîáòî ìà¹ ìiñöå

òàêà ëåìà.
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Ëåìà 1. [2℄ Íåõàé f , g : C → C, f(z) = az, g(z) = cz, a,

c ∈ C, � ëiíiéíi âiäîáðàæåííÿ. Òî f
t∼ g òîäi i òiëüêè òîäi, êîëè

âèêîíóþòüñÿ òàêi óìîâè:

àáî

{
0 < |a| < 1,
0 < |c| < 1,

àáî

{
|a| > 1,
|c| > 1,

àáî a = c, àáî a = c̄,

(òîáòî êîëè |a|, |c| àáî îäíî÷àñíî ìåíøi 1 òà íå äîðiâíþþòü 0,
àáî îäíî÷àñíî áiëüøi 1, àáî a = c, àáî a = c̄).

Íåîáõiäíi òà äîñòàòíi óìîâè òîïîëîãi÷íî¨ ñïðÿæåíîñòi ëiíié-

íèõ âiäîáðàæåíü ç C â C äà¹ íàñòóïíà ëåìà.

Ëåìà 2. Íåõàé f , g : C → C, f(z) = az, g(z) = cz, a, c ∈ C,

� ëiíiéíi âiäîáðàæåííÿ. Ó öüîìó âèïàäêó f
t∼ g òîäi i òiëüêè

òîäi, êîëè âèêîíóþòüñÿ òàêi óìîâè:

àáî

{
|a| /∈ {0; 1},
|c| /∈ {0; 1}, àáî a = c, àáî a = c̄,

(òîáòî êîëè |a|, |c| àáî îäíî÷àñíî íå äîðiâíþþòü 0 òà 1, àáî
a = c, àáî a = c̄).

Äîâåäåííÿ. Íåõàé f(z) = az, g(z) = cz, äå a, c ∈ C, òàêi,

ùî

àáî

{
0 < |a| < 1,
0 < |c| < 1,

àáî

{
|a| > 1,
|c| > 1,

àáî a = c, àáî a = c̄.

ßêùî öi ëiíiéíi âiäîáðàæåííÿ f òà g äiþòü ç C â C, òî çà ëå-

ìîþ 1 âîíè ¹ òîïîëîãi÷íî ñïðÿæåíèìè, òîáòî iñíó¹ ñïðÿãàþ÷èé

¨õ ãîìåîìîð�içì h, ùî äi¹ ç C â C.

Íåñêëàäíî ïåðåâiðèòè, ùî ïåðåòâîðåííÿ h̃ : C → C òàêå, ùî

h̃(∞) = ∞, h̃(z) = h(z) ïðè z 6= ∞,

¹ ãîìåîìîð�içìîì. Òîìó öi æ ëiíiéíi âiäîáðàæåííÿ f òà g, ùî

äiþòü ç C â C, òåæ ¹ òîïîëîãi÷íî ñïðÿæåíèìè, áî h̃ � âiäïî-

âiäíèé ñïðÿãàþ÷èé ¨õ ãîìåîìîð�içì.

Âiäîáðàæåííÿ f , g : C → C, f(z) = az, g(z) = 1
az, äå |a| /∈

{0; 1}, ¹ òîïîëîãi÷íî ñïðÿæåíèìè, áî iñíó¹ ãîìåîìîð�içì φ :
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C → C, φ(z) = 1
z òàêèé, ùî g = φ ◦ f ◦ φ−1

. ßêùî |a| = 1, òî

f(z) = eiϕz, g(z) = e−iϕz, òîáòî a = c̄, à äàíèé âèïàäîê âæå áóâ
ðîçãëÿíóòèé.

Îòæå, âiäîáðàæåííÿ f , g : C → C, f(z) = az, g(z) = cz,
a, c ∈ C, áóäóòü òîïîëîãi÷íî ñïðÿæåíèìè òîäi i òiëüêè òîäi,

êîëè

àáî

{
|a| /∈ {0; 1},
|c| /∈ {0; 1}, àáî a = c, àáî a = c̄.

Ëåìà äîâåäåíà.

Íàñëiäîê 1. Íåõàé f , g : C → C, f(z) = az, g(z) = cz, a, c ∈
C\{0}, � ëiíiéíi ïåðåòâîðåííÿ. Ó öüîìó âèïàäêó f

t∼ g òîäi

i òiëüêè òîäi, êîëè àáî |a| òà |c| îäíî÷àñíî íå äîðiâíþþòü 1,
àáî a = c, àáî a = c̄.

3. Êëàñè�iêàöiÿ äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü, ç

òî÷íiñòþ äî òîïîëîãi÷íî¨ ñïðÿæåíîñòi

Íåîáõiäíi òà äîñòàòíi óìîâè òîïîëîãi÷íî¨ ñïðÿæåíîñòi äðîáî-

âî-ëiíiéíèõ ïåðåòâîðåíü äà¹ òàêà òåîðåìà.

Òåîðåìà 3. Íåõàé f , g : C → C � äðîáîâî-ëiíiéíi ïåðåòâî-

ðåííÿ.

ßêùî f òà g ìàþòü õî÷à á ïî 2 ðiçíi íåðóõîìi òî÷êè ξ1,

ξ2 òà ψ1, ψ2 âiäïîâiäíî, òî f
t∼ g òîäi i òiëüêè òîäi, êîëè

âèêîíóþòüñÿ òàêi óìîâè:

àáî

{
|f ′(ξ)| 6= 1,
|g′(ψ)| 6= 1,

àáî f ′(ξ) = g′(ψ), àáî f ′(ξ) = g′(ψ),

äå ξ ∈ {ξ1, ξ2}, ψ ∈ {ψ1, ψ2}.
ßêùî f òà g ìàþòü òiëüêè ïî 1 íåðóõîìié òî÷öi, òî âîíè

çàâæäè ¹ òîïîëîãi÷íî ñïðÿæåíèìè.

Â iíøèõ âèïàäêàõ ïåðåòâîðåííÿ f òà g íå ¹ òîïîëîãi÷íî

ñïðÿæåíèìè.

Äîâåäåííÿ. Äîâiëüíå äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ ìîæå

ìàòè àáî 2 ðiçíi íåðóõîìi òî÷êè, àáî 1, àáî íåñêií÷åííî áàãàòî
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(òîáòî áóòè òîòîæíèì ïåðåòâîðåííÿì). Îñêiëüêè ó òîïîëîãi÷íî

ñïðÿæåíèõ ïåðåòâîðåíü îäíàêîâà êiëüêiñòü íåðóõîìèõ òî÷îê,

òî äîâåäåìî òåîðåìó äëÿ êîæíîãî êëàñó òàêèõ ïåðåòâîðåíü, ó

ÿêèõ êiëüêiñòü íåðóõîìèõ òî÷îê îäíàêîâà.

Îòæå, ìà¹ìî 3 âèïàäêè.

1) Äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ, ùî ìàþòü òiëüêè ïî 2 ðiçíi

íåðóõîìi òî÷êè.

Çàóâàæèìî, ùî äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ

f(z) =
az + b

cz + d

ìà¹ òiëüêè 2 ðiçíi íåðóõîìi òî÷êè, à ñàìå:

ξ1, 2 =
a−d±

√
(a−d)2+4bc

2c

òîäi i òiëüêè òîäi, êîëè (a− d)2 + 4bc 6= 0.
Âèêîðèñòîâóþ÷è óìîâè (1), ïðèõîäèìî äî âèñíîâêó, ùî òàêå

ïåðåòâîðåííÿ f ¹ ñïðÿæåíèì (à îòæå, ¹ é òîïîëîãi÷íî ñïðÿæå-

íèì) ç äåÿêîþ ñòàíäàðòíîþ �îðìîþ mk(z) = kz, k ∈ C\{0, 1}.
Ç òåîðåìè 2 âèïëèâà¹, ùî tr

2(f)=tr2(mk), òîáòî
(a+d)2

ad−bc =
(k+1)2

k . Çà äîïîìîãîþ öüîãî âèðàçó îá÷èñëþ¹ìî çíà÷åííÿ k,
îòðèìó¹ìî:

k1 =
a+d+

√
(a−d)2+4bc

a+d−
√

(a−d)2+4bc
, k2 =

a+d−
√

(a−d)2+4bc

a+d+
√

(a−d)2+4bc
.

Çíàéøîâøè çíà÷åííÿ ïîõiäíî¨ ïåðåòâîðåííÿ f ó íåðóõîìèõ

òî÷êàõ ξ1 òà ξ2, íåñêëàäíî ïåðåâiðèòè, ùî

k1 =
1

f ′(ξ1)
, k2 =

1
f ′(ξ2)

.

Ëåãêî áà÷èòè, ùî k1 =
1
k2
, k1, k2 ∈ C\{0; 1}, òîìó é

(2)

f ′(ξ1) =
1

f ′(ξ2)
, f ′(ξ1), f ′(ξ2) ∈ C\{0, 1}.

Îòæå, ìà¹ìî äâi ñòàíäàðòíi �îðìè:

mk1(z) = k1z =
1

f ′(ξ1)
z = f ′(ξ2) z
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òà

mk2(z) = k2z =
1

f ′(ξ2)
z = f ′(ξ1) z,

ÿêi ¹ òîïîëîãi÷íî ñïðÿæåíèìè ìiæ ñîáîþ (áî iñíó¹ ãîìåîìîð-

�içì h : C → C, h(z) = 1
z òàêèé, ùî mk1 = h ◦mk2 ◦ h−1

). Òîìó

äàëi âiäïîâiäíó ñòàíäàðòíó �îðìó ïåðåòâîðåííÿ f áóäåìî ïî-

çíà÷àòè:

(3) mf (z) = f ′(ξ) z,

äå f ′(ξ) ∈ C\{0; 1}, ξ ∈ {ξ1, ξ2} � äîâiëüíà íåðóõîìà òî÷êà f .
Îòæå, äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ f òà g, ùî ìàþòü òiëüêè

ïî 2 ðiçíi íåðóõîìi òî÷êè, áóäóòü òîïîëîãi÷íî ñïðÿæåíèìè òîäi

i òiëüêè òîäi, êîëè òîïîëîãi÷íî ñïðÿæåíèìè áóäóòü âiäïîâiäíi

ñòàíäàðòíi �îðìè mf (z) = f ′(ξ) z òà mg(z) = g′(ψ) z.

Âèêîðèñòîâóþ÷è íàñëiäîê 1, ìà¹ìî, ùî mf
t∼ mg òîäi i òiëü-

êè òîäi, êîëè

àáî

{
|f ′(ξ)| 6= 1 ,
|g′(ψ)| 6= 1 ,

àáî f ′(ξ) = g′(ψ), àáî f ′(ξ) = g′(ψ),

äå ξ ∈ {ξ1, ξ2}, ψ ∈ {ψ1, ψ2}.
Îòæå, ìè îòðèìàëè íåîáõiäíi òà äîñòàòíi óìîâè òîïîëîãi÷íî¨

ñïðÿæåíîñòi äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü, ùî ìàþòü òiëüêè

ïî 2 ðiçíi íåðóõîìi òî÷êè.

2) Äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ, ùî ìàþòü íåñêií÷åííî áà-

ãàòî íåðóõîìèõ òî÷îê.

Äîâiëüíå äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ, ùî ìà¹ íåñêií÷åííî

áàãàòî íåðóõîìèõ òî÷îê ¹ òîòîæíèì ïåðåòâîðåííÿì. Òîìó òà-

êi ïåðåòâîðåííÿ f òà g çàâæäè ¹ òîïîëîãi÷íî ñïðÿæåíèìè, áî

f(z) = g(z) = id

C
(z).

3) Äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ, ùî ìàþòü òiëüêè ïî 1 íå-

ðóõîìié òî÷öi.

Âèêîðèñòîâóþ÷è óìîâè (1), ïðèõîäèìî äî âèñíîâêó, ùî òàêå

ïåðåòâîðåííÿ ¹ ñïðÿæåíèì çi ñòàíäàðòíîþ �îðìîþm1(z) = z+
1. Òîìó äâà äîâiëüíi äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ, ÿêi ìàþòü

òiëüêè ïî 1 íåðóõîìié òî÷öi, çàâæäè ¹ òîïîëîãi÷íî ñïðÿæåíèìè.
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Îá'¹äíóþ÷è ðåçóëüòàòè ïåðøèõ äâîõ âèïàäêiâ, îòðèìà¹ìî,

ùî ïåðåòâîðåííÿ f òà g, ùî ìàþòü õî÷à á ïî 2 ðiçíi íåðóõîìi
òî÷êè ξ1, ξ2 òà ψ1, ψ2, âiäïîâiäíî, áóäóòü òîïîëîãi÷íî ñïðÿæå-

íèìè òîäi i òiëüêè òîäi, êîëè

(4) àáî

{
|f ′(ξ)| 6= 1 ,
|g′(ψ)| 6= 1 ,

àáî f ′(ξ) = g′(ψ), àáî f ′(ξ) = g′(ψ),

äå ξ ∈ {ξ1, ξ2}, ψ ∈ {ψ1, ψ2}.
Çàóâàæèìî, ùî ïî¹äíàííÿ 1)-ãî òà 2)-ãî âèïàäêiâ ¹ êîðåêò-

íèì, áî â 1)-ó âèïàäêó ðîçãëÿäàþòüñÿ òàêi ïåðåòâîðåííÿ f , ùî

f ′(ξ) 6= 1 (äèâ. (2)), à â 2)-ó � òàêi f̃ , ùî f̃ ′(z) = 1, à çà óìîâà-

ìè (4) òàêi ïåðåòâîðåííÿ f òà f̃ íå ¹ òîïîëîãi÷íî ñïðÿæåíèìè.

Ó âèïàäêó 3) äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ, ùî ìàþòü òiëü-

êè ïî 1 íåðóõîìié òî÷öi, çàâæäè ¹ òîïîëîãi÷íî ñïðÿæåíèìè.

Ìè îòðèìàëè íåîáõiäíi òà äîñòàòíi óìîâè äàíî¨ òåîðåìè. Òà

îñêiëüêè ó äîâåäåííi ìè âèêîðèñòîâóâàëè íå ëèøå òîïîëîãi-

÷íî ñïðÿæåíi, àëå é ñïðÿæåíi äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ,

òî ìîæå âèíèêíóòè ïðèïóùåííÿ, ùî äàíà êëàñè�iêàöiÿ íå ¹

ïîâíîþ. Òîáòî, ùî iñíó¹ ãîìåîìîð�içì φ : C → C òàêèé, ùî

f = φ ◦ g ◦ φ−1
, ïðîòå óìîâè (4) íå âèêîíóþòüñÿ.

Òà õèáíiñòü öüîãî ïðèïóùåííÿ äîâîäÿòü òàêi ìiðêóâàííÿ.

Íåõàé f òà g � âiäìiííi âiä òîòîæíèõ äðîáîâî-ëiíiéíi ïå-

ðåòâîðåííÿ, à mf òà mg � ¨õíi âiäïîâiäíi ñòàíäàðòíi �îðìè

(äèâ. (3)). Çà óìîâàìè (1) iñíóþòü äðîáîâî-ëiíiéíi ïåðåòâîðå-

ííÿ d1 òà d2 òàêi, ùî f = d1 ◦ mf ◦ d−1
1 òà g = d2 ◦ mg ◦ d−1

2 .

Îòæå, d1 ◦mf ◦ d−1
1 = φ ◦ d2 ◦mg ◦ d−1

2 ◦ φ−1
, òîáòî mf

t∼ mg,

à ç íàñëiäêó 1 âèïëèâà¹, ùî âèêîíóþòüñÿ óìîâè (4). Îòðèìàëè

ïðîòèði÷÷ÿ.

Òîìó äàíà êëàñè�iêàöiÿ ¹ ïîâíîþ, à óìîâè òåîðåìè êîðåêòíî

ñ�îðìóëüîâàíèìè.

Òåîðåìà äîâåäåíà.
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3.1. �åîìåòðè÷íà iíòåðïðåòàöiÿ òîïîëîãi÷íî ñïðÿæåíèõ

äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü ç C â C. ßê âæå çàçíà÷àëî-

ñÿ, ÿêùî âiäìiííå âiä òîòîæíîãî äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ

f(z) = az+b
cz+d ìà¹ 2 ðiçíi íåðóõîìi òî÷êè, òî iñíó¹ k ∈ C\{0; 1}

òàêå, ùî f ¹ ñïðÿæåíèì çi ñòàíäàðòíîþ �îðìîþ mk(z) = kz,
äå k = f ′(ξ), ξ � äîâiëüíà íåðóõîìà òî÷êà f (äèâ. óìîâè (3)).

Â çàëåæíîñòi âiä çíà÷åííÿ ÷èñëà k ∈ C\{0; 1} ðîçðiçíÿþòü 3
âèïàäêè:

1) k � ÷èñëî äiéñíå òà äîäàòíå,

2) k = eiα ïðè α 6= 2πl, l ∈ Z,

3) k = r eiα ïðè r 6= 1, α 6= 2πl, l ∈ Z.

Ó ïåðøîìó âèïàäêó ïåðåòâîðåííÿ f íàçèâàþòü ãiïåðáîëi-

÷íèì, ó äðóãîìó � åëiïòè÷íèì, à â òðåòüîìó � ëîêñîäðîìi-

÷íèì.

Äîâiëüíå äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ, ùî ìà¹ òiëüêè îäíó

íåðóõîìó òî÷êó íàçèâàþòü ïàðàáîëi÷íèì.

Çàñòîñîâóþ÷è êëàñè�iêàöiþ äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü

çà âèùå ïåðåðàõîâàíèìè òèïàìè, îòðèìàóìî òàêó òåîðåìó.

Òåîðåìà 4. Ñåðåä íååëiïòè÷íèõ ïåðåòâîðåíü iñíó¹ 3 òîïî-

ëîãi÷íî íåñïðÿæåíèõ êëàñè äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü:

1) ïåðøèé êëàñ ñêëàäà¹òüñÿ ç óñiõ ïàðàáîëi÷íèõ ïåðåòâî-

ðåíü,

2) äðóãèé � ç ãiïåðáîëi÷íèõ òà ëîêñîäðîìi÷íèõ ïåðåòâî-

ðåíü,

3) òðåòié � ç òîòîæíîãî ïåðåòâîðåííÿ.

Ñåðåä åëiïòè÷íèõ ïåðåòâîðåíü êîæåí êëàñ òîïîëîãi÷íî¨

ñïðÿæåíîñòi äðîáîâî-ëiíiéíèõ ïåðåòâîðåíü çàäà¹òüñÿ âåëè÷è-

íîþ êóòà ïîâîðîòó (ùî âèçíà÷åíèé ç òî÷íiñòþ äî 2πl, l ∈ Z).

4. Âèñíîâîê

Ó äàíié ðîáîòi âñòàíîâëåíî êëàñè�iêàöiþ äðîáîâî-ëiíiéíèõ

ïåðåòâîðåíü, ç òî÷íiñòþ äî òîïîëîãi÷íî¨ ñïðÿæåíîñòi.



358 Ò. Â. Áóäíèöüêà

Ëiòåðàòóðà

[1℄ Áåðäîí À. �åîìåòðèÿ äèñêðåòíûõ ãðóïï / Ïåð. ñ àíãë. � 1986. � Ì.:

Íàóêà, 304ñ.

[2℄ Áóäíèöüêà Ò.Â. Òîïîëîãi÷íà êëàñè�iêàöiÿ à�iííèõ âiäîáðàæåíü ç C â

C // Âiñí. Êè¨â. íàö. óí-òó. � 2009 (ñòàòòÿ ïîäàíà äî äðóêó).



Çáiðíèê ïðàöü

Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

2009, ò.6, �2, 359-372

517.929

À. Â. Âåëüãà÷

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

Ïåðiîäè÷íi ðîçâ'ÿçêè ñèñòåì

ëiíiéíèõ

äè�åðåíöiàëüíî-�óíêöiîíàëüíèõ

ðiâíÿíü íåéòðàëüíîãî òèïó

i ¨õ âëàñòèâîñòi

Îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ Ò-ïåðiîäè÷íîãî íåïåðåðâíî äè�å-

ðåíöiéîâíîãî ïðè t ∈ R ðîçâ'ÿçêó ñèñòåìè ëiíiéíèõ äè�åðåíöiàëüíî-

�óíêöiîíàëüíèõ ðiâíÿíü ç íåëiíiéíèì âiäõèëåííÿì àðãóìåíòó òà äî-

ñëiäæåíî éîãî âëàñòèâîñòi.

�îçãëÿíåìî 
èñòåìó ëiíiéíèõ äè�åðåíöiàëüíî-�óíêöiîíàëü-

íèõ ðiâíÿíü âèãëÿäó

(1) x′(t)=Ax(t)+
m∑

i=0

Ai(t)x(kit+fi(t))+

m∑

i=0

Bi(t)x
′(lit+gi(t))+F (t),

äå t ∈ (−∞; +∞), A � ñòàëà (n × n)-ìàòðèöÿ, Ai(t), Bi(t),
i = 0, ...,m, � äåÿêi íåïåðåðâíi T-ïåðiîäè÷íi (n × n)-ìàòðèöi,
F (t) � íåïåðåðâíà T-ïåðiîäè÷íà âåêòîð-�óíêöiÿ, fi(t), gi(t),
i = 0, ...,m, � äåÿêi íåâiä'¹ìíi íåïåðåðâíi Ò-ïåðiîäè÷íi �óí-

êöi¨, ki, li, i = 0, ...,m, � äåÿêi öiëi äîäàòíi ÷èñëà. Óìîâè iñíó-

âàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ îêðåìèõ êëàñiâ òàêèõ ñèñòåì ðiâ-

íÿíü âñòàíîâëåíî â [1�5℄. Ïðîäîâæóþ÷è öi äîñëiäæåííÿ, â äà-

íié ðîáîòi ïðîïîíó¹òüñÿ ïåâíèé ñïîñiá ïîáóäîâè T-ïåðiîäè÷íèõ

ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (1) i âèâ÷àþòüñÿ ¨õ âëàñòèâîñòi. Ïðè

öüîìó âiäíîñíî ñèñòåìè ðiâíÿíü (1) ïðèïóñêàþòüñÿ âèêîíàíè-

ìè òàêi óìîâè:
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1) |eAt| ≤ Ne−αt ïðè t ∈ R+
, äå N , α � äåÿêi äîäàòíi

÷èñëà;

2) ìàòðèöi Ai(t), Bi(t), i = 0, ...,m, òàêi, ùî ïðè âñiõ t ∈ R
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

m∑

i=0

(
|Ai(t)|+ |Bi(t)|

)
≤ δ,

äå δ � äåÿêå äîñòàòíüî ìàëå äîäàòí¹ ÷èñëî;

3) |F (t)| ≤ F ∗
ïðè t ∈ R;

4) ∆ = Kδ < 1, äå K = max{Nα , |A|Nα + 1}.
�îçâ'ÿçêè ñèñòåìè (1) øóêàòèìåìî ó âèãëÿäi ðÿäó

(2) x(t) =

∞∑

j=0

xj(t),

äå xj(t), j = 0, 1, ..., � äåÿêi íåïåðåðâíî äè�åðåíöiéîâíi Ò-

ïåðiîäè÷íi âåêòîð-�óíêöi¨.

Ïiäñòàâèâøè (2) â (1) îòðèìà¹ìî

∞∑

j=0

x′j(t) = A
∞∑

j=0

xj(t) +
m∑

i=0

Ai(t)
∞∑

j=0

xj(kit+ fi(t))+

+

m∑

i=0

Bi(t)

∞∑

j=0

x′j(lit+ gi(t)) + F (t).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-�óíêöi¨ xj(t),
j = 0, 1, ..., çàäîâîëüíÿþòü ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü

(30) x′0(t) = Ax0(t) + F (t),

(3j)

x′j(t) = Axj(t) +
m∑
i=0

Ai(t)xj−1(kit+ fi(t))+

+
m∑
i=0

Bi(t)x
′
j−1(lit+ gi(t)), j = 1, 2, ...,

òî ðÿä (2) áóäå �îðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè (1).
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Áåçïîñåðåäíüîþ ïiäñòàíîâêîþ â (30) ìîæíà ïåðåêîíàòèñÿ,

ùî âåêòîð-�óíêöiÿ

(40) x0(t) =

t∫

−∞

eA(t−τ)F (τ)dτ

¹ íåïåðåðâíî äè�åðåíöiéîâíèì ðîçâ'ÿçêîì ñèñòåìè (30). Ïîêà-

æåìî, ùî ìà¹ ìiñöå ñïiââiäíîøåííÿ

(50) x0(t+ T ) = x0(t).

Äiéñíî,

x0(t+ T ) =

t+T∫

−∞

eA(t+T−τ)F (τ)dτ =

t∫

−∞

eA(t−τ)F (τ + T )dτ =

=

t∫

−∞

eA(t−τ)F (τ)dτ = x0(t).

Âðàõîâóþ÷è óìîâè 1) i 3), çíàõîäèìî

|x0(t)| =
∣∣∣∣

t∫

−∞

eA(t−τ)F (τ)dτ

∣∣∣∣ ≤
t∫

−∞

|eA(t−τ)||F (τ)|dτ ≤

≤ F ∗N

t∫

−∞

e−α(t−τ)dτ = F ∗Ne−αt
eαt

α
= F ∗N

α
≤M,
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(60) |x′0(t)| =
∣∣∣∣A

t∫

−∞

eA(t−τ)F (τ)dτ + F (t)

∣∣∣∣ ≤

≤ |A|
∣∣∣∣

t∫

−∞

eA(t−τ)F (τ)dτ

∣∣∣∣ + |F (t)| ≤

≤ F ∗
(
|A|N

α
+ 1

)
≤M,

äå M = F ∗K.

�îçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (3j), j ∈ N, ìîæíà

ïîêàçàòè, ùî âåêòîð-�óíêöi¨

(4j)
xj(t) =

t∫
−∞

eA(t−τ)
( m∑
i=0

Ai(τ)xj−1(kiτ + fi(τ))+

+
m∑
i=0
Bi(τ)x

′
j−1(liτ+gi(τ))

)
dτ, j = 1, 2, ...,

¹ ¨õ ðîçâ'ÿçêàìè. Ïîêàæåìî, ùî âèêîíóþòüñÿ ñïiââiäíîøåííÿ

(5j) xj(t+ T ) = xj(t), j = 1, 2, ...,

i ìàþòü ìiñöå îöiíêè

|xj(t)| ≤M∆j,

|x′j(t)| ≤M∆j, j = 1, 2, ....
(6j)

Äiéñíî, ïðè j = 1, âðàõîâóþ÷è (50), (60) i óìîâè 1)�4) ìà¹ìî

x1(t+ T ) =

t+T∫

−∞

eA(t+T−τ)
( m∑

i=0

Ai(τ)x0(kiτ + fi(τ))+

+
m∑

i=0

Bi(τ)x
′
0(liτ + gi(τ))

)
dτ =

=

t∫

−∞

eA(t−τ)
( m∑

i=0

Ai(τ + T )x0(ki(τ + T ) + fi(τ + T ))+
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+

m∑

i=0

Bi(τ + T )x′0(li(τ + T ) + gi(τ + T ))
)
dτ =

=

t∫

−∞

eA(t−τ)
( m∑

i=0

Ai(τ)x0(kiτ + fi(τ))+

+
m∑

i=0

Bi(τ)x
′
0(liτ + gi(τ))

)
dτ = x1(t),

|x1(t)| =

∣∣∣∣
t∫

−∞

eA(t−τ)
( m∑

i=0

Ai(τ)x0(kiτ + fi(τ)) +

+

m∑

i=0

Bi(τ)x
′
0(liτ + gi(τ))

)
dτ

∣∣∣∣ ≤

≤
t∫

−∞

∣∣eA(t−τ)
∣∣
( m∑

i=0

∣∣Ai(τ)
∣∣∣∣x0(kiτ + fi(τ))

∣∣ +

+

m∑

i=0

∣∣Bi(τ)
∣∣∣∣x′0(liτ + gi(τ))

∣∣
)
dτ ≤

≤ MN

t∫

−∞

e−α(t−τ)
( m∑

i=0

∣∣Ai(τ)
∣∣+

m∑

i=0

∣∣Bi(τ)
∣∣
)
dτ ≤

≤ MNδ

t∫

−∞

e−α(t−τ)dτ =M
N

α
δ =M∆,

|x′1(t)| =
∣∣Ax1(t) +

m∑

i=0

Ai(t)x0(kit+ fi(t)) +
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+

m∑

i=0

Bi(t)x
′
0(lit+ gi(t))

∣∣ ≤

≤ |A||x1(t)|+
m∑

i=0

|Ai(t)||x0(kit+ fi(t))|+

+
m∑

i=0

|Bi(t)||x′0(lit+ gi(t))| ≤

≤ |A|MN

α
δ +Mδ =M(|A|N

α
+ 1)δ ≤M∆.

Ìiðêóþ÷è ïî iíäóêöi¨, ïðèïóñòèìî, ùî ñèñòåìà (3j), j ≥ 1,
ìà¹ íåïåðåðâíî äè�åðåíöiéîâíèé T-ïåðiîäè÷íèé ðîçâ'ÿçîê

xj(t), ÿêèé âèçíà÷à¹òüñÿ �îðìóëîþ (4j), ùî çàäîâîëüíÿ¹ óìîâè

(6j), i ïîêàæåìî, ùî ðîçâ'ÿçîê xj+1(t) ñèñòåìè (3j+1):

xj+1(t) =

t∫

−∞

eA(t−τ)
( m∑

i=0

Ai(τ)xj(kiτ + fi(τ))+

+

m∑

i=0

Bi(τ)x
′
j(liτ + gi(τ))

)
dτ

òàêîæ ¹ Ò-ïåðiîäè÷íîþ âåêòîð-�óíêöi¹þ, ùî çàäîâîëüíÿ¹ óìî-

âè (6j+1). Äiéñíî, âðàõîâóþ÷è (5j), îòðèìó¹ìî

xj+1(t+ T ) =

t+T∫

−∞

eA(t+T−τ)
( m∑

i=0

Ai(τ)xj(kiτ + fi(τ))+

+

m∑

i=0

Bi(τ)x
′
j(liτ + gi(τ))

)
dτ =

=

t∫

−∞

eA(t−τ)
( m∑

i=0

Ai(τ + T )xj(ki(τ + T ) + fi(τ + T ))+
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+

m∑

i=0

Bi(τ + T )x′j(li(τ + T ) + gi(τ + T ))
)
dτ =

=

t∫

−∞

eA(t−τ)
( m∑

i=0

Ai(τ)xj(kiτ + fi(τ))+

+
m∑

i=0

Bi(τ)x
′
j(liτ + gi(τ))

)
dτ = xj+1(t),

òîáòî âåêòîð-�óíêöiÿ xj+1(t) ¹ Ò-ïåðiîäè÷íîþ. Òåïåð ïîêàæå-

ìî, ùî âåêòîð-�óíêöiÿ xj+1(t) çàäîâîëüíÿ¹ óìîâè (6j+1).

Ñïðàâäi,

|xj+1(t)| =
∣∣∣∣

t∫

−∞

eA(t−τ)
( m∑

i=0

Ai(τ)xj(kiτ + fi(τ))+

+
m∑

i=0

Bi(τ)x
′
j(liτ + gi(τ))

)
dτ

∣∣∣∣ ≤

≤
t∫

−∞

∣∣eA(t−τ)
∣∣
( m∑

i=0

∣∣Ai(τ)
∣∣∣∣xj(kiτ + fi(τ))

∣∣+

+

m∑

i=0

∣∣Bi(τ)
∣∣∣∣x′j(liτ + gi(τ))

∣∣
)
dτ ≤

≤M∆jNδ

t∫

−∞

e−α(t−τ)dτ =M∆jN

α
δ =M∆j+1,

|x′j+1(t)| =
∣∣Axj+1(t) +

m∑

i=0

Ai(t)xj(kit+ fi(t)) +

+

m∑

i=0

Bi(t)x
′
j(lit+ gi(t))

∣∣ ≤
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≤ |A||xj+1(t)|+
m∑

i=0

|Ai(t)||xj(kit+ fi(t))| +

+

m∑

i=0

|Bi(t)||x′j(lit+ gi(t))| ≤

≤ |A|M∆jN

α
δ +M∆jδ =

= M∆j(|A|N
α

+ 1)δ ≤M∆j+1.

Òàêèì ÷èíîì, ìè ïîêàçàëè, ùî âñi ÷ëåíè ðÿäó x(t) =
∞∑
j=0

xj(t)

¹ íåïåðåðâíî äè�åðåíöiéîâíèìè Ò-ïåðiîäè÷íèìè âåêòîð-�óíê-

öiÿìè, ùî çàäîâîëüíÿþòü óìîâè (6j). Îñêiëüêè ∆ < 1, òî ðÿä

x(t) =
∞∑
j=0

xj(t) (ðàçîì iç ïåðøîþ ïîõiäíîþ) ðiâíîìiðíî çáiãà-

¹òüñÿ ïðè âñiõ t ∈ R äî íåïåðåðâíî äè�åðåíöiéîâíî¨ Ò-ïåðiî-

äè÷íî¨ âåêòîð-�óíêöi¨ x(t), ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè (1) i äëÿ

ÿêî¨ âèêîíóþòüñÿ óìîâè

|x(t)| ≤ M

1−∆
, |x′(t)| ≤ M

1−∆
.

Òàêèì ÷èíîì, äîâåäåíà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè 1)�4). Òîäi ñèñòåìà

(1) ìà¹ Ò-ïåðiîäè÷íèé íåïåðåðâíî äè�åðåíöiéîâíèé ïðè t ∈ R
ðîçâ'ÿçîê γ(t).

Âèêîíóþ÷è â (1) âçà¹ìî-îäíîçíà÷íó çàìiíó çìiííèõ

(7) x(t) = y(t) + γ(t),

äå γ(t) � íåïåðåðâíî äè�åðåíöiéîâíèé Ò-ïåðiîäè÷íèé ðîçâ'ÿ-

çîê ñèñòåìè (1), îòðèìó¹ìî ñèñòåìó ðiâíÿíü äëÿ y(t):

(8) y′(t) = Ay(t)+

m∑

i=0

Ai(t)y(kit+fi(t))+

m∑

i=0

Bi(t)y
′(lit+gi(t)).
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Äëÿ ñèñòåìè ðiâíÿíü (8) ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè 1)�2) òåîðåìè 1 i

óìîâà:

4

′
) ∆̃ = K̃δ < 1, äå K̃ = max{ N

α−β , |A| N
α−β + 1},

β � äåÿêà äîäàòíà ñòàëà òàêà, ùî β < α.

Òîäi ñèñòåìà ðiâíÿíü (8) ìà¹ ñiì'þ íåïåðåðâíî äè�åðåíöiéîâ-

íèõ ïðè t ∈ R+
ðîçâ'ÿçêiâ y(t)=y(t,C), äå Ñ � äîâiëüíèé ñòà-

ëèé âåêòîð ðîçìiðíîñòi n, ó âèãëÿäi ðÿäó:

(9) y(t) =
∞∑

j=0

yj(t),

äå yj(t), j = 0, 1, ..., � äåÿêi íåïåðåðâíî äè�åðåíöiéîâíi ïðè

t ∈ R+
âåêòîð-�óíêöi¨, ùî çàäîâîëüíÿþòü óìîâó

lim
t→+∞

|y(t)| = 0,

lim
t→+∞

|y′(t)| = 0.
(10)

Äîâåäåííÿ. Ïiäñòàâèâøè (9) â (8), îòðèìà¹ìî

(11)

∞∑
j=0

y′j(t) = A
∞∑
j=0

y′j(t) +
m∑
i=0

Ai(t)
∞∑
j=0

yj(kit+ fi(t))+

+
m∑
i=0

Bi(t)
∞∑
j=0

y′j(lit+ gi(t)).

Çâiäñè âèïëèâà¹, ùî ÿêùî âåêòîð-�óíêöi¨ yj(t), j = 0, 1, ..., ¹
ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü

(120) y′0(t) = Ay0(t),

(12j)
y′j(t) = Ayj(t) +

m∑
i=0

Ai(t)yj−1(kit+ fi(t))+

+
m∑
i=0
Bi(t)y

′
j−1(lit+gi(t)), j = 1, 2, ...,

òî ðÿä (9) ¹ �îðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè (8).
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Î÷åâèäíî, ùî ñèñòåìà (120) ìà¹ ñiì'þ íåïåðåðâíî äè�åðåí-

öiéîâíèõ ïðè t ∈ R+
ðîçâ'ÿçêiâ y0(t) = eAtC , äå C � äîâiëüíèé

ñòàëèé âåêòîð ðîçìiðíîñòi n. Âðàõîâóþ÷è óìîâó 1) ìà¹ìî:

|y0(t)| = |eAtC| ≤ |eAt||C| ≤ Ne−αt|C| ≤ M̃e−βt,

|y′0(t)| = |Ay0(t)| ≤ |A||eAt||C| ≤ |A|Ne−αt|C| ≤ M̃e−βt,

äå M̃ = max{N |C|, |A|N |C|}, β < α.
Ïîñëiäîâíî ìîæíà ïîêàçàòè, ùî ðîçâ'ÿçêàìè ñèñòåì ðiâíÿíü

(12j), j = 1, 2, ..., ïðè t ∈ R+
¹ âåêòîð-�óíêöi¨

yj(t) =

t∫

0

eA(t−τ)
( m∑

i=0

Ai(τ)yj−1(kiτ + fi(τ))+

+

m∑

i=0

Bi(τ)y
′
j−1(liτ + gi(τ))

)
dτ.

Ïîêàæåìî, ùî ïðè âñiõ t ∈ R+
âèêîíóþòüñÿ îöiíêè

|yj(t)| ≤ M̃∆je−βt,

|y′j(t)| ≤ M̃∆je−βt, j = 1, 2, ....
(13j)

Äiéñíî, ïðè j = 1 ìà¹ìî

|y1(t)| =

∣∣∣∣
t∫

0

eA(t−τ)
( m∑

i=0

Ai(τ)y0(kiτ + fi(τ)) +

+

m∑

i=0

Bi(τ)y
′
0(liτ + gi(τ))

)
dτ

∣∣∣∣ ≤

≤
t∫

0

Ne−α(t−τ)
( m∑

i=0

∣∣Ai(τ)
∣∣∣∣y0(kiτ + fi(τ))

∣∣ +

+

m∑

i=0

∣∣Bi(τ)
∣∣∣∣y′0(liτ + gi(τ))

∣∣
)
dτ ≤
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≤ N

t∫

0

e−α(t−τ)
( m∑

i=0

∣∣Ai(τ)
∣∣M̃e−β(kiτ+fi(τ)) +

+

m∑

i=0

∣∣Bi(τ)
∣∣M̃e−β(liτ+gi(τ))

)
dτ ≤

≤ N

t∫

0

e−α(t−τ)
( m∑

i=0

∣∣Ai(τ)
∣∣M̃e−βkiτ+

m∑

i=0

∣∣Bi(τ)
∣∣M̃e−βliτ

)
dτ ≤

≤ N

t∫

0

e−α(t−τ)
( m∑

i=0

∣∣Ai(τ)
∣∣M̃e−βτ +

m∑

i=0

∣∣Bi(τ)
∣∣M̃e−βτ

)
dτ ≤

≤ NM̃e−αt

t∫

0

e(α−β)τ
( m∑

i=0

∣∣Ai(τ)
∣∣+

m∑

i=0

∣∣Bi(τ)
∣∣
)
dτ ≤

≤ NM̃δe−αt

t∫

0

e(α−β)τdτ ≤ NM̃δe−αt

(
e(α−β)t

α− β
− 1

α− β

)
≤

≤ M̃
N

(α− β)
δ
(
e−βt − e−αt

)
≤ M̃

N

(α− β)
δe−βt ≤ M̃∆̃e−βt,

|y′1(t)| ≤ |A||y1(t)|+
m∑

i=0

|Ai(t)||y0(kit+ fi(t))| +

+

m∑

i=0

|Bi(t)||y′0(lit+ gi(t))| ≤

≤ |A|M̃ N

(α − β)
δe−βt +

m∑

i=0

|Ai(t)|M̃e−β(kit+fi(t)) +

+

m∑

i=0

|Bi(t)|M̃e−β(lit+gi(t)) ≤

≤ |A|M̃ N

(α − β)
δe−βt +

m∑

i=0

|Ai(t)|M̃e−βt +
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+

m∑

i=0

|Bi(t)|M̃e−βt ≤

≤ M̃
(
|A| N

(α− β)
δ + δ

)
e−βt =

= M̃
(
|A| N

(α − β)
+ 1
)
δe−βt ≤ M̃∆̃e−βt,

òîáòî ìàþòü ìiñöå îöiíêè (131). Ïðèïóñòèìî, ùî îöiíêà (13j)

äîâåäåíà âæå äëÿ äåÿêîãî j ≥ 1, i ïîêàæåìî ¨¨ ñïðàâåäëèâiñòü
ïðè j + 1. Äiéñíî, âíàñëiäîê óìîâ 1), 2), 4

′
) i (13j), îòðèìó¹ìî

|yj+1(t)| ≤
t∫

0

Ne−α(t−τ)
( m∑

i=0

∣∣Ai(τ)
∣∣∣∣yj(kiτ + fi(τ))

∣∣+

+

m∑

i=0

∣∣Bi(τ)
∣∣∣∣y′j(liτ + gi(τ))

∣∣
)
dτ ≤

≤ N

t∫

0

e−α(t−τ)
( m∑

i=0

∣∣Ai(τ)
∣∣M̃∆̃je−β(kiτ+fi(τ))+

+
m∑

i=0

∣∣Bi(τ)
∣∣M̃∆̃je−β(liτ+gi(τ))

)
dτ ≤

≤ N

t∫

0

e−α(t−τ)
( m∑

i=0

∣∣Ai(τ)
∣∣M̃∆̃je−βτ+

+

m∑

i=0

∣∣Bi(τ)
∣∣M̃∆̃je−βτ

)
dτ ≤

≤ NM̃∆̃jδe−αt
t∫

0

e(α−β)τdτ ≤

≤ M̃∆̃j N

(α− β)
δ
(
e−βt − e−αt

)
≤ M̃∆̃j+1e−βt,
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|y′j+1(t)| ≤ |A||yj+1(t)|+
m∑

i=0

|Ai(t)||yj(kit+ fi(t))|+

+

m∑

i=0

|Bi(t)||y′j(lit+ gi(t))| ≤

≤ |A|M̃∆̃j N

(α− β)
δe−βt +

m∑

i=0

|Ai(t)|M̃∆̃je−β(kit+fi(t))+

+

m∑

i=0

|Bi(t)|M̃∆̃je−β(lit+gi(t)) ≤

≤ |A|M̃∆̃j N

(α− β)
δe−βt +

m∑

i=0

|Ai(t)|M̃∆̃je−βt+

+

m∑

i=0

|Bi(t)|M̃∆̃je−βt ≤

≤ M̃∆̃j
(
|A| N

(α− β)
+ 1
)
δe−βt ≤ M̃∆̃j+1e−βt,

Òàêèì ÷èíîì, ñïðàâåäëèâiñòü îöiíîê (13j), j = 1, 2, ..., ïîâíi-
ñòþ äîâåäåíà. Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä

y(t) =

∞∑

j=0

yj(t)

i éîãî ïåðøà ïîõiäíà çáiãàþòüñÿ ðiâíîìiðíî ïðè t ∈ R+
äî íåïå-

ðåðâíî äè�åðåíöiéîâíî¨ âåêòîð-�óíêöi¨ y(t), ÿêà ¹ ðîçâ'ÿçêîì
ñèñòåìè (8), äëÿ ÿêîãî âèêîíóþòüñÿ îöiíêè

y(t) ≤ M̃

1− ∆̃
e−βt, y′(t) ≤ M̃

1− ∆̃
e−βt,

i îòæå, òàê ïîáóäîâàíi ðîçâ'ÿçêè âiäïîâiäàþòü óìîâi (10). Òèì

ñàìèì òåîðåìà 2 ïîâíiñòþ äîâåäåíà.

Âðàõîâóþ÷è (7) i äîâåäåíi âèùå òåîðåìè 1, 2 ïðèõîäèìî äî

òàêî¨ òåîðåìè.
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Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè 1)�3) òåîðåìè 1 i

óìîâà 4

′
) òåîðåìè 2. Òîäi ñèñòåìà ðiâíÿíü (1) ìà¹ ñiì'þ íå-

ïåðåðâíî äè�åðåíöiéîâíèõ ðîçâ'ÿçêiâ x(t) = x(t, C), ÿêà âèçíà-
÷à¹òüñÿ �îðìóëîþ

x(t) = y(t) + γ(t),

äå y(t) âèçíà÷à¹òüñÿ ðÿäîì (9) i γ(t)� Ò-ïåðiîäè÷íèé ðîçâ'ÿçîê

ñèñòåìè ðiâíÿíü (1).

Çàóâàæåííÿ. Ïðè äåÿêèõ äîäàòêîâèõ ïðèïóùåííÿõ

òåîðåìà 1 ìà¹ ìiñöå i ó âèïàäêó, êîëè âiäõèëåííÿ àðãóìåíòó

fi(t), gi(t), i = 1, ...,m, çàëåæàòü âiä íåâiäîìî¨ �óíêöi¨.
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Trokhimchuk inner mappings are continuous open isolated endomor-
phisms. The paper consider the Trokhimchuk inner mappings with infinite
number of preimages from a dynamical systems view. Examples given that
shows an essential difference from the dynamics of inner mappings with
finite number of preimages.
A subclass of Trokhimchuk inner mappings is defined. It is shown that
its dynamical properties are similar to ones of inner mappings with finite
number of preimages and results on orbit structure are obtained.

Êëþ÷åâûå ñëîâà: inner epimorphism, dynami
s

1. Ââåäåíèå

Ñ òî÷êè çðåíèÿ äèíàìè÷åñêèõ ñèñòåì, ýïèìîð�èçìû, âíóò-

ðåííèå ïî Òðîõèì÷óêó, âûäåëÿþòñÿ èç ïðî÷èõ ýïèìîð�èçìîâ

íàëè÷èåì èíâàðèàíòíûõ ìíîæåñòâ ðåêóððåíòíûõ è íåáëóæäà-

þùèõ òî÷åê, âîçìîæíîñòüþ ðàññìàòðèâàòü ÷àñòíûå òðàåêòî-

ðèè òî÷åê âñïÿòü âî âðåìåíè.

Â ðàáîòå ðàññìîòðåíû ðàçëè÷íûå ïàòîëîãèè äèíàìèêè áåñ-

êîíå÷íîêðàòíûõ âíóòðåííèõ ïî Òðîõèì÷óêó ýïèìîð�èçìîâ, è

óêàçàí äîñòàòî÷íî øèðîêèé ïîäêëàññ âíóòðåííèõ ïî Òðîõèì-

÷óêó ýïèìîð�èçìîâ, ðàâíîìåðíûõ íà ïðîîáðàçàõ, äëÿ êîòîðûõ

óêàçàííûå ïàòîëîãèè íå âîçíèêàþò, è äèíàìè÷åñêîå ïîâåäåíèå

ñõîäíî ñ êîíå÷íîêðàòíûìè ýïèìîð�èçìàìè, âíóòðåííèìè ïî

Òðîõèì÷óêó.
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Åñòåñòâåííî, ÷òî äèíàìèêà áåñêîíå÷íîêðàòíûõ âíóòðåííèõ

îòîáðàæåíèé èìååò ñâîè îñîáåííîñòè, êîòîðûå íå âîçíèêàþò

äëÿ êîíå÷íîêðàòíûõ îòîáðàæåíèé. Â òî âðåìÿ êàê êëàññû êî-

íå÷íîêðàòíûõ âíóòðåííèõ îòîáðàæåíèé ïî Ñòîèëîâó è ïî Òðî-

õèì÷óêó ñîâïàäàþò, ýòî íå òàê äëÿ áåñêîíå÷íîêðàòíûõ îòîáðà-

æåíèé.

Êàê èçâåñòíî, îòîáðàæåíèÿ çàìêíóòûõ äâóìåðíûõ ïîâåðõíî-

ñòåé, âíóòðåííèå ïî Ñòîèëîâó, ÿâëÿþòñÿ òîïîëîãè÷åñêèì àíà-

ëîãîì àíàëèòè÷åñêèõ �óíêöèé. Îäíàêî âíå ýòîãî êëàññà ïðî-

ñòðàíñòâ îòîáðàæåíèÿ, âíóòðåííèå ïî Ñòîèëîâó, ìîãóò âåñòè

ñåáÿ äîñòàòî÷íî ïëîõî. Ïîýòîìó ïðè ðàññìîòðåíèè íà àáñòðàêò-

íûõ ïðîñòðàíñòâàõ âìåñòî êëàññà âíóòðåííèõ îòîáðàæåíèé ïî

Ñòîèëîâó ðàññìàòðèâàþò åãî ïîäêëàññ îòîáðàæåíèé, âíóòðåí-

íèõ ïî Òðîõèì÷óêó.

Â äàííîé ðàáîòå âíóòðåííèå îòîáðàæåíèÿ ðàññìîòðåíû ñ

òî÷êè çðåíèÿ äèíàìè÷åñêèõ ñèñòåì. Ïîñòðîåíû ïðèìåðû, êî-

òîðûå ïîêàçûâàþò, ÷òî áåñêîíå÷íîêðàòíûå âíóòðåííèå ïî Òðî-

õèì÷óêó (è òåì áîëåå ïî Ñòîèëîâó) ýïèìîð�èçìû â ñâîèõ äèíà-

ìè÷åñêèõ ñâîéñòâàõ ñóùåñòâåííî îòëè÷àþòñÿ îò êîíå÷íîêðàò-

íûõ âíóòðåííèõ ýïèìîð�èçìîâ. Ïîêàçàíî, ÷òî óñëîâèå ýïè-

ìîð�íîñòè è ðàâíîìåðíîé íåïðåðûâíîñòè íà ïðîîáðàçàõ âû-

äåëÿåò èç êëàññà âíóòðåííèõ ïî Òðîõèì÷óêó ýïèìîð�èçìîâ

ïîäêëàññ âíóòðåííèõ ýïèìîð�èçìîâ, ñâîéñòâà êîòîðûõ ñ òî÷êè

çðåíèÿ äèíàìè÷åñêèõ ñèñòåì ïîäîáíû ñâîéñòâàì êîíå÷íîêðàò-

íûõ âíóòðåííèõ ýïèìîð�èçìîâ.

Áóäåì ïîëàãàòü, ÷òî ðàññìàòðèâàåìûé áåñêîíå÷íîêðàòíûé

âíóòðåííèé ýïèìîð�èçì f : M → M çàäàí íà ëîêàëüíî ñâÿç-

íîì ìåòðèçóåìîì ïðîñòðàíñòâå M (â ÷àñòíîñòè, ïîëíîå ìåòðè-

÷åñêîå ïðîñòðàíñòâî ÿâëÿåòñÿ ëîêàëüíî ñâÿçíûì). Ýòî óñëîâèå

òåõíè÷åñêîå. Îíî óäîáíî äëÿ óïðîùåíèÿ äàëüíåéøèõ ðàññóæ-

äåíèé, ïîñêîëüêó ó îòîáðàæåíèÿ íà òàêîì ïðîñòðàíñòâå ïðî-

îáðàç îêðåñòíîñòè åñòåñòâåííî è åäèíñòâåííûì îáðàçîì ðàñïà-

äàåòñÿ íà êîìïîíåíòû ñâÿçíîñòè.
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Ýòè æå ðàññóæäåíèÿ ìîæíî ïûòàòüñÿ ïåðåíåñòè è íà ñëó÷àé,

êîãäà ïðîñòðàíñòâî íå ÿâëÿåòñÿ ëîêàëüíî ñâÿçíûì, âîñïîëü-

çîâàâøèñü òåì, ÷òî îòîáðàæåíèå èçîëèðîâàííî, ïîýòîìó íàé-

äóòñÿ îêðåñòíîñòè, êîòîðûå îòäåëÿþò òî÷êè ïðîîáðàçà äðóã îò

äðóãà. Îäíàêî ýòî óñëîæíÿåò ðàññóæäåíèÿ è äåëàåò èõ ÷åðåñ-

÷óð ãðîìîçäêèìè. Ïîýòîìó â ðàññóæäåíèÿõ îãðàíè÷èìñÿ òîëü-

êî ñëó÷àåì ëîêàëüíî ñâÿçíîãî ìåòðèçóåìîãî ïðîñòðàíñòâà.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

2.1. Ìíîæåñòâà òðàåêòîðèé. Ïóñòü M � ìåòðèçóåìîå òî-

ïîëîãè÷åñêîå ïðîñòðàíñòâî è f :M →M � íåïðåðûâíûé ýïè-

ìîð�èçì.

Îïðåäåëåíèå 1. Îòîáðàæåíèå f íàçûâàåòñÿ îòêðûòûì,

åñëè îáðàç ëþáîãî îòêðûòîãî ìíîæåñòâà îòêðûò.

Îïðåäåëåíèå 2. Îòîáðàæåíèå f íàçûâàåòñÿ íóëüìåðíûì,

åñëè ïðîîáðàç ëþáîãî íóëüìåðíîãî ìíîæåñòâà íóëüìåðåí.

Îïðåäåëåíèå 3. Îòîáðàæåíèå f íàçûâàåòñÿ âíóòðåííèì

(interor) ïî Ñòîèëîâó, åñëè îíî íóëüìåðíî è îòêðûòî.

Ïóñòü O+
f (x)� ïîëîæèòåëüíàÿ ïîëóòðàåêòîðèÿ òî÷êè x, ò. å.

ìíîæåñòâî {fn(x)| n ≥ 0}. Îáîçíà÷èì ÷åðåç O−
f (x) îòðèöàòåëü-

íóþ ïîëóòðàåêòîðèþ òî÷êè x, ò. å. ìíîæåñòâî {fn(x)| n < 0}.
Îïðåäåëåíèå O−

f (x) êîððåêòíî, òàê êàê ìû ïðåäïîëàãàåì, ÷òî

f � ýïèìîð�èçì.

Îòìåòèì, ÷òî ïî îïðåäåëåíèþ O+
f (x) ñîñòîèò èç òî÷åê, â òî

âðåìÿ êàê â îáùåì ñëó÷àå óæå {f−1(x)} ïðåäñòàâëÿåò ñîáîé

íè÷òî áîëüøåå ÷åì çàìêíóòîå ìíîæåñòâî. Îäíàêî, åñëè f �

íóëüìåðíîå îòîáðàæåíèå, òî â òàêîì ñëó÷àå åñòåñòâåííî âîñ-

ïðèíèìàòü îòðèöàòåëüíóþ ïîëóòðàåêòîðèþ òî÷êè x êàê íàáîð
ðàçëè÷íûõ òî÷åê.

Îïðåäåëåíèå 4. Ïîëíîé òðàåêòîðèåé Of (x) òî÷êè x íàçî-

âåì ìíîæåñòâî ∪y∈O+
f (x)O

−
f (y).
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Îïðåäåëåíèå 5. ×àñòíîé òðàåêòîðèåé of (x) òî÷êè x íàçî-

âåì ïðîèçâîëüíîå ìíîæåñòâî âèäà

{xi|f(xi) = xi+1, i ∈ Z, x0 = x}.

Åñëè i ≤ 0, òî áóäåì ãîâîðèòü î ÷àñòíîé îòðèöàòåëüíîé òðà-

åêòîðèè. Çàìåòèì, ÷òî ÷àñòíàÿ ïîëîæèòåëüíàÿ òðàåêòîðèÿ âñå-

ãäà ñîâïàäàåò ñ îáû÷íîé ïîëîæèòåëüíîé òðàåêòîðèåé.

2.1.1. Èçîëèðîâàííûå îòîáðàæåíèÿ.

Îïðåäåëåíèå 6. Îòîáðàæåíèå f íàçûâàåòñÿ èçîëèðîâàí-

íûì, åñëè ïðîîáðàç òî÷êè ñîñòîèò èç èçîëèðîâàííûõ òî÷åê.

Çàìå÷àíèå 1. Èçîëèðîâàííîå îòîáðàæåíèå íóëüìåðíî.

Îïðåäåëåíèå 7. Îòîáðàæåíèå f íàçûâàåòñÿ âíóòðåííèì

(interor) ïî Òðîõèì÷óêó, åñëè îíî îòêðûòî è èçîëèðîâàííî.

Çàìåòèì, ÷òî, âîîáùå ãîâîðÿ, ïðîèçâîëüíîå âíóòðåííåå ïî

Ñòîèëîâó îòîáðàæåíèå ìîæåò è íå áûòü èçîëèðîâàííûì.

Äëÿ ïðèìåðà ðàññìîòðèì ìíîæåñòâî A, ñîñòîÿùåå èç ñòàí-
äàðòíîãî Êàíòîðîâà ìíîæåñòâà íà îòðåçêå [0, 1] è èçîëèðîâàí-
íîé òî÷êè {2}. Âíóòðåííèé ýïèìîð�èçì A â ñåáÿ, çàäàííûé

�îðìóëîé f(x) = min{3x, 2}, î÷åâèäíî, íå ÿâëÿåòñÿ èçîëèðî-

âàííûì â òî÷êå {2}.

Ëåììà 1. Åñëè M � êîìïàêò, à f ÿâëÿåòñÿ èçîëèðîâàííûì

â x, òî f−1
èìååò â x êîíå÷íîå ÷èñëî ïðîîáðàçîâ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì îò ïðîòèâíîãî, ÷òî f−1
èìååò

â x áåñêîíå÷íîå ÷èñëî ïðîîáðàçîâ. Ïîñêîëüêó M � êîìïàêò,

f−n(x) ñîäåðæèò ñõîäÿùóþñÿ ê íåêîòîðîé òî÷êå p ïîäïîñëå-

äîâàòåëüíîñòü pi. Ïîñêîëüêó f
n(pi) = x, òî ïî íåïðåðûâíîñòè

fn(p) = x. Íî ïðîèçâîëüíàÿ îêðåñòíîñòü òî÷êè p ñîäåðæèò òî÷-
êè ïîäïîñëåäîâàòåëüíîñòè pi. Ïîëó÷èëè ïðîòèâîðå÷èå. �
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2.2. �åêóððåíòíûå òî÷êè. Îïðåäåëèì äëÿ êàæäîé òî÷êè x
ω-ïðåäåëüíîå ìíîæåñòâî ω(x) è α-ïðåäåëüíîå ìíîæåñòâî α(x):

ω(x) =
⋂

N∈N

+∞⋃

N

fn(x) α(x) =
⋂

N∈N

+∞⋃

N

f−n(x)

Çàìåòèì, ÷òî ïî îïðåäåëåíèþ ýòè ìíîæåñòâà çàìêíóòû.

Îïðåäåëåíèå 8. Íàçîâåì òî÷êó x ω-(α-) ðåêóððåíòíîé,
åñëè x ∈ ω(x) (ñîîòâåòñòâåííî, x ∈ α(x)).

Îáîçíà÷èì ÷åðåç Rec+(f) ìíîæåñòâî ω-ðåêóððåíòíûõ òî÷åê,
÷åðåç Rec−(f) ìíîæåñòâî α-ðåêóððåíòíûõ òî÷åê, è ÷åðåç

Rec(f) = Rec+(f) ∪ Rec−(f)

� ìíîæåñòâî âñåõ ðåêóððåíòíûõ

1

òî÷åê.

Îáîçíà÷èì ÷åðåç Lim(f) = Lim+(f) ∪ Lim−(f) ïðåäåëüíîå

ìíîæåñòâî f , îáúåäèíåíèå ω-ïðåäåëüíûõ ìíîæåñòâ è α-ïðå-
äåëüíûõ ìíîæåñòâ âñåõ òî÷åê. Ëåãêî âèäåòü, ÷òî

Rec(f) ⊂ Lim(f).

Ëåììà 2. Ïóñòü f :M →M � âíóòðåííèé ýïèìîð�èçì. Òî-

ãäà åñëè x � ω-(α-)ðåêóððåíòíàÿ òî÷êà, òî åå ïîëîæèòåëü-

íàÿ ïîëóòðàåêòîðèÿ O+
f (x) ñîñòîèò èç ω-(α-)ðåêóððåíòíûõ

òî÷åê.

Åñëè f : M → M � âíóòðåííèé ýïèìîð�èçì, òî ìíîæåñòâà

ω-(α-)ðåêóððåíòíûõ è ðåêóððåíòíûõ òî÷åê f � èíâàðèàíòíû

( [7℄).

2.2.1. Íåáëóæäàþùèå òî÷êè. Äàëåå è âñþäó ïîä îêðåñòíîñòüþ

òî÷êè ìû áóäåì ïîíèìàòü îòêðûòîå ìíîæåñòâî, ñîäåðæàùåå

ýòó òî÷êó.

1

Òàêîå îïðåäåëåíèå ðåêóððåíòíîñòè íàçûâàåòñÿ åùå ðåêóððåíòíîñòüþ

ïî �îòòøàëêó è Õåäëóíäó,
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Îïðåäåëåíèå 9. Òî÷êà x ∈ M íàçûâàåòñÿ ω-áëóæäàþ-

ùåé òî÷êîé f , åñëè íàéäåòñÿ òàêàÿ åå îêðåñòíîñòü U , ÷òî
fm(U) ∩ U = ∅ äëÿ âñåõ m > 0.

Îïðåäåëåíèå 10. Òî÷êà x ∈ M íàçûâàåòñÿ ω-íåáëóæäà-

þùåé òî÷êîé f , åñëè äëÿ ëþáîé åå îêðåñòíîñòè U íàéäåòñÿ

òàêîå m > 0, ÷òî fm(U) ∩ U 6= ∅.

Îïðåäåëåíèå 11. Òî÷êà x ∈ M íàçûâàåòñÿ α-íåáëóæäà-

þùåé òî÷êîé f , åñëè äëÿ ëþáîé åå îêðåñòíîñòè U íàéäåòñÿ

÷èñëî l > 0, òàêîå, ÷òî f−l(U) ∩ U 6= ∅

Îïðåäåëåíèå 12. Òî÷êà x ∈ M íàçûâàåòñÿ α-áëóæäàþ-

ùåé òî÷êîé f , åñëè íàéäåòñÿ òàêàÿ åå îêðåñòíîñòü U , ÷òî
f−l(U) ∩ U = ∅ äëÿ âñåõ l > 0.

Çàìåòèì, ÷òî ýòè îïðåäåëåíèÿ ÿâëÿþòñÿ âçàèìíî äîïîëíè-

òåëüíûìè. Äðóãèìè ñëîâàìè, åñëè òî÷êà íå ÿâëÿåòñÿ ω- (α-)
áëóæäàþùåé, òî îíà ÿâëÿåòñÿ ω-(α-)íåáëóæäàþùåé è íàîáî-

ðîò.

Îïðåäåëåíèå 13. Òî÷êà x ∈ M íàçûâàåòñÿ áëóæäàþùåé

òî÷êîé f , åñëè îíà îäíîâðåìåííî ω- è α- áëóæäàþùàÿ.

Îïðåäåëåíèå 14. Â ïðîòèâíîì ñëó÷àå òî÷êà x ∈ M íàçû-

âàåòñÿ íåáëóæäàþùåé òî÷êîé f .

Ìíîæåñòâî áëóæäàþùèõ òî÷åê f îáîçíà÷èì ÷åðåçW (f). Ýòî
ìíîæåñòâî îòêðûòî â M , ïîñêîëüêó êàæäàÿ áëóæäàþùàÿ òî÷-

êà âõîäèò â áëóæäàþùåå ìíîæåñòâî âìåñòå ñî ñâîåé îêðåñòíî-

ñòüþ. Òî÷êè, íå ÿâëÿþùèåñÿ áëóæäàþùèìè â ñìûñëå îïðåäåëå-

íèÿ 13, ÿâëÿþòñÿ íåáëóæäàþùèìè. Ìíîæåñòâî íåáëóæäàþùèõ

òî÷åê f îáîçíà÷èì Ω(f). Îíî çàìêíóòî â M êàê äîïîëíåíèå ê

W (f).
Ïîñêîëüêó ïåðèîäè÷åñêàÿ òî÷êà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì

íåáëóæäàþùåé òî÷êè, òî ìíîæåñòâî Per(f) ïåðèîäè÷åñêèõ òî-
÷åê ñîäåðæèòñÿ â Ω(f).
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2.3. Ëîêàëüíûå ýïèìîð�èçìû. Ïóñòü X � ëîêàëüíî ñâÿç-

íîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî.

Îïðåäåëåíèå 15. Ìû íàçîâåì îòîáðàæåíèå f ïîëíûì ëî-

êàëüíûì ýïèìîð�èçìîì â òî÷êå x, åñëè íàéäåòñÿ òà-

êàÿ îêðåñòíîñòü U(x) òî÷êè x, ÷òî íà êàæäîé èç êîìïîíåíò

ñâÿçíîñòè ïðîîáðàçà îêðåñòíîñòè U(x) îòîáðàæåíèå f ÿâëÿ-

åòñÿ ýïèìîð�èçìîì.

U(x) áóäåì íàçûâàòü îêðåñòíîñòüþ ïîëíîé ëîêàëüíîé

ýïèìîð�íîñòè f â òî÷êå x.
Îòìåòèì íåñêîëüêî òðèâèàëüíûõ ñëåäñòâèé ýòîãî îïðåäåëå-

íèÿ.

Ñëåäñòâèå 1. Åñëè f ÿâëÿåòñÿ ïîëíûì ëîêàëüíûì ýïèìîð-

�èçìîì â òî÷êå x, òî f ÿâëÿåòñÿ ïîëíûì ëîêàëüíûì ýïèìîð-

�èçìîì è âî âñåé îêðåñòíîñòè ïîëíîé ëîêàëüíîé ýïèìîð�íî-

ñòè f â òî÷êå x.

Ñëåäñòâèå 2. Åñëè îòîáðàæåíèå f ÿâëÿåòñÿ ïîëíûì ëî-

êàëüíûì ýïèìîð�èçìîì â òî÷êå x 
 îêðåñòíîñòüþ ïîëíîé

ëîêàëüíîé ýïèìîð�íîñòè U(x), òî äëÿ êàæäîé ïîäîêðåñòíî-

ñòè U ′(x) ⊂ U(x) òî÷êè x íà êàæäîé èç êîìïîíåíò ñâÿçíî-

ñòè ïðîîáðàçà îêðåñòíîñòè U ′(x) îòîáðàæåíèå f òîæå áó-

äåò ýïèìîð�èçìîì.

Îïðåäåëåíèå 16. Ìû íàçîâåì îòîáðàæåíèå f ïîëíûì ëî-

êàëüíûì ýïèìîð�èçìîì, åñëè îíî ÿâëÿåòñÿ ïîëíûì ëî-

êàëüíûì ýïèìîð�èçìîì â êàæäîé òî÷êå.

Ñëåäóþùèé ïðèìåð ïîêàçûâàåò, ÷òî âíóòðåííåå îòîáðàæå-

íèå ìîæåò è íå áûòü ïîëíûì ëîêàëüíûì ýïèìîð�èçìîì.

Ïðèìåð 18. Ïðèìåð âïîëíå äèñêðåòíîãî, óäîâëåòâîðÿþùå-

ãî àêñèîìàì �1 è �2 âíóòðåííåãî ýïèìîð�èçìà, êîòîðûé íå

ÿâëÿåòñÿ ïîëíûì ëîêàëüíûì ýïèìîð�èçìîì.

Ïîñòðîåíèå. Ïóñòü ìíîæåñòâî A çàäàíî íà ïëîñêîñòè êàê

îáúåäèíåíèå íàáîðà îòðåçêîâ

{(x, y)|x ∈ (−1/n, 1/n), y = n}, n > 0,
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∞

�èñ. 1. Ê ïðèìåðó 18

è îñè y = 0 (�èñ. 1). Âîçüìåì ñ÷åòíîå ÷èñëî ìíîæåñòâ À, íà-

ïðèìåð, ðàçìåñòèâ èõ â R3
, èñïîëüçóÿ öåëûå ïîëîæèòåëüíûå

çíà÷åíèÿ êîîðäèíàòû z (z ∈ Z+
). Çàäàäèì ýïèìîð�èçì f êàê

ïðîåêöèþ À íà îñü y = 0 ïðè z = 0 è êàê ñäâèã z 7→ z − 1 ïðè
z > 0. Ëåãêî âèäåòü, ÷òî f âïîëíå äèñêðåòíî, íî â òî÷êå (0, 0, 0)
íå ÿâëÿåòñÿ ïîëíûì ëîêàëüíûì ýïèìîð�èçìîì. ✷

Ëåììà 3. Êîíå÷íîêðàòíûé âíóòðåííèé ýïèìîð�èçì f ÿâ-

ëÿåòñÿ ïîëíûì ëîêàëüíûì ýïèìîð�èçìîì.

Äîêàçàòåëüñòâî. Âîçüìåì òî÷êó x è îêðåñòíîñòü U(x). �àñ-
ñìîòðèì f−1(U(x)). Ïîñêîëüêó f � íåïðåðûâíîå îòîáðàæåíèå,

f−1(U(x)) � îòêðûòî. Ïðè ýòîì f−1(U(x)) èìååò êîíå÷íîå ÷èñ-
ëî êîìïîíåíò ñâÿçíîñòè, òàê êàê f � êîíå÷íîêðàòíîå îòîáðà-

æåíèå. Îáðàç êàæäîé êîìïîíåíò ñâÿçíîñòè ÿâëÿåòñÿ îòêðûòûì

ìíîæåñòâîì, òàê êàê f � îòêðûòîå îòîáðàæåíèå. Èõ ïåðåñå÷å-

íèå îòêðûòî êàê êîíå÷íîå ïåðåñå÷åíèå îòêðûòûõ ìíîæåñòâ, è

äàåò èñêîìóþ îêðåñòíîñòü ïîëíîé ëîêàëüíîé ýïèìîð�íîñòè f
â òî÷êå x. Ëåììà äîêàçàíà. �

Â ÷àñòíîñòè, âíóòðåííèå îòîáðàæåíèÿ êîìïàêòíûõ äâóìåð-

íûõ ìíîãîîáðàçèé âïîëíå äèñêðåòíû è ÿâëÿþòñÿ ïîëíûìè ëî-

êàëüíûìè ýïèìîð�èçìàìè.
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2.3.1. Êðèòåðèé ïîëíîé ëîêàëüíîé ýïèìîð�íîñòè. Ïðèâåäåì

îäèí êðèòåðèé, êîãäà îòîáðàæåíèå áóäåò ïîëíûì ëîêàëüíûì

ýïèìîð�èçìîì, äîêàçàòåëüñòâî êîòîðîãî íåïîñðåäñòâåííî ñëå-

äóåò èç îïðåäåëåíèÿ.

Åñëè ñóùåñòâóåò ïðåäñòàâëåíèå ïðîñòðàíñòâà M â êà÷åñòâå

ëîêàëüíî êîíå÷íîãî êëåòî÷íîãî êîìïëåêñà, òàêîãî, ÷òî f ÿâëÿ-
åòñÿ åãî êëåòî÷íûì ýïèìîð�èçìîì (êëåòêà îòîáðàæàåòñÿ íà

îáúåäèíåíèå êëåòîê òîé æå èëè ìåíüøåé ðàçìåðíîñòè), òî f
ÿâëÿåòñÿ ïîëíûì ëîêàëüíûì ýïèìîð�èçìîì.

2.4. Àêñèîìû îòäåëèìîñòè îòíîñèòåëüíî ïðîîáðàçà.

Åùå îäíîé íåïðèÿòíîñòüþ, êîòîðàÿ âîçíèêàåò â ñëó÷àå áåñêî-

íå÷íîêðàòíûõ îòîáðàæåíèé, äàæå âíóòðåííèõ ïî Òðîõèì÷óêó,

ÿâëÿåòñÿ îáåäíåíèå òîïîëîãèè, èíäóöèðîâàííîé íà ïðîîáðàçå

ïðè ïîìîùè f−1
, ïî ñðàâíåíèþ ñ óæå èìåþùåéñÿ.

Ýòî ïðèâîäèò ê òîìó, ÷òî â íåêîòîðûõ ñëó÷àÿõ îòäåëèìûå

çàìêíóòûå ìíîæåñòâà íåâîçìîæíî îòäåëèòü, èñïîëüçóÿ òîëüêî

ïðîîáðàçû îòêðûòûõ îêðåñòíîñòåé.

Îïðåäåëåíèå 17. Ñêàæåì, ÷òî îòêðûòûé íåïðåðûâíûé

ýïèìîð�èçì f óäîâëåòâîðÿåò àêñèîìå P0 îòäåëèìîñòè

ïðîîáðàçàìè, åñëè ∀V ⊂M , ãäå V � çàìêíóòîå ìíîæåñòâî,

∀U
(
f−1(V )

)
� îòêðûòîé îêðåñòíîñòè ìíîæåñòâà f−1(V )

∃U ′(V ) � îòêðûòàÿ îêðåñòíîñòü ìíîæåñòâà V òàêàÿ, ÷òî

f−1 (U ′(V )) ⊂ U(V ).

Ïðèìåð 19. Îòêðûòûé êîíå÷íîêðàòíûé ýïèìîð�èçì f óäî-

âëåòâîðÿåò àêñèîìå P0 îòäåëèìîñòè ïðîîáðàçàìè.

Óñëîâèå P0 îòäåëèìîñòè ïðîîáðàçàìè, êîòîðîå ñîáëþäàþò-

ñÿ äëÿ êîíå÷íîêðàòíûõ âíóòðåííèõ îòîáðàæåíèé, íàðóøàòñÿ

äëÿ áåñêîíå÷íîêðàòíûõ âíóòðåííèõ ïî Òðîõèì÷óêó îòîáðàæå-

íèé. Äëÿ ïðèìåðà äîñòàòî÷íî ðàññìîòðåòü ïðîåêöèþ ïðÿìîé

íà îêðóæíîñòü x 7→ x mod 1 è îáðàç ñåìåéñòâà îêðåñòíîñòåé

{(n− 1
|n| , n+ 1

|n|)‖n ∈ Z}.
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�àññìîòðèì áîëåå ñëàáûå ÷àñòíûå ñëó÷àè àêñèîìû P0. Âû-

ïèøåì èõ êàê íàáîð àêñèîì îòäåëèìîñòè îòíîñèòåëüíî ïðîîá-

ðàçîâ.

Ñêàæåì, ÷òî îòêðûòîå íåïðåðûâíîå îòîáðàæåíèå f óäîâëå-

òâîðÿåò îäíîé èç àêñèîì P1 � P2 îòäåëèìîñòè ïðîîáðàçàìè,

åñëè

P1. ∀x ∈ M ∃U(x) � îòêðûòàÿ îêðåñòíîñòü òî÷êè x òàêàÿ,

÷òî ∀yi, yj ∈ f−1(x), i 6= j Ui ∩Uj = ∅, ãäå Ui � ñâÿçíàÿ

êîìïîíåíòà ìíîæåñòâà f−1 (U(x)), ñîäåðæàùàÿ yi.
P2. ∀x ∈ M ∀n > 0 ∃Un(x) � îòêðûòàÿ îêðåñòíîñòü òî÷êè

x òàêàÿ, ÷òî

(
f−n (Un(x)) \ Cn(x)

)
∩ Un(x) = ∅,

ãäå Cn(x) � ëèáî ïóñòîå ìíîæåñòâî, åñëè x 6∈ f−n(x),
ëèáî ñâÿçíàÿ êîìïîíåíòà ìíîæåñòâà f−n (Un(x)), ñîäåð-
æàùàÿ òî÷êó x, åñëè x ∈ f−n(x).

Ëåãêî âèäåòü, ÷òî àêñèîìû P1 è P2 îòäåëèìîñòè ïðîîáðà-

çàìè ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè àêñèîìû P0. Òåì íå ìåíåå,

âíóòðåííèå ïî Òðîõèì÷óêó îòîáðàæåíèÿ ìîãóò è íå óäîâëåòâî-

ðÿòü àêñèîìàì P1 è P2. �àññìîòðèì ñîîòâåòñòâóþùèå àêñèîìû

îòäåëèìîñòè ïðîîáðàçàìè äåòàëüíåå.

2.4.1. Âïîëíå äèñêðåòíûå îòîáðàæåíèÿ (P1).

Îïðåäåëåíèå 18. Îòîáðàæåíèå f íàçîâåì âïîëíå äèñêðåò-

íûì â òî÷êå x, åñëè íàéäåòñÿ îêðåñòíîñòü U(x) òî÷êè x òà-

êàÿ, ÷òî ìíîæåñòâî f−1(U(x)) ìîæíî ïðåäñòàâèòü â âèäå

îáúåäèíåíèÿ îêðåñòíîñòåé Ui ïðîîáðàçîâ òî÷êè x òàêèõ, ÷òî

êàæäàÿ Ui ñîäåðæèò â òî÷íîñòè ïî îäíîìó ïðîîáðàçó òî÷êè

x è ýòè îêðåñòíîñòè ïîïàðíî íå ïåðåñåêàþòñÿ ìåæäó ñîáîé.

Îïðåäåëåíèå 19. Áóäåì ãîâîðèòü, ÷òî U(x) � îêðåñòíîñòü
òî÷êè x, îòäåëÿþùàÿ ïðîîáðàçû, åñëè U(x) óäîâëåòâîðÿåò

óñëîâèÿì îïðåäåëåíèÿ 18.

Îïðåäåëåíèå 20. Îòîáðàæåíèå f íàçîâåì âïîëíå äèñêðåò-

íûì, åñëè îíî âïîëíå äèñêðåòíî â êàæäîé òî÷êå.
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Ïðèìåð 20. Âñÿêèé êîíå÷íîêðàòíûé âíóòðåííèé ýïèìîð-

�èçì ÿâëÿåòñÿ âïîëíå äèñêðåòíûì.

Ïðèìåð 21. Âíóòðåííèé èçîëèðîâàííûé, íî íå âïîëíå äèñ-

êðåòíûé ýïèìîð�èçì.

�èñ. 2. Ïðîñòðàíñòâî X. Ê ïðèìåðó 21.

Ïîñòðîåíèå. Ïîñòðîèì ïðîñòðàíñòâî X, èçîáðàæåííîå íà

ðèñ. 2, â âèäå äåðåâà èç îòðåçêîâ [0, 1], ñêëåèâàÿ èõ â ãðàíè÷-

íûõ òî÷êàõ. Â êà÷åñòâå ñòðîèòåëüíîãî ýëåìåíòà âîçüìåì êðóã,

îáðàçîâàííûé ñêëåéêîé ãðàíè÷íûõ òî÷åê îòðåçêà [0, 1], è ëó-

÷è [0,∞), ïîëó÷åííûå ñêëåéêîé áåñêîíå÷íîãî ÷èñëà îòðåçêîâ.

Âîçüìåì ñ÷åòíîå ÷èñëî ëó÷åé [0,∞) è çàíóìåðóåì èõ ÷èñëàìè

n ∈ N. Îòîæäåñòâèì òî÷êó 0 êàæäîãî ëó÷à ñ òî÷êîé 0 ≡ 1
êðóãà.

Çàìåòèì, ÷òî �àêòîð-òîïîëîãèÿ â òî÷êå 0 ≡ 1 êðóãà îòëè-

÷àåòñÿ îò òîé, êîòîðàÿ áûëà áû èíäóöèðîâàíà, íàïðèìåð, âëî-

æåíèåì êàðòèíêè èç ðèñ. 2 â ïëîñêîñòü: îòêðûòûå îêðåñòíîñòè

â ýòîé òî÷êå, ïîðîæäàþùèå â íåé áàçó òîïîëîãèè, îáðàçîâàíû

îáúåäèíåíèåì îòêðûòûõ ïîëóèíòåðâàëîâ íà êàæäîì îòðåçêå

ïðîèçâîëüíîé, íå ñâÿçàííîé ìåæäó ñîáîé äëèíû. Òàêóþ òîïî-

ëîãèþ è ìåòðèêó ëåãêî ïðè æåëàíèè èíäóöèðîâàòü èç âëîæå-

íèÿ ïðîñòðàíñòâà X â íåêîòîðîå áåñêîíå÷íîìåðíîå ïðîñòðàí-

ñòâî.
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Çàäàäèì îòîáðàæåíèå f . Íà êàæäîì ëó÷å ïîëîæèì

f : x ∈ [1,∞) 7→ x− 1 ∈ [0,∞).

Îñòàâøóþñÿ ÷àñòü [0, 1] ëó÷à ñ íîìåðîì n îòîáðàçèì íà êðóã.

Â ëîêàëüíûõ êîîðäèíàòàõ îòîáðàæåíèå f ïóñòü âûãëÿäèò êàê

f =

{
2
π arc tg(n tg(

π∗x
2 )), x < 1,

1, x = 1.

Êðóã îòîáðàçèì íà ñåáÿ òîæäåñòâåííî.

Ïîñëå ïîñòðîåíèÿ ìû ïîëó÷èì äåðåâî X è îòîáðàæåíèå f :
X → X, ïî ïîñòðîåíèþ çàäàííîå âñþäó íàX. Ïîëó÷åííîå îòîá-

ðàæåíèå f â òî÷êå 0 ≡ 1 êðóãà èçîëèðîâàíî, íî íå âïîëíå äèñ-
êðåòíî. ✷

Äëÿ âïîëíå äèñêðåòíûõ âíóòðåííèõ ýïèìîð�èçìîâ ëîêàëü-

íî ñâÿçíîãî òîïîëîãè÷åñêîãî ïðîñòðàíñòâà ïðîîáðàç äîñòàòî÷-

íî ìàëîé îêðåñòíîñòè òî÷êè ðàñïàäàåòñÿ íà êîìïîíåíòû ñâÿç-

íîñòè, êàæäàÿ èç êîòîðûõ ñîäåðæèò â òî÷íîñòè îäèí ïðîîáðàç

ýòîé òî÷êè.

2.4.2. Ñóïåðíåáëóæäàþùèå òî÷êè (P2).

Íàïîìíèì, ÷òî X � ëîêàëüíî ñâÿçíîå òîïîëîãè÷åñêîå ïðî-

ñòðàíñòâî.

Îïðåäåëåíèå 21. Íàçîâåì òî÷êó x ñóïåðíåáëóæäàþùåé

ñòåïåíè n, åñëè äëÿ ëþáîé îêðåñòíîñòè U(x) òî÷êè x íàé-

äåòñÿ ñâÿçíàÿ êîìïîíåíòà U ′
ìíîæåñòâà f−n (U(x)), x 6∈ U ′

,

òàêàÿ, ÷òî U(x) ∩ U ′(x) 6= ∅.

Îïðåäåëåíèå 22. Íàçîâåì òî÷êó x êîíå÷íî îòäåëèìîé,

åñëè îíà íå ÿâëÿþòñÿ ñóïåðíåáëóæäàþùåé íèêàêîé ñòåïåíè.

Îïðåäåëåíèå 23. Íàçîâåì îòîáðàæåíèå f êîíå÷íî îòäå-

ëèìûì, åñëè îíî êîíå÷íî îòäåëèìî âî âñåõ òî÷êàõ.

Ïðèìåð 22. Ïîëíûé ëîêàëüíûé âíóòðåííèé ýïèìîð�èçì ñ

ñóïåðíåáëóæäàþùèìè òî÷êàìè.
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�èñ. 3. Ïðîñòîå çâåíî. Ê ïðèìåðó 22.

Ïîñòðîåíèå. Ïîñòðîèì ïðîñòðàíñòâî X â âèäå äåðåâà èç îò-

ðåçêîâ [0, 1], ñêëåèâàÿ èõ â ãðàíè÷íûõ òî÷êàõ. Â êà÷åñòâå ñòðî-

èòåëüíîãî ýëåìåíòà âîçüìåì çâåíî, èçîáðàæåííîå íà ðèñ. 3. Ýòî

çâåíî ñîñòîèò èç �ñòâîëà� âíèçó è ñ÷åòíîãî ìíîæåñòâà �âåòâåé�

ââåðõó. Ëîêàëüíûå êîîðäèíàòû íà êàæäîì îòðåçêå íàïðàâëå-

íû ñíèçó ââåðõ. Âåòâè çàíóìåðîâàíû ÷èñëàìè n ∈ N, ó êàæäîé

âåòâè òî÷êà 0 îòîæäåñòâëåíà ñ òî÷êîé 1 �ñòâîëà�. Íà êàæäîé

âåòâè ñ íîìåðîì n çàäàäèì îòîáðàæåíèå f :

f =

{
2
π arc tg(n tg(

π∗x
2 )), x < 1,

1, x = 1.

Ñêëåèì ñ÷åòíîå ÷èñëî òàêèõ çâåíüåâ â ïðîñòðàíñòâî X. Äëÿ

ýòîãî, âî-ïåðâûõ, íàðàñòèì âåòâè. Ñ ýòîé öåëüþ êàæäóþ âåòâü

ðàññìîòðèì êàê �ñòâîë� è îïÿòü ïðèêëåèì ê íåé ñ÷åòíîå êîëè-

÷åñòâî �âåòâåé�, ïîëó÷èâ íà êàæäîé âåòâè çâåíî âòîðîãî óðîâ-

íÿ. Âî-âòîðûõ, íàðàñòèì ñòâîë, âçÿâ åùå îäíî çâåíî è îòîæ-

äåñòâèâ ñòâîë ñ ïåðâîé âåòâüþ âòîðîãî çâåíà. Ïîâòîðÿåì ýòîò

ïðîöåññ áåñêîíå÷íî.

Ïîñëå ïîñòðîåíèÿ ïîëó÷àåì äåðåâî X è îòîáðàæåíèå

f : X → X,

êîòîðîå áóäåò îïðåäåëåíî óæå âñþäó íà X.
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Â ïîëó÷åííîì îòîáðàæåíèè âñå òî÷êè ñêëåéêè ñóïåðíåáëóæ-

äàþùèå. ✷

Êàê âèäíî íà ïðèìåðå 22, ñóïåðíåáëóæäàþùèå òî÷êè ìî-

ãóò ñóùåñòâîâàòü äàæå ó ïîëíûõ ëîêàëüíûõ âíóòðåííèõ ýïè-

ìîð�èçìîâ. Ïðè ýòîì f äîëæåí áûòü áåñêîíå÷íîêðàòíûì è ïî

ëåììå 1 X íå ìîæåò áûòü êîìïàêòîì.

2.4.3. Îòîáðàæåíèÿ, îáðàòíî ðàâíîìåðíî íåïðåðûâíûå íà ïðî-

îáðàçàõ. Ïðè ðàññìîòðåíèè îòîáðàæåíèé, êîòîðûå óäîâëåòâî-

ðÿþò àêñèîìàì P1 è P2, åñòåñòâåííî âîçíèêàåò âîïðîñ, íà-

ñêîëüêî øèðîê ýòîò êëàññ îòîáðàæåíèé.

Äàäèì äîñòàòî÷íûé êðèòåðèé, êîãäà îòîáðàæåíèå óäîâëå-

òâîðÿåò ýòèì àêñèîìàì. Çàìåòèì, ÷òî ýòî óñëîâèå íå ÷òî èíîå,

êàê ðàâíîìåðíàÿ íåïðåðûâíîñòü. Îäíàêî, òàê êàê f−1
� ìíî-

ãîçíà÷íîå îòîáðàæåíèå, óñëîâèå ðàâíîìåðíîé íåïðåðûâíîñòè â

åãî òðàäèöèîííîì âèäå äëÿ îäíîçíà÷íûõ îòîáðàæåíèé èñïîëü-

çîâàòü íåëüçÿ, ïîýòîìó çäåñü îíî çàïèñàíî â íåñêîëüêî íåïðè-

âû÷íîì äëÿ âîñïðèÿòèÿ âèäå, êîòîðûé äàëåå â òåêñòå áóäåò

íàçûâàòüñÿ îáðàòíîé ðàâíîìåðíîé íåïðåðûâíîñòüþ íà ïðîîá-

ðàçàõ.

Îïðåäåëåíèå 24. Ñêàæåì, ÷òî íåïðåðûâíîå îòîáðàæåíèå

f : M → M îáðàòíî ðàâíîìåðíî íåïðåðûâíî íà ïðîîáðàçàõ

òî÷êè x, åñëè ∀ε > 0 íàéäåòñÿ δ > 0 òàêîå, ÷òî

∀y : ρ(y, f−1(x)) > δ ⇒ ρ(f(x), f(y)) > ε .

Îïðåäåëåíèå 25. Ñêàæåì, ÷òî îòîáðàæåíèå f : M → M
îáðàòíî ðàâíîìåðíî íåïðåðûâíî íà ïðîîáðàçàõ, åñëè îíî ðàâ-

íîìåðíî íåïðåðûâíî íà ïðîîáðàçàõ âî âñåõ òî÷êàõ.

Ëåììà 4. Åñëè îáðàòíî ðàâíîìåðíî íåïðåðûâíûé íà ïðîîá-

ðàçàõ âíóòðåííèé ýïèìîð�èçì f :M →M , âïîëíå äèñêðåòåí

è êîíå÷íî îòäåëèì.

Äîêàçàòåëüñòâî ëåììû ñëåäóåò íåïîñðåäñòâåííî èç ñîîòâåò-

ñòâóþùèõ îïðåäåëåíèé.
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2.5. Ïðîîáðàçû íåáëóæäàþùèõ òî÷åê.

Ïóñòü f : M → M � íåïðåðûâíûé íà ïðîîáðàçàõ ïîëíûé

ëîêàëüíûé âíóòðåííèé ýïèìîð�èçì, óäîâëåòâîðÿþùèé àêñèî-

ìàì P1 è P2.

Òåîðåìà 1. Åñëè x � íåáëóæäàþùàÿ òî÷êà (ñîîòâåòñòâåí-

íî, α-,ω-íåáëóæäàþùàÿ), òî ëèáî ïðîîáðàç x ñîäåðæèò íå-

áëóæäàþùóþ òî÷êó (α-, ω-íåáëóæäàþùóþ òî÷êó), ëèáî ìíî-

æåñòâî ïðîîáðàçîâ òî÷êè x è íåáëóæäàþùåå ìíîæåñòâî (α-
, ω-íåáëóæäàþùåå ìíîæåñòâî) íå ÿâëÿþòñÿ ε-îòäåëèìûìè
äðóã îò äðóãà

1

.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðèâåäåì äëÿ òîãî ñëó÷àÿ,

êîãäà òî÷êà ÿâëÿåòñÿ α-íåáëóæäàþùåé. Íàïîìíèì, ÷òî M �

ëîêàëüíî ñâÿçíîå ïðîñòðàíñòâî (íàïðèìåð, ïîëíîå ìåòðè÷åñ-

êîå). Â ýòîì ñëó÷àå ïðîîáðàç ìàëîé îêðåñòíîñòè îäíîçíà÷íî

ðàñïàäàåòñÿ íà êîìïîíåíòû ñâÿçíîñòè.

Åñëè ìíîæåñòâî ïðîîáðàçîâ òî÷êè x ÿâëÿåòñÿ ïðåäåëüíûì

äëÿ α-íåáëóæäàþùåãî ìíîæåñòâà, óòâåðæäåíèå ëåììû âûïîë-

íåíî. Ïóñòü ìíîæåñòâî ïðîîáðàçîâ òî÷êè x îòäåëåíî îò α-íå-
áëóæäàþùåãî ìíîæåñòâà íà ðàññòîÿíèå δ1. ïîñêîëüêó f ðàâ-

íîìåðíî íà ïðîîáðàçàõ, íàéäåòñÿ δ2 òàêîå, ÷òî ïðîîáðàç øàðî-
âîé îêðåñòíîñòè Bδ2(x) ìíîæåñòâî f

−1(Bδ2(x)) íàõîäèòñÿ â δ1
- îêðåñòíîñòè f−1(x), è, ñëåäîâàòåëüíî, ñîñòîèò èç α-áëóæäà-
þùèõ òî÷åê. Ñóçèâ ïðè íåîáõîäèìîñòè U ′(x) = Bδ2(x), ìîæíî
ïîëàãàòü, ÷òî ýòî âïîëíå îòäåëèìàÿ îêðåñòíîñòü x, â êîòîðîé
f ÿâëÿåòñÿ ïîëíûì ëîêàëüíûì ýïèìîð�èçìîì.

Ïóñòü ïðîîáðàçû òî÷êè x çàíóìåðîâàíû èíäåêñàìè i ∈ I.
Ñâÿçíóþ êîìïîíåíòó f−1(Bδ2(x)), ñîäåðæàùóþ òî÷êó x−1,i ∈
f−1(x), îáîçíà÷èì ÷åðåç U(x−1,i).

∀k < 0 fk(U(x−1,i)) ∩ U(x−1,i) = ∅.

1

Ê ïðèìåðó, íà ïðÿìîé ìíîæåñòâà {n ∈ N} è {n+ 1
n
‖n ∈ N} íå ÿâëÿþòñÿ

ε-îòäåëèìûìè
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Ïî óñëîâèþ x � α-íåáëóæäàþùàÿ òî÷êà. Ïîýòîìó ∃m è ∃U ′′

� ñâÿçíàÿ êîìïîíåíòà ìíîæåñòâà f−m(U ′(x)) òàêàÿ, ÷òî U ′′ ∩
U ′ 6= ∅.

Ïîñêîëüêó f êîíå÷íî îòäåëèì, ìîæíî ïðåäïîëàãàòü, ÷òîm >
1. Äàëåå, òàê êàê f � ïîëíûé ëîêàëüíûé ýïèìîð�èçì, òî äëÿ

êàæäîé èç îêðåñòíîñòåé U(x−1,i) íàéäåòñÿ êîìïîíåíòà ñâÿçíî-
ñòè ìíîæåñòâà f−1(U ′′), èìåþùàÿ ñ íåé íåïóñòîå ïåðåñå÷åíèå.

Îáîçíà÷èì åå ÷åðåç U ′′
i . Èìååì, ÷òî ∀i U(x−1,i) ∩ U ′′

i 6= ∅.

Ïîñêîëüêó U ′′
ÿâëÿåòñÿ êîìïîíåíòîé ñâÿçíîñòè ìíîæåñòâà

f−m(U ′(x)), à m > 1, òî íàéäåòñÿ k òàêîå, ÷òî U ′′
ÿâëÿåòñÿ

êîìïîíåíòîé ñâÿçíîñòè f−m+1(U(x−1,k)). Íî òîãäà ïî ïîñòðîå-
íèþ, âñå U ′′

i , â ÷àñòíîñòè, U
′′
k , ÿâëÿþòñÿ êîìïîíåíòàìè ñâÿçíî-

ñòè f−m(U(x−1,k)).
Ïîëó÷èëè ïðîòèâîðå÷èå, òàê êàê ïî ïðåäïîëîæåíèþ îêðåñò-

íîñòü U(x−1,k) áëóæäàþùàÿ.
Çàìåòèì, ÷òî åñëè x � íå α-íåáëóæäàþùàÿ òî÷êà, à ω-íå-

áëóæäàþùàÿ, òî äîêàçàòåëüñòâî â ýòîì ñëó÷àå óïðîùàåòñÿ, òàê

êàê U ′′
óæå ÿâëÿåòñÿ îáðàçîì êàæäîé U(x−1,i). Çà èñêëþ÷åíè-

åì ýòîãî ìîìåíòà, äîêàçàòåëüñòâî ïåðåíîñèòñÿ íà ñëó÷àé ω-
íåáëóæäàþùåé òî÷êè äîñëîâíî.

Åñëè æå x � íåáëóæäàþùàÿ òî÷êà, òî îíà ÿâëÿåòñÿ ëèáî α-
íåáëóæäàþùåé òî÷êîé, ëèáî ω-íåáëóæäàþùåé. Êàê ñëåäñòâèå,
äîêàçàòåëüñòâî â ýòîì ñëó÷àå ñâîäèòñÿ ê óæå ðàññìîòðåííûì

ñëó÷àÿì. Òåîðåìà äîêàçàíà. �
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Óçàãàëüíåííÿ òåîðåìè ïðî

ðiâíîìiðíó çáiæíiñòü ïiâãðóïè äî

îäèíè÷íîãî îïåðàòîðà

Let {T (t) : t ≥ 0} be a C0-semigroup of bounded linear operators in a
complex Banach Space (X, ‖·‖) and A be it’s generator. The well known
uniform convergence theorem states that the generator A is bounded
for the semigroups {T (t)}, satisfying lim

t→+0
‖T (t)− I‖ < 1, where I is the

identity operator in X.
In this article we prove that for a wide enough class of semigroups {T (t)}
in X the following generalization of this theorem is true.
If there exists a non-negative and measurable Lebesgue on [0,∞) function
β(t) satisfying the conditions:

β(t)

t
→ 0, t → +0; lim

t→+0
‖T (t)− T (β(t))‖ < 1

then the generator A is bounded.

Êëþ÷îâi ñëîâà: ïiâãðóïà îïåðàòîðiâ, îäèíè÷íèé îïåðàòîð, ðiâíîìiðíà

çáiæíiñòü

1. Íåõàé {T (t) : t ≥ 0} � ïiâãðóïà êëàñó C0 â áàíàõîâîìó

ïðîñòîði (X, ‖·‖) ç ãåíåðàòîðîì A. Äîáðå âiäîìà òåîðåìà ïðî

ðiâíîìiðíó çáiæíiñòü ïiâãðóïè äî îäèíè÷íîãî îïåðàòîðà ñòâåð-

äæó¹, ùî ÿêùî äëÿ ïiâãðóïè {T (t)} âèêîíó¹òüñÿ óìîâà

lim
t→+0

‖T (t)− I‖ < 1,

äå I � îäèíè÷íèé (òîòîæíèé) îïåðàòîð â ïðîñòîði X, òî ãåíå-

ðàòîð A ¹ ëiíiéíèì îáìåæåíèì îïåðàòîðîì â ïðîñòîði X [1℄.
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Ïåâíå óçàãàëüíåííÿ òåîðåìè ïðî ðiâíîìiðíó çáiæíiñòü ïiâ-

ãðóïè äî îäèíè÷íîãî îïåðàòîðà áóëî îòðèìàíî â ðîáîòi [2℄. Ó

öié ðîáîòi áóëî äîâåäåíî òàêå òâåðäæåííÿ.

ßêùî äëÿ ïiâãðóïè {T (t) : t ≥ 0} êëàñó C0 ç íîðìàëüíèì ãå-

íåðàòîðîì A â ãiëüáåðòîâîìó ïðîñòîði (H, ‖·‖) iñíó¹ �óíêöiÿ
β : [0,∞) 7→ R, ùî çàäîâîëüíÿ¹ óìîâó

(1) β(t) ≥ 0, t > 0;
β(t)

t
→ 0, t→ +0,

i äëÿ ÿêî¨

lim
t→+0

‖T (t)− T (β(t))‖ < 1,

òî ãåíåðàòîð A � îáìåæåíèé.

Ìåòà öi¹¨ ðîáîòè � ïîêàçàòè, ùî íàâåäåíå âèùå òâåðäæåííÿ

ñïðàâåäëèâå äëÿ áiëüø øèðîêîãî êëàñó ïiâãðóï, à ñàìå, äëÿ

äîâiëüíèõ ïiâãðóï T (t) = etA, t ≥ 0, êëàñó C0 â áàíàõîâîìó

ïðîñòîði X, ó ÿêèõ ìíîæèíà öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó ãåíåðàòîðà A ¹ ùiëüíîþ â X.

2. Íåõàé B � äîâiëüíèé (âçàãàëi êàæó÷è, íåîáìåæåíèé) ëi-

íiéíèé îïåðàòîð â áàíàõîâîìó ïðîñòîði X. ×åðåç D(B) áóäåìî
ïîçíà÷àòè îáëàñòü âèçíà÷åííÿ îïåðàòîðà B.
Äëÿ äîâiëüíî¨ ïiâãðóïè {T (t) : t ≥ 0} êëàñó C0 ç ãåíåðàòîðîì

A â ïðîñòîði X ïîêëàäåìî:

M(t) :=MT (t) := sup
0≤s≤t

‖T (s)‖ , t ≥ 0.

Î÷åâèäíî, ùî �óíêöiÿ M(t) íå ñïàäà¹ íà [0,∞). ßêùî

f ∈ D(A), òî ïðè t ≥ 0 ìà¹ìî:

(2) ‖T (t)f − f‖ =

∥∥∥∥∥∥

t∫

0

T (ξ)Afdξ

∥∥∥∥∥∥
≤M(t) ‖Af‖ t.

Íåõàé �óíêöiÿ β : [0,∞) 7→ R � îáìåæåíà, âèìiðíà çà Ëåáå-

ãîì íà [0,∞) i çàäîâîëüíÿ¹ óìîâó (1), à òàêîæ iñòîòíî âiäìiííà
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âiä íóëÿ â îêîëi íóëÿ, òîáòî

(3) ∀h > 0 m ({τ ∈ (0, h) | β(τ) > 0}) > 0,

äå m � ìiðà Ëåáåãà íà R. Ïîêëàäåìî:

(4) β̃(t) :=
1

t

∫ t

0
β(ξ)dξ, t ∈ (0,∞); β̃(0) := 0.

Î÷åâèäíî, ùî �óíêöiÿ β̃ ìà¹ òàêi âëàñòèâîñòi:

(1) β̃ íåïåðåðâíà íà [0,∞).

(2)

β̃(t)
t → 0, t → +0.

(3) β̃(t) > 0, t > 0.

3. Äëÿ äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó öi¹¨ ðîáîòè íàì çíà-

äîáèòüñÿ òàêà ëåìà.

Ëåìà 1. Íåõàé:

1. T (t) = etA, t ≥ 0, äå A ∈ L(X) (òóò L(X) � ïðîñòið

ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ íàä ïðîñòîðîì X).

2. Ôóíêöiÿ β : [0,∞) 7→ R � îáìåæåíà, âèìiðíà çà Ëåáåãîì

íà [0,∞) i çàäîâîëüíÿ¹ óìîâè (1) òà (3).

Òîäi ÿêùî äëÿ äåÿêèõ ÷èñåë δ > 0 i q ∈ (0, 1) âèêîíó¹òüñÿ
óìîâà ‖T (t)− T (β(t))‖ ≤ q, t ∈ (0, δ), òî

‖A‖ ≤
(1− q)−

√
(1− q)2 − 4M(δ)(M(δ) + 1) β̃(t)t

2M(δ)β̃(t)
,

äå t ∈ (0, δ1) i δ1 � äîâiëüíå äiéñíå ÷èñëî, ÿêå âiäïîâiäà¹ âèìî-

ãàì δ1 ∈ (0, δ) i

4M(δ)(M(δ) + 1)
β̃(t)

t
< (1− q)2

ïðè t ∈ (0, δ1), à β̃ � �óíêöiÿ, âèçíà÷åíà â (4). (Îñêiëüêè

β̃(t)
t → 0 ïðè t→ +0, òî òàêå ÷èñëî δ1 çàâæäè iñíó¹.)
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Äîâåäåííÿ. Îñêiëüêè ãåíåðàòîð A ïiâãðóïè {T (t)} � îáìåæå-

íèé, òî, âèêîðèñòîâóþ÷è âëàñòèâîñòi ïiâãðóï i íåðiâíiñòü (2)

äëÿ äîâiëüíîãî âåêòîðà f ∈ X i �óíêöiîíàëó g ∈ X∗
ïðè

t ∈ (0, δ), îòðèìó¹ìî:

∣∣∣∣
〈
T (t)f − f

t
, g

〉∣∣∣∣ ≥
1

t

∣∣∣∣∣∣

t∫

0

〈T (β(ξ))Af, g〉 dξ

∣∣∣∣∣∣
−

−

∣∣∣∣∣∣
1

t

t∫

0

〈T (β(ξ))Af, g〉 dξ −

〈
T (t)f − f

t
, g

〉∣∣∣∣∣∣
=

=
1

t

∣∣∣∣∣∣

t∫

0

〈T (β(ξ))Af, g〉 dξ

∣∣∣∣∣∣
−

1

t

∣∣∣∣∣∣

t∫

0

〈(T (β(ξ))− T (ξ))Af, g〉dξ

∣∣∣∣∣∣
≥

≥
1

t

∣∣∣∣∣∣

t∫

0

〈T (β(ξ))Af, g〉 dξ

∣∣∣∣∣∣
−

1

t

t∫

0

‖T (β(ξ))− T (ξ)‖ ‖Af‖ ‖g‖ dξ ≥

≥
1

t

∣∣∣∣∣∣

t∫

0

〈T (β(ξ))Af, g〉 dξ

∣∣∣∣∣∣
− q ‖Af‖ ‖g‖ ≥

≥ |〈Af, g〉| − q ‖Af‖ ‖g‖ −
1

t

∣∣∣∣∣∣

t∫

0

〈Af − T (β(ξ))Af, g〉 dξ

∣∣∣∣∣∣
≥

≥ |〈Af, g〉| − q ‖Af‖ ‖g‖ −
1

t

t∫

0

M(t)
∥∥A2f

∥∥ ‖g‖β(ξ) dξ =

= |〈Af, g〉| − q ‖Af‖ ‖g‖ −M(t)
∥∥A2f

∥∥ ‖g‖ β̃(t).

Îòæå,

|〈Af, g〉| ≤

∣∣∣∣
〈
T (t)f − f

t
, g

〉∣∣∣∣+

+M(t)
∥∥A2f

∥∥ ‖g‖ β̃(t) + q ‖Af‖ ‖g‖ ≤

≤
(M(δ) + 1)

t
‖f‖ ‖g‖+M(δ) ‖A‖2 ‖f‖ ‖g‖ β̃(t) + q ‖A‖ ‖f‖ ‖g‖ ,
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äå t ∈ (0, δ), f ∈ X, g ∈ X∗
. Çâiäñè, âðàõîâóþ÷è äîâiëüíiñòü

åëåìåíòiâ f ∈ X òà g ∈ X∗
, îòðèìó¹ìî:

‖A‖ ≤ (M(δ) + 1)

t
+M(δ) ‖A‖2 β̃(t) + q ‖A‖ , t ∈ (0, δ),

òîáòî:

M(δ)β̃(t) ‖A‖2 − (1− q) ‖A‖+ (M(δ) + 1)

t
≥ 0, t ∈ (0, δ).(5)

Âèðàç ó ïðàâié ÷àñòèíi (5) ¹ êâàäðàòíèì òðè÷ëåíîì âiäíîñíî

‖A‖, éîãî äèñêðèìiíàíò:

D(t) = (1− q)2 − 4M(δ)(M(δ) + 1)
β̃(t)

t
,

çà óìîâîþ ëåìè, ¹ äîäàòíèì ïðè t ∈ (0, δ1). Òîìó ç íåðiâíîñòi (5)
âèïëèâà¹, ùî ïðè t ∈ (0, δ1) ìà¹ ìiñöå õî÷à á îäíà ç íåðiâíîñòåé:

‖A‖ ≤ α1(t) :=

:=
(1− q)−

√
(1− q)2 − 4M(δ)(M(δ) + 1) β̃(t)t

2M(δ)β̃(t)
,(6)

‖A‖ ≥ α2(t) :=

:=
(1− q) +

√
(1− q)2 − 4M(δ)(M(δ) + 1) β̃(t)t

2M(δ)β̃(t)
.(7)

Äîâåäåìî, ùî íåðiâíiñòü (7) íå ìîæå âèêîíóâàòèñü ïðè æîäíî-

ìó t ∈ (0, δ1).

Ç âëàñòèâîñòåé 1 òà 3 �óíêöi¨ β̃ âèïëèâà¹, ùî �óíêöi¨ α1(t),
α2(t) íåïåðåðâíi i äîäàòíi íà (0, δ1). Êðiì òîãî, ç äîäàòíîñòi

äèñêðèìiíàíòà D(t) âèïëèâà¹, ùî

(8) α1(t) < α2(t), t ∈ (0, δ1).

Íåâàæêî ïåðåêîíàòèñü, ùî α1(t) → ∞, t → +0. Îòæå, iñíó¹
÷èñëî η ∈ (0, δ1) òàêå, ùî ‖A‖ ≤ α1(t), t ∈ (0, η). Ïîêëàäåìî:

(9) η0 := sup {η ∈ (0, δ1) : ‖A‖ ≤ α1(t), t ∈ (0, η)} .
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Òîäi, âíàñëiäîê íåïåðåðâíîñòi α1(·),
(10) ‖A‖ ≤ α1(η0).

Äîâåäåìî, ùî η0 = δ1. Ïðèïóñòèìî ïðîòèâíå, òîáòî η0 < δ1.
Òîäi äëÿ äîâiëüíîãî h ∈ (η0, δ1) âíàñëiäîê (9) òà óìîâ (6)-(7)

iñíó¹ ÷èñëî th ∈ (η0, h) òàêå, ùî ‖A‖ ≥ a2(th). Îòæå, â ñèëó

íåïåðåðâíîñòi α2(·), ‖A‖ ≥ a2(η0). Àëå îñòàííÿ íåðiâíiñòü ñóïå-
ðå÷èòü íåðiâíîñòÿì (10) i (8). Îòæå, ïðèïóùåííÿ íåâiðíå. Òîìó

íåðiâíiñòü (6) ìà¹ ìiñöå ïðè âñiõ t ∈ (0, δ1). �

4. Íåõàé A � çàìêíåíèé ëiíiéíèé îïåðàòîð çi ùiëüíîþ îáëà-

ñòþ âèçíà÷åííÿ D(A) â ïðîñòîði X. Ïîçíà÷èìî ÷åðåç C∞(A)
ìíîæèíó âñiõ íåñêií÷åííî äè�åðåíöiéîâíèõ âåêòîðiâ îïåðàòî-

ðà A:

C∞(A) =
⋂

n∈N0

D(An), N0 = N ∪ {0}.

Äëÿ ÷èñëà α > 0 ïîêëàäåìî:

E
α(A) =

{
x ∈ C∞(A) | ∃c = c(x) > 0 ∀k ∈ N0

∥∥∥Akx
∥∥∥ ≤ cαk

}
.

Ìíîæèíà Eα(A) ¹ áàíàõîâèì ïðîñòîðîì ùîäî íîðìè

‖x‖Eα(A) = sup
n∈N0

‖Anx‖
αn

.

Òîäi E(A) =
⋃
α>0

Eα(A) � ëiíiéíèé ëîêàëüíî-îïóêëèé ïðîñòið

âiäíîñíî òîïîëîãi¨ iíäóêòèâíî¨ ãðàíèöi áàíàõîâèõ ïðîñòîðiâ

E(A) = lim ind
α→∞

Eα(A).

Åëåìåíòè ïðîñòîðó E(A) íàçèâàþòüñÿ öiëèìè âåêòîðàìè åêñ-
ïîíåíöiàëüíîãî òèïó îïåðàòîðà A.

Òåîðåìà 1. Íåõàé

1. {T (t) : t ≥ 0} � ïiâãðóïà êëàñó C0 â áàíàõîâîìó ïðîñòîði

X ç ãåíåðàòîðîì A.
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2. Ìíîæèíà E(A) öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî

òèïó îïåðàòîðà A âñþäè ùiëüíà â X.

Òîäi ÿêùî iñíó¹ âèìiðíà çà Ëåáåãîì íà [0,∞) �óíêöiÿ β, ùî
çàäîâîëüíÿ¹ óìîâó (1), äëÿ ÿêî¨

(11) lim
t→+0

‖T (t)− T (β(t))‖ < 1,

òî ãåíåðàòîð A � îáìåæåíèé.

Çàóâàæåííÿ 1. Çàãàëüíîâiäîìî, ùî êîëè {T (t) : t ≥ 0} � C0-

ïiâãðóïà ç íîðìàëüíèì ãåíåðàòîðîì A â ãiëüáåðòîâîìó ïðî-

ñòîði (H, ‖·‖), òî ìíîæèíà E(A) âñþäè öiëüíà â H. Îòæå,

íàâåäåíèé ó âñòóïíié ÷àñòèíi ñòàòòi îñíîâíèé ðåçóëüòàò

ðîáîòè [2℄ ¹ ÷àñòèííèì âèïàäêîì òåîðåìè 1.

Äîâåäåííÿ òåîðåìè 1. Íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ââà-

æàòè, ùî �óíêöiÿ β(·) îáìåæåíà íà [0,∞). Ñïðàâäi, ç óìîâè
β(t)
t → 0, t→ +0, âèïëèâà¹, ùî �óíêöiÿ β îáìåæåíà â äåÿêîìó

îêîëi íóëÿ. Òîìó ìè çàâæäè ìîæåìî çàìiíèòè �óíêöiþ β íà

�óíêöiþ β1, ÿêà ¹ îáìåæåíà íà [0,∞) i äîðiâíþ¹ β â îêîëi íóëÿ.
Òàêîæ, íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè, ùî

�óíêöiÿ β iñòîòíî âiäìiííà âiä íóëÿ â îêîëi íóëÿ, òîáòî çàäî-

âîëüíÿ¹ óìîâó (3). Ñïðàâäi, ÿêùî �óíêöiÿ β íå çàäîâîëüíÿ¹

(3), òî âîíà äîðiâíþ¹ íóëþ ìàéæå ñêðiçü, çà ìiðîþ Ëåáåãà, ó

äåÿêîìó îêîëi íóëÿ. Òîìó, âèêîðèñòîâóþ÷è óìîâó (11) i âðàõî-

âóþ÷è ñèëüíó íåïåðåðâíiñòü ïiâãðóïè {T (t)}, íåâàæêî äîâåñòè,
ùî lim

t→+0
‖T (t)− I‖ < 1. I îòæå, ìè ïðèõîäèìî äî âiäîìîãî âè-

ïàäêó, äëÿ ÿêîãî òåîðåìà 1 âæå äîâåäåíà.

Ç óìîâè (11) âèïëèâà¹ iñíóâàííÿ òàêèõ ÷èñåë δ > 0 i

q ∈ (0, 1), ùî

(12) ‖T (t)− T (β(t))‖ ≤ q, t ∈ (0, δ).

Íåõàé α > 0. Ïîêëàäåìî:

Tα(t) := T (t) ↾ Eα(A), t ≥ 0,
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äå T (t) ↾ Eα(A) � çâóæåííÿ ïiâãðóïè T (t) íà ïðîñòið

Eα(A). Íåâàæêî ïåðåêîíàòèñü, ùî {Tα(t) : t ≥ 0} � ïiâãðóïà

êëàñó C0 â (áàíàõîâîìó) ïðîñòîði (Eα(A), ‖·‖Eα(A)), ïðè÷îìó

ãåíåðàòîðîì ïiâãðóïè {Tα(t)} ¹ îïåðàòîð

Aα = A ↾ Eα(A), òîáòî îïåðàòîð Aαx = Ax ∈ Eα(A), x ∈ Eα(A).
Çãiäíî ç [3, òåîðåìà 1℄, Aα ¹ ëiíiéíèì íåïåðåðâíèì îïåðàòîðîì

íà ïðîñòîði (Eα(A), ‖·‖Eα(A)). Êðiì òîãî, ïðè x ∈ Eα(A), t ≥ 0

i n ∈ N0 ìà¹ìî:

‖AnT (t)x‖ = ‖T (t)Anx‖ ≤ ‖T (t)‖ ‖Anx‖ ≤ ‖T (t)‖ ‖x‖
Eα(A) α

n.

Îòæå, äëÿ x ∈ Eα(A) ‖T (t)x‖Eα(A) ≤ ‖T (t)‖ ‖x‖Eα(A), t ≥ 0.

Òîáòî ‖Tα(t)‖L(Eα(A)) ≤ ‖T (t)‖, t ≥ 0, à òîìó:

(13) MTα(t) = sup
0≤s≤t

‖Tα(s)‖L(Eα(A)) ≤MT (t) =M(t), t ≥ 0.

Ïðè x ∈ Eα(A), t ∈ (0, δ) i n ∈ N0 âèêîðèñòîâóþ÷è íåðiâíiñòü

(12) îòðèìó¹ìî:

‖An(T (t)− T (β(t)))x‖ = ‖(T (t)− T (β(t)))Anx‖ ≤
≤ ‖T (t)− T (β(t))‖ ‖Anx‖ ≤ q ‖x‖Eα(A) α

n,

òîáòî,

‖Tα(t)− Tα(β(t))‖L(Eα(A)) ≤ q, t ∈ (0, δ).

Íåõàé ÷èñëî δ1 > 0 çàäîâîëüíÿ¹ óìîâó

4M(δ)(M(δ) + 1)
β̃(t)

t
< (1− q)2, t ∈ (0, δ1).

Òîäi, çãiäíî ç (13),

4MTα(δ)(MTα(δ) + 1)
β̃(t)

t
< (1− q)2, t ∈ (0, δ1).
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Çâiäñè, âèêîðèñòîâóþ÷è ëåìó 1 i íåðiâíiñòü (13), ïðè äîâiëüíî-

ìó �iêñîâàíîìó τ ∈ (0, δ1) îòðèìó¹ìî:

(14) ‖Aα‖L(Eα(A)) ≤

≤ 2(MTα(δ) + 1)

τ

(
(1− q) +

√
(1− q)2 − 4MTα(δ)(MTα(δ) + 1) β̃(τ)τ

) ≤

≤ 2(M(δ) + 1)

τ

(
(1− q) +

√
(1− q)2 − 4M(δ)(M(δ) + 1) β̃(τ)τ

) =:

=: Qτ ,

äå α > 0, à êîíñòàíòà Qτ íå çàëåæèòü âiä ÷èñëà α.
�îçãëÿíåìî äîâiëüíèé âåêòîð x ∈ X. Îñêiëüêè ìíîæèíà E(A)

� ùiëüíà â X, òî, çãiäíî ç [3, òåîðåìà 4℄, âåêòîð x ìîæíà ïîäàòè
ó âèãëÿäi:

x =

∞∑

k=1

xk äå xk ∈ Ek(A), k ∈ N;

∞∑

k=1

‖xk‖Ek(A) <∞.

Ïðîòå, çãiäíî iç (14),

∞∑

k=1

‖Axk‖ ≤
∞∑

k=1

‖Axk‖Ek(A) =

=

∞∑

k=1

‖Akxk‖Ek(A) ≤ Qτ

∞∑

k=1

‖xk‖Ek(A) <∞.

À òîìó, ðÿä

∑∞
k=1Axk � çáiæíèé. Çâiäñè îòðèìó¹ìî, âðàõîâó-

þ÷è çàìêíóòiñòü îïåðàòîðà A, ùî

x =

∞∑

k=1

xk ∈ D(A) .

Îòæå, äîâiëüíèé âåêòîð x ∈ X íàëåæèòü äî îáëàñòi âèçíà÷åííÿ

D(A). Öå i îçíà÷à¹, ùî A ∈ L(X). �
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ðîçâ'ÿçêiâ ñèñòåì

äè�åðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü

íåéòðàëüíîãî òèïó

Îäåðæàíi äîñòàòíi óìîâè iñíóâàííÿ i ¹äèíîñòi íåïåðåðâíî

äè�åðåíöiéîâíîãî N-ïåðiîäè÷íîãî (N � öiëå äîäàòíå ÷èñëî)

ðîçâ'ÿçêó ñèñòåì äè�åðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü íåéòðàëüíîãî

òèïó i äîñëiäæåíi éîãî âëàñòèâîñòi.

We obtain sufficient conditions for existence and unicity of continuously
differentiable and N-periodic (N — positive integer) solution to system of
differential-functional equations of neutral type with linear deviations of
the argument. We also investigate properties of this solution.

�îçãëÿíåìî ñèñòåìó äè�åðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü âèã-

ëÿäó

(1) ẋ(t) = Ax(t) + f(t, x(t), x(t− 1), ẋ(t− 1)),

äå t ∈ R, A = (aij) � íåâèðîäæåíà (n × n)-ìàòðèöÿ, äiéñíi ÷à-
ñòèíè âëàñíèõ çíà÷åíü ÿêî¨ âiäìiííi âiä íóëÿ, âåêòîð-�óíêöiÿ

f(t, x, y, z) : R × Rn × Rn × Rn −→ Rn ¹ íåïåðåðâíîþ çà âñiìà

çìiííèìè òà N -ïåðiîäè÷íîþ ïî t (N � öiëå äîäàòíå ÷èñëî). Ïè-

òàííÿ ïðî iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ äåÿêèõ êëàñiâ òà-

êèõ ñèñòåì ðiâíÿíü äîñëiäæóâàëèñü â [ [1℄- [7℄℄. Ïðîäîâæóþ÷è öi

äîñëiäæåííÿ, â äàíié ðîáîòi âñòàíîâëþþòüñÿ óìîâè iñíóâàííÿ
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i ¹äèíîñòi N -ïåðiîäè÷íîãî ðîçâ'ÿçêó ñèñòåìè (1), ïðîïîíó¹òüñÿ

ìåòîä éîãî ïîáóäîâè i âèâ÷àþòüñÿ éîãî âëàñòèâîñòi.

Íå ïîðóøóþ÷è çàãàëüíîñòi, äàëi áóäåìî ââàæàòè, ùî

A = diag

(
A1, A2

)
,

äå A1, A2 � äiéñíi, ñòàëi ìàòðèöi ðîçìiðó (p×p) òà (n−p×n−p)
âiäïîâiäíî, âëàñíi çíà÷åííÿ ÿêèõ çàäîâîëüíÿþòü óìîâàì

Reλi(A1) < 0, i = 1, p,

Reλi(A2) > 0, i = p+ 1, n.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:

1) äëÿ äîâiëüíèõ (t, ¯̄x, ¯̄y, ¯̄z), (t, x̄, ȳ, z̄) ∈ R×Rn×Rn×Rn ìà¹

ìiñöå ñïiââiäíîøåííÿ

|f(t, ¯̄x, ¯̄y, ¯̄z) − f(t, x̄, ȳ, z̄)| ≤ L(|¯̄x− x̄|+ |¯̄y − ȳ|+ |¯̄z − z̄|),
äå L � äåÿêå äîäàòíå ÷èñëî;

2) max
t∈[0;N)

|f(t, 0, 0, 0)| = f∗ < +∞;

3)|eA1t| ≤ N1e
−α1t, |e−A2t| ≤ N2e

−α2t, t ∈ R+, äå α1, α2, N1,

N2 � äåÿêi äîäàòíi ñòàëi, N1, N2 ≥ 1;

4) ∆ = 2L
(
(
N1

α1
+
N2

α2
)(|A|+ 1) + 1

)
< 1,

äå

|A| = max
i

n∑

j=1

|aij |.

Òîäi iñíó¹ ¹äèíèé íåïåðåðâíî äè�åðåíöiéîâíèé N -ïåðiîäè÷íèé

ðîçâ'ÿçîê γ(t) ñèñòåìè ðiâíÿíü (1).
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Äîâåäåííÿ. ßêùî x(t) � äåÿêèé ïåðiîäè÷íèé ðîçâ'ÿçîê ñè-

ñòåìè ðiâíÿíü (1), òîáòî âèêîíó¹òüñÿ óìîâà

x(t+N) = x(t), t ∈ R,

òî, ïðèéìàþ÷è äî óâàãè (1), îòðèìó¹ìî

ẋ(t)=Ax(t) + f(t, x(t), x(t +N − 1), ẋ(t+N − 1)),

ẋ(t+ 1)=Ax(t+ 1) + f(t+ 1, x(t+ 1), x(t), ẋ(t)),

ẋ(t+ 2)=Ax(t+ 2) + f(t+ 2, x(t+ 2), x(t+ 1), ẋ(t+ 1)),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
ẋ(t+N− 1)=Ax(t+N− 1)+

f(t+N− 1, x(t+N− 1), x(t+N− 2), ẋ(t+N− 2)).

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ

x(t+ i) = xi(t), i = 0, N−1

X(t) = (x0(t), x1(t), . . . , xN−1(t)),

(2) f̃(t,X(t), Ẋ(t)) =
(
f(t, x0(t), ẋN−1(t), ẋN−1(t)),

f(t+ 1, x1(t), x0(t), ẋ0(t)), f(t+ 2, x2(t), x1(t), ẋ1(t)), . . . ,

. . . , f(t+N − 1, xN−1(t), xN−2(t), ẋN−2(t))
)
.

Î÷åâèäíî, ùî â ñèëó óìîâè 2) òà N -ïåðiîäè÷íîñòi ïî t âåê-
òîð-�óíêöi¨ f(t, x, y, z), ìàòèìóòü ìiñöå ñïiââiäíîøåííÿ

f̃(t+N,X, Y ) = f̃(t,X, Y ), t ∈ R,

(3) max
t∈[0;N)

|f̃(t, 0, 0)| = f∗.

Íà îñíîâi óìîâè 1), äëÿ äîâiëüíèõ t∈R,

X̄=(x̄0, x̄1, . . . , x̄N−1), Ȳ = (ȳ0, ȳ1, . . . , ȳN−1),

¯̄X = (¯̄x0, ¯̄x1, . . . , ¯̄xN−1),
¯̄Y = (¯̄y0, ¯̄y1, . . . , ¯̄yN−1),

ùî íàëåæàòü RnN , îäåðæèìî

|f(t, x̄0, x̄N−1, ȳN−1)− f(t, ¯̄x0, ¯̄xN−1, ¯̄yN−1)| ≤
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(4) ≤ L
(
|x̄0 − ¯̄x0|+ |x̄N−1 − ¯̄xN−1|+ |ȳN−1 − ¯̄yN−1|

)
≤

≤ 2L
(
|X̄ − ¯̄X|+ |Ȳ − ¯̄Y |

)
.

Àíàëîãi÷íî îòðèìó¹ìî

(5) |f(t+ i, x̄i, x̄i−1, ȳi−1)− f(t+ i, ¯̄xi, ¯̄xi−1, ¯̄yi−1)| ≤

≤ 2L
(
|X̄ − ¯̄X|+ |Ȳ − ¯̄Y |

)
, i = 1, N − 1.

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî âåêòîð-�óíêöiÿ

f̃(t,X, Y ) çàäîâîëüíÿ¹ óìîâi

(6) |f̃(t, X̄, Ȳ )− f̃(t, ¯̄X, ¯̄Y )| ≤ 2L
(
|X̄ − ¯̄X|+ |Ȳ − ¯̄Y |

)

ïðè âñiõ t ∈ R, X̄, Ȳ , ¯̄X, ¯̄Y ∈ RnN .
�îçãëÿíåìî òåïåð ñèñòåìó

(7) Ẋ(t) = ÃX(t) + f̃(t,X(t), Ẋ(t)),

äå Ã = diag[A,A, . . . , A].
Î÷åâèäíî, ùî ÿêùî γ(t) � N -ïåðiîäè÷íèé ðîçâ'ÿçîê ñèñòå-

ìè äè�åðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü (1), òî âåêòîð-�óíêöiÿ
Γ(t) = (γ(t), γ(t+1), . . . , . . . , γ(t+N −1)) áóäå N -ïåðiîäè÷íèì

ðîçâ'ÿçêîì ñèñòåìè çâè÷àéíèõ äè�åðåíöiàëüíèõ ðiâíÿíü (7).
Äëÿ ïîáóäîâè N -ïåðiîäè÷íîãî ðîçâ'ÿçêó ñèñòåìè (7) ñêîðèñ-

òà¹ìîñÿ ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü, ÿêi âèçíà÷èìî çà äî-

ïîìîãîþ ñïiââiäíîøåíü

X0(t) = 0, Ẋ0(t) = 0,

(8) Xm(t) =

+∞∫

−∞

G̃(t− τ)f̃(τ,Xm−1(τ), Ẋm−1(τ))dτ,

Ẋm(t) = ÃXm(t) + f̃(t,Xm−1(t), Ẋm−1(t)),

m = 1, 2, . . . ,
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äå

G̃(t) = diag

(
G(t), G(t), . . . , G(t)

)
,

G(t) =





−diag
(
0, eA2t

)
, ïðè t < 0,

diag

(
eA1t, 0

)
, ïðè t > 0.

�îçìiðêîâóþ÷è çà iíäóêöi¹þ, íåâàæêî ïåðåêîíàòèñÿ ó òîìó,

ùî Xm(t), m ≥ 0, ¹ íåïåðåðâíî äè�åðåíöiéîâíèìè ïðè t ∈ R i

N -ïåðiîäè÷íèìè.

Ïîêàæåìî, ùî ïîñëiäîâíîñòi âåêòîð-�óíêöié Xm(t),

Ẋm(t), m = 0, 1, . . ., âèçíà÷åíi ñïiââiäíîøåííÿìè (8), ðiâíî-

ìiðíî çáiãàþòüñÿ ïðè t ∈ R. Äëÿ öüîãî, î÷åâèäíî, äîñòàòíüî

ïîêàçàòè, ùî ïðè t ∈ R i âñiõ öiëèõ m ≥ 1 ìàþòü ìiñöå îöiíêè

(9)

|Xm(t)−Xm−1(t)| ≤M1∆
m−1,

|Ẋm(t)− Ẋm−1(t)| ≤M2∆
m−1,

äå

M1 =
(N1

α1
+
N2

α2

)
f∗, M2 =

(
|A|(N1

α1
+
N2

α2
) + 1

)
f∗.

Ñïðàâäi, â ñèëó (3) ìà¹ìî

|X1(t)−X0(t)| = |
+∞∫

−∞

G̃(t− τ)f̃(t, 0, 0)dτ | ≤

≤
+∞∫

−∞

|G̃(t− τ)||f̃ (t, 0, 0)|dτ ≤
+∞∫

−∞

|G(t− τ)||f̃ (t, 0, 0)|dτ ≤

≤ f∗
( t∫

−∞

N1e
−α1(t−τ)dτ +

+∞∫

t

N2e
−α2(τ−t)dτ

)
≤

≤ f∗
(N1

α1
+
N2

α2

)
,
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|Ẋ1(t)− Ẋ0(t)| = |ÃX1(t) + f̃(t, 0, 0)| ≤
≤ |Ã||X1(t)|+ |f̃(t, 0, 0)| ≤ |A||X1(t)|+ |f̃(t, 0, 0)| ≤

≤
(
|A|(N1

α1
+
N2

α2
) + 1

)
f∗,

òîáòî îöiíêè (9) ìàþòü ìiñöå ïðè m = 1.
Ïðèïóñòèìî, ùî îöiíêè (9) äîâåäåíi óæå äëÿ äåÿêîãî m− 1

i ïîêàæåìî, ùî âîíè íå çìiíÿòüñÿ ïðè ïåðåõîäi äî m. Ñïðàâäi,
â ñèëó (9) òà óìîâè (6) îäåðæèìî

|Xm(t)−Xm−1(t)| =

=
∣∣∣
+∞∫

−∞

G̃(t−τ)
(
f̃(τ,Xm−1(τ), Ẋm−1(τ))−f̃(τ,Xm−2(τ), Ẋm−2(τ))

)
dτ
∣∣∣ ≤

≤ 2L

+∞∫

−∞

|G̃(t−τ)|
(
|Xm−1(τ)−Xm−2(τ)|+ |Ẋm−1(τ)− Ẋm−2(τ)|

)
dτ ≤

≤ 2L(M1 +M2)∆
m−2

+∞∫

−∞

|G̃(t− τ)|dτ =

= 2L
(
(
N1

α1
+
N2

α2
)f∗ +

(
|A|(N1

α1
+
N2

α2
) + 1

)
f∗
)
∆m−2

+∞∫

−∞

|G̃(t− τ)|dτ =

= f∗∆m−1

+∞∫

−∞

|G̃(t− τ)|dτ ≤ f∗∆m−1

+∞∫

−∞

|G(t− τ)|dτ ≤

≤ f∗∆m−1
( t∫

−∞

N1e
−α1(t−τ)dτ +

+∞∫

t

N2e
−α2(τ−t)dτ

)
=

=
(N1

α1
+
N2

α2

)
f∗∆m−1 =M1∆

m−1,

|Ẋm(t)− Ẋm−1(t)| =
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= |ÃXm(t)+

+ f̃(t,Xm−1(t), Ẋm−1(t)) − ÃXm−1(t)− f̃(t,Xm−2(t), Ẋm−2(t))| ≤

≤ |Ã| · |Xm(t)−Xm−1(t)|+

+ 2L
(
|Xm−1(t)−Xm−2(t)|+ |Ẋm−1(t)− Ẋm−2(t)|

)
≤

≤ |Ã|M1∆
m−1 + 2L(M1 +M2)∆

m−2 =

= |Ã|M1∆
m−1 + 2L

(
(
N1

α1
+
N2

α2
)(|A| + 1) + 1

)
f∗∆m−2 ≤

≤ |A|M1∆
m−1 + f∗∆m−1 =

=
(
|A|(N1

α1
+
N2

α2
) + 1

)
f∗∆m−1 =M2∆

m−1.

Òàêèì ÷èíîì, îöiíêè (9) ìàþòü ìiñöå ïðè âñiõ m ≥ 1 i, îò-

æå, ïîñëiäîâíîñòi âåêòîð-�óíêöié Xm(t), Ẋm(t), m = 0, 1, . . . ,
ðiâíîìiðíî çáiãàþòüñÿ ïðè t ∈ R, à âåêòîð-�óíêöiÿ

(10) Γ(t) =

∞∑

m=1

(Xm(t)−Xm−1(t))

áóäå íåïåðåðâíî äè�åðåíöiéîâíèì N -ïåðiîäè÷íèì ðîçâ'ÿçêîì

ñèñòåìè ðiâíÿíü (7).

Ïîêàæåìî òåïåð, ùî òàê ïîáóäîâàíèé ðîçâ'ÿçîê

Γ(t) = (γ0(t), γ1(t), . . . , γN−1(t))

ñèñòåìè (7) áóäå ¹äèíèì.

Äiéñíî, ïðèïóñòèâøè, ùî iñíó¹ ùå îäèí íåïåðåðâíî äè�å-

ðåíöiéîâíèé N -ïåðiîäè÷íèé ðîçâ'ÿçîê Y (t) ñèñòåìè ðiâíÿíü (7)
(Γ(t) 6≡ Y (t)), îäåðæèìî

|Γ(t)− Y (t)| =
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=
∣∣∣
+∞∫

−∞

G̃(t− τ)
(
f̃(τ,Γ(τ), Γ̇(τ))− f̃(t, Y (τ), Ẏ (τ))

)
dτ
∣∣∣ ≤

≤ 2L

+∞∫

−∞

|G̃(t− τ)|
(
|Γ(τ)− Y (τ)|+ |Γ̇(τ)− Ẏ (τ)|

)
dτ ≤

≤ 2L||Γ(t)− Y (t)||
+∞∫

−∞

|G(t− τ)|dτ ≤

≤ 2L||Γ(t)− Y (t)||
( t∫

−∞

N1e
−α1(t−τ)dτ +

+∞∫

t

N2e
−α2(τ−t)dτ

)
=

= 2L
(N1

α1
+
N2

α2

)
||Γ(t)− Y (t)||,

|Γ̇(t)− Ẏ (t)| =
= |ÃΓ(t) + f̃(t,Γ(t), Γ̇(t))− ÃY (t)− f̃(t, Y (t), Ẏ (t))| ≤

≤ |Ã| · |Γ(t)− Y (t)|+ 2L
(
|Γ(t)− Y (t)|+ |Γ̇(t)− Ẏ (t)|

)
≤

≤ 2L|A|
(N1

α1
+
N2

α2

)
||Γ(t)− Y (t)||+ 2L||Γ(t) − Y (t)|| =

= 2L
(
|A|(N1

α1
+
N2

α2
) + 1

)
||Γ(t)− Y (t)||,

äå ||Γ(t)− Y (t)|| = max
t∈[0;N)

(
|Γ(t)− Y (t)|+ |Γ̇(t)− Ẏ (t)|

)
.

Çâiäñè âèïëèâà¹

||Γ(t)− Y (t)|| ≤ ∆||Γ(t)− Y (t)||,
ùî ìîæëèâî ëèøå ó âèïàäêó, êîëè Γ(t) ≡ Y (t). Îòðèìàíå ïðî-
òèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ òâåðäæåííÿ, ùî âåêòîð-�óíêöiÿ

Γ(t) = (γ0(t), γ1(t), . . . , γN−1(t)), ÿêà âèçíà÷à¹òüñÿ ñïiââiäíî-

øåííÿì (10), ¹ ¹äèíèì íåïåðåðâíî äè�åðåíöiéîâíèì N -ïåðiî-

äè÷íèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (7).
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Îñêiëüêè ñèñòåìà (7) ìà¹ âèãëÿä

(11)





ẋ0(t)=Ax0(t) + f(t, x0(t), xN−1(t), ẋN−1(t)),

ẋ1(t)=Ax1(t) + f(t+ 1, x1(t), x0(t), ẋ0(t)),

ẋ2(t)=Ax2(t) + f(t+ 2, x2(t), x1(t), ẋ1(t)),

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
ẋN−1(t)=AxN−1(t) + f(t+N−1, xN−1(t), xN−2(t), ẋN−2(t)),

òî ìîæíà ïåðåêîíàòèñÿ, âðàõóâàâøè N -ïåðiîäè÷íiñòü ïî t âåê-
òîð-�óíêöi¨ f(t, x, y, z), ùî âåêòîð-�óíêöiÿ

Γ̄(t) = (γN−1(t+ 1), γ0(t+ 1), . . . , γN−2(t+ 1))

òàêîæ áóäå N -ïåðiîäè÷íèì ðîçâ'ÿçêîì ñèñòåìè (7). Â ñèëó ¹äè-

íîñòi îòðèìà¹ìî

(12)

γN−1(t+ 1) = γ0(t),
γ0(t+ 1) = γ1(t),
γ1(t+ 1) = γ2(t),

· · · · · · · · · · · · · · · · · · · · ·
γN−2(t+ 1) = γN−1(t),

t ∈ R,

çâiäêè áåçïîñåðåäíüî âèïëèâà¹, ùî γN−1(t) = γ0(t− 1).
Îñêiëüêè â ñèëó (11) ìà¹ìî

γ̇0(t) = Aγ0(t) + f(t, γ0(t), γN−1(t), γ̇N−1(t)),

òî ïðèéìàþ÷è äî óâàãè (12), îòðèìó¹ìî

γ̇(t) = Aγ(t) + f(t, γ(t), γ(t− 1), γ̇(t− 1)),

äå γ(t) = γ0(t), t ∈ R.
Òàêèì ÷èíîì, íåïåðåðâíî äè�åðåíöiéîâíà N -ïåðiîäè÷íà âåê-

òîð-�óíêöiÿ γ(t) ¹ ðîçâ'ÿçêîì ñèñòåìè (1).

Ïðèïóñòèìî, ùî iñíó¹ ùå îäèí íåïåðåðâíî äè�åðåíöiéîâíèé

N -ïåðiîäè÷íèé ðîçâ'ÿçîê γ̃(t) ñèñòåìè ðiâíÿíü (1) (γ(t) 6≡ γ̃(t)).
Òîäi N -ïåðiîäè÷íà âåêòîð-�óíêöiÿ

Γ̃(t) = (γ̃(t), γ̃(t+ 1), . . . , γ̃(t+N − 1)
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áóäå çàäîâîëüíÿòè ñèñòåìó (7). Â ñèëó ¹äèíîñòi N -ïåðiîäè÷-

íîãî ðîçâ'ÿçêó ñèñòåìè (7), îäåðæèìî

γ̃(t) = γ(t), t ∈ R.

Îòðèìàíå ïðîòèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Âèêîíóþ÷è â (1) çàìiíó çìiííèõ

(13) x(t) = y(t) + γ(t),

äå γ(t) � N -ïåðiîäè÷íèé ðîçâ'ÿçîê öi¹¨ ñèñòåìè, îäåðæó¹ìî ñè-

ñòåìó ðiâíÿíü âèãëÿäó

(14) ẏ(t) = Ay(t) + Φ(t, y(t), y(t− 1), ẏ(t− 1)),

äå

Φ(t, y(t), y(t− 1), ẏ(t− 1)) =

= f(t, γ(t) + y(t), γ(t − 1) + y(t− 1), γ̇(t− 1)+

+ ẏ(t− 1))− f(t, γ(t), γ(t− 1), γ̇(t− 1)).

Î÷åâèäíî, ùî âåêòîð-�óíêöiÿ Φ(t, x, y, z) âiäïîâiäà¹ óìîâàì 1)

� 2) òåîðåìè 1 i Φ(t, 0, 0, 0) ≡ 0 ïðè t ∈ R.

�îçãëÿíåìî ñèñòåìó (14) ïðè t ≤ 0. Ìà¹ ìiñöå íàñòóïíà òåî-

ðåìà.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè 1) � 3) òåîðåìè 1 i

óìîâà

4

′) ∆− =
( N1

α1 + α∗
+

N2

α2 − α∗

)
(3 + |A|)L < 1,

äå α∗ � äåÿêà äîäàòíà ñòàëà òàêà, ùî 0 < α2 − α∗ < 1.

Òîäi iñíó¹ (n − p)-ïàðàìåòðè÷íà ñiì'ÿ y−(t) ðîçâ'ÿçêiâ ñè-

ñòåìè (14) ó âèãëÿäi ðÿäó

(15) y−(t) =
∞∑

i=0

yi(t)
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(yi(t), i = 0, 1, . . . , � äåÿêi íåïåðåðâíî äè�åðåíöiéîâíi âåêòîð-

�óíêöi¨), äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà

lim
t→−∞

y−(t) = 0.

Äîâåäåííÿ. �îçãëÿíåìî ïîñëiäîâíiñòü ñèñòåì ðiâíÿíü

ẏ0(t) = Ay0(t),

ẏ1(t) = Ay1(t) + Φ(t, y0(t), y0(t− 1), ẏ0(t− 1)),

(16) ẏi(t) = Ayi(t) +
[
Φ(t,

i−1∑

j=0

yj(t),
i−1∑

j=0

yj(t− 1),
i−1∑

j=0

ẏj(t− 1))−

−Φ(t,

i−2∑

j=0

yj(t),

i−2∑

j=0

yj(t− 1),

i−2∑

j=0

ẏj(t− 1))
]
,

i = 2, 3, . . .

Ëåãêî ïåðåêîíàòèñÿ, ùî íåïåðåðâíî äè�åðåíöiéîâíi ïðè t ≤
0 âåêòîð-�óíêöi¨

y0(t) = diag

(
0, eA2tCn−p

)
,

y1(t) =

0∫

−∞

G(t− τ)Φ(τ, y0(τ), y0(τ − 1), ẏ0(τ − 1))dτ,

(17) yi(t) =

0∫

−∞

G(t− τ)σi−1(τ)dτ,

ẏ0(t) = diag

(
0, A2e

A2tCn−p
)
,

ẏ1(t) = Ay1(t) + Φ(t, y0(t), y0(t− 1), ẏ0(t− 1)),

ẏi(t) = Ayi(t) + σi−1(t),

i = 2, 3, . . .
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äå Cn−p � äîâiëüíèé âåêòîð-ñòîâïåöü ðîçìiðíîñòi n− p,

σi−1(t) = Φ(t,

i−1∑

j=0

yj(t),

i−1∑

j=0

yj(t− 1),

i−1∑

j=0

ẏj(t− 1))−

−Φ(t,
i−2∑

j=0

yj(t),
i−2∑

j=0

yj(t− 1),
i−2∑

j=0

ẏj(t− 1)),

¹ ðîçâ'ÿçêàìè âiäïîâiäíèõ ñèñòåì ðiâíÿíü (16) ïðè t ≤ 0.
Ïîêàæåìî, ùî ðÿä (15), ÷ëåíè ÿêîãî âèçíà÷àþòüñÿ �îðìó-

ëàìè (17), ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ≤ 0 i éîãî ñóìà

y−(t) → 0 ïðè t→ −∞. Äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî ïðè

t ≤ 0 âèêîíóþòüñÿ íàñòóïíi ñïiââiäíîøåííÿ:

(18) |yi(t)| ≤ M̂1∆
i
−e

α∗t, |ẏi(t)| ≤ M̂2∆
i
−e

α∗t,

i = 0, 1, . . .

äå

M̂1 = N2|Cn−p|, M̂2 = (|A| + 1)M̂1.

Ñïðàâäi, íåõàé i = 0. Òîäi â ñèëó óìîâè 3) òåîðåìè 1 ìà¹ìî

|y0(t)| = |diag(0, eA2tCn−p)| ≤ N2e
α2t|Cn−p| ≤ M̂1e

α2t,

|ẏ0(t)| = |diag(0, A2e
A2tCn−p)| ≤ |A2|M̂1e

α2t ≤ M̂2e
α2t.

Çâiäñè âèïëèâà¹:

|y0(t)| ≤ M̂1e
α∗t, |ẏ0(t)| ≤ M̂2e

α∗t, ïðè t ≤ 0,

äå α∗ � äåÿêà äîäàòíà ñòàëà òàêà, ùî 0 < α2 − α∗ < 1.
Ïðèïóñòèìî, ùî ñïiââiäíîøåííÿ (18) äîâåäåíi óæå äëÿ äå-

ÿêèõ

m=0, 1, . . . , i−1 i ïîêàæåìî, ùî âîíè íå çìiíÿòüñÿ ïðè ïåðåõîäi
âiä i−1 äî i. Äiéñíî, íà ïiäñòàâi (17) i óìîâ òåîðåìè îäåðæó¹ìî

|yi(t)| = |
0∫

−∞

G(t − τ)σi−1(τ)dτ | ≤
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≤
0∫

−∞

|G(t− τ)|L
(
|yi−1(τ)|+ |yi−1(τ − 1)|+ |ẏi−1(τ − 1)|

)
dτ ≤

≤ L(3 + |A|)M̂1∆
i−1
−

( t∫

−∞

N1e
−α1(t−τ)eα∗τdτ+

+

0∫

t

N2e
−α2(τ−t)eα∗τdτ

)
≤

≤ L(3 + |A|)M̂1∆
i−1
−

( N1

α1 + α∗

+
N2

α2 − α∗

)
eα∗t ≤ M̂1∆

i
−e

α∗t,

|ẏi(t)| = |Ayi(t) + σi−1(t)| ≤

≤ |A||yi(t)|+ L
(
|yi−1(t)| + |yi−1(t− 1)|+ |ẏi−1(t− 1)|

)
≤

≤ |A|M̂1∆
i
−e

α∗t + L(3 + |A|)M̂1∆
i−1
−

eα∗t ≤

≤ |A|M̂1∆
i
−e

α∗t + L(3 + |A|)
( N1

α1 + α∗

+
N2

α2 − α∗

)
M̂1∆

i−1
−

eα∗t ≤

≤ M̂2∆
i
−e

α∗t.

Öèì ñàìèì ñïðàâåäëèâiñòü íåðiâíîñòåé (18) äîâåäåíà äëÿ äî-

âiëüíèõ i = 0, 1, . . . , çâiäêè áåçïîñåðåäíüî âèïëèâà¹, ùî

lim
t→−∞

yi(t) = 0.

Òîäi â ñèëó óìîâè 4

′
) ðÿäè

y−(t) =
∞∑

i=0

yi(t),

(19) ẏ−(t) =
∞∑

i=0

ẏi(t),

÷ëåíè ÿêèõ âèçíà÷àþòüñÿ �îðìóëàìè (17), ðiâíîìiðíî çáiãàþ-

òüñÿ ïðè t ≤ 0 i âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lim
t→−∞

y−(t) = 0.
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Äëÿ äîâåäåííÿ òåîðåìè çàëèøà¹òüñÿ ïîêàçàòè, ùî ðÿä

(20) Φ(t, y0(t), y0(t− 1), ẏ0(t− 1))+

+

∞∑

i=2

[
Φ(t,

i−1∑

j=0

yj(t),

i−1∑

j=0

yj(t− 1),

i−1∑

j=0

ẏj(t− 1))−

− Φ(t,

i−2∑

j=0

yj(t),

i−2∑

j=0

yj(t− 1),

i−2∑

j=0

ẏj(t− 1))
]
,

äå yi(t) âèçíà÷àþòüñÿ �îðìóëàìè (17), ðiâíîìiðíî çáiãà¹òüñÿ

ïðè t ≤ 0 i éîãî ñóìà äîðiâíþ¹ Φ(t, y−(t), y−(t− 1), ẏ−(t− 1)).
Îñêiëüêè ïðè âñiõ m ≥ 0 ìàþòü ìiñöå ñïiââiäíîøåííÿ

Φ(t, y0(t), y0(t− 1), ẏ0(t− 1)) +
m+1∑

i=2

σi−1(t) =

= Φ(t,

m∑

j=0

yj(t),

m∑

j=0

yj(t− 1),

m∑

j=0

ẏj(t− 1)),

òî â ñèëó óìîâè 1) òåîðåìè 1 çíàõîäèìî

∣∣∣Φ(t,
m∑

j=0

yj(t),
m∑

j=0

yj(t− 1),
m∑

j=0

ẏj(t− 1))−

− Φ(t, y−(t), y−(t− 1), ẏ−(t− 1))
∣∣∣ ≤

≤ L
(
|
m∑

j=0

yj(t)− y−(t)|+ |
m∑

j=0

yj(t− 1)− y−(t− 1)|+

+ |
m∑

j=0

ẏj(t− 1)− ẏ−(t− 1)|
)
.

Äàëi, îñêiëüêè ðÿäè (15) i (19) ¹ ðiâíîìiðíî çáiæíèìè ïðè

t ≤ 0, òî äëÿ êîæíîãî äîäàòíîãî ÷èñëà

ε
3L çíàéäåòüñÿ òàêå

íàòóðàëüíå ÷èñëî m0, ùî ïðè âñiõ m ≥ m0, t ≤ 0 âèêîíóþòüñÿ



414 �. I. Êà÷óðiâñüêèé, �. Ï. Ïåëþõ

íåðiâíîñòi

∣∣∣
m∑

j=0

yj(t)− y−(t)
∣∣∣ < ε

3L
,
∣∣∣
m∑

j=0

ẏj(t− 1)− ẏ−(t− 1)
∣∣∣ < ε

3L
.

Ïðèéìàþ÷è äî óâàãè îñòàííi ñïiââiäíîøåííÿ, îòðèìó¹ìî, ùî

äëÿ äîâiëüíèõ ε > 0, t ≤ 0, i âñiõ m ≥ m0 ìà¹ ìiñöå íåðiâíiñòü

∣∣∣Φ(t,
m∑

j=0

yj(t),
m∑

j=0

yj(t− 1),

m∑

j=0

ẏj(t− 1))− Φ(t, y−(t), y−(t− 1), ẏ−(t− 1))
∣∣∣ < ε,

çâiäêè âèïëèâà¹ ðiâíiñòü

lim
m→∞

Φ(t,

m∑

j=0

yj(t),

m∑

j=0

yj(t− 1),

m∑

j=0

ẏj(t− 1)) =

= Φ(t, y−(t), y−(t− 1), ẏ−(t− 1)).

Öèì ñàìèì òåîðåìà 2 ïîâíiñòþ äîâåäåíà.

Ïðèéìàþ÷è äî óâàãè çàìiíó çìiííèõ (13) i äîâåäåíi âèùå

òåîðåìè, îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåì 1 i 2. Òîäi

iñíó¹ (n− p)-ïàðàìåòðè÷íå ñiìåéñòâî ðîçâ'ÿçêiâ x−(t) ñèñòå-
ìè (1) ó âèãëÿäi ðÿäó

x−(t) =
∞∑

i=0

yi(t) + γ(t),

äå yi(t), i = 0, 1, . . . , âèçíà÷àþòüñÿ �îðìóëàìè (17), òàêèõ,

ùî ìà¹ ìiñöå ñïiââiäíîøåííÿ

lim
t→−∞

(x−(t)− γ(t)) = 0.

�îçãëÿíåìî òåïåð ñèñòåìó (14) ïðè t ≥ 0.Ìà¹ ìiñöå íàñòóïíà

òåîðåìà.
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Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè 1) � 3) òåîðåìè 1 i

óìîâà

4′) ∆+ = max
{
1 + (|A|+ 1)

N2

α2 + α∗ ;

N1

α1 − α∗ +
N2

α2 + α∗

}
(3 + |A|)eα∗

L < 1,

äå α∗
� äåÿêà äîäàòíà ñòàëà òàêà, ùî 0 < α1 − α∗ < 1.

Òîäi iñíó¹ p-ïàðàìåòðè÷íå ñiìåéñòâî ðîçâ'ÿçêiâ x+(t) ñè-

ñòåìè (1) ó âèãëÿäi ðÿäó

x+(t) =

∞∑

i=0

yi(t) + γ(t),

(yi(t), i = 0, 1, . . . , � äåÿêi íåïåðåðâíî äè�åðåíöiéîâíi âåêòîð-

�óíêöi¨), äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà

lim
t→+∞

(x+(t)− γ(t)) = 0.

Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ çà òi¹þ æ ñõåìîþ, ùî i äî-

âåäåííÿ òåîðåìè 3.

Çàóâàæåííÿ 1. Âèêîðèñòîâóþ÷è âiäîìó òåîðåìó Ôëîêå,

îäåðæàíi ðåçóëüòàòè ìîæíà óçàãàëüíèòè íà âèïàäîê ñèñòåìè

ðiâíÿíü âèãëÿäó

ẋ(t) = A(t)x(t) + f(t, x(t), x(t− 1), ẋ(t− 1)),

äå åëåìåíòè ìàòðèöi A(t) ¹ íåïåðåðâíèìè N -ïåðiîäè÷íèìè (N
� öiëå äîäàòíå ÷èñëî) �óíêöiÿìè, f(t, x, y, z) : R × Rn × Rn ×
Rn −→ Rn ¹ íåïåðåðâíîþ çà âñiìà çìiííèìè i N -ïåðiîäè÷íîþ

ïî t.
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áåç êðèòè÷íèõ òî÷îê íà

òðèâèìiðíèõ ìíîãîâèäàõ ç ìåæåþ

We consider functions on compact 3-manifolds with boundary without
critical points and with less than 4 critical points of its restrictions on the
boundary. Their topological classification is obtained.

Êëþ÷îâi ñëîâà: Ôóíêöi¨, òðèâèìiðíèé ìíîãîâèä, ãðà�, òîïîëîãi÷íà åê-

âiâàëåíòíiñòü

1. Âñòóï

ßêùî M � ãëàäêèé çàìêíåíèé ìíîãîâèä, òî �óíêöiÿ Ìîðñà

íà íüîìó áóäå �óíêöi¹þ çàãàëüíîãî ïîëîæåííÿ, ÿêùî íà êî-

æíîìó ¨¨ êðèòè÷íîìó ðiâíi ìiñòèòüñÿ îäíà êðèòè÷íà òî÷êà. Òà-

êi �óíêöi¨ óòâîðþþòü âiäêðèòó ñêðiçü ùiëüíó ìíîæèíó ó ïðî-

ñòîði âñiõ �óíêöié. Çà ëåìîþ Ìîðñà [7℄, äëÿ íåâèðîäæåíî¨ êðè-

òè÷íî¨ òî÷êè p iñíó¹ ëîêàëüíà ñèñòåìà êîîðäèíàò (x1, . . . , xn),
â ÿêié �óíêöiÿ ìà¹ âèãëÿä

f(x1, . . . , xn) = f(p)− x1
2 − . . .− xλ

2 + xλ + 12 + . . .+ xn
2.

Íåõàé M � ãëàäêèé êîìïàêòíèé n-âèìiðíèé ìíîãîâèä ç ìå-
æåþ ∂M . Ôóíêöiÿ f :M → R ¹ m-�óíêöi¹þ, ÿêùî
à) óñi ¨¨ êðèòè÷íi òî÷êè � íåâèðîäæåíi i íå ëåæàòü íà ìåæi

∂M ,

á) îáìåæåííÿ f∂ �óíêöi¨ f íà ∂M ¹ �óíêöi¹þ Ìîðñà çàãàëü-

íîãî ïîëîæåííÿ.

Íåõàé x ∈ ∂M � êðèòè÷íà òî÷êà f∂ Iíäåêñîì ind x öi¹¨ êðè-
òè÷íî¨ òî÷êè íàçèâà¹òüñÿ ïàðà (λ, δ), äå λ � çâè÷àéíèé iíäåêñ,
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à δ = +1, ÿêùî âåêòîð grad fx ñïðÿìîâàíèé íàçîâíi, i δ = −1,
ÿêùî grad fx ñïðÿìîâàíèé â ñåðåäèíó ìíîãîâèäó M . ßêùî

x /∈ ∂M � êðèòè÷íà òî÷êà f , òî iíäåêñ âèçíà÷à¹òüñÿ çâè÷àéíèì
÷èíîì. Àíàëîãi÷íî ëåìi Ìîðñà â îêîëi íåâèðîäæåíî¨ êðèòè÷íî¨

òî÷êè f∂ iñíó¹ ëîêàëüíà ñèñòåìà êîîðäèíàò (x1, . . . , xn), xn ≥ 0,
â ÿêié �óíêöiÿ f ìà¹ âèãëÿä [1℄

f(x1, . . . , xn) = f(p)− x1
2−· · ·−xλ2+x2λ+1+· · ·+x2n−1+δxn.

Íà çàìêíåíîìó ìíîãîâèäi çà êîæíîþ �óíêöi¹þ Ìîðñà ìî-

æíà ïîáóäóâàòè ðîçêëàä ìíîãîâèäó íà ðó÷êè. Äëÿ m-�óíêöié
iñíóþòü ðîçêëàäè íà m-ðó÷êè. Ïðè öüîìó êîæíié âíóòðiøíié

êðèòè÷íié òî÷öi âiäïîâiäà¹ çâè÷àéíà ðó÷êà, à êîæíié òî÷öi íà

ìåæi � m-ðó÷êà òîãî ñàìîãî iíäåêñó.
Íåõàé f, g : M → R � ãëàäêi �óíêöi¨. Ôóíêöi¨ f i g íàçèâà-

þòüñÿ òîïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü ãîìåîìîð�i-

çìè ψ :M →M , ζ : R→ R òàêi, ùî fζ = gψ.
Êðèòåði¨ òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi �óíêöié Ìîðñà íà

êîìïàêòíèõ äâîâèìiðíèõ ìíîãîâèäàõ îòðèìàíî â ðîáîòàõ [2,4,

5℄, à òðèâèìiðíèõ � ó [8℄.

�îçãëÿíåìî m-�óíêöiþ íà 3-ìíîãîâèäi. Ç'¹äíàâøè âíóòði-

øíi êðèòè÷íi òî÷êè öi¹¨ �óíêöi¨ øëÿõàìè ç ìåæåþ i âèêèíóâ-

øè îêîëè öèõ øëÿõiâ, ìè îòðèìà¹ìî ìíîãîâèä, äè�åîìîð�íèé

ïî÷àòêîâîìó, i m-�óíêöiþ áåç âíóòðiøíiõ êðèòè÷íèõ òî÷îê íà

íüîìó. Äàëi, ìè ìîæåìî âïîðÿäêóâàòè m-ðó÷êè òàê, ùîá ñïî÷à-
òêó ïðèêëåþâàëèñÿ ðó÷êè iíäåêñó (0,−1), ïîòiì (0,+1), (1,−1),
(1,+1), (2,−1), i íàðåøòi (2,+1). Âñi ðó÷êè iíäåêñó (0,−1) òà
(2,+1), êðiì îäíi¹¨ iíäåêñó (0,−1) òà îäíi¹¨ iíäåêñó (2,+1), ñêî-
ðî÷óþòüñÿ ç ðó÷êàìè iíäåêñó (1,−1) òà (1,+1), âiäïîâiäíî.
Íåõàé M � êîìïàêòíèé çâ'ÿçíèé òðèâèìiðíèé ìíîãîâèä çi

çâ'ÿçíîþ ìåæåþ, f :M → R � ãëàäêà �óíêöiÿ íà íüîìó. Ôóí-

êöiÿ f íàçèâà¹òüñÿ p-�óíêöi¹þ, ÿêùî âîíà íå ìà¹ êðèòè÷íèõ

òî÷îê i îáìåæåííÿ ¨¨ íà ìåæó ìà¹ íå áiëüøå íiæ 4 êðèòè÷íi

òî÷êè, ÿêi çà çðîñòàííÿì çíà÷åííÿ �óíêöi¨ ìàþòü òàêèé âè-

ãëÿä: 1)�òî÷êà ìiíiìóìó iíäåêñó (0,−1); 2) (âèðîäæåíà) òî÷êà ç
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δ = −1; 3) (âèðîäæåíà) òî÷êà ç δ = +1; 4) òî÷êà ìàêñèìóìó

iíäåêñó (2,+1)/
Ïîñòàíîâêà çàäà÷i. Îñíîâíà ìåòà äàíî¨ ñòàòòi � ïîáóäó-

âàòè ïîâíèé òîïîëîãi÷íèé iíâàðiàíò p-�óíêöi¨ íà òðèâèìiðíèõ
ìíîãîâèäàõ, òà äîâåñòè òåîðåìó ïðî éîãî ðåàëiçàöiþ.

2. Äiàãðàìà p-�óíêöi¨

Äîñëiäèìî, ÿê çìiíþ¹òüñÿ ïîâåðõíÿ ðiâíÿ p-�óíêöi¨ ïðè

çðîñòàííi çíà÷åííÿ �óíêöi¨.

Ïðè ïðîõîäæåííi ÷åðåç òî÷êó ìiíiìóìó, òîáòî òî÷êó iíäå-

êñó (0,−1), ç'ÿâëÿ¹òüñÿ äâîâèìiðíèé äèñê. Äàëi, çà âiäñóòíî-

ñòi êðèòè÷íèõ òî÷îê òîïîëîãi÷íèé òèï ïîâåðõíi ðiâíÿ íå çìi-

íþ¹òüñÿ. Â îêîëi âèðîäæåíî¨ êðèòè÷íî¨ òî÷êè �óíêöiÿ f∂ òî-

ïîëîãi÷íî åêâiâàëåíòíà �óíêöi¨ ℜ(x + iy)k äëÿ äåÿêîãî íàòó-

ðàëüíîãî k [3℄. Òîäi �óíêöiÿ f òîïîëîãi÷íî åêâiâàëåíòíà �óí-

êöi¨ ℜ(x + iy)k + δz â ñèñòåìi êîîðäèíàò (x, y, z), z ≥ 0. Ïðè
ïðîõîäæåííi äðóãî¨ òî÷êè äî äâîâèìiðíîãî äèñêó ïðèêëåþ¹-

òüñÿ 2k-êóòíèê çà k ñòîðîíàìè, ÿêi ðîçòàøîâàíi ÷åðåç îäíó

(íàïðèêëàä, íåïàðíi, ïðè ïîñëiäîâíié íóìåðàöi¨ ñòîðií). Äî ñà-

ìîãî ìíîãîâèäó ïðè¹äíó¹òüñÿ òàê çâàíà óçàãàëüíåíà m-ðó÷êà,
ùî ðiâíîñèëüíå ïðè¹äíàííþ k − 1 øòóê m-ðó÷îê. Îòæå, ïiñëÿ
ïðîõîäæåííÿ äðóãî¨ òî÷êè ìè îòðèìà¹ìî, ùî ïîâåðõíåþ ðiâíÿ

�óíêöi¨ áóäå äåÿêà ïîâåðõíÿ F , íà ÿêié âèäiëåíî k ïðàâèëü-

íî âêëàäåíèõ âiäðiçêiâ u1, u2, . . . , uk (êiíöi âiäðiçêiâ ëåæàòü íà
ìåæi ïîâåðõíi), ùî íå ìàþòü òî÷îê ïåðåòèíó i òî÷îê ñàìî-

ïåðåòèíó. Íàáið u = {u1, u2, . . . , uk} � ïðàâèëüíî âêëàäåíèõ

êðèâèõ, ùî íå ïåðåòèíàþòüñÿ, íà ïîâåðõíi F òàêèõ, ùî ïiñëÿ

ðîçðiçàííÿ çà íèìè îòðèìà¹ìî äâà äèñêè, i òàêèõ, ùî êîæíå

ui íàëåæèòü ìåæi êîæíîãî ç öèõ äèñêiâ, íàçèâà¹òüñÿ ñèñòå-

ìîþ ðîçðiçiâ ïîâåðõíi F . Ïðîâåäåìî àíàëîãi÷íó êîíñòðóêöiþ

äëÿ �óíêöi¨ −f . Îòðèìà¹ìî ïîâåðõíþ F ′
i ñèñòåìó ðîçðiçiâ

v′ = {v1′, v2′, . . . , vk ′} íà íié. Îñêiëüêè ìiæ ðiâíÿìè F i F ′
íåìà¹

êðèòè÷íèõ òî÷îê, òî âîíè ãîìåîìîð�íi ìiæ ñîáîþ, à ìíîãîâèä



420 Ëóêîâà Í. Â.

ìiæ íèìè ãîìåîìîð�íèé F × [0, 1]. Ïðè öüîìó ðiçíèì ñòðóêòó-

ðàì ïðÿìîãî äîáóòêó âiäïîâiäàþòü ðiçíi, àëå içîòîïíi ãîìåî-

ìîð�içìè F ′
íà F . Íåõàé v = {v1, v2, . . . , vk} � îáðàç ñèñòåìè

ðîçðiçiâ v′ = {v1′, v2′, . . . , vk ′} ïðè îäíîìó ç òàêèõ ãîìåîìîð�i-

çìiâ. ßêùî ïîâåðõíÿ F îði¹íòîâíà, òî çà�iêñó¹ìî îði¹íòàöiþ

íà íié. Òîäi îði¹íòàöiÿ 2-äèñêà, ùî âiäïîâiäà¹ ìiíiìóìó iíäóêó¹

îði¹íòàöiþ íà éîãî ìåæi, ó òîìó ÷èñëi i íà ðîçðiçàõ u. Àíàëî-
ãi÷íî, îði¹íòàöiÿ 2-äèñêà, ùî âiäïîâiäà¹ ìàêñèìóìó, ïîðîäæó¹

îði¹íòàöiþ íà êðèâèõ v. Ó âèïàäêó íåîði¹íòîâàíî¨ ïîâåðõíi çà-

äàìî îði¹íòàöi¨ öèõ 2-äèñêiâ äîâiëüíî, i òàêîæ îòðèìà¹ìî îði-

¹íòàöi¨ êðèâèõ u òà v.
Òðiéêó (F, u, v) áóäåìî íàçèâàòè p-äiàãðàìîþ. p-äiàãðàìè

(F, u, v) i (F ′, u′, v′) íàçèâàþòüñÿ ãîìåîìîð�íèìè, ÿêùî iñíó¹

òàêèé ãîìåîìîð�içì h : F → F ′
, ùî h(u) = u′ i h(v) = v′.

Ïðè öüîìó, ÿêùî ãîìåîìîð�içì çáåðiãà¹ (çìiíþ¹) îði¹íòàöiþ

ïîâåðõíi, òî âií çáåðiãà¹ (çìiíþ¹) i îði¹íòàöi¨ ðîçðiçiâ. Ó âèïàä-

êó íåîði¹íòîâàíî¨ ïîâåðõíi ãîìåîìîð�içì çáåðiãà¹ àáî îäíî÷à-

ñíî çìiíþ¹ îði¹íòàöi¨ âñiõ u-ðîçðiçiâ i, àíàëîãi÷íî, v-ðîçðiçiâ.
p-äiàãðàìè (F, u, v) i (F ′, u′, v′) íàçèâàþòüñÿ íàïiâiçîòîïíèìè,

ÿêùî iñíóþòü òàêi içîòîïi¨ ϕt, ψt : F → F ′
, ùî ϕ0 = ψ0 = id,

ϕ1(u) = u′, ψ1(v) = v′. Îòæå, ðiçíi âèáîðè ñòðóêòóðè ïðÿìîãî

äîáóòêó íà F × [0, 1] ïðèâîäÿòü äî íàïiâiçîòîïíèõ äiàãðàì.
Âèêîðèñòîâóþ÷è íàïiâiçîòîïi¨ äiàãðàì ìîæíà çíèùèòè âñi

êðèâîëiíiéíi äâîêóòíèêè, îäíà iç ñòîðií ÿêèõ íàëåæèòü ñèñòåìi

u, à iíøà � v. Òàê ñàìî ìîæíà çíèùèòè âñi êðèâîëiíiéíi òðè-

êóòíèêè, ó ÿêèõ îäíà ñòîðîíà íàëåæèòü ñèñòåìi u, äðóãà � v, à
òðåòÿ � ∂F . Òàêîæ çà äîïîìîãîþ íàïiâiçîòîïi¨ êðèâi ç ñèñòåì u
i v, ÿêi içîòîïíi, ìîæíà çðîáèòè òàêèìè, ùî ñïiâïàäàþòü. Äià-

ãðàìó, ó ÿêî¨ íåìà¹ êðèâîëiíiéíèõ äâîêóòíèêiâ òà òðèêóòíèêiâ,

à içîòîïíi êðèâi ç ðiçíèõ ñèñòåì ñïiâïàäàþòü, áóäåìî íàçèâàòè

íîðìàëiçîâàíîþ.

Òåîðåìà 1. p-�óíêöi¨ f : M → R, g : N → R òîïîëîãi÷íî

åêâiâàëåíòíi òîäi òà òiëüêè òîäi, êîëè ïîáóäîâàíi çà íèìè

íîðìàëiçîâàíi p-äiàãðàìè ãîìåîìîð�íi.
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Äîâåäåííÿ. Íåîáõiäíiñòü.

Çà ïîáóäîâîþ p-äiàãðàìà çà äàíîþ �óíêöi¹þ çàäà¹òüñÿ ç òî-

÷íiñòþ äî íàïiâiçîòîïi¨. Àíàëîãi÷íî äîâåäåííþ òåîðåìè 5.3 ç [6℄

äëÿ äiàãðàì Õåãîðà, ÿêùî äâi äiàãðàìè íàïiâiçîòîïíi, òî íîðìà-

ëiçîâàíi äiàãðàìè ãîìåîìîð�íi. Êðiì òîãî, òîïîëîãi÷íà åêâiâà-

ëåíòíiñòü �óíêöié ïîðîäæó¹ ãîìåîìîð�içì ìiæ p-äiàãðàìàìè,
à îòæå, i ãîìåîìîð�içì ìiæ íîðìàëiçîâàíèìè p-äiàãðàìàìè.
Äîñòàòíiñòü. ßêùî äiàãðàìè ãîìåîìîð�íi, òî ó íèõ îäíà-

êîâi ÷èñëà k. Òîäi �óíêöi¨ â îêîëàõ êðèòè÷íèõ òî÷îê òîïî-

ëîãi÷íî åêâiâàëåíòíi �óíêöiÿì h(x, y, z) = ℜ(x + iy)k ± z àáî

h(x, y, z) = ±(x2 + y2 + z). Îòæå, â îêîëàõ êðèòè÷íèõ òî÷îê

�óíêöi¨ òîïîëîãi÷íî åêâiâàëåíòíi. Òàê ñàìî, ÿê äëÿ äiàãðàì Õå-

ãîðà [8℄, ãîìåîìîð�içì íîðìàëiçîâàíèõ p-äiàãðàì çàäà¹ ïðîäîâ-

æåííÿ öèõ ãîìåîìîð�içìiâ äî øóêàíîãî ãîìåîìîð�içìó òðèâè-

ìiðíîãî ìíîãîâèäó. Òåîðåìà äîâåäåíà. �

3. p-ãðà�

Ïîáóäó¹ìî âêëàäåíèé â çàìêíåíó ïîâåðõíþ îði¹íòîâà-

íèé ãðà�, ÿêèé áóäåìî íàçèâàòè p-ãðà�îì. Ñòÿãíåìî êîæíó

êîìïîíåíòó ìåæi â òî÷êó, ÿêó áóäåìî ðîçãëÿäàòè ÿê âåðøèíè

p-ãðà�à. �åáðàìè áóäóòü ðîçðiçè u1, u2, . . . , uk òà v1, v2, . . . , vk.
ßêùî ðîçðiçè ñïiâïàäàþòü, òî ¨ì áóäå âiäïîâiäàòè îäíå �ïîäâié-

íå� ðåáðî. Îòæå, ðåáðà p-ãðà�à ðîçáèòi íà òðè òèïè: 1) u; 2) v i
3) �ïîäâiéíi�. Îði¹íòàöi¨ ðîçðiçiâ çàäàþòü îði¹íòàöi¨ ðåáåð. Ïðè

öüîìó íà ïîäâiéíèõ ðåáðàõ çàäàíî äâi îði¹íòàöi¨ (u-îði¹íòàöiÿ
i v-îði¹íòàöiÿ). Ïiñëÿ ñòÿãíåííÿ êîìïîíåíò ìåæi ïîâåðõíi F â

òî÷êè îòðèìà¹ìî íîâó çàìêíåíó ïîâåðõíþ Φ. Ïðè öüîìó, p-
ãðà� ¹ ãðà�îì, âêëàäåíèì â Φ. Äàëi áóäåìî ðîçãëÿäàòè òàêi

ãðà�è, ó ÿêèõ áiëüøå íiæ 2 ðåáðà. Âèïàäêè ç 1 òà 2 ðåáðàìè

ðîçãëÿíóòî â ïðèêëàäàõ.

Òåîðåìà 2. p��óíêöi¨ f : M → R, g : N → R òîïîëîãi÷íî

åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè iñíó¹ ãîìåîìîð�içì âiä-

ïîâiäíèõ ïîâåðõîíü Φ, ÿêèé çàäà¹ içîìîð�içì p-ãðà�iâ, çáåðiãà¹
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òèï ðåáåð òà çáåðiãà¹ àáî îäíî÷àñíî çìiíþ¹ îði¹íòàöi¨ ðåáåð,

ÿê äëÿ ðîçðiçiâ.

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåîáõiäíiñòü âèïëèâà¹ ç òåîðåìè 1

òà îäíîçíà÷íîñòi ïîáóäîâè p-ãðà�à.
Äîñòàòíiñòü. Ïîêàæåìî, ÿê çà âêëàäåíèì p-ãðà�îì ïîáó-

äóâàòè p�äiàãðàìó. Âèðiçà¹ìî ç ïîâåðõíi Φ ðåãóëÿðíi îêîëè âåð-

øèí p-ãðà�à. Îòðèìó¹ìî, ïîâåðõíþ, ãîìåîìîð�íó F , i âêëà-
äåíi â íå¨ êðèâi (ðîçðiçè), ùî çàäàþòüñÿ âêëàäåííÿìè ðåáåð

p-ãðà�à. Ïðè öüîìó ïîäâiéíèì ðåáðàì âiäïîâiäà¹ ïàðà u- i v-
ðîçðiçiâ, ùî ñïiâïàäàþòü. Òîäi ãîìåîìîð�içì ïîâåðõîíü Φ çà-

äà¹ ãîìåîìîð�içì p�äiàãðàì, à îòæå, i òîïîëîãi÷íó åêâiâàëåí-

òíiñòü p-�óíêöié. Òåîðåìà äîâåäåíà. �

Âëàñòèâîñòi p-ãðà�iâ.
Çà ïîáóäîâîþ p-ãðà� ìà¹ òàêi âëàñòèâîñòi:

(1) ÷èñëî ðåáåð òèïó u ðiâíå ÷èñëó ðåáåð òèïó v;
(2) u-ïiäãðà�, ùî ñêëàäåíèé ç ðåáåð òèïó u òà ïîäâiéíèõ

ðåáåð ðîçáèâà¹ ïîâåðõíþ íà äâi îäíîçâ'ÿçíi îáëàñòi i

êîæíå ðåáðî öüîãî ïiäãðà�à âõîäèòü â ìåæó êîæíî¨ ç

äâîõ îáëàñòåé;

(3) àíàëîãi÷íà âëàñòèâiñòü äëÿ v-ïiäãðà�à, ñêëàäåíîãî ç ðå-
áåð òèïó v òà ïîäâiéíèõ ðåáåð.

Òåîðåìà 3. Âêëàäåíèé â çàìêíåíó ïîâåðõíþ ãðà�, ðåáðà ÿêîãî

ðîçáèòi íà òðè òèïè òàê, ùî âèêîíóþòüñÿ âëàñòèâîñòi 1)�

3), ¹ p-ãðà�îì äåÿêî¨ p-�óíêöi¨.

Äîâåäåííÿ. �îçãëÿíåìî ÷îòèðè òðèâèìiðíèõ äèñêà i �óíêöi¨

h(x, y, z) = ℜ(x+ iy)k±z òà h(x, y, z) = ±(x2+y2+z) íà íèõ, äå
(0, 0, 0) � äåÿêà òî÷êà íà ìåæi, â îêîëi ÿêî¨ äèñê ìà¹ ðiâíÿííÿ

z ≥ 0. Çà p-ãðà�îì ïîáóäó¹ìî p-äiàãðàìó, ÿêà çàäà¹ ñêëåéêó

öèõ äèñêiâ ìiæ ñîáîþ. Ïiñëÿ ñêëåéêè îòðèìà¹ìî òðèâèìiðíèé

ìíîãîâèä i �óíêöiþ íà íüîìó. Çà íåîáõiäíîñòi çãëàäèâøè �óí-

êöiþ â ìiñöÿõ ñêëåéêè, îòðèìó¹ìî øóêàíó p-�óíêöiþ. Òåîðåìà
äîâåäåíà. �
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4. Ïðèêëàäè îá÷èñëåíü

×èñëî ðîçðiçiâ k îäíi¹¨ ç ñèñòåì áóäåìî íàçèâàòè ñêëàäíiñòþ

�óíêöi¨. ßêùî F � îði¹íòîâàíà ïîâåðõíÿ ðîäó g ç d êîìïî-

íåíòàìè êðàþ, òî k = 2g + d, à ÿêùî âîíà íå îði¹íòîâàíà, òî

k = g + d.
�îçãëÿíåìî âèïàäîê îði¹íòîâàíî¨ ïîâåðõíi.

1) k = 1. Òîäi g = 0, d = 1. Iñíó¹ ¹äèíèé p-ãðà� � ïåòëÿ

ç ïîäâiéíèì ðåáðîì. Äâi îði¹íòàöi¨ íà íüîìó ìîæóòü ñïiâïàäà-

òè àáî áóòè ïðîòèëåæíèìè. Ïðîòå îáèäâà öi âèïàäêè çàäàþòü

íàïiâiçîòîïíi äiàãðàìè. Îòæå, iñíó¹ ¹äèíà, ç òî÷íiñòþ äî òîïî-

ëîãi÷íî¨ åêâiâàëåíòíîñòi, òàêà p-�óíêöiÿ.

2) k = 2. Òîäi g = 0, d = 2. Òàêîæ iñíó¹ ¹äèíèé p-ãðà�,
ãîìåîìîð�íèé êîëó ç äâîìà âåðøèíàìè íà íüîìó i ïîäâiéíè-

ìè ðåáðàìè, à îáèäâi ïàðè îði¹íòàöié íà íüîìó ïðèâîäÿòü äî

íàïiâiçîòîïíèõ äiàãðàì. Îòæå, â öüîìó âèïàäêó iñíó¹ ¹äèíà, ç

òî÷íiñòþ äî òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi, p-�óíêöiÿ .

3) k = 3. À) g = 0, d = 3. p-ãðà�, ãîìåîìîð�íèé êîëó ç òðüî-
ìà âåðøèíàìè íà íüîìó i ïîäâiéíèìè ðåáðàìè. Íà ïîäâiéíèõ

ðåáðàõ îði¹íòàöi¨ ñïiâïàäàþòü àáî ïðîòèëåæíi. Òîìó iñíó¹ äâi,

ç òî÷íiñòþ äî òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi, p-�óíêöi¨.

Á) g = 1, d = 1. u�ïiäãðà� ìà¹ îäíó âåðøèíó i òðè ïåòëi áåç

òî÷îê ïåðåòèíó íà òîði. Òîäi äâi ç öèõ ïåòåëü çàäàþòü òâiðíi

�óíäàìåíòàëüíî¨ ãðóïè òîðà, à òðåòÿ ¹ ¨õ äîáóòêîì. v�ïiäãðà�
ìà¹ òó ñàìó âëàñòèâiñòü. Îñêiëüêè ïàðà òâiðíèõ �óíäàìåíòàëü-

íî¨ ãðóïè âèðàæà¹òüñÿ ÷åðåç iíøó ïàðó òâiðíèõ çà äîïîìîãîþ

ìàòðèöi ç SL(2,Z), òî öÿ ìàòðèöÿ çàäà¹ p-ãðà�. Ïðè öüîìó äâi
ìàòðèöi çàäàþòü îäèí i òîé ñàìèé p-ãðà�, ÿêùî âîíè îäíàêîâi,
àáî îäíó ç iíøî¨ ìîæíà îòðèìàòè ìíîæåííÿì ìàòðèöi íà −1.
Îòæå, ó öüîìó âèïàäêó iñíó¹ íåñêií÷åííî áàãàòî p-ãðà�iâ .

�îçãëÿíåìî âèïàäîê íåîði¹íòîâàíî¨ ïîâåðõíi.
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1) k = 2. Òîäi g = 1, d = 1. Iñíó¹ ¹äèíèé p-ãðà�, ãîìåîìîð-
�íèé 8 ç ïîäâiéíèìè ðåáðàìè. F � ãîìåîìîð�íà ñòði÷öi Ìüîái-

óñà. ßêùî ¨¨ ïîäàòè ÿê ïðÿìîêóòíèê çi ñêëå¹íîþ ïàðîþ ïðîòè-

ëåæíèõ ñòîðií, òî ðîçðiçè ãîìîòîïíi öèì ñòîðîíàì. Îäíàêîâi

òà ïðîòèëåæíi îði¹íòàöi¨ ïîäâiéíèõ ðåáåð çàäàþòü íàïiâiçîòî-

ïíi äiàãðàìè. Îòæå, iñíó¹ ¹äèíà, ç òî÷íiñòþ äî òîïîëîãi÷íî¨

åêâiâàëåíòíîñòi, òàêà p-�óíêöiÿ.

2) k = 3. À) g = 1, d = 2. u�ïiäãðà� ìîæíà îòðèìàòè ç p-
ãðà�à ç ïîïåðåäíüîãî ïðèêëàäó, ÿêùî äî íüîãî äîáàâèòè îäíó

âåðøèíó i ðåáðî, ùî ¨¨ ç'¹äíó¹ ç âåðøèíîþ íà 8. Îäèí p-ãðà�
ìîæíà îòðèìàòè, ÿêùî âñiì ðåáðàì ïðèïèñàòè òèï ïîäâiéíèõ

ðåáåð. Ùå îäèí p-ãðà� ìà¹ âèãëÿä äâîõ 8, âåðøèíè ÿêèõ ç'¹ä-

íàíi ïîäâiéíèì ðåáðîì. Íà êîæíîìó ç ïîäâiéíèõ ðåáåð, êîæíó

ç ïàðè îði¹íòàöié ìîæíà âèáðàòè äâîìà ñïîñîáàìè, òîáòî âñüî-

ãî iñíó¹ 4 ñïîñîáè äëÿ ïàðè. À òîìó iñíó¹ âiñiì, ç òî÷íiñòþ äî

òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi, p-�óíêöié.

Á) g = 2, d = 1. u�ïiäãðà� ìà¹ îäíó âåðøèíó òà òðè ïå-

òëi. Ìîæëèâi äâà íå ãîìåîìîð�íèõ âêëàäåííÿ éîãî â ïëÿøêó

Êëåéíà, ùî äàþòü 4 ðiçíèõ p-ãðà�à. Íà òðüîõ ç íèõ ìîæëè-

âi ïî 2 îði¹íòàöi¨ (ó íèõ iñíó¹ ãîìåîìîð�içì ñàìîãî ãðà�à íà

ñåáå, ùî çìiíþ¹ îði¹íòàöiþ), à ó ÷åòâåðòîãî � 4 îði¹íòàöi¨ (òà-

êîãî ãîìåîìîð�içìó íå iñíó¹). Îòæå, â öüîìó âèïàäêó iñíó¹ 10

òîïîëîãi÷íî íå åêâiâàëåíòíèõ p-�óíêöié .

Âèñíîâîê. Ïîáóäîâàíî ïîâíèé òîïîëîãi÷íèé iíâàðiàíò p-
�óíêöié íà òðèâèìiðíèõ ìíîãîâèäàõ, äîâåäåíî òåîðåìó ðåà-

ëiçàöi¨ öüîãî iíâàðiàíòà �óíêöi¹þ. Òèì ñàìèì îòðèìàíî òîïî-

ëîãi÷íó êëàñè�iêàöiþ p-�óíêöié. Å�åêòèâíiñòü ïîáóäîâàíîãî

iíâàðiàíòó ïðîäåìîíñòðîâàíî íà ïðèêëàäàõ. Îïèñàíî âñi �óí-

êöi¨, ñêëàäíiñòü ÿêèõ íå ïåðåâèùó¹ 3.
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�óíêöèé íà ïîâåðõíîñòÿõ ñ

èçîëèðîâàííûìè êðèòè÷åñêèìè

òî÷êàìè

This paper studies smooth functions with isolated critical points. They
are considered to within fiber equivalence. The fd-graph, which specifies
the f-atom, is constructed. The necessary and sufficient condition for fiber
equivalence of smooth functions is formulated.

Êëþ÷åâûå ñëîâà: Êëàññè�èêàöèÿ, èçîëèðîâàííûå êðèòè÷åñêèå òî÷êè,

�óíêöèè Ìîðñà

1. Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàþòñÿ ãëàäêèå �óíêöèè ñ èçîëèðîâàí-

íûìè êðèòè÷åñêèìè òî÷êàìè íà ãëàäêèõ çàìêíóòûõ ïîâåðõíî-

ñòÿõ. Èçâåñòíî, ÷òî ëþáóþ ãëàäêóþ �óíêöèþ

ñêîëü óãîäíî ìàëûì øåâåëåíèåì ìîæíî ïðåâðàòèòü â �óíêöèþ

Ìîðñà (�óíêöèÿ, âñå êðèòè÷åñêèå òî÷êè êîòîðîé íåâûðîæäåí-

íûå). Îäíàêî ïðè ðàññìîòðåíèè ñåìåéñòâà �óíêöèé, çàâèñÿ-

ùèõ îò ïàðàìåòðà, ïîÿâëÿþòñÿ íåóñòðàíèìûå ìàëûìè øåâåëå-

íèÿìè âûðîæäåíèÿ. Ëîêàëüíàÿ êëàññè�èêàöèÿ ãëàäêèõ �óíê-

öèé ñ èçîëèðîâàííûìè êðèòè÷åñêèìè òî÷êàìè ñ òî÷íîñòüþ äî

òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè áûëà ïîëó÷åíà À.Î. Ïðèøëÿ-

êîì â [3℄. �ëîáàëüíàÿ êëàññè�èêàöèÿ ðàçíûìè ñïîñîáàìè áûëà

ïðåäëîæåíà Â.Â. Øàðêî â [4℄ è À.Î. Ïðèøëÿêîì â [3℄.

Â íàñòîÿùåé ðàáîòå îáîáùàåòñÿ ñïîñîá êëàññè�èêàöèè

�óíêöèé Ìîðñà ñ òî÷íîñòüþ äî ïîñëîéíîé ýêâèâàëåíòíîñòè

ïðè ïîìîùè àòîìîâ è ìîëåêóë, ïðåäëîæåííûé À.Ò. Ôîìåíêî
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(ñì. [1℄), íà ñëó÷àé âûðîæäåííûõ êðèòè÷åñêèõ òî÷åê. Äëÿ êî-

äèðîâàíèÿ àòîìîâ ïîñòðîåí fd-ãðà�, ÿâëÿþùèéñÿ îáîáùåíèåì

f-ãðà�à, ïðåäëîæåííîãî À.À. Îøåìêîâûì â [2℄.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü äàëåå X � ãëàäêîå çàìêíóòîå äâóìåðíîå ìíîãîîáðà-

çèå, f : X → R è g : X → R � ãëàäêèå �óíêöèè ñ èçîëèðîâàí-

íûìè êðèòè÷åñêèìè òî÷êàìè.

Îïðåäåëåíèå 1. Äâå �óíêöèè íàçûâàþòñÿ òîïîëîãè÷åñêè

ýêâèâàëåíòíûìè, åñëè íàéäóòñÿ ãîìåîìîð�èçìû h : X → X
è µ : R → R òàêèå, ÷òî f(h(x)) = µ(g(x)), è µ ñîõðàíÿåò

îðèåíòàöèþ R.

Îïðåäåëåíèå 2. Ñëîÿìè �óíêöèè áóäåì íàçûâàòü êîìïî-

íåíòû ñâÿçíîñòè å¼ ëèíèé óðîâíÿ. Äâå �óíêöèè áóäåì íà-

çûâàòü ïîñëîéíî ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò ãîìåî-

ìîð�èçì ïîâåðõíîñòè íà ñåáÿ, êîòîðûé ïåðåâîäèò ñëîè îäíîé

�óíêöèè â ñëîè äðóãîé. Äâå �óíêöèè áóäåì íàçûâàòü îñíà-

ù¼ííî ïîñëîéíî ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò ãîìåîìîð-

�èçì ïîâåðõíîñòè íà ñåáÿ, êîòîðûé ïåðåâîäèò ñëîè îä-

íîé �óíêöèè â ñëîè äðóãîé ñ ñîõðàíåíèåì íàïðàâëåíèÿ ðîñòà

�óíêöèè.

Ïðè ïîñëîéíîé ýêâèâàëåíòíîñòè êîìïîíåíòû ñâÿçíîñòè îä-

íîé ëèíèè óðîâíÿ ìîãóò îòîáðàçèòüñÿ íà ðàçíûå óðîâíè. À ïðè

òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè òàêîãî íå ïðîèñõîäèò, è ïî-

ýòîìó ìîæíî ñ÷èòàòü, ÷òî âñå êðèòè÷åñêèå óðîâíè �óíêöèè

óïîðÿäî÷åíû. Ïîýòîìó êëàññîâ òîïîëîãè÷åñêîé ýêâèâàëåíòíî-

ñòè áîëüøå, ÷åì êëàññîâ ïîñëîéíîé ýêâèâàëåíòíîñòè.

Ïóñòü c è c′ �êðèòè÷åñêèå çíà÷åíèÿ �óíêöèé f è g ñîîòâåò-
ñòâåííî, à ëèíèè óðîâíÿ f−1(c) è g−1(c′) ñâÿçíû.

Îïðåäåëåíèå 3. Ôóíêöèè f è g íàçûâàþòñÿ îñíàù¼ííî ïî-

ñëîéíî ýêâèâàëåíòíûìè â îêðåñòíîñòÿõ ñâîèõ îñîáûõ ñëî¼â

f−1(c) è g−1(c′), åñëè ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà ε è
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ε′ è ãîìåîìîð�èçì h : f−1(c− ε, c+ ε) → g−1(c′ − ε′, c′ + ε′), ïå-
ðåâîäÿùèé ëèíèè óðîâíÿ �óíêöèè f â ëèíèè óðîâíÿ �óíêöèè

g è îòîáðàæàþùèé îáëàñòü (f > c) â (g > c′).

Îïðåäåëåíèå 4. Àòîìîì íàçûâàåòñÿ îêðåñòíîñòü P 2
êðè-

òè÷åñêîãî ñëîÿ, çàäàâàåìàÿ íåðàâåíñòâîì c−ε 6 f 6 c+ε äëÿ
äîñòàòî÷íî ìàëîãî ε, ðàññëî¼ííàÿ íà ëèíèè óðîâíÿ �óíêöèè

f è ðàññìàòðèâàåìàÿ ñ òî÷íîñòüþ äî ïîñëîéíîé ýêâèâàëåíò-

íîñòè. f-àòîìîì íàçûâàåòñÿ ïàðà (P 2, f), ðàññìàòðèâàåìàÿ ñ
òî÷íîñòüþ äî îñíàù¼ííîé ïîñëîéíîé ýêâèâàëåíòíîñòè.

Èç ëåììû Ìîðñà ñëåäóåò, ÷òî ó �óíêöèè Ìîðñà íà ïîâåðõ-

íîñòè ìîãóò áûòü êðèòè÷åñêèå òî÷êè äâóõ òèïîâ: ëîêàëüíûå

ýêñòðåìóìû è ñåäëîâûå òî÷êè. Ñóùåñòâóþò âñåãî äâà f-àòîìà,

ñîîòâåòñòâóþùèå ëîêàëüíûì ýêñòðåìóìàì. �àññìîòðèì ñåäëî-

âûå àòîìû. Ñåäëîâîé àòîì ìîæíî ïðåäñòàâèòü êàê äâóìåðíóþ

ïîâåðõíîñòü, ñîñòîÿùóþ èç ïëîñêèõ êðåñòîâ è ñîåäèíÿþùèõ

èõ êîíöû äëèííûõ óçêèõ ëåíò. Ïîýòîìó äëÿ �óíêöèè Ìîðñà

ìîæíî ñ�îðìóëèðîâàòü ýêâèâàëåíòíîå îïðåäåëåíèå ñåäëîâîãî

àòîìà.

Îïðåäåëåíèå 5. Ñåäëîâûì àòîìîì íàçîâ¼ì ïàðó (P 2,K),
ãäå P 2

� ñâÿçíàÿ êîìïàêòíàÿ äâóìåðíàÿ ïîâåðõíîñòü ñ êðà-

åì, à K � ñâÿçíûé ãðà� â íåé òàêîé, ÷òî âñå åãî âåðøèíû

èìåþò ñòåïåíü 4, êàæäàÿ ñâÿçíàÿ êîìïîíåíòà ìíîæåñòâà

P 2 \K ãîìåîìîð�íà êîëüöó S× (0, 1] è ìíîæåñòâî ýòèõ êîëåö

ìîæíî ðàçáèòü íà îòðèöàòåëüíûå è ïîëîæèòåëüíûå òàê,

÷òîáû ê êàæäîìó ðåáðó ãðà�à K ïðèìûêàëî ðîâíî îäíî ïî-

ëîæèòåëüíîå è ðîâíî îäíî îòðèöàòåëüíîå êîëüöî. f-àòîìîì

íàçîâ¼ì àòîì, â êîòîðîì çà�èêñèðîâàíî ðàçáèåíèå êîëåö íà

ïîëîæèòåëüíûå è îòðèöàòåëüíûå.

Àòîìû ðàññìàòðèâàþòñÿ ñ òî÷íîñòüþ äî ãîìåîìîð�èçìà ïî-

âåðõíîñòåé, êîòîðûé ãðà� ïåðåâîäèò â ãðà�. f-àòîìû ðàññìàò-

ðèâàþòñÿ ñ òî÷íîñòüþ äî ãîìåîìîð�èçìà, êîòîðûé ãðà� ïåðå-

âîäèò â ãðà�, à ïîëîæèòåëüíûå êîëüöà ïåðåâîäèò â ïîëîæè-

òåëüíûå. �ðà� K ÿâëÿåòñÿ ñïàéíîì àòîìà (P 2,K).
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Îïðåäåëåíèå 6. Ìîëåêóëîé �óíêöèè f íàçûâàåòñÿ ãðà�, ïî-

ëó÷åííûé èç ïîâåðõíîñòè ñòÿãèâàíèåì ñëî¼â �óíêöèè â òî÷-

êó, â âåðøèíàõ êîòîðîãî ðàñïîëîæåíû àòîìû ñîîòâåòñòâó-

þùèõ êðèòè÷åñêèõ ñëî¼â. Ïðè÷¼ì óêàçàíî âçàèìíî îäíîçíà÷-

íîå ñîîòâåòñòâèå ìåæäó ãðàíè÷íûìè îêðóæíîñòÿìè àòîìà

è ð¼áðàìè ãðà�à, èíöèäåíòíûìè âåðøèíå, â êîòîðóþ ïîìåù¼í

àòîì. f-ìîëåêóëîé �óíêöèè f íàçûâàåòñÿ ìîëåêóëà, ð¼áðà êî-

òîðîé îðèåíòèðîâàíû ïî íàïðàâëåíèþ ðîñòà �óíêöèè f .

Åñëè ïîâåðõíîñòü îðèåíòèðóåìà, òî àòîìû-âåðøèíû ìîëåêó-

ëû åñòåñòâåííî ñ÷èòàòü îðèåíòèðîâàííûìè. Åñëè ïîâåðõíîñòü

íåîðèåíòèðóåìà, òî àòîìû ðàññìàòðèâàþòñÿ áåç ó÷¼òà îðèåí-

òàöèè. Ìîëåêóëû ðàññìàòðèâàþòñÿ ñ òî÷íîñòüþ äî ãîìåîìîð-

�èçìà ãðà�à, êîòîðûé ïðîäîëæàåòñÿ íà àòîìû. Äëÿ f-ìîëåêóë

ýòîò ãîìåîìîð�èçì äîëæåí äîïîëíèòåëüíî ñîõðàíÿòü íàïðàâ-

ëåíèå ð¼áåð.

Òåîðåìà 1. Ôóíêöèè Ìîðñà íà îðèåíòèðîâàííîé ïîâåðõíî-

ñòè ïîñëîéíî ýêâèâàëåíòíû ñ ñîõðàíåíèåì îðèåíòàöèè òî-

ãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå èì ìîëåêóëû

ýêâèâàëåíòíû. Ôóíêöèè Ìîðñà íà îðèåíòèðîâàííîé ïîâåðõ-

íîñòè îñíàù¼ííî ïîñëîéíî ýêâèâàëåíòíû ñ ñîõðàíåíèåì îðè-

åíòàöèè òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå èì

f-ìîëåêóëû ýêâèâàëåíòíû.

Äîêàçàòåëüñòâî ñì. â [1℄.

Ïðèâåä¼ì êîíñòðóêöèþ f-ãðà�à, ââåä¼ííîãî Îøåìêîâûì â [2℄

äëÿ êîäèðîâàíèÿ àòîìîâ êðèòè÷åñêèõ ñëî¼â, ñîäåðæàùèõ íåâû-

ðîæäåííûå êðèòè÷åñêèå òî÷êè (ñì. òàêæå [1℄).

Ïóñòü çàäàí f-àòîì. Ïðîâåä¼ì ñåïàðàòðèñû ñîîòâåòñòâóþùåé

åìó �óíêöèè Ìîðñà, êîòîðûå èäóò èç ãðàíèöû îòðèöàòåëüíûõ

êîëåö â ñ¼äëà. Âåðøèíàìè f-ãðà�à áóäóò êîíöû ñåïàðàòðèñ,

ëåæàùèå íà ãðàíèöå îòðèöàòåëüíûõ êîëåö. Êàæäàÿ ïàðà ñå-

ïàðàòðèñ çàäà¼ò íåîðèåíòèðóåìîå ðåáðî f-ãðà�à. Çàäàâ ïðî-

èçâîëüíûì îáðàçîì îðèåíòàöèþ íà ãðàíèöàõ îòðèöàòåëüíûõ
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êîëåö, ïîëó÷èì îðèåíòèðîâàííûå ð¼áðà f-ãðà�à. Íà íåîðèåí-

òèðîâàííûõ ð¼áðàõ íóæíî ðàññòàâèòü çíàêè: åñëè ÷àñòè ãðà-

íè÷íûõ îêðóæíîñòåé îòðèöàòåëüíûõ êîëåö, êîòîðûå ÿâëÿþòñÿ

ïðîòèâîïîëîæíûìè ñòîðîíàìè ïðÿìîóãîëüíèêà-îêðåñòíîñòè

ïàðû ñîîòâåòñòâóþùèõ ñåïàðàòðèñ, çàäàþò ïðîòèâîïîëîæíóþ

îðèåíòàöèþ íà ãðàíèöå ïðÿìîóãîëüíèêà, òî ñòàâèì ìåòêó −1,
èíà÷å �+1.
Òàêèì îáðàçîì, f-ãðà�� ýòî ãðà�, êàæäîé âåðøèíå êîòîðî-

ãî èíöèäåíòíû òðè ðåáðà: îäíî íåîðèåíòèðîâàííîå ðåáðî ñ ìåò-

êîé, à òàêæå äâà îðèåíòèðîâàííûõ ðåáðà � îäíî âõîäèò, äðóãîå

âûõîäèò. f-ãðà�û ðàññìàòðèâàþòñÿ ñ òî÷íîñòüþ äî ýêâèâàëåíò-

íîñòè, êîòîðàÿ çàäà¼òñÿ èçîìîð�èçìîì ãðà�îâ, ñîõðàíÿþùèì

îðèåíòàöèþ ð¼áåð è ìåòêè íà ð¼áðàõ, à òàêæå ïîñëåäîâàòåëüíî-

ñòüþ îïåðàöèé èçìåíåíèÿ íàïðàâëåíèÿ âñåõ ð¼áåð íåêîòîðîãî

öèêëà ñ îäíîâðåìåííûì èçìåíåíèåì ìåòîê íåîðèåíòèðîâàííûõ

ð¼áåð, èíöèäåíòíûõ ýòîìó öèêëó, íà ïðîòèâîïîëîæíûå.

Åñëè óäàëèòü èç ïîâåðõíîñòè f-àòîìà âñå ñåïàðàòðèñû ñîîò-

âåòñòâóþùåé åìó �óíêöèè, òî ïîâåðõíîñòü ðàñïàä¼òñÿ íà øå-

ñòèóãîëüíèêè ñëåäóþùåãî âèäà: äâå ïðîòèâîïîëîæíûå ñòîðî-

íû ÿâëÿþòñÿ äóãàìè ãðàíè÷íûõ îêðóæíîñòåé êîëåö (ïîëîæè-

òåëüíîãî è îòðèöàòåëüíîãî), à êàæäàÿ èç äâóõ äðóãèõ ïàð ñòî-

ðîí ñîñòàâëåíà èç ñåïàðàòðèñ (âõîäÿùåé è âûõîäÿùåé). f-ãðà�

ñîäåðæèò èí�îðìàöèþ, êàê íóæíî ñêëåèâàòü ýòè øåñòèóãîëü-

íèêè. Çàíóìåðóåì îðèåíòèðîâàííûå ð¼áðà f-ãðà�à è ñ êàæäûì

èç íèõ ñîïîñòàâèì øåñòèóãîëüíèê. Çàäàäèì íà øåñòèóãîëüíè-

êàõ îðèåíòàöèþ (à òàêæå ïîëîæèòåëüíóþ è îòðèöàòåëüíóþ îá-

ëàñòü) è îáîçíà÷èì èõ ñòîðîíû ÷åðåç a±i , p
±
i , q

±
i , ãäå i�íîìåð

îðèåíòèðîâàííîãî ðåáðà f-ãðà�à (ñì. ðèñ. 4). Íà ïåðâîì ýòàïå

ñêëåèâàþòñÿ îòðèöàòåëüíûå êîëüöà: îòðåçîê p−i ñêëåèâàåòñÿ ñ

îòðåçêîì q−j (íàïðàâëåíèÿ ïðè ñêëåéêå ïðîòèâîïîëîæíû), åñ-

ëè êîíåö i-ãî ðåáðà ñîâïàäàåò ñ íà÷àëîì j-ãî ðåáðà. Íà âòîðîì
ýòàïå ñêëåèâàþòñÿ ïîëîæèòåëüíûå êîëüöà f-àòîìà: åñëè íåîðè-

åíòèðîâàííîå ðåáðî ñîåäèíÿåò âåðøèíó (j, i) (êîíåö j-ãî ðåáðà
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è íà÷àëî i-ãî ðåáðà) ñ âåðøèíîé (m,k), òî îòðåçîê q+i p
+
j ñêëå-

èâàåòñÿ ñ q+k p
+
m (åñëè ìåòêà íà ðåáðå +1, òî íàïðàâëåíèÿ ïðè

ñêëåéêå ïðîòèâîïîëîæíû, èíà÷å � ñîãëàñîâàíû).

q−i p−ia−i

q+i p+i

a+i

�èñ. 4. Øåñòèóãîëüíèê

�ðàíè÷íûì îêðóæíîñòÿì f-àòîìà ñîîòâåòñòâóþò öèêëû íà f-

ãðà�å. �ðàíèöû îòðèöàòåëüíûõ êîëåö � ýòî ïðîñòî îðèåíòèðî-

âàííûå öèêëû. �ðàíèöû ïîëîæèòåëüíûõ êîëåö çàäàþòñÿ ñìå-

øàííûìè öèêëàìè, â êîòîðûõ îðèåíòèðîâàííûå è íåîðèåíòè-

ðîâàííûå ð¼áðà ÷åðåäóþòñÿ, ïðè÷¼ì çíàê íåîðèåíòèðîâàííîãî

ðåáðà îïðåäåëÿåò, ïî êàêîìó îðèåíòèðîâàííîìó ðåáðó ñëåäó-

åò ïðîäîëæèòü îáõîä ãðà�à: åñëè çíàê ïëþñ, òî íàïðàâëåíèå

ñëåäóþùåãî îðèåíòèðîâàííîãî ðåáðà ñîâïàäàåò ñ íàïðàâëåíè-

åì ïðåäûäóùåãî ðåáðà. Ïðè ýòîì êàæäîå îðèåíòèðîâàííîå ðåá-

ðî ïðèíàäëåæèò îäíîìó öèêëó, à íåîðèåíòèðîâàííîå ðåáðî �

òî÷íî äâóì öèêëàì, êîòîðûå çàäàþò ãðàíè÷íûå îêðóæíîñòè

ïîëîæèòåëüíûõ êîëåö.

Äëÿ îðèåíòèðóåìîãî àòîìà ìîæíî òàê ïîäîáðàòü îðèåíòà-

öèþ ãðàíè÷íûõ îêðóæíîñòåé îòðèöàòåëüíûõ êîëåö, ÷òî âñå

ìåòêè íà íåîðèåíòèðîâàííûõ ð¼áðàõ f-ãðà�à áóäóò ïîëîæè-

òåëüíû, à çíà÷èò, èõ ìîæíî îïóñòèòü.

3. Àòîìû âûðîæäåííûõ êðèòè÷åñêèõ ñëî¼â

Â [1℄ ðàññìàòðèâàþòñÿ �óíêöèè ñ íåâûðîæäåííûìè êðèòè-

÷åñêèìè òî÷êàìè, íî äîïóñêàåòñÿ ðàñïîëîæåíèå íåñêîëüêèõ èç

íèõ íà îäíîì óðîâíå. Ìû ðàññìîòðèì ïðîèçâîëüíóþ ãëàäêóþ
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�óíêöèþ íà ãëàäêîé çàìêíóòîé ïîâåðõíîñòè ñ èçîëèðîâàííû-

ìè êðèòè÷åñêèìè òî÷êàìè (âîçìîæíî, âûðîæäåííûìè).

Îïðåäåëåíèå 7. Áóäåì íàçûâàòü âñå êðèòè÷åñêèå òî÷êè,

îòëè÷íûå îò ëîêàëüíûõ ýêñòðåìóìîâ, ñåäëîâûìè, à ñîîòâåò-

ñòâóþùèå àòîìû� ñåäëîâûìè àòîìàìè.

Èçâåñòíî (ñì. [3℄), ÷òî äëÿ ëþáîé èçîëèðîâàííîé ñåäëîâîé

êðèòè÷åñêîé òî÷êè ãëàäêîé �óíêöèè íà ãëàäêîé ïîâåðõíîñòè

ñóùåñòâóåò îêðåñòíîñòü, â êîòîðîé �óíêöèÿ ïîñëîéíî ýêâèâà-

ëåíòíà �óíêöèè f(x, y) = ℜe (x+iy)k äëÿ íåêîòîðîãî íàòóðàëü-
íîãî k. Ïðè k = 1 îò êðèòè÷åñêîé òî÷êè ìîæíî èçáàâèòüñÿ.

Ïðè k = 2 ýòî áóäåò ìîðñîâñêîå ñåäëî x2 − y2.
Ïîýòîìó ìîæíî ïåðå�îðìóëèðîâàòü îïðåäåëåíèå ñåäëîâîãî

àòîìà ñëåäóþùèì îáðàçîì.

Îïðåäåëåíèå 8. Ñåäëîâûì àòîìîì íàçîâ¼ì ïàðó (P 2,K),
ãäå P 2

� ñâÿçíàÿ êîìïàêòíàÿ äâóìåðíàÿ ïîâåðõíîñòü ñ êðà-

åì, à K � ñâÿçíûé ãðà� â íåé òàêîé, ÷òî åãî âåðøèíû èìåþò

÷¼òíóþ ñòåïåíü áîëüøå äâóõ, êàæäàÿ ñâÿçíàÿ êîìïîíåíòà

ìíîæåñòâà P 2 \ K ãîìåîìîð�íà êîëüöó S × (0, 1] è ìíîæå-

ñòâî ýòèõ êîëåö ìîæíî ðàçáèòü íà îòðèöàòåëüíûå è ïîëî-

æèòåëüíûå òàê, ÷òîáû ê êàæäîìó ðåáðó ãðà�à K ïðèìûêàëî

â òî÷íîñòè îäíî ïîëîæèòåëüíîå è â òî÷íîñòè îäíî îòðèöà-

òåëüíîå êîëüöî. f-àòîìîì íàçîâ¼ì àòîì, â êîòîðîì çà�èêñè-

ðîâàíî ðàçáèåíèå êîëåö íà ïîëîæèòåëüíûå è îòðèöàòåëüíûå.

Àòîìû ðàññìàòðèâàþòñÿ ñ òî÷íîñòüþ äî ãîìåîìîð�èçìà ïî-

âåðõíîñòåé, êîòîðûé ãðà� ïåðåâîäèò â ãðà�. f-àòîìû ðàññìàò-

ðèâàþòñÿ ñ òî÷íîñòüþ äî ãîìåîìîð�èçìà, êîòîðûé ãðà� ïå-

ðåâîäèò â ãðà�, à ïîëîæèòåëüíûå êîëüöà ïåðåâîäèò â ïîëîæè-

òåëüíûå. Ïîíÿòèå ìîëåêóëû è f-ìîëåêóëû äëÿ íåâûðîæäåííîãî

ñëó÷àÿ ïåðåíîñèòñÿ áåç èçìåíåíèé íà âûðîæäåííûé ñëó÷àé.

Òåîðåìà 2. �ëàäêèå �óíêöèè ñ èçîëèðîâàííûìè êðèòè÷åñêè-

ìè òî÷êàìè íà îðèåíòèðîâàííîé ïîâåðõíîñòè ïîñëîéíî ýêâè-

âàëåíòíû ñ ñîõðàíåíèåì îðèåíòàöèè òîãäà è òîëüêî òîãäà,



Ïîñëîéíàÿ ýêâèâàëåíòíîñòü ãëàäêèõ �óíêöèé 433

êîãäà ñîîòâåòñòâóþùèå èì ìîëåêóëû ýêâèâàëåíòíû. �ëàäêèå

�óíêöèè íà îðèåíòèðîâàííîé ïîâåðõíîñòè îñíàù¼ííî ïîñëîé-

íî ýêâèâàëåíòíû ñ ñîõðàíåíèåì îðèåíòàöèè òîãäà è òîëüêî

òîãäà, êîãäà ñîîòâåòñòâóþùèå èì f-ìîëåêóëû ýêâèâàëåíòíû.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü ñëåäóåò èç îïðåäåëåíèÿ ìî-

ëåêóëû. Äîñòàòî÷íîñòü äîêàçûâàåòñÿ àíàëîãè÷íî íåâûðîæäåí-

íîìó ñëó÷àþ. Äåéñòâèòåëüíî, èç îïðåäåëåíèÿ ýêâèâàëåíòíîñòè

ìîëåêóë ñëåäóåò, ÷òî àòîìû �óíêöèé îäèíàêîâû. Èç ïîñëåä-

íåãî âûòåêàåò, ÷òî �óíêöèè ïîñëîéíî ýêâèâàëåíòíû â îêðåñò-

íîñòÿõ êðèòè÷åñêèõ ñëî¼â. Ïîñêîëüêó ãîìåîìîð�èçì ìîëåêóë

çàäà¼ò áèåêöèþ ìåæäó ðåãóëÿðíûìè ñëîÿìè �óíêöèé, à íà

êîíöàõ òðóáîê, êîòîðûå ñîåäèíÿþò àòîìû, ãîìåîìîð�èçì óæå

çàäàí, òî åãî ìîæíî ïðîäîëæèòü íà ýòè òðóáêè. �

Çàìå÷àíèå 1. Âîîáùå ãîâîðÿ, ñóùåñòâóåò äâà ñïîñîáà ïðè-

êëåéêè öèëèíäðà (òðóáêè), êîòîðûé ñîîòâåòñòâóåò ðåáðó ìî-

ëåêóëû, ê ãðàíè÷íîé îêðóæíîñòè àòîìà. Íî â îðèåíòèðîâàí-

íîì ñëó÷àå ìîëåêóëà îäíîçíà÷íî çàäà¼ò �óíêöèþ, ïîñêîëüêó

ïðèêëåéêó ñëåäóåò ñîâåðøàòü ñ ñîãëàñîâàíèåì îðèåíòàöèé. Â

íåîðèåíòèðóåìîì ñëó÷àå â âåðøèíàõ ìîëåêóëû íåîáõîäèìî çà-

äàòü äîïîëíèòåëüíóþ èí�îðìàöèþ, ÷òîáû ñîîòâåòñòâóþùåå

óòâåðæäåíèå áûëî âåðíî.

4. Êîäèðîâàíèå àòîìîâ êðèòè÷åñêèõ ñëî¼â

Îáîáùèì êîíñòðóêöèþ f-ãðà�à íà ñëó÷àé âûðîæäåííûõ êðè-

òè÷åñêèõ òî÷åê. Âåðøèíû è îðèåíòèðîâàííûå ð¼áðà îïðåäåëÿ-

þòñÿ àíàëîãè÷íî íåâûðîæäåííîìó ñëó÷àþ. Êàæäàÿ ïàðà ñå-

ïàðàòðèñ, ïðîõîäÿùèõ ïî îòðèöàòåëüíûì êîëüöàì, êîòîðûå â

îêðåñòíîñòè êðèòè÷åñêîé òî÷êè ãðàíè÷àò ñ îäíèì è òåì æå ïî-

ëîæèòåëüíûì êîëüöîì, çàäà¼ò íåîðèåíòèðîâàííîå ðåáðî.

Çàìå÷àíèå 2. Åñëè ðàññòàâèòü ìåòêè-çíàêè àíàëîãè÷íî íå-

âûðîæäåííîìó ñëó÷àþ, òî òàêîé ãðà� íå áóäåò ðàçëè÷àòü

íåêîòîðûå àòîìû. Äåéñòâèòåëüíî, ïîñëå ñêëåéêè èç øåñòè-

óãîëüíèêîâ îòðèöàòåëüíûõ êîëåö åñòü 2k âàðèàíòîâ ñêëåéêè
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àòîìà (â ïðåäïîëîæåíèè, ÷òî íà êðèòè÷åñêîì óðîâíå åñòü

òîëüêî îäíà âûðîæäåííàÿ êðèòè÷åñêàÿ òî÷êà èíäåêñà Ïóàí-

êàðå 1 − k, òî åñòü å¼ òèï òàêîé æå, êàê è ó òî÷êè (0, 0)
äëÿ �óíêöèè ℜe (x + iy)k). À êîëè÷åñòâî çíàêîâ íà íåîðèåí-

òèðîâàííûõ ð¼áðàõ, õîòÿ è ðàâíî k, íî îäèí èç íèõ îïðåäå-

ëÿåòñÿ ÷åðåç îñòàëüíûå, òî åñòü íå íåñ¼ò íèêàêîé èí�îð-

ìàöèè. Íàïðèìåð, äâà ðàçíûõ àòîìà, ñïàéíû êîòîðûõ èçîáðà-

æåíû íà ðèñ. 5(a), èìåþò îäèí è òîò æå îáîáù¼ííûé f-ãðà�.

Äëÿ îäíîçíà÷íîñòè íóæåí åù¼ îäèí áèò èí�îðìàöèè.

b −+−
+−+

b −
+

−

+ − +

(a) Ñïàéíû àòîìîâ

b b

b

+
++

(b) f-ãðà�

�èñ. 5

Çà�èêñèðóåì ïðîèçâîëüíûì îáðàçîì íà êàæäîì íåîðèåíòè-

ðîâàííîì ìíîãîóãîëüíèêå îðèåíòàöèþ. Òàêèì îáðàçîì, íåîðè-

åíòèðîâàííûå ð¼áðà ïðèîáðåòóò îðèåíòàöèþ, â äàëüíåéøåì ìû
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áóäåì èõ íàçûâàòü âíóòðåííèìè ð¼áðàìè è èçîáðàæàòü ïóíê-

òèðîì, â îòëè÷èå îò ãðàíè÷íûõ ð¼áåð, êîòîðûå ñîîòâåòñòâóþò

äóãàì ãðàíèöû àòîìà. Çíàêè áóäåì ðàññòàâëÿòü íå íà ð¼áðàõ, à

â âåðøèíàõ ïî ñëåäóþùåìó ïðàâèëó. �àññìîòðèì îêðåñòíîñòü

òîé ÷àñòè ñåïàðàòðèñû, èäóùåé èç ãðàíèöû îòðèöàòåëüíîãî

êîëüöà â êðèòè÷åñêóþ òî÷êó, êîòîðàÿ íå ñîäåðæèò êðèòè÷å-

ñêóþ òî÷êó. Îäíà ñòîðîíà ýòîãî ïðÿìîóãîëüíèêà ïðèíàäëåæèò

ãðàíè÷íîé îêðóæíîñòè, à çíà÷èò, íà íåé çàäàíà îðèåíòàöèÿ, íà-

ïðàâëåíèå ïðîòèâîïîëîæíîé ñòîðîíû çàäà¼òñÿ ðàíåå çà�èêñè-

ðîâàííîé îðèåíòàöèåé ìíîãîóãîëüíèêà. Åñëè îíè èíäóöèðóþò

îäíó è òó æå îðèåíòàöèþ ïðÿìîóãîëüíèêà, òî â ñîîòâåòñòâóþ-

ùåé âåðøèíå ñòàâèì çíàê ïëþñ, èíà÷å � ìèíóñ.

Îïðåäåëåíèå 9. Òàê îïðåäåë¼ííûé ãðà� íàçîâ¼ì fd-ãðà�îì.

Ýêâèâàëåíòíîñòü fd-ãðà�îâ çàäà¼òñÿ èçîìîð�èçìîì, ñîõðàíÿ-

þùèì îðèåíòàöèè ð¼áåð è ìåòêè âåðøèí, à òàêæå îïåðàöèåé

èçìåíåíèÿ íàïðàâëåíèÿ âñåõ ð¼áåð ëþáîãî îäíîöâåòíîãî öèê-

ëà ñ îäíîâðåìåííîé çàìåíîé çíàêîâ èíöèäåíòíûõ âåðøèí íà

ïðîòèâîïîëîæíûå.

Òî åñòü fd-ãðà�� ýòî ãðà�, âåðøèíû êîòîðîãî èìåþò ñòå-

ïåíü 4 è ñîäåðæàò ìåòêó-çíàê, à ð¼áðà îðèåíòèðîâàíû è ðàñ-

êðàøåíû â äâà öâåòà. Ïðè÷¼ì, â êàæäóþ âåðøèíó âõîäèò è

èç êàæäîé âåðøèíû âûõîäèò ïî îäíîìó ðåáðó êàæäîãî öâåòà,

è âíóòðåííèå ð¼áðà îáðàçóþò îðèåíòèðîâàííûå öèêëû äëèíû

kj , j = 1, . . . , n, ãäå n�êîëè÷åñòâî êðèòè÷åñêèõ òî÷åê ñëîÿ,

â îêðåñòíîñòÿõ êîòîðûõ �óíêöèÿ ýêâèâàëåíòíà ℜe (x + iy)kj ,
j = 1, . . . , n. �ðàíè÷íûì îêðóæíîñòÿì îòðèöàòåëüíûõ êîëåö

f-àòîìà ñîîòâåòñòâóþò öèêëû ãðàíè÷íûõ ð¼áåð fd-ãðà�à. �ðà-

íè÷íûì îêðóæíîñòÿì ïîëîæèòåëüíûõ êîëåö f-àòîìà ñîîòâåò-

ñòâóþò ñìåøàííûå öèêëû, ãäå âíóòðåííèå è ãðàíè÷íûå ð¼á-

ðà ÷åðåäóþòñÿ, ïðè÷¼ì çíàê âåðøèíû îïðåäåëÿåò ïî ðåáðó ñ

êàêîé îðèåíòàöèåé ñëåäóåò ïðîäîëæàòü ïóòü (åñëè ïëþñ, òî

íàïðàâëåíèå ñëåäóþùåãî ðåáðà äîëæíî ñîâïàäàòü ñ íàïðàâëå-

íèåì ïðåäûäóùåãî). Êàæäîå ðåáðî ïðèíàäëåæèò ðîâíî îäíîìó
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èç öèêëîâ, ñîîòâåòñòâóþùèõ ãðàíè÷íûì îêðóæíîñòÿì ïîëîæè-

òåëüíûõ êîëåö.

Îïèøåì àëãîðèòì ñêëåéêè f-àòîìà ïî fd-ãðà�ó. Ñîïîñòàâèì

êàæäîìó ãðàíè÷íîìó ðåáðó fd-ãðà�à øåñòèóãîëüíèê. Ïåðâûé

ýòàï ñêëåéêè îòðèöàòåëüíûõ êîëåö f-àòîìà ïðîèñõîäèò, êàê è â

íåâûðîæäåííîì ñëó÷àå. Íà âòîðîì ýòàïå ñëåäóåò ñêëåèòü îòðå-

çîê p+i ñ q+j (íàïðàâëåíèÿ ïðè ñêëåéêå ïðîòèâîïîëîæíû), åñëè

ñóùåñòâóåò âíóòðåííåå ðåáðî, ñîåäèíÿþùåå âåðøèíû (i, ∗) (i-
å ãðàíè÷íîå ðåáðî âõîäèò, âûõîäèò ëþáîå) è (∗, j) è ïðè ýòîì

íàïðàâëåííîå îò (i, ∗) ê (∗, j), åñëè ìåòêè â âåðøèíàõ +1, è îò
(∗, j) ê (i, ∗), åñëè ìåòêè −1. Îòðåçêè p+i è P+

j ñêëåèâàþòñÿ

(îðèåíòàöèè ñîãëàñîâàíû), åñëè ñóùåñòâóåò âíóòðåííåå ðåáðî,

ñîåäèíÿþùåå âåðøèíû (i, ∗) è (j, ∗) è íàïðàâëåííîå îò (i, ∗) ê
(j, ∗), åñëè ìåòêè â âåðøèíàõ +1 è −1 ñîîòâåòñòâåííî, èëè æå

îò (j, ∗) ê (i, ∗), åñëè ìåòêè −1 è +1. Îòðåçêè q+i è q+j ñêëåè-

âàþòñÿ (îðèåíòàöèè ñîãëàñîâàíû), åñëè ñóùåñòâóåò âíóòðåííåå

ðåáðî, ñîåäèíÿþùåå âåðøèíû (∗, i) è (∗, j) è íàïðàâëåííîå îò

(∗, i) ê (∗, j), åñëè ìåòêè â âåðøèíàõ −1 è +1 ñîîòâåòñòâåííî,
èëè æå îò (∗, j) ê (∗, i), åñëè ìåòêè +1 è −1.

Òåîðåìà 3. Äâà f-àòîìà ýêâèâàëåíòíû òîãäà è òîëüêî òî-

ãäà, êîãäà ñîîòâåòñòâóþùèå èì fd-ãðà�û ýêâèâàëåíòíû.

Äîêàçàòåëüñòâî. Õîòÿ fd-ãðà� ðàññìàòðèâàåòñÿ êàê àáñòðàêò-

íûé ãðà�, åãî ìîæíî åñòåñòâåííûì îáðàçîì âëîæèòü â ïîâåðõ-

íîñòü f-àòîìà. À ïîñêîëüêó ãîìåîìîð�èçì, êîòîðûé çàäà¼ò ýê-

âèâàëåíòíîñòü f-àòîìîâ, ïåðåâîäèò îòðèöàòåëüíûå êîëüöà â îò-

ðèöàòåëüíûå, à ñïàéí f-àòîìà â ñïàéí, òî îí ïîðîæäàåò èçîìîð-

�èçì fd-ãðà�îâ, êîòîðûé ñîõðàíÿåò íàïðàâëåíèÿ ð¼áåð è ìåò-

êè â âåðøèíàõ. Ïðè÷¼ì, ïðè îäèíàêîâûõ îðèåíòàöèÿõ ñîîòâåò-

ñòâóþùèõ ð¼áåð, ìåòêè áóäóò ðàâíû, ïîñêîëüêó ãîìåîìîð�èçì

ïåðåâîäèò ñïàéí f-àòîìà â ñïàéí.

Äîñòàòî÷íîñòü äîêàçûâàåòñÿ àíàëîãè÷íî íåâûðîæäåííîìó

ñëó÷àþ. Ñíà÷àëà íóæíî èçìåíèòü îðèåíòàöèþ íåêîòîðûõ öèê-

ëîâ íà îäíîì èç fd-ãðà�îâ, ÷òîáû îíè ñòàëè èçîìîð�íû êàê
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îðèåíòèðîâàííûå ãðà�û ñ ìåòêàìè (âîçìîæíîñòü ñëåäóåò èç

îïðåäåëåíèÿ ýêâèâàëåíòíîñòè fd-ãðà�îâ). Èçîìîð�èçì fd-ãðà-

�îâ ïîðîæäàåò ãîìåîìîð�èçìû ñïàéíîâ è ãðàíè÷íûõ îêðóæ-

íîñòåé f-àòîìîâ, êîòîðûå íåïðåðûâíûì îáðàçîì ïðîäîëæàþòñÿ

íà îòðèöàòåëüíûå è ïîëîæèòåëüíûå êîëüöà. �

5. Ïðèìåðû

�àññìîòðèì �óíêöèè, ó êîòîðûõ ïîìèìî ëîêàëüíûõ ýêñòðå-

ìóìîâ åñòü ðîâíî îäíà êðèòè÷åñêàÿ òî÷êà. Òàêèå �óíêöèè îä-

íîçíà÷íî îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî ïîñëîéíîé ýêâèâàëåíò-

íîñòè ñåäëîâûì àòîìîì è ñ òî÷íîñòüþ äî îñíàù¼ííî ïîñëîéíîé

ýêâèâàëåíòíîñòè ñåäëîâûì f-àòîìîì, à çíà÷èò, fd-ãðà�îì.

�àññìîòðèì �óíêöèè ñ îäíîé ñåäëîâîé òî÷êîé, â îêðåñòíî-

ñòè êîòîðîé îíè ýêâèâàëåíòíû �óíêöèè ℜe (x+ iy)3. Ñîîòâåò-
ñòâóþùèé fd-ãðà� èìååò òðè âåðøèíû, òðè ãðàíè÷íûõ è òðè

âíóòðåííèõ ðåáðà. Òðè âíóòðåííèõ ðåáðà îáðàçóþò òðåóãîëü-

íèê, à äëÿ ãðàíè÷íûõ ð¼áåð ñóùåñòâóþò òðè âàðèàíòà: ëèáî

îíè ÿâëÿþòñÿ ñòîðîíàìè òðåóãîëüíèêà, ëèáî êàæäîå ðåáðî îá-

ðàçóåò ïåòëþ, ëèáî äâà èç íèõ îáðàçóþò äâóóãîëüíèê, à òðå-

òüå � ïåòëþ. Â êàæäîì èç òð¼õ ñëó÷àåâ ñëåäóåò çà�èêñèðî-

âàòü íàïðàâëåíèÿ ð¼áåð è ðàññòàâèòü çíàêè â âåðøèíàõ. Â ïåð-

âîì ñëó÷àå ïðè �èêñèðîâàííîé îðèåíòàöèè êàæäîãî èç öèêëîâ

âîçìîæíû ÷åòûðå âàðèàíòà ðàññòàíîâêè çíàêîâ, êîòîðûå çà-

äàþò íåýêâèâàëåíòíûå fd-ãðà�û: (+,+,+), (+,+,−), (+,−,−)
è (−,−,−) (ïîñêîëüêó èç-çà ñèììåòðè÷íîñòè ãðà�à âåðøèíû

ðàâíîïðàâíû). Âî âòîðîì ñëó÷àå ëþáàÿ ðàññòàíîâêà çíàêîâ çà-

äà¼ò ýêâèâàëåíòíûå fd-ãðà�û, òàê êàê, èçìåíÿÿ îðèåíòàöèþ

ïåòåëü, ìû ìîæåì èçìåíèòü ëþáîé çíàê. Â òðåòüåì ñëó÷àå

çíàê â âåðøèíå, êîòîðàÿ èíöèäåíòíà ïåòëå, íå ñóùåñòâåíåí,

à â äâóõ îñòàâøèõñÿ âåðøèíàõ âîçìîæíû äâà âàðèàíòà: ëèáî

çíàêè ñîâïàäàþò, ëèáî ðàçëè÷íû. Ïîñëåäíåå âåðíî, ïîñêîëü-

êó ãðàíè÷íûå ð¼áðà îáðàçóþò öèêë äëèíû äâà è èçìåíåíèå èõ

íàïðàâëåíèé íå èçìåíèò ãðà�. Òàêèì îáðàçîì, âñåãî èìååì 7
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�èñ. 6. fd-ãðà�û

�óíêöèé, ðàññìàòðèâàåìûõ ñ òî÷íîñòüþ äî îñíàù¼ííî ïîñëîé-

íîé ýêâèâàëåíòíîñòè. Èç íèõ 4 çàäàíû íà îðèåíòèðóåìûõ ïî-

âåðõíîñòÿõ, à 3�íà íåîðèåíòèðóåìûõ. Ôóíêöèÿ íà ðèñ. 6(a)

çàäàíà íà òîðå, �óíêöèè íà ðèñ. 6(d), ðèñ. 6(e) è ðèñ. 6(f) �

íà ñ�åðå, �óíêöèè íà ðèñ. 6(
) è ðèñ. 6(g) � íà ïðîåêòèâíîé

ïëîñêîñòè è �óíêöèÿ íà ðèñ. 6(b) çàäàíà íà áóòûëêå Êëåéíà.
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Åñëè ðàññìàòðèâàòü ýòè �óíêöèè ñ òî÷íîñòüþ äî ïîñëîé-

íîé ýêâèâàëåíòíîñòè, òî, ïîñêîëüêó íåêîòîðûì f-àòîìàì ñîîò-

âåòñòâóåò îäèí àòîì, íåêîòîðûå �óíêöèè áóäóò ïðèíàäëåæàòü

îäíîìó êëàññó ïîñëîéíîé ýêâèâàëåíòíîñòè. Òàê, �óíêöèè íà

ðèñ. 6(d) è ðèñ. 6(e) ïîñëîéíî ýêâèâàëåíòíû, à òàêæå ��óíê-

öèè íà ðèñ. 6(
) è ðèñ. 6(g). Òàêèì îáðàçîì, ñóùåñòâóåò 5 ðàç-
íûõ (ñ òî÷íîñòüþ äî ïîñëîéíîé ýêâèâàëåíòíîñòè) �óíêöèé òà-

êîãî âèäà.

6. Âûâîäû

Â ðàáîòå äîêàçàíî, ÷òî ãëàäêèå �óíêöèè ñ èçîëèðîâàííû-

ìè êðèòè÷åñêèìè òî÷êàìè ñ òî÷íîñòüþ äî ïîñëîéíîé ýêâèâà-

ëåíòíîñòè (îñíàù¼ííî ïîñëîéíîé ýêâèâàëåíòíîñòè) çàäàþòñÿ

ïðè ïîìîùè ìîëåêóë (f-ìîëåêóë). Äëÿ êîäèðîâàíèÿ f-àòîìîâ

ïîñòðîåí fd-ãðà�, ÿâëÿþùèéñÿ îáîáùåíèåì f-ãðà�à íà âûðîæ-

äåííûé ñëó÷àé. Äîêàçàíî, ÷òî fd-ãðà� îäíîçíà÷íî çàäà¼ò f-

àòîì. Íàéäåíû âñå �óíêöèè (ðàññìàòðèâàåìûå êàê ñ òî÷íî-

ñòüþ äî ïîñëîéíîé, òàê è ñ òî÷íîñòüþ äî îñíàù¼ííî ïîñëîéíîé

ýêâèâàëåíòíîñòè) ñ îäíîé ñåäëîâîé òî÷êîé, â îêðåñòíîñòè êî-

òîðîé îíè ýêâèâàëåíòíû �óíêöèè ℜe (x+ iy)3.
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Òîïîëîãi÷íà êëàñè�iêàöiÿ

íåêîìïàêòíèõ ïîâåðõîíü ç êðà¹ì

We give a topological classification of nonconpact surfaces with a boundary

Êëþ÷îâi ñëîâà: íåêîìïàêòíi ïîâåðõíi,ïîâåðõíi ç êðà¹ì, òîïîëîãi÷íà

êëàñè�iêàöiÿ

Âñòóï. Òåîðåìà êëàñè�iêàöi¨ êîìïàêòíèõ ïîâåðõîíü ¹ îäíèì

ç íàéâàæëèâiøèõ ðåçóëüòàòiâ òåîði¨ êîìïàêòíèõ ïðîñòîðiâ. Ïåð-

øà ñïðîáà êëàñè�iêóâàòè íåêîìïàêòíi ïîâåðõíi ç'ÿâèëàñÿ ó ðî-

áîòàõ Êåðåêüÿðòî (Íiìå÷÷èíà, ïî÷àòîê 20 ñòîëiòòÿ) [1℄ òà �i-

÷àðäñà (ÑØÀ, 1961ð.) [2℄, àëå áóëî ðîçãëÿíóòî ëèøå âèïàäîê

ïîâåðõîíü áåç êðàþ. Ïðè ðîáîòi ç íåêîìïàêòíèìè ïîâåðõíÿìè

ââîäèòüñÿ ïîíÿòòÿ iäåàëüíî¨ ìåæi ïîâåðõíi òà ¨¨ êiíöiâ. Â ðîáî-

òàõ Êåðåêüÿðòî [1℄ âèñâiòëåíî êëþ÷îâi ìîìåíòè òà îñîáëèâîñòi

ðîáîòè ç íåêîìïàêòíèìè ìíîãîâèäàìè, àëå ïîâíî¨ êëàñè�iêàöi¨

íåêîìïàêòíèõ ïîâåðõîíü íå íàâåäåíî. Äàëi, ßí �i÷àðäñ (ÑØÀ,

1961ð.) äîâiâ [2℄, ùî äâi íåêîìïàêòíi ïîâåðõíi ¹ ãîìåîìîð�íèìè

òîäi i òiëüêè òîäi, êîëè ¨õ iäåàëüíi ìåæi òîïîëîãi÷íî åêâiâàëåí-

òíi. Òàêîæ âií äîâiâ, ùî áóäü-ÿêèé äèç'þíêòíèé êîìïàêòíèé

ñåïàðàáåëüíèé ïðîñòið ¹ iäåàëüíîþ ìåæåþ äåÿêî¨ íåêîìïàêòíî¨

ïîâåðõíi. I äîñi àêòóàëüíèì ¹ ïèòàííÿ îòðèìàííÿ òîïîëîãi÷íî¨
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êëàñè�iêàöi¨ íåêîìïàêòíèõ ïîâåðõîíü ç êðà¹ì. Â äàíié ðîáî-

òi äàíî ïîâíó òîïîëîãi÷íó êëàñè�iêàöiþ íåêîìïàêòíèõ ïîâåð-

õîíü ç äîâiëüíèì ÷èñëîì êîìïîíåíò êðàþ. Îêðåìî ðîçãëÿíóòî

âèïàäîê ñêií÷åííî¨ òà íåñêií÷åííî¨ êiëüêîñòi êîìïîíåíò êðàþ.

Êëàñè�iêóþ÷è ïîâåðõíi çà ¨õ òèïîì îði¹íòîâàíîñòi òà ðîäîì,

ìîæíà îïèñàòè õàðàêòåðèñòè÷íi âëàñòèâîñòi iäåàëüíèõ ìåæ íå-

êîìïàêòíèõ ïîâåðõîíü ç äîâiëüíèì ÷èñëîì êîìïîíåíò êðàþ.

Áàçóþ÷èñü íà ðåçóëüòàòàõ Êåðåêüÿðòî [1℄ òà �i÷àðäñà [2℄,

îñíîâíîþ çàäà÷åþ òóò ¹ êëàñè�iêàöiÿ íåêîìïàêòíèõ ïîâåðõîíü

ç êðà¹ì. Íåêîìïàêòíi ïîâåðõíi çi ñêií÷åííèì ÷èñëîì êîìïî-

íåíò êðàþ òà ¨õ òîïîëîãi÷íà êëàñè�iêàöiÿ âèâ÷àëèñü â ðîáîòi

[3℄. Óçàãàëüíåííÿ ñèòóàöi¨ íà äîâiëüíå ÷èñëî êîìïîíåíò êðàþ

ïîâåðõíi ðîçãëÿíóòî â äàíié ðîáîòi, òàêîæ òóò äàíî òîïîëîãi-

÷íó êëàñè�iêàöiþ òàêèõ ïîâåðõîíü.

1. Îñíîâíi ïîíÿòòÿ òà îçíà÷åííÿ

Îçíà÷åííÿ 1. �ðàíè÷íîþ êîìïîíåíòîþ, àáî êiíöåì ïîâåðõíi,

S íàçèâàòèìåìî ïîñëiäîâíiñòü çâ'ÿçíèõ íåîáìåæåíèõ âiäêðè-

òèõ ìíîæèí â äàíié òîïîëîãi¨ íà S : P1 ⊃ P2 ⊃ P3 ⊃ . . .
òàêèõ, ùî âèêîíóþòüñÿ óìîâè:

(1) ìåæà Pn â S ¹ êîìïàêòíîþ äëÿ áóäü-ÿêîãî n≥1;
(2) äëÿ äîâiëüíî¨ êîìïàêòíî¨ ìíîæèíè A⊂S òà äîñòàòíüî

âåëèêîãî n âèêîíó¹òüñÿ: Pn ∩A = ∅.

Îçíà÷åííÿ 2. Äâi ãðàíè÷íèõ êîìïîíåíòè P1 ⊃ P2 ⊃ P3 ⊃ . . .
òà Q1 ⊃ Q2 ⊃ Q3 ⊃ . . . íàçèâàþòüñÿ åêâiâàëåíòíèìè, ÿêùî

∀n ∈ N ∃N òàêå, ùî PN ⊂ QN òà íàâïàêè.

Çà äàíîþ êîìïîíåíòîþ P1 ⊃ P2 ⊃ P3 ⊃ . . . âèçíà÷èìî êëàñ

åêâiâàëåíòíîñòi ãðàíè÷íèõ êîìïîíåíò, ÿêèé ¨é âiäïîâiäà¹. Êëàñ

åêâiâàëåíòíîñòi, ÿêèé ìiñòèòü ãðàíè÷íó êîìïîíåíòó P1 ⊃ P2 ⊃
P3 ⊃ . . ., ïîçíà÷èìî ÷åðåç p∗.
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Îçíà÷åííÿ 3. Iäåàëüíîþ ìåæåþ, àáî ìíîæèíîþ êiíöiâ B(S)
íåêîìïàêòíî¨ ïîâåðõíi S íàçâåìî òîïîëîãi÷íèé ïðîñòið, åëå-

ìåíòàìè ÿêîãî ¹ ïîáóäîâàíi âèùå êëàñè åêâiâàëåíòíîñòi ãðà-

íè÷íèõ êîìïîíåíò â S.

Îçíà÷åííÿ 4. Íàçâåìî òî÷êó p∗ ïëàíàðíîþ, ÿêùî äëÿ âñiõ

¨¨ äîñòàòíüî ìàëèõ âiäêðèòèõ îêîëiâ U ïåðåòèí U∩S ãîìåî-

ìîð�íèé ïiäìíîæèíi ïëîùèíè.

Îçíà÷åííÿ 5. Íàçâåìî òî÷êó p∗ îði¹íòîâàíîþ, ÿêùî äëÿ

âñiõ ¨¨ äîñòàòíüî ìàëèõ âiäêðèòèõ îêîëiâ U ïåðåòèí U∩S îði-
¹íòîâàíèé.

Ïîçíà÷èìî ÷åðåç B(S)′′ ïiäìíîæèíó âñiõ íåïëàíàðíèõ òî÷îê
ç B(S), òà ÷åðåç B(S)′ ïiäìíîæèíó âñiõ íåîði¹íòîâàíèõ òî÷îê

ç B(S). Ç îçíà÷åíü çðîçóìiëî, ùî B(S)′ òà B(S)′′ ¹ âiäêðèòè-
ìè ïiäìíîæèíàìè êîìïàêòíîãî öiëêîì íåçâ'ÿçíîãî ìåòðè÷íîãî

ïðîñòîðó B(S) òà B(S) ⊃ B(S)′ ⊃ B(S)′′.

2. Íåêîìïàêòíi ïîâåðõíi çi ñêií÷åííèì ÷èñëîì

êîìïîíåíò êðàþ

�îçãëÿíåìî íåêîìïàêòíi ïîâåðõíi çi ñêií÷åííèì ÷èñëîì êîì-

ïîíåíò êðàþ. Êîìïîíåíòè êðàþ ìîæóòü áóòè ÿê êîìïàêòíèìè,

òàê i íåêîìïàêòíèìè. Êîëà ìîæíà ñòÿãíóòè â òî÷êó àáî çàêëå-

¨òè äèñêîì. Iíòåðâàëè ìîæíà ïðåäñòàâèòè ó âèãëÿäi êië, ç ÿêèõ

âiäêèíóòî ñêií÷åííå ÷èñëî òî÷îê; îòðèìàíi êîëà çàêëå¨òè äè-

ñêàìè, àëå íà ãðàíèöÿõ öèõ äèñêiâ ïîòðiáíî âiäìiòèòè âiäêèíóòi

òî÷êè:

A1, A2, A3, . . . , An, . . . .

Òàêèì ÷èíîì, ìè îòðèìà¹ìî ïîâåðõíþ áåç êðàþ, äî ÿêî¨ (çà

óìîâ, ùî âèõiäíi ïîâåðõíi ìàþòü îäíàêîâó êiëüêiñòü çàêëå¹íèõ

äèñêiâ òà íà êîæíié ãðàíèöi òàêèõ äèñêiâ êiëüêiñòü âèêîëîòèõ

òî÷îê ñêií÷åííà òà îäíàêîâà) ìîæíà çàñòîñóâàòè òåîðåìó �i-

÷àðäñà [2℄. Ó ðîáîòi [3℄ äîâåäåíî òåîðåìó.

Òåîðåìà 1. Äèñê ç âèêîëîòîþ òî÷êîþ íà ãðàíèöi ãîìåîìîð-

�íèé äèñêó iç âèêîëîòèì âiäðiçêîì íà ãðàíèöi.
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Çà ðåçóëüòàòàìè òåîðåìè 1.1 êðàé âèõiäíî¨ íåêîìïàêòíî¨ ïî-

âåðõíi ñêëàäà¹òüñÿ ç äèñêiâ iç âèêîëîòèìè òî÷êàìè íà ãðàíèöi

àáî ç iíòåðâàëiâ.

Òåîðåìà 2. Íåõàé q∗� êiíåöü, ùî íàëåæèòü êðàþ íåêîìïà-

êòíî¨ ïîâåðõíi N . Òîäi iñíó¹ òî÷íî äâi ãðàíè÷íi êîìïîíåíòè,

ÿêi ïðèìèêàþòü äî q∗, òà äëÿ ÿêèõ âií ¹ ãðàíè÷íîþ òî÷êîþ.

Çà òåîðåìîþ 1.2 âñi âiäðiçêè ç êðàþ ìîæíà ç'¹äíóâàòè, â

ðåçóëüòàòi îòðèìàâøè êîëî. Îñêiëüêè äëÿ êîæíîãî êiíöÿ iñíó¹

ñâîÿ ïàðà ãðàíè÷íèõ êîìïîíåíò, òî ïîðÿäîê ç'¹äíàííÿ âñòàíîâ-

ëåíî òî÷íî. Ç òåîðåì 1.1 òà 1.2 âèïëèâà¹, ùî êîìïîíåíòè êðàþ

òà êðàéîâi êiíöi ìîæíà ðîçáèòè íà ãðóïè òàê, ùî îäíó ãðóïó

ñêëàäà¹ öèêëi÷íà ïîñëiäîâíiñòü, ñêëàäåíà ç êiíöiâ i êîìïîíåí-

òiâ êðàþ, â ÿêié äâà äîâiëüíi ñóñiäíi åëåìåíòà ¹ êîìïîíåíòà

êðàþ i ãðàíè÷íèé äî íå¨ êiíåöü. Îòðèìàíó ïîñëiäîâíiñòü ãðà-

íè÷íèõ êîìïîíåíò òà êîìïîíåíò êðàþ íàçèâàòèìåìî êðàéîâèì

öèêëîì. Ñòÿãíóâøè êðàéîâi öèêëè äî òî÷îê àáî çàêëå¨âøè ¨õ

äèñêàìè, ìè îòðèìà¹ìî íåêîìïàêòíó ïîâåðõíþ áåç êðàþ. Òà-

êèì ÷èíîì, êëàñè�iêàöiÿ íåêîìïàêòíèõ ïîâåðõîíü çi ñêií÷åí-

íèì ÷èñëîì êîìïîíåíò êðàþ çâîäèòüñÿ äî êëàñè�iêàöi¨ íåêîì-

ïàêòíèõ ïîâåðõîíü áåç êðàþ.

Òåîðåìà 3. Äâi íåêîìïàêòíi ïîâåðõíi S1 òà S2 iç ñêií÷åííèì
÷èñëîì êîìïîíåíò êðàþ ¹ ãîìåîìîð�íèìè òîäi i òiëüêè òîäi,

êîëè âîíè:

(1) ìàþòü îäíàêîâó êiëüêiñòü çàêëå¹íèõ äèñêiâ;

(2) ìàþòü îäíàêîâó (ñêií÷åííó) êiëüêiñòü âèêîëîòèõ òî-

÷îê íà êîæíié ñâî¨é ãðàíèöi;

(3) ìàþòü îäíàêîâèé ðiä òà êëàñ îði¹íòîâàíîñòi;

(4) êðiì òîãî, iñíó¹ ãîìåîìîð�içì B(S1) íà B(S2), ÿêèé
âiäîáðàæà¹ B ′(S1) òà B ′′(S1) â B ′(S2) òà B ′′(S2) âiä-
ïîâiäíî.

Ïîâíå äîâåäåííÿ òåîðåì 1 � 3 íàâåäåíî ó ðîáîòàõ [3, 4℄.
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3. Íåêîìïàêòíi ïîâåðõíi ç äîâiëüíèì ÷èñëîì

êîìïîíåíò êðàþ

�îçãëÿíåìî íåêîìïàêòíi ïîâåðõíi ç äîâiëüíèì ÷èñëîì êîìïî-

íåíò êðàþ. Äëÿ ïðîâåäåííÿ êëàñè�iêàöi¨ ïåðø çà âñå ïîòðiáíî

êëàñè�iêóâàòè êiíöi, ÿêi ëåæàòü íà êðàþ.

Ïîçíà÷èìî ÷åðåç C ìíîæèíó òèõ êiíöiâ, ÿêi ëåæàòü íà êðàþ

ïîâåðõíi. Ìíîæèíó C òàê ñàìî, ÿê i B(S) ìè ðîçáèâà¹ìî íà

ïiäìíîæèíè íåïëàíàðíèõ òà íåîði¹íòîâàíèõ êiíöiâ C ′
òà C ′′

i

ðîçãëÿäàòèìåìî â ïîäàëüøîìó ïàðè (B,C), (Â ′
, Ñ

′) òà (Â

′′
,

Ñ

′′). Ñóìiæíèìè íàçèâàòèìåìî òàêi äâà êiíöi, ìiæ ÿêèìè çíà-

éäåòüñÿ êîìïîíåíòà êðàþ, êiíöÿìè ÿêî¨ âîíè ¹. Áóäåìî ââàæà-

òè, ùî êiíöi íàëåæàòü îäíîìó i òîìó æ êëàñó åêâiâàëåíòíî-

ñòi, ÿêùî ¨õ ìîæíà ïîïàðíî ç'¹äíàòè ìiæ ñîáîþ ïîñëiäîâíiñòþ

ñóìiæíèõ êiíöiâ. Ó âèïàäêó íåñêií÷åííî¨ êiëüêîñòi êîìïîíåíò

êðàþ êðàéîâi öèêëè ìîæóòü áóòè íåñêií÷åííèìè. Âiäíîøåí-

íÿ åêâiâàëåíòíîñòi ãðàíè÷íèõ êîìïîíåíò íà ìíîæèíàõ Ñ

′
òà

C

′′
ââîäèòüñÿ òàê ñàìî, ÿê äëÿ êiíöiâ íà C. Òàêå âiäíîøåííÿ

åêâiâàëåíòíîñòi ïîðîäæó¹ �àêòîð-ïðîñòið D= C/∼. Íàçâåìî D
ìíîæèíîþ êðàéîâèõ öèêëiâ. Âîíà ÿâëÿ¹ ñîáîþ ìíîæèíó êië ç

âèêîëîòèìè òî÷êàìè.

Ëåìà 1. Îá'¹äíàííÿ êðàéîâèõ êiíöiâ ìîæíà ïðåäñòàâèòè ÿê

êîëà ç âêëàäåíèìè â íèõ ïiäìíîæèíàìè êàíòîðîâî¨ ìíîæèíè,

ùî ¹ ìíîæèíàìè êðàéîâèõ êiíöiâ.

Äîâåäåííÿ. Çà ïîáóäîâîþ ìíîæèíà êðàéîâèõ êiíöiâ ¹ öiëêîì

íåçâ'ÿçíîþ. Îòæå, âîíà ãîìåîìîð�íà ïiäìíîæèíi êàíòîðîâî¨

ìíîæèíè. Ëåìó äîâåäåíî. �

4. Êëàñè�iêàöiÿ íåêîìïàêòíèõ ïîâåðõîíü ç êðà¹ì

Âèêîðèñòà¹ìî íàñòóïíó êîíñòðóêöiþ. Íåõàé S � íåêîìïà-

êòíà ñåïàðàáåëüíà ïîâåðõíÿ ç êðà¹ì. Êîìïîíåíòè êðàþ αk ìî-
æíà îðãàíiçóâàòè ó êîëà iç âèêîëîòèìè òî÷êàìè. Âiäêèíóâøè

êðàé ïîâåðõíi S, îòðèìó¹ìî íåêîìïàêòíó ïîâåðõíþ áåç êðàþ.

Äëÿ êëàñè�iêàöi¨ òàêèõ ïîâåðõîíü ñëiä çàñòîñóâàòè òåîðåìó
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�i÷àðäñà [2℄: âíóòðiøíîñòi ïîâåðõîíü ãîìåîìîð�íi òà iñíóþòü

ïîñëiäîâíîñòi êîìïàêòíèõ çàìêíåíèõ ïîâåðõîíü Fk, êîæíà íà-
ñòóïíà ç ÿêèõ ìiñòèòü ïîïåðåäíþ: ∀k ≥ 1 : Fk ⊂ Fk+1.

Îñêiëüêè çâ'ÿçíà êîìïàêòíà îáìåæåíà ïîâåðõíÿ òîïîëîãi÷íî

âèçíà÷åíà îði¹íòîâàíiñòþ, ðîäîì i êiëüêiñòþ ãðàíè÷íèõ êðè-

âèõ, òî, ïîâ'ÿçàâøè êîæíó ç êîìïàêòíèõ ïîâåðõîíü Fk ç êîìïî-
íåíòàìè αk, ìè îòðèìà¹ìî ìîæëèâiñòü êëàñè�iêóâàòè íåêîì-

ïàêòíi ïîâåðõíi ç êðà¹ì: äî êîæíî¨ ïiäïîâåðõíi Fk ïðèêëå¨ìî

ñìóæêè, ÿêi áóäóòü íåïåðåðâíî ç'¹äíóâàòè ¨¨ ç êîìïîíåíòîþ αk
(ðèñ. 1).

�èñ. 1.

Îñêiëüêè íà êîëi ðîçìiùåíi âèêîëîòi òî÷êè, òî öå êîëî ìî-

æíà ïðåäñòàâèòè ãðàíèöåþ ïîñëiäîâíîñòi îá'¹äíàíü çàìêíåíèõ

âiäðiçêiâ. Òàê, íàïðèêëàä, äëÿ êîìïîíåíòè êðàþ αk iñíó¹

{βik, i ≥ 1} i→∞−→ αk.

Òîäi iñíó¹ ïîñëiäîâíiñòü îá'¹äíàíü ñêií÷åííîãî ÷èñëà βik :


⋃

k, i

βik, i ≥ 1



 .
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Ôiêñóþ÷è íîìåðè öèõ âiäðiçêiâ, ïî÷èíàþ÷è ç íàéìåíøîãî, ïðè-

êëåþâàííÿ ïðîâåäåìî â òàêèé ñïîñiá (ðèñ. 1): ç'¹äíà¹ìî íå-

ïåðåðâíèì øëÿõîì ïåðøèé âiäðiçîê ç ïåðøîþ (íàéìåíøîþ)

ïiäïîâåðõíåþ F1. Âèìàãàòèìåìî, ùîá øëÿõ ïåðåòèíàâ êðàé êî-

æíî¨ ïîâåðõíi Fk òðàíñâåðñàëüíî â îäíié òî÷öi.

Ùîá îòðèìàòè ïîâåðõíþ ç êðà¹ì, íå ïîðóøóþ÷è çàãàëüíîñòi,

ðîçøèðþ¹ìî öåé øëÿõ äî çàìêíåíîãî îêîëó. Äëÿ óíèêíåííÿ

íåâèçíà÷åíîñòi â ïîäàëüøîìó ïðèêëåþâàííi, ïåðøèé ðàç òî÷êà

íà ïîâåðõíi îáèðà¹òüñÿ äîâiëüíèì ÷èíîì, à êîæåí íàñòóïíèé

ðàç � ó âiäïîâiäíîñòi äî ïîáóäîâàíèõ ìíîæèí D òà D

′
. Íåâàæêî

çðîáèòè òàê, ùîá êîæíèé íàñòóïíèé îêië øëÿõó, ùî ç'¹äíó¹

÷åðãîâó âèêîëîòó òî÷êó íà êîëi ç ïiäïîâåðõíåþ ç âiäïîâiäíèì

íîìåðîì, ìiñòèâ ïîïåðåäíié. Íà êîæíîìó åòàïi ïðèêëåþâàííÿ

ñìóæîê ìè ìà¹ìî ñêií÷åííó êiëüêiñòü âiäðiçêiâ.

Ëåìà 2. Íåõàé äëÿ ïåâíîãî k iñíó¹ äâà øëÿõè γ1 òà γ2, ùî
ç'¹äíóþòü ïîâåðõíþ Fk ç âiäïîâiäíîþ êîìïîíåíòîþ êðàþ. Òîäi

ïîâåðõíi, îòðèìàíi ïðèêëåþâàííÿì ñòði÷îê çà öèìè øëÿõàìè

¹ ãîìåîìîð�íèìè.

Äîâåäåííÿ. Çà ïîáóäîâîþ êîæíèé øëÿõ ïåðåòèíà¹ êðàé òðàíñ-

âåðñàëüíî, òîäi, íå ïîðóøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè,

ùî øëÿõè γ1 òà γ2 ñïiâïàäàþòü â äåÿêîìó îêîëi êîìïîíåíòè

êðàþ (ðèñ. 2):

�èñ. 2.
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Îòæå, iñíó¹ òàêèé íîìåð n∈N, ùî øëÿõè γ1 òà γ2 íå áó-

äóòü ñïiâïàäàòè íà M = Fk+n\Fn. Öå îçíà÷à¹, ùî iñíó¹ ãîìåî-

ìîð�içì öi¹¨ ìíîæèíè íà ñàìó ñåáå, ÿêèé ïåðåâîäèòü γ1 â γ2:
ϕ: M→M : ϕ( γ1)=γ2. Ëåìó äîâåäåíî. �

Îòæå, ìiæ äâîìà äîâiëüíèìè âèêîëîòèìè òî÷êàìè íà êîëi,

êîæåí çàìêíåíèé âiäðiçîê íåïåðåðâíèì øëÿõîì ç'¹äíàíèé iç

âiäïîâiäíîþ ïiäïîâåðõíåþ Fk. Ïåðåõîäÿ÷è äî ãðàíèöi, ìè îòðè-
ìà¹ìî âèõiäíó íåêîìïàêòíó ïîâåðõíþ ç êðà¹ì ÿê ãðàíèöþ êîì-

ïàêòíèõ ïîâåðõîíü ç êðà¹ì.

Ëåìà 3. Ïîáóäîâàíà â êîíñòðóêöi¨ ïîñëiäîâíiñòü ïîâåðõîíü ç

êðà¹ì ç ïðèêëå¹íèìè ñìóæêàìè çáiãà¹òüñÿ äî íåêîìïàêòíî¨

ïîâåðõíi S.

Äîâåäåííÿ. Ïîçíà÷èìî ïîáóäîâàíó ïîñëiäîâíiñòü ïîâåðõîíü ç

êðà¹ì ç ïðèêëå¹íèìè ñìóæêàìè ÷åðåç F∧
k . Òîäi ∀ k≥1: F k⊂F∧

k .

À îòæå

lim
k→∞

Fk ⊂ lim
k→∞

F∧
k .

Â ñâîþ ÷åðãó

lim
k→∞

Fk = Int S ⊂ lim
k→∞

F∧
k .

Çà ïîáóäîâîþ F∧
k ìiñòèòü êîæíó êîìïîíåíòó êðàþ. Òàêèì ÷è-

íîì, îá'¹äíàííÿ êîìïîíåíò êðàþ ç âíóòðiøíiñòþ ïîâåðõíi S i

äà¹ ïîâåðõíþ S. Ëåìó äîâåäåíî. �

ßêùî S1 òà S2 � äâi íåêîìïàêòíi ñåïàðàáåëüíi ïîâåðõíi ç

êðà¹ì, òî, ùîá âñòàíîâèòè ìiæ íèìè ãîìåîìîð�içì, íà ïîâåðõ-

íi S1 âñi øëÿõè ñëiä áóäóâàòè äîâiëüíèì ÷èíîì ç âèìîãîþ òîãî,

ùî ÿêùî øëÿõ âèõîäèòü iç êðàþ ïîâåðõíi Fk , òî âií ïîâè-

íåí ïåðåòèíàòè êðàé êîæíî¨ ïîâåðõíi Fn(n>k) òðàíñâåðñàëü-
íî â îäíié òî÷öi, à íà ïîâåðõíi S2 øëÿõè áóäóþòüñÿ íàñòó-

ïíèì ÷èíîì: ïåðøèé � äîâiëüíî, ðåøòà øëÿõiâ îáèðà¹òüñÿ òàê,

ùîá êðèâîëiíiéíi ÷îòèðèêóòíèêè, óòâîðåíi ÷àñòèíàìè êðà¨â ïî-

âåðõîíü Fk i ÷àñòèíàìè öüîãî øëÿõó òà ðàíiøå ïîáóäîâàíèõ

øëÿõiâ, áóëè ãðàíèöÿìè îáëàñòåé, ãîìåîìîð�íèõ âiäïîâiäíèì
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îáëàñòÿì ïîâåðõíi S1. Òîáòî, âîíè ïîâèííi ìàòè îäíàêîâå ÷èñëî
êiíöiâ, ðó÷îê àáî ëèñòiâ Ìüîáióñà (ðèñ. 3):

�èñ. 3.

Òåîðåìà 4. Íåêîìïàêòíi ñåïàðàáåëüíi ïîâåðõíi ç êðà¹ì S1
òà S2 ¹ ãîìåîìîð�íèìè ìiæ ñîáîþ òîäi i òiëüêè òîäi, êî-

ëè âîíè ìàþòü îäíàêîâèé ðiä, îäèí êëàñ îði¹íòîâàíîñòi òà

iñíó¹ ãîìåîìîð�içì, ÿêèé âiäîáðàæà¹ B(S1) íà B(S2), D(S1)
íà D(S2), C(S1) íà C(S2), Â

′
(S1) íà B

′
(S2), D

′
(S1) íà D

′
(S2),

C

′
(S1) íà C

′
(S2), Â

′′
(S1) íà B

′′
(S2), D

′′
(S1) íà D

′′
(S2), C

′′
(S1)

íà C

′′
(S2).

Äîâåäåííÿ. Íåîáõiäíiñòü. ßêùî íåêîìïàêòíi ñåïàðàáåëüíi ïî-

âåðõíi ç êðà¹ì ¹ ãîìåîìîð�íèìè, òî âîíè ìàþòü îäíàêîâèé

ðîä, îäèí êëàñ îði¹íòîâàíîñòi i iñíó¹ ãîìåîìîð�içì, ÿêèé âiä-

îáðàæà¹ âñi âêàçàíi ìíîæèíè îäíi¹¨ ïîâåðõíi íà òàêi æ ñàìi

ìíîæèíè iíøî¨ ïîâåðõíi.

Äîñòàòíiñòü.Íåõàé ¹ äâi íåêîìïàêòíi ñåïàðàáåëüíi ïîâåðõ-

íi ç êðà¹ì S1 òà S2, ÿêi ìàþòü îäíàêîâèé ðiä, îäèí êëàñ îði-

¹íòîâàíîñòi òà iñíó¹ ãîìåîìîð�içì, ÿêèé âiäîáðàæà¹ B(S1) íà
B(S2),D(S1) íàD(S2), C(S1) íà C(S2), B

′(S1) íà B′(S2),D′(S1)
íà D′(S2), C ′(S1) íà C ′(S2), ′′(S1) íà B′′(S2), D ′′

(S 1) íà D
′′
(S 2),

C

′′
(S 1) íà C

′′
(S 2). Çàñòîñó¹ìî äî íèõ êîíñòðóêöiþ. Çà ëåìîþ

2 ïîâåðõíi F 1
k � òà F

1
k ¹ ãîìåîìîð�íèìè, ÿê i F 2

k � òà F
2
k . Òîäi çà

ëåìîþ 3 ïîñëiäîâíîñòi {F 1
k �, k ≥ 1}→ S1, {F

2
k �, k ≥ 1}→ S2 òà
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∀k ≥1 Fk⊂ F k+1. Îòæå, iñíó¹ fk : F 1
k �→ F 2

k� òà ïîñëiäîâíiñòü

ãîìåîìîð�içìiâ {fk, k ≥1} çàäà¹ ãîìåîìîð�içì f : S1→S2, äå
f = lim

k→∞
fk. Òåîðåìó äîâåäåíî. �

Âèñíîâîê. Â äàíié ðîáîòi ïîáóäîâàíî êëàñè�iêàöiþ íåêîì-

ïàêòíèõ ïîâåðõîíü ç êðà¹ì ç âèêîðèñòàííÿì ðåçóëüòàòiâ Êåðå-

êüÿðòî [1℄ òà �i÷àðäñà [2℄. Äåòàëüíî ðîçãëÿíóòî óçàãàëüíåííÿ

ñèòóàöi¨ íà äîâiëüíå ÷èñëî êîìïîíåíò êðàþ ïîâåðõíi. Çà äîïî-

ìîãîþ âïðîâàäæåíî¨ êîíñòðóêöi¨, äîâåäåíî òåîðåìó 4, ÿêà ïðåä-

ñòàâëÿ¹ òîïîëîãi÷íó êëàñè�iêàöiþ íåêîìïàêòíèõ ïîâåðõîíü ç

äîâiëüíèì ÷èñëîì êîìïîíåíò êðàþ. Îñíîâíèì ðåçóëüòàòîì ðî-

áîòè ¹ òåîðåìà ïðî òîïîëîãi÷íó êëàñè�iêàöiþ íåêîìïàêòíèõ

ïîâåðõîíü ç êðà¹ì (òåîðåìà 4). Äàíi ðåçóëüòàòè ìîæóòü áóòè

çàñòîñîâàíi ó êîìïëåêñíîìó àíàëiçi òà òåîði¨ ãàðìîíi÷íèõ �óí-

êöié.
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Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè �ÊÏI�

Ïðî iñíóâàííÿ íåïåðåðâíèõ ïðè

t ∈ R ðîçâ'ÿçêiâ ñèñòåì ëiíiéíèõ

�óíêöiîíàëüíî-ðiçíèöåâèõ ðiâíÿíü

i ¨õ âëàñòèâîñòi

1

For a system of linear difference equations, we establish conditions of the
existence of its continuous solutions.

�îçãëÿíåìî ñèñòåìó ëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

x(t+ 1) = Ax(t) +B(t)x(qt) + F (t), (1)

äå t ∈ R, A,B(t)� äiéñíi (n×n)-ìàòðèöi, F (t)� äiéñíèé âåêòîð

ðîçìiðíîñòi n, q � äåÿêà äiéñíà ñòàëà. Ïðè ðiçíèõ ïðèïóùåí-

íÿõ ùîäî ìàòðèöü A,B(t) i âåêòîðà F (t) îêðåìi êëàñè òàêèõ

ñèñòåì ðiâíÿíü áóëè îñíîâíèì îá'¹êòîì äîñëiäæåíü áàãàòüîõ

ìàòåìàòèêiâ (äèâ. [1�9℄ i íàâåäåíó â íèõ ëiòåðàòóðó) i â äàíèé

÷àñ öiëèé ðÿä ïèòàíü ¨õ òåîði¨ äîñèòü äåòàëüíî âèâ÷åíi. Îñîáëè-

âî öå ñòîñó¹òüñÿ ïèòàíü iñíóâàííÿ ðiçíîãî ðîäó (àíàëiòè÷íèõ,

íåïåðåðâíèõ òîùî) ðîçâ'ÿçêiâ i äîñëiäæåííÿ ¨õ âëàñòèâîñòåé. Â

äàíié ñòàòòi ïðîäîâæó¹òüñÿ äîñëiäæåííÿ ñòðóêòóðè ìíîæèíè

ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü âèãëÿäó (1). Çîêðåìà, âñòàíîâëþþ-

òüñÿ óìîâè iñíóâàííÿ íåïåðåðâíèõ ðîçâ'ÿçêiâ òàêèõ ñèñòåì.

�îçãëÿíåìî ñïî÷àòêó ñèñòåìó ðiâíÿíü âèãëÿäó

x(t+ 1) = Ax(t) +Bx(qt), (2)

1

�îáîòà ÷àñòêîâî ïiäòðèìàíà ïðîåêòîì Ô 25.1/021
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äå A,B � äiéñíi ñòàëi (n×n)-ìàòðèöi, q � äiéñíà ñòàëà, i ïðèïó-

ñòèìî, ùî âëàñíi çíà÷åííÿ λi ìàòðèöi A çàäîâîëüíÿþòü óìîâó:

0 < λi < 1, i = 1, ...,m ≤ n.

Â öüîìó âèïàäêó, ÿê âiäîìî, çà äîïîìîãîþ çàìiíè çìiííèõ

x(t) = Cy(t),

äå C � äåÿêà ñòàëà íåîñîáëèâà (n × n)-ìàòðèöÿ, ñèñòåìó ðiâ-

íÿíü (2) ìîæíà ïðèâåñòè äî âèãëÿäó

y(t+ 1) = Λy(t) + B̃y(qt), (3)

äå Λ = diag(Λ1, ...,Λm), m ≤ n, Λi − (ki × ki)-ìàòðèöi âèãëÿäó

Λi =




λi ε 0 · · · 0
0 λi ε · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · λi


 , 1 ≤ i ≤ m,

m∑

i=1

ki = n,

(4)

ε � äîñòàòíüî ìàëà äîäàòíà ñòàëà, B̃ = C−1BC.
Äîñëiäèìî ñèñòåìó ðiâíÿíü (3) ïðè t ≥ 0 ó âèïàäêó, êîëè

âèêîíóþòüñÿ óìîâè:

1) 0 < λi < 1, i = 1, ...,m, q > 1;

2) λ∗ > λ∗q, △ =
b̃

λ∗ − λ∗q
< 1, äå

b̃ = |B̃| = max
1≤i≤n

n∑

j=1

|̃bij |,

λ∗ = min{λi, i = 1, ...,m}, λ∗ = max{λi, i = 1, ...,m}.

Ïîêàæåìî, ùî öÿ ñèñòåìà ìà¹ ðîçâ'ÿçêè ó âèãëÿäi ðÿäó

y(t) =

∞∑

i=0

yi(t), (5)
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äå yi(t), i = 0, 1, ..., � äåÿêi íåïåðåðâíi âåêòîð-�óíêöi¨. Ïiä-

ñòàâëÿþ÷è (5) â (3), îòðèìó¹ìî

∞∑

i=0

yi(t+ 1) = Λ
∞∑

i=0

yi(t) + B̃
∞∑

i=0

yi(qt).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-�óíêöi¨ yi(t),
i = 0, 1, ..., ¹ ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü

y0(t+ 1) = Λy0(t), (60)

yi(t+ 1) = Λyi(t) + B̃yi−1(qt), i = 1, 2, ..., (6i)

òî ðÿä (5) áóäå �îðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3).

Äîñëiäæåííÿ ñèñòåìè ðiâíÿíü (60) çâîäèòüñÿ äî äîñëiäæåííÿ
m ïiäñèñòåì ðiâíÿíü âèãëÿäó

yi0(t+ 1) = Λiy
i
0(t), i = 1, ...,m, m ≤ n, (6i0)

äå yi0 = (yi1, ..., y
i
ki
), i = 1, ...,m. Çãiäíî ç óìîâîþ 1 òà ç âðàõóâà-

ííÿì (4) ìîæíà ïîêàçàòè, ùî ïðè äîñòàòíüî ìàëèõ ε iñíóþòü
äîäàòíi ñòàëi α∗, α∗

òàêi, ùî α∗ < 1, α∗ < 1, |Λ−1| ≤ α−1
∗ ,

|Λ| ≤ α∗
i ìà¹ ìiñöå óìîâà

2

′
) α∗ > α∗q

, △̃ =
b̃

α∗ − α∗q < 1.

Âèêîðèñòîâóþ÷è ïðåäñòàâëåííÿ çàãàëüíîãî íåïåðåðâíîãî

ðîçâ'ÿçêó ñèñòåìè (60) i óìîâó 1, ìîæíà ïîêàçàòè, ùî iñíó¹

äîäàòíà ñòàëà M òàêà, ùî ïðè âñiõ t ≥ 0 âèêîíó¹òüñÿ îöiíêà

|y0(t)| ≤Mα∗t. (70)

Îñêiëüêè ðÿäè

yi(t) = −
∞∑

j=0

Λ−(j+1) B̃ yi−1(q(t+ j)), i = 1, 2, ..., (7i)

¹ �îðìàëüíèìè ðîçâ'ÿçêàìè âiäïîâiäíèõ ñèñòåì ðiâíÿíü (6i),
i = 1, 2, ..., (â öüîìó ìîæíà ïåðåêîíàòèñÿ áåçïîñåðåäíüîþ ïiä-

ñòàíîâêîþ (7i), i = 1, 2, ..., â (6i), i = 1, 2, ...), òî ïðèéìàþ÷è äî

óâàãè (70) i óìîâè 1, 2

′
ïîêàæåìî, ùî ðÿäè (7i), i = 1, 2, ...,
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ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-�óíêöié

yi(t), i = 1, 2, ..., äëÿ ÿêèõ ïðè âñiõ i ≥ 1, t ≥ 0 ìà¹ ìiñöå îöiíêà

|yi(t)| ≤M△̃iα∗qt. (8)

Ñïðàâäi, âðàõîâóþ÷è (70), (71) i |Λ−1| < α−1
∗ , îòðèìó¹ìî

|y1(t)| ≤
∞∑

j=0

|Λ−1|j+1 |B̃| |y0(q(t+ j))| ≤

≤
∞∑

j=0

α
−(j+1)
∗ b̃ Mα∗q(t+j) ≤M b̃ α−1

∗ α∗qt
∞∑

j=0

(α−1
∗ α∗q)j ≤

≤M
b̃

α∗(1− α−1
∗ α∗q)

α∗qt ≤M
b̃

α∗ − α∗q α
∗qt =M△̃ α∗qt,

òîáòî îöiíêà (8) ìà¹ ìiñöå ïðè i = 1. Ìiðêóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêà (8) âæå äîâåäåíà äëÿ äåÿêîãî i ≥ 1, i
ïîêàæåìî, ùî âîíà íå çìiíèòüñÿ ïðè ïåðåõîäi âiä i äî i + 1.
Çãiäíî ç (7i+1) i (8) ìà¹ìî

|yi+1(t)| ≤
∞∑

j=0

|Λ−1|j+1 |B̃| |yi(q(t+ j))| ≤

≤
∞∑

j=0

α
−(j+1)
∗ b̃ M△̃iα∗q(q(t+j)) ≤

≤M △̃i b̃α−1
∗ α∗q2t

∞∑

j=0

(α−1
∗ α∗q2)j ≤

≤M△̃i b̃α−1
∗ α∗qt

∞∑

j=0

(α−1
∗ α∗q)j ≤

≤M△̃i b̃

α∗ − α∗q α
∗qt =M△̃i+1α∗qt.

Îòæå, îöiíêà (8) âèêîíó¹òüñÿ ïðè âñiõ i ≥ 1, t ≥ 0. Çâiäñè
âèïëèâà¹, ùî ðÿäè (7i), i = 1, 2, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè
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t ≥ 0 äî äåÿêèõ íåïåðåðâíèõ âåêòîð-�óíêöié yi(t), i = 1, 2, ...,
äëÿ ÿêèõ ìà¹ ìiñöå îöiíêà (8). Â ñèëó (8) ðÿä (5) ðiâíîìiðíî

çáiãà¹òüñÿ ïðè t ≥ 0 äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-�óíêöi¨ y(t),
ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3) i çàäîâîëüíÿ¹ óìîâó

|y(t)| ≤ M

1− △̃
α∗t.

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî

lim
t→+∞

y(t) = 0.

Öèì ñàìèì äîâåäåíà òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè 1, 2. Òîäi ñèñòåìà ðiâ-

íÿíü (3) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ 0 ðîçâ'ÿç-

êiâ, ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ âåêòîð-

�óíêöi¨ ω(t).

�îçãëÿíåìî òåïåð ñèñòåìó íåîäíîðiäíèõ ðiâíÿíü âèãëÿäó

y(t+ 1) = Λy(t) + B̃y(qt) + F (t), (9)

äå ìàòðèöi Λ, B̃ çàäîâîëüíÿþòü óìîâè òåîðåìè 1, à

F (t) : R→ Rn.

Ìà¹ ìiñöå òåîðåìà.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè

1) 0 < λi < 1, i = 1, ...,m, q > 1;

2)

b̃

1− α∗ = θ < 1;

3) âñi åëåìåíòè âåêòîð-�óíêöi¨ F (t) ¹ íåïåðåðâíèìè îáìå-
æåíèìè ïðè âñiõ t ∈ R �óíêöiÿìè i

sup
t

|F (t)| =M <∞ .
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Òîäi ñèñòåìà ðiâíÿíü (9) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈
R ðîçâ'ÿçîê ó âèãëÿäi ðÿäó

y(t) =
∞∑

i=0

yi(t), (10)

äå yi(t), i = 0, 1, ..., � äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R
âåêòîð-�óíêöi¨.

Äîâåäåííÿ. Ïiäñòàâëÿþ÷è (10) â (9), îòðèìó¹ìî

∞∑

i=0

yi(t+ 1) = Λ
∞∑

i=0

yi(t) + B̃
∞∑

i=0

yi(qt) + F (t).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-�óíêöi¨ yi(t),
i = 0, 1, ..., ¹ ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü

y0(t+ 1) = Λy0(t) + F (t), (110)

yi(t+ 1) = Λyi(t) + B̃yi−1(qt), i = 1, 2, ..., (11i)

òî ðÿä (10) ¹ �îðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (8).

Ïðèéìàþ÷è äî óâàãè óìîâè òåîðåìè ìîæíà ïåðåêîíàòèñÿ,

ùî ðÿä

y0(t) =

∞∑

j=1

Λj−1F (t− j) (120)

ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R, çàäîâîëüíÿ¹ ñèñòåìó ðiâ-
íÿíü (110) i âèêîíó¹òüñÿ îöiíêà

|y0(t)| ≤
M

1− α∗ =M
′
. (130)

Âðàõîâóþ÷è (130), ïîñëiäîâíî ìîæíà ïîêàçàòè, ùî ðÿäè

yi(t) =

∞∑

j=1

Λj−1B̃yi−1(q(t− j)), i = 1, 2, ..., (12i)

ðiâíîìiðíî çáiãàþòüñÿ ïðè t ∈ R, çàäîâîëüíÿþòü âiäïîâiäíi ñè-
ñòåìè ðiâíÿíü (11i), i = 1, 2, ..., i äëÿ íèõ ìàþòü ìiñöå îöiíêè

|yi(t)| ≤M
′
θi, i = 1, 2, ... . (13i)
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Òàêèì ÷èíîì, îñêiëüêè âåêòîð-�óíêöi¨ yi(t), i = 0, 1, ..., ùî
âèçíà÷àþòüñÿ çà äîïîìîãîþ ñïiââiäíîøåíü (12i), i = 0, 1, ...,
çàäîâîëüíÿþòü óìîâè (13i), i = 0, 1, ..., òî ðÿä (10) ðiâíîìiðíî

çáiãà¹òüñÿ ïðè t ∈ R äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-�óíêöi¨ y(t),
ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (9) i çàäîâîëüíÿ¹ óìîâi

|y(t)| ≤ M
′

1− θ
.

Òåîðåìà 2 äîâåäåíà. �

Çàóâàæåííÿ. Âèêîíóþ÷è â (9) çàìiíó çìiííèõ

y(t) = z(t) + y(t), (14)

îòðèìà¹ìî ñèñòåìó ðiâíÿíü (3) âiäíîñíî âåêòîð-�óíêöi¨ z(t).
Îñêiëüêè äëÿ öi¹¨ ñèñòåìè ðiâíÿíü ìà¹ ìiñöå òåîðåìà 1, òî ïðè-

éìàþ÷è äî óâàãè çàìiíó çìiííèõ (14), óìîâè òåîðåìè 2, ìîæíà

ïîáóäóâàòè ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ∈ R+
ðîçâ'ÿç-

êiâ y(t) ñèñòåìè ðiâíÿíü (9), äëÿ ÿêèõ ñïðàâåäëèâå ñïiââiäíî-

øåííÿ

lim
t→+∞

|y(t)− y(t)| = 0.

Äîñëiäèìî òåïåð ñòðóêòóðó ìíîæèíè íåïåðåðâíèõ ðîçâ'ÿçêiâ

ñèñòåìè ðiâíÿíü (9) ó âèïàäêó, êîëè B̃ = B̃(t), òîáòî ðîçãëÿíå-
ìî ñèñòåìó ðiâíÿíü

y(t+ 1) = Λy(t) + B̃(t)y(qt) + F̃ (t), (15)

äå Λ = diag(Λ1, ...,Λm),m ≤ n, Λi−(ki×ki)-ìàòðèöi, i = 1, ...,m,
m∑
i=1

ki = n, q−äåÿêà ñòàëà, B̃(t) : R→ Rn
2
, F̃ (t) : R→ Rn.

Ìà¹ ìiñöå òàêà òåîðåìà.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè

1) 0 < λi < 1, i = 1, ...,m, q > 1;

2) âñi åëåìåíòè ìàòðèöi B̃(t) i âåêòîð-�óíêöi¨ F̃ (t) ¹ íå-
ïåðåðâíèìè îáìåæåíèìè ïðè âñiõ t ∈ R �óíêöiÿìè i

sup
t

|B̃(t)| = b∗, sup
t

|F̃ (t)| = f∗;
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3)

b∗

1− α∗ = θ∗ < 1.

Òîäi ñèñòåìà ðiâíÿíü (15) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè

t ∈ R ðîçâ'ÿçîê ó âèãëÿäi ðÿäó

ỹ(t) =

∞∑

i=0

ỹi(t), (16)

äå ỹi(t), i = 0, 1, ..., � äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R
âåêòîð-�óíêöi¨.

Äîâåäåííÿ. Äiéñíî, ïiäñòàâëÿþ÷è (16) â (15), îäåðæó¹ìî

∞∑

i=0

ỹi(t+ 1) = Λ

∞∑

i=0

ỹi(t) + B̃(t)

∞∑

i=0

ỹi(qt) + F̃ (t).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-�óíêöi¨ ỹi(t),
i = 0, 1, ..., ¹ ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü

ỹ0(t+ 1) = Λỹ0(t) + F̃ (t), (170)

ỹi(t+ 1) = Λỹi(t) + B̃(t)ỹi−1(qt), i = 1, 2, ... , (17i)

òî ðÿä (16) ¹ �îðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (15).

Â ñèëó óìîâ òåîðåìè ðÿä

ỹ0(t) =

∞∑

j=1

Λj−1F̃ (t− j) (180)

ðiâíîìiðíî çáiãà¹òüñÿ ïðè t ∈ R äî äåÿêîãî íåïåðåðâíîãî ðîçâ'ÿç-

êó ñèñòåìè ðiâíÿíü (170), ÿêèé çàäîâîëüíÿ¹ óìîâó

|ỹ0(t)| ≤
f∗

1− α∗ = f̃∗. (190)

Ïðèéìàþ÷è äî óâàãè (17i), i = 1, 2, ..., óìîâè òåîðåìè i ñïiââiä-
íîøåííÿ (190), ìîæíà ïîñëiäîâíî ïîêàçàòè, ùî ðÿäè

ỹi(t) =

∞∑

j=1

Λj−1B̃(t− j)ỹi−1(q(t− j)), i = 1, 2, ... , (18i)
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ðiâíîìiðíî çáiãàþòüñÿ ïðè t ∈ R äî äåÿêèõ íåïåðåðâíèõ âåêòîð-

�óíêöié ỹi(t), i = 1, 2, ..., ÿêi ¹ ðîçâ'ÿçêàìè âiäïîâiäíèõ ñèñòåì

ðiâíÿíü (17i), i = 1, 2, ..., i çàäîâîëüíÿþòü óìîâè

|ỹi(t)| ≤ f̃∗θ∗i, i = 1, 2, ... . (19i)

Ïðèéìàþ÷è äî óâàãè ñïiââiäíîøåííÿ (19i), i = 0, 1, ..., i óìî-
âè òåîðåìè, ïðèõîäèìî äî âèñíîâêó, ùî ðÿä (16) ðiâíîìiðíî

çáiãà¹òüñÿ äî äåÿêî¨ íåïåðåðâíî¨ ïðè t ∈ R âåêòîð-�óíêöi¨ ỹ(t),
ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (15) i çàäîâîëüíÿ¹ óìîâi

|ỹ(t)| ≤ f̃∗

1− θ∗
.

Òåîðåìà 3 äîâåäåíà. �

Âèêîíóþ÷è â (15) âçà¹ìíî-îäíîçíà÷íó çàìiíó çìiííèõ

y(t) = z(t) + ỹ(t), (20)

îòðèìà¹ìî ñèñòåìó ðiâíÿíü

z(t+ 1) = Λz(t) + B̃(t)z(qt), (21)

äëÿ ÿêî¨ ìà¹ ìiñöå òàêà òåîðåìà.

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè 1, 2 òåîðåìè 3 i óìîâà

3)

b∗

α∗ − α∗q = θ̃∗ < 1.

Òîäi ñèñòåìà ðiâíÿíü (21) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ

ïðè t ∈ R+
ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâó

lim
t→+∞

z(t) = 0.

Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ çà òi¹þ æ ñõåìîþ, ùî i äî-

âåäåííÿ òåîðåìè 1.
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PPO- òà PCO-åêâiâàëåíòíîñòi
íåïåðåðâíèõ âiäîáðàæåíü, çàäàíèõ

íà S1 ∨ S1

Let S1 = {(x, y) ∈ R2 : x2 + y2 = 1} be a circle, S1 ∨ S1 = (S1 ∐ S1)/∼,
x0 ∼ y0 a topological space with a fix point and f : S1 ∨ S1 → R a
continuous function with a finite number of local extrema. We will consider
two different types of equivalency of such functions and for both of them
necessary and sufficient conditions for functions to be equivalent will be
obtained.

Êëþ÷îâi ñëîâà: PPO- and PCO-equivalen
es, a 
ontinuous fun
tion, a

lo
al extremum

1. Âñòóï

Â áàãàòüîõ ðîáîòàõ, ùî ñòîñóþòüñÿ ïèòàíü êëàñè�iêàöi¨

�óíêöié, ïîòîêiâ òîùî íà ìíîãîâèäàõ ÷è iíøèõ òîïîëîãi÷íèõ

ïðîñòîðàõ, îäíèì ç îñíîâíèõ ñïîñîáiâ äîâåäåííÿ êðèòåðiþ ¹

ïîáóäîâà iíâàðiàíòó, ÿêèé ìiñòèòü îñíîâíó ií�îðìàöiþ ïðî äî-

ñëiäæóâàíèé îá'¹êò [1�6℄.

Â äàíié ðîáîòi ðîçãëÿäà¹ìî íåïåðåðâíi �óíêöi¨, ùî çàäàíi íà

áóêåòi äâîõ êië çi ñêií÷åííèì ÷èñëîì ëîêàëüíèõ åêñòðåìóìiâ,

òà îòðèìó¹ìî êðèòåði¨ äëÿ äåÿêèõ òèïiâ ¨õ åêâiâàëåíòíîñòåé.

Íåõàé çàäàíî (S1, x0) òà (S1, y0), äå

S1 = {(x, y) ∈ R2 : x2 + y2 = 1}.
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�îçãëÿäà¹ìî òîïîëîãi÷íèé ïðîñòið ç âiäìi÷åíîþ òî÷êîþ

S1 ∨ S1 = (S1 ∐ S1)/∼, x0 ∼ y0,

áóäåìî éîãî ïîçíà÷àòè ÷åðåç S, à òî÷êó � ÷åðåç a. Äàëi, äëÿ
äàíîãî ïðîñòîðó áóäåìî ðîçðiçíÿòè êîëà (S1

1 , a) i (S
1
2 , a) òà çà-

�iêñó¹ìî íà S äåÿêó îði¹íòàöiþ.

Íåõàé f : S → R � äåÿêà íåïåðåðâíà �óíêöiÿ çi ñêií÷åííèì

÷èñëîì ëîêàëüíèõ åêñòðåìóìiâ. Íàãàäà¹ìî, ùî òî÷êà x0 ∈ X
íàçèâà¹òüñÿ òî÷êîþ ëîêàëüíîãî ìiíiìóìó (ìàêñèìóìó) �óíêöi¨

f : X → R, ÿêùî ∀x ∈ U(x0), x 6= x0, ñïðàâåäëèâî f(x) > f(x0)
(f(x) < f(x0)). Çíà÷åííÿ �óíêöi¨ â ëîêàëüíèõ åêñòðåìóìàõ áó-
äåìî íàçèâàòè êðèòè÷íèìè.

Âiäìiòèìî òîé �àêò, ùî òî÷êà a áóäå ëîêàëüíèì åêñòðåìó-

ìîì �óíêöi¨ f ëèøå ó âèïàäêó, êîëè a ¹ ëîêàëüíèì åêñòðåìó-

ìîì äëÿ êîæíî¨ ç �óíêöié f |S1
1
òà f |S1

2
.

Îçíà÷åííÿ 1. Íåïåðåðâíi âiäîáðàæåííÿ f, g : S → R íàçè-

âàþòüñÿ PPO-åêâiâàëåíòíèìè, ÿêùî iñíóþòü ãîìåîìîð�içìè
h1 : S → S òà h2 : R → R, ÿêi çáåðiãàþòü îði¹íòàöiþ i òàêi,

ùî f = h−1
2 ◦ g ◦ h1 òà S1

i = h−1
1 (g−1(h2(f(S

1
i )))), äå i = 1, 2.

Îçíà÷åííÿ 2. Íåïåðåðâíi âiäîáðàæåííÿ f, g : S → R íà-

çèâàþòüñÿ PCO-åêâiâàëåíòíèìè, ÿêùî iñíóþòü ãîìåîìîð�i-
çìè h1 : S → S òà h2 : R → R òàêi, ùî f = h−1

2 ◦ g ◦ h1 òà

S1
i = h−1

1 (g−1(h2(f(S
1
i )))), äå i = 1, 2.

Iç äàíèõ îçíà÷åíü âèïëèâà¹, ùî PPO-åêâiâàëåíòíi �óíêöi¨ ¹
PCO-åêâiâàëåíòíèìè, àëå íå íàâïàêè.

2. Ïîïåðåäíi âiäîìîñòi ç êîìáiíàòîðèêè

Ñ�îðìóëþ¹ìî îçíà÷åííÿ äåÿêèõ êîìáiíàòîðíèõ îá'¹êòiâ. Íà-

ãàäà¹ìî [5℄, ùî çìi¹þ òèïó Rnm íàçèâà¹òüñÿ ïîñëiäîâíiñòü äî-

äàòíèõ öiëèõ ÷èñåë xi, ÿêi çàäîâîëüíÿþòü óìîâè: x0 < x1 >
x2 < . . . xn, äå 0 ≤ xi ≤ m, m < n i ∀k, k ∈ {0, . . . ,m} iñíó¹

ïðèíàéìíi îäíå çíà÷åííÿ i, i ∈ {0, . . . , n}á òàêå, ùî xi = k.
Ó Òàáë.1 íàâåäåíî çíà÷åííÿ êiëüêîñòåé ðiçíèõ Rnm-çìié.
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Òàáë. 1. Çíà÷åííÿ êiëüêîñòi Rnm-çìié.

m \ n 1 2 3 4 5

1 2 2 2 2 2

2 2 8 16 29

3 5 34 113

4 16 162

5 61

Îçíà÷åííÿ 3. Çìi¹þ òèïó β íàçèâà¹òüñÿ ïîñëiäîâíiñòü äî-

äàòíèõ öiëèõ ÷èñåë xi, ùî çàäîâîëüíÿþòü óìîâè: x0 < x1 >
. . . xn, äå 0 ≤ xi ≤ m, n,m ∈ N.

Îçíà÷åííÿ 4. Ìîíîòîííèì âiäðiçêîì â ïîñëiäîâíîñòi ∆ =
(i1, . . . , in) íàçèâà¹òüñÿ ìàêñèìàëüíèé âiäðiçîê, íà ÿêîìó ïî-

ñëiäîâíiñòü ñïàäà¹ àáî çðîñòà¹:

(ia−1 <)ia > ia+1 > . . . > ib(< ib+1),

àáî

(ia−1 >)ia < ia+1 < . . . < ib(> ib+1)

(âèïàäêè a = 1 i b = n òàêîæ ìîæëèâi), äå ij ∈ {0, 1, . . . ,m},
n,m ∈ N.

Äàëi ìîíîòîííèé âiäðiçîê áóäåìî ïîçíà÷àòè ÷åðåç ∆(a, b).

Îçíà÷åííÿ 5. Óçàãàëüíåíîþ çìi¹þ G(n,m) íàçèâà¹òüñÿ ïî-

ñëiäîâíiñòü äîäàòíèõ öiëèõ ÷èñåë xi, ùî çàäîâîëüíÿþòü óìî-

âè: x0 6= x1 6= . . . 6= xn, äå 0 ≤ xi ≤ m, n,m ∈ N.

Çãiäíî ç îçíà÷åííÿì çìiÿ G(n,m) ìà¹ äâà òèïè ñêëàäîâèõ:

β- çìi¨ òà âiäðiçêè ∆(a, b).

3. Óìîâè PPO- òà PCO-åêâiâàëåíòíîñòåé

Îñêiëüêè S ¹ áóêåòîì äâîõ êië, íà ÿêèõ çà�iêñîâàíî îði-

¹íòàöiþ, òî áóëî á ïðèðîäíî, ñêîðèñòàâøèñü ðîáîòîþ [5℄, äå

ïðîâåäåíà òîïîëîãi÷íà êëàñè�iêàöiÿ íåïåðåðâíèõ �óíêöié íà
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êîëi, îòðèìàòè PPO- òà PCO-êëàñè�iêàöiþ äëÿ âiäîáðàæåíü

S → R. Ïðîòå, ó âèïàäêó êîëà ç âiäìi÷åíîþ òî÷êîþ, éîãî iíâà-

ðiàíòîì, âçàãàëi êàæó÷è, íå áóäå çìiÿ (íà �èñ.1 íàâåäåíî ïðî-

ñòèé ïðèêëàä äâîõ �óíêöié, äå ïðîiëþñòðîâàíî äâà âèïàäêè,

äëÿ îäíîãî ç ÿêèõ �iêñîâàíà òî÷êà x ¹ ðåãóëÿðíîþ, à òîìó ií-

âàðiàíò íå ¹ çìi¹þ).

�èñ. 7. Ôóíêöi¨ íà êîëi ç âiäìi÷åíîþ òî÷êîþ x.

3.1. PPO-åêâiâàëåíòíiñòü. Ïåðø íiæ ñ�îðìóëþâàòè êðèòå-

ðié PPO-åêâiâàëåíòíîñòi �óíêöié, çàäàíèõ íà S, ïîáóäó¹ìî ¨õ
êîìáiíàòîðíèé iíâàðiàíò.

Ïîáóäîâà iíâàðiàíòó. Íåõàé f : S → R � íåïåðåðâíà �óíêöiÿ

çi ñêií÷åííèì ÷èñëîì ëîêàëüíèõ åêñòðåìóìiâ, â ÿêèõ �óíêöiÿ

ïðèéìà¹ k ðiçíèõ çíà÷åíü. Íà êîëi S1
1 , ïî÷èíàþ÷è ç ïåðøîãî ëî-

êàëüíîãî åêñòðåìóìà âiä òî÷êè a â çàäàíîìó íàïðÿìi, ïîçíà÷è-
ìî ëîêàëüíi åêñòðåìóìè ÷åðåç x11, x

1
2, ..., x

1
n1
. Äàëi, ïî àíàëîãi¨,

äëÿ êîëà S1
2 îòðèìà¹ìî x21, x

2
2, ..., x

2
n2
. Îá'¹äíà¹ìî ¨õ, äîäàâøè

òî÷êó a, òà óòâîðèìî ïîñëiäîâíiñòü

x11, ..., x
1
n1
, a, x21, ..., x

2
n2
.
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Íàñòóïíèé êðîê, ðîçãëÿíåìî çíà÷åííÿ �óíêöi¨

y0 = f(x11), . . . , yn1−1 = f(x1n1
),

yn1 = f(a), yn1+1 = f(x21), . . . , yn = f(x2n2
).

Çðîçóìiëî, ùî âèïàäîê, êîëè yi = yi+1, i = 0, n− 1, âèêëþ÷åíî,
îñêiëüêè f ¹ íåïåðåðâíîþ �óíêöi¹þ i çãiäíî ç òåîðåìîþ �îëëÿ

ìiæ òî÷êàìè f−1(yi) òà f
−1(yi+1) ïîâèíåí ëåæàòè ëîêàëüíèé

åêñòðåìóì, ùî íåìîæëèâî. Òîìó çíà÷åííÿ yi, i = 0, n, çàäî-
âîëüíÿþòü òàêó ñèñòåìó íåðiâíîñòåé: y0 6= y1 6= . . . 6= yn. Çàäà-
ìî âiäîáðàæåííÿ yi → zi, äå zi ∈ [0, 1, . . . , k − 1] i zi äîðiâíþ¹
÷èñëó çíà÷åíü yl òàêèõ, ùî yl < yi. ×èñëà zi óòâîðþþòü óçà-

ãàëüíåíó çìiþ G(n, k − 1). Îñòàííié êðîê ïîáóäîâè: âiäìiòèìî

íà G(n, k − 1) çíà÷åííÿ zn1 . Óòâîðåíèé iíâàðiàíò � óçàãàëüíå-

íà çìiÿ ç âiäìi÷åíîþ òî÷êîþ, äëÿ çàäàíî¨ �óíêöi¨ f áóäó¹òüñÿ

îäíîçíà÷íî, ùî çóìîâëåíî çà�iêñîâàíèìè ïîðÿäêîì êië S1
1∨S1

2

òà îði¹íòàöi¹þ.

Òåîðåìà 1. Äâi �óíêöi¨ f, g : S → R ¹ PPO-åêâiâàëåíòíèìè
òîäi i ëèøå òîäi, êîëè ¨ì âiäïîâiäà¹ îäíà é òà æ óçàãàëüíåíà

çìiÿ G(n,m) ç âiäìi÷åíîþ òî÷êîþ.

Äîâåäåííÿ. Íåîáõiäíiñòü.Äîâåäåííÿ âèïëèâà¹ ç ïîáóäîâè iíâà-

ðiàíòó äëÿ �óíêöié f, g : S → R.

Äîñòàòíiñòü. Íåõàé �óíêöiÿì f òà g âiäïîâiäà¹ äåÿêà çìiÿ
G(n,m) ç âiäìi÷åíîþ òî÷êîþ, äîâåäåìî, ùî �óíêöi¨ f òà g ¹

PPO-åêâiâàëåíòíèìè. Ç óìîâè âèïëèâà¹, ùî ÷èñëî ëîêàëüíèõ

åêñòðåìóìiâ êîëàõ S1
1 òà S1

2 äëÿ êîæíî¨ ç �óíêöié f òà g ñïiâ-
ïàäà¹, ïîçíà÷èìî ¨õ ÷åðåç k1 òà k2 âiäïîâiäíî. Íåõàé �óíêöi¨

f (g) íà êîëi S1
1 , ïî÷èíàþ÷è ç a (âiäìi÷åíî¨ òî÷êè) òà ðóõà-

þ÷èñü çà îði¹íòàöi¹þ, âiäïîâiäà¹ ïîñëiäîâíiñòü ëîêàëüíèõ åêñ-

òðåìóìiâ x11, . . . , x
1
k1

(y11, . . . , y
1
k1
). Àíàëîãi÷íî, íà S1

2 îòðèìà¹-

ìî x21, . . . , x
2
k2

(y21 , . . . , y
2
k2
). Âiäïîâiäíî ïîáóäîâi çìi¨, iñíóþòü

âiäîáðàæåííÿ ϕ1 : f(xji ) → zl òà ϕ2 : g(yji ) → zl ( à òàêîæ

ϕ1 : f(a) → zl òà ϕ2 : g(a) → zl), äå j = 1, 2, zl � öiëå äîäà-

òíå ÷èñëî i åëåìåíò çìi¨ G(n,m). Ïîçíà÷èìî ÷åðåç αji (β
j
i ) äóãó
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êîëà S1
j ìiæ ëîêàëüíèìè åêñòðåìóìàìè xji òà x

j
i+1 (y

j
i òà y

j
i+1).

Äàíi âiäîáðàæåííÿ ìîæíà ëåãêî ïðîäîâæèòè äî ãîìåîìîð�i-

çìiâ ϕ̃1 : αji → zlzl+1 òà ϕ̃2 : βji → zlzl+1, äå zlzl+1 � äóãà çìi¨

G(n,m) ìiæ òî÷êàìè zl òà zl+1. Çðîçóìiëî, ùî îòðèìàíi ãîìåî-

ìîð�içìè çáåðiãàþòü îði¹íòàöiþ, ÿêà çàäàíà íà êîæíîìó ç êië

áóêåòó.

Íåõàé âiäðiçîê [a, b] ∈ R � ìíîæèíà çíà÷åíü �óíêöi¨ f , à
[c, d] ∈ R � �óíêöi¨ g. Ïîáóäó¹ìî ãîìåîìîð�içì

h2 : [a, b] → [c, d]

òàêèé, ùî çáåðiãà¹ îði¹íòàöiþ òà çàäà¹òüñÿ òàêîþ �îðìóëîþ:

h2(t) = c+ t−a
b−a(d− c).

Çi ñêàçàíîãî âèùå âèïëèâà¹, ùî f = h−1
2 ◦ g ◦ ϕ̃−1

2 ◦ ϕ̃1 òà

S1
i = ϕ̃−1

1 (ϕ̃2(g
−1(h2(f(S

1
i ))))),

äå i = 1, 2. �

�èñ. 8. PPO-íååêâiâàëåíòíi �óíêöi¨.
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Íåõàé G(m,n) � äåÿêà çìiÿ ç âiäìi÷åíîþ òî÷êîþ x. Çðîçóìi-
ëî, ùî G(m,n) ñêëàäà¹òüñÿ ç β-çìié òà ∆(a, b) âiäðiçêó. Ïîçíà-
÷èìî ñêëàäîâi äàíî¨ çìi¨ ÷åðåç g1 òà g2, âiäïîâiäíî äî òà ïiñëÿ
âiäìi÷åíî¨ òî÷êè. Ïðèïóñòèìî, ùî g1 ìiñòèòü k1 åëåìåíò i x /∈ g1
òà g2 ìiñòèòü k2 åëåìåíòiâ i x /∈ g2, ïðè÷îìó k1 + k2 + 1 = n.
Ñëiä çàóâàæèòè, ùî g1 òà g2 ¹ çìiÿìè, â òîé ÷àñ ÿê x ìîæå íà-
ëåæàòè äåÿêîìó ìîíîòîííîìó âiäðiçêó ∆(a, b). Íåõàé åëåìåíòè
ç g1 ïðèéìàþòü m1 ðiçíèõ çíà÷åíü, à åëåìåíòè ç g2 ïðèéìàþòü
m2 ðiçíèõ çíà÷åíü, ïðè÷îìó m1 + m2 ≤ m. Ïîçíà÷èìî ÷åðåç

δk1,k2(m1,m2) êiëüêiñòü G(m,n)-çìié. Òîäi â äàíèõ ïîçíà÷åí-

íÿõ ñïðàâåäëèâà íàñòóïíà îöiíêà:

(1) δk1,k2(m1,m2) < Cm1
m Rk1−1

m1−1C
m2
m Rk2−1

m2−1.

Íåðiâíiñòü (1) äà¹ îöiíêó êiëüêîñòi PPO-íååêâiâàëåíòíèõ
�óíêöié òàêèõ, ùî S1

1 ìiñòèòü k1 ëîêàëüíèõ åêñòðåìóìiâ,

ÿêi ïðèéìàþòü m1 ðiçíèõ çíà÷åíü, i S
1
2 ìiñòèòü k2 ëîêàëüíèõ

åêñòðåìóìà, â ÿêèõ �óíêöiÿ ïðèéìà¹ m2 ðiçíèõ çíà÷åíü, äå

m1 ≤ k1 òà m2 ≤ k2.

3.2. PCO-åêâiâàëåíòíiñòü. Íåõàé f : S → R � äåÿêà �óí-

êöiÿ, ùî çàäîâîëüíÿ¹ òàêi óìîâè:

• f ¹ íåïåðåðâíîþ òà ìà¹ ñêií÷åííå ÷èñëî ëîêàëüíèõ åêñ-

òðåìóìiâ;

• �óíêöi¨ f |S1
1
òà f |S1

2
ìàþòü òî÷íî îäèí ãëîáàëüíèé

ìiíiìóì àáî ìàêñèìóì x′ ∈ S1
1 , x

′′ ∈ S1
2 òà f(x

′) 6= f(x′′).

Ïîáóäîâà iíâàðiàíòó. Ïî÷èíàþ÷è ç ãëîáàëüíîãî ìiíiìóìó ÷è

ìàêñèìóìó (à ó âèïàäêó, êîëè îäèí ãëîáàëüíèé ìiíiìóì òà

îäèí ãëîáàëüíèé ìàêñèìóì, äëÿ îäíîçíà÷íîñòi áóäåìî ïî÷è-

íàòè ç ìiíiìóìó), ùî âiäïîâiäà¹ �óíêöi¨ íà êîëi S1
1 , ðóõàþ÷èñü

ïî äóçi êîëà â îáîõ íàïðÿìàõ äî òî÷êè a, ïîçíà÷èìî ëîêàëü-

íi åêñòðåìóìè òà óòâîðèìî ïîñëiäîâíîñòi x′, x11, x
1
2, . . . , x

1
n1
, a òà

x′, x21, x
2
2, . . . , x

2
n2
. Àíàëîãi÷íî, äëÿ êîëà S1

2 , îòðèìà¹ìî íàñòó-

ïíi äâi ïîñëiäîâíîñòi x′′, x31, x
3
2, ..., x

3
n3
, a òà x′′, x41, x

4
2, . . . , x

4
n4
, a.
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Äàëi, ðîçãëÿíåìî çíà÷åííÿ �óíêöi¨

(y10 = f(x′), y11 = f(x11), . . . , y
1
n1+2 = f(a)),

(y20 = f(x′), y21 = f(x21), . . . , y
2
n2+2 = f(a)),

(y30 = f(x′′), y31 = f(x31), . . . , y
3
n3+2 = f(a)),

(y40 = f(x′′), y41 = f(x41), . . . , y
4
n4+2 = f(a)).

Çðîçóìiëî, ùî âèïàäîê, êîëè yji = yji+1, j = 1, 4, íåìîæëèâèé.

Òîìó çíà÷åííÿ yi, i = 0, n, çàäîâîëüíÿþòü òàêó ñèñòåìó íåðiâ-

íîñòåé yj0 ≶ yj1 ≷ . . .. Çàäàìî âiäîáðàæåííÿ yji → zji , äå z
j
i ∈ Z+

i zji äîðiâíþ¹ ÷èñëó çíà÷åíü yjl , ïî âñiõ ìîæëèâèõ çíà÷åííÿõ

÷èñëà j, òàêèõ, ùî yjl < yji . Äëÿ êîæíîãî j ÷èñëà z
j
i óòâîðþþòü

óçàãàëüíåíó çìiþ Gj(nj , kj). Îñêiëüêè

y1n1+2 = y2n2+2 = y3n3+2 = y4n4+2 = f(a),

îòîòîæíèìî çíà÷åííÿ

z1n1+2 ∼ z2n2+2 ∼ z3n3+2 ∼ z4n4+2.

Ïîçíà÷èìî îòðèìàíèé iíâàðiàíò ÷åðåç Sp(f). Âiäìiòèìî, ùî
äàíà êîíñòðóêöiÿ ñõîæà íà "ïàâóêà"(�èñ.3): ÷îòèðè çìi¨, ÿêi

ìàþòü ñïiëüíó òî÷êó. Äàíèé iíâàðiàíò áóäó¹òüñÿ îäíîçíà÷íî,

ùî çóìîâëåíî ðîçðiçíåííÿì êië S1
1 ∨ S1

2 òà óìîâàìè, ùî íàêëà-

äàþòüñÿ íà �óíêöiþ.

Îçíà÷åííÿ 6. Íåõàé Sp(f) ñêëàäà¹òüñÿ ç íàáîðó óçàãàëü-

íåíèõ çìié G1(n1, k1), G2(n2, k2), G3(n3, k3) òà G4(n4, k4), à
Sp(g) � ç G′

1(n1, k1), G
′
2(n2, k2), G

′
3(n3, k3) òà G

′
4(n4, k4), âiä-

ïîâiäíî. Ñêàæåìî, ùî Sp(f) òà Sp(g) ¹ içîìîð�íèìè,

Sp(f) ∼ Sp(g),

ÿêùî äëÿ ∀j ∃ i : Gj(nj, kj)ñïiâïàäà¹ ç Gi(ni, ki), äå i, j = 1, 4.

Òåîðåìà 2. Äâi �óíêöi¨ f, g : S → R ¹ PCO-åêâiâàëåíòíèìè
òîäi i ëèøå òîäi, êîëè Sp(f) ∼ Sp(g).
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�èñ. 9. Sp(f)-iíâàðiàíò äåÿêî¨ �óíêöi¨.

Äîâåäåííÿ. Íåîáõiäíiñòü. Äîâåäåííÿ âèïëèâà¹ ç ïîáóäîâè ií-

âàðiàíòó äëÿ �óíêöié f, g : S → R.

Äîñòàòíiñòü. Íåõàé �óíêöiÿì f òà g âiäïîâiäàþòü iíâàði-
àíòè Sp(f) òà Sp(g) òàêi, ùî Sp(f) ∼ Sp(g). Ç óìîâè âèïëèâà¹,

ùî ÷èñëà ëîêàëüíèõ åêñòðåìóìiâ, ÿêi âiäïîâiäàþòü �óíêöiÿì

f i g íà êîæíîìó ç êië S1
1 òà S1

2 ñïiâïàäàþòü. Ïî àíàëîãi¨ ç

äîâåäåííÿì òåîðåìè 1, äëÿ �óíêöi¨ f îòðèìà¹ìî ÷îòèðè ïî-

ñëiäîâíîñòi ëîêàëüíèõ åêñòðåìóìiâ (x′, xj1, . . . , x
j
nj , a), j = 1, 2,

òà (x′′, xi1, . . . , x
i
ni
, a), i = 3, 4, äå x′ òà x′′ � ãëîáàëüíi ìiíiìóìè

(ìàêñèìóìè) �óíêöi¨ f íà êîëàõ S1
1 òà S

1
2 âiäïîâiäíî. Äëÿ �óí-

êöi¨ g óòâîðèìî (y′, yj1, . . . , y
j
nj , a), j = 1, 2 òà (y′′, yi1, . . . , y

i
ni
, a),

i = 3, 4, äå y′ òà y′′ � ãëîáàëüíi ìiíiìóìè (ìàêñèìóìè) �óí-

êöi¨ g íà êîëàõ S1
1 òà S

1
2 , âiäïîâiäíî. Iç ïîáóäîâè çìi¨ âèïëèâà¹,

ùî iñíóþòü âiäîáðàæåííÿ ϕ1 : f(x′) → z10 , ϕ2 : f(x′) → z20 ,

ϕj : f(x
j
i ) → zjl , äå j = 1, 2, òà ϕ3 : f(x′′) → z30 , ϕ4 : f(x′′) → z40 ,

(íàãàäà¹ìî, ùî z10 = z20 òà z
3
0 = z40) ϕk : f(xki ) → zkl , äå k = 3, 4, i

zsl � öiëå äîäàòíå ÷èñëî òà åëåìåíò iíâàðiàíòó Sp(f). Àíàëîãi-

÷íî, îòðèìà¹ìî ψ1 : g(y′) → z10 , ψ2 : g(y′) → z20 , ψj : g(y
j
i ) → zjl ,

äå j = 1, 2, òà ψ3 : g(y′′) → z30 , ψ4 : g(y′′) → z40 , (z
1
0 = z20 òà

z30 = z40) ψk : g(x
k
i ) → zkl , äå k = 3, 4, i zsl ∈ Z+

òà zsl ∈ Sp(g).
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Ïîçíà÷èìî ÷åðåç α1
0, α

1
0, α

3
0 òà α

4
0 äóãè S ìiæ òî÷êàìè x′ i x11,

x′ i x21, x
′′
i x31 òà x

′′
i x41 âiäïîâiäíî, à òàêîæ ÷åðåç αji äóãè ìiæ

xji òà x
j
i+1. Äàíi âiäîáðàæåííÿ ìîæíà ëåãêî ïðîäîâæèòè äî ãî-

ìåîìîð�içìiâ ϕ̃ : αji → zjl z
j
l+1, äå z

j
l z
j
l+1 � äóãà iíâàðiàíòó Sp(f)

ìiæ òî÷êàìè zjl òà z
j
l+1. Î÷åâèäíî, ùî îòðèìàíèé ãîìåîìîð�içì

íå çáåðiãà¹ îði¹íòàöi¨, îñêiëüêè ðóõ íà êîæíîìó ç êië âiäáóâà-

¹òüñÿ ó ïðîòèëåæíèõ íàïðÿìêàõ âiäíîñíî �iêñîâàíèõ òî÷îê.

Àíàëîãi÷íî, äëÿ �óíêöi¨ g ìîæíà ïîáóäóâàòè ãîìåîìîð�içì ψ̃.
Ïî àíàëîãi¨ ç äîâåäåííÿì òåîðåìè 1, ïîáóäó¹ìî ãîìåîìîð-

�içì h2 : R → R. Çãiäíî çi ñêàçàíèì âèùå ìà¹ìî, ùî

f = h−1
2 ◦ g ◦ ψ̃−1 ◦ ϕ̃

i

S1
i = ϕ̃−1(ψ̃(g−1(h2(f(S

1
i ))))),

äå i = 1, 2. �
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On 
onne
tions between

representations of semigroups S(I, J)S(I, J)S(I, J)
and representations of quivers

In this paper we study connections between representations of one natural
class of semigroups and representations of quivers.

Let I be a finite set without 0 and let J be a subset of the
cartesian product I×I without diagonal elements (i, i). We define
S(I, J) to be the semigroup with generators ei, where i ∈ I ∪ 0,
and the following relations:

1) e0 = 0;

2) e2i = ei for any i ∈ I;

3) eiej = 0 for any pair (i, j) ∈ J .

The set of the semigroups of the form S(I, J) is denoted by I.
We call S(I, J) ∈ I a semigroup generated by idempotents with
partial null multiplication.

Throughout, k denotes a field. All vector space over k are finite-
dimensional. Under consideration maps, morphisms, etc., we keep
the right-side notation.

Let S be a semigroup and let Mn(k) denotes the algebra of all
n×n matrices with entries in k. A matrix representation of S (of
degree n) over k is a homomorphism T from S to the multiplicative
semigroup of Mn(k). If there is an identity (resp. zero) element
a ∈ S, we assume that the matrix T (a) is identity (resp. zero).

c© V. M. Bondarenko, 2009
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SinceMn(k) can be considered as the algebra of all linear transfor-
mations of any fixed n-dimensional vector space, we can consider
representations of the semigroup S in terms of vector spaces and
linear transformations. Thus, a representation of S over k is a
homomorphism ϕ from S to the multiplicative semigroup of the
algebra EndkU with U being a finite-dimensional vector space.
Two representation ϕ : S → EndkU and ϕ′ : S → EndkU

′ are
called equivalent if there is a linear map σ : U → U ′ such that
ϕσ = ϕ′.

A representation ϕ : S → EndkU of S is also denoted by (U,ϕ).
By the dimension of (U,ϕ) one means the dimension of U . The
representations of S form a category which will be denoted by
repk S (it has as morphisms from (U,ϕ) to (U ′, ϕ) the maps σ
such that ϕσ = ϕ′).

In this paper we study connections between representations of
the semigroups S(I, J) and representations of quivers.

Recall the notion of representations of a quiver [1].
Let Q = (Q0, Q1) be a (finite) quiver, where Q0 is the set of its

vertices and Q1 is the set of its arrows α : x→ y.
A representation of the quiver Q = (Q0, Q1) over a field k is a

pair R = (V, γ) formed by a collection V = {Vx |x ∈ Q0} of vector
spaces Vx and a collection

γ = {γα |α : x→ y runs throughQ1}
of linear maps γα : Vx → Vy. A morphism from R = (V, γ)
to R′ = (V ′, γ ′) is given by a collection λ = {λx |x ∈ Q0} of
linear maps λx : Vx → V ′

x, such that γαλy = λxγ
′
α for any arrow

α : x→ y.
The category of representations of Q = (Q0, Q1) will be denoted

by repkQ.
We identify a linear map α of

U = U1 ⊕ . . .⊕ Up

into

V = V1 ⊕ . . .⊕ Vq
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with the matrix (αij), i = 1, . . . , p, j = 1, . . . , q, where

αij : Ui → Vj

are the linear maps induced by α (then the sum and the compo-
sition of maps are given by the matrix rules).

For a finite set X and Y ⊆ X ×X, we denote by Q(X,Y ) the
quiver with vertex set X and arrows a→ b, (a, b) ∈ Y .

Let S = S(I, J), where, as before, I = {1, 2, . . . ,m} and

J = {(i, j) ∈ (I × I) \ J | i 6= j}.
Define the functor F from repkQ(I, J) to repk S(I, J) as follows.
F = F (I, J) assigns to each object (V, γ) ∈ repkQ(I, J) the object
(V ′, γ ′) ∈ repk S(I, J), where V ′ = ⊕i∈IVi, (γ ′(ei))jj = 1Vj if

i = j, (γ ′(ei))ij = γij if (i, j) ∈ J , and (γ ′(ei))js = 0 in all other

cases. F assigns to each morphism λ of repkQ(I, J) the morphism
⊕i∈Iλi of repk S(I, J).

Theorem 1. The functor

F = F (I, J) : repkQ(I, J) → repk S(I, J)

is full and faithful.

Proof. It is obvious that the functor F is faithful. It remains to
prove that it is full. Let δ be a morphism from (V, γ)F = (V ′, γ ′)
to (W,σ)F = (W ′, σ′). In other words, δ is a linear map of V ′

into W ′ such that γ ′(es)δ = δσ′(es) for s = 1, . . . ,m. We will
consider these equalities as matrix ones (taking into account that
V ′ = ⊕i∈IVi and W ′ = ⊕i∈IWi) and denote by [s, i, j] the scalar
equality (γ ′(es)δ)ij = (δσ′(es))ij , induced by the (matrix) equality
γ ′(es)δ = δσ′(es).

From an equation [j, i, j] with j 6= i it follows that δij = 0, and
consequently δ is a diagonal matrix: δ = δ11 ⊕ δ22 ⊕ · · · ⊕ δmm.
Further, if α : i → j is an arrow of the quiver Q(I, J), then from
the equation [i, i, j] we have that γαδjj = δiiσα. Consequently, a

collection δ = {δss | s = 1, . . . ,m} is a morphism from (V, γ) to
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(W,σ). Since δ = δ11 ⊕ δ22 ⊕ · · · ⊕ δmm, we have that δ = λF ,
where λ = δ, as claimed. �

From this theorem it follows that a semigroup S(I, J) is wild if
so is the quiver Q(I, J) (the general definitions of wild classifica-
tion problems are given in [2].
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On PPP -numbers of quadrati
 forms

In this paper we introduce P -numbers of quadratic forms over R and study
their properties.

In this paper, by a quadratic form we mean a quadratic form
over the field of real numbers R

f(z) = f(z1, . . . , zn) =

n∑

i=1

fiz
2
i +

∑

i<j

fijzizj .

The set of all such form is denoted byR, and the set of all f(z) ∈ R
with f1, . . . , fn = 1 is denoted by R0.

Let f(z) ∈ R0 and s ∈ {1, . . . , n}. We introduce the notion of
the s-deformation of f(z) as follows:

f (s)(z, a) = f (s)(z1, . . . , zn, a) = az2s +
∑

i 6=s
z2i +

∑

i<j

fijzizj ,

where a is a parameter. Denote by F
(s)
+ the set of all b ∈ R such

that the form f (s)(z, b) is positive definite, and put

F
(s)
− = R \ F (s)

+ .

In other words, b ∈ F (s)
− iff there exists a nonzero vector

r = (r1, . . . , rn) ∈ Rn

c© V. M. Bondarenko, Yu. M. Pereguda, 2009
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such that f (s)(r1, . . . , rn, b) ≤ 0. Further, put

m
(s)
f = supF

(s)
− ∈ R ∪∞

(since x ∈ F
(s)
− implies y ∈ F

(s)
− for any y < x, this supremum is a

limit point). We call m
(s)
f the s-th P -number of f(z).

Proposition 1. Let f(z1, . . . , zn) ∈ R0. Then

1) m
(s)
f ≥ 0;

2) m
(s)
f = ∞ if the form

f−s(z1, . . . , zs−1, zs+1, . . . , zn) = f(z1, . . . , zs−1, 0, zs+1, . . . , zn)

is not positive definite.

Both these assertions follow easily from the definitions.

Theorem 1. Let f(z1, . . . , zn) ∈ R0 and let m
(s)
f 6= ∞. Then

1) m
(s)
f ∈ F

(s)
− , and consequently m

(s)
f is the greatest number of

F
(s)
− .

2) the form f (s)(z,m
(s)
f ) is non-negative definite;

Proof. 1) We may assume, without loss of generality, that s = n.

Consider the matrix S(a) of the quadratic form f (n)(z, a):

S(a) =
1

2




2 f12 . . . f1,n−1 f1n
f12 2 . . . f2,n−1 f2n
. . . . . . . . . . . . . . .

f1,n−1 f2,n−1 . . . 2 fn−1,n

f1n f2n . . . fn−1,n 2a



.

Demote by ∆k, k = 1, . . . , n− 1, the principal k× k minor of S(a)
and by ∆in the (n− 1)× (n− 1) minor of S(a) which is obtained
from S(a) by deleting ith arrow and nth column. The determinant
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of S(a) is denoted by ∆(a). Then by the well-known formula,

∆(a) = 1/2[(−1)n+1f1n∆1n + (−1)n+2f2n∆2n + · · ·
· · ·+ (−1)2n−1fn−1,n∆n−1,1n] + a∆n−1,

whence

∆(a) = a∆n−1 +N (∗)
where N = 1/2[(−1)n+1f1n∆1n+(−1)n+2f2n∆2n+ · · ·+(−1)2n−1

fn−1,n∆n−1,1n].
By assertion 2) of Proposition 1 the form f−n(z1, . . . , zn−1) is

positive definite (since m
(n)
f 6= ∞). From Silvestr’s criterion of

positive definiteness of quadratic forms it follows that

∆1 > 0, . . . ,∆n−1 > 0 .

Further, from this criterion it follows that f(z, a) is positive defi-
nite if ∆(a) > 0, and is not positive definite if ∆(a) ≤ 0. Conse-
quently (see (∗))

F
(n)
− = {b ∈ R |∆(b) ≤ 0}

= {b ∈ R | b∆n−1 ≤ −N}
= {b ∈ R | b ≤ −N/∆n−1}.

So m
(n)
f = −N/∆n−1 ∈ F

(n)
− , as claimed.

2) The first proof. Suppose that f (s)(z,m
(s)
f ) is not non-

negative definite. Then there is a vector r = (r1, . . . , rn) ∈ Rn

such that f (s)(r,m
(s)
f ) = α < 0. Fix 0 < ε < −α. By continuity

of f(z, a), there exist δi > 0 for i = 1, . . . , n and δ > 0 such that

|f (s)(r1 + µ1, . . . , rn + µn,m
(s)
f + µ)− f (s)(r1, . . . , rn,m

(s)
f )| < ε

whenever |µi| < δi for i = 1, . . . , n and |µ| < δ. Put µi = 0 for
i = 1, . . . , n and fix 0 < µ0 < δ. Then

|f (s)(r1, . . . , rn,m(s)
f + µ0)− α| < ε.
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It follows that f (s)(r1, . . . , rn,m
(s)
f + µ0)− α < ε, whence

f (s)(r1, . . . , rn,m
(s)
f + µ0) < ε+ α < 0.

So m
(s)
f + µ0 ∈ F

(s)
− , a contradiction to the definition of m

(s)
f .

The second proof. Let s = n. It follows from the proof of

assertion 1) (of this theorem) that δ(m
(n)
f ) = 0. Since

∆1 > 0, . . . , ∆n−1 > 0,

the form f (n)(z,m
(n)
f ) is non-negative definite (see, for example, [1,

P.322]). �
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On representations of the semigroups

S(I, J)S(I, J)S(I, J) with a
y
li
 quiver

In this paper we study representations of semigroups (over a field k) gen-
erated by idempotents with partial null multiplication in the case when
the corresponding quiver has not oriented cycles.

We will use the definitions, notions and conventions of [1]. The
main of them will be repeated.

Let I be a finite set without 0 and J a subset of I × I without
elements of the form (i, i). We define S(I, J) to be the semigroup
with generators ei, where i runs through all elements of I ∪ 0, and
the following relations:

1) e0 = 0;

2) e2i = ei for every i ∈ I;

3) eiej = 0 for every pair (i, j) ∈ J .

The set of the semigroups of the form S(I, J) is denoted by I.
We call S(I, J) ∈ I a semigroup generated by idempotents with
partial null multiplication.
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For a finite set X and Y ⊆ X ×X, we denote by Q(X,Y ) the
quiver with vertex set X and arrows a → b, (a, b) ∈ Y . We also
put

Y = {(a, b) ∈ (X ×X) \ Y | a 6= b}.
Throughout, k denotes a field.
Let S be a semigroup. A matrix representation of S (of de-

gree n) over k is a homomorphism T from S to the multiplicative
semigroup of Mn(k). If there is an identity (resp. zero) element
a ∈ S, we assume that the matrix T (a) is identity (resp. zero).
In terms of vector spaces and linear transformations, a represen-
tation of S over k is a homomorphism ϕ from S to the multi-
plicative semigroup of the algebra EndkU with U being a finite-
dimensional vector space. Two representation ϕ : S → EndkU
and ϕ′ : S → EndkU

′ are called equivalent if there is a linear map
σ : U → U ′ such that ϕσ = ϕ′.

A representation ϕ : S → EndkU of S is also denoted by (U,ϕ).
By the dimension of (U,ϕ) one means the dimension of U . The
representations of S form a category which will be denoted by
repk S (it has as morphisms from (U,ϕ) to (U ′, ϕ) the maps σ
such that ϕσ = ϕ′).

In this paper we study representations of semigroups S(I, J)
over k in the case when the quiver Q(I, J) is acyclic, i.e. has not
oriented cycles.

Recall the notion of representations of a quiver [2].
Let Q = (Q0, Q1) be a finite quiver with the set Q0 of its vertices

and the set Q1 of its arrows α : x→ y.
A representation of the quiver Q = (Q0, Q1) over a field k is

given by a pair R = (V, γ) formed by a collection

V = {Vx |x ∈ Q0}
of vector spaces Vx and a collection

γ = {γα |α : x→ y runs throughQ1}
of linear maps γα : Vx → Vy. A morphism from R = (V, γ) to
R′ = (V ′, γ ′) is a collection λ = {λx |x ∈ Q0} of linear maps
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λx : Vx → V ′
x, such that γαλy = λxγ

′
α for any arrow α : x → y.

The category of representations of Q = (Q0, Q1) will be denoted
by repkQ.

A linear map α of U = U1 ⊕ . . . Up into V = V1 ⊕ . . . Vq is
identified with the matrix (αij), i = 1, . . . , p, j = 1, . . . , q, where
αij : Ui → Vj are the induced linear maps.

Let S = S(I, J) with I = {1, 2, . . . ,m}. Define the functor

F = F (I, J) : repkQ(I, J) → repk S(I, J)

as follows. F = F (I, J) assigns to an object (V, γ) ∈ repkQ(I, J)
the object (V ′, γ ′) ∈ repk S(I, J), where

V ′ = ⊕i∈IVi,

(γ ′(ei))jj = 1Vj if i = j, (γ ′(ei))ij = γij if (i, j) ∈ J , and
(γ ′(ei))js = 0 in all other cases. F assigns to a morphism λ

of repkQ(I, J) the morphism ⊕i∈Iλi of repk S(I, J).

In [1] the first author proved that the functor F = F (I, J) is
full and faithful (see the only theorem).

From this theorem it follows that a semigroup S(I, J) is wild if
so is the quiver Q(I, J) (the general definitions of tame and wild
classification problems are given in [3].

In this paper we prove the following theorem.

Theorem 1. Let S(I, J) be a semigroup from I such that the
quiver Q(I, J) is acyclic.

Then each object of the category repk S(I, J) is isomorphic to
an object of the form XF (I, J) ⊕ (W, 0), where X ∈ repkQ(I, J)
and W is a vector space of dimension d ≥ 0.

Proof. For simplicity, the quiver Q(I, J) is designated by

Q = (Q0, Q1).

We use the induction on m; the case m = 0, 1 are trivial.
Now let m > 1 and R = (U,ϕ) be a representation of S(I, J).

Fix s ∈ Q0 such that there is no arrow i→ s; we will assume (with-
out loss of generality) that s = m. Consider the subsemigroup S′
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of S generated by ei, i ∈ I ′ ∪ 0, where I ′ = {1, . . . ,m− 1}. Then
S′ = S(I ′, J ′) with

J ′ = {(i, j) ∈ I × I | i, j ∈ I ′},
and Q′ = Q(I ′, J ′) is the full subquiver of Q with vertex set Q′

0 =
I ′.

Denote by R′ = (U,ϕ′) the restriction of R to S′ (ϕ′(x) = ϕ(x)
for any x ∈ S′). It follows by induction that

R′ ∼= R′ = X ′F (I ′, J ′)⊕ (W ′, 0),

where X ′ is a representation of the quiver Q(I ′, J ′).
Let R′ = (U,ϕ′) and X ′ = (V ′, γ′) with V ′ = {V ′

i | i ∈ Q′
0} and

γ′ = {γ′α |α : i→ j runs throughQ′
1}.

Since R′ ∼= R′, there exists a linear map

σ : U → U = V ′
1 ⊕ V ′

2 ⊕ . . .⊕ V ′
m−1 ⊕W ′

such that ϕ′σ = ϕ′. Then the representation R = (U,ϕ) is equiv-
alent to the representation R = (U,ϕ), where ϕ(ei) = ϕ′(ei) for
any i = 1, . . . ,m − 1 and ϕ(em) = ϕ(em)σ (since, for i 6= m,
ϕ′(ei) = ϕ′(ei)σ = ϕ(ei)σ, and so ϕ(x) = ϕ(x)σ for each x ∈ S).

We consider the representation R = (U,ϕ) in more detail. Put
Vm =W ′ and consider ϕ as a matrix, taking into account that

U = V1 ⊕ V2 ⊕ . . .⊕ Vm−1 ⊕ Vm.

For (p, q) ∈ J , we denote by [p, q, i, j] the scalar equality

[ϕ(ep)ϕ(eq)]ij = 0,

induced by the (matrix) equality ϕ(ep)ϕ(eq) = 0 (the last equation
holds since epeq = 0 in S(I, J)). It follows from [m, q, i, q] (for any
fixed q 6= m) that (ϕ(em))iq = 0, and consequently (ϕ(em))ij = 0
for any (i, j) ∈ I × I ′.

We first consider two special cases:
a) ϕmm = 0;
b) ϕmm = 1 = 1Vm

.
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In case a) (ϕ)2 = ϕ implies ϕ = 0 and so

R = XF (I, J) ⊕ (W, 0)

withX = (V, γ), where V = {V ′
1 . . . , V

′
m−1, 0}, γα = γ′α for α ∈ Q′

1,
γα = 0 for α /∈ Q′

1 and W =W ′.
In case b) an equality [p,m, p,m] for (p,m) /∈ J implies

(ϕ)pm = 0

and so

R = XF (I, J) ⊕ (W, 0)

withX = (V, γ), where V = {V ′
1 . . . , V

′
m−1, 0}, γα = γ′α for α ∈ Q′

1,
γα = 0 for α /∈ Q′

1 and W =W ′.
Now we consider the general case. Since (ϕmm)

2 = ϕmm, there
is an invertible map ν = (ν1, ν2) : Vm →W1 ⊕W2 such that

ϕmm(ν1, ν2) = (ν1, ν2)

(
1 0
0 0

)
,

where 1 = 1W1 . Then the representation R′ = (U,ϕ′) is isomor-

phic to the the representation R̂′ = (Û , ϕ̂′), where

Û = Û1 ⊕ Û2 ⊕ . . . ⊕ Ûm+1

with Ûi = Vi for i = 1, . . . m − 1, Ûm = W1, Ûm+1 = W2,

and ϕ̂′(ei) = ϕ′(ei) for i = 1, . . . m − 1, (ϕ̂′(em))ij = (ϕ′(em))ij
for (i, j) ∈ I ′ × I ′, (ϕ̂′(em))ij = 0 for i = m,m + 1, j ∈ I ′,
(ϕ̂′(em))m,mj = 1 = 1W1 , (ϕ̂

′(em))m,m+1 = 0, (ϕ̂′(em))m+1,m = 0,

(ϕ̂′(em))m+1,m+1 = 0 (for instance, one can take the isomorphism

β : R̂′ → R′ with ϕ̂′(ei) = µ−1R′µ, where µ = 1U1⊕. . .⊕1Um−1⊕ν.
From (ϕ̂′(ei))2 = ϕ̂′(ei) it follows that ϕ̂′(em))i,m+1 = 0 for

any i ∈ I ′ (see the partial case a)); (then ϕ̂′(em))i,m+1 = 0 for
any i = 1, . . . ,m + 1). From the scalar equalities [p,m, p,m] for
(p,m) /∈ J implies (ϕ̂)pm = 0 (see the partial case b)). Thus,

R = (Û , ϕ̂) ∼= R = (U,ϕ)
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has the form XF (I, J) ⊕ (W, 0), where X = (V, γ) with V =

{Ûi | i ∈ Q0}, γ = {γα |α : i → j runs throughQ1} with γα = γ′α
for α ∈ Q′

1, γα = ϕ̂(em)ij for α /∈ Q′
1 (then j = m), and

W = Ŵm+1,

as claimed. �

Let rep◦k S(I, J) denotes the full subcategory of the category
repk S(I, J) consisting of all objects that have no objects (W, 0),
with W 6= 0, as direct summands.

Then from the Theorem of [1] and Theorem 1 it follows the
following statement.

Theorem 2. Let S(I, J) be as in Theorem 1. Then the functor
F = F (I, J), viewed as a functor from repkQ(I, J) to rep◦k S(I, J),
is an equivalence of categories.

From this theorem it follows that a semigroup S(I, J) and the
quiver Q(I, J have the same representation type (in the case when
Q(I, J is acyclic).
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We obrain that any 2-form and any smooth function on a given 2-manifold
with boundary can be realized as the curvature form and the gaussian
curvature function of some Riemmanian metric, respectively.
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1. Introduction

For 2-manifolds, possibly, with boundary the classical Gauss
Bonnet formula asserts a relationship between the Euler charac-
teristic of a manifold, its gaussian curvature, and the geodesic
curvature of the boundary. This is the only known obstruction on
a given 2-form on a manifold to be the curvature form of some
Riemmanian metric. Nevertheless, it imposes a constraint on the
sign of a function for being the curvature function of a metric. The
problem of prescribing curvature forms on closed 2-manifolds was
solved by Wallach and Warner [4]. They showed that the Gauss
Bonnet formula is a necessary and sufficient condition on a 2-form
to be a curvature form. Later, the problem of prescribing curva-
ture functions has been studied by some authors and completely
solved for closed manifold by Kazdan and Warner [2]. They proved
that any smooth function which satisfies Gauss Bonnet sign con-
dition, is the gaussian curvature of some Riemmannian metric.

c© Kaveh Eftekharinasab, 2009
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In this paper we deal with 2-manifolds with boundary and the
problems of prescribing curvature forms and curvature functions
which were put to the author by Volodymyr Sharko. In contrast
with the case when manifolds have nonempty boundary no ob-
struction on 2-forms and functions arises. It turns out that any
2-form and smooth function can be realized as the curvature form
and curvature function of a metric respectively, this is a surprising
phenomena.

2. preliminaries and the main results

If we want to study manifolds with boundary we are often faced
with the extension problems, we handle these problems by gluing
manifolds together, providing desired extensions using the elemen-
tary techniques of differential topology. At first, we shall consider
forms then, the same method will be used for functions.

Let M be a connected, compact and oriented 2-manifold with
smooth boundary. Now, glue a 2-disk D2 toM to get a 2-manifold

without boundary M̃ , suitably oriented, joined together along
boundaries. Now we shall have occasion to extend forms from
M to the whole manifold, the existence of extension is an obvious
corollary of the theorem 1.4 [3], that is, if ω1 and ω2 are given
2-forms on M and D2 respectively, (here we just consider 2-forms
but in general it is true for arbitrary forms) which are locally
represented as ω1 = f12 dx

1Λ dx2 and ω2 = g12 dy
1Λdy2 in col-

lar neighborhoods of their boundaries then we can piece together
functions f12 and g12 in bicollar neighborhood as the same as of

the theorem 1.4 [3] and get a smooth function on M̃ and hence

a smooth 2-form ω̃ on M̃ whose restrictions to M and D2 are ω1

and ω2 respectively.

Lemma 1. Let ω be a given 2-form then for any arbitrary nonzero
real number a there exists an extension ω̄ of ω to D2 such that∫
D2 ω̄ = a.
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Proof. Let ω̃ be an arbitrary extension such that
∫
D2 ω̃ 6= 0. We

construct a 2-form ω̄ using bump function such that in an open
neighborhood of the boundary coincides with ω̃ and

∫
D2 ω̄ = a.

Let U be an open neighborhood of the boundary and V be an

open neighborhood of the boundary of the disk D̃2 with the smaller
radius contained in D2. Let fdx1Λdx2 be a local representation
of ω̃ and g be a bump function which equals to the identity in

U and vanishes in V now, put ˜̃ω = g ω̃,
∫
D2
˜̃ω = k 6= 0 and∫

U
˜̃ω = k1,

∫
Ω
˜̃ω = k2 and

∫
D̃2
˜̃ω = k3 where Ω is a space between

U and V . Now define a new function h which is equal to the

identity in U and a−k1
k2+k3

g elsewhere. Set ω̄ = h˜̃ω. (Notice that
we always can choose neighborhoods and function g in order to
k2 + k3 6= 0). �

As an evident consequence of this lemma we have the following
corollary.

Corollary 1. For any 2-form ω on M there exists an extension
ω̃ such that ∫

M̃
ω̃ = 2πχ(M̃ )

Theorem 1. Let M be a connected, compact and oriented 2-
manifold with smooth boundary then any 2-form ω on M is the
curvature form of some Riemannian metric g on M .

Proof. There exits an extension ω̃ of ω such that
∫

M̃
ω̃ = 2πχ(M̃ )

by corollary 1, then employing the theorem of Wallach and Warner

[4] for ω̃, we get a Riemannian metric g̃ on M̃ which its restriction
to M is an expected metric. �

Remark 1. Note that in what, discussed and follows we just
consider manifolds having only one boundary component, but, in
general, when boundary consists of more than one component the
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theorems remain valid, we just need to glue D2 to each component
to get a closed manifold.

Since, we integrate a function, not a 2-form, this fact leads us
to proceed with the same approach, and expect the similar result
for functions, however, we can ask a different question concerns
prescribing gaussian and geodesic curvatures simultaneously, for
example, in [1] the author applies the technique of solving the
Neumann problem on a compact manifold with boundary to the
problem of finding a metric, pointwise conformal to a given metric
with prescribed gaussian curvature and with the prescribed geo-
desic curvature on the boundary when χ(M) ≤ 0. But here our
approach is completely different, indeed our objective is to extend
functions and transfer problems to a closed manifold to avoid dif-
ficulties on boundary. Fortunately, appropriate extensions always
exist

Assume f is a smooth function defined on M the Whitney ex-
tension theorem assures that f can be extended so as to be smooth

throughout M̃ .

Lemma 2. Let f be a smooth function defined on M then there

exists an extension f̃ such that satisfies the sign condition.

Proof. let f̄ be an arbitrary extension which is not zero every-
where, suppose χ(M) > 0 if there exists a point x0 at which
f(x0) > 0 there is nothing to do otherwise multiply f to a func-
tion g, where

g =

{
1, in an open neighborhood of the boundary,
negative, at some point,

fg is a desired extension. If χ(M) < 0 we can modify the extension
likewise. If χ(M) = 0 and f does not vanish identically and does
not change sign, it is strictly positive or negative thus we just
need to multiply it to a function which is equal to the identity in
an open neighborhood of the boundary of D2 and changes sign
elsewhere. �
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Theorem 2. Let M be a compact, connected and oriented 2-
manifold with smooth boundary then any smooth function f is the
gaussian curvature of some Riemmanian metric on M.

Proof. By lemma 2 there exists an extension f̃ of f such that
satisfies the sign condition then by the theorem of Kazdan and

warner [2] there exists a metric on M̃ possesses f̃ as its gaussian
curvature, restriction of the metric toM is an expected metric. �
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Reparametrizations of vector fields
and their shift maps

LetM be a smooth manifold, F be a smooth vector field on M , and (Ft) be
the local flow of F . Denote by Sh(F ) the subset of C∞(M,M) consisting
of maps h : M → M of the following form:

h(x) = Fα(x)(x),

where α runs over all smooth functions M → R which can be substituted
into F instead of t. This space often contains the identity component
of the group of diffeomorphisms preserving orbits of F . In this note it
is shown that Sh(F ) is not changed under reparametrizations of F , that
is for any smooth strictly positive function µ : M → (0,+∞) we have
that Sh(F ) = Sh(µF ). As an application it is proved that F can be
reparametrized to induce a circle action on M if and only if there exists a
smooth function µ : M → (0,+∞) such that F(x,µ(x)) ≡ x.

Keywords: Reparametrization of a flow, shift map, circle action

1. Introduction

Let M be a smooth manifold and F be a smooth vector field
on M tangent to ∂M . For each x ∈M its integral trajectory with
respect to F is a unique mapping ox : R ⊃ (ax, bx) →M such that
ox(0) = x and d

dtox = F (ox), where (ax, bx) ⊂ R is the maximal
interval on which a map with the previous two properties can be
defined. The image of ox will be denoted by the same symbol
ox and also called the orbit of x. It follows that from standard

c© Sergiy Maksymenko, 2009
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theorems in ODE the following subset of M × R

dom(F ) = ∪
x∈M

x× (ax, bx),

is an open, connected neighbourhood of M × 0 in M × R. Then
the local flow of F is the following map

F :M × R ⊃ dom(F ) →M, F(x, t) = Fx(t).

It is well known that if M is compact, or F has compact support,
then F is defined on all of M .

Denote by func(F ) ⊂ C∞(M,R) the subset consisting of func-
tions α : M → R whose graph Γα = {(x, α(x)) : x ∈ M} is
contained in dom(F ). Then we can define the following map

ϕ : C∞(M,R) ⊃ func(F ) −→ C∞(M,M),

ϕ(α)(x) = F(x, α(x)).

This map will be called the shift map along orbits of F and its
image in C∞(M,M) will be denoted by Sh(F ).

It is easy to see, [1, Lm. 2], that ϕ is Sr,r-continuous for all
r ≥ 0, that is continuous between the corresponding Sr Whitney
topologies of func(F ) and C∞(M,M).

Moreover, if the set ΣF of singular points of F is nowhere dense,
then ϕ is locally injective, [1, Pr. 14]. Therefore it is natural
to know whether it is a homeomorphism with respect to some
Whitney topologies, and, in particular, whether it is Sr,s-open, i.e.
open as a map from Sr topology of func(F ) into Ss topology of
the image Sh(F ), for some r, s ≥ 0. These problems and their
applications were treated e.g. in [1–3].

In this note we prove the following theorems describing the be-
haviour of the image of shift maps under reparametrizations and
pushforwards.

Theorem 1. Let µ :M → R be any smooth function and G = µF
be the vector field obtained by the multiplication F by µ. Then

(1) Sh(G) ⊂ Sh(F ).
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Suppose that µ 6= 0 on all of M . Then

Sh(µF ) = Sh(F ).

In this case the shift mapping ϕ : func(F ) → Sh(F ) of F is
Sr,s-open for some r, s ≥ 0, if and only if so is the shift mapping
ψ : func(G) → Sh(G) of G.

Theorem 2. Let z ∈ M , α : (M,z) → R be a germ of smooth
function at z, and f : M → M be a germ of smooth map defined
by f(x) = F(x, α(x)). Suppose that f is a germ of diffeomorphism
at z. Then

(2) f∗F = (1 + F (α)) · F,
where f∗F = Tf ◦F ◦f−1 is the vector field induced by f , and F (α)
is the derivative of α along F . Thus f∗F is just a reparametriza-
tion of F .

If α : M → R is defined on all of M and f = ϕ(α) is a diffeo-
morphism of M , then

Sh(f∗F ) = Sh(F ).

Further in §3 we will apply these results to circle actions. In
particular, we prove that F can be reparametrized to induce a
circle action on M if and only if there exists a smooth function
µ :M → (0,+∞) such that F(x, µ(x)) ≡ x, see Corollary 1.

2. Proofs of Theorems 1 and 2

These theorems are based on the following well-known state-
ment, see e.g. [4,5,8] for its variants in the category of measurable
maps.

Lemma 1. Let G = µF and G : dom(G) → M be the local flow
of G. Then there exists a smooth function α : dom(G) → R such
that

G(x, s) = F(x, α(x, s)).
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In fact,

(3) α(x, s) =

s∫

0

µ(G(x, τ))dτ.

In particular, for each γ ∈ func(G) we have that

(4) G(x, γ(x)) = F(x, α(x, γ(x))),

whence Sh(G) ⊂ Sh(F ).

Proof. Put G(x, s) = F(x, α(x, s)), where α is defined by (3). We
have to show that G = G.

Notice that a flow G of a vector field G is a unique mapping
that satisfies the following ODE with initial condition:

∂G(x, s)

∂s

∣∣∣∣
s=0

= G(x) = F (x)µ(x), G(x, 0) = x.

Notice that

α(x, 0) = 0, α′
s(x, 0) = µ(G(x, 0)) = µ(x).

In particular, G(x, 0) = F(x, α(x, 0)) = x. Therefore it remains to
verify that

(5)
∂G(x, s)
∂s

∣∣∣∣
s=0

= F (x) · µ(x).

We have:

(6)
∂G
∂s

(x, s) =
∂F

∂s
(x, α(x, s)) =

∂F(x, t)

∂t

∣∣∣∣
t=α(x,s)

· α′
s(x, s).

Substituting s = 0 in (6) we get (5). �

Proof of Theorem 1. Eq. (1) is established in Lemma 1.
Suppose that µ 6= 0 on all of M . Then F = 1

µG, and 1
µ is

smooth on all of M . Hence again by Lemma 1 Sh(F ) ⊂ Sh(G),
and thus Sh(F ) = Sh(G).
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To prove the last statement define a map ξ : func(G) → func(F )
by

ξ(γ)(x) = α(x, γ(x)) =

s∫

0

µ(G(x, τ))dτ, γ ∈ func(G).

Then (4) means that the following diagram is commutative:

func(G)
ξ−−−−→ func(F )

ψ

y
yϕ

Sh(G) Sh(F )

We claim that ξ is a homeomorphism with respect to Sr topologies
for all r ≥ 0. Indeed, evidently ξ is Sr,r-continuous. Put

(7) β(x, s) =

s∫

0

dτ

µ(F(x, τ))
.

Then the inverse map ξ−1 : func(F ) → func(G) is given by

(8) ξ−1(δ)(x) = β(x, δ(x)) =

δ(x)∫

0

dτ

µ(F(x, τ))
, δ ∈ func(F ),

and is also Sr,r-continuous. Hence ψ is Sr,s-open iff so is ϕ. The-
orem 1 is completed.

Proof of Theorem 2. First we reduce the situation to the case
α(z) = 0. Suppose that a = α(z) 6= 0 and let β(x) = α(x) − a.
Define the following germ of diffeomorphisms g = F−a ◦ f at z:

g(x) = F(F(x, α(x)),−a) = F(x, α(x) − a) = F(x, β(x)).

Then g(z) = z, and β(z) = 0.
Since F preserves F , i.e. (Ft)∗F = F for all t ∈ R, we obtain

that

f∗F = f∗(F−a)∗F = (f ◦ F−a)∗F = g∗F.
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Moreover, F (α) = F (β). Therefore it suffices to prove our state-
ment for g.

If z is a singular point of F , i.e. F = 0, then both parts of (2)
vanish. Therefore we can assume that z is a regular point of F .
Then there are local coordinates (x1, . . . , xn) at z = 0 ∈ Rn in
which F (x) = ∂

∂x1
and

F(x1, . . . , xn, t) = (x1 + t, x2, . . . , xn).

Then g(x1, . . . , xn) = (x1 + β(x), x2, . . . , xn), whence

Tg ◦ F ◦ g−1 =




1 + β′x1 β′x2 · · · β′xn
0 1 0 0
· · · · · · · · · · · ·
0 0 0 1







∂
∂x1
0
· · ·
0


 =

= (1 + β′x1)F = (1 + F (β))F.

Suppose now that α is defined on all of M and f is a diffeomor-
phism of all of M . Then by [1] the function µ = 1 + F (α) 6= 0 on
all of M , whence by Theorem 1 Sh(µF ) = Sh(F ).

3. Periodic shift maps

Let F be a vector field, and ϕ be its shift map. The set

ker(ϕ) = ϕ−1(idM )

will be called the kernel of ϕ, thus F(x, ν(x)) ≡ x for all ν ∈
ker(ϕ). Evidently, 0 ∈ ker(ϕ). Moreover, it is shown in [1, Lm. 5]
that ϕ(α) = ϕ(β) iff α− β ∈ func(F ).

Suppose that the set ΣF of singular points of F is nowhere
dense in M . Then, [1, Th. 12 & Pr. 14], ϕ is a locally injective
map with respect to any weak or strong topologies, and we have
the following two possibilities for ker(ϕ):

a) Non-periodic case: ker(ϕ) = {0}, so ϕ : func(F ) → Sh(F )
is a bijection.
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b) Periodic case: there exists a smooth strictly positive func-
tion

θ :M → (0,+∞)

such that F(x, θ(x)) ≡ x and ker(ϕ) = {nθ}n∈Z.
In this case func(F ) = C∞(M,R), ϕ yields a bijection between

C∞(M,R)/ ker(ϕ) and Sh(F ), and for every α ∈ C∞(M,R) we
have that

ϕ−1 ◦ ϕ(α) = α+ ker(ϕ) = {α+ kθ}k∈Z.
It also follows that every non-singular point x of F is periodic of
some period Per(x),

θ(x) = nxPer(x)

for some nx ∈ N, and in particular, θ is constant along orbits of
F . We will call θ the period function for ϕ.

Lemma 2. Suppose that the shift map ϕ of F is periodic and let
θ be its period function. Let also µ :M → (0,+∞) be any smooth
strictly positive function. Put G = µF . Then the shift map ψ of
G is also periodic, and its period function is

(9) θ̄(x)
(8)
== ξ−1(θ)(x) = β(x, θ(x)) =

θ(x)∫

0

dτ

µ(F(x, τ))
.

If µ is constant along orbits of F , then the last formula reduces to
the following one:

(10) θ̄ =
θ

µ
.

In particular, for the vector field G = θF its period function is
equal to θ̄ ≡ 1.

Proof. Let G : M × R → M be the flow of G. We have to show
that G(x, θ̄(x)) ≡ x for all x ∈M :

(11) G(x, θ̄(x))
(9)

=== G
(
x, β(x, θ(x))

)
= F(x, θ(x)) ≡ x.
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Since θ is the minimal positive function for which F(x, θ(x)) ≡ x
and µ > 0, it follows from (9) that so is θ̄ is also the minimal
positive function for which (11) holds true. Hence θ̄ is the period
function for the shift map of G.

Let us prove (10). Since µ is constant along orbits of F , we
have that µ(F(x, τ)) = µ(x), whence

θ̄(x) = β(x, θ(x)) =

θ(x)∫

0

dτ

µ(F(x, τ))
=

θ(x)∫

0

dτ

µ(x)
=
θ(x)

µ(x)
.

Lemma is proved. �

3.1. Circle actions. Regard S1 as the group U(1) of complex
numbers with norm 1, and let exp : R → S1 be the exponential
map defined by exp(t) = e2πit.

Let Γ : M × S1 →M be a smooth action of S1 on M . Then it
yields a smooth R-cation (or a flow) G :M ×R →M given by

(12) G(x, t) = Γ(x, exp(t)).

Moreover G is generated by the following vector field

G(x) =
∂G(x, t)

∂t

∣∣∣∣
t=0

.

Evidently, any of Γ, G, and G determines two others. In partic-
ular, a flow G on M is of the form (12) for some smooth circle
action Γ on M if and only if G1 = idM , i.e. G(x, 1) ≡ x for all
x ∈M .

In other words, the shift map of G is periodic and its period
function is the constant function θ ≡ 1.

As a consequence of Lemma 2 we get the following:

Corollary 1. Let F be a smooth vector field on M and

θ :M → (0,+∞)

be a smooth strictly positive function. Then the following condi-
tions are equivalent:
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(a) the vector field G = θF yields a smooth circle action, i.e.
G(x, 1) = x for all x ∈M ;

(b) the shift map ϕ of F is periodic and θ is its period function,
i.e. F(x, θ(x)) ≡ x for all x ∈M .

Corollary 2. Suppose that the shift map ϕ of F is periodic and
let z ∈ M be a singular point of F . Then there are k, l ≥ 0 such
that 2k+ l = dimM , non-zero numbers A1, . . . , Ak ∈ R\{0}, local
coordinates (x1, y1, . . . , xk, yk, t1, . . . , tl) at z = 0 ∈ R2k+l, and in
which the linear part of F at 0 is given by

j10F (x1, y1, . . . , xk, yk, t1, . . . , tl) = −A1y1
∂

∂x1
+A1x1

∂

∂y1
+ · · ·

−Akyk
∂

∂xk
+Akxk

∂

∂yk
.

Proof. Let θ be the period function for F and G = θF . Since
θ > 0, it follows that ΣF = ΣG and for every z ∈ ΣF we have that

j1zG = θ(z) · j1zF.

Therefore it suffices to prove our statement for G.
By Corollary 1 G yields a circle action, i.e. G1 = idM , where G

is the flow of G. Then G yields a linear flow TzGt on the tangent
space TzM such that TzG1 = id. In other words we obtain a
linear action (i.e. representation) of the circle group U(1) in the
finite-dimensional vector space TzM . Now the result follows from
standard theorems about presentations of U(1). �

Remark 1. Suppose that in Corollary 2 dimM = 2. Then we
can choose local coordinates (x, y) at z = 0 ∈ R2 in which

j10F (x, y) = −y ∂
∂x

+ x
∂

∂y
.

For this case the normal forms of such vector fields are described
in [7].
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1. Introduction

The purpose of the present work is to derive the Minimal Su-
persymmetric Standard Model [1] from superstring theory [2]. It
is performed by choosing superstring compactification in the form
of elliptically fibred Calabi-Yau fourfold. Such approach allows
to determine the gauge group, matter content, superpotential and
mass spectrum of superpartners.

These predictions are important from experimental point of
view as they are connected with searches for new physics at the
LHC.

c© Yu. M. Malyuta, T. V. Obikhod, 2009
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2. Superstring compactification

We consider superstring compactification on the Calabi-Yau
fourfold F represented as the elliptic fibration

(1)

E −−−−→ F
y
B

where the base B is the Fano variety of dimension three and the
fiber ε is the elliptic curve.

Singular elliptic fibers [3] and their classification in terms of Lie
groups are shown in Figure 1.

3. Matter content

The Fano variety B [4] contains two del Pezzo surfaces S and S
′

.

The surface S intersects the surface S
′

transversely along complex

curves Σ
(u)
H , Σ

(d)
H , Σ

(1)
M , Σ

(2)
M shown in Table 1 and in Figure 2. The

fibration (1) restricted to these curves has sections

1× 5H , 1× 5H , 3× 10M , 3× 5M

presented in Table 1 and in Figure 2. These sections determine
the matter content of the MSSM.

4. Superpotential

The gauge invariant MSSM superpotential takes the form

(2) WSU(5) = λdij · 5H × 5
(i)
M × 10

(j)
M + λuij · 5H × 10

(i)
M × 10

(j)
M +

+ λia · 5H × 5
(i)
M ×N

(a)
R + µ · 5H × 5H

where 5H and 5H are Higgs multiplets, 5
(i)
M and 10

(j)
M are multiplets

of quark and lepton superpartners, λdij , λ
u
ij , λia, µ are Yukawa

coupling constants.
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Figure 10

5. Mass spectrum of superpartners

The analysis of Yukawa coupling constants, based on observa-
tional hints and theoretical considerations, allows to restrict the
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Figure 11

parameter space in (2) to five free parameters. Using this re-
stricted parameter set it is possible to calculate the mass spec-
trum of superpartners by application of the computer program
SOFTSUSY [5]. This MSSM spectrum is displayed in Figure 3.
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6. Comparison with experiment

Comparison of the predicted spectrum with experimental data
obtained at the LEP and TEVATRON [6] (see Table 2) shows, that
the calculated masses exceed the lower limits on masses reached
at colliders.

New searches for superpartners and measurements of their mas-
ses should be realized at the LHC.
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We prove the following theorem. Let U be a pseudo-harmonic function
on a surface M2. For a real valued continuous function V : M2 → R to
be a conjugate pseudo-harmonic function of U on M2 it is necessary and
sufficient that V is open on level sets of U .

Keywords: a pseudo-harmonic function, a conjugate, a surface, an interior

transformation

Let M2 be a surface, i.e. a 2-dimensional and separable mani-
fold, U : M2 → R be a real-valued function on M2. Denote also
by

D = {(x, y) ∈ R2 |x2 + y2 < 1}
the open unit disk in the plane.

Definition 1 (see [1,2]). A function U is called pseudo-harmonic
in a point p ∈ M2 if there exist a neighbourhood N of p on M2

and a homeomorphism T : D → N such that T (0, 0) = p and a
function

u = U ◦ T : D → R2

is harmonic and not identically constant.
A neighbourhood N is called simple neighbourhood of p.

We can even choose N and T from previous definition to comply
with the equality

u(z) = U ◦ T (z) = Re zn + U(p) , z = x+ iy ∈ D ,

for a certain n = n(p) ∈ N (see [2]).

c© Yevgen Polulyakh, 2009
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Definition 2 (see [1,2]). A function U is called pseudo-harmonic
on M2 if it is pseudo-harmonic in each point p ∈M2.

Let U : M2 → R be a pseudo-harmonic function on M2 and
V :M2 → R be a real valued function.

Definition 3 (see [1]). A function V is called a conjugate pseudo-
harmonic function of U in a point p ∈ M2 if there exist a neigh-
bourhood N of p on M2 and a homeomorphism T : D → N such
that T (0, 0) = p and

u = U ◦ T : D → R2 and v = V ◦ T : D → R2

are conjugate harmonic functions.

We can choose N and T from previous definition in such way
that

u(z) = U ◦ T (z) = Re zn + U(p) ,

v(z) = V ◦ T (z) = Im zn + V (p) , z = x+ iy ∈ D ,

for a certain n = n(p) ∈ N (see [2]).

Definition 4 (see [1]). A function V is called a conjugate pseudo-
harmonic function of U onM2 if it is a conjugate pseudo-harmonic
function of U in every p ∈M2.

Definition 5. Let U and V be continuous real valued functions
on a surface M2. We say that V is open on level sets of U if for
every c ∈ U(M2) a mapping

V |U−1(c) : U
−1(c) → R

is open on the space U−1(c) in the topology induced from M2.

Theorem 1. Let U be a pseudo-harmonic function on M2. For
a real valued continuous function V : M2 → R to be a conjugate
pseudo-harmonic function of U on M2 it is necessary and suffi-
cient that V is open on level sets of U .

Let us remind following definition.
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Definition 6 (see [3]). A mapping G : M2
1 → M2

2 of a surface
M2

1 to a surface M2
2 is called interior if it complies with conditions:

1) G is open, i. e. an image of any open subset of M2
1 is

open in M2
2 ;

2) for every p ∈M2
2 its full preimage G−1(p) does not contain

any nondegenerate continuum (closed connected subset of
M2

1 ).

In order to prove theorem 1 we need following

Lemma 1. Let U be a pseudo-harmonic function on M2. Let a
real valued continuous function V be open on level sets of U .

Then the mapping F :M2 → C,

F (p) = U(p) + iV (p) , p ∈M2

is interior.

First we will verify one auxiliary statement. Denote I = [0, 1],

I̊ = (0, 1) = I \ {0, 1}.
Proposition 1. In the condition of Lemma 1 the following state-
ment holds true.

Let γ : I →M2 be a simple continuous curve and γ(I) ⊆ U−1(c)

for a certain c ∈ R. If the set γ(I̊) is open in U−1(c) in the
topology induced from M2, then the function V ◦ γ : I → R is
strictly monotone.

Proof. Suppose that contrary to the statement of Proposition the
equality V ◦γ(τ1) = V ◦γ(τ2) is valid for certain τ1, τ2 ∈ I, τ1 < τ2.

Since the function V ◦ γ is continuous and a set [τ1, τ2] is com-
pact, then following values

d1 = min
t∈[τ1,τ2]

V ◦ γ(t) ,

d2 = max
t∈[τ1,τ2]

V ◦ γ(t) ,

are well defined. Let us fix s1, s2 ∈ [τ1, τ2] such that di = V ◦γ(si),
i = 1, 2.
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We designate W = (τ1, τ2). It is obviously the open subset of I̊.
Let us consider first the case d1 = d2. It is clear that

[τ1, τ2] ⊆ (V ◦ γ)−1(d1)

in this case. So the open subset γ(W ) of the level set U−1(c) is
mapped by V onto a one-point set {d1} which is not open in R

and V is not open on level sets of U .
Assume now that d1 6= d2. Since V ◦ γ(τ1) = V ◦ γ(τ2) due to

our previous supposition, then either s1 or s2 is contained in W .
Let s1 ∈ W (the case s2 ∈ W is considered similarly). Then

V ◦ γ(W ) ⊆ [d1,+∞) and the open subset γ(W ) of the level set
U−1(c) can not be mapped by V to an open subset of R since its
image containes the frontier point d1 = V ◦ γ(s1). So, in this case
V is not open on level sets of U .

The contradiction obtained shows that our initial supposition
is false and the function V ◦ γ is strictly monotone on I. �

Proof of Lemma 1. Let p ∈M2 and Q be an open neighbourhood
of p.

We are going to show that the set F (Q) containes a neigbour-
hood of F (p). At the same time we shall show that p is an isolated
point of a level set F−1(F (p)).

Without loss of generality we can assume that U(p) = V (p) = 0.
Let N be a simple neighbourhood of p and T : D → N be a

homeomorphism such that for a certain n ∈ N the folloving equal-
ity holds true u(z) = U ◦T (z) = Re zn, z ∈ D (see Definition 1 and
the subsequent remark). It is clear that without losing generality
we can regard that N is small enough to be contained in Q.

Observe that for an arbitrary level set Γ of U an intersection
Γ ∩ T (D) = Γ ∩ N is open in Γ. Consequently, since T is home-
omorphism then a mapping v = V ◦ T : D → R is open on level
sets of u = U ◦ T : D → R (see Definition 5).

Let us consider two possibilities.

Case 1. Zero is a regular point of the smooth function u =
U ◦ T , i. e. n = 1 and u(z) = Re z, z ∈ D.



On conjugate pseudo-harmonic functions 509

In this case

u−1(u(0)) = u−1(U(p)) = T−1(U−1(U(p))) = {0} × (−1, 1).

According to Proposition 1 the function v is strictly monotone on
every segment which is contained in this interval, so it is strictly
monotone on {0} × (−1, 1). Consequently, for points z1 = 0− i/2
and z2 = 0+i/2 the following inequality holds true v(z1)·v(z2) < 0.

Let us note that from previous it follows that V is monotone
on the arc β = T ({0} × (−1, 1)) = U−1(U(p)) ∩ N . And since
F−1(F (p))∩N ⊂ β then F−1(F (p))∩N = {p} and p is an isolated
point of its level set F−1(F (p)).

Let d1 = v(z1) < 0 and d2 = v(z2) > 0 (The case d1 > 0 and
d2 < 0 is considered similarly). Denote

ε =
1

2
min(|d1|, |d2|) > 0 .

Function v is continuous, so there exists δ > 0 such that following
implications are fulfilled

|z − z1| < δ ⇒ |v(z) − d1| < ε ,

|z − z2| < δ ⇒ |v(z) − d2| < ε .

Let us examine a neighbourhood W = (−δ, δ) × (−1/2, 1/2) of
0, which is depicted on Figure 13. It can be easily seen that for
every x ∈ (−δ, δ) following relations are valid

u(x+ iy) = x , y ∈ (−ε, ε) ,
v(x− i/2) < v(z1) + ε < −2ε+ ε = −ε ,
v(x+ i/2) > v(z2)− ε > 2ε− ε = ε .

From two last lines and from the continuity of v on a segment
{x} × [−1/2, 1/2] it follows that v({x} × [−1/2, 1/2]) ⊇ (−ε, ε).
Therefore

F ◦ T ({x} × [−1/2, 1/2]) ⊇ {x} × (−ε, ε) , x ∈ (−δ, δ) .
Since T (W ) ⊆ N ⊆ Q by the choise of N , then

0 = F (p) ∈ (−δ, δ) × (−ε, ε) ⊆ F ◦ T (W ) ⊆ F (Q) .
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Figure 13

Case 2. Zero is a saddle point of u = U ◦T , i. e. u(z) = Re zn,
z ∈ D for a certain n > 1.

In this case

u−1(u(0)) = T−1(U−1(U(p))) = {0} ∪
2n−1⋃

k=0

γk ,

where γk = {z ∈ D | z = a · exp(πi(k − 1/2)/n), a ∈ (0, 1)},
k = 1, . . . , 2n − 1.

As above, applying Proposition 1 we conclude that function

v = V ◦ T
is strictly monotone on each arc γk, k = 1, . . . , 2n − 1. Since v is
continuous and 0 is a boundary point for each γk, then

v(z) 6= v(0)

for all z ∈ ⋃
k γk. Therefore, 0 = (F ◦ T )−1(F ◦ T (0)) and

F−1(F (p)) ∩ N = {p}, i. e. p is the isolated point if its level
set F−1(F (p).
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Let us designate by

Rk =
{
z ∈ D

∣∣ z = aeiϕ, a ∈ [0, 1), ϕ ∈
[
π(k−1/2)

2 , π(k+1/2)
2

]}
,

k = 0, . . . , 2n − 1

sectors on which disk D is divided by the level set u−1(u(0)).
We also denote

Dl = {z ∈ D | Re z ≤ 0} ,
Dr = {z ∈ D | Re z ≥ 0} .

Consider map Φ : D → D given by the formula Φ(z) = zn,
z ∈ D. It is easy to see that for every k ∈ {0, . . . , 2n−1} depending
on its parity sector Rk is mapped homeomorphically by Φ either
onto Dl or onto Dr. Let a mapping Φk : Rk → Dr is given by
relation

Φk =

{
Φ|Rk

, if k = 2m,

Inv ◦ Φ|Rk
, if k = 2m+ 1 ,

k = 0, . . . , 2n− 1 ,

where Inv : D → D is defined by formula Inv(z) = −z, z ∈ D.
Evidently, all Φk are homeomorphisms.

We consider now inverse mappings ϕk = Φ−1
k : Dr → D,

k = 0, . . . , 2n − 1. By construction all of these mappings are
embeddings. Moreover, it is easy to see that

uk(z) = u ◦ ϕk(z) =
{
Re z , when k = 2m,

−Re z , when k = 2m+ 1 .

Let us fix k ∈ {0, . . . , 2n− 1}. It is clear that ϕk homeomorphi-
cally maps a domain

D̊r = {z ∈ D | Re z > 0}
onto a domain

R̊k =
{
z ∈ D

∣∣ z = aeiϕ, a ∈ (0, 1), ϕ ∈
(
π(k−1/2)

2 , π(k+1/2)
2

)}
,

so with the help of argument similar to the observation preceding
to case 1 we conclude that the mapping v̊k = v ◦ ϕk|D̊r

: D̊r → R
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is open on level sets of the function ůk = u ◦ ϕk|D̊r
: D̊r → R.

As above, applying Proposition 1 we conclude that function v̊k is
strictly monotone on each arc

αc = ů−1
k (̊uk(c+ 0i)) = {z ∈ D̊r | Re z = c} , c ∈ (0, 1) .

We already know that the function v is strictly monotone on the
arcs γk and γs, where s ≡ k+1 (mod 2n). Therefore the function
vk = v ◦ ϕk : Dr → R is strictly monotone on the arcs

α− = ϕ−1
k (γk) = {z ∈ Dr | Re z = 0 and Im z < 0} ,

α+ = ϕ−1
k (γs) = {z ∈ Dr | Re z = 0 and Im z > 0} .

Let us verify that vk is strictly monotone on the arc

α0 = α− ∪ {0} ∪ α+ = u−1
k (uk(0)) = {z ∈ Dr | Re z = 0} .

Since vk(0) = v(0) = V (p) = 0 according to our initial assump-
tions and 0 is the boundary point both for α− and α+, then vk is
of fixed sign on each of these two arcs.

So we have two possibilities:

• either vk has the same sign on α− and α+, then vk|α0 has
a local extremum in 0;

• or vk has different signs on α− and α+, then vk is strictly
monotone on α0.

Suppose that vk has the same sign on α− and α+.
We will assume that vk is negative both on α− and α+. The

case when vk is positive on α− and α+ is considered similarly.
Denote z1 = 0− i/2 ∈ α−, z2 = 0 + i/2 ∈ α+. Let

ε̂ = 1
2 min(|vk(z1)|, |vk(z2)|) > 0 .

From the continuity of vk it follows that there exists δ̂ > 0 to
comply with the following implications

(1)

|z − z1| < δ̂ ⇒ |vk(z)− vk(z1)| < ε̂ ,

|z − z2| < δ̂ ⇒ |vk(z)− vk(z2)| < ε̂ ,

|z| = |z − 0| < δ̂ ⇒ |vk(z)− vk(0)| = |vk(z)| < ε̂ .
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Let c ∈ (0, δ̂). Then the point w0 = c + i0 is situated on the
curve αc between points w1 = c− i/2 and w2 = c+ i/2. It follows
from (1) that vk(w1) < −ε̂, vk(w2) < −ε̂ and vk(w0) ∈ (−ε̂, 0).
But these three correlations can not hold true simultaneously since
vk is strictly monotone on αc as we already know.

The contradiction obtained shows us that vk has different signs
on α− and α+. So, vk is strictly monotone on α0.

Now, repeating argument from case 1 we find such εk > 0 and
δk > 0 that the set

Ŵk = [0, δk)×
(
−1

2 ,
1
2

)

meets the relations

(2)
F ◦ T ◦ ϕk(Ŵk) ⊇ [0, δk)× (−εk, εk) , if k = 2m,

F ◦ T ◦ ϕk(Ŵk) ⊇ (−δk, 0]× (−εk, εk) , if k = 2m+ 1 .

Let us denote Wk = ϕk(Ŵk),

W =
2n−1⋃

k=0

Wk , δ = min
k=0,...,2n−1

δk > 0 , ε = min
k=0,...,2n−1

εk > 0 .

Figure 14
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It is easy to show that W is an open neighbourhood of 0 in D.
From (2) and from our initial assumptions it follows that

F (Q) ⊇ F (N) ⊇ F ◦ T (W ) ⊇ (−δ, δ) × (−ε, ε) .

So, we have proved that for an arbitrary point p ∈ M2 and
its open neighbourhood Q a set F (Q) contains a neigbourhood of
F (p). Hence the mapping F :M2 → C is open.

At the same time we have shown that an arbitrary p ∈ M2 is
an isolated point of its level set F−1(F (p)). It is easy to see now
that any level set F−1(F (p)) can not contain a nondegenerate
continuum.

Consequently, the map F is interior. �

Proof of Theorem 1. Necessity. Let U, V : M2 → R be conjugate
pseudoharmonic functions on M2 (see Definitions 3 and 4).

Obviously, V is continuous onM2. Suppose that contrary to the
statement of Theorem there exists such c ∈ R that V is not open on
the level set Γc = U−1(c) ⊂ M2, i. e. a map Vc = V |Γc : Γc → R

is not open on Γc in the topology induced from M2.
Let us verify that Vc has a local extremum in some p ∈ Γc.
Note that the space Γc is locally arcwise connected, i. e. for

every point a ∈ Γc and its open neighbourhood Q there exists a
neighbourhood Q̂ ⊆ Q of a such that every two points b1, b2 ∈ Q̂
can be connected by a continuous curve in Q. This is a straight-
forward corollary of the remark subsequent to Definition 1.

Since the map Vc is not open by our supposition, then there
exists an open subset O of Γc such that its image R = Vc(O) is
not open in R. Therefore there is a point d ∈ R \ IntR. Fix
p ∈ V −1

c (d) ∩O.
Let us show that p is a point of local extremum of Vc. Fix a

neighbourhood Ô ⊆ O of p such that every two points b1, b2 ∈ Ô
can be connected by a continuous curve βb1,b2 : I → Γc which
meets relations β(0) = b1, β(1) = b2 and β(I) ⊆ O. It is clear that
an image of a path-connected set under a continuous mapping is
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path-connected, therefore following inclusions are valid
(
Vc(b1), Vc(b2)

)
⊂ Vc(I) if Vc(b1) < Vc(b2) ,(

Vc(b2), Vc(b1)
)
⊂ Vc(I) if Vc(b2) > Vc(b1) .

Evidently, p is not an interior point of Vc(Ô) since it is not the

interior point of Vc(O) by construction and Vc(Ô) ⊆ Vc(O). Then

there does not exist a pair of points b1, b2 ∈ Ô such that

Vc(b1) < Vc(p) < Vc(b2)

and either V (b) ≤ V (p) for all b ∈ Ô or V (b) ≥ V (p) for all b ∈ Ô,
i. e. p is the point of local extremum of Vc.

Now, since V is the conjugate pseudo-harmonic function of U
in the point p (see Definition 3), we can take by definition a neigh-
bourhood N of p in M2 and a homeomorphism T : D → N such
that a map f : D → C

f(z) = u(z) + iv(z) , z ∈ D

is holomorphic on D. Here

u = U ◦ T : D → R

and

v = V ◦ T : D → R.

It is clear that without loss of generality we can choose N so
small that either V (b) = Vc(b) ≤ Vc(p) = V (p) for every b ∈ N∩Γc
or V (b) ≥ V (p) for all b ∈ N ∩ Γc.

Let for definiteness p is the local maximum of Vc and

V (b) ≤ V (p)

for every b ∈ N ∩Γc. The case when p is the local minimum of Vc
is considered similarly.

On one hand it follows from what we said above that
(
{U(p)} × (V (p),+∞)

)
∩ f(D) = ∅
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since u−1(U(p)) = T−1(Γc ∩ N) and v(z) = V (T (z)) ≤ V (p) for
all z ∈ T−1(Γc ∩N) by construction. Therefore a point

U(p) + iV (p) = f(T−1(p))

is not the interior point of a set f(D).
On the other hand it is known that the holomorphic map f is

open, so the point f(T−1(p)) must be the interior point of the
domain f(D).

The contradiction obtained shows that our initial assumption is
false and V is open on level sets of U .

Sufficiency. Let U be a pseudo-harmonic function on M2 and
a continuous function V :M2 → R be open on level sets of U .

From Lemma 1 it follows that the mapping F :M2 → C, F (p) =
U(p) + iV (p), p ∈M2 is interior.

Let p ∈M2 and N is a simple neighbourhood of p in M2. Then
there exists a homeomorphism T : D → N . It is straightforward
that for the open set N a mapping FN = F |N : N → C is in-
terior and its composition FN ◦ T = F ◦ T : D → C with the
homeomorfism T is also an interior mapping.

Now from Stoilov theorem it follows that there exists a complex
structure on D such that the mapping F ◦T is holomorphic in this
complex structure (see [3]). But from the uniformization theorem
(see [4]) it follows that a simple-connected domain has a unique
complex structure. So the mapping F ◦ T is holomorphic on D in
the standard complex structure. Thus the functions

u = Re(F ◦ T ) = U ◦ T
and

v = Im(F ◦ T ) = V ◦ T
are conjugate harmonic functions on D. Consequently, V is a
conjugate pseudo-harmonic function of U in the point p.

From arbitrariness in the choise of p ∈ M2 it follows that V is
a conjugate pseudo-harmonic function of U on M2. �
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Corollary 1. Let U, V : M2 → R be conjugate pseudoharmonic
functions on M2.

Then there exists a complex structure on M2 with respect to
which U and V are conjugate harmonic functions on M2.

Proof. This statement follows from Theorem 1, Lemma 1 and the
Stoilov theorem which says that there exists a complex structure
on M2 such that the interior mapping F (p) = U(p) + iV (p), p ∈
M2 is holomorphic in this complex structure (see [3]). �
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Morse-Bott functions on manifolds
with semi-free circle action

LetW 2n be a closed manifold of dimension ≥ 6 with semi-free circle having
finitely many fixed points. We study S1-invariant Morse-Bott functions on
W 2n. The aim of this paper is to obtain exact values of minimal numbers
of singular circles of some indexes of S1-invariant Morse-Bott functions on
W 2n.
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number.

1. S1-invariant Morse-Bott functions

Let W 2n be a closed smooth manifold. Suppose that W 2n

admits a smooth semi-free circle action with finitely many fixed
points. It is known that every isolated fixed point p of a semi-free
S1-action has the following important property: near such a point
the action is equivalent to a certain linear S1 = SO(2)-action on
R2n. More precisely, for every isolated fixed point p there exist an
open invariant neighborhood U of p and a diffeomorphism h from
U to an open unit disk D in Cn centered at origin such that h
conjugates the given S1-action on U to the S1-action on Cn with
weight (1, . . . , 1). We will use both complex, (z1, . . . , zn), and real
coordinates (x1, y1, . . . , xn, yn) on Cn = R2n with zi = xi+

√
−1yi.

The pair (U, h) will be called a standard chart at the point p.
Let f : W 2n → R be a smooth S1-invariant function on the mani-
fold W 2n. Denote by Σf the set of singular points of the function

c© V. V. Sharko, 2009
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f . It is clear that the set of isolated singular points Σf (pi) ⊂ Σf
of f coincides with the set of fixed points W S1

.

A point p ∈ W S1
is nondegenerate if the Hessian of the

function f at p is nondegenerate. For a nondegenerate fixed point
p there exist a standard chart (U, h) such that on U the function
f is given by the following formula:

f = f(p)− |z1|2 − . . .− |zλ|2 + |zλ+1|2 + . . .+ |zn|2.
Notice that the index of nondegenerate fixed point p is always
even.

Denote by Σf (S
1) the set singular points of the function f that

are disconnected union of circles. These circles will be called sin-

gular.
A circle s ∈ Σf(S

1) is called nondegenerate if there is an

S1-invariant neighborhood U of s on which S1 acts freely and such
that the point π(s) is nondegenerate for the function

π∗(f) : U/S
1 → R,

induced on U/S1 by the natural map π : U → U/S1. An invari-
ant version of Morse lemma says that there exist an S1-invariant
neighborhood U of the circle s and coordinates (x1, . . . , x2n−1) on
U/S1 such that the function π∗(f) has the following presentation:

π∗(f) = π∗(f(π(s)))− |x1|2 − . . .− |xν |2 + |xν+1|2 + . . .+ |x2n−1|2.
By definition ν is the index of singular circle s.

Definition 1. A smooth S1-invariant function f : W 2n → R on
a manifold W 2n with a semi-free circle action which has isolated
fixed points is called an S1-invariant Morse-Bott function if each
connected component of the singular set Σf is either a nondegen-
erate fixed point or a nondegenerate critical circle, [3].

Definition 2. Assume that W 2n is the closed manifold with
a smooth semi-free circle action which has isolated fixed points
p1, . . . , pk. For any fixed point pi there exists a standard chart
(Ui, hi) such that each Ui is diffeomorphic to the unit disk D2n in
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Cn and that Ui are pairwise disjoint. Take any arbitrary integer

λi = 0, 1, . . . , n and define the following function on fi : Ui → R

by

fi = fi(pi)− |z1|2 − . . .− |zλi |2 + |zλi+1|2 + . . . + |zn|2.
Theorem 1. Every smooth semi-free circle action on a closed
manifold with isolated fixed points p1, . . . , pk has an S1-invariant
Morse-Bott function f such that f = fi on Ui.

Proof. From results of paper [2] it follows that functions fi can be
extended from Ui to W

2n \⋃Ui. �

Theorem 2. The number of fixed points of any smooth semi-free
circle action on W 2n with isolated fixed points is always even and
equal to the Euler characteristic, χ(W 2n), of the manifold W 2n.

Proof. By Theorem 1 we construct on U1 the function

f1 = f1(p1) + |z1|2 + . . .+ |zn|2,
on Uj , (j ≥ 2) the function

fj = fj(pi)− |z1|2 − . . .− |zn|2

and extend such functions to S1-invariant Morse-Bott function f
on W 2n \⋃Ui. Since the manifold CPn is non-cobordant to zero
it follows that the number of fixed points of any smooth semi-free
circle action onW 2n with isolated fixed points is equal to the Euler
characteristic χ(W 2n) = 2k of W 2n. �

Definition 3. Let f be an S1-invariant Morse-Bott function for
smooth semi-free circle action with isolated fixed points p1, . . . , p2k
on a closed manifold W 2n. Suppose that the index of a critical
point pi of f is λi. The state of f is the collection of numbers
λ1, λ2, . . . , λ2k, which we will be denoted by Stf (λi).

Remark 1. From Theorem 1 it follows that for every smooth
semi-free circle action on a closed manifold W 2n with isolated fixed
points p1, . . . , p2k and any collection numbers λ1, λ2, . . . , λ2k, such
that 0 ≤ λi ≤ 2n there exists an S1-invariant Morse-Bott functions
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f on W 2n with state Stf (λi). Such a collection of numbers will be
denoted by St(λi) and called a state.

Definition 4. Let W 2n be a closed smooth manifold with smooth
semi-free circle action which has finitely many fixed points. The
S1-equivariant Morse number Mν

S1(W
2n, St(λi)) of index

ν of a state St(λi) of W 2n is the minimum number of singular
circles of index ν taken over all S1-invariant Morse-Bott functions
on W 2n with state St(λi).

The S1-equivariant Morse number Mν
S1(W

2n) of index ν

of W 2n is the minimum number of Mν
S1(W

2n, St(λi)) taken over
all states.

The S1-equivariant Morse number MS1(W 2n, St(λi)) of

a state St(λi) is the minimum number of singular circles of all
indices taken over all S1-invariant Morse-Bott functions on W 2n

with state St(λi).
The S1-equivariant Morse number MS1(W 2n) of W 2n is

the minimum number of MS1(W 2n, St(λi)) taken over all states.

There is an unsolved problem: for a manifold W 2n with a semi-
free circle action which has finitely many fixed points find ex-

act values of the numbers Mν
S1(W

2n, St(λi)), Mν
S1(W

2n),

MS1(W 2n, St(λi)), and MS1(W 2n).

Definition 5. An S1-invariant Morse-Bott function f on the
manifold W 2n with semi-free circle action which has finitely many
fixed points is

minimal for index ν of a state St(λi) if the number of
singular circles of f of index ν is equal to Mν

S1(W
2n, St(λi));

minimal for index ν if the number of singular circles of f of
index ν is equal to Mν

S1(W
2n);

minimal for state St(λi) if the number of all singular circles
of f is equal to MS1(W 2n, St(λi));

minimal if the number of all singular circles of f is equal to
MS1(W 2n).
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Theorem 3. Let W 2n (2n > 5) be a closed smooth simply-
connected manifold admits a smooth semi-free circle action with
isolated fixed points p1, . . . , p2k. Then on the manifold W 2n for the
state St(0, . . . , 0︸ ︷︷ ︸

l

, 2n, . . . , 2n︸ ︷︷ ︸
2k−l

) there exists a minimal (minimal for

index ν) S1-invariant Morse-Bott function g for the state

St(0, . . . , 0︸ ︷︷ ︸
l

, 2n, . . . , 2n︸ ︷︷ ︸
2k−l

)

and

MS1(W 2n, St(0, . . . , 0︸ ︷︷ ︸
l

, 2n, . . . , 2n︸ ︷︷ ︸
2k−l

)) =

=
n−1∑

i=1

µ(Hi((W
2n/S1) \ (pl+1 ∪ . . . ∪ p2k), p1, . . . , pl,Z)+

+
n−2∑

i=2

µ(Tors(Hi((W
2n/S1) \ (pl+1 ∪ . . . ∪ p2k), p1, . . . , pl,Z),

(
Mν

S1

(
W 2n, St(0, . . . , 0︸ ︷︷ ︸

l

, 2n, . . . , 2n︸ ︷︷ ︸
2k−l

)
)
=

= µ
(
Hν((W

2n/S1) \ (pl+1 ∪ . . . ∪ p2k), p1, . . . , pl,Z)
)
+

+ µ
(
Tors(Hν−1((W

2n/S1) \ (pl+1 ∪ . . . ∪ p2k), p1, . . . , pl,Z)
))
,

where 0 ≤ l ≤ 2k (µ(H) – minimal number of generators of group
H).

Proof. Choose an invariant neighborhood Ui of the point pi diffeo-
morphic to the unit disc D2n ⊂ Cn and set U =

⋃
i Ui. Consider

the manifold V 2n = (W 2n \U)/S1. It is clear that its boundary is
a disconnected union of complex projective spaces

∂V 2n = CP 2n−2
1 ∪ . . . ∪ CP 2n−2

k .
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The setW 2n/S1 is simply-connected. It is easy to see using van
Kampen theorem that (W 2n \ U)/S1 is simply-connected as well.
From S. Smale’s theorem [4] is follows that on (W 2n \U)/S1 there
exists a minimal Morse function which we used to construct an
S1-invariant Morse-Bott function g for state

St(0, . . . , 0︸ ︷︷ ︸
l

, 2n, . . . , 2n︸ ︷︷ ︸
2k−l

)

on the manifold W 2n. The values of

MS1

(
W 2n, St(0, . . . , 0︸ ︷︷ ︸

l

, 2n, . . . , 2n︸ ︷︷ ︸
2k−l

)
)

and
Mν

S1

(
W 2n, St(0, . . . , 0︸ ︷︷ ︸

l

, 2n, . . . , 2n︸ ︷︷ ︸
2k−l

)
)

follow from S. Smale’s theorem and simple homology calcu-
lation. �

Remark 2. Using diagrams technique, [1], one can give estimates
for equivariant Morse number for other states. This will be made
in forthcoming paper.
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On the efficient method of solving
ill-posed problems by adaptive
discretization

To solve ill-posed problems Ax = f is used the Fakeev-Lardy regulariza-
tion, using an adaptive discretization strategy. It is shown that for some
classes of finitely smoothing operators proposed algorithm achieves the op-
timal order of accuracy and is more economical in the sense of amount of
discrete information then standard methods.
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Fakeev-Lardy method, discrepancy principle

1. Introduction. Statement of the problem

In a Hilbert space X with inner product (· , · ) and norm

‖x‖ =
√

(x, x)

we consider the operator equation of the first kind

(1) Ax = f,

where A is a compact linear operator in X and f ∈ Range(A).
Suppose that instead of the exact right-hand side of (1) some its
perturbation fδ : ‖f − fδ‖ ≤ δ, δ > 0 is available only.

c© S. G. Solodky, E. A. Volynets, 2009
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We will construct approximations to minimal-norm solution x†

of (1) that satisfies the Holder-type source condition, i.e.

(2) x† ∈Mν,ρ(A) = {u : u = |A|νv, ‖v‖ ≤ ρ},
|A| = (A∗A)1/2, ρ ≥ 1,

where A∗ is the adjoint of A and the parameter ν > 0 is unknown.
Consider a class Hr, r = 1, 2, . . ., of compact linear operators

A, ‖A‖ ≤ 1, such that for any m = 1, 2, . . . the conditions

(3) ‖ (I − Pm)A ‖≤ m−r, ‖ A(I − Pm) ‖≤ m−r

are satisfied, where Pm is the orthoprojector onto linear span of
the first m elements of some orthonormal basis E = {ei}∞i=1 in
space X.

As an example of equation (1) with operator A ∈ Hr in the
space X = L2(0, 1) one can take Fredholm integral equation of
the first kind

Ax(t) ≡
∫ 1

0
k(t, τ)x(τ)dτ = f(t),

where max
0≤t,τ≤1

|k(t, τ)| ≤ 1, operators A and A∗ act from L2(0, 1)

into the Sobolev space W r
2 [0, 1] and as basis E is selected the

orthonormal system of Legendre polynomials or (if r = 1) the
orthonormal system of Haar functions.

It is known (see [11, p. 14]) that the best accuracy of recovering
minimal-norm solutions of (1) that fill up setMν,ρ(A) can be lower
estimated by

ρ1/(ν+1)δν/(ν+1).

This is because every method guaranteeing approximation accu-
racy O(δν/(ν+1)) on the set of solutions (2) is referred to as order-
optimal approximate method for solving (1).

In this paper we investigate projection methods of solving (1)
that using Galerkin information as discrete information about (1).
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Remind that by Galerkin information about equation (1) one usu-
ally mean a set of inner products

(4) (Aej , ei), (fδ, ei).

The volume of inner products (4) used to approximate solve
(1) characterizes economical properties of corresponding projec-
tion methods.

Obviously that to construct economical projection method spe-
cial attention must be put to effective choice of set Ω of indices
(i, j) for inner products (Aej , ei) which form discrete operator AΩ.

In the first time the problem of constructing economical projec-
tion methods for solving (1) was studied in [3] in the framework of
traditional Galerkin discretization scheme with Ω = [1,m]× [1, n].
From [3] it is follows that to guarantee the optimal order of ac-

curacy we need to choose n ≍ m ≍ O(δ−1/r), i.e. to compute at

least O(δ−2/r) inner products (4).
Statement of the problem. Our aim is to construct an al-

gorithm of solving (1) on class of operators Hr such that, firstly,
guarantees the optimal order of accuracy for solutions x† of the
form (2) and, secondly, is more economical in the sense of using
Galerkin information compare with methods considered in [3].

To construct such algorithm we will use an adaptive approach to
discretization that earlier was studied in [1]. To reduce the volume
of Galerkin information for this approach it will apply so-called
hyperbolic cross (see Section 4) as the area Ω and the discretization
level will be selected during computations as following

(5) ‖ A∗A−A∗
ΩAΩ ‖= O(

√
αδ),

where α is a regularization parameter.
For the first time such adaptive discretization scheme was stud-

ied in [1] for the standard Tikhonov method. In [6], [8] it was
investigated the optimality of the adaptive approach for the sta-
tionary iterated Tikhonov method, in [4] for the nonstationary
iterated Tikhonov method, in [10] for the generalized Tikhonov
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method, in [8], [9] for the Landweber method and in [7] for the
method of asymptotical regularization.

It turn out that discretization strategy (1.5) allows to solve the
problem formulated for all mentioned above regularization meth-
ods. Let us continue these investigations and verify efficiency of
adaptive discretization for the Fakeev-Lardy regularizator.

In conclusion we want mention one more adaptive discretiza-
tion scheme proposed in [2]. In the framework of this scheme the

discretization level is chosen as ‖ A − AΩ ‖= O(
√
α
√
δ), and as

area Ω is selected rectangle. It turn out that such approach is not
order-optimal and is less economical with compare both nonadap-
tive scheme in [3] and adaptive scheme in the present paper.

2. Fakeev-Lardy method

The Fakeev-Lardy method is an iterative procedure of the fol-
lowing type:

(6) x0 = 0; µxl +A∗Axl = µxl−1 +A∗fδ,

l = 1, 2, . . . , µ = const > 2/ρ.

For generating function of this method

gl(λ) =
1

λ

(
1−

(
µ

µ+ λ

)l)
=

l−1∑

j=0

µj

(µ + λ)j+1
, λ 6= 0,

the following estimates (see [11, p. 22])

sup
0≤λ<∞

gl(λ) = l/µ; sup
0≤λ<∞

λgl(λ) ≤ 1;

sup
0≤λ<∞

λ1/2gl(λ) = (l/µ)1/2; sup
0≤λ<∞

λp(1− λgl(λ)) ≤ κpl
−p;

0 ≤ p ≤ l, κ0 = 1, κp = (µp)p, p > 0.

(7)

are true.
Let λk are singular values of operator A and φk, ψk are cor-

responding singular elements. Then operator A can be written
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as

A =
∑

k

λkφk(· , ψk)

and following relations

x† = |A|νv = (A∗A)ν/2v =
∑

k

|λk|νψk(ψk, v),

f := Ax† = A|A|νv =
∑

k

λk|λk|νφk(ψk, v).
(8)

hold.
Then the elements xl and Axl can be written as

xl = gl(A
∗A)|A|ν+2v = gl(A

∗A)
∑

k

|λk|ν+2ψk(ψk, v) =

=
∑

k

gl(|λk|2)|λk|ν+2ψk(ψk, v),

Axl =
∑

k

λkφk

(
ψk,
∑

m

gl(|λm|2)|λm|ν+2ψm(ψm, v)

)
=

=
∑

k

λkφk
∑

m

|λm|ν+2(ψm, v)gl(|λm|2)(ψk, ψm) =

=
∑

k

λk|λk|ν+2gl(|λk|2)φk(ψk, v).

As it follows from (5) in our approximate method discretized
operator can be changed in every step of iterations. Denote as
Al, l = 1, 2, . . ., discretized operator corresponding l-th step of
iterative process. More detailed this discretization scheme will be
considered in Section 4.
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Thus a finite-dimensional version of the method (6) has the form

x̂1 = (µI +A∗
1A1)

−1A∗
1fδ,

x̂2 = (µI +A∗
2A2)

−1(µ(µI +A∗
1A1)

−1A∗
1 +A∗

2)fδ,

. . .

x̂l =

l−1∑

k=0

µk




k∏

j=0

(µI +A∗
l−jAl−j)

−1


A∗

l−kfδ.

To prove the optimality of the method we have to estimate error
of approximation of minimal-norm solution x† by elements x̂l. So
in l-th step of iterative process it’s holds

x† − x̂l = gl(A
∗A)A∗(f − fδ)+

+ (x† − gl(A
∗A)A∗f) + (gl(A

∗A)A∗fδ − x̂l)

and hence the error can be upper estimated:

(9) ‖x† − x̂l‖ ≤ ‖gl(A∗A)A∗(f − fδ)‖+
+ ‖x† − xl‖+ ‖gl(A∗A)A∗fδ − x̂l‖.

Let us estimate now the right-hand side of (9) term by term. Due
to conditions (7) on generating function it is immediately follows
that for the first term

(10) ‖gl(A∗A)A∗(f − fδ)‖ ≤ ‖gl(A∗A)A∗‖‖f − fδ‖ ≤

≤ δ sup
λ
λ1/2gl(λ) ≤ δ

(
l

µ

)1/2

.

The second term can be represented by (8) as
(11)

x† − xl = (I − gl(A
∗A)A∗A)x† =

∑

k

(
µ

µ+ λ2k

)l
|λk|νψk(v, ψk).
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Thus,

‖x† − xl‖2 =
∑

k

(
µ

µ+ λ2k

)2l

|λk|2ν(v, ψk)2,

or

(12) ‖x† − xl‖2 = |cν,l(v)|2l−ν ,

where |cν,l(v)|2 := lν
∑

k

(
µ

µ+λ2k

)2l
|λk|2ν(v, ψk)2.

To estimate (11) we need to estimate ‖Axl − f‖ too. Taking
into account (8) and relation

1− λ2gl(λ
2) =

(
µ

µ+ λ2

)l
,

we have

‖Axl − f‖2 = µ2l
∑

k

|λk|2(ν+1) (v, ψk)
2

(µ+ λ2k)
2l
.

and hence

(13) ‖Axl − f‖2 = |dν,l(v)|2l−(ν+1)

with |dν,l(v)|2 := µ2l
∑

k |λk|2(ν+1) (v,ψk)
2

(µ+λ2k)
2l l

ν+1.

To estimate ‖x†−xl‖ we need the following auxiliary statement.

Lemma 1. For functions cν,l(v) and dν,l(v) the bounds

|cν,l(v)| ≤ ρκ
ν/(ν+1)
(ν+1)/2 , |dν,l(v)| ≤ ρκ ν+1

2

hold.
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Using Holder’s inequality we have

|cν,l(v)|2 =

∑

k

(
lν+1µ2lλ

2(ν+1)
k

(µ+ λ2k)
2l

(v, ψk)
2

) ν
ν+1 (

µ2l

(µ+ λ2k)
2l
(v, ψk)

2

) 1
ν+1

≤

≤
∑

k

(
lν+1µ2lλ

2(ν+1)
k

(µ+ λ2k)
2l

(v, ψk)
2

) ν
ν+1

‖v‖ 2
ν+1 =

= |dν,l(v)|
2ν
ν+1 ρ

2
ν+1 .

For the second inequality we obtain

|dν,l(v)|2 ≤ lν+1 sup
λ
λ2(ν+1)

(
µ

µ+ λ2

)2l∑

k

(v, ψk)
2 ≤

≤ κ2(ν+1)/2‖v‖2 = ρ2κ2(ν+1)/2.

Substitution of this estimate into previous inequality completes
the proof of Lemma.

Thus due to (12) and to the first estimate in Lemma 1 we have

(14) ‖x† − xl‖ ≤ ρκ
ν/(ν+1)
(ν+1)/2 l

−ν
2 .

To estimate the last term in (9) we consider the auxiliary oper-
ator

Bl =
l−1∑

k=0

(
µk(µI +A∗A)−(k+1)A∗ −Gk,lA

∗
l−k
)

with Gk,l = µk
∏k
j=0(µI +A∗

l−jAl−j)
−1.

Then for the third item in the right-hand side of (9) we obtain

(15) gl(A
∗A)A∗fδ − x̂l = Blfδ.

To estimate norm of the element Blfδ we write down Bl in more
suitable form that will be shown in next statement.
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Lemma 2. For any l = 2, 3, . . . it holds

(16) Bl =

l−1∑

k=0

µk(µI +A∗A)−(k+1)(A∗ −A∗
l−k)−

l∑

k=1

Fk,

where

Fk =

l−k∑

j=0

(µI +A∗A)−jTj,k, k = 1, . . . , l;

(17)

Tj,k = Dj

l∑

i=j+1

(µI +A∗A)−(i−j)Ti,k−1,

j = 0, . . . , l − k, k ≥ 2;

Dj = (µI +A∗
l−jAl−j)

−1(A∗A−A∗
l−jAl−j), j = 0, . . . , l − 1;

Tj,1 = Dj

l∑

i=j+1

µi−1(µI +A∗A)−(i−j)A∗
l−i+1, j = 0, . . . , l − 1.

To reduct computation we introduce into consideration some
denotations:

Iµ := µI +A∗A; Jµ := I−1
µ ;

Uj := A∗A−A∗
l−jAl−j ; Hj := DjJµ = (Iµ − Uj)

−1UjJµ.

Quite easy to check that

(µI +A∗
l−jAl−j)

−1 = Jµ +Hj

and Iµ, Jµ, Uj , Hj ∈ L(X), where L(X) is the space of linear
continuous operators in X.

Further we need to introduce a special operation of substitut-
ing operators. Thus suppose that we have sequence of operators
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{Φi}, i = 1, 2, . . ., Φi ∈ L(X), and operator Ψ ∈ L(X). The oper-
ation of substitution we will note as

Φ

M⊕

N

Ψ(p),

where M ≥ N ≥ 1, p ≤ M − N + 1. This operation affects on
product of M − N + 1 operators ΦN ,ΦN+1, . . . ,ΦM . The main
point of the operation consists in replacement of all possible com-
binations from p distinct operators Φi of initial product by the
operator Ψ with preserved order of remained (M − N − p + 1)
multipliers Φi. Thus, as result of described operation we obtain a

sum of (M−N+1)!
p!(M−N−p+1)! (distinct!) replacement in such way opera-

tors, every of it is the product of p operators Ψ and (M−N−p+1)
operators Φi.

The above operation has some properties that will be used in
further reasoning. Namely,

Φ
M⊕

N

Ψ(M−N+1) =
M∏

j=N

Ψj,

Φ

M⊕

N

Ψ(M−N) =

M−N∑

q=0

(
q−1∏

i=0

Ψi+N

)
ΦN+q



M−N∏

s=q+1

Ψs+N


 ,

Φ

M⊕

N

Ψ(p) =

p∑

q=0

(
q−1∏

i=0

Ψi+N

)
ΦN+q


Φ

M⊕

N+q+1

Ψ(p−q)


 ,

p < M −N.

Let’s note operator Gk,l in new form with help of above operation:

Gk,l = µk
k∏

j=0

(Iµ − Uj)
−1 = µk

k∏

j=0

(Hj + Jµ) =
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= µk
k+1∑

i=0

H
k⊕

0

J (k−i+1)
µ =

= µk

(
Jk+1
µ +

k+1∑

i=1

H

k⊕

0

Jk−i+1
µ

)
= µk

(
Jk+1
µ +

k+1∑

i=1

Sk,i

)

with Sk,i = H
k⊕
0
J
(k−i+1)
µ .

Then

Bl :=

l−1∑

k=0

(
µkJk+1

µ A∗ − µk(Jk+1
µ +

k+1∑

i=1

Sk,i)A
∗
l−k)

)
=

=
l−1∑

k=0

µkJk+1
µ (A∗ −A∗

l−k)−
l−1∑

k=0

µk(
k+1∑

i=1

Sk,i)A
∗
l−k =

=

l−1∑

k=0

µkJk+1
µ (A∗ −A∗

l−k)−
l∑

j=1

l−1∑

k=j−1

µkSk,jA
∗
l−k.

Denote

F̂j :=

l∑

j=1

l−1∑

k=j−1

µkSk,jA
∗
l−k

and establish that Fj = F̂j .
At first we consider the case j = 1

F̂1 =

l−1∑

k=0

(µkSk,1)A
∗
l−k =

l−1∑

k=0

µk

(
H

k⊕

0

J (k)
µ

)
A∗
l−k =
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=
l−1∑

k=0

µk(
k∑

q=0

JqµHqJ
k−q
µ )A∗

l−k =
l−1∑

q=0

JqµHq

l−1∑

k=q

µkJk−qµ A∗
l−k =

=

l−1∑

j=0

J jµHj

l∑

i=j+1

µi−1J i−j−1
µ A∗

l−i+1 =

=

l−1∑

j=0

J jµHjJ
−1
µ

l∑

i=j+1

µi−1J i−jµ A∗
l−i+1 =

l−1∑

j=0

J jµTj,1.

Let now j ≥ 2. Then

F̂j =

l−1∑

k=j−1

µkSk,jA
∗
l−k =

l−j∑

p=0

µp+j−1Sp+j−1,jA
∗
l−(p+j−1) =

=

l−j∑

p=0

µp+j−1

(
H

p+j−1⊕

0

J (p)
µ

)
A∗
l−(p+j−1) =

=

l−j∑

p=0

µp+j−1




p∑

q=0

JqµHq(H

p+j−1⊕

q+1

J (p−q)
µ )


A∗

l−(p+j−1) =

=

l−j∑

q=0

JqµHq

l−j∑

p=q

µp+j−1


H

p+j−1⊕

q+1

J (p−q)
µ )


A∗

l−(p+j−1) =

=

l−j∑

k=0

Jkµ T̂k,j,

where T̂k,j = Hk

l−j∑
p=k

µp+j−1

(
H

p+j−1⊕
q+1

J
(p−q)
µ

)
A∗
l−p−j+1.

We need to prove that Tk,j = T̂k,j if j ≥ 2. For j = 2, k =
0, . . . , l − 2, it holds
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T̂k,2 = Hk

l−2∑

p=k

µp+1

(
H

p+1⊕

k+1

J (p−k)
µ

)
A∗
l−p−1 =

= Hk

l−2∑

p=k

µp+1



p−k∑

q=0

JqµHk+q+1J
(p−q−k)
µ )


A∗

l−p−1 =

= Hk

l−k−2∑

q=0

JqµHk+q+1




l−2∑

p=q+k

(µp+1Jp−q−kµ )


A∗

l−p−1 =

= Hk

l−1∑

i=k+1

J i−(k+1)
µ Hi

l−2∑

p=i−1

(µp+1Jp−i+1
µ )A∗

l−p−1 =

= HkJ
−1
µ

l−1∑

i=k+1

J i−kµ Hi

l∑

m=i+1

µm−1Jm−i−1
µ A∗

l−m−1 =

= Dk

l−1∑

j=k+1

J j−kµ Ti,1

Finally, for j ≥ 3, k = 0, . . . , l − j, we have:

T̂k,j=Hk

l−j∑
p=k

µp+j−1

(
H

p+j−1⊕
k+1

J
(p−k)
µ

)
A∗

l−p−j+1 =

=Hk

l−j∑
p=k

µp+j−1
p−k∑
q=0

Jq
µHk+q+1

(
H

p+j−1⊕
k+1+q+1

J
(p−k−q)
µ

)
A∗

l−p−j+1 =

=Hk

l−j−k∑
q=0

Jq
µHk+q+1

l−j∑
p=k+q

µp+j−1

(
H

p+j−1⊕
k+q+2

J
(p−k−q)
µ

)
A∗

l−p−j+1=

=Hk

l−j+1∑
i=k+1

J i−k
µ J−1

µ Hi

l−j∑
p=i−1

µp+j−1

(
H

p+j−1⊕
i+1

J
(p−i+1)
µ

)
A∗

l−p−j+1=
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=HkJ
−1
µ

l−j+1∑
i=k+1

J i−k
µ Hi

l−j+1∑
m=i

µm+j−2

(
H

m+j−2⊕
i+1

J
(m−i)
µ

)
A∗

l−m−j+2 =

=Dk

l−(j−1)∑
i=k+1

J i−k
µ Hi×

×
l−(j−1)∑
m=i

µm+(j−1)−1

(
H

m+(j−1)−1⊕
i+1

J
(m−i)
µ

)
A∗

l−m−(j−1)+1 =

=Dk

l−j+1∑
i=k+1

J i−k
µ T̂i,j−1.

The lemma is proved completely.

3. Error bound

Concrete representation of discrete operator Al, l = 1, 2, . . .,
will shown in (23). To prove further statements we restrict our-
selves some additional conditions to Al. Namely, we will consider
discretization which satisfies the following conditions:

‖A∗A−A∗
lAl‖ ≤ δ

ρ
√
l
; ‖A−Al‖ ≤

(
δ√
l

)1/2

;

‖(A−Al)A
∗‖ ≤ δ

ρ
√
l
; ‖(A∗ −A∗

l )A‖ ≤ δ

ρ
√
l
.

(18)

It is not difficult to notice that first of inequalities (18) corre-
sponds to requirement of adaptive discretization strategy (5) with
α = 1/l.

Without lost of generality we will consider that number L of
steps of iterative process satisfies to the condition:

(19) δ
√
L ≤ 1.

Remind that to estimate error ‖ x† − x̂l ‖ we have to estimate
the last term in (9). To do this we estimate right-hand side of
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expansion (16) term by term. It’s easy to see that for the first
item

‖
l−1∑

k=0

µk(µI +A∗A)−(k+1)(A∗ −A∗
l−k)fδ‖ =

=
1

µ

l−1∑

k=0

‖ µk+1(µI +A∗A)−(k+1)‖‖(A∗ −A∗
l−k)fδ‖ ≤

≤ 1

µ

l−1∑

k=0

2δ√
l − k

.

Next statement gives bound for second term in the right-hand
side of (16).

Lemma 3. For any l = 1, 2, . . . , L there is a constant c1 < ∞
such that

l∑

k=1

‖Fkfδ‖ ≤ c1δ
√
l.

First of all by (18) we can write inequality

‖ (A∗ −A∗
l )fδ ‖≤‖ (A∗ −A∗

l )Ax
† ‖ + ‖ (A∗ −A∗

l )(f − fδ) ‖≤

≤ δ√
l
+
δ3/2

l1/4
≤ 2δ√

l
.

Due to (17) obviously equality

l∑

k=1

‖Fkfδ‖ =

l∑

k=1

‖
l−k∑

j=0

J−j
µ Tj,kfδ‖
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is true. Now let us estimate norm of Tj,kfδ and Jµ. Firstly we find
a bound of element Tj,1fδ:

Tj,1fδ := Dj

l∑

i=j+1

µi−1J i−jµ A∗
l−i+1fδ =

= Dj

l∑

i=j+1

µi−1J i−jµ A∗fδ −Dj

l∑

i=j+1

µi−1J i−jµ (A∗ −A∗
l−i+1)fδ.

Remind that

gl(λ) =
l−1∑

i=0

µi

(µ+ λ)i+1
.

Change order of summation in the last equality

gl−j(A
∗A) =

l−j−1∑

i=0

µiJ i+1
µ =

= µ0J1
µ + . . . + µl−j−1J l−jµ =

l∑

i=j+1

µl−iJ l−i+1
µ .

Hence

l∑

i=j+1

µi−1J i−jµ = µjJ1
µ + µj+1J2

µ + . . .+ µl−1J l−jµ =

=

l∑

i=j+1

µl+j−iJ l−i+1
µ = µj

l∑

i=j+1

µl−iJ l−i+1
µ = µjgl−j(A

∗A).
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By this relation Tj,1fδ can be written as

Tj,1fδ =

= Djµ
jgl−j(A

∗A)A∗fδ −Dj

l∑

i=j+1

µi−1J i−jµ (A∗ −A∗
l−i+1)fδ =

Djµ
jgl−j(A

∗A)A∗Ax† −Djµ
jgl−j(A

∗A)A∗(f − fδ)−

−Dj

l∑

i=j+1

µi−1J i−jµ (A∗ −A∗
l−i+1)fδ.

Taking into account estimations (cf. (7))

‖gl−j(A∗A)A∗A‖ ≤ 1, ‖gl−j(A∗A)A∗‖ ≤
√
l − j

µ
,

‖µi−1J i−jµ ‖ ≤ µj−1,

(20)

we have

‖Tj,1fδ‖ ≤ ‖Dj‖µj
(
ρ+

δ√
µ

√
l − j

)
+

+ ‖Dj‖µj−12δ

l∑

i=j+1

1√
l − i+ 1

.

Using the last relation and estimation

l∑

i=j+1

1√
l − i+ 1

≤
∫ l−j

0

dx√
x
= 2
√
l − j,
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we find

‖Tj,1fδ‖ ≤ µj−1‖Dj‖(µρ+ δ
√
µ
√
l − j + 4δ

√
l − j) ≤

≤ δ

µρ
√
l − j

µj−1(µρ+ (4 +
√
µ)δ
√
l − j) ≤

≤ δ

ρ
√
l − j

µj−2(4 +
√
µ+ µρ) =

c2δ√
l − j

µj−1,

where c2 = ρ+ 1/
√
µ+ 4/µ.

Now we have

‖Tj,2fδ‖ = ‖Dj

l−1∑

i=j+1

(µI +A∗A)−(i−j)Ti,1fδ‖ ≤

≤ µj−1‖Dj‖c2δ
l−1∑

i=j+1

1√
l − i

≤

≤ µj−1‖Dj‖c22δ
√
l − j − 1 ≤ 2c2

ρ
µj−2 δ√

l − j
.

In a like manner for every k = 1, 2, . . . one can find

‖Tj,kfδ‖ ≤
(
2

ρ

)k−1

c2µ
j−k δ√

l − j
.

Thus we have

‖Fkfδ‖ = ‖
l−k∑

j=0

(µI +A∗A)−jTj,kfδ‖ ≤
(
2

ρ

)k−1 2c2
µk

δ
√
l,

l∑

k=1

‖Fkfδ‖ ≤ 2c2δ
√
l

µ

l∑

k=1

(
2

ρµ

)k−1

≤ 2c2δ
√
l

µ− 2/ρ
.

We obtain assertion of Lemma for c1 = 2c2
µ−2/ρ .

Next statement contains finally estimation of third item in the
right-hand side of (9).



542 Solodky S.G., Volynets E.A.

Lemma 4. For every l ≤ L it holds

(21) ‖Blfδ‖ ≤ (4/µ + c1)δ
√
l.

Taking into account Lemmas 2 and 3 we find

‖Blfδ‖ ≤ ‖
l−1∑

k=0

µkJk+1
µ (A∗ −A∗

l−k)fδ −
l∑

k=1

Fkfδ‖ ≤

≤
l−1∑

k=0

‖µkJk+1
µ (A∗ −A∗

l−k)fδ‖+
l∑

k=1

‖Fkfδ‖ ≤

≤
l−1∑

k=0

‖µkJk+1
µ (A∗ −A∗

l−k)fδ‖+ c1δ
√
l.

Using (18) and (20) we estimate first item:

l−1∑

k=0

‖µkJk+1
µ ‖‖(A∗ −A∗

l−k)fδ‖ =

=
1

µ

l−1∑

k=0

‖µk+1Jk+1
µ ‖‖(A∗ −A∗

l−k)fδ‖ ≤ 1

µ

l−1∑

k=0

2δ√
l − k

.

As a result we have:

‖Blfδ‖ ≤ 2δ

µ

l−1∑

k=0

1√
l − k

+ c1δ
√
l ≤

(
4

µ
+ c1

)
δ
√
l.

The lemma is proved.
Final bound for method’s accuracy (6) is contained in next

statement.

Lemma 5. For every l ≤ L there exists a constant c3 > 0 such
that

(22) ‖x† − x̂l‖ ≤ ρκ
ν

ν+1
ν+1
2

l−ν/2 + c3δ
√
l.
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Taking into account (10), (14) and (21) from relation (9) we
have

‖x† − x̂l‖ ≤ ρκ
ν

ν+1
ν+1
2

l−ν/2 + δ

√
l√
µ
+ (4/µ + c1)δ

√
l =

= ρκ
ν

ν+1
ν+1
2

l−ν/2 + c3δ
√
l.

We obtain assertion of Lemma for c3 = 1/
√
µ+ 4/µ + c1.

4. Algorithm of solving

First of all we describe adaptive discretization scheme used in
this paper for solving (1) with operators A ∈ Hr. Let the dis-
cretization level n depends on step of iteration process: n = n(l).

Denote as Γn area

Γn := ∪2n(l)
k=1 (2

k−1, 2k]× [1, 22n(l)−k) ∪ {1} × [1, 22n(l)].

of coordinate plane corresponding to the basis E that appear in
the definition of class Hr.

Operators Al, l = 1, 2, . . ., will be constructed in the following
way:

(23) An(l) = Al =

2n(l)∑

k=1

(P2k − P2k−1)AP22n(l)−k + P1AP22n(l) .

Next statement characterizes some approximation properties of
the operator An(l).

Lemma 6. If parameter n = n(l) is chosen by relation
(24)

c4n2
−2nr =

δ

ρ
√
l
, c4 = max

{
1 + 2r+3; 3 ∗ 2r; 2r + 2r+1

√
22r − 1

}
,

then for operator An(l) = Al (23) and any operator A ∈ Hr it
holds estimates (18).
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This lemma can be proved in the same way as Lemma 1 [1].
Denote

c5 := 1 +
1√
µ
+

1

µ

(
4 +

1

ρ
+ 2πκ1/2

)
+
c2(2 + (1 + π)κ1/2)

µ− 2/ρ
.

Now we describe algorithm that consists of Fakeev-Lardy regu-
larization method and proposed adaptive discretization strategy.

(1) Given data: A ∈ Hr, fδ, δ, ρ.
(2) Initialization: x̂0 = 0, b > c5 + 2.
(3) Iteration by l = 1, 2, . . .

(a) choosing of discretization level n = n(l, δ):

(25) c4n2
−2nr =

δ

ρ
√
l
;

(b) computation of Galerkin functionals:

(fδ, ei), i ∈ (22n(l−1), 22n(l)]

(Aej , ei), (i, j) ∈ Γn(l) \ Γn(l−1);
(26)

(c) solving equation

(27) µx̂l +A∗
n(l)An(l)x̂l = µx̂l−1 +A∗

n(l)fδ;

(d) stop rule by discrepancy principle

‖ An(L)x̂L − P22n(L)fδ ‖≤ bδ,

‖ An(l)x̂l − P22n(l)fδ ‖> bδ, l < L.
(28)

(4) Approximate solution: x̂L.

To establish optimality of the algorithm we need two assertions.

Lemma 7. For any l ≤ L the inequality

‖Axl − f‖ ≤ ‖Alx̂l − f‖+ c5δ

is true.

Denote expression Axl − f as:

(29) Axl − f := Agl(A
∗A)A∗f − f = Z1 + Z2 + Z3 + Z4 + Z5,
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where

Z1 = Agl(A
∗A)A∗(f − fδ);

Z2 = (A−Al)A
∗gl(AA

∗)fδ;

Z3 = −(A−Al)(gl(A
∗A)A∗fδ − x̂l);

Z4 = A(gl(A
∗A)A∗fδ − x̂l);

Z5 = Alx̂l − f.

Let’s estimate all elements Z1 − Z4. By (7) we obtain

‖Z1‖ ≤ ‖AA∗gl(A
∗A)‖‖f − fδ‖ ≤ δ.

Taking into account (7) and (18) we find

‖Z2‖ ≤ ‖(A−Al)A
∗‖(‖gl(A∗A)Ax†‖+ ‖gl(A∗A)‖‖f − fδ ‖≤

≤ δ

ρ
√
l

(
ρ

√
l

µ
+ δ

l

µ

)
≤ δ

(
1√
µ
+

1

ρµ

)
.

Using Lemma 4 and (18) we have

‖Z3‖ ≤
(
δ√
l

)1/2

(4/µ + c1)δ
√
l ≤ (4/µ + c1δ).

To estimate Z4 we use Lemma 2 and (17)

Z4 = ABlfδ =

l−1∑

k=0

AµkJk+1
µ (A∗ −A∗

l−k)−
l∑

k=1

AFkfδ.

By inequality

‖µkA(µI +A∗A)−(k+1)‖ ≤ 1

µ
sup
λ
λ1/2(1− λgk+1(λ)) ≤

≤
κ1/2

µ
(k + 1)−1/2,

we have

‖Z4‖ ≤ 2δκ1/2

µ

l−1∑

k=0

1√
(k + 1)(l − k)

+

l∑

j=1

‖AFjfδ‖.
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We estimate both items in the right-hand side of last relation.
So

l−1∑

k=0

1√
(k + 1)(l − k)

=

N∑

j=1

1√
j(N − j)

≤
∫ N

0

dx

x(N − x)
= π.

Now

‖AFjfδ‖ ≤
l−j∑

i=0

‖A(µI +A∗A)−iTi,jfδ‖ ≤

≤
l−j∑

i=0

µ−i‖µiA(µI +A∗A)−i‖‖Ti,jfδ‖ ≤

≤
(
1 +

l−j∑

i=1

µ−i√
i

µi−j√
l − j

)
κ1/2c2

(
2

ρ

)j−1

δ =

=
κ1/2c2

(
2
ρ

)j−1
δ

µj

(
1 +

l−j∑

i=1

1√
i(l − i)

)
≤ c6

(
2

ρµ

)j−1

δ,

where c6 =
(1+π)c2κ1/2

µ .

Then

l∑

j=1

‖AFjfδ‖ ≤ c6δ

l−1∑

j=0

(
2

ρµ

)j
≤

(1 + π)c2κ1/2

µ− 2/ρ
δ.

Finally we obtain

‖Z4‖ ≤ κ1/2

(
2π

µ
+

(1 + π)c2
µ− 2/ρ

)
δ.

By combining received estimates we obtain the statement of
Lemma.

Lemma 8. Let L satisfy to discrepancy principle (28), where
b > 2+c5, A ∈ Hr and discretization parameter is chosen as (24).
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Then there are constants b1, b2 > 0 exist such that

b1δ ≤ ‖AxL − f‖ ≤ b2δ.

According to (24) for any l ≤ L it holds

‖(I − Pl)f‖ ≤ δ.

Using (28) we have

‖ALx̂L − f‖ ≤ ‖ALx̂L −PLfδ‖+ ‖PL(f − fδ)‖+ ‖(I − PL)f‖ ≤
≤ (b+ 2)δ.

Then by Lemma 7 we find

‖(AxL − f)‖ ≤ b2δ

with b2 = b+c5+2. On the other hand, in (L−1)-th step according
to (28)

‖AL−1x̂L−1 − PL−1fδ‖ > bδ.

Using triangle inequality and Lemma 7 we find from (29) with
l = L− 1

‖AxL−1 − f‖ ≥ ‖AL−1x̂L−1 − PL−1fδ‖ − (c5 + 2)δ.

Let’s estimate

‖AxL − f‖2 = µ2L
∑

k

|λk|2(ν+1) (v, ψk)
2

(µ+ λ2k)
2L

=

= µ2

(
µ2(L−1)

∑

k

|λk|2(ν+1) (v, ψk)
2

(µ+ λ2k)
2(L−1)

(µ+ λ2k)
−2

)
≥

≥
(

µ

µ+ j2

)2
(
µ2(L−1)

∑

k

|λk|2(ν+1) (v, ψk)
2

(µ + λ2k)
2(L−1)

)
.

Consequently

‖AxL − f‖ ≥ µ

µ+ 1
‖AxL−1 − f‖.

Finally we have
‖AxL − f‖ ≥ b1δ,
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where b1 =
µ
µ+1 (b− 2− c5). Thus Lemma is completely proved.

5. Optimality of the algorithm. Amount of Galerkin

information

In the following statement we will show that described algo-

rithm (23)-(28) guarantees the optimal order of accuracy O(δ
ν

ν+1 )
on the whole class of the considered equations.

Theorem 1. Algorithm (23)-(28) achieves the optimal order of

accuracy O(δ
ν

ν+1 ) on the class of equations with operator A ∈ Hr

and minimal-norm solutions x† ∈Mν,ρ(A), ν > 0.

From Lemmas 1, 8 and relation (13) it follows that

(30) δ
√
L = δ

( |dν,L(v)|
‖AxL − f‖

) 1
ν+1

≤ δ

(
ρκ(ν+1)/2

b1δ

) 1
ν+1

≤

≤
(
ρ

b1

) 1
ν+1

√
µ(ν + 1)

2
δ

ν
ν+1 ,

|cν,L(v)|L
−ν
2 = |cν,L(v)|

(‖ AxL − f ‖
|dν,L(v)|

) ν
ν+1

≤ ρ
1

ν+1 (b2δ)
ν

ν+1 .

Substituting the estimates into (22), we have

‖x† − x̂L ‖≤ ξδ
ν

ν+1 ,

where ξ = ρ
1

ν+1

(
b

ν
ν+1

2 + c3b
− 1

ν+1

1

√
µ(ν+1)

2

)
.

The theorem is proved.
Corollary. To achieve the optimal order of the accuracy on

the considered class of equations in the framework of algorithm
(23)-(28) it is enough to calculate

(31) O(δ
− ν+2

(ν+1)r log1+1/r δ−1)

of Galerkin functionals (26).
To proof this statement it is sufficiently to estimate volume of

the inner products that is equivalent to square of figure Γn, which
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is equal to (n + 1)22n. Using (24) and (30) in this expression we
have estimate (31).

Remind (see Section 1) that to achieve the optimal order of ac-
curacy in traditional Galerkin discretization scheme it is necessary
to calculate O(δ−2/r) inner products (26). Thus for any ν > 0 al-
gorithm (23)-(28) is more economical then methods using in [3]
with traditional Galerkin discretization scheme.
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