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Êàñàòåëüíûå ïðîñòðàíñòâà ê

ìåòðè÷åñêèì ïðîñòðàíñòâàì.

Ñåêâåíöèàëüíûé ïîäõîä

Â ðàáîòå èññëåäóþòñÿ ñâîéñòâà êàñàòåëüíûõ ïðîñòðàíñòâ ê îá-
ùèì ìåòðè÷åñêèì ïðîñòðàíñòâàì. Ïðåäñòàâëåíû íåêîòîðûå êðè-
òåðèè êîíå÷íîñòè, êîìïàêòíîñòè è îãðàíè÷åííîñòè òàêèõ êàñà-
òåëüíûõ ïðîñòðàíñòâ. Àíàëèçèðóåòñÿ ñâÿçü ìåæäó êàñàòåëüíû-
ìè ïðîñòðàíñòâàìè, ïîëó÷åííûìè ïðè ïîìîùè ñåêâåíöèàëüíîãî
ïîäõîäà è ïðè ïîìîùè óëüòðàñõîäèìîñòè.

In this paper we study the properties of the tangent spaces to general
metric spaces. Some criteria related to the boundedness, the com-
pactness and the finiteness of such tangent spaces are presented. The
connections between tangent spaces which obtained with the help of
the sequential approach and with the ultraconvergence are analyzed.

© Ô. Àáäóëëàåâ, À. À. Äîâãîøåé, Ì. Êó÷óêàñëàí
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1. Ââåäåíèå

Íàáëþäàþùååñÿ â ïîñëåäíèå äåñÿòèëåòèÿ áóðíîå ðàçâèòèå
àíàëèçà íà ìåòðè÷åñêèõ ïðîñòðàíñòâàõ òåñíî ñâÿçàíî ñ íåêî-
òîðûìè îáîáùåíèÿìè äèôôåðåíöèðîâàíèÿ. Êîíöåïöèè ¾âåðõ-
íåãî¿ èëè ¾ñëàáîãî¿ ãðàäèåíòîâ [11, 14], ïðåäëîæåííîå ×èãå-
ðîì (Cheeger) ïîíÿòèå äèôôåðåíöèðóåìîñòè äëÿ èññëåäîâàíèÿ
àíàëîãîâ òåîðåìû Ðàäåìàõåðà â ìåòðè÷åñêèõ ïðîñòðàíñòâàõ ñ
ìåðîé [6], ìåòðè÷åñêàÿ ïðîèçâîäíàÿ â èññëåäîâàíèÿõ ôóíêöèé
îãðàíè÷åííîé âàðèàöèè, ïðèíèìàþùèõ çíà÷åíèÿ â ìåòðè÷å-
ñêèõ ïðîñòðàíñòâàõ [24, 26], èçëîæåííûé â [12] ïîäõîä ê äèô-
ôåðåíöèðîâàíèþ íà îñíîâå òåîðèè ëèïøèöåâûõ ôóíêöèé� èí-
òåðåñíûå è âàæíûå ïðèìåðû òàêèõ îáîáùåíèé. Èíäóöèðîâàíèå
ëèíåéíîé ñòðóêòóðû, à ñëåäîâàòåëüíî, è äèôôåðåíöèðîâàíèÿ,
íà ñåïàðàáåëüíûõ ìåòðè÷åñêèõ ïðîñòðàíñòâàõ ïóòåì èõ âëî-
æåíèÿ â äâîéñòâåííûå ê ñåïàðàáåëüíûì ïðîñòðàíñòâàì Áàíàõà
áûëî èñïîëüçîâàíî â [2] äëÿ èçó÷åíèÿ ñïðÿìëÿåìûõ ìíîæåñòâ â
ìåòðè÷åñêèõ ïðîñòðàíñòâàõ. Êàê ïðàâèëî, ïåðå÷èñëåííûå ìå-
òîäû äàþò íåòðèâèàëüíûå ðåçóëüòàòû òîëüêî â ñëó÷àå, åñëè
ïðîñòðàíñòâî ñîäåðæèò ¾äîñòàòî÷íî ìíîãî¿ ñïðÿìëÿåìûõ êðè-
âûõ.
Äðóãèì ¾åñòåñòâåííûì¿ ïóòåì îïðåäåëåíèÿ ¾ìåòðè÷åñêîãî

äèôôåðåíöèàëà¿ â äàííîé òî÷êå ÿâëÿåòñÿ ïîñòðîåíèå èíôè-
íèòåçèìàëüíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà â ýòîé òî÷êå ñ ïî-
ñëåäóþùèì çàäàíèåì äèôôåðåíöèàëà êàê îòîáðàæåíèÿ, îïðå-
äåëåííîãî íà òàêîì èíôèíèòåçèìàëüíîì ïðîñòðàíñòâå. Òàêî-
ãî ðîäà ïîñòðîåíèÿ ìîãóò áûòü ïðîäåëàíû âíóòðåííèì îáðà-
çîì, áåç âëîæåíèÿ â îáúåìëþùåå ëèíåéíîå ïðîñòðàíñòâî. È
õîòÿ âîçíèêàþùèå èíôèíèòåçèìàëüíûå ïðîñòðàíñòâà ëèøåíû
ëèíåéíîé ñòðóêòóðû, îñíîâíîé äëÿ êëàññè÷åñêèõ êàñàòåëüíûõ
ïðîñòðàíñòâ äèôôåðåíöèàëüíîé ãåîìåòðèè, îäíàêî ïî àíàëî-
ãèè ñ êëàññè÷åñêèì ñëó÷àåì áóäåì íàçûâàòü òàêèå ïðîñòðàí-
ñòâà êàñàòåëüíûìè (â äàííîé òî÷êå ê äàííîìó ìåòðè÷åñêîìó
ïðîñòðàíñòâó). Òàêîå íàçâàíèå îò÷àñòè îïðàâäàíî õîðîøèìè
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ôóíêòîðèàëüíûìè ñâîéñòâàìè äèôôåðåíöèðîâàíèÿ íà èíôè-
íèòåçèìàëüíûõ ïðîñòðàíñòâàõ è ïðèìåðàìè ïîêàçûâàþùèìè,
÷òî â ïðîñòåéøèõ ñëó÷àÿõ òàêèå ïðîñòðàíñòâà ¾ñîâïàäàþò¿ ñ
îáû÷íûìè êàñàòåëüíûìè ïðÿìûìè è ïëîñêîñòÿìè.
Â íàñòîÿùåå âðåìÿ â êà÷åñòâå ïðîñòðàíñòâà, êàñàòåëüíîãî ê

ìåòðè÷åñêîìó ïðîñòðàíñòâó (X, d) â òî÷êå a ∈ X, ÷àñòî ïðèíè-
ìàþò óëüòðàïðîèçâåäåíèå ïîñëåäîâàòåëüíîñòè ðàçäóòèé

(X,
1

ri
d, a)i∈N, ri ↓ 0

(ñì., íàïðèìåð, [4, 13]). Åùå îäíèì ¾åñòåñòâåííûì¿ ïðåòåíäåí-
òîì íà ðîëü êàñàòåëüíîãî ïðîñòðàíñòâà ê ìåòðè÷åñêîìó ïðî-
ñòðàíñòâó ÿâëÿåòñÿ ïðåäåë ïî Ãðîìîâó�Õàóñäîðôó [5], íî òàêîé
ïîäõîä ïðåäñòàâëÿåòñÿ íå ñëèøêîì óäîáíûì äëÿ ïîñòðîåíèÿ
òåîðèè ¾ìåòðè÷åñêèõ äèôôåðåíöèàëîâ¿, çàìå÷àíèÿ ïî ýòîìó
ïîâîäó ìîæíî íàéòè â [13].
Â 2008 ãîäó â ðàáîòå [10] áûë ïðåäëîæåí íîâûé, òàê íàçûâà-

åìûé ñåêâåíöèàëüíûé ïîäõîä ê ïîñòðîåíèþ êàñàòåëüíûõ ïðî-
ñòðàíñòâ ê ïðîèçâîëüíûì ìåòðè÷åñêèì ïðîñòðàíñòâàì, òåñíî
ñâÿçàííûé ñ óêàçàííûì âûøå ñïîñîáîì çàäàíèÿ êàñàòåëüíûõ
÷åðåç óëüòðàïðîèçâåäåíèå ïîñëåäîâàòåëüíîñòè ðàçäóòèé èñõîä-
íîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà. Ñ òî÷êè çðåíèÿ àâòîðîâ ñå-
êâåíöèàëüíûé ïîäõîä åñòü íå ÷òî èíîå êàê íåîáõîäèìîå äîïîë-
íåíèå ê èñïîëüçîâàíèþ óëüòðàïðåäåëîâ, è áîëåå êîíñòðóêòè-
âåí ïî ñðàâíåíèþ ñ ïîñëåäíèì. Ïðè ñåêâåíöèàëüíîì ïîäõîäå
êàñàòåëüíûå ïðîñòðàíñòâà ê ìåòðè÷åñêîìó ïðîñòðàíñòâó X â
îòìå÷åííîé òî÷êå a ∈ X çàäàþòñÿ êàê ôàêòîð-ïðîñòðàíñòâà
íåêîòîðûõ ñåìåéñòâ ïîñëåäîâàòåëüíîñòåé òî÷åê èç X, ñõîäÿ-
ùèõñÿ ê òî÷êå a.
Â íàñòîÿùåé ðàáîòå äàþòñÿ êðèòåðèè êîíå÷íîñòè, êîìïàêò-

íîñòè è îãðàíè÷åííîé êîìïàêòíîñòè ñåêâåíöèàëüíûõ êàñà-
òåëüíûõ ïðîñòðàíñòâ ê îáùèì ìåòðè÷åñêèì ïðîñòðàíñòâàì.
Ðàññìàòðèâàþòñÿ ïðèìåðû ñåêâåíöèàëüíûõ êàñàòåëüíûõ ïðî-
ñòðàíñòâ è îáñóæäàåòñÿ èõ âçàèìîñâÿçü ñ êàñàòåëüíûìè ïðî-
ñòðàíñòâàìè, ïîñòðîåííûìè ïðè ïîìîùè óëüòðàïðîèçâåäåíèé.
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2. Îñíîâíûå îïðåäåëåíèÿ

Ïóñòü (X, d) åñòü ìåòðè÷åñêîå ïðîñòðàíñòâî ñ îòìå÷åííîé
òî÷êîé a. Çàôèêñèðóåì ïîñëåäîâàòåëüíîñòü r̃ ïîëîæèòåëüíûõ,
ñòðåìÿùèõñÿ ê íóëþ ÷èñåë rn, êîòîðóþ áóäåì â äàëüíåéøåì
íàçûâàòü íîðìèðóþùåé. Îáîçíà÷èì ÷åðåç X̃ ñîâîêóïíîñòü âñåõ
ïîñëåäîâàòåëüíîñòåé òî÷åê èç X. Áóäåì ãîâîðèòü, ÷òî ïîñëå-
äîâàòåëüíîñòè x̃, ỹ ∈ X̃, x̃ = {xn}n∈N è ỹ = {yn}n∈N, âçàèì-
íî ñòàáèëüíû (îòíîñèòåëüíî íîðìèðóþùåé ïîñëåäîâàòåëüíî-
ñòè r̃), åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
n→∞

d(xn, yn)

rn
:= d̃r̃(x̃, ỹ), (2.1)

è ÷òî ñåìåéñòâî F̃ ⊆ X̃ ñàìîñòàáèëüíî (îòíîñèòåëüíî r̃), åñëè

ëþáûå x̃, ỹ ∈ F̃ ÿâëÿþòñÿ âçàèìíî ñòàáèëüíûìè. Ñòàíäàðòíîå
ïðèìåíåíèå ëåììû Öîðíà ïîêàçûâàåò, ÷òî äëÿ ëþáîé íîðìè-
ðóþùåé r̃ ñóùåñòâóåò ìàêñèìàëüíîå (ïî âêëþ÷åíèþ) ñàìîñòà-

áèëüíîå ñåìåéñòâî X̃a = X̃a,r̃ òàêîå, ÷òî ïîñòîÿííàÿ ïîñëåäîâà-

òåëüíîñòü ã = {a, a, . . .} ∈ X̃a.

Ôóíêöèÿ d̃r̃ : X̃a×X̃a → R, çíà÷åíèå êîòîðîé íà ïàðå (x̃, ỹ) ∈
X̃a × X̃a îïðåäåëÿåòñÿ ôîðìóëîé (2.1), ÿâëÿåòñÿ ïñåâäîìåòðè-

êîé íà ìíîæåñòâå X̃a, à áèíàðíîå îòíîøåíèå x̃ ≈ ỹ òîãäà è
òîëüêî òîãäà, êîãäà d̃r̃(x̃, ỹ) = 0, åñòü îòíîøåíèå ýêâèâàëåíòíî-
ñòè íà ýòîì ìíîæåñòâå. Îáîçíà÷èì ÷åðåç

Ωa = Ωa,r̃ = ΩX
a,r̃

ìíîæåñòâî êëàññîâ ýêâèâàëåíòíîñòè, íà êîòîðûå ≈ ðàçáèâàåò
Xa,r̃. Îïðåäåëèì ôóíêöèþ ρ : Ωa×Ωa → R ïî ïðàâèëó ρ(α, β) =

d̃r̃(x̃, ỹ), ãäå x̃ ∈ α, ỹ ∈ β. Òîãäà ρ�êîððåêòíî îïðåäåëåííàÿ
ìåòðèêà íà Ωa.

Îïðåäåëåíèå 1. Ìåòðè÷åñêîå ïðîñòðàíñòâî (Ωa,r̃, ρ) íàçû-
âàåòñÿ ïðåäêàñàòåëüíûì ïðîñòðàíñòâîì ê ìåòðè÷åñêîìó ïðî-
ñòðàíñòâó (X, d) â òî÷êå a ∈ X (îòíîñèòåëüíî íîðìèðóþùåé
ïîñëåäîâàòåëüíîñòè r̃).
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Äëÿ çàäàííûõ a ∈ X è r̃ ìîæåò ñóùåñòâîâàòü íåñêîëüêî
íåèçîìåòðè÷íûõ ïðåäêàñàòåëüíûõ ïðîñòðàíñòâ Ωa,r̃ â çàâèñè-

ìîñòè îò âûáîðà X̃a,r̃.
Ïóñòü {nk}n∈N åñòü áåñêîíå÷íàÿ, ñòðîãî âîçðàñòàþùàÿ ïî-

ñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë. Äëÿ íîðìèðóþùåé ïî-
ñëåäîâàòåëüíîñòè r̃ ïîëîæèì r̃′ := {rnk}k∈N è ïóñòü

x̃′ := {xnk}k∈N
ïðè x̃ = {xn}n∈N ∈ X̃.

Îïðåäåëåíèå 2. Ïðåäêàñàòåëüíîå ïðîñòðàíñòâî Ωa,r̃ íàçî-
âåì êàñàòåëüíûì (ê X â òî÷êå a), åñëè äëÿ ëþáîé ïîñëåäîâà-

òåëüíîñòè {nk}k∈N ñåìåéñòâî {x̃′ : x̃ ∈ X̃a,r̃} áóäåò ìàêñè-
ìàëüíûì ñàìîñòàáèëüíûì îòíîñèòåëüíî r̃′.

Ïóñòü X è Y �ìåòðè÷åñêèå ïðîñòðàíñòâà ñ îòìå÷åííûìè
òî÷êàìè a ∈ X è b ∈ Y , r̃ è t̃�íîðìèðóþùèå ïîñëåäîâàòåëü-
íîñòè, X̃a,r̃ ⊆ X̃ è Ỹb,t̃ ⊆ Ỹ �ìàêñèìàëüíûå ñàìîñòàáèëüíûå ñå-
ìåéñòâà ñ ñîîòâåòñòâóþùèìè ïðåäêàñàòåëüíûìè ïðîñòðàíñòâà-
ìè ΩX

a,r̃ è ΩY
b,t̃
. Äëÿ ôóíêöèé f : X → Y îïðåäåëèì îòîáðàæåíèÿ

f̃ : X̃ → Ỹ êàê f̃(x̃) := {f(xi)}i∈N, åñëè x̃ = {xi}i∈N ∈ X̃.

Îïðåäåëåíèå 3. Ñêàæåì, ÷òî ôóíêöèÿ f : X → Y � µ-
äèôôåðåíöèðóåìà â òî÷êå a îòíîñèòåëüíî ïàðû

(X̃a,r̃, Ỹb,t̃),

åñëè âûïîëíåíû óñëîâèÿ:

(i) f̃(x̃) ∈ Ỹb,t̃ äëÿ âñåõ x̃ ∈ X̃a,r̃;

(ii) (d̃r̃(x̃, ỹ) = 0) ⇒ (d̃t̃(f̃(x̃), f̃(ỹ)) = 0) äëÿ âñåõ x̃, ỹ ∈
X̃a,r̃.

Îòìåòèì, ÷òî (i) âëå÷åò ðàâåíñòâî f(a) = b, à åñëè äëÿ ëþ-

áîãî X̃a,r̃ íàéäåòñÿ Ỹb,t̃, äëÿ êîòîðîãî (i) âûïîëíåíî, òî f íåïðå-
ðûâíà â òî÷êå a.
Îáîçíà÷èì ÷åðåç pr̃ è pt̃ åñòåñòâåííûå ïðîåêöèè X̃a,r̃ è Ỹb,t̃

íà ΩX
a,r̃ è, ñîîòâåòñòâåííî, íà ΩY

b,t̃
.
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Îïðåäåëåíèå 4. Ïóñòü f : X → Y � µ-äèôôåðåíöèðóåìà â
òî÷êå a îòíîñèòåëüíî ïàðû (X̃a,r̃, Ỹb,t̃). Íàçîâåì îòîáðàæåíèå

D∗f : ΩX
a,r̃ → ΩY

b,t̃

ìåòðè÷åñêèì äèôôåðåíöèàëîì ôóíêöèè f (â òî÷êå a îòíîñè-

òåëüíî (X̃a,r̃, Ỹb,t̃)), åñëè

D∗f (pr̃(x̃)) = pt̃(f̃(x̃))

äëÿ âñåõ x̃ ∈ X̃a,r̃.

Îïðåäåëåííûé òàêèì îáðàçîì ìåòðè÷åñêèé äèôôåðåíöèàë
ñóùåñòâóåò è åäèíñòâåíåí äëÿ ëþáîé f , µ-äèôôåðåíöèðóåìîé
îòíîñèòåëüíî (X̃a,r̃, Ỹb,t̃). Êðîìå òîãî, åñëè f � µ-äèôôåðåíöè-

ðóåìà îòíîñèòåëüíî (X̃a,r̃, Ỹb,t̃), Z �ìåòðè÷åñêîå ïðîñòðàíñòâî,
à g : Y → Z �ôóíêöèÿ, µ-äèôôåðåíöèðóåìàÿ îòíîñèòåëüíî
(Ỹb,t̃, Z̃c,k̃), òî èõ ñóïåðïîçèöèÿ ψ = g ◦ f � µ-äèôôåðåíöèðó-

åìà îòíîñèòåëüíî (X̃a,r̃, Z̃c,k̃) è èìååò ìåñòî öåïíîå ïðàâèëî

D∗ψ = D∗g ◦D∗f .

3. Êîíå÷íîñòü, êîìïàêòíîñòü, îãðàíè÷åííîñòü

Ïóñòü (X, d)�ìåòðè÷åñêîå ïðîñòðàíñòâî ñ îòìå÷åííîé òî÷-
êîé a ∈ X. Äëÿ êàæäîãî íàòóðàëüíîãî n ≥ 2 íà äåêàðòîâîì
ïðîèçâåäåíèè Xn îïðåäåëèì ôóíêöèþ Fn ïî ïðàâèëó

Fn(a, . . . , a) := 0

è

Fn(x1, . . . , xn) :=

( ∏
1≤k<l≤n

d(xk, xl)

)(
min

1≤k≤n
d(xk, a)

)
(

max
1≤k≤n

d(xk, a)

)n(n−1)
2

+1
,

åñëè (x1, . . . , xn) 6= (a, . . . , a).
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Òåîðåìà 1. Íåðàâåíñòâî card(Ωa,r̃) ≤ n âûïîëíÿåòñÿ äëÿ ëþ-
áîãî X̃a,r̃ òîãäà è òîëüêî òîãäà, êîãäà Fn íåïðåðûâíà â òî÷êå
(a, . . . , a).

Îòìåòèì, ÷òî íåðàâåíñòâî card(ΩX
a,r̃) ≤ 1 ðàâíîñèëüíî ðàâåí-

ñòâó card(ΩX
a,r̃) = 1, êîòîðîå èìååò ìåñòî äëÿ âñåõ ΩX

a,r̃, åñëè è
òîëüêî åñëè a ÿâëÿåòñÿ èçîëèðîâàííîé òî÷êîé â X.
Äëÿ ëþáîãî A ⊆ R è òî÷êè t ∈ A ïîëîæèì

p(A, t) := lim sup
h→0

l(t, h,A)

h
,

ãäå l(t, h,A) åñòü äëèíà íàèáîëüøåãî èíòåðâàëà â

[t, t+ h]\A.
Âåëè÷èíó p(A, t) èíîãäà íàçûâàþò ïðàâîñòîðîííåé ïîðèñòî-
ñòüþ ìíîæåñòâà A â òî÷êå t.

Òåîðåìà 2. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû.

(i) Ñóùåñòâóåò íîðìèðóþùàÿ ïîñëåäîâàòåëüíîñòü r̃, äëÿ
êîòîðîé íåêîòîðîå ΩX

a,r̃ ÿâëÿåòñÿ êàñàòåëüíûì è îäíî-
òî÷å÷íûì.

(ii) Ñóùåñòâóåò íîðìèðóþùàÿ ïîñëåäîâàòåëüíîñòü r̃, äëÿ
êîòîðîé âñå ΩX

a,r̃ áóäóò êàñàòåëüíûìè è êîìïàêòíû-
ìè.

(iii) Ñóùåñòâóåò íîðìèðóþùàÿ ïîñëåäîâàòåëüíîñòü r̃ òà-
êàÿ, ÷òî äëÿ ëþáîé åå ïîäïîñëåäîâàòåëüíîñòè r̃′ âñå
ïðåäêàñàòåëüíûå ïðîñòðàíñòâà ΩX

a,r̃′ îãðàíè÷åíû.

(iv) Ïðàâîñòîðîííÿÿ ïîðèñòîñòü ìíîæåñòâà

{d(x, a) : x ∈ X}
ðàâíà åäèíèöå â íóëå.

Ïóñòü (Y, ρ)�ìåòðè÷åñêîå ïðîñòðàíñòâî è ïóñòü ε > 0. Îáî-
çíà÷èì ÷åðåç N ε(Y, ρ) íàèìåíüøóþ èç ìîùíîñòåé ìíîæåñòâ
W ⊆ Y , îáðàçóþùèõ ε-ñåòü äëÿ Y . Åñëè

Y = {(Yi, ρi) : i ∈ I}
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� ñåìåéñòâî ìåòðè÷åñêèõ ïðîñòðàíñòâ, òî áóäåì ãîâîðèòü, ÷òî
Y ðàâíîìåðíî ïðåäêîìïàêòíî, åñëè

sup
i∈I
Nε(Yi, ρi) <∞

äëÿ ëþáîãî ε > 0. Íàïîìíèì, ÷òî ìåòðè÷åñêîå ïðîñòðàíñòâî
íàçûâàåòñÿ îãðàíè÷åííî êîìïàêòíûì, åñëè ëþáîå åãî çàìêíó-
òîå îãðàíè÷åííîå ïîäìíîæåñòâî áóäåò êîìïàêòíûì.
Ïóñòü (X, d)�ìåòðè÷åñêîå ïðîñòðàíñòâî ñ îòìå÷åííîé òî÷-

êîé a, à r̃ = {ri}i∈N �íîðìèðóþùàÿ ïîñëåäîâàòåëüíîñòü. Ïðè
t > 0 äëÿ êàæäîãî i ∈ N ïîëîæèì di := 1

ri
d è

Bi(t) := {x ∈ X : d(x, a) < tri},
ò.å. Bi(t)� îòêðûòûé øàð ðàäèóñà t ñ öåíòðîì â òî÷êå a â ïðî-
ñòðàíñòâå (X, di). Ðàññìîòðèì ñåìåéñòâî ïðîñòðàíñòâ

O(t, r̃, X, a) := {(Bi(t), di) : i ∈ N}.

Òåîðåìà 3. Ïóñòü Ωa,r̃ � êàñàòåëüíîå ïðîñòðàíñòâî ê îãðà-
íè÷åííî êîìïàêòíîìó ìåòðè÷åñêîìó ïðîñòðàíñòâó X â òî÷-
êå a. Òîãäà Ωa,r̃ áóäåò îãðàíè÷åííî êîìïàêòíûì, åñëè è òîëü-
êî åñëè ñåìåéñòâî

O(t, r̃, X, a)

ðàâíîìåðíî ïðåäêîìïàêòíî ïðè êàæäîì t > 0.

Íàïîìíèì, ÷òî ìåòðè÷åñêîå ïðîñòðàíñòâî X óäîâëåòâîðÿåò
óñëîâèþ óäâîåíèÿ [11, ñ. 81], åñëè ñóùåñòâóåò N ∈ N òàêîå, ÷òî
ïðè ëþáîì r > 0 äëÿ êàæäîãî øàðà B(x, r) íàéäóòñÿ øàðû
B(xi,

r
2), i = 1, . . . , N , ïîêðûâàþùèå B(x, r),

B(x, r) ⊆
N⋃
i=1

B
(
xi,

r

2

)
.

Ñëåäñòâèå 1. Ïóñòü X �ìåòðè÷åñêîå ïðîñòðàíñòâî, óäî-
âëåòâîðÿþùåå óñëîâèþ óäâîåíèÿ. Òîãäà êàæäîå êàñàòåëüíîå
ïðîñòðàíñòâî ê X áóäåò îãðàíè÷åííî êîìïàêòíûì.

Îòñþäà, â ÷àñòíîñòè, âûòåêàåò ñëåäñòâèå.
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Ñëåäñòâèå 2. Ïóñòü ìåòðè÷åñêîå ïðîñòðàíñòâî X èçîìåò-
ðè÷íî âêëàäûâàåòñÿ â êîíå÷íîìåðíîå ëèíåéíîå íîðìèðîâàííîå
ïðîñòðàíñòâî. Òîãäà ëþáîå êàñàòåëüíîå ïðîñòðàíñòâî ê X áó-
äåò îãðàíè÷åííî êîìïàêòíûì.

Èñïîëüçóÿ òåîðåìû 2 è 3 ìîæíî ïîëó÷èòü íåîáõîäèìûå è
äîñòàòî÷íûå óñëîâèÿ êîìïàêòíîñòè êàñàòåëüíîãî ïðîñòðàíñòâà
äëÿ äàííîé íîðìèðóþùåé ïîñëåäîâàòåëüíîñòè [8, òåîðåìà 6].
Äîêàçàòåëüñòâî òåîðåìû 3 îïèðàåòñÿ íà ñëåäóþùèé ïîëåç-

íûé ôàêò.

Òåîðåìà 4 ([10]). Ïóñòü (X, d)�ìåòðè÷åñêîå ïðîñòðàíñòâî
ñ îòìå÷åííîé òî÷êîé a, à r̃�íîðìèðóþùàÿ ïîñëåäîâàòåëü-
íîñòü. Òîãäà ëþáîå êàñàòåëüíîå Ωa,r̃ ÿâëÿåòñÿ ïîëíûì.

4. Ïðèìåðû êàñàòåëüíûõ ïðîñòðàíñòâ. Êàñàòåëüíûå

ïðîñòðàíñòâà ê ïîäïðîñòðàíñòâàì

Ïóñòü X ñîâïàäàåò ñ R,R2 èëè R+ = [0,∞), êîòîðûå ðàñ-
ñìàòðèâàþòñÿ êàê ìåòðè÷åñêèå ïðîñòðàíñòâà ñ îáû÷íîé ìåò-
ðèêîé d(x, y) = |x− y| è îòìå÷åííîé òî÷êîé 0.

Òåîðåìà 5. Äëÿ ëþáîé íîðìèðóþùåé ïîñëåäîâàòåëüíîñòè
r̃ è ëþáîãî X̃0,r̃ êàæäîå ïðåäêàñàòåëüíîå ïðîñòðàíñòâî Ω0,r̃

èçîìåòðè÷íî X è ÿâëÿåòñÿ êàñàòåëüíûì.

Ñôîðìóëèðîâàííàÿ òåîðåìà äàåò ïðîñòåéøèå ¾ìîäåëüíûå¿
ïðèìåðû êàñàòåëüíûõ ïðîñòðàíñòâ. Äëÿ òîãî, ÷òîáû íàéòè êà-
ñàòåëüíûå ïðîñòðàíñòâà â ìåíåå òðèâèàëüíûõ, ñ òî÷êè çðåíèÿ
ãåîìåòðèè, ñèòóàöèÿõ ââåäåì íåîáõîäèìûå îòíîøåíèÿ ýêâèâà-
ëåíòíîñòè.
Ïóñòü (X, d)�ìåòðè÷åñêîå ïðîñòðàíñòâî ñ îòìå÷åííîé òî÷-

êîé a è Y,Z � òàêèå ïîäïðîñòðàíñòâà X, ÷òî a ∈ Y ∩ Z.
Îïðåäåëåíèå 5. Íàçîâåì ïîäïðîñòðàíñòâà Y è Z êàñàòåëü-
íî ýêâèâàëåíòíûìè â òî÷êå a îòíîñèòåëüíî íîðìèðóþùåé
ïîñëåäîâàòåëüíîñòè r̃ = {rn}n∈N, åñëè äëÿ ëþáûõ

ỹ1 = {y(1)
n }n∈N ∈ Ỹ , z̃1 = {z(1)

n }n∈N ∈ Z̃



14 Ô. Àáäóëëàåâ, À. À. Äîâãîøåé, Ì. Êó÷óêàñëàí

ñ êîíå÷íûìè ïðåäåëàìè

lim
n→∞

d(y
(1)
n , a)

rn
è lim

n→∞

d(z
(1)
n , a)

rn

ñóùåñòâóþò ỹ2 = {y(1)
n }n∈N ∈ Ỹ è z̃2 = {z(2)

n }n∈N ∈ Z̃, äëÿ
êîòîðûõ

lim
n→∞

d(y
(1)
n , z

(2)
n )

rn
= lim

n→∞

d(y
(2)
n , z

(1)
n )

rn
= 0.

Ïîäïðîñòðàíñòâà Y è Z ñèëüíî êàñàòåëüíî ýêâèâàëåíòíû â
òî÷êå a, åñëè îíè êàñàòåëüíî ýêâèâàëåíòíû â a äëÿ ëþáîé
íîðìèðóþùåé ïîñëåäîâàòåëüíîñòè.

Ïóñòü Y �ïîäïðîñòðàíñòâî ìåòðè÷åñêîãî ïðîñòðàíñòâà (X, d).
Äëÿ a ∈ Y è t > 0 îáîçíà÷èì ÷åðåç

SY (a, t) := {y ∈ Y : d(a, t) = t}

ñôåðó ðàäèóñà t ñ öåíòðîì â a. Àíàëîãè÷íî,

SZ(a, t) := {z ∈ Z : d(a, t) = t}

äëÿ a ∈ Z ⊆ X è t > 0. Ïóñòü

εa(t, Z, Y ) := sup
z∈SZ(a,t)

(
inf
y∈Y

d(z, y)
)

è

εa(t) := max{εa(t, Z, Y ), εa(t, Y, Z)}.

Òåîðåìà 6 ([7]). Ïóñòü Y è Z �ïîäïðîñòðàíñòâà ìåòðè-
÷åñêîãî ïðîñòðàíñòâà X è a ∈ Y ∩ Z. Òîãäà Y è Z ñèëüíî
êàñàòåëüíî ýêâèâàëåíòíû â òî÷êå a, åñëè è òîëüêî åñëè

lim
ε→0

εa(t)

t
= 0.

Ñëåäñòâèå 3. Ïóñòü Y �ïëîòíîå ïîäìíîæåñòâî ìåòðè÷å-
ñêîãî ïðîñòðàíñòâà X. Òîãäà X è Y ñèëüíî êàñàòåëüíî ýêâè-
âàëåíòíû â ëþáîé òî÷êå a ∈ Y .
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Ìîæíî ïîêàçàòü, ÷òî åñëè Z è Y ñèëüíî êàñàòåëüíî ýêâè-
âàëåíòíû â òî÷êå a ∈ Z ∩ Y , òî äëÿ ëþáîãî ïðåäêàñàòåëüíîãî
ïðîñòðàíñòâà ΩZ

a,r̃ ê Z íàéäåòñÿ ïðåäêàñàòåëüíîå ïðîñòðàíñòâî

ΩY
a,r̃ ê Y , èçîìåòðè÷åñêè èçîìîðôíîå ΩZ

a,r̃, ïðè÷åì, åñëè ΩZ
a,r̃

ÿâëÿåòñÿ êàñàòåëüíûì, òî ΩY
a,r̃ òîæå áóäåò êàñàòåëüíûì.

Èñïîëüçóÿ òåîðåìû 5 è 6, ìîæíî ïîñòðîèòü äàëüíåéøèå ïðè-
ìåðû êàñàòåëüíûõ ïðîñòðàíñòâ.

Ïðèìåð 1. Ïóñòü Y1, . . . , Yn, n ≥ 1, � êîíå÷íîå ÷èñëî ãëàä-
êèõ äâóìåðíûõ ïîâåðõíîñòåé â åâêëèäîâîì ïðîñòðàíñòâå, ïðî-
õîäÿùèõ ÷åðåç òî÷êó a, íåâûðîæäåííûõ â ýòîé òî÷êå è èìå-
þùèõ â íåé îáùóþ êàñàòåëüíóþ ïëîñêîñòü, òîãäà äëÿ ëþáîé
íîðìèðóþùåé ïîñëåäîâàòåëüíîñòè r̃ ëþáîå ïðåäêàñàòåëüíîå
ïðîñòðàíñòâî ΩY

a,r̃ ê ïðîñòðàíñòâó Y = Y1 ∪ · · · ∪ Yn èçîìåò-

ðè÷íî R2.

Ïðèìåð 1 ïîêàçûâàåò, â ÷àñòíîñòè, ÷òî äëÿ ãëàäêèõ ïîâåðõ-
íîñòåé îáû÷íûå êàñàòåëüíûå ïëîñêîñòè è ðàññìàòðèâàåìûå íà-
ìè êàñàòåëüíûå ïðîñòðàíñòâà ê ìåòðè÷åñêèì ïðîñòðàíñòâàì
¾ñîâïàäàþò¿.

Ïðèìåð 2. Ïóñòü òàêèå ôóíêöèè f, g : [−1, 1]→ R, ÷òî

f(0) = g(0) = b, f ′(0) = g′(0).

Îáîçíà÷èì ÷åðåç X ïîäìíîæåñòâî ïëîñêîñòè R2, ñîñòîÿùåå
èç òî÷åê x+ iy, äëÿ êîòîðûõ x ∈ [−1, 1] è

min(f(x), g(x)) ≤ y ≤ max(f(x), g(x)),

ò.å. òî÷åê, ëåæàùèõ ìåæäó ãðàôèêàìè ôóíêöèé y = f(x) è
y = g(x). Íàäåëèì X ìåòðèêîé, èíäóöèðîâàííîé èç R2. Òîãäà
â òî÷êå a = (0, b) äëÿ ëþáîé r̃ ëþáîå ïðåäêàñàòåëüíîå ïðî-
ñòðàíñòâî ΩX

a,r̃ èçîìåòðè÷íî R è ÿâëÿåòñÿ êàñàòåëüíûì.

Ïðèìåð 3. Ïóñòü Y �ïîäïðîñòðàíñòâî åâêëèäîâà ïðîñòðàí-
ñòâà R3, îáðàçîâàííîå âðàùåíèåì ðîãà

{(x, y) : x1+α ≤ y ≤ x1+β, 0 ≤ x ≤ 1}, α ≥ β > 0,
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âîêðóã îñè Ox. Òîãäà ëþáîå ïðåäêàñàòåëüíîå ïðîñòðàíñòâî ê
Y â òî÷êå 0 = (0, 0, 0) áóäåò êàñàòåëüíûì è èçîìåòðè÷íî R+.

Áîëüøîé èíòåðåñ ïðåäñòàâëÿþò êàñàòåëüíûå ïðîñòðàíñòâà
ê ôðàêòàëüíûì ïîäìíîæåñòâàì R2. Â ýòîì ñëó÷àå, êàê ïîêà-
çûâàåò òåîðåìà 2, êàñàòåëüíûå ïðîñòðàíñòâà íå áóäóò îãðàíè-
÷åííûìè, à òåì áîëåå êîìïàêòíûìè, íî ìîæíî ðàñ÷èòûâàòü,
÷òî ïðè ïîäõîäÿùåì âûáîðå íîðìèðóþùåé ïîñëåäîâàòåëüíî-
ñòè ñâîéñòâî ñàìîïîäîáèÿ áóäåò ñîõðàíåíî.
Ïðîñòåéøèé ïðèìåð� êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæå-

ñòâó Êàíòîðà � ìîæíî íàéòè â [9].
Íå âñå ïðåäêàñàòåëüíûå ïðîñòðàíñòâà ÿâëÿþòñÿ êàñàòåëüíû-

ìè. Íàïðèìåð, åñëè X � çàìêíóòîå, âûïóêëîå ïîäìíîæåñòâî
ïëîñêîñòè, Int (X) 6= ∅ è a ∈ Fr(X), òî äëÿ ëþáîé r̃ íàéäåòñÿ

ìàêñèìàëüíîå ñàìîñòàáèëüíîå X̃a,r̃, äëÿ êîòîðîãî ñîîòâåòñòâó-
þùåå ïðåäêàñàòåëüíîå ïðîñòðàíñòâî Ωa,r̃ íå ÿâëÿåòñÿ êàñàòåëü-
íûì. Îòìåòèì, ÷òî êàñàòåëüíûå Ωa,r̃ â ýòîì ñëó÷àå èçîìåò-

ðè÷íû íàèìåíüøåìó (ïî âêëþ÷åíèþ) çàìêíóòîìó âûïóêëîìó
êîíóñó ñ âåðøèíîé â òî÷êå a, âêëþ÷àþùåìó X.

5. Óëüòðàïðîèçâåäåíèÿ è ïðåäêàñàòåëüíûå

ïðîñòðàíñòâà ìåòðè÷åñêèõ ïðîñòðàíñòâ

Ïóñòü (X, d)�ìåòðè÷åñêîå ïðîñòðàíñòâî ñ îòìå÷åííîé òî÷-
êîé a, r̃ = {ri}i∈N �íîðìèðóþùàÿ ïîñëåäîâàòåëüíîñòü, ω�

íåòðèâèàëüíûé óëüòðàôèëüòð íà N. Îáîçíà÷èì ÷åðåç X̃ω,a,r̃

ìíîæåñòâî âñåõ òàêèõ ïîñëåäîâàòåëüíîñòåé

x̃ = {xi}i∈N ∈ X̃,

äëÿ êîòîðûõ

sup
{ 1

ri
d(xi, a) : i ∈ N

}
<∞.

Äëÿ ëþáûõ x̃, ỹ ∈ X̃ω,a,r̃ ñóùåñòâóåò êîíå÷íûé óëüòðàïðåäåë

dω,r̃(x̃, ỹ) := lim
ω

d(xi, ri)

ri
,
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ÿâëÿþùèéñÿ ïñåâäîìåòðèêîé íà X̃ω,a,r̃. Ìåòðè÷åñêóþ èäåíòè-
ôèêàöèþ ïñåâäîìåòðè÷åñêîãî ïðîñòðàíñòâà (X̃ω,a,r̃, dω,r̃) íàçî-
âåì óëüòðàïðîèçâåäåíèåì ïðîñòðàíñòâ

(X,
1

ri
d, a), i ∈ N,

è îáîçíà÷èì ÷åðåç Ωω,a,r̃. Î÷åâèäíî, ÷òî

X̃a,r̃ ⊆ X̃ω,a,r̃ è d̃r̃(x̃, ỹ) = dω,r̃(x̃, ỹ)

äëÿ ëþáîãî ìàêñèìàëüíîãî ñàìîñòàáèëüíîãî X̃a,r̃ è ëþáûõ x̃, ỹ ∈
X̃a,r̃. Îáîçíà÷èì isr̃ òî èçîìåòðè÷åñêîå âëîæåíèå ïðåäêàñàòåëü-
íîãî ïðîñòðàíñòâà Ωa,r̃ â óëüòðàïðîèçâåäåíèå Ωω,a,r̃, äëÿ êîòî-
ðîãî êîììóòàòèâíà äèàãðàììà

X̃a,r̃ X̃ω,a,r̃

Ωa,r̃ Ωω,a,r̃

?

pr̃

-id

?
pω,r̃

-isr̃

ãäå id(x̃) = x̃ äëÿ âñåõ x̃ ∈ X̃a,r̃, à pr̃ è p
ω,r̃ � ñîîòâåòñòâóþùèå

ìåòðè÷åñêèå ïðîåêöèè.
Ïóñòü òåïåðü A�ïîäìíîæåñòâî N, ïðèíàäëåæàùåå ω. Îáî-

çíà÷èì ÷åðåç ω′ = ω|A ñëåä óëüòðàôèëüòðà ω íà A,

ω′ := {B ∩A : B ∈ ω}

è ïóñòü r̃′ = r̃|A = {ri}i∈A � ñîîòâåòñòâóþùàÿ ïîäïîñëåäîâà-
òåëüíîñòü ïîñëåäîâàòåëüíîñòè r̃. Òîãäà ω′ �íåòðèâèàëüíûé óëü-
òðàôèëüòð íà A è, çàìåíÿÿ ω íà ω′ è r̃ íà r̃′, ìîæíî îïðå-
äåëèòü ïðîñòðàíñòâà X̃ω′,a,r̃′ ,Ωω′,a,r̃′ è îòîáðàæåíèÿ pω

′,r̃′ , isr̃′
àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî âûøå. Îòìåòèì, ÷òî
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ïðîñòðàíñòâà Ωω′,a,r̃′ è Ωω,a,r̃ èçîìåòðè÷íû. Òî÷íåå ãîâîðÿ, ñó-
ùåñòâóåò èçîìåòðèÿ Isω′ , äëÿ êîòîðîé êîììóòàòèâíà äèàãðàì-
ìà

X̃a,r̃ X̃a,r̃′

Ωω,a,r̃ Ωω′,a,r̃′
?

pω,r̃

-emr̃

?
pω
′,r̃′

�
Isω′

ãäå emr̃′(X̃) = X̃|A = {xi}i∈A äëÿ âñåõ x̃ ∈ X̃a,r̃.
Ñëåäóþùåå óòâåðæäåíèå ïîêàçûâàåò, ÷òî ìåòðè÷åñêîå ïðî-

ñòðàíñòâî Ωω,a,r̃ ÿâëÿåòñÿ ôèíàëüíîé ñòðóêòóðîé îòíîñèòåëüíî
ñåìåéñòâà îòîáðàæåíèé

Ωa,r̃′
isr′−−−→ Ωω′,a,r̃′ Isω′−−−−→ Ωω,a,r̃,

ω′ = ω|A, r̃′ = r̃|A, åñëè A ïðîáåãàåò êàêóþ-íèáóäü áàçó ôèëü-
òðà ω. Îáîçíà÷èì Isω′,r̃′ := Isω′ ◦ isr̃′ .

Òåîðåìà 7. Ïóñòü A� áàçà ôèëüòðà ω. Òîãäà äëÿ ëþáîãî
ìåòðè÷åñêîãî ïðîñòðàíñòâà Z è ëþáîãî îòîáðàæåíèÿ

f : Ωω,a,r̃ → Z

ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

(i) f ÿâëÿåòñÿ èçîìåòðè÷íûì (íåïðåðûâíûì),
(ii) îòîáðàæåíèÿ

Ωa,r̃′
Isω′,r̃′−−−−−→ Ωω,a,r̃ f−−→ Z,

ω′ = |A, r̃′ = r̃|A èçîìåòðè÷íû (íåïðåðûâíû) äëÿ âñåõ
ïðåäêàñàòåëüíûõ Ωa,r̃′, A ∈ A.

Ýòà òåîðåìà âåðíà äëÿ ëþáîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà
X. Ïîòðåáîâàâ îòX âûïîëíåíèÿ óñëîâèÿ óäâîåíèÿ, ìîæíî ¾ïî-
ñòðîèòü¿ èíäóêòèâíûé ñïåêòð

{Ωa,r̃′ , ϕr̃′,r̃′′ : r̃′ = r̃|A, r̃′′ = r̃|B, A,B ∈ ω, A 4 B},
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ïðÿìûì ïðåäåëîì êîòîðîãî ÿâëÿåòñÿ ìåòðè÷åñêîå ïðîñòðàí-
ñòâî Ωω,a,r̃.
Äëÿ ýòîãî îïðåäåëèì ïðåäïîðÿäîê 4 íà ω òàêèì îáðàçîì:

(A 4 B)⇔ (B \A êîíå÷íî).

Òîãäà â (ω,4) íàéäåòñÿ êîíôèíàëüíîå ìíîæåñòâîA ⊆ ω âïîëíå
óïîðÿäî÷åííîå îòíîøåíèåì 4.

Òåîðåìà 8. Ïóñòü X óäîâëåòâîðÿåò óñëîâèþ óäâîåíèÿ è
ïóñòü A� âïîëíå óïîðÿäî÷åííîå êîíôèíàëüíîå ïîäìíîæåñòâî
(ω,4). Òîãäà èìååò ìåñòî òåîðåìà 7. Êðîìå òîãî, äëÿ ëþáûõ
A 4 B èç A íàéäåòñÿ èçîìåòðè÷åñêîå âëîæåíèå

ϕr̃′,r̃′′ : Ωa,r̃′ → Ωa,r̃′′ , r̃
′ = r̃|A, r̃′′ = r̃|B

òàêîå, ÷òî êîììóòàòèâíà äèàãðàììà

Ωa,r̃′ Ωω,a,r̃

Ωa,r̃′′

?

ϕr̃′,r̃′′

-
Isω′,r̃′

�
��

�
��*

Isω′′,r̃′′

è äëÿ ëþáîãî C < B, C ∈ A, âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ
ϕr̃′r̃′′′ = ϕr̃′′r̃′′′ ◦ ϕr̃′r̃′′ , ãäå r̃′′′ = r̃|C .

Â ÷àñòíîñòè, òåîðåìà 8 ïîêàçûâàåò, ÷òî ëþáîå êàñàòåëüíîå
ïðîñòðàíñòâî ê ìåòðè÷åñêîìó ïðîñòðàíñòâó X, óäîâëåòâîðÿþ-
ùåìó óñëîâèþ óäâîåíèÿ, ÿâëÿåòñÿ óëüòðàïðîèçâåäåíèåì ðàç-
äóòèé X. Çàìåòèì òàêæå, ÷òî óñëîâèå óäâîåíèÿ â òåîðåìå 8
ìîæíî çàìåíèòü ñåïàðàáåëüíîñòüþ Ωω,a,r̃ èëè åäèíñòâåííîñòüþ
X̃a,r̃ äëÿ ëþáîãî äàííîãî r̃.

Áëàãîäàðíîñòè. Ìíîãèå ðåçóëüòàòû ïðåäñòàâëåííûå â íà-
ñòîÿùåé ðàáîòå áûëè ïîëó÷åíû âî âðåìÿ âèçèòîâ âòîðîãî èç àâ-
òîðîâ â óíèâåðñèòåò ã. Ìåðñèí (Òóðöèÿ) è óíèâåðñèòåò ã. Õåëü-
ñèíêè (Ôèíëÿíäèÿ). Àâòîðû áëàãîäàðÿò çà ïîääåðæêó ýòèõ âè-
çèòîâ TUBITAK è Àêàäåìèþ Ôèíëÿíäèè.
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Çáåðåæåííÿ ãåîìåòðè÷íèõ

âëàñòèâîñòåé äèíàìi÷íèõ ñèñòåì

ïðè òîïîëîãi÷íîìó ñïðÿæåííi

In this article we investigated the preserving some geometrical prop-
erties of dynamical systems under the action of topological conjuga-
tions.

Çà òåîðåìîþ Ìàðäåøå÷à [1] áóäü-ÿêèé ìåòðè÷íèé çâ'ÿçíèé
êîìïàêò (êîíòèíóóì) ìîæíà ïîäàòè ÿê ãðàíèöþ äåÿêîãî çâîðî-
òíîãî ñïåêòðà (÷è çâîðîòíî¨ ñèñòåìè, êîëè ìíîæèíîþ iíäåêñiâ
¹ N). Òîìó äîñëiäæåííÿ ãåîìåòðè÷íèõ âëàñòèâîñòåé çâîðîòíèõ
ñèñòåì ïðîëèâà¹ ñâiòëî íà ãåîìåòðè÷íi âëàñòèâîñòi ñàìèõ ìå-
òðè÷íèõ êîìïàêòiâ. Ç îäíîãî áîêó, öåé ïiäõiä íàëåæèòü äî òî-
ïîëîãi÷íî¨ äèíàìiêè. Ç iíøîãî áîêó, äèíàìi÷íi ñèñòåìè áóâàþòü
íåïåðåðâíi (êîëè iíäåêñ α ∈ A) òà äèñêðåòíi (êîëè ìíîæèíà
iíäåêñiâ äîðiâíþ¹ N). ßêùî ðîçãëÿäàòè òiëüêè äèñêðåòíi äè-
íàìi÷íi ñèñòåìè, ÿêi ùå é çâîðîòíi, òî âîíè òî÷íî ñïiâïàäàþòü
iç çâîðîòíèìè ñïåêòðàìè ç òîïîëîãi÷íî¨ äèíàìiêè. Äèíàìi÷íi
ñèñòåìè áóâàþòü àâòîíîìíi � êîëè ìiæ ðiçíèìè îá'¹êòàìè äi¹
îäíà i òà ñàìà ïðîåêöiÿ, òà íåàâòîíîìíi, êîëè ïðîåêöi¨ ðiçíi.
Ìè äîñëiäæó¹ìî äèñêðåòíi íåàâòîíîìíi ñèñòåìè, êîëè ïðîå-

êöi¨ ðiçíi, à òîìó íàø îá'¹êò äîñëiäæåíü çíàõîäèòüñÿ íà ñòèêó
òîïîëîãi÷íî¨ äèíàìiêè i òåîði¨ äèíàìi÷íèõ ñèñòåì. Äàëi, ÿêùî â
òåîði¨ çâîðîòíèõ ñïåêòðiâ åëåìåíòàìè ãðàíèöi çâîðîòíîãî ñïå-
êòðó ¹ íèòêè, ÿêi çàäîâîëüíÿþòü óìîâó òðàíçèòèâíîñòi ∀i 6
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j 6 k, pji ◦ pkj = pki, òî â òåîði¨ äèñêðåòíèõ çâîðîòíèõ íåàâ-
òîíîìíèõ äèíàìi÷íèõ ñèñòåì öi ñàìi íèòêè ÿê òðàåêòîði¨ òî-
÷êè âçäîâæ ïîñëiäîâíîñòi âiäîáðàæåíü ç òi¹þ æ ñàìîþ óìîâîþ
òðàíçèòèâíîñòi íàçèâàþòüñÿ îðáiòàìè.
Ïîñòàíîâêà çàäà÷ âèãëÿäà¹ òàê:
1) áóäü-ÿêà îðáiòà ñêëàäà¹òüñÿ ç ïðîåêöié, ùî ïîâ'ÿçàíi ìiæ

ñîáîþ óìîâîþ òðàíçèòèâíîñòi;
2) ðîçãëÿäàþòüñÿ äâi äèíàìi÷íi ñèñòåìè

{Xi, pij}, {Yj , qij},
ÿêi ïîâ'ÿçàíi ìiæ ñîáîþ àáî óìîâîþ òîïîëîãi÷íî¨ ñïðÿæåíîñòi
(ÿêùî iñíó¹ ãîìåîìîðôiçì h = {hi}), êîëè âiäïîâiäíi äiàãðàìè
äëÿ ïðîåêöié íà âñiõ ðiâíÿõ êîìóòàòèâíi, òîáòî hi◦pi = qi◦hi+1,
àáî óìîâîþ íàïiâñïðÿæåíîñòi (ÿêùî êîìóòàòèâíiñòü óñiõ òàêèõ
äiàãðàì çàëèøà¹òüñÿ, àëå çàìiñòü ãîìåîìîðôiçìiâ hi áåðóòüñÿ
ñþð'¹êòèâíi âiäîáðàæåííÿ

ϕi : Xi → Yi,

ÿêi ùå íàçèâàþòüñÿ ôàêòîð-âiäîáðàæåííÿìè).
Äîñëiäæó¹ìî, ÿêi ãåîìåòðè÷íi âëàñòèâîñòi ïðîåêöié pij çáå-

ðiãàþòüñÿ ïðè ïåðåõîäi çà äîïîìîãîþ âêàçàíîãî òîïîëîãi÷íîãî
ñïðÿæåííÿ âiä ïåðøî¨ äèíàìi÷íî¨ ñèñòåìè äî äðóãî¨, òîáòî ÷è
áóäå ïðîåêöiÿ qi ìàòè òàêó ñàìó ãåîìåòðè÷íó âëàñòèâiñòü, ÿêó
ìàëà ïðîåêöiÿ pi. Ïåðåâiðÿþòüñÿ ðiçíi ãåîìåòðè÷íi âëàñòèâîñòi
ïðîåêöié äèíàìi÷íèõ ñèñòåì, íàïðèêëàä, ðiçíi âèäè ì'ÿêîñòi
ïðîåêöié.

Òåîðåìà 1. Ïðè òîïîëîãi÷íîìó ñïðÿæåííi çáåðiãà¹òüñÿ àïðî-
êñèìàòèâíà ì'ÿêiñòü ïðîåêöié.

Äîâåäåííÿ. Íàãàäà¹ìî îçíà÷åííÿ: íåõàé T : Xi+1 → Xi ïðîå-
êöiÿ çâîðîòíî¨ ñèñòåìè {Xi, pij}, òóò ìè ïîçíà÷à¹ìî pi,j = T
äëÿ çðó÷íîñòi çàïèñó. Òîäi àïðîêñèìàòèâíà ì'ÿêiñòü T îçíà-
÷à¹, ùî äëÿ áóäü-ÿêîãî ïîêðèòòÿ ω ∈ Cov(Xi), äëÿ áóäü-ÿêîãî
çàìêíóòîãî A ⊂ B, òà äëÿ áóäü-ÿêèõ äâîõ âiäîáðàæåíü

g : A→ Xi+1, h : B → Xi



Ãåîìåòðè÷íi âëàñòèâîñòi äèíàìi÷íèõ ñèñòåì 23

ç óìîâè T ◦ g = h ◦ i âèïëèâà¹, ùî iñíó¹ âiäîáðàæåííÿ ψ : B →
Xi+1 òàêå, ùî

1) ψ ◦ i = g,
2) (T ◦ ψ, h) < ω,

òîáòî âiäîáðàæåííÿ ψ äiëèòü äiàãðàìó íà äâà êîìóòàòèâíi òðè-
êóòíèêè, îäèí ç ÿêèõ ñòðîãî êîìóòàòèâíèé, à iíøèé - êâàçiêî-
ìóòàòèâíèé.
Íåõàé òåïåð S : Yi+1 → Yi �ïðîåêöiÿ iíøî¨ çâîðîòíî¨ ñè-

ñòåìè {Yi, qij}, òóò ìè äëÿ çðó÷íîñòi ïåðåïîçíà÷èìî ïðîåêöiþ
qij = S, òàêî¨ ñèñòåìè, ÿêà òîïîëîãi÷íî ñïðÿæåíà ç ïîïåðå-
äíüîþ ñèñòåìîþ {Xi, pij}, òîáòî iñíó¹ ãîìåîìîðôiçì π = {π1,2}
ìiæ ñèñòåìàìè òàêèé, ùî π1 : Xi → Yi, π2 : Xi+1 → Yi+1 �
îáèäâà ãîìåîìîðôiçìè i âèêîíó¹òüñÿ ðiâíiñòü

S ◦ π2 = π1 ◦ T. (∗)
Òðåáà äîâåñòè àïðîêñèìàòèâíó ì'ÿêiñòü ïðîåêöié S. Äëÿ öüîãî
ñòðîãî çà îçíà÷åííÿì çàôiêñó¹ìî äîâiëüíå âiäêðèòå ïîêðèòòÿ
U ∈ Cov(Yi) òà áóäü-ÿêó çàìêíåíó ïiäìíîæèíó A ⊂ B i äâà
äîâiëüíi âiäîáðàæåííÿ

G : A→ Yi+1, H : B → Yi,

äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà S ◦G = H ◦ i.
Äîâåäåìî, ùî òîäi iñíó¹ âiäîáðàæåííÿ Ψ : B → Yi+1 òàêå, ùî

âèêîíóþòüñÿ òàêi ðiâíîñòi:

1) Ψ ◦ i = G,
2) (S ◦Ψ, H) < U ,

òîáòî Ψ ïîâèííå äiëèòè âåëèêó äiàãðàìó íà äâà êîìóòàòèâíi
òðèêóòíèêè� îäèí ñòðîãî êîìóòàòèâíèé, à iíøèé� êâàçiêîìó-
òàòèâíèé.
Áóäó¹ìî Ψ â òàêèé ñïîñiá. Íåõàé ω = π−1

1 (U)�ïîêðèòòÿ
ïðîñòðîðó Xi, ÿêå îäåðæàíå ç âiäïîâiäíîãî ïîêðèòòÿ U ïðî-
ñòîðó Yi øëÿõîì çàñòîñóâàííÿ îáåðíåíîãî ãîìåîìîðôiçìó π−1

1 .
Äàëi, çàäà¹ìî âiäîáðàæåííÿ

g = π−1
2 ◦G, h = π−1

1 ◦H,
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òîäi T ◦ g = T ◦ π−1
2 ◦G. Çàñòîñóâàâøè ðiâíiñòü (*) îòðèìó¹ìî

π−1
2 ◦ S ◦G = π−1

1 ◦H ◦ i = h ◦ i,
îòæå, T ◦ g = h ◦ i. Äàëi, îñêiëüêè ìà¹ ìiñöå êîìóòàòèâíiñòü
âåëèêî¨ äiàãðàìè, çàñòîñîâó¹ìî àïðîêñèìàòèâíó ì'ÿêiñòü ïðîå-
êöi¨ T , ÿêà äàíà çà óìîâîþ. Çîêðåìà, äëÿ ω = π−1

1 (U) ç óìîâè
T ◦ g = h ◦ i âèïëèâà¹, ùî iñíó¹ âiäîáðàæåííÿ ψ : B → Xi+1,
äëÿ ÿêîãî âèêîíóþòüñÿ ðiâíîñòi:

1) ψ ◦ i = g,
2) (T ◦ ψ, h) < ω.

Çàñòîñó¹ìî òîïîëîãi÷íó ñïðÿæåíiñòü (*): S ◦ π2 = π1 ◦ T , � òîäi
π1(ω) = π1(π−1

1 (U)) = U , òîìó ùî π1 � ãîìåîìîðôiçì. Çàäà¹ìî
Ψ ôîðìóëîþ: Ψ = π2(ψ). Çà ïîáóäîâîþ g òà h ìà¹ìî: π2(g) = G
òà π2(h) = H. Çàëèøèëîñÿ ïåðåâiðèòè, ùî ïîáóäîâàíà äiàãî-
íàëü Ψ äiëèòü âåëèêó äiàãðàìó íà äâà êîìóòàòèâíi òðèêóòíèêè.
Äëÿ öüîãî çàñòîñó¹ìî π2 òà π1 äî äâîõ òðèêóòíèêiâ:

(1) êîìóòàòèâíîãî ψ ◦ i = g,
(2) êâàçiêîìóòàòèâíîãî òðèêóòíèêà (T ◦ ψ, h) < ω.

Îäåðæèìî π2(ψ ◦ i) = π2(g). Çâiäñè âèïëèâà¹, ùî Ψ ◦ i = G, à
òàêîæ

π1(T ◦ ψ, h) < π(ω),

(π1 ◦ T ◦ ψ, π1(h)) < π1(π−1
1 (U)).

Äàëi çàñòîñîâó¹ìî ðiâíiñòü (*) (S ◦ Ψ, H) < U . Öi äâi óìîâè�
(1) Ψ ◦ i = G òà (2) (S ◦ Ψ, H) < U �äàþòü íàì ñòðîãó êîìó-
òàòèâíiñòü îäíîãî òà êâàçiêîìóòàòèâíiñòü iíøîãî òðèêóòíèêà,
à öå îçíà÷à¹, ùî S � àïðîêñèìàòèâíî ì'ÿêå âiäáðàæåííÿ. �

Òåîðåìà 2. ßêùî f : X → Y òà g : Y → Z � àïðîêñèìàòèâ-
íî ì'ÿêi âiäîáðàæåíÿ, òî ¨õ êîìïîçèöiÿ g ◦ f : X → Z òåæ
áóäå àïðîêñèìàòèâíî ì'ÿêèì âiäîáðàæåííÿì.

Äîâåäåííÿ. Íåõàé ω ∈ Cov(Z), γ∗ � ω� çið÷àòî âïèñàíå, γ ∈
Cov(Z). Íåõàé A� çàìêíóòà ïiäìíîæèíà B. Âèáåðåìî äâà äî-
âiëüíi âiäîáðàæåííÿ h : A → X òà κ : B → Z, ÿêi çàìèêàþòü
äî êîìóòàòèâíîñòi äiàãðàìó κ ◦ i = g ◦ f ◦ h. Ïîòðiáíî äîâåñòè,
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ùî iñíó¹ âiäîáðàæåííÿ ϕ : B → X òàêå, ùî âèêîíóþòüñÿ äâi
óìîâè:

1) ϕ ◦ i = h,
2) (g ◦ f ◦ ϕ,κ) < ω.

Ðîçãëÿíåìî âiäîáðàæåííÿ δ = f ◦ h. Òîäi, çà ïîáóäîâîþ, ìà¹ìî
êîìóòàòèâíiñòü äiàãðàìè: g ◦ δ = κ ◦ i. Òîìó ç óìîâè àïðîêñè-
ìàòèâíî¨ ì'ÿêîñòi g : Y → Z âèïëèâà¹, ùî iñíó¹ âiäîáðàæåííÿ
ψ : B → Y , ÿêå äiëèòü äàíó äiàãðàìó íà äâà êîìóòàòèâíi òðè-
êóòíèêè:

1) ψ ◦ i = δ,
2) (g ◦ ψ,κ) < γ.

Ïåðøó êîìóòàòèâíiñòü ìîæíà çàïèñàòè øèðøå:

ψ ◦ i = f ◦ h.

Äàëi, âèêîðèñòîâó¹ìî àïðîêñèìàòèâíó ì'ÿêiñòü âiäîáðàæåííÿ

f : X → Y,

çà ÿêîþ iñíó¹ âiäîáðàæåííÿ ϕ : B → X òàêå, ùî ϕ ◦ i = h
òà (f ◦ ϕ,ψ) < α, äå α = g−1(γ) ∈ Cov(Y ). Çàñòîñîâó¹ìî äî
îñòàííüî¨ íåðiâíîñòi âiäîáðàæåííÿ g i îòðèìó¹ìî

(g ◦ f ◦ ϕ, g ◦ ψ) < g(α) = γ.

Ç iíøîãî áîêó ó íàñ áóëà íåðiâíiñòü (g ◦ ψ,κ) < γ, à òàêîæ çà
ïîáóäîâîþ γ áóëà çið÷àñòà âïèñàíiñòü γ∗ � ω. Òîìó, îá'¹äíóþ÷è
äàíi äâi íåðiâíîñòi, ìè îäåðæèìî

(g ◦ f ◦ ϕ,κ) < (g ◦ f ◦ ϕ, g ◦ ψ) + (g ◦ ψ,κ) < γ + γ < ω.

Ñïðàâäi, îñêiëüêè iñíó¹ W1 ∈ γ, ÿêå ìiñòèòü

{g ◦ f ◦ ϕ(b), g ◦ ψ(b)}

, òà W2 ∈ γ, ÿêå ìiñòèòü

{g ◦ ψ(b),κ(b)},
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òî iç çið÷àñòî¨ âïèñàíîñòi γ∗ � ω âèïëèâà¹, ùî iñíó¹ îêië W ,
ÿêèé ìiñòèòüW1∪W2, îòæå,W ìiñòèòü îáèäâà îáðàçè g◦f◦ϕ(b)
òà κ(b), öå i äà¹ íàì áëèçüêiñòü

(g ◦ f ◦ ϕ,κ) < ω.

Öèì ñàìèì òåîðåìó ïðî êîìïîçèöiþ àïðîêñèìàòèâíî ì'ÿêèõ
âiäîáðàæåíü äîâåäåíî. �

Òåîðåìà 3. ßêùî äâi äèíàìi÷íi ñèñòåìè (X,T ) òà (Y, S)
íàïiâñïðÿæåíi íåðîçòÿãóþ÷èì ôàêòîð-âiäîáðàæåííÿì π, òî
ç óìîâè T ∈ Helder(α) âèïëèâà¹ S ∈ Helder(α).

Äîâåäåííÿ. Íàãàäà¹ìî îçíà÷åííÿ:
(1) Ñòåïåíåì íåïåðåðâíîñòi âiäîáðàæåííÿ f : X → X íàçè-

âà¹òüñÿ

ωf (t) = sup{d(f(x), f(y)) : (x, y) ∈ X òà d(x, y) ≤ t}.

(2) ßêùî ωf (t) ≤ Ctα äëÿ äåÿêîãî α > 0, òî f íàçèâà¹òüñÿ
âiäîáðàæåííÿì Ãüîëüäåðà i ïîçíà÷à¹òüñÿ f ∈ Helder(α). Ïðè
α = 1 ìà¹ìî âiäîáðàæåííÿ Ëiïøèöÿ.
Íåõàé T ∈ Helder(α). Çâiäñè âèïëèâà¹, ùî ωT (t) 6 Ctα äëÿ

äåÿêîãî α > 0 òà C > 0.
Çà îçíà÷åííÿì íàïiâñïðÿæåíîñòi äèíàìi÷íèõ ñèñòåì iñíó¹

âiäîáðàæåííÿ π : X → Y òàêå, ùî S ◦ π = π ◦ T , äå π � íå-
ðîçòÿãóþ÷å ôàêòîð-âiäîáðàæåííÿ. Òîäi

ωS(t) = sup{d(S(u), S(v)) : (u, v) ∈ Y, d(u, v) ≤ t}.

Íåõàé u = π(x), v = π(y). Òîäi

S(u) = S(π(x)) = π ◦ T (x), S(v) = S(π(y)) = π ◦ T (y),

à òîìó

d(S(u), S(v)) = d(π ◦ T (x), π ◦ T (y)) ≤ d(T (x), T (y)) ≤ ωT (t).

Çâiäñè âèïëèâà¹, ùî

ωS(t) = sup{d(S(u), S(v)) ≤ ωT (t) ≤ Ctα}.
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Îòæå, ωS(t) ≤ Ctα, à çíà÷èòü S ∈ Helder(α). Òåîðåìà äîâåäå-
íà. �

Òåîðåìà 4. Âëàñòèâiñòü SCU çáåðiãà¹òüñÿ ïðè òîïîëîãi÷íî-
ìó ñïðÿæåííi äèñêðåòíèõ íåàâòîíîìíèõ äèíàìi÷íèõ ñèñòåì.

Äîâåäåííÿ. Íåõàé äàíî äâi òîïîëîãi÷íî ñïðÿæåíi äèíàìi÷íi ñè-
ñòåìè (X,T ) òà (Y, S). Íàãàäà¹ìî, ùî âiäîáðàæåííÿ T : X → X ′

çàäîâîëüíÿ¹ óìîâó SCU, ÿêùî äëÿ áóäü-ÿêîãî ïîêðèòòÿ ω ∈
Cov(X ′), äëÿ áóäü-ÿêîãî çàìêíóòîãî A ⊂ B, äëÿ áóäü-ÿêîãî Z-
âêëàäåííÿ g : A ⊂ Y , äëÿ áóäü-ÿêîãî âiäîáðàæåííÿ h : B → X ′

ç êîìóòàòèâíîñòi âåëèêî¨ äiàãðàìè T ◦ g = h ◦ i âèïëèâà¹, ùî
iñíó¹ Z-âêëàäåííÿ ϕ : B → X òàêå, ùî

(1) ϕ ◦ i = g,
(2) (T ◦ ϕ, h) < ω.

Òðåáà äîâåñòè, ùî S : Y → Y ′ çàäîâîëüíÿ¹ óìîâó SCU.
Çàôiêñó¹ìî áóäü-ÿêå ïîêðèòòÿ U ∈ Cov(Y ′). Âêëàäåííÿ A ⊂

B óæå âèáðàíî. Çàôiêñó¹ìî áóäü-ÿêå Z-âêëàäåííÿ G : A ⊂ Y
òà áóäü-ÿêå âiäîáðàæåííÿ H : B → Y ′. Íåõàé âåëèêà êâàäðà-
òíà äiàãðàìà êîìóòàòèâíà: S ◦ G = H ◦ i. Òðåáà ïîáóäóâàòè
âiäîáðàæåííÿ Φ : B → Y , ÿêå á çàäîâîëüíÿëî òðè òàêi óìîâè:

1) Φ ◦ i = G,
2) (S ◦ ϕ,H) < U ,
3) Φ ìà¹ áóòè Z-âêëàäåííÿì.

Çàäà¹ìî âiäîáðàæåííÿ g : A → B çà ôîðìóëîþ g = π1
2(G).

Çâiäñè âèïëèâà¹, ùî G = π2(g), ìè îäåðæèìî, ùî g òàêîæ
Z-âêëàäåííÿ, îñêiëüêè π2 � ãîìåîìîðôiçì, à ïðè ãîìåîìîðôi-
çìi âëàñòèâiñòü Z çáåðiãà¹òüñÿ. Òàê ñàìî çàäà¹ìî âiäîáðàæåííÿ
h = π−1

1 (H)⇐⇒ H = π1(H), îñêiëüêè π2 � ãîìåîìîðôiçì.

Íåõàé ω = π−1
1 (U). Äîâåäåìî, ùî ïðàâà êâàäðàòíà äiàãðàìà

êîìóòàòèâíà: T ◦ g = h ◦ i. Cïðàâäi,
T ◦ g = T ◦ π−1

2 (G) = π1
1 ◦ S(G) = π−1

1 ◦H ◦ i = h ◦ i.
Çà óìîâîþ, T çàäîâîëüíÿ¹ óìîâó SCU. Ç êîìóòàòèâíîñòi ïðà-
âîãî êâàäðàòà T ◦ g = h ◦ i âèïëèâà¹, ùî iñíó¹ Z-âêëàäåííÿ
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ϕ : B → X, ÿêå äiëèòü êâàäðàòíó äiàãðàìó íà äâà êîìóòàòèâíi
òðèêóòíèêè: ϕ◦ i = g (ñòðîãà êîìóòàòèâíiñòü) òà (T ◦ϕ, h) < ω,
äå ω âèáðàíî çà ïîáóäîâîþ òàê: ω = π−1

1 (U) òîäi i òiëüêè òîäi,
êîëè U = π1(ω). Çàäà¹ìî âiäîáðàæåííÿ Φ = π2(ϕ). Îñêiëüêè
ϕ�Z-âêëàäåííÿ, à π� ãîìåîìîðôiçì, òî Φ òàêîæ Z-âêëàäåí-
íÿ.
Äîâåäåìî, ùî Φ äiëèòü êîìóòàòèâíèé êâàäðàò

S ◦G = H ◦ i
íà äâà êîìóòàòèâíi òðèêóòíèêè: Φ ◦ i = G òà (S ◦ Φ, H) < U .
Ñïðàâäi, Φ◦i = π2(ϕ)◦i = π2(g) = G. Äàëi, êâàçiêîìóòàòèâíiñòü
(S ◦Φ, H) < U îòðèìó¹ìî iç êâàçiêîìóòàòèâíîñòi (T ◦ϕ, h) < ω
øëÿõîì çàñòîñóâàííÿ äî îáîõ ÷àñòèí âiäîáðàæåííÿ π1. Îäåð-
æèìî

(π1(T ) ◦ ϕ, π1(h)) = (S ◦ π2(ϕ), H) =

= (S ◦ Φ, H) < π1(ω) = U ∈ Cov(Y ′).

Îòæå, ïðîåêöiÿ S òàêîæ çàäîâîëüíÿ¹ óìîâó SCU. Òåîðåìà äî-
âåäåíà. �

Ëiòåðàòóðà

[1] Àëåêñàíäðîâ Ï.Ñ., Ïàñûíêîâ Á.À. Ââåäåíèå â òåîðèþ ðàçìåðíî-
ñòè. �Ì.: Íàóêà, 1973. � ñ. 576.
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ýïèìîðôèçìà.
Â ðîáîòi ïîêàçàíî, ùî ç êîæíèì åïiìîðôiçìîì, âíóòðiøíiì ïî
Òðîõèì÷óêó, ïðèðîäíèì ÷èíîì àñîöiþ¹òüñÿ äîïîìiæíà äèíàìi-
÷íà ñèñòåìà, ÿêà iíäóêó¹ ðàçáèòòÿ ïðîñòîðó íà çàìêíåíi ìíî-
æèíè, ùî íå ïåðåòèíàþòüñÿ. Öå ðîçáèòòÿ ¹ iíâàðiàíòíèì âiäíî-
ñíî âíóòðiøíüîãî âiäîáðàæåííÿ i ¹ òîïîëîãi÷íèì iíâàðiàíòîì âiä-
îáðàæåííÿ. Íà ôàêòîð-ïðîñòîði âiäíîñíî öüîãî ðîçáèòòÿ âíóòði-
øí¹ âiäîáðàæåííÿ iíäóêó¹ ãîìåîìîðôiçì. Òàêèì ÷èíîì, äèíàìi-
êó âíóòðiøíüîãî âiäîáðàæåííÿ ìîæíà ðîçêëàñòè íà äâi ñêëàäîâi:
¾íåéòðàëüíó¿ äèíàìiêó i äèíàìiêó, ùî îïèñó¹òüñÿ iíäóêîâàíèì
ãîìåîìîðôiçìîì.

Â ðàáîòå ïîêàçàíî, ÷òî ñ êàæäûì ýïèìîðôèçìîì, âíóòðåííèì
ïî Òðîõèì÷óêó, åñòåñòâåííî àññîöèèðóåòñÿ âñïîìîãàòåëüíàÿ äè-
íàìè÷åñêàÿ ñèñòåìà, èíäóöèðóþùàÿ ðàçáèåíèå ïðîñòðàíñòâà íà
çàìêíóòûå íåïåðåñåêàþùèåñÿ ìíîæåñòâà. Ýòî ðàçáèåíèå èíâàðè-
àíòíî îòíîñèòåëüíî âíóòðåííåãî îòîáðàæåíèÿ è ÿâëÿåòñÿ òîïî-
ëîãè÷åñêèì èíâàðèàíòîì îòîáðàæåíèÿ. Íà ôàêòîð-ïðîñòðàíñòâå
îòíîñèòåëüíî ýòîãî ðàçáèåíèÿ âíóòðåííåå îòîáðàæåíèå èíäóöè-
ðóåò ãîìåîìîðôèçì. Òàêèì îáðàçîì, äèíàìèêó âíóòðåííåãî îòîá-
ðàæåíèÿ ìîæíî ðàçëîæèòü íà äâå ñîñòàâëÿþùèå: ¾íåéòðàëüíóþ¿
äèíàìèêó è äèíàìèêó, êîòîðàÿ îïèñûâàåòñÿ èíäóöèðîâàííûì ãî-
ìåîìîðôèçìîì.

It is shown that an inner Trokhymchuk mapping allows a natural
invariant splitting of its space onto closed mutually disjoint sets such
that a dynamical system induced on a factor space is a homeomor-
phism.

© È. Þ. Âëàñåíêî
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Êëþ÷åâûå ñëîâà: Âíóòðåííèå îòîáðàæåíèÿ, íåéòðàëüíûå ñå÷åíèÿ, äè-

íàìèêà âíóòðåííèõ îòîáðàæåíèé.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Ïóñòü M �êîìïàêòíîå ìåòðè÷åñêîå òîïîëîãè÷åñêîå ïðîñòðàí-
ñòâî è f : M →M �íåïðåðûâíûé ýïèìîðôèçì.

Îïðåäåëåíèå 1. Îòîáðàæåíèå f íàçûâàåòñÿ îòêðûòûì,
åñëè îáðàç ëþáîãî îòêðûòîãî ìíîæåñòâà îòêðûò.

Îïðåäåëåíèå 2. Îòîáðàæåíèå f íàçûâàåòñÿ íóëüìåðíûì,
åñëè ïðîîáðàç ëþáîãî íóëüìåðíîãî ìíîæåñòâà íóëüìåðåí.

Îïðåäåëåíèå 3. Îòîáðàæåíèå f íàçûâàåòñÿ âíóòðåííèì
(inner) ïî Ñòîèëîâó, åñëè îíî íóëüìåðíî è îòêðûòî.

Îáîçíà÷èì ÷åðåçO+
f (x) ïîëîæèòåëüíóþ ïîëóòðàåêòîðèþ òî÷-

êè x, ò. å. ìíîæåñòâî {fn(x)| n ≥ 0}.
Îáîçíà÷èì ÷åðåçO−f (x) îòðèöàòåëüíóþ ïîëóòðàåêòîðèþ òî÷-

êè x, ò. å. ìíîæåñòâî {fn(x)| n < 0}. Îïðåäåëåíèå O−f (x) êîð-
ðåêòíî, òàê êàê ìû ïðåäïîëàãàåì, ÷òî f � ýïèìîðôèçì.
Îòìåòèì, ÷òî ïî îïðåäåëåíèþ O+

f (x) ñîñòîèò èç òî÷åê, â òî

âðåìÿ êàê â îáùåì ñëó÷àå óæå {f−1(x)} ïðåäñòàâëÿåò ñîáîé íå
÷òî èíîå, êàê çàìêíóòîå ìíîæåñòâî. Îäíàêî, åñëè f �íóëüìåð-
íîå îòîáðàæåíèå, òî â òàêîì ñëó÷àå åñòåñòâåííî âîñïðèíèìàòü
îòðèöàòåëüíóþ ïîëóòðàåêòîðèþ òî÷êè x êàê íàáîð ðàçëè÷íûõ
òî÷åê.

Îïðåäåëåíèå 4. Ïîëíîé òðàåêòîðèåé Of (x) òî÷êè x íàçî-

âåì ìíîæåñòâî ∪y∈O+
f (x)O

−
f (y).

Îïðåäåëåíèå 5. ×àñòíîé òðàåêòîðèåé of (x) òî÷êè x íàçî-
âåì ïðîèçâîëüíîå ìíîæåñòâî âèäà

{xi|f(xi) = xi+1, i ∈ Z, x0 = x}.
Îïðåäåëåíèå 6. Îòîáðàæåíèå f íàçûâàåòñÿ èçîëèðîâàí-
íûì, åñëè ïðîîáðàç òî÷êè ñîñòîèò èç èçîëèðîâàííûõ òî÷åê.
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Çàìå÷àíèå 1. Èçîëèðîâàííîå îòîáðàæåíèå íóëüìåðíî.

Îïðåäåëåíèå 7. Îòîáðàæåíèå f íàçûâàåòñÿ âíóòðåííèì
(inner) ïî Òðîõèì÷óêó, åñëè îíî îòêðûòî è èçîëèðîâàííî.

Çàìåòèì, ÷òî íà êîìïàêòíîì ìíîæåñòâå êëàññ îòîáðàæåíèé,
âíóòðåííèõ ïî Ñòîèëîâó, ñîâïàäàåò ñ êëàññîì îòîáðàæåíèé,
âíóòðåííèõ ïî Òðîõèì÷óêó. Ïîýòîìó â äàííîé ðàáîòå ìû ãî-
âîðèì ïðîñòî î âíóòðåííèõ îòîáðàæåíèÿõ.
Îïðåäåëèì äëÿ êàæäîé òî÷êè x ω-ïðåäåëüíîå ìíîæåñòâî

ω(x) è α-ïðåäåëüíîå ìíîæåñòâî α(x):

ω(x) =
⋂
N∈N

+∞⋃
N

fn(x) α(x) =
⋂
N∈N

+∞⋃
N

f−n(x)

Çàìåòèì, ÷òî ïî îïðåäåëåíèþ ýòè ìíîæåñòâà çàìêíóòû.

Îïðåäåëåíèå 8. Íàçîâåì òî÷êó x ω- (α-) ðåêóððåíòíîé, åñëè
x ∈ ω(x) (ñîîòâåòñòâåííî, x ∈ α(x)).

Â ñëó÷àå ãîìåîìîðôèçìîâ ñóùåñòâóåò íåñêîëüêî ýêâèâàëåíò-
íûõ îïðåäåëåíèé ïîíÿòèÿ ðåêóððåíòíûõ òî÷åê, êîòîðûå, îäíà-
êî, äëÿ ýïèìîðôèçìîâ îêàçûâàþòñÿ íå ýêâèâàëåíòíûìè. Äà-
äèì îäíî ïîëåçíîå àëüòåðíàòèâíîå îïðåäåëåíèå ðåêóððåíòíûõ
òî÷åê. Îïðåäåëèì äëÿ òî÷êè x α-ïðåäåëüíîå ìíîæåñòâî åå òðà-
åêòîðèè α+(x):

α+(x) =
+∞⋃
n=0

α (fn(x))

Çàìåòèì, ÷òî ïî îïðåäåëåíèþ ýòî ìíîæåñòâî çàìêíóòî.

Îïðåäåëåíèå 9. Íàçîâåì òî÷êó x α-ñëàáî ðåêóððåíòíîé,
åñëè x ∈ α+(x).

1.1. Íåéòðàëüíûå ñå÷åíèÿ òðàåêòîðèè. Â îòëè÷èå îò ãî-
ìåîìîðôèçìîâ, äëÿ êîòîðûõ òðàåêòîðèÿ òî÷êè â òî÷íîñòè ñî-
ñòîèò èç åå ïîëîæèòåëüíîé è îòðèöàòåëüíîé ïîëóòðàåêòîðèé,
ó âíóòðåííèõ îòîáðàæåíèé ïîëíàÿ òðàåêòîðèÿ òî÷êè èìååò è
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äðóãèå òî÷êè. Ââåäåì åùå îäíî åñòåñòâåííîå ïîäìíîæåñòâî ïîë-
íîé òðàåêòîðèè òî÷êè, êîòîðîå íå íèãäå íå ïåðåñåêàåòñÿ ñ åå ïî-
ëîæèòåëüíîé è îòðèöàòåëüíîé ïîëóòðàåêòîðèÿìè, êðîìå êàê â
ñàìîé òî÷êå.

Îïðåäåëåíèå 10. Íåéòðàëüíûì ñå÷åíèåì òðàåêòîðèè òî÷-
êè x íàçîâåì ìíîæåñòâî {f−n (fn(x)) | n ≥ 0}. Îáîçíà÷èì åå
÷åðåç O⊥f (x).

Êàê ëåãêî âèäåòü èç îïðåäåëåíèÿ, åñëè x�íå ω-ïåðèîäè÷å-
ñêàÿ òî÷êà, à f èìååò â òî÷êàõ îðáèòû áîëüøå îäíîãî ïðîîáðà-
çà, òî ïîëíàÿ òðàåêòîðèÿ òî÷êè x ðàñïàäàåòñÿ íà áåñêîíå÷íîå
÷èñëî íåéòðàëüíûõ ñå÷åíèé, ïðè÷åì êàæäîå íåéòðàëüíîå ñå÷å-
íèå ñîñòîèò èç áåñêîíå÷íîãî ÷èñëà òî÷åê.
Çàìåòèì, ÷òî íåéòðàëüíûå ñå÷åíèÿ åñòåñòâåííî óïîðÿäî÷å-

íû ïîä äåéñòâèåì f . Ýòî ìîæåò áûòü öèêëè÷åñêèé ïîðÿäîê,
åñëè òðàåêòîðèÿ òî÷êè x ðàñïàäàåòñÿ íà êîíå÷íîå ÷èñëî íåé-
òðàëüíûõ ñå÷åíèé (òîëüêî äëÿ ω-ïåðèîäè÷åñêîé òðàåêòîðèè),
ëèáî ëèíåéíûé ïîðÿäîê. Òàêèì îáðàçîì, ìû ìîæåì ãîâîðèòü
î ïðåäûäóùèõ ëèáî ïîñëåäóþùèõ ñå÷åíèÿõ.

2. Äèíàìèêà íåéòðàëüíûõ ïðåäåëüíûõ ìíîæåñòâ.

Ïóñòü x íå ÿâëÿåòñÿ ω-ïåðèîäè÷åñêîé òî÷êîé, Ðàññìîòðèì åå
íåéòðàëüíîå ñå÷åíèå � ìíîæåñòâî O⊥(x) (ñì. îïðåäåëåíèå 10).
Ïðåäïîëîæèì òàêæå, ÷òî ýòî íåéòðàëüíîå ñå÷åíèå ñîñòîèò èç
áåñêîíå÷íîãî ÷èñëà òî÷åê. Ýòî òàê, íàïðèìåð, êîãäà ñóæåíèå
f−1 íà òî÷êè ïîëíîé îðáèòû ÿâëÿåòñÿ ìíîãîçíà÷íûì îòîáðà-
æåíèåì. Òîãäà ó íåéòðàëüíîãî ñå÷åíèÿ áóäóò ïðåäåëüíûå òî÷-
êè. Èçó÷èì íåêîòîðûå ñâîéñòâà ýòèõ ïðåäåëüíûõ òî÷åê.

Ëåììà 1. Åñëè O⊥(x) ñîäåðæèò òî÷êè èç f−n(O⊥(x)) äëÿ
íåêîòîðîãî n > 0, òî x� ω-ðåêóððåíòíàÿ òðàåêòîðèÿ.

Äîêàçàòåëüñòâî. Ïóñòü â O⊥(x) äëÿ íåêîòîðîãî n > 0 ñîäåð-
æàòñÿ òî÷êè èç f−n(O⊥(x)). Ñëåäîâàòåëüíî, äëÿ ïðîèçâîëüíîé
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îêðåñòíîñòè íåêîòîðîé òî÷êè èç f−n(O⊥(x)) íàéäåòñÿ ñõîäÿùà-
ÿñÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç O⊥(x). Â ñèëó êîìïàêòíîñòè
(äîñòàòî÷íî ëîêàëüíîé êîìïàêòíîñòè) X, îòîáðàæåíèÿ f−k◦fk
ïåðåâîäÿò ñõîäÿùóþñÿ ïîñëåäîâàòåëüíîñòü òî÷åê â îäíó èëè
áîëåå ñõîäÿùèõñÿ ïîñëåäîâàòåëüíîñòåé. Ïîýòîìó â îêðåñòíîñòè
êàæäîé òî÷êè èç O⊥(f−n(x)) íàéäåòñÿ ñõîäÿùàÿñÿ ïîñëåäîâà-
òåëüíîñòü òî÷åê èç O⊥(x).
Ïðèìåíÿÿ îòîáðàæåíèå fn, ïîëó÷àåì, ÷òî â îêðåñòíîñòè êàæ-

äîé òî÷êè èç O⊥(x) íàéäåòñÿ ñõîäÿùàÿñÿ ïîñëåäîâàòåëüíîñòü
òî÷åê èç fn(O⊥(x)), â îêðåñòíîñòè êàæäîé òî÷êè èç fn(O⊥(x))
íàéäåòñÿ ñõîäÿùàÿñÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç f2n(O⊥(x))
è òàê äàëåå. Îòñþäà è ñëåäóåò èñêîìàÿ ω-ðåêóððåíòíîñòü. �

Ïîëíîñòüþ àíàëîãè÷íî äîêàçûâàåòñÿ è ñëåäóþùåå óòâåðæäå-
íèå.

Ëåììà 2. Åñëè O⊥(x) ñîäåðæèò òî÷êè èç fn(O⊥(x)), n > 0,
òî x� α+-ðåêóððåíòíàÿ òðàåêòîðèÿ (ñì. îïðåäåëåíèå 9).

2.1. Ïðåäåëüíîå ìíîæåñòâî íåéòðàëüíîãî ñå÷åíèÿ òðà-
åêòîðèè. Îïðåäåëèì äëÿ êàæäîé òî÷êè x íåéòðàëüíîå ïðå-
äåëüíîå ìíîæåñòâî ⊥0(x):

⊥0(x) =
⋂
N∈N

+∞⋃
N

f−n ◦ fn(x)

Ïî îïðåäåëåíèþ⊥0(x)� çàìêíóòîå ìíîæåñòâî. Íåïîñðåäñòâåí-
íî èç îïðåäåëåíèÿ ñëåäóåò, ÷òî íåéòðàëüíîå ïðåäåëüíîå ìíîæå-
ñòâî ⊥0(x)� îäíî è òî æå ó âñåõ òî÷åê íåéòðàëüíîãî ñå÷åíèÿ
O⊥(x). Òàêæå, ïîñêîëüêó âñå îòîáðàæåíèÿ f−n ◦ fn ïåðåâîäÿò
ñõîäÿùóþñÿ ïîñëåäîâàòåëüíîñòü òî÷åê â îäíó èëè íåñêîëüêî
ñõîäÿùèõñÿ ïîñëåäîâàòåëüíîñòåé, ⊥0(x) ñ êàæäîé ñâîåé òî÷êîé
ñîäåðæèò è ñîîòâåòñòâóþùåå íåéòðàëüíîå ñå÷åíèå åå òðàåêòî-
ðèè.
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2.2. Íåéòðàëüíàÿ êîìïîíåíòà òî÷êè.

Îïðåäåëåíèå 11. Íåéòðàëüíîé êîìïîíåíòîé òî÷êè x íàçî-
âåì ïåðåñå÷åíèå ïðîîáðàçîâ ϕ−1(0) ïî âñåì íåïðåðûâíûì ôóíê-
öèÿì ϕ(p) òàêèì, ÷òî ϕ(x) = 0 è ϕ(x) íà êàæäîì íåéòðàëü-
íîì ñå÷åíèè ïðèíèìàåò ïîñòîÿííûå çíà÷åíèÿ.

Íåéòðàëüíóþ êîìïîíåíòó òî÷êè x îáîçíà÷èì êàê Z⊥(x).
Çàìåòèì, ÷òî ïî îïðåäåëåíèþ íåéòðàëüíàÿ êîìïîíåíòà ÿâ-

ëÿåòñÿ çàìêíóòûì ìíîæåñòâîì è ïðåäñòàâëÿåò ñîáîé îáúåäè-
íåíèå íåéòðàëüíûõ ñå÷åíèé.

Ëåììà 3. Íåéòðàëüíàÿ êîìïîíåíòà íå çàâèñèò îò âûáîðà
òî÷êè x.

Äîêàçàòåëüñòâî. Ïðîâåäåì äîêàçàòåëüñòâî îò ïðîòèâíîãî. Ïóñòü
íàéäóòñÿ òî÷êè x è y òàêèå, ÷òî y ïðèíàäëåæèò íåéòðàëüíîé
êîìïîíåíòå òî÷êè x, íî x íå ïðèíàäëåæèò íåéòðàëüíîé êîìïî-
íåíòå òî÷êè y. Ïî îïðåäåëåíèþ, íàéäóòñÿ íåïðåðûâíûå ôóíê-
öèè φ1(p) è φ2(p) òàêèå, ÷òî

φ1(x) = φ1(y) = φ2(y) = 0, φ2(x) = c2 6= 0.

Ðàññìîòðèì ôóíêöèþ φ3(p) = φ2(p)−c2. Ýòî ðàçíîñòü íåïðå-
ðûâíûõ ôóíêöèé, ïðèíèìàþùèõ ïîñòîÿííûå çíà÷åíèÿ íà êàæ-
äîì íåéòðàëüíîì ñå÷åíèè, ñëåäîâàòåëüíî, òîæå íåïðåðûâíàÿ
ôóíêöèÿ, ïðèíèìàþùàÿ ïîñòîÿííûå çíà÷åíèÿ íà êàæäîì íåé-
òðàëüíîì ñå÷åíèè. Íî òîãäà, ïî îïðåäåëåíèþ, y íå ìîæåò ïðè-
íàäëåæàòü íåéòðàëüíîé êîìïîíåíòå òî÷êè x, ïîñêîëüêó φ3(x) =
0, íî φ3(y) = −c2. Ïîëó÷èëè ïðîòèâîðå÷èå. �

Ñëåäñòâèå 1. Ëþáûå äâå íåéòðàëüíûå êîìïîíåíòû ëèáî ñîâ-
ïàäàþò, ëèáî íå ïåðåñåêàþòñÿ.

Ëåììà 4. Îáðàç è ïðîîáðàç íåéòðàëüíîé êîìïîíåíòû òîæå
ÿâëÿþòñÿ íåéòðàëüíûìè êîìïîíåíòàìè.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî îáðàç íåéòðàëüíîé êîìïîíåí-
òû ÿâëÿåòñÿ íåéòðàëüíîé êîìïîíåíòîé. Ñíà÷àëà ïîêàæåì, ÷òî
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îáðàç íåéòðàëüíîé êîìïîíåíòû ëåæèò â íåéòðàëüíîé êîìïî-
íåíòå. Ïðåäïîëîæèì îò ïðîòèâíîãî, ÷òî íàéäóòñÿ òî÷êè x è
y, ïðèíàäëåæàùèå îäíîé íåéòðàëüíîé êîìïîíåíòå, òàêèå, ÷òî
íåéòðàëüíûå êîìïîíåíòû f(x) è f(y) ðàçëè÷íû. Òîãäà íàéäåò-
ñÿ íåïðåðûâíàÿ ïîñòîÿííàÿ íà íåéòðàëüíûõ ñå÷åíèÿõ ôóíêöèÿ
ψ1 òàêàÿ, ÷òî

ψ1(f(x)) = 0, ψ1(f(y)) = c1 6= 0.

Ðàññìîòðèì ôóíêöèþ ψ1 ◦ f . Èìååì, ÷òî
ψ1 ◦ f(x) = 0, ψ1 ◦ f(y) = c1 6= 0.

Ïîëó÷èëè ïðîòèâîðå÷èå, òàê êàê ïî ïðåäïîëîæåíèþ x è y ïðè-
íàäëåæàò îäíîé íåéòðàëüíîé êîìïîíåíòå.
Ïîêàæåì òåïåðü, ÷òî ïðîîáðàç íåéòðàëüíîé êîìïîíåíòû ëå-

æèò â íåéòðàëüíîé êîìïîíåíòå. Ïðåäïîëîæèì îò ïðîòèâíîãî,
÷òî íàéäóòñÿ òî÷êè x è y, ïðèíàäëåæàùèå îäíîé íåéòðàëü-
íîé êîìïîíåíòå, òàêèå, ÷òî íåéòðàëüíûå êîìïîíåíòû f−1(x) è
f−1(y) ðàçëè÷íû.
Çàìåòèì, ÷òî, ïîñêîëüêó íåéòðàëüíàÿ êîìïîíåíòà ñîñòîèò

èç íåéòðàëüíûõ ñå÷åíèé, à äëÿ ïðîèçâîëüíîé òî÷êè âñå òî÷-
êè åå ïðîîáðàçà ïðèíàäëåæàò îäíîìó íåéòðàëüíîìó ñå÷åíèþ,
òî âñå òî÷êè åå ïðîîáðàçà çàäàþò îäíó è òó æå íåéòðàëüíóþ
êîìïîíåíòó.
Ñîãëàñíî ïðåäïîëîæåíèþ, íàéäåòñÿ íåïðåðûâíàÿ ïîñòîÿí-

íàÿ íà íåéòðàëüíûõ ñå÷åíèÿõ ôóíêöèÿ ψ1 òàêàÿ, ÷òî

ψ1(f−1(x)) = 0, ψ1(f−1(y)) = c1 6= 0.

Ðàññìîòðèì ôóíêöèþ ψ1 ◦ f−1. Íåñìîòðÿ íà òî, ÷òî f−1 �
ìíîãîçíà÷íîå îòîáðàæåíèå, ψ1◦f−1 îïðåäåëåíà êîððåêòíî, òàê
êàê ψ1 �ôóíêöèÿ, ïîñòîÿííàÿ íà íåéòðàëüíûõ ñå÷åíèÿõ. Èìå-
åì, ÷òî

ψ1 ◦ f−1(x) = 0, ψ1 ◦ f−1(y) = c1 6= 0.

Ïîëó÷èëè ïðîòèâîðå÷èå, òàê êàê ïî ïðåäïîëîæåíèþ x è y ïðè-
íàäëåæàò îäíîé íåéòðàëüíîé êîìïîíåíòå.
Ýòî è äîêàçûâàåò ëåììó. �
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Ñëåäñòâèå 2. Âíóòðåííåå îòîáðàæåíèå f : M →M ïîðîæ-
äàåò ðàçáèåíèå M íà çàìêíóòûå íåïåðåñåêàþùèåñÿ ìíîæå-
ñòâà� íåéòðàëüíûå êîìïîíåíòû.

Ñëåäñòâèå 3. Ïî ïîñòðîåíèþ, îòîáðàæåíèå f èíäóöèðóåò
ãîìåîìîðôèçì íà ôàêòîð-ïðîñòðàíñòâå ïî ðàçáèåíèþ íà íåé-
òðàëüíûå êîìïîíåíòû.

Ïðèìåð 4. Ïðèìåð èíäóöèðîâàííîãî ãîìåîìîðôèçìà íà ôàê-
òîð-ïðîñòðàíñòâå ïî ðàçáèåíèþ íà íåéòðàëüíûå êîìïîíåí-
òû.

Ïîñòðîåíèå. Ðàññìîòðèì àíàëèòè÷åñêóþ ôóíêöèþ

z2 : S2 → S2.

Ó ýòîé ôóíêöèè îêðóæíîñòè ñ öåíòðîì â 0 ÿâëÿþòñÿ íåéòðàëü-
íûìè êîìïîíåíòàìè. Ôàêòîð-ïðîñòðàíñòâî ïî ðàçáèåíèþ íà
íåéòðàëüíûå êîìïîíåíòû ãîìåîìîðôíî îòðåçêó [0, 8]. Ó èíäó-
öèðîâàííîãî ãîìåîìîðôèçìà òî÷êè 0 è 8 � íåïîäâèæíûå ïðè-
òÿãèâàþùèå, òî÷êà 1 � íåïîäâèæíàÿ îòòàëêèâàþùàÿ. Îñòàâ-
øèåñÿ òî÷êè áëóæäàþùèå. 2

Ïðèìåð 5. Áàññåéí ïðèòÿæåíèÿ ñóïåðïðèòÿãèâàþùåé òî÷-
êè ãîëîìîðôíîãî îòîáðàæåíèÿ Ðèìàíîâîé ïîâåðõíîñòè.

Ïîñòðîåíèå. Çàìåòèì, ÷òî áàññåéí ïðèòÿæåíèÿ ñóïåðïðèòÿ-
ãèâàþùåé òî÷êè îáëàäàåò èíâàðèàíòíûì ñëîåíèåì íà ýêâèïî-
òåíöèàëüíûå êðèâûå ñîîòâåòñòâóþùåé ôóíêöèè Ãðèíà. Ïîýòî-
ìó ðàçáèåíèå íà íåéòðàëüíûå êîìïîíåíòû ìîæåò áûòü òîëüêî
ïîäðàçáèåíèåì ýòîãî ðàññëîåíèÿ. Íî ñîãëàñíî òåîðåìå Áåõòåðà
â îêðåñòíîñòè ñóïåðïðèòÿãèâàþùåé òî÷êè ãîëîìîðôíîå îòîá-
ðàæåíèå ãîëîìîðôíî ñîïðÿæåíî ñ ôóíêöèåé wn, ïîýòîìó ðàç-
áèåíèå íà íåéòðàëüíûå êîìïîíåíòû ñîâïàäàåò ñ ðàçáèåíèåì íà
ýêâèïîòåíöèàëüíûå êðèâûå ñîîòâåòñòâóþùåé ôóíêöèè Ãðèíà,
è ñîîòâåòñòâóùåå ôàêòîð-ïðîñòðàíñòâî ïðåäñòàâëÿåò ñîáîé îò-
ðåçîê. 2
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Òàêèì îáðàçîì, ñ êàæäûì âíóòðåííèì îòîáðàæåíèåì ìîæíî
ñâÿçàòü íåéòðàëüíîå îòîáðàæåíèå è ãîìåîìîðôèçì íà ôàêòîð-
ïðîñòðàíñòâå íåéòðàëüíûõ êîìïîíåíò.
Ýòè îòîáðàæåíèÿ äàþò äåêîìïîçèöèþ äèíàìèêè âíóòðåííå-

ãî îòîáðàæåíèÿ â òîì ñìûñëå, ÷òî íåéòðàëüíîå îòîáðàæåíèå
èíäóöèðóåò íà ôàêòîð-ïðîñòðàíñòâå òîæäåñòâåííîå îòîáðàæå-
íèå. Ïî ïîñòðîåíèþ îíè ÿâëÿþòñÿ òîïîëîãè÷åñêèìè èíâàðèàí-
òàìè âíóòðåííåãî îòîáðàæåíèÿ.
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ñëîÿ èçîïåðèìåòðèêñà ãåîìåòðèè

Ìèíêîâñêîãî
Äîâåäåíî íåîáõiäíi òà äîñòàòíi óìîâè, ÿêèì ïîâèííà çàäîâîëüíÿ-
òè îäèíè÷íà êóëÿ B ïðîñòîðó ÌiíêîâñüêîãîMn çà Ã. Áóçåìàíîì,
ùîá îöiíêè

∆B(QI(u)) ≥ 4υn−1
nυn

,∆B(I) ≥ 4υn−1
nυn

,

∆B(QI(u)) ≤ 4υn−1
υn

, DB(I) ≤ 4υn−1
υn

,

ïåðåòâîðþâàëèñÿ â ðiâíîñòi. Äëÿ êîæíî¨ iç îöiíîê òàêå B iñíó¹,
îòæå âñi îöiíêè òî÷íi. Â äàíèõ îöiíêàõ ∆B(QI(u))�øèðèíà îïîð-
íîãî øàðó, îðòîãîíàëüíîãî âåêòîðó u, içîïåðèìåòðèêñà I, ∆B(I)-
øèðèíà I, DB(I)-äiàìåòð I â Mn.

Äîêàçàíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, êàêèì äîëæåí
óäîâëåòâîðÿòü åäèíè÷íûé øàð B ïðîñòðàíñòâà ÌèíêîâñêîãîMn

ïî Ã. Áóçåìàíó, ÷òîáû îöåíêè

∆B (QI(ū)) ≥ 4υn−1
nυn

,∆B (I) ≥ 4υn−1
nυn

,

∆B (QI(ū)) ≤ 4υn−1
υn

, DB (I) ≤ 4υn−1
υn

,

îáðàùàëèñü â ðàâåíñòâà. Äëÿ êàæäîé èç îöåíîê òàêîå B ñóùå-
ñòâóåò, è çíà÷èò, âñå îöåíêè òî÷íû. Â ýòèõ îöåíêàõ ∆B (QI(ū))-
øèðèíà îïîðíîãî ñëîÿ, îðòîãîíàëüíîãî âåêòîðó ū, èçîïåðèìåò-
ðèêñà I, ∆B (I)-øèðèíà I, DB (I)-äèàìåòð I â Mn.

© Â. È. Äèñêàíò
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Proved necessary and sufficient condition, which must satisfy unit
ball B of Minkowski space Mn by G. Bussemann, in oder estimations

∆B (QI(ū)) ≥ 4υn−1
nυn

,∆B (I) ≥ 4υn−1
nυn

,

∆B (QI(ū)) ≤ 4υn−1
υn

, DB (I) ≤ 4υn−1
υn

,

covert in equalities. For each of estimations such B exist, it means
all estimations are exact. In these estimations ∆B (QI(ū))-width of
the support layer, perpendicular ū, of the isoperimetrix I, ∆B (I)−
width I, DB (I)−diameter I on Mn.

Êëþ÷åâûå ñëîâà: èçîïåðèìåòðèêñ, ãåîìåòðèÿ Ìèíêîâñêîãî

Ïîä âûïóêëûì òåëîì â n-ìåðíîì àôôèííîì ïðîñòðàíñòâå
(n ≥ 2) áóäåì ïîíèìàòü âûïóêëûé êîìïàêò, èìåþùèé âíóòðåí-
íèå òî÷êè.
Ïóñêàé B �öåíòðàëüíî-ñèììåòðè÷íîå âûïóêëîå òåëî, òî÷êà

o�öåíòð ñèììåòðèè B. Äëÿ òî÷êè x 6= o ïðîñòðàíñòâà ðàñ-
ñìîòðèì ëó÷, âûõîäÿùèé èç o è ïðîõîäÿùèé ÷åðåç x. Îáîçíà-
÷èì ÷åðåç x0 òî÷êó ïåðåñå÷åíèÿ ýòîãî ëó÷à ñ ãðàíèöåé B.
Ïîëîæèì g(x̄) = x̄

x̄0
, g(ō) = 0, ãäå x̄�ðàäèóñ-âåêòîð òî÷êè x

îòíîñèòåëüíî òî÷êè o. Ôóíêöèþ g(x̄) íàçûâàþò äèñòàíöèîííîé
ôóíêöèåé Ìèíêîâñêîãî [1, ñ. 26].
Ïðè ïîìîùè äèñòàíöèîííîé ôóíêöèè g(x̄) Ã. Ìèíêîâñêèé

ââåë â ðàññòîÿíèå ρB(x, y) ìåæäó òî÷êàìè x è y, ïîëîæèâ

ρB(x, y) = g(ȳ − x̄).

Ã. Ìèíêîâñêèé äîêàçàë, ÷òî ρB(x, y) ÿâëÿåòñÿ ìåòðèêîé â [2,
ñ. 114].
Àôôèííîå ïðîñòðàíñòâî An, â êîòîðîì ïðè ïîìîùè òåëà B

ââåäåíà ìåòðèêà Ìèíêîâñêîãî ρB, íàçûâàåòñÿ n-ìåðíûì ïðî-
ñòðàíñòâîì ÌèíêîâñêîãîMn. Òåëî B íàçûâàþò íîðìèðóþùèì
òåëîì Mn [2, ñ. 114].
Òàê êàê äëÿ òî÷åê B è òîëüêî äëÿ òî÷åê B ðàññòîÿíèå îò o

íå ïðåâîñõîäèò åäèíèöû, à ðàññòîÿíèå îò äî òî÷åê ãðàíèöû B
ðàâíî åäèíèöå, òî òåëî B íàçûâàþò òàêæå åäèíè÷íûì øàðîì .
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Ðàññìîòðèì ñèñòåìó êîîðäèíàò, âûáðàâ 0 çà åå íà÷àëî. Ââå-
äåì â Mn ñêàëÿðíîå ïðîèçâåäåíèå ïðè ïîìîùè íåêîòîðîé ïî-
ëîæèòåëüíî îïðåäåëåííîé ñèììåòðè÷íîé áèëèíåéíîé ôîðìû.
Åñëè âMn ââåäåíî ñêàëÿðíîå ïðîèçâåäåíèå, òî áóäåì ãîâîðèòü,
÷òî â Mn çàäàíà âñïîìîãàòåëüíàÿ åâêëèäîâà ìåòðèêà.
Äëÿ âûïóêëîãî êîìïàêòà A, ëåæàùåãî â m-ìåðíîé ïëîñêî-

ñòè Mm (1 ≤ m ≤ n), ïîëîæèì, ñëåäóÿ Ã. Áóçåìàíó [2, ñ. 278],
åãî m-ìåðíûé îáúåì V B

m (A) ðàâíûì

V B
m (A) =

Vm(A)

Vm (B
⋂
Mm

0 )
υm, (1)

ãäå Vm �m-ìåðíàÿ ìåðà Ëåáåãà îòíîñèòåëüíî âñïîìîãàòåëüíîé
åâêëèäîâîé ìåòðèêè,Mm

0 �ïëîñêîñòü, ïàðàëëåëüíàÿMm, ïðî-
õîäÿùàÿ ÷åðåç o, υm � îáúåì åäèíè÷íîãî øàðà m-ìåðíîãî åâ-
êëèäîâà ïðîñòðàíñòâà Rm.
Èç (1) ñëåäóåò, ÷òî V B

n (B) = υn. Åñëè âñïîìîãàòåëüíàÿ åâ-
êëèäîâà ìåòðèêà â Mn íîðìèðîâàíà òàê, ÷òî

Vn(B) = υn, (2)

òî â ýòîé ìåòðèêå åâêëèäîâ îáúåì Vn(A) ðàâåí îáúåìó V B
n (A)

äëÿ ëþáîãî âûïóêëîãî êîìïàêòà A â Mn.
Äëÿ ðåøåíèÿ âîïðîñà î âåëè÷èíå ïëîùàäè ïîâåðõíîñòè SB(A)

âûïóêëîãî êîìïàêòà A â Mn Ã. Áóçåìàí ðàññìîòðåë â Mn âû-
ïóêëîå òåëî I−èçîïåðèìåòðèêñ Mn. Ã. Áóçåìàí çàäàë I ïðè
ïîìîùè åãî îïîðíîé ôóíêöèè hI(ū) âî âñïîìîãàòåëüíîé åâêëè-
äîâîé ìåòðèêå ñ óñëîâèåì (2), ðàâíîé

hI(ū) =
υn−1

Vn−1 (B
⋂
T0(ū))

, (3)

ãäå ū ∈ Ω, Ω� åäèíè÷íàÿ ñôåðà Rn ñ öåíòðîì â òî÷êå o â ýòîé
ìåòðèêå, T0(ū)� ãèïåðïëîñêîñòü, ïðîõîäÿùàÿ ÷åðåç o ïåðïåí-
äèêóëÿðíî ū [2, c.280].
Ã. Áóçåìàí ïîêàçàë [2, c.282], ÷òî èç (1) ïðè m = n − 1 äëÿ

ïëîùàäè ïîâåðõíîñòè SB(A) âûïóêëîãî êîìïàêòà A âMn â ëþ-
áîé âñïîìîãàòåëüíîé åâêëèäîâîé ìåòðèêå ñ óñëîâèåì (2) èìååò
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ìåñòî ðàâåíñòâî

S(A) = nV1 (A, I) (4)

â êîòîðîì V1 (A, I)�ïåðâûé ñìåøàííûé îáúåì òåë A è I âî
âñïîìîãàòåëüíîé åâêëèäîâîé ìåòðèêå ñ óñëîâèåì (2). Îòñþ-
äà ñëåäóåò, ÷òî ðåøåíèåì èçîïåðèìåòðè÷åñêîé çàäà÷è âî ìíî-
æåñòâå âûïóêëûõ òåë Mn ÿâëÿåòñÿ òåëî, ïîëîæèòåëüíî ãîìî-
òåòè÷íîå èçîïåðèìåòðèêñó I [2, c.282]. Ýòîò ôàêò îáúÿñíÿåò
êàê ñàìî íàçâàíèå èçîïåðèìåòðèêñà, òàê è èíòåðåñ ê èçó÷åíèþ
åãî ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê. Òåëî, ïîëîæèòåëüíî ãîìî-
òåòè÷íîå åäèíè÷íîìó øàðó B, â îáùåì ñëó÷àå íå ÿâëÿåòñÿ ðå-
øåíèåì èçîïåðèìåòðè÷åñêîé çàäà÷è â Mn.
Â [2, c.279] ïîêàçàíî, ÷òî I çàâèñèò òîëüêî îò åäèíè÷íîãî øà-

ðà B ïðîñòðàíñòâàMn è íå çàâèñèò îò âûáîðà âñïîìîãàòåëüíîé
åâêëèäîâîé ìåòðèêè ñ óñëîâèåì (2).
Ïóñòü A� âûïóêëîå òåëî â ïðîñòðàíñòâå Mn, TA �ïðîèç-

âîëüíàÿ îïîðíàÿ ãèïåðïëîñêîñòü òåëà A, T ′A �ïàðàëëåëüíàÿ
TA è îòëè÷íàÿ îò TA îïîðíàÿ ãèïåðïëîñêîñòü òåëà A. Îïîð-
íûì ñëîåì, îòâå÷àþùèì TA, íàçîâåì ìíîæåñòâî òî÷åê

Q (TA) = T̄A
⋂
T̄ ′A

, ãäå T̄A � çàìêíóòîå îïîðíîå ïîëóïðîñòðàíñòâî òåëà A, îãðà-
íè÷åíîå TA. Øèðèíîé îïîðíîãî ñëîÿ Q (TA) íàçîâåì âåëè÷èíó

∆B(Q (TA)) = 2q (Q (TA) , B) ,

ãäå q (Q (TA) , B) �êîåôôèöèåíò âìåñòèìîñòè òåëà B â ñëîé
Q (TA), ò.å. íàèáîëüøåå èç ÷èñåë α òàêèõ, ÷òî òåëî αB ïàðàë-
ëåëüíûì ñäâèãîì ïîìåùàåòñÿ â ñëîéQ (TA). Åñëè âMn ââåäåíà
âñïîìîãàòåëüíàÿ åâêëèäîâà ìåòðèêà, òî îïîðíûé ñëîé Q (TA)
áóäåì îáîçíà÷àòü ÷åðåç QA(ū), ãäå ū ∈ Ω� åäèíè÷íûé âåêòîð,
îðòîãîíàëüíûé ê îïîðíûì ãèïåðïëîñêîñòÿì TA è T ′A òåëà A.
Â [3, ñ.390,391] áûëè ïîëó÷åíû ñëåäóþùèå óòâåðæäåíèÿ:

Òåîðåìà 1. Åñëè ū, ū ∈ Ω� åäèíè÷íûé âåêòîð â ïðîèçâîëü-
íîé âñïîìîãàòåëüíîé åâêëèäîâîé ìåòðèêå ïðîñòðàíñòâà Mn,
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òî äëÿ øèðèíû ∆B (QA(ū)) îïîðíîãî ñëîÿ QA(ū) èìååò ìåñòî
ðàâåíñòâî

∆B(QA(ū)) = 2q (QA(ū), B) = 2
hA(ū) + hA(−ū)

hB(ū) + hB(−ū)
, (5)

ãäå hA(ū)� îïîðíîå ÷èñëî òåëà A, îòâå÷àþùåå ū â ýòîé ìåò-
ðèêå.

Çàìå÷àíèå 1. Â [3, ñ.390] ïîêàçàíî, ÷òî ïðàâàÿ ÷àñòü â (5)
íåïðåðûâíà è ïðèíèìàåò íà Ω ìàêñèìàëüíîå è ìèíèìàëüíîå
çíà÷åíèÿ. Ìàêñèìàëüíîå çíà÷åíèå ïðàâîé ÷àñòè (5) áûëî íà-
çâàíî äèàìåòðîì DB(A) òåëà A â Mn, à ìèíèìàëüíîå �øèðè-
íîé ∆B(A) òåëà A âMn. Â [4, ñ.220] áûëî äîêàçàíî, ÷òî DB(A)
ñîâïàäàåò ñ ìàêñèìóìîì ðàññòîÿíèé ìåæäó äâóìÿ òî÷êàìè òå-
ëà A â Mn.

Çàìå÷àíèå 2. Òàê êàê B è I �öåíòðàëüíî-ñèììåòðè÷íûå
âûïóêëûå òåëà â Mn, òî÷êà o�èõ îáùèé öåíòð ñèììåòðèè,
òî èç òåîðåìû 1 ñëåäóåò, ÷òî â ïðîèçâîëüíîé âñïîìîãàòåëüíîé
åâêëèäîâîé ìåòðèêå ïðîñòðàíñòâà Mn äëÿ øèðèíû îïîðíîãî
ñëîÿ èçîïåðèìåòðèêñà I ñïðàâåäëèâî ðàâåíñòâî

∆B (QI(ū)) = 2
hI(ū)

hB(ū)
.

Òåîðåìà 2. Äëÿ øèðèíû ∆B (QI(ū)) îïîðíîãî ñëîÿ èçîïåðè-
ìåòðèêñà I â Mn èìåþò ìåñòî ñëåäóþùèå îöåíêè

4υn−1

nυn
≤ 2

hI(ū)

hB(ū)
≤ 4υn−1

υn
, (6)

ãäå ū ∈ Ω� åäèíè÷íûé âåêòîð â ïðîèçâîëüíîé åâêëèäîâîé ìåò-
ðèêå.
Òåîðåìà 3. Äëÿ øèðèíû ∆B (I) è äèàìåòðà DB (I) èçîïå-

ðèìåòðèêñà I â Mn èìåþò ìåñòî îöåíêè:

4υn−1

nυn
≤ ∆B (I) ≤ DB(I) ≤ 4υn−1

υn
. (7)
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Â íàñòîÿùåé ðàáîòå áóäóò äîêàçàíû ñëåäóþùèå óòâåðæäå-
íèÿ.
Òåîðåìà 4. Ïóñòü â Mn ââåäåíà âñïîìîãàòåëüíàÿ åâêëèäî-

âà ìåòðèêà ñ óñëîâèåì (2). Â íåðàâåíñòâå

2υn−1

nυn
≤ hI(ū)

hB(ū)
, (8)

çíàê ðàâåíñòâà èìååò ìåñòî äëÿ òàêîãî åäèíè÷íîãî øàðà B è
òàêîãî âåêòîðà ū0, ū0 ∈ Ω, ïðîñòðàíñòâàMn, òîãäà è òîëüêî
òîãäà ðåçóëüòàòîì ñèììåòðèçàöèè Øâàðöà [2, c.224] åäèíè÷-
íîãî øàðà B îòíîñèòåëüíî ïðÿìîé, ïàðàëëåëüíîé ū0, áóäåò
ïðÿìîé øàðîâîé áèêîíóñ.

Òåîðåìà 5. Ïóñòü â Mn ââåäåíà âñïîìîãàòåëüíàÿ åâêëèäî-
âà ìåòðèêà ñ óñëîâèåì (2). Â íåðàâåíñòâå

4υn−1

nυn
≤ ∆B (I) (9)

çíàê ðàâåíñòâà èìååò ìåñòî äëÿ åäèíè÷íîãî øàðà B ïðîñòðàí-
ñòâàMn, åñëè è òîëüêî åñëè ñóùåñòâóåò âåêòîð ū0 ∈ Ω âMn

òàêîé, ÷òî ðåçóëüòàòîì ñèììåòðèçàöèè Øâàðöà åäèíè÷íîãî
øàðà B îòíîñèòåëüíî ïðÿìîé, ïàðàëëåëüíîé ū0, áóäåò ïðÿìîé
øàðîâîé áèêîíóñ.

Òåîðåìà 6. Ïóñòü â Mn ââåäåíà âñïîìîãàòåëüíàÿ åâêëèäî-
âà ìåòðèêà ñ óñëîâèåì (2). Â íåðàâåíñòâå

hI(ū)

hB(ū)
≤ 2υn−1

υn
, (10)

çíàê ðàâåíñòâà èìååò ìåñòî äëÿ åäèíè÷íîãî øàðà B è âåê-
òîðà ū0 ∈ Ω ïðîñòðàíñòâà Mn, òîãäà è òîëüêî òîãäà, êîãäà
ðåçóëüòàòîì ñèììåòðèè Øâàðöà åäèíè÷íîãî øàðà B îòíîñè-
òåëüíî ïðÿìîé, ïàðàëëåëüíîé ū0, áóäåò ïðÿìîé øàðîâîé öè-
ëèíäð.
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Òåîðåìà 7. Ïóñòü â Mn ââåäåíà âñïîìîãàòåëüíàÿ åâêëèäî-
âà ìåòðèêà ñ óñëîâèåì (2). Â íåðàâåíñòâå

DB (I) ≤ 4υn−1

υn
(11)

çíàê ðàâåíñòâà èìååò ìåñòî äëÿ åäèíè÷íîãî øàðà B ïðîñòðàí-
ñòâàMn, åñëè è òîëüêî åñëè ñóùåñòâóåò âåêòîð ū0 ∈ Ω âMn

òàêîé, ÷òî ðåçóëüòàòîì ñèììåòðèçàöèè Øâàðöà åäèíè÷íîãî
øàðà B îòíîñèòåëüíî ïðÿìîé, ïàðàëëåëüíîé ū0, áóäåò ïðÿìîé
øàðîâîé öèëèíäð.

Òåîðåìà 8. Ïóñòü â Mn ââåäåíà âñïîìîãàòåëüíàÿ åâêëèäî-
âà ìåòðèêà ñ óñëîâèåì (2) è A� âûïóêëîå òåëî â Mn. Òîãäà
èìåþò ìåñòî îöåíêè

2υn−1

υn
V1(A, B) ≤ SB(A) ≤ 2nυn−1

υn
V1(A,B), (12)

2υn−1 ≤ SB(B) ≤ 2nυn−1. (13)

Äîêàçàòåëüñòâî òåîðåìû 4. Ââåäåì â Mn âñïîìîãàòåëü-
íóþ åâêëèäîâó ìåòðèêó, óäîâëåòâîðÿþùóþ óñëîâèþ (2). Ïå-
ðåéäåì îò áàçèñà ýòîé ìåòðèêè ê îðòîíîðìèðîâàííîìó áàçèñó.
Ïóñòü ñèñòåìà êîîðäèíàò x1, . . . , xn ïîðîæäåíà îðòîíîðìèðî-
âàííûì áàçèñîì. Ãèïåðïëîñêîñòü xn = 0 äåëèò B íà äâå ÷àñòè
B1 è B2, ãäå

B1 = B ∩ (xn ≥ 0), B2 = B ∩ (xn ≤ 0),

V (B1) = V (B2) =
υn
2
.

Ïóñòü îòðåçîê [−b, b], b > 0, ÿâëÿåòñÿ ïðîåêöèåé òåëà B íà îñü
oxn, òîãäà hB(~u) = hB1(~u) = b, ãäå ū ∈ Ω èìååò íàïðàâëåíèå
îñè oxn.
Ïîäâåðãíåì B ñèììåòðèçàöèè Øâàðöà [2, ñ.224] îòíîñèòåëü-

íî îñè oxn. Ðåçóëüòàò ñèììåòðèçàöèè îáîçíà÷èì ÷åðåç B̃. Ïðî-
åêöèåé B̃ íà îñü oxn áóäåò îòðåçîê [−b, b], à ñå÷åíèåì B̃∩ (xn =
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c), −b ≤ c ≤ b, áóäåò (n − 1)-ìåðíûé øàð ñ öåíòðîì â òî÷êå c
íà îñè oxn, (n− 1)-ìåðíûé îáúåì êîòîðîãî

Vn−1(B̃ ∩ (xn = c)) = Vn−1(B ∩ (xn = c)).

Òåëà

B̃1 = B̃
⋂

(xn ≥ 0)

è

B̃2 = B̃
⋂

(xn ≤ 0)

áóäóò ðåçóëüòàòàìè ñèììåòðèçàöèè òåë B1 è B2. Ïðè ýòîì

V (B̃) = V (B) = υn, V (B1) = V (B̃1) =
υn
2
,

hB(~u) = hB1(~u) = hB̃1
(~u) = hB̃(~u) = b.

Â [3, ñ.392] áûëî ïîêàçàíî, ÷òî

Vn−1(B ∩ (xn = α)) = Vn−1(B ∩ (xn = −α)) ≤
≤ Vn−1(B ∩ (xn = 0)),

0 ≤ α ≤ b. Çíà÷èò, B̃ � ñèììåòðè÷íî îòíîñèòåëüíî ãèïåðïëîñ-
êîñòè xn = 0.
Êðîìå òåë B1 è B̃1, ðàññìîòðèì òåëî K �ïðÿìîé øàðîâîé

êîíóñ ñ îñíîâàíèåì B̃1
⋂

(xn = 0), âûñîòîé êîòîðîãî ÿâëÿåòñÿ
îòðåçîê [0, b] íà îñè oxn.
Ïîêàæåì ñïðàâåäëèâîñòü ðàâåíñòâà

hI(~u)

hB(~u)
V (K) =

υn−1

n
. (14)

Âîñïîëüçîâàâøèñü (3), âûðàçèì V (K) ÷åðåç hI(~u)
hB(~u) .

Èìååì

V (K) =
1

n
bVn−1(B̃1 ∩ (xn = 0))

=
hB(~u) · υn−1

nυn−1

Vn−1(B∩(xn=0))

=
hB(~u) υn−1

nhI(~u)
,

îòêóäà è ñëåäóåò (14).
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Åñëè òåïåðü â (8) èìååò ìåñòî çíàê ðàâåíñòâà ïðè ~u = ~u0,

ò. å. hI(~u0)
hB(~u0) = 2υn−1

nυn
, òî èç (14) ñëåäóåò V (K) = υn

2 . Îòñþäà

V (K) = V (B̃1). Òàê êàê K ⊂ B̃1 è òåëî K èìååò âíóòðåííèå

òî÷êè, òî K = B̃1, ò.å. B̃ �ïðÿìîé øàðîâîé áèêîíóñ.
Íàîáîðîò, åñëè ðåçóëüòàòîì ñèììåòðèçàöèè Øâàðöà øàðà

B îòíîñèòåëüíî ïðÿìîé, ïàðàëëåëüíîé âåêòîðó ~u = ~u0, áóäåò
áèêîíóñ, òî V (K) = υn

2 , è èç (14) âûòåêàåò îáðàùåíèå (8) â
ðàâåíñòâî ïðè ~u = ~u0.
Äîêàçàòåëüñòâî òåîðåìû 5. Øèðèíà ∆B(I) èçîïåðèìåò-

ðèêñà I ïî îïðåäåëåíèþ ðàâíà

∆B(I) = min
~u∈Ω

2
hI(~u)

hB(~u)
.

Èç çàìå÷àíèÿ 1 ñëåäóåò, ÷òî hI(~u)
hB(~u) îïðåäåëåíà è íåïðåðûâíà

íà Ω. Çíà÷èò, ìèíèìóì ýòîé ôóíêöèè íà Ω äîñòèæèì, íàïðè-
ìåð, â òî÷êå ~u0 ∈ Ω. Òîãäà ðàâåíñòâî

4υn−1

nυn
= ∆B(I)

ðàâíîñèëüíî òîìó, ÷òî

2υn−1

nυn
=
hI(~u0)

hB(~u0)
.

È çíà÷èò, äëÿ ïàðû B, ~u0 âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 4, à
äëÿ òåîðåìû 5� óñëîâèÿ ðàâåíñòâà â íåðàâåíñòâå (8).

Äîêàçàòåëüñòâî òåîðåìû 6. Êðîìå òåë B1 è B̃1, ðàññìîò-
ðèì òåëî Π�ïðÿìîé øàðîâîé öèëèíäð ñ îñíîâàíèåì B̃1

⋂
(xn =

0), âûñîòîé êîòîðîãî ÿâëÿåòñÿ îòðåçîê [0, b] îñè oxn. Òàê êàê Π
è K èìåþò îäèíàêîâûå âûñîòû è îñíîâàíèÿ, òî V (Π) = nV (K),
è èç (14) ñëåäóåò ðàâåíñòâî

hI(~u)

hB(~u)
V (Π) = υn−1. (15)
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Åñëè â (10) èìååò ìåñòî çíàê ðàâåíñòâà ïðè ~u = ~u0, ~u0 ∈ Ω,
òî åñòü

hI(~u0)

hB(~u0)
=

2υn−1

υn
,

òî èç (15) âûòåêàåò V (Π) = υn
2 . Îòñþäà, V (Π) = V (B̃1). Òàê

êàê B̃1 ⊂ Π è B̃1 èìååò âíóòðåííèå òî÷êè, òî B̃1 = Π, òî åñòü
B̃1, à çíà÷èò è B̃ �ïðÿìîé øàðîâîé öèëèíäð.
Íàîáîðîò, åñëè B̃1 �ïðÿìîé øàðîâîé öèëèíäð, òî

V (B̃1) = V (Π).

Òîãäà èç V (B̃1) = V (Π) = υn
2 è (15) ñëåäóåò èç òîãî, ÷òî

hI(~u0)

hB(~u0)
=

2υn−1

υn

Äîêàçàòåëüñòâî òåîðåìû 7 àíàëîãè÷íî äîêàçàòåëüñòâó
òåîðåìû 5.
Äîêàçàòåëüñòâî òåîðåìû 8. Ïåðåïèøåì íåðàâåíñòâî (6)

â âèäå
2υn−1

nυn
hB(ū) ≤ hI(ū) ≤ 2υn−1

υn
hB(ū).

Îñþäà è èç ñâîéñòâ îïîðíîé ôóíêöèè [1, ñ.30]

2υn−1

nυn
B ⊂ I ⊂ 2υn−1

υn
B. (16)

Èç îäíîðîäíîñòè è ìîíîòîííîñòè ñìåøàííîãî îáúåìà ïî êàæ-
äîìó èç ñâîèõ àðãóìåíòîâ [1, ñ.49] è èç (16) äëÿ âûïóêëîãî òåëà
A â Mn ïîëó÷àåì, ÷òî

2υn−1

nυn
V1(A,B) ≤ V1 (A, I) ≤ 2υn−1

υn
V1(A,B). (17)

Åñëè â Mn ââåäåíà âñïîìîãàòåëüíàÿ åâêëèäîâà ìåòðèêà óäî-
âëåòâîðÿþùàÿ óñëîâèþ (2), òî ïîñëå óìíîæåíèÿ âñåõ ÷àñòåé
íåðàâåíñòâà (17) íà n è èç (4) ïðèäåì ê íåðàâåíñòâó (12).
Ïîëîæèì òåïåðü â (12) A = B. Òîãäà (12) çàïèøåòñÿ â âèäå

2υn−1

υn
V1 (B, B) ≤ SB(B) ≤ 2nυn−1

υn
V1 (B, B) , (18)
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ãäå SB(B)�ïëîùàäü ïîâåðõíîñòè åäèíè÷íîãî øàðà B â Mn,
V1(B,B) = V (B) = υn. È çíà÷èò, íåðàâåíñòâà (18) ðàâíîñèëüíû
èçâåñòíûì îöåíêàì (13)

2υn−1 ≤ SB(B) ≤ 2nυn−1

äëÿ SB(B), ïðèíàäëåæàùèõ Áóçåìàíó-Ïåòòè [5, ñ.242].
Ïðàâàÿ èç ýòèõ îöåíîê îáðàùàåòñÿ â ðàâåíñòâî, òîãäà è òîëü-

êî òîãäà, êîãäà B �ïàðàëëåëîòîï [5, ñ.242].
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Ïðîåêòèâíûå ñòðóêòóðû è

óðàâíåíèÿ Øðåäèíãåðà

Â äàíié ñòàòòi âñòàíîâëåíî çâ'ÿçîê ìiæ ïðîåêòèâíèìè ñòðóêòó-
ðàìè íà ïðÿìié i ðiâíÿííÿìè Øðåäiíãåðà. Âèêîðèñòîâóþ÷è öåé
çâ'ÿçîê, ìè ôîðìóëþ¹ìî êðèòåðié íååêâiâàëåíòíîñòi ïðîåêòèâíî¨
ñòðóêòóðè ñòàíäàðòíié. Äëÿ âñiõ êëàñiâ ïðîåêòèâíèõ ãåîìåòðè-
÷íèõ âåëè÷èí îïèñàíî àëãåáðè ¨õ äèôåðåíöiàëüíèõ iíâàðiàíòiâ.

Â ýòîé ðàáîòå ìû óñòàíàâëèâàåì ñâÿçü ìåæäó ïðîåêòèâíûìè
ñòðóêòóðàìè íà ïðÿìîé è óðàâíåíèÿìè Øðåäèíãåðà. Èñïîëüçóÿ
ýòó ñâÿçü, ìû ôîðìóëèðóåì êðèòåðèé íåýêâèâàëåíòíîñòè ïðîåê-
òèâíîé ñòðóêòóðû ñòàíäàðòíîé. Äëÿ âñåõ êëàññîâ ïðîåêòèâíûõ
ãåîìåòðè÷åñêèõ âåëè÷èí íàéäåíû àëãåáðû èõ äèôôåðåíöèàëü-
íûõ èíâàðèàíòîâ.

In this paper we describe a connection between projective struc-
tures on the line and the Schrödinger equations. Using this con-
nection we find a condition when a projective structure is equivalent
or nonequivalent to the standard one. For all projective structures
algebras of differential invariants are found.

Êëþ÷åâûå ñëîâà: Ïðîåêòèâíûå ñòðóêòóðû, äèôôåðåíöèàëüíûå èíâà-

ðèàíòû.

© Í. Ã.Êîíîâåíêî
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1. Ïðîåêòèâíûå ñòðóêòóðû è sl2(R)-äåéñòâèÿ

Ðàññìîòðèì àëãåáðó Ëè èíôèíèòåçèìàëüíûõ ïðîåêòèâíûõ
ïðåîáðàçîâàíèé ïðÿìîé. Ýòà àëãåáðà èçîìîðôíà àëãåáðå Ëè
sl2(R) è ìîæåò áûòü ðåàëèçîâàíà êàê àëãåáðà Ëè âåêòîðíûõ
ïîëåé íà ïðÿìîé g = 〈∂x, x∂x, x2∂x〉.
Ïóñòü äèôôåîìîðôèçì ϕ : R → R ïåðåâîäèò àëãåáðó Ëè

g â ñåáÿ, òî åñòü: ϕ∗(g) = g. Òîãäà, êàê íåòðóäíî âèäåòü, ýòîò
äèôôåîìîðôèçì ÿâëÿåòñÿ äðîáíî-ëèíåéíûì ïðåîáðàçîâàíèåì.
È îáðàòíî, âñÿêîå äðîáíî-ëèíåéíîå ïðåîáðàçîâàíèå ïåðåâîäèò
(â îáëàñòè îïðåäåëåíèÿ) àëãåáðó Ëè g â ñåáÿ.
Íàïîìíèì, ÷òî ïðîåêòèâíàÿ ñòðóêòóðà íà ïðÿìîé çàäàåò-

ñÿ àòëàñîì (U, t), â êîòîðîì ëîêàëüíûå êîîðäèíàòû t ñâÿçàíû
äðîáíî-ëèíåéíûìè ïðåîáðàçîâàíèÿìè. Ïóñòü òåïåðü (U, t)�êàð-
òà èç ýòîãî àòëàñà. Îïðåäåëèì àëãåáðó Ëè gU âåêòîðíûõ ïîëåé
íà U �êàê àëãåáðó, ïîðîæäåííóþ âåêòîðíûìè ïîëÿìè ∂t, t∂t, t

2∂t.
Òîãäà â ïåðåñå÷åíèè äâóõ òàêèõ êàðò, ñêàæåì (U, t) è (V, s), àë-
ãåáðû Ëè gU è gV ñîâïàäàþò, òàê êàê ïåðåõîä îò êîîðäèíàòû
t ê êîîðäèíàòå s çàäàåòñÿ äðîáíî-ëèíåéíûì ïðåîáðàçîâàíèåì.
Ñëåäîâàòåëüíî, ñåìåéñòâî àëãåáð {gU} îïðåäåëÿåò àëãåáðó Ëè
g ⊂ D(R), êîòîðàÿ ÿâëÿåòñÿ ïîäàëãåáðîé Ëè â àëãåáðå ËèD(R)
âåêòîðíûõ ïîëåé íà ïðÿìîé, è îãðàíè÷åíèå êîòîðîé íà ëþáóþ
ïðîåêòèâíóþ êàðòó (U, t) ñîâïàäàåò ñ gU .
Ñ äðóãîé ñòîðîíû, åñëè çàäàíà ïîäàëãåáðà Ëè g̃ ⊂ D(R),

èçîìîðôíàÿ sl2(R), òî äëÿ êàæäîé òî÷êè a ∈ R, ñîãëàñíî òåî-
ðåìå Ñîôóñà Ëè (ñì. [11, 10]), íàéäåòñÿ òàêàÿ êàðòà (U, t), â
êîòîðîé îãðàíè÷åíèÿ g̃ áóäóò ñîâïàäàòü ñ gU . Áîëåå òîãî, äâå
òàêèå êàðòû áóäóò ñâÿçàíû äðîáíî-ëèíåéíûì ïðåîáðàçîâàíè-
åì. Òàêèì îáðàçîì, ìû ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Çàäàíèå ïðîåêòèâíîé ñòðóêòóðû íà ïðÿìîé ýê-
âèâàëåíòíî çàäàíèþ ïîäàëãåáðû Ëè g ⊂ D(R), èçîìîðôíîé
sl2(R).
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2. Ýôôåêòèâíûå äåéñòâèÿ àëãåáðû Ëè sl2(R) íà
ïðÿìîé

Çàäàíèå ïîäàëãåáðû Ëè g ⊂ D(R), èçîìîðôíîé àëãåáðå Ëè
sl2(R), ìîæíî ïðåäñòàâèòü êàê çàäàíèå íåòðèâèàëüíîãî ãîìî-
ìîðôèçìà àëãåáð Ëè

ρ : sl2(R)→ D(R).

Ïîñêîëüêó àëãåáðà Ëè sl2(R) ïðîñòà, òî äëÿ ëþáîãî ãîìîìîð-
ôèçìà ρ ëèáî ker ρ = 0, ëèáî ker ρ = sl2(R). Ïîýòîìó ýôôåê-
òèâíîñòü äåéñòâèÿ, òî åñòü ker ρ = 0, ýêâèâàëåíòíà íåòðèâèàëü-
íîñòè ãîìîìîðôèçìà ρ. Äëÿ òàêèõ ãîìîìîðôèçìîâ àëãåáðà Ëè
ρ(sl2(R)) = g èçîìîðôíà sl2(R).
Òàêèì îáðàçîì, çàäàíèå ïðîåêòèâíîé ñòðóêòóðû íà ïðÿìîé

ýêâèâàëåíòíî çàäàíèþ íåòðèâèàëüíîãî ãîìîìîðôèçìà àëãåáð
Ëè ρ, èëè, ÷òî òîæå ñàìîå, ýôôåêòèâíîñòè äåéñòâèÿ àëãåáðû
Ëè sl2(R) íà ïðÿìîé.
Ïóñòü

A =

(
0 1
0 0

)
, H =

(
1 0
0 −1

)
, B =

(
0 0
−1 0

)
� áàçèñ Øåâàëëå â àëãåáðå Ëè sl2(R), óäîâëåòâîðÿþùèé ñëå-
äóþùèì êîììóòàöèîííûì ñîîòíîøåíèÿì:

[H,A] = −2A, [H,B] = 2B, [A,B] = H.

Ðàññìîòðèì òåïåðü íåòðèâèàëüíûé ãîìîìîðôèçì ρ. ×òîáû
íå óñëîæíÿòü îáîçíà÷åíèÿ, îáðàçû âåêòîðîâ A, B, H â sl2(R)
ïðè ýòîì ãîìîìîðôèçìå ìû áóäåì îáîçíà÷àòü ÷åðåç A, B, H.
Èòàê, ïóñòü

A = a(x)∂x, B = b(x)∂x, H = h(x)∂x

�ïðåäñòàâëåíèÿ âåêòîðíûõ ïîëåé A, B, H, ãäå x� àôôèííàÿ
êîîðäèíàòà íà ïðÿìîé.
Òîãäà êîììóòàöèîííûå ñîîòíîøåíèÿ â àëãåáðå Ëè sl2(R):

[H,A] = −2A, [H,B] = 2B, [A,B] = H
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ïðèâîäÿò ê ñëåäóþùåé ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé
íà ôóíêöèè a(x), b(x), h(x):

h = ab′ − ba′, −2a = ha′ − ah′, 2b = hb′ − bh′. (2.1)

Îòñþäà ñëåäóåò, ÷òî

h2 = 4ab, (2.2)

à òàêæå òî, ÷òî ôóíêöèè a è b íå îáðàùàþòñÿ â íîëü îäíîâðå-
ìåííî.
Ïîýòîìó, ôóíêöèè a è b ëèáî ïîëîæèòåëüíû, ëèáî îòðèöà-

òåëüíû íà âñåé ïðÿìîé. Åñëè, íàïðèìåð, a > 0 è b > 0, òî,
ïðåäñòàâèâ a = f2, b = g2, ïîëó÷àåì, ÷òî h = ±2fg. Èçìåíÿÿ
çíàê ó ôóíêöèè f èëè g ìû ìîæåì ïåðåéòè ê ñëó÷àþ, êîãäà
h = 2fg.
Ñëó÷àé, êîãäà a è b îòðèöàòåëüíû ñâîäèòñÿ ê ïðåäûäóùå-

ìó çàìåíîé x íà −x. Ïîêàæåì òåïåðü, ÷òî ôóíêöèè f è g â
ïðåäñòàâëåíèè

a = f2, b = g2, h = 2fg

ÿâëÿþòñÿ ãëàäêèìè.
Äåéñòâèòåëüíî, åñëè â íåêîòîðîé îáëàñòè b > 0, a ≥ 0, òî b =

g2, ãäå g� ãëàäêàÿ ôóíêöèÿ. Èç ñîîòíîøåíèÿ (2.2) ïîëó÷àåì,

÷òî a = h2

4g2
=
(
h
2g

)2
, ïîýòîìó f = h

2g òàêæå ãëàäêàÿ ôóíêöèÿ.

Ïðåîáðàçîâûâàÿ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (2.1),
ïðèçîäèì ê åäèíñòâåííîìó ñîîòíîøåíèþ:

fg′ − gf ′ = 1. (2.3)

Äèôôåðåíöèðóÿ ýòî ñîîòíîøåíèå ïîëó÷àåì fg′′ = gf ′′.

Ïîëîæèì W = f ′′

f = g′′

g . Ïîñêîëüêó ôóíêöèè f è g íå îáðà-

ùàþòñÿ â íóëü îäíîâðåìåííî, òî ôóíêöèÿW ÿâëÿåòñÿ ãëàäêîé.
Ó÷èòûâàÿ (2.3) çàêëþ÷àåì, ÷òî ôóíêöèè f è g ÿâëÿþòñÿ ôóí-
äàìåíòàëüíîé ñèñòåìîé ðåøåíèé óðàâíåíèÿ òèïà Øðåäèíãåðà:

y′′ −Wy = 0. (2.4)
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Îòìåòèì òàêæå, ÷òî ôóíêöèè f2, g2 è fg äàþò ôóíäàìåíòàëü-
íóþ ñèñòåìó ðåøåíèé äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà

y′′′ − 4Wy′ − 2W ′y = 0. (2.5)

Ýòî óðàâíåíèå � ñèììåòðè÷åñêèé êâàäðàò óðàâíåíèÿ Øðåäèí-
ãåðà ([8, 10]). Ñóììèðóÿ ñêàçàííîå, ïðèõîäèì ê ñëåäóþùåìó
ðåçóëüòàòó:

Òåîðåìà 2. (1) Êàæäîå íåòðèâèàëüíîå ïðåäñòàâëåíèå àë-
ãåáðû Ëè ρ : sl2(R) → D(R) â àëãåáðå âåêòîðíûõ ïî-
ëåé íà ïðÿìîé çàäàåòñÿ (ñ òî÷íîñòüþ äî èíâîëþöèè
x 7→ −x) ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé óðàâíå-
íèÿ Øðåäèíãåðà y′′ −Wy = 0 è èìååò âèä

A = f2∂x, H = 2fg∂x, B = g2∂x, (2.6)

ãäå f è g îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøå-
íèé óðàâíåíèÿ (2.4) ñ âðîíñêèàíîì, ðàâíûì åäèíèöå (2.3).

(2) Îáðàç g ãîìîìîðôèçìà ρ ñîñòîèò èç âñåõ âåêòîðíûõ
ïîëåé âèäà z(x)∂x, ãäå z(x)� ðåøåíèÿ äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ:

z′′′ − 4Wz′ − 2W ′z = 0.

Äàëåå, îáîçíà÷àåì ÷åðåç ρWf,g ïðåäñòàâëåíèå (2.6), îòâå÷àþ-
ùåå äàííîìó âûáîðó ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé f è g,

òîãäà, åñëè f̃ , g̃�äðóãàÿ òàêàÿ æå ôóíäàìåíòàëüíàÿ ñèñòåìà

ðåøåíèé, òî (f, g) = A(f̃ , g̃), ãäå A ∈ SL2(R). Ïðè ýòîì

ρW
f̃,g̃

= ρWf,g ◦ adA,

ãäå adA : sl2(R) → sl2(R)�ïðèñîåäèíåííîå äåéñòâèå ãðóïïû
Ëè SL2(R) íà àëãåáðå Ëè sl2(R).
Îáîçíà÷èì òåïåðü ÷åðåç gW ⊂ D(R) îáðàç ïðåäñòàâëåíèÿ

ρWf,g, à ÷åðåç PW � ñîîòâåòñòâóþùóþ ïðîåêòèâíóþ ñòðóêòóðó.
Òîãäà ïîòåíöèàë W óðàâíåíèÿ Øðåäèíãåðà, îòâå÷àþùèé ïî-
äàëãåáðå Ëè gW ⊂ D(R), ñâÿçàí ñ ïðîåêòèâíîé ñòðóêòóðîé PW

è ìîæåò áûòü íàéäåí ñëåäóþùèì îáðàçîì.
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Ïóñòü e1, e2, e3 �ïðîèçâîëüíûé áàçèñ â àëãåáðå Ëè gW , è
ïóñòü e1 = f1(x)∂x, e2 = f2(x)∂x, e3 = f3(x)∂x, ãäå x� àô-
ôèííàÿ êîîðäèíàòà íà ïðÿìîé.
Îáîçíà÷èì ÷åðåç 〈f1, . . . , fr〉 âðîíñêèàí ôóíêöèé

f1, . . . , fr

è ïóñòü

w1 = 〈f1〉, w2 = 〈f1, f2〉, w3 = 〈f1, f2, f3〉,

òîãäà

W =
1

4
[L, x](1), (2.7)

ãäå L�äèôôåðåíöèàëüíûé îïåðàòîð 3-ãî ïîðÿäêà (ñì. [2, ñòð. 96]):

L =
w3

w2
◦ ∂x ◦

w2
2

w3w1
◦ ∂x ◦

w2
1

w2
◦ ∂x ◦

1

w1
.

Ïðèâåäåì íåñêîëüêî ïðèìåðîâ èñïîëüçîâàíèÿ ýòîé òåîðåìû.

Ïðèìåð 6. Ñòàíäàðòíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì
âòîðîãî ïîðÿäêà îòâå÷àþò ñëåäóþùèå ïðîåêòèâíûå ñòðóêòó-
ðû:

1) y′′ = 0:

A = ∂x, B = x2∂x, H = 2x∂x.

2) y′′ + ω2y = 0:

A = cos2(ωx)∂x, B = sin2(ωx)∂x, H = sin(2ωx)∂x.

3) y′′ − k2y = 0:

A = ch2(kx)∂x, B = sh2(kx)∂x, H = sh(2kx)∂x.

4) y′′ + λ2

x4
y = 0:

A =
x2

λ2
sin2(λ/x)∂x, B = x2 cos2(λ/x)∂x,

H =
x2

λ
sin(2λ/x)∂x.
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3. Äåéñòâèå äèôôåîìîðôèçìîâ íà ïðîåêòèâíûõ

ñòðóêòóðàõ

Ïóñòü ïðîåêòèâíàÿ ñòðóêòóðà îïðåäåëÿåòñÿ ðåàëèçàöèåé àë-
ãåáðû Ëè sl2(R) êàê ïîäàëãåáðû g ⊂ D(R) àëãåáðû Ëè âåêòîð-
íûõ ïîëåé. Òîãäà äèôôåðåíöèàë ϕ∗ äèôôåîìîðôèçìà ϕ : R→
R îïðåäåëÿåò íîâóþ ðåàëèçàöèþ sl2(R):

ϕ∗(g) ⊂ D(R),

è ñîîòâåòñòâåííî íîâóþ ïðîåêòèâíóþ ñòðóêòóðó.
Äèôôåðåíöèàë ϕ∗ ïåðåâîäèò âåêòîðíîå ïîëå V = a(x)∂x â

âåêòîðíîå ïîëå ϕ∗(V ) = a(ψ(x))
ψ′(x) ∂x, ψ = ϕ−1. Ïðåäïîëàãàÿ, ÷òî

äèôôåîìîðôèçì ϕ ñîõðàíÿåò îðèåíòàöèþ, ψ′ > 0, ìû çàìå÷à-

åì, ÷òî âåêòîðíîå ïîëå f2(x)∂x ïåðåõîäèò â ïîëå âèäà f̃
2(x)∂x,

ãäå f̃(x) = f(ψ(x))√
ψ′(x)

. Ïîëîæèì ν(x) = 1√
ψ′(x)

. Òîãäà

∂xf̃ =
f ′(ψ(x))

ν(x)
+ f(ψ(x))ν ′(x),

è ñîîòâåòñòâåííî,

∂2
xf̃ = fν ′′ +

f ′′

ν3
.

Ïîýòîìó, åñëè ôóíêöèÿ f óäîâëåòâîðÿåò óðàâíåíèþ Øðåäèí-

ãåðà f ′′ −Wf = 0, òî ôóíêöèÿ f̃ òàêæå óäîâëåòâîðÿåò àíàëî-

ãè÷íîìó óðàâíåíèþ f̃ ′′ − W̃ f̃ = 0, ãäå

W̃ (x) =
ν ′′(x)

ν(x)
+W (ψ(x)). (3.1)

Ïîñëåäíåå ñîîòíîøåíèå ïðè çàäàííûõ ôóíêöèÿõ W è W̃
ìîæíî ðàññìàòðèâàòü êàê äèôôåðåíöèàëüíîå óðàâíåíèå 3-ïî-
ðÿäêà îòíîñèòåëüíî ôóíêöèè ψ(x). Â ðàçâåðíóòîì âèäå ýòî
óðàâíåíèå âûãëÿäèò ñëåäóþùèì îáðàçîì:

1

2
ψ′(x)ψ(3)(x)− 1

4
(ψ′′(x))2 = (W̃ (x)−W (ψ(x)))(ψ′(x))2.
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Ïîýòîìó â îêðåñòíîñòè ëþáîé òî÷êè x = x0 ýòî óðàâíåíèå èìå-
åò ëîêàëüíîå ðåøåíèå ψ(x) ñ çàäàííûìè íà÷àëüíûìè äàííûìè:
ψ(x0), ψ′(x0) > 0, ψ′′(x0). Îêîí÷àòåëüíî ïîëó÷àåì ñëåäóþùèé
ðåçóëüòàò:

Òåîðåìà 3. Ðàññìîòðèì ñëåäóþùèå äåéñòâèÿ ãðóïïû ñîõðà-
íÿþùèõ îðèåíòàöèþ äèôôåîìîðôèçìîâ

ϕ! : f(x) 7→ ψ∗(f)(x)ν(x)

íà ðåøåíèÿõ óðàâíåíèé Øðåäèíãåðà, à òàêæå íà èõ ïîòåíöè-
àëàõ:

ϕ! : W (x) 7→ ψ∗(W )(x) +
ν ′′(x)

ν(x)
,

ãäå ψ = ϕ−1 è ν(x) =
(
ψ′(x)

)− 1
2 , òîãäà

1) ëþáûå äâà óðàâíåíèÿ Øðåäèíãåðà

y′′ = Wy, y′′ = W̃y

ëîêàëüíî ýêâèâàëåíòíû îòíîñèòåëüíî óêàçàííîãî äåé-
ñòâèÿ.

2) äâà óðàâíåíèÿ Øðåäèíãåðà ñ ïîòåíöèàëàìè W è W̃ ýê-
âèâàëåíòíû íà âñåé ïðÿìîé, åñëè óðàâíåíèå (3.1) èìå-
åò ðåøåíèå ψ(x) ñ ïîëîæèòåëüíîé ïðîèçâîäíîé äëÿ
âñåõ çíà÷åíèé àðãóìåíòà x.

Ïóñòü òåïåðü ïðîåêòèâíûå ñòðóêòóðû PW è PW̃ îïðåäåëå-
íû íà èíòåðâàëàõ U è V è ïóñòü t è s ñóòü îãðàíè÷åíèÿ àô-
ôèííîé êîîðäèíàòû x íà U è V , ñîîòâåòñòâåííî. Ïóñòü äàëåå
ϕ : U → V � ñîõðàíÿþùèé îðèåíòàöèþ äèôôåîìîðôèçì, è
T = (ϕ−1)∗(t) ∈ C∞(V ). Èç ïðåäûäóùåé òåîðåìû âûòåêàåò
ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4. Äèôôåîìîðôèçì ϕ : U → V ïåðåâîäèò ïðîåê-

òèâíóþ ñòðóêòóðó PW â PW̃ , òî åñòü gW̃ = ϕ∗(g
W ), òîãäà
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è òîëüêî òîãäà, êîãäà ôóíêöèÿ ν(s) =
(
T ′(s)

)− 1
2 óäîâëåòâîðÿ-

åò óðàâíåíèþ

W̃ = ν−4 · (ϕ−1)∗(W ) + ν−1ν ′′, (3.2)

íà èíòåðâàëå V .

Ýòà òåîðåìà ïîçâîëÿåò óñòàíîâèòü ýêâèâàëåíòíîñòü ïðîåê-
òèâíîé ñòðóêòóðû ñòàíäàðòíîé, à èìåííî:

Òåîðåìà 5. Êàæäîå ðåøåíèå ν(s) óðàâíåíèÿ Øðåäèíãåðà ν ′′−
W̃ · ν = 0, íå îáðàùàþùååñÿ â íóëü íà èíòåðâàëå V , îïðåäåëÿ-

åò ýêâèâàëåíòíîñòü ìåæäó ïðîåêòèâíîé ñòðóêòóðîé PW̃ è
ñòàíäàðòíîé ïðîåêòèâíîé ñòðóêòóðîé P0.

Ñëåäóþùèå ðåçóëüòàòû ïîëó÷àåì ïóò¼ì ïðèìåíåíèÿ òåîðèè
Øòóðìà îá îñöèëëÿöèè ðåøåíèé óðàâíåíèé 2-ãî ïîðÿäêà ê
óðàâíåíèþ Øðåäèíãåðà (ñì, íàïðèìåð, [2, ñòð 151], [7, 9]) è
ïðåäûäóùåé òåîðåìû.

Òåîðåìà 6. Åñëè W > 0 íà çàìêíóòîì èíòåðâàëå [a, b], òî
ïðîåêòèâíàÿ ñòðóêòóðà PW ýêâèâàëåíòíà ñòàíäàðòíîé íà
îòêðûòîì èíòåðâàëå (a, b).

Ïðèìåð 7. Ïðîåêòèâíàÿ ñòðóêòóðà

A = ch2(kx)∂x, B = sh2(kx)∂x, H = sh(2kx)∂x,

ñ ïîòåíöèàëîì W = k2 ýêâèâàëåíòíà ñòàíäàðòíîé.

Òåîðåìà 7. Åñëè W < −
(
π
b−a
)2

íà çàìêíóòîì èíòåðâàëå

[a, b], òî ïðîåêòèâíàÿ ñòðóêòóðà PW íå ýêâèâàëåíòíà ñòàí-
äàðòíîé íà îòêðûòîì èíòåðâàëå (a, b).

Ïðèìåð 8. Ïðîåêòèâíàÿ ñòðóêòóðà

A = cos2(ωx)∂x, B = sin2(ωx)∂x, H = sin(2ωx)∂x,

íå ýêâèâàëåíòíà ñòàíäàðòíîé íà èíòåðâàëå (a, b), åñëè (b −
a) > π

ω .
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Ïðèìåð 9. Ïðîåêòèâíûå ñòðóêòóðû PW , ãäå

W = −λx−4, λ > 0,

íà ëþáîì êàê óãîäíî ìàëîì èíòåðâàëå (0, a) a > 0, íå ýêâèâà-
ëåíòíû ñòàíäàðòíîé.

4. Ïðîåêòèâíûå ãåîìåòðè÷åñêèå âåëè÷èíû

Âûáåðåì ïîêðûòèå ïðÿìîé êàðòàìè äâóõ âèäîâ (U, t) è (V, s).
Â êàðòå (U, t) ìû ïðåäïîëàãàåì, ÷òî âåêòîðíîå ïîëå

A = f2∂x

îòëè÷íî îò íóëÿ, à êîîðäèíàòà t âûáðàíà ñëåäóþùèì îáðàçîì:
t = g

f . Â ýòèõ êîîðäèíàòàõ àëãåáðà gW ïðèíèìàåò ñòàíäàðòíûé
âèä:

A = ∂t, H = 2t∂t, B = t2∂t.

Â êàðòå (V, s) ïðåäïîëàãàåòñÿ, ÷òî âåêòîðíîå ïîëå

B = g2∂x

îòëè÷íî îò íóëÿ, à êîîðäèíàòà s âûáðàíà ñëåäóþùèì îáðàçîì:
s = f

g . Â ýòèõ êîîðäèíàòàõ àëãåáðà gW èìååò âèä:

A = −s2∂s, H = −2s∂s, B = −∂s,

â êîòîðîì ïîëÿ A, B, H ïî ñðàâíåíèþ ñî ñòàíäàðòíûì ïðåä-
ñòàâëåíèåì èçìåíèëè çíàê, à ïîëÿ A è B ïîìåíÿëèñü ìåñòàìè.
Â îáîèõ ñëó÷àÿõ, êîîðäèíàòû t è s äàþò ðåàëèçàöèþ àëãåáðû
Ëè gW êàê ñòàíäàðòíîé. Áîëåå òîãî, â ïåðåñå÷åíèè êàðò (U, t) è
(V, s) êîîðäèíàòû ñâÿçàíû äðîáíî-ëèíåéíûì ïðåîáðàçîâàíèåì:
t = 1

s .
Òàêèì îáðàçîì, àòëàñ {(U, t), (V, s)} çàäàåò ïðîåêòèâíóþ ñòðóê-

òóðó PW íà ïðÿìîé. Íàïîìíèì [4], ÷òî ïðîåêòèâíûå ãåîìåòðè-
÷åñêèå âåëè÷èíû ÿâëÿþòñÿ ñå÷åíèÿìè îäíîðîäíûõ gW -ðàññëî-
åíèé. Îïèñàíèå òàêèõ π-ðàññëîåíèé

π : Rm+1 → R
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âìåñòå ñ îïèñàíèåì ïîäíÿòèé gW äåéñòâèé àëãåáðû Ëè gW äà-
åòñÿ ñëåäóþùåé òåîðåìîé.

Òåîðåìà 8. (1) Ïóñòü ðàçìåðíîñòü gW -îðáèò ðàâíà òðåì,
òîãäà ïîäíÿòèå gW -äåéñòâèÿ ëîêàëüíî èìååò ñëåäóþ-
ùèé âèä:

A = f2∂x, H = 2fg∂x − 2u∂u + ∂v,

B = g2∂x + ∂u +
g

f
(∂v − 2u∂u)

â êàðòå (U, t) è

A = f2∂x −
g

f
(∂v − 2u∂u) + ∂v,

H = 2fg∂x − 2u∂u + ∂v, B = g2∂x

â êàðòå (V, s).
(2) Ïóñòü ðàçìåðíîñòü gW -îðáèò ðàâíà äâóì, òîãäà ïîä-

íÿòèå gW -äåéñòâèÿ ëîêàëüíî èìååò ñëåäóþùèé âèä:

A = f2∂x, H = 2fg∂x − 2u∂u,

B = g2∂x + ∂u + (1− 2
ug

f
)∂u

â êàðòå (U, t) è

A = f2∂x + (2
uf

g
− 1)∂u,

H = 2fg∂x − 2u∂u, B = g2∂x

â êàðòå (V, s).
(3) Ïóñòü ðàçìåðíîñòü gW -îðáèò ðàâíà åäèíèöå, òîãäà ïîä-

íÿòèå gW -äåéñòâèÿ â êàðòàõ (U, t) è (V, s) ëîêàëüíî
èìååò ñëåäóþùèé âèä:

A = f2∂x, H = 2fg∂x, B = g2∂x.
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5. Ïðîåêòèâíûå äèôôåðåíöèàëüíûå èíâàðèàíòû

Íàïîìíèì (ñì. [1]), ÷òî ôóíêöèÿ f ∈ C∞(Jkπ), çàäàííàÿ íà
ïðîñòðàíñòâå k-ñòðóé ðàññëîåíèÿ ïðîåêòèâíûõ ãåîìåòðè÷åñêèõ
âåëè÷èí π : Rm+1 → R, íàçûâàåòñÿ ïðîåêòèâíûì äèôôåðåíöè-
àëüíûì èíâàðèàíòîì, åñëè îíà èíâàðèàíòíà îòíîñèòåëüíî k-
ãî ïðîäîëæåíèÿ äåéñòâèÿ àëãåáðû sl2(R), òî åñòü

A
(k)

(f) = B
(k)

(f) = H
(k)

(f) = 0, (5.1)

ãäå A, B, H ïðèíàäëåæàò gW -ïîäíÿòèÿì, êîòîðûå çàäàþòñÿ
êëàññîì ãåîìåòðè÷åñêèõ âåëè÷èí.

Îáîçíà÷èì ÷åðåç Â è B̂ ïîëíûå äèôôåðåíöèðîâàíèÿ âäîëü
âåêòîðíûõ ïîëåé A è B ñîîòâåòñòâåííî. Ïîñêîëüêó â êàðòàõ
(U, t) è (V, s) àëãåáðà Ëè gW èìååò âèä ñòàíäàðòíîãî sl2(R)-
ïðåäñòàâëåíèÿ âåêòîðíûìè ïîëÿìè, òî ðåçóëüòàòû ðàáîòû [4]
ïðèâîäÿò ê ñëåäóþùåìó îïèñàíèþ áàçèñíûõ äèôôåðåíöèàëü-
íûõ èíâàðèàíòîâ gW -ïðîåêòèâíûõ ñòðóêòóð:
(A) gW -îðáèòû ðàçìåðíîñòè 3.

Çäåñü áàçèñíûå èíâàðèàíòû â êàðòå (U, t) èìåþò âèä:
0) èíâàðèàíòû íóëåâîãî ïîðÿäêà:

w3, . . . , wm;

1) èíâàðèàíòû ïåðâîãî ïîðÿäêà:

J1(1) =
Â(u) + u2

v2
, J1(2) =

Â(u) + 2uv

v2
,

J1(3) =
Â(w3)

v
, . . . , J1(m) =

Â(wm)

v
;
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2) èíâàðèàíòû âòîðîãî ïîðÿäêà:

J2(1) =
Â2(u) + 2uÂ(u) + 4u3

v3
,

J2(2) =
Â2(v) + 6uÂ(v) + 6u2v

v3
,

J2(3) =
Â2(w3) + 2uÂ(w3)

v2
,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

J2(m) =
Â2(wm) + 2uÂ(wm)

v2
.

Â êàðòå (V, s) áàçèñíûå äèôôåðåíöèàëüíûå èíâàðèàíòû èìåþò
âèä:

0) èíâàðèàíòû íóëåâîãî ïîðÿäêà:

w3, . . . , wm;

1) èíâàðèàíòû ïåðâîãî ïîðÿäêà:

J1(1) =
−B̂(u) + u2

v
, J1(2) =

−B̂(v) + 2uv

v2
,

J1(3) =
B̂(w3)

v
, . . . , J1(m) =

B̂(wm)

v
;

2) èíâàðèàíòû âòîðîãî ïîðÿäêà:

J2(1) =
B̂2(u)− 2uB̂(u) + 4u3

v3
,

J2(2) =
B̂2(v)− 6uB̂(v) + 6u2v

v3
,

J2(3) =
B̂2(w3)− 2uB̂(w3)

v2
,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

J2(m) =
B̂2(wm)− 2uB̂(wm)

v2
.
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(B) gW -îðáèòû ðàçìåðíîñòè 2.
Áàçèñíûå èíâàðèàíòû â êàðòå (U, t) èìåþò âèä:

0) èíâàðèàíòû íóëåâîãî ïîðÿäêà:

w2, . . . , wm;

1) èíâàðèàíòû ïåðâîãî ïîðÿäêà:

J1(2) =
Â(w2)√
u2 + Â(u)

, . . . , J1(m) =
Â(wm)√
u2 + Â(u)

;

à òàêæå

J2 =
Â2(u) + 6uÂ(u) + 4u3

(Â(u) + u2)
3
2

,

J3 =
Â3(u) + 12uÂ2(u) + 36u2Â(u) + 18u4

(Â(u) + u2)2
.

Ñîîòâåòñòâåííî, â êàðòå (V, s) áàçèñíûå èíâàðèàíòû èìåþò âèä:
0) èíâàðèàíòû íóëåâîãî ïîðÿäêà:

w2, . . . , wm;

1) èíâàðèàíòû ïåðâîãî ïîðÿäêà:

J1(2) =
B̂(w2)√
u2 − B̂(u)

, . . . , J1(m) =
B̂(wm)√
u2 − B̂(u)

;

à òàêæå èíâàðèàíòû âòîðîãî è òðåòüåãî ïîðÿäêîâ:

J2 =
B̂2(u)− 6uB̂(u) + 4u3

(u2 − B̂(u))
3
2

,

J3 =
−B̂3(u) + 12uB̂2(u)− 36u2B̂(u) + 18u4

(u2 − B̂(u))2
.

(C) gW -îðáèòû ðàçìåðíîñòè 1.
Â ýòîì ñëó÷àå â êàðòå (U, t) áàçèñíûå äèôôåðåíöèàëüíûå èí-
âàðèàíòû èìåþò âèä:
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0) èíâàðèàíòû íóëåâîãî ïîðÿäêà:

w1, . . . , wm;

1) èíâàðèàíòû ïåðâîãî ïîðÿäêà:

J1(2) =
Â(w2)

Â(w1)
, . . . , J1(m) =

Â(wm)

Â(w1)
;

2) èíâàðèàíòû âòîðîãî ïîðÿäêà:

J2(a, b) =
Â2(wa)Â(wb)− Â2(wb)Â(wa)

(Â(wa))3
,

à òàêæå

J3 =
2Â3(u)Â(u)− 3(Â2(u))

(Â(u))4
.

Ñîîòâåòñòâåííî, â êàðòå (V, s) áàçèñíûå èíâàðèàíòû èìåþò âèä:
0) èíâàðèàíòû íóëåâîãî ïîðÿäêà:

w1, . . . , wm;

1) èíâàðèàíòû ïåðâîãî ïîðÿäêà:

J1(2) =
B̂(w2)

B̂(w1)
, . . . , J1(m) =

B̂(wm)

B̂(w1)
;

2) èíâàðèàíòû âòîðîãî ïîðÿäêà:

J2(a, b) =
B̂2(wa)B̂(wb)− B̂2(wb)B̂(wa)

(B̂(wa))3
,

à òàêæå

J3 =
2B̂3(u)B̂(u)− 3(B̂2(u))

(B̂(u))4
.

Îòìåòèì, ÷òî èíâàðèàíò J3 ÿâëÿåòñÿ îáîáùåíèåì ïðîèçâîäíîé
Øâàðöà íà ñëó÷àé gW ïðîåêòèâíûõ ãåîìåòðè÷åñêèõ âåëè÷èí.
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Ñòðóêòóðà ãðàôiâ îêðåìèõ êëàñiâ

äîâiëüíî¨ k-êëàñèôiêàöi¨ ãðàôiâ

Çàïðîïîíîâàíà â 1972-73 ðð. Ì. Ï. Õîìåíêîì ñiì'ÿ êëàñèôi-
êàöié âñiõ ïðîñòèõ ñêií÷åííèõ ãðàôiâ (k-êëàñèôiêàöi¨ ãðàôiâ,
0 ≤ k ≤ n, n�ïîðÿäîê ãðàôà), ç ïîãëÿäó iñíóâàííÿ ÷è íåiñíó-
âàííÿ 1-ôàêòîðà â ñàìîìó ãðàôi ÷è â ñëóøíèõ éîãî ïiäãðàôàõ
[1�3], çiãðàëà âàæëèâó ðîëü ïðè äîñëiäæåííi âëàñòèâîñòåé òà
ñòðóêòóðè ïðîñòèõ ñêií÷åííèõ ãðàôiâ.

S0-ãðàôè (ãðàôè áåç 1-ôàêòîðiâ, ïðèìiòèâíi ãðàôè) ñêëà-
äàþòü îäèí ç êëàñiâ 0-êëàñèôiêàöi¨ ãðàôiâ çãàäàíî¨ ñiì'¨ êëà-
ñèôiêàöié âñiõ ïðîñòèõ ñêií÷åííèõ ãðàôiâ, äðóãèé êëàñ öi¹¨ æ
êëàñèôiêàöi¨ ãðàôiâ ñêëàäàþòü Ko-ãðàôè (íåïðèìiòèâíi ãðàôè,
ãðàôè ç 1-ôàêòîðàìè).
Iäåÿ àâòîðiâ öi¹¨ ðîáîòè äîñëiäæåííÿ ñòðóêòóðè S0-ãðàôiâ

áåðå ïî÷àòîê ç òîïîëîãi÷íèõ ïèòàíü ïîáóäîâè Ì. Ï. Õîìåíêîì
çàãàëüíî¨ òåîði¨ óêëàäóâàíîñòåé òà óêëàäåíü ãðàôiâ â îði¹í-
òîâíi 2-áàãàòîâèäè éîãî ìåòîäîì ϕ-ïåðåòâîðåíü òîïîëîãi÷íèõ
ïðîñòîðiâ. Ùå â 1971 ð. àâòîðè ïîìiòèëè, ùî ÿêùî ãðàô íå ìi-
ñòèòü æîäíîãî 1-ôàêòîðà, òî éîãî äîïîâíþþ÷èé ãðàô íå ìîæå
áóòè ãðàôîì iíöèäåíöié ϕ-ãîìåîìîðôíèõ 2-êëiòîê êëiòêîâîãî
âêëàäåííÿ òâiðíîãî ãðàôà ïðåäñòàâëåííÿ â îði¹íòîâíèé 2-ìíî-
ãîâèä [4]. Çãàäàíà iäåÿ áóëà ïðîâiäíîþ, êîëè àâòîðè òîäi âïåð-
øå ïîáóäóâàëè ìiíiìàëüíå âêëàäåííÿ ïîâíîãî ãðàôà ïîðÿäêó
13 â îði¹íòîâíèé 2-áàãàòîâèä ðîäó 8 [5] òà âïåðøå äîñëiäèëè
ñòðóêòóðó S0-ãðàôiâ [4].

© Ì. Ï. Õîìåíêî, Ò. Ì. Âèâðîò
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Òóò äîñëiäæóþòüñÿ âëàñòèâîñòi òà ñòðóêòóðà ïðîñòèõ ñêií-
÷åííèõ ãðàôiâ G = (G0, G1), ùî ìiñòÿòü S-k-òêè, ñòâîðåíèì
àâòîðàìè öi¹¨ ðîáîòè ìåòîäîì ëîêàëiçîâàíèõ ïåðåìiæíèõ ëàí-
öþãiâ, îñíîâè ÿêîãî çàêëàäåíî íèìè ùå â ðîáîòàõ [6, 7].
×åðåç G\({alt}kt=1) ïîçíà÷àòèìåìî ãðàô, îäåðæàíèé âèäàëå-

ííÿì ç çàäàíîãî ãðàôà G, k éîãî âåðøèí alt , t = 1(1)k, ðiçíèõ,
ÿêùî k > 1, òîáòî k-òêè, ðàçîì ç iíöèäåíòíèìè ¨ì â G ðåáðàìè.
k-òêó {alt}kt=1, 0 ≤ k ≤ n, n = |G0|, ãðàôà G íàçèâàòèìåìî S-
k-òêîþ ãðàôà G, ÿêùî ãðàô G \ ({alt}kt=1) ¹ S0-ãðàôîì, â ïðî-
òèëåæíîìó âèïàäêó�K-k-òêîþ ãðàôà G. Ââàæà¹ìî, ùî G0 ¹
K-n-êîþ.
Â öèõ äîñëiäæåííÿõ ïëiäíèì âèÿâèëîñÿ âèäiëåííÿ ñïåöiàëü-

íèõ ïiäêëàñiâ ãðàôiâ, âëàñòèâîñòi ÿêèõ âèãiäíî âèêîðèñòàëè
äëÿ äîñëiäæåííÿ âëàñòèâîñòåé òà ñòðóêòóðè âñiõ ãðàôiâ ðîç-
ãëÿäóâàíèõ êëàñiâ.
Äóæå öiêàâèì i êîðèñíèì âèÿâèâñÿ ââåäåíèé àâòîðàìè öi¹¨

ðîáîòè êëàñ òàê çâàíèõ N-ãðàôiâ Nn,k,æ({nr}k+æ
r=1 ) ïîðÿäêó n ç

k, 0 ≤ k ≤ n−1, öåíòðàëüíèìè âåðøèíàìè ïîðÿäêó çið÷àñòîñòi
k + æ, ïiäêëàñîì ÿêîãî ¹ ââåäåíèé öèìè æ àâòîðàìè êëàñ òàê
çâàíèõ ñêëàäíèõ çiðîê Stn−k({ai}k1) ç k öåíòðàìè ai, i = 1(1)k,
1 ≤ k ≤ n − 1, ïîðÿäêó çið÷àñòîñòi n − k [4,2,8]. N-ãðàôè âi-
äiãðàëè iñòîòíó ðîëü â äîñëiäæåííi âëàñòèâîñòåé òà ñòðóêòóðè
âñiõ ãðàôiâ êîæíîãî êëàñó äîâiëüíî¨ k-êëàñèôiêàöi¨ âñiõ ïðî-
ñòèõ ñêií÷åííèõ ãðàôiâ � àäæå âñi HXk-ãðàôè�ìàêñèìàëüíi
åëåìåíòè ÷àñòêîâî âïîðÿäêîâàíî¨ çà âêëþ÷åííÿì ìíîæèíè ãðà-
ôiâ êîæíîãî êëàñó Xk äîâiëüíî¨ k-êëàñèôiêàöi¨, 0 ≤ k ≤ n, ÿê
äîâåëè àâòîðè öi¹¨ ðîáîòè, ¹ N-ãðàôàìè.
Ñïî÷àòêó ðîçãëÿíåìî êëàñ ãðàôiâ ç S-k-òêàìè, ùî ìiñòÿòü i

K-k-òêè. Â êëàñi òàêèõ ãðàôiâ ðîçãëÿäà¹ìî ïiäêëàñ ãðàôiâ G,
êîæåí ç ÿêèõ ìiñòèòü õî÷ áè îäíó ïàðó íåñóìiæíèõ âåðøèí
al1 , al2 òàêó, ùî ïðè ïðè¹äíàííi äî ãðàôà G ðåáðà (al1 , al2)
îäåðæèìî ãðàô G + (al1 , al2) ç óñiìà K-k-òêàìè. Âëàñòèâîñòi
öèõ ãðàôiâ âèêîðèñòîâó¹ìî äëÿ äîñëiäæåííÿ âëàñòèâîñòåé òà
ñòðóêòóðè âñiõ ãðàôiâ, ùî ìiñòÿòü i S-k-òêè i K-k-òêè.
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Îçíà÷åííÿ 1. Ðåáðî (al1 , al2) ãðàôà G íàçèâà¹ìî k-ôàêòî-
ðèçóþ÷èì ðåáðîì, à ìíîæèíó {alt}2t=1 éîãî âåðøèí� k-ïî÷à-
òêîì ãðàôà G.
Î÷åâèäíî, ùî ïîðÿäîê n ãðàôà G çàäîâîëüíÿ¹ óìîâè:

n− k ≡ 0(mod2)

i n ≥ k+ 2. Ìàêñèìàëüíî íàñè÷åíèé ðåáðàìè ãðàô ç S-k-òêàìè
i K-k-òêàìè ¹ ðîçãëÿäóâàíèì ãðàôîì G, áî êîæíå ðåáðî äîïîâ-
íþþ÷îãî ãðàôà G ¹ k-ôàêòîðèçóþ÷èì ðåáðîì çàäàíîãî ãðàôà
G.
Íåõàé {alτ }kτ=1 �äîâiëüíà S-k-òêà ãðàôà G. Òîäi öþ ìíî-

æèíó k âåðøèí ãðàôà G ïîçíà÷àòèìåìî ÷åðåç A∗k,2, k-ïî÷àòîê

{alt}2t=1 ãðàôà G�÷åðåç B∗k,2, à 1-ôàêòîð

f[1](G \A∗k,2 +B∗k,2)

�÷åðåç fk,2. Ñëiä âiäìiòèòè, ùî

f[1]((G+ (al1 , al2)) \A∗k,2) = fk,2 + (al1 , al2).

Ãðàô G ìiñòèòü íåçàëåæíó ìíîæèíó âåðøèí ïîòóæíîñòi ≥ 2 i

A∗k,2 ∩B∗k,2 = ∅.

Òâåðäæåííÿ 1. Êîæíà k-òêà ãðàôà G ç k-ïî÷àòêîì B∗k,2,
ùî ìiñòèòü âåðøèíó alt , alt ∈ B∗k,2 ¹ K-k-òêîþ ãðàôà G.
Íàñëiäîê 1. Ãðàô G ïîðÿäêó n, n ≥ k + 2, ìiñòèòü ïðè-

íàéìíi äâi K-k-òêè.
Íàñëiäîê 2.ßêùî G�ìàêñèìàëüíî íàñè÷åíèé ðåáðàìè ãðàô

ç S-k-òêàìè i K-k-òêàìè ïîðÿäêó n, aj ∈ G0 i ρ(aj , G) ≤ n−2,
äå ρ(aj , G)� ñòåïiíü âåðøèíè aj â ãðàôi G, òî k-òêà ãðàôà G,
ùî ìiñòèòü âåðøèíó aj, ¹ éîãî K-k-òêîþ.
Íàñëiäîê 3. Â ãðàôi G ëèøå îäíà k-òêà âåðøèí ãðàôà G

[A∗k,2 ∩B∗k,2] ¹ S-k-òêîþ ãðàôà G.
Ç íàñëiäêó 2 òâåðäæåííÿ 1 âèïëèâà¹ ñïðàâåäëèâiñòü íàñòó-

ïíîãî òâåðäæåííÿ.
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Òâåðäæåííÿ 2. ßêùîG�ìàêñèìàëüíî íàñè÷åíèé ðåáðàìè
ãðàô ç S-k-òêàìè i K-k-òêàìè ïîðÿäêó n i alτ ∈ A∗k,2, τ ∈ Nk, òî

ρ(alτ , G) = n− 1.
Íàñëiäîê. Ìàêñèìàëüíî íàñè÷åíèé ðåáðàìè ãðàô ç S-k-òêà-

ìè i K-k-òêàìè çâ'ÿçíèé.
Ïåðåìiæíèì ëàíöþãîì ãðàôàG íàçèâà¹ìî ïðîñòèé éîãî ëàí-

öþã cp,q = c(ap, aq;G) ìiæ âåðøèíàìè ap, aq ãðàôà, âñi ðåáðà
ÿêîãî ñêëàäàþòü äâà êëàñè ðåáåð i ðîçòàøîâàíi òàê, ùî æî-
äíå ðåáðî îäíîãî êëàñó íå ñóìiæíå íà cp,q ç iíøèì ðåáðîì òîãî
æ êëàñó. Ïåðåìiæíèé ëàíöþã cp,q ãðàôà G íàçèâàòèìåìî 1-ïå-
ðåìiæíèì âiäíîñíî 1-ôàêòîðà F i ïîçíà÷àòèìåìî ÷åðåç c′p,q =
c′(ap, aq;G,F), ÿêùî ðåáðà îäíîãî ç êëàñiâ ðåáåð, ÿêi âèçíà÷à-
þòü éîãî ïåðåìiæíiñòü, ¹ ðåáðàìè 1-ôàêòîðà F ñàìîãî ãðàôà G,
àáî äåÿêîãî éîãî ïiäãðàôà. Ïåðåìiæíèé ëàíöþã cp,q ãðàôà G
íàçèâàòèìåìî 2-ïåðåìiæíèì âiäíîñíî 1-ôàêòîðiâ F1, F2 i ïîçíà-
÷àòèìåìî ÷åðåç c′′p,q = c′′(ap, aq;G,F1,F2), ÿêùî âèçíà÷àþ÷èìè
éîãî ïåðåìiæíiñòü êëàñàìè ðåáåð ¹ ðåáðà äâîõ 1-ôàêòîðiâ F1 i
F2 ñàìîãî ãðàôà G ÷è ñëóøíèõ éîãî ïiäãðàôiâ. 1-ïåðåìiæíèé
âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþã c′p,q = c′(ap, aq;G, fk,2) íàçèâà-
òèìåìî ëîêàëiçîâàíèì, ÿêùî êiíöÿìè éîãî ¹ åëåìåíòè ìíîæèíè
B∗k,2; íàïiâëîêàëiçîâàíèì, ÿêùî ëèøå îäèí éîãî êiíåöü ¹ åëå-
ìåíòîì ìíîæèíè B∗k,2. Ïðî òàêi ëàíöþãè éøëîñÿ âæå, çîêðåìà,

â ðîáîòàõ [6, 9-11]. Ç òâåðäæåííÿ 1 âèïëèâà¹ ñïðàâåäëèâiñòü
òàêîãî òâåðäæåííÿ.
Òâåðäæåííÿ 3. Â ãðàôi G ç k-ïî÷àòêîì B∗k,2 i S-k-òêîþ

A∗k,2 iñíóþòü íàïiâëîêàëiçîâàíi 1-ïåðåìiæíi âiäíîñíî 1-ôàêòî-
ðà fk,2 ëàíöþãè íåïàðíî¨ äîâæèíè, êîæåí ç ÿêèõ ç'¹äíó¹ âåð-
øèíó ìíîæèíè B∗k,2 ç âåðøèíîþ ìíîæèíè A∗k,2.
Ëåìà 1. Â ãðàôi G ç k-ïî÷àòêîì B∗k,2 íå iñíó¹ ëîêàëiçîâà-

íîãî 1-ïåðåìiæíîãî âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãà c′l1,l2 =

c′(al1 , al2 ;G, fk,2), B∗k,2 = {alt}2t=1.

Ñïðàâäi, ÿêáè â ãðàôi G ç k-ïî÷àòêîì B∗k,2 i S-k-òêîþ A∗k,2
iñíóâàâ ëîêàëiçîâàíèé 1-ïåðåìiæíèé âiäíîñíî 1-ôàêòîðà fk,2
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ëàíöþã c′l1,l2 = c′(al1 , al2 ;G, fk,2), B∗k,2 = {alt}2t=1, òî iñíóâàâ áè
i 1-ôàêòîð

f[1](G \ (A∗k,2)) = f[1](G \ ({c′0l1,l2}+A∗k,2)) + f[1](c
′
l1,l2),

ùî ñóïåðå÷èòü óìîâi.
Çâiäñè, ÿê íàñëiäêè, âèïëèâàþòü òàêi äâà òâåðäæåííÿ.
Òâåðäæåííÿ 4. ßêùî â ãðàôi G ç k-ïî÷àòêîì B∗k,2 iñíóþòü

ìèìîáiæíi íàïiâëîêàëiçîâàíi 1-ïåðåìiæíi âiäíîñíî 1-ôàêòîðà
fk,2 ëàíöþãè ïàðíî¨ äîâæèíè (äîïóñêàþòüñÿ ëàíöþãè íóëüîâî¨
äîâæèíè)

c′lt,lζt
= c′(alt , alζt ;G, fk,2),

alt ∈ B∗k,2, |c′1lt,lζt | ≥ 0, t = 1, 2, òî (alζ1 , alζ2 ) ∈ Ĝ1.

Òâåðäæåííÿ 5. ßêùî â ãðàôi G ïîðÿäêó n, n ≥ k + 4, ç k-
ïî÷àòêîì B∗k,2 iñíó¹ íàïiâëîêàëiçîâàíèé 1-ïåðåìiæíèé âiäíî-

ñíî 1-ôàêòîðà fk,2 ëàíöþã c
′
lt,lζt

= c′(alt , alζt ;G, fk,2), alt ∈ B∗k,2,
òî ρ(alζt , G) ≤ n− 2.
Äàëi ïåðåêîíà¹ìîñÿ â ñïðàâåäëèâîñòi íàñòóïíîãî òâåðäæåí-

íÿ.
Òâåðäæåííÿ 6. ßêùî â ãðàôi G ç k-ïî÷àòêîì B∗k,2 i S-k-

òêîþ A∗k,2 iñíóþòü ìèìîáiæíi íàïiâëîêàëiçîâàíi 1-ïåðåìiæíi
âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãè ïàðíî¨ äîâæèíè

c′lt,lζt
= c′(alt , alζt ;G, fk,2),

alt ∈ B∗k,2, |c′1lt,lζt | ≥ 0, t = 1, 2, òî k-òêà A∗k,2 ¹ K-k-òêîþ ãðàôà

G+ (alζ1 , alζ2 ).
Ñïðàâäi, ïðè âèêîíàííi óìîâ òâåðäæåííÿ iñíó¹ 1-ôàêòîð

f[1]((G+ (alζ1 , alζ2 )) \A∗k,2) =

= f[1](G \ ({c′0lt,lζt}
2
t=1 +A∗k,2)) + f[1](c

′
l1,l2),

c′l1,l2 = c′l1,ζ1 + (alζ1alζ2 ) + c′lζ2 ,l2
.

Öå îçíà÷à¹, ùî k-òêà A∗k,2 ¹ K-k-òêîþ ãðàôà G+ (alζ1alζ2 ).
Ç öüîãî âèïëèâà¹ ñïðàâåäëèâiñòü íàñòóïíîãî òâåðäæåííÿ.
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Òâåðäæåííÿ 7. ßêùî â ãðàôi G ç k-ïî÷àòêîì B∗k,2 iñíóþòü
ìèìîáiæíi íàïiâëîêàëiçîâàíi 1-ïåðåìiæíi âiäíîñíî 1-ôàêòîðà
fk,2 ëàíöþãè ïàðíî¨ äîâæèíè

c′lt,lζt
= c′(alt , alζt ;G, fk,2),

alt ∈ B∗k,2, |c′1lt,lζt | ≥ 0, t = 1, 2, òî (alζ1alζ2 )� k-ôàêòîðèçóþ÷å

ðåáðî ãðàôà G.
Ç öüîãî òâåðäæåííÿ i òâåðäæåííÿ 1 âèïëèâà¹ ñïðàâåäëèâiñòü

íàñòóïíèõ äâîõ òâåðäæåíü.
Òâåðäæåííÿ 8. ßêùî â ãðàôi G ç k-ïî÷àòêîì B∗k,2 iñíóþòü

ìèìîáiæíi íàïiâëîêàëiçîâàíi 1-ïåðåìiæíi âiäíîñíî 1-ôàêòîðà
fk,2 ëàíöþãè ïàðíî¨ äîâæèíè

c′lt,lζt
= c′(alt , alζt ;G, fk,2),

alt ∈ B∗k,2, |c′1lt,lζt | ≥ 0, t = 1, 2, òî {alζt}
2
t=1 �òàêîæ ¹ k-ïî÷à-

òêîì ãðàôà G.
Òâåðäæåííÿ 9. ßêùî â ãðàôi G ç k-ïî÷àòêîì B∗k,2 iñíó¹

íàïiâëîêàëiçîâàíèé 1-ïåðåìiæíèé âiäíîñíî 1-ôàêòîðà fk,2 ëàí-
öþã ïàðíî¨ äîâæèíè c′lt,lζt

= c′(alt , alζt ;G, fk,2), alt ∈ B∗k,2, |c′1lt,lζt | ≥
0, t ∈ N2, òî êîæíà k-òêà ãðàôà G, ùî ìiñòèòü âåðøèíó alζt ,
¹ K-k-òêîþ ãðàôà G.
Íåõàé â ãðàôi G ïîðÿäêó n, n ≥ k+4, ç k-ôàêòîðèçóþ÷èì ðå-

áðîì (al1al2) i S-k-òêîþ A∗k,2 iñíó¹ òàêîæ k-ôàêòîðèçóþ÷å ðåáðî

(alrals) ãðàôà G. Ââåäåìî ïîçíà÷åííÿ:

B∗
′

k,2 = {alr , als},

f ′k,2 = f[1](G \ (A∗k,2 +B∗
′

k,2)),

Πk,2 = B∗k,2 ∩B∗
′

k,2, |Πk,2| = p.

Äàëi, íåâàæêî ïåðåêîíàòèñÿ â òîìó, ùî â ãðàôi G iñíó¹ 2−p,
2 − p = q, íåïåðåòèííèõ íåíóëüîâî¨ äîâæèíè íàïiâëîêàëiçî-
âàíèõ 1-ïåðåìiæíèõ âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãiâ ïàðíî¨
äîâæèíè

c′lt,lθ = c′(alt , alθ ;G, fk,2),
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{alt}
q
t=1 = B∗k,2 \Πk,2, {alθ}

q
θ=1 = B∗

′
k,2 \Πk,2

i p òàêèõ ëàíöþãiâ íóëüîâî¨ äîâæèíè. Î÷åâèäíî, ùî äëÿ çãàäà-
íèõ ëàíöþãiâ ïàðíî¨ äîâæèíè ìà¹ ìiñöå ðiâíiñòü

c′lt,lθ = c′lθ,lt = c′(alθ , alt ;G, f
′
k,2),

t = 1, 2. Öå îçíà÷à¹, ùî ëàíöþãè, ÿêi ðîçãëÿäàþòüñÿ, ¹ 2-ïåðå-
ìiæíèìè âiäíîñíî 1-ôàêòîðiâ fk,2 i f

′
k,2.

Íàâåäåíi ìiðêóâàííÿ ¹ äîâåäåííÿì íåîáõiäíîñòi íàñòóïíîãî
òâåðäæåííÿ, äîñòàòíiñòü ÿêîãî âèïëèâà¹ ç òâåðäæåííÿ 7.
Ëåìà 2. Ðåáðî (alζ1alζ2 ), (alζ1alζ2 ) ∈ Ĝ1, ¹ k-ôàêòîðèçóþ-

÷èì ðåáðîì ãðàôà G ç k-ïî÷àòêîì B∗k,2 = {al1 , al2} òîäi i ëèøå
òîäi, êîëè â ãðàôi G iñíóþòü ìèìîáiæíi íàïiâëîêàëiçîâàíi 1-
ïåðåìiæíi âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãè ïàðíî¨ äîâæèíè

c′lt,lζt
= c′(alt , alζt ;G, fk,2),

alt ∈ B∗k,2, |c′1lt,lζt | ≥ 0, t = 1, 2.

Çàóâàæåííÿ. Êiíöi äîâiëüíèõ äâîõ k-ôàêòîðèçóþ÷èõ ðåáåð
ãðàôà G ç'¹äíàíi ìèìîáiæíèìè íàïiâëîêàëiçîâàíèìè 2-ïåðåìi-
æíèìè ëàíöþãàìè ïàðíî¨ äîâæèíè.
Ç ëåìè 2 âèïëèâà¹ òàêà ëåìà.
Ëåìà 3. Ìíîæèíà {alζt}

2
t=1, (alζ1alζ2 ) ∈ Ĝ1, âåðøèí ãðàôà

G ç k-ïî÷àòêîì {alt}2t=1 ¹ òàêîæ éîãî k-ïî÷àòêîì òîäi i ëèøå
òîäi, êîëè â ãðàôi G iñíóþòü ìèìîáiæíi íàïiâëîêàëiçîâàíi 1-
ïåðåìiæíi âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãè ïàðíî¨ äîâæèíè

c′lt,lζt
= c′(alt , alζt ;G, fk,2), |c′1lt,lζt | ≥ 0, t = 1, 2.

Ç âèêëàäåíîãî âèùå âèïëèâà¹ ñïðàâåäëèâiñòü íàñòóïíîãî òâåð-
äæåííÿ.
Òâåðäæåííÿ 10. k-òêà ãðàôà G ç k-ïî÷àòêîì B∗k,2 ¹ éîãî

K-k-òêîþ òîäi i ëèøå òîäi, êîëè âîíà ìiñòèòü âåðøèíó alζt ∈
Go, äëÿ ÿêî¨ â ãðàôi G iñíó¹ íàïiâëîêàëiçîâàíèé 1-ïåðåìiæíèé
âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþã ïàðíî¨ äîâæèíè

c′lt,lζt
= c′(alt , alζt ;G, fk,2), alt ∈ B∗k,2, t ∈ N2.
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Ðiâíîñèëüíèì òâåðäæåííþ 10 ¹ òâåðäæåííÿ 11.
Òâåðäæåííÿ 11. Âåðøèíà aιi ãðàôà G ç k-ïî÷àòêîì B∗k,2

íå íàëåæèòü äî æîäíî¨ éîãî K-k-òêè òîäi i ëèøå òîäi, êîëè
aιi çíàõîäèòüñÿ íà äîâiëüíîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìi-
æíîìó âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãó íåïàðíî¨ äîâæèíè

c′lt,ιi = c′(alt , aιi ;G, fk,2), alt ∈ B∗k,2.

Ëåìà 4. ßêùî â ãðàôi G ç k-ïî÷àòêîì B∗k,2 iñíóþòü òà-
êi äâà íàïiâëîêàëiçîâàíi 1-ïåðåìiæíi âiäíîñíî 1-ôàêòîðà fk,2
ëàíöþãè

c′lt,ιi = c′(alt , aιi ;G, fk,2), alt ∈ B∗k,2, t = 1, 2,

ùî c′l1,ιi ∩ c
′
l2,ιi

= aιi , aιi ∈ f0
k,2, òî âåðøèíà aιi çíàõîäèòüñÿ

íà äîâiëüíîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíîìó âiäíîñíî 1-
ôàêòîðà fk,2 ëàíöþãó íåïàðíî¨ äîâæèíè

c′lτ ,ιi = c′(alτ , aιi ;G, fk,2), alτ ∈ B∗k,2.

Ñïðàâäi, ÿêáè íà îäíîìó ç íàïiâëîêàëiçîâàíèõ 1-ïåðåìiæíèõ
âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãiâ c

′
lt,ιi

, t = 1, 2, ùî ðîçãëÿäàþ-
òüñÿ â óìîâi ëåìè, âåðøèíà aιi çíàõîäèëàñü íà íåïàðíié âiääàëi
âiä k-ïî÷àòêó B∗k,2 ãðàôà G, à íà äðóãîìó � íà ïàðíié âiääà-
ëi, òî ìàëè á ïðîòèði÷÷ÿ ç ëåìîþ 1; íàÿâíiñòü â ãðàôi G äâîõ
íàïiâëîêàëiçîâàíèõ 1-ïåðåìiæíèõ âiäíîñíî 1-ôàêòîðà fk,2 ëàí-
öþãiâ c′lt,ιi , t = 1, 2, íà ÿêèõ âåðøèíà aιi çíàõîäèëàñü áè íà
ïàðíié âiääàëi âiä k-ïî÷àòêó B∗k,2 ãðàôà G îçíà÷àëî á iíöèäåí-
òíiñòü âåðøèíè aιi äâîì ðåáðàì 1-ôàêòîðà fk,2, ùî ñóïåðå÷èëî
á îçíà÷åííþ 1-ôàêòîðà ãðàôà. Îòæå, âåðøèíà aιi çíàõîäèòüñÿ
íà íåïàðíié âiääàëi i íà íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíîìó
âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãó c′l1,ιi , i íà íàïiâëîêàëiçîâàíî-

ìó 1-ïåðåìiæíîìó âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþçi c
′
l2,ιi

, à òîìó
çãiäíî ç ëåìîþ 1 âåðøèíà aιi çíàõîäèòüñÿ íà íåïàðíié âiääàëi i
íà äîâiëüíîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíîìó âiäíîñíî 1-
ôàêòîðà fk,2 ëàíöþãó c

′
lθ,ιi

= c′(alθ , aιi ;G, fk,2), alθ ∈ B∗k,2.
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Òâåðäæåííÿ 12. ßêùî â ãðàôi G ç k-ïî÷àòêîì B∗k,2 iñíó-
þòü òàêi äâà íàïiâëîêàëiçîâàíi 1-ïåðåìiæíi âiäíîñíî 1-ôà-
êòîðà fk,2 ëàíöþãè c

′
lt,ιi

= c′(alt , aιi ;G, fk,2), alt ∈ B∗k,2, t = 1, 2,

ùî c′l1,ιi ∩ c
′
l2,ιi

= aιi , aιi ∈ fok,2, òî âåðøèíà aιi ðàçîì ç äîâiëü-

íèìè k − 1 iíøèìè âåðøèíàìè ç A∗k,2 ñêëàäà¹ S-k-òêó ãðàôà
G.
Öå òâåðäæåííÿ âèïëèâà¹ ç ïîïåðåäíiõ òâåðäæåíü i òâåðäæå-

ííÿ 11.
Ñôîðìóëüîâàíîìó òâåðäæåííþ 5 ìîæíà íàäàòè íàñòóïíó

ôîðìó.
Òâåðäæåííÿ 13. ßêùî â ãðàôi G ïîðÿäêó n ç k-ïî÷àòêîì

B∗k,2 äëÿ âåðøèíè aιi ìà¹ ìiñöå ðiâíiñòü

ρ(aιi , G) = n− 1,

òî âåðøèíà aιi íà äîâiëüíîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìi-
æíîìó âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãó

c′lt,ιi = c′(alt , aιi ;G, fk,2), alt ∈ B∗k,2,
çíàõîäèòüñÿ íà íåïàðíié âiääàëi.
Ëåìà 5. ßêùî â ìàêñèìàëüíî íàñè÷åíîìó ðåáðàìè ãðàôi G ç

S-k-òêàìè i K-k-òêàìè ïîðÿäêó n, n ≥ k+4, ç k-ïî÷àòêîì B∗k,2
âåðøèíà aιi ∈ Go, òî ρ(aιi , G) = n − 1 òîäi i ëèøå òîäi, êîëè
íà äîâiëüíîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíîìó âiäíîñíî 1-
ôàêòîðà fk,2 ëàíöþãó

c′lτ ,ιi = c′(alτ , aιi ;G, fk,2), alτ ∈ B∗k,2,
âåðøèíà aιi çíàõîäèòüñÿ íà íåïàðíié âiääàëi.
Äîâåäåííÿ. Íåîáõiäíiñòü óìîâ ëåìè âèïëèâà¹ ç òâåðäæåííÿ

13.
Ïåðåêîíà¹ìîñÿ â òîìó, ùî ÿêùî íà äîâiëüíîìó íàïiâëîêàëi-

çîâàíîìó 1-ïåðåìiæíîìó âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãó c
′
lτ ,ιi

=

c′(alτ , aιi ;G, fk,2), alτ ∈ B∗k,2, ìàêñèìàëüíî íàñè÷åíîãî ðåáðàìè
ãðàôà G ç S-k-òêàìè i K-k-òêàìè ïîðÿäêó n, n ≥ k + 4, âåðøè-
íà aιi ãðàôà G çíàõîäèòüñÿ íà íåïàðíié âiääàëi, òî ρ(aιi , G) =
n − 1. Ñïðàâäi, ÿêáè â ãðàôi G iñíóâàëà òàêà âåðøèíà ap, ùî
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(aιiap) ∈ Ĝ1, òî ðåáðî (aιiap) áóëî á k-ôàêòîðèçóþ÷èì ðåáðîì
ãðàôà G, à îòæå, k-òêà A∗k,2 áóëà á K-k-òêîþ ãðàôà G+ (aιiap).

Òîäi ç iñíóâàííÿ 1-ôàêòîðà f[1]((G+(aιiap))\A∗k,2) âèïëèâàëî á
iñíóâàííÿ â ãðàôi G íàïiâëîêàëiçîâàíîãî 1-ïåðåìiæíîãî âiäíî-
ñíî 1-ôàêòîðà fk,2 ëàíöþãà c

′
lτ ′ ,ιi

= c′(al′τ , aιi ;G, fk,2), al′τ ∈ B
∗
k,2,

çãiäíî ç ëåìîþ 2, íà ÿêîìó âåðøèíà aιi çíàõîäèëàñü áè íà ïàð-
íié âiääàëi, ÷îãî íå ìîæå áóòè.
Äëÿ äâîõ ïiäìíîæèí ìíîæèíè âåðøèí ãðàôà G ïîðÿäêó n,

n ≥ k + 4, ââåäåìî ïîçíà÷åííÿ:
A∗∗k,2 =

{
aι′i ∈ f

o
k,2 | âåðøèíà aι′i ëåæèòü íà íåïàðíié âiäñòàíi

íà äîâiëüíîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíîìó âiäíîñíî 1-
ôàêòîðà fk,2 ëàíöþãó

c′lτ ,ιi′ = c′(alτ , aιi′ ;G, fk,2),

alτ ∈ B∗k,2, i′ = (k + 1)(1)k, 0 ≤ k − k ≤ (n− k − 2)/2
}
;

Ak,2 = A∗k,2 +A∗∗k,2 ; Ak,2 = {aιi}ki=1 ;

B∗∗k,2 =
{
aιk+i′ |(aι′iaιk+i′ ) ∈ fk,2, aι′i ∈ A

∗∗
k,2,

i′ = (k + 1)(1)k, 0 ≤ k − k ≤ (n− k + 2)/2
}

;

Bk,2 = B∗k,2 +B∗∗k,2 ; Bk,2 = {aιj}2k−k−2
j=k+1 .

Âðàõîâóþ÷è âçà¹ìíî îäíîçíà÷íó âiäïîâiäíiñòü ìiæ åëåìåí-
òàìè ìíîæèí A∗∗k,2 i B∗∗k,2 ãðàôà G, à òàêîæ òå, ùî äëÿ ãðàôà

G ïîðÿäêó k + 2 ìà¹ ìiñöå ðiâíiñòü |Ak,2| = k, ïåðåêîíó¹ìîñÿ â
ñïðàâåäëèâîñòi íàñòóïíîãî òâåðäæåííÿ.
Òâåðäæåííÿ 14. Äëÿ ãðàôà G ïîðÿäêó n, n ≥ k + 2 ñïðàâå-

äëèâî |Ak,2| ∈ Nk
µ , µ = (n+ k− 2)/2.

Òâåðäæåííÿ 15. Âåðøèíà aιj ,

aιj ∈ Bk,2, ιj 6= lτ ′ , {alτ , a′lτ } = B∗k,2

ãðàôà G íà äîâiëüíîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíîìó âiä-
íîñíî 1-ôàêòîðà fk,2 ëàíöþãó

c′lτ ,ιj = c′(alτ , aιj ;G, fk,2)
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çíàõîäèòüñÿ íà ïàðíié âiääàëi.
Ç öüîãî òâåðäæåííÿ, òâåðäæåííÿ 2 i ëåìè 5 âèïëèâà¹ ñïðà-

âåäëèâiñòü íàñòóïíîãî òâåðäæåííÿ.
Òâåðäæåííÿ 16. Âåðøèíà aιj , aιj ∈ Bk,2, ìàêñèìàëüíî íà-

ñè÷åíîãî ðåáðàìè ãðàôà G ç S-k-òêàìè i K-k-òêàìè ðàçîì ç äî-
âiëüíèìè k−1 iíøèìè éîãî âåðøèíàìè ñêëàäà¹ K-k-òêó ãðàôà
G.
Òâåðäæåííÿ 17. Â ìàêñèìàëüíî íàñè÷åíîìó ðåáðàìè ãðàôi

G ç S-k-òêàìè i K-k-òêàìè íå iñíó¹ íàïiâëîêàëiçîâàíîãî 1-
ïåðåìiæíîãî âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãà

c′ιjr ,ιjs = c′(aιjr , alpr , . . . , alps , aιjs , G, fk,2),

|c′1ιjr ,ιjs | ≥ 1, aιjθ ∈ Bk,2, (aιjθalpθ
) ∈ f1

k,2, θ = r, s.

Öå òâåðäæåííÿ âèïëèâà¹ ç ëåì 5 i 1.
Íàñëiäîê. Ìíîæèíà Bk,2 âåðøèí ìàêñèìàëüíî íàñè÷åíîãî

ðåáðàìè ãðàôà G ç S-k-òêàìè i K-k-òêàìè íåçàëåæíà â G.
Ëåìà 6. ßêùî â ãðàôi G ç k-ïî÷àòêîì B∗k,2 iñíóþòü íà-

ïiâëîêàëiçîâàíi 1-ïåðåìiæíi âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãè
íåïàðíî¨ i ïàðíî¨ äîâæèíè

c′lτ ′ ,lp = c′(alτ ′ , alp ;G, fk,2),

c′lτ ′′ ,lp = c′(alτ ′′ , alp ;G, fk,2),

alτ ′ , alτ ′′ ∈ B
∗
k,2, òî â ãðàôi G iñíó¹ âåðøèíà alλ ∈ Bk,2, ÷åðåç

ÿêó ïðîõîäèòü äîâiëüíèé íàïiâëîêàëiçîâàíèé 1-ïåðåìiæíèé âiä-
íîñíî fk,2 ëàíöþã

c′lτ ,lp = c′(alτ , alp ;G, fk,2), alτ ∈ B∗k,2

à ðåáðî (alpalλ) íàëåæèòü àáî äî G1, àáî äî Ĝ1 i íå ¹ k-ôàêòî-
ðèçóþ÷èì ðåáðîì ãðàôà G.
Äîâåäåííÿ. Íåõàé óìîâè ëåìè âèêîíóþòüñÿ i

Π = c′(alτ ′ , alp ∩ c
′
lτ ′′ ,lp

) \ ap.

Òîäi Π 6= ∅ áî ïðè τ ′′ = τ ′ ìà¹ìî, ùî Π ≥ a′lτ , à ïðè τ ′′ 6= τ ′

çãiäíî ç ëåìîþ 1.
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Íåõàé {aιiaιk+i}ki=k+1 ∩Π = Π1, aιi ∈ A∗∗k,2, aιk+i ∈ B∗∗k,2. ßêùî

Π1{(aιiqaιk+iq)}
r
q=1,

d(alt , aιk+ir ;G, c
′
lt,lp) > d(alt , aιk+iq1 ;G, c′lt,lp),

1 ≤ q1 ≤ r − 1, t = τ ′, τ ′′, òî ðåáðî (aιiraιk+ir) íàëåæèòü äîâiëü-
íîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíîìó âiäíîñíî 1-ôàêòîðà
fk,2 ëàíöþãó c′lτ ,lp = c′(alτ , alp ;G, fk,2), alτ ∈ B∗k,2, ÷åðåç òå, ùî
ÿêáè çíàéøîâñÿ òàêèé íàïiâëîêàëiçîâàíèé 1-ïåðåìiæíèé âiä-
íîñíî 1-ôàêòîðà fk,2 ëàíöþã

c′lt∗,lp = c′(alt∗ , alp ;G, fk,2), alt∗ ∈ B∗k,2
ùî (aιiraιk+ir) ∈ c

′1
lt∗,lp

òî íà íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíî-

ìó âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãó

c′lt∗,lp ∪ c′lt′ ,lp(alp , aιir ), t′ ∈ {τ ′, τ ′′},
âåðøèíà aιir çíàõîäèëàñü áè íà ïàðíié âiääàëi âñóïåðå÷ òîìó,
ùî aιir ∈ A

∗∗
k,2.

Îòæå, ÷åðåç âåðøèíó alλ = aιk+ir ∈ B∗k,2, ïðîõîäèòü äîâiëü-
íèé íàïiâëîêàëiçîâàíèé 1-ïåðåìiæíèé âiäíîñíî 1-ôàêòîðà fk,2
ëàíöþã

c′lτ ,lp = c′(alτ , alp ;G, fk,2), alτ ∈ B∗k,2.

Ðåáðî (alpalλ) íàëåæèòü àáî äî G1, àáî äî Ĝ1, à òîìó çãiäíî
ç ëåìîþ 2 íå ¹ k-ôàêòîðèçóþ÷èì ðåáðîì ãðàôà G.
ßêùî æ Π1 = ∅, òî íàïiâëîêàëiçîâàíi 1-ïåðåìiæíi âiäíî-

ñíî 1-ôàêòîðà fk,2 ëàíöþãè c
′
lτ ′ ,lp

i c′lτ ′′ ,lp
çàäîâîëüíÿþòü óìîâè:

alτ ′′ = alτ ′ ,

c′lτ ′ ,lp ∩ c
′
lτ ′′ ,lp

= {alτ ′ , alp}.
Òîìó çãiäíî ç ëåìîþ 1 â ãðàôi G íå iñíó¹ æîäíîãî íàïiâëî-
êàëiçîâàíîãî 1-ïåðåìiæíîãî âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãà
c′lt′ ,lp

= c′(a′lt , alp ;G, fk,2), alt′ ∈ B
∗
k,2 \ alτ ′ . Îòæå, ÿêùî Π1 = ∅,

òî íà äîâiëüíîìó íàïiâëîêàëiçîâàíîìó 1-ïåðåìiæíîìó âiäíîñíî
1-ôàêòîðà fk,2 ëàíöþãó

c′lτ ′ ,lp = c′(alτ ′ , alp ;G, fk,2), alτ ′ ∈ B
∗
k,2,
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ìà¹ ìiñöå ðiâíiñòü alλ = a′lτ . Ðåáðî (alpalλ) íàëåæèòü àáî äî

G1, àáî äî Ĝ1, i òîìó çãiäíî ç ëåìîþ 2 íå ¹ k-ôàêòîðèçóþ÷èì
ðåáðîì ãðàôà G.
Ëåìà 7. ßêùî â ìàêñèìàëüíî íàñè÷åíîìó ðåáðàìè ãðàôi G

ç S-k-òêàìè i K-k-òêàìè iñíóþòü íàïiâëîêàëiçîâàíi 1-ïåðåìi-
æíi âiäíîñíî 1-ôàêòîðà fk,2 ëàíöþãè

c′lτ ′ ,lp = c′(alτ ′ , alp ;G, fk,2),

c′lτ ′′ ,lp = c′(alτ ′′ , alp ;G, fk,2),

alτ ′ , alτ ′′ ∈ B
∗
k,2, íà ÿêèõ âåðøèíà alp ãðàôa G çíàõîäèòüñÿ íà

íåïàðíié i íà ïàðíié âiääàëi, òî iñíó¹ i ñóìiæíà ç alp âiäïîâiä-
íà ¨é âåðøèíà alλ ∈ Bk,2, alp ∼ alλ, i ÿêùî alp ∼ alλ, alp′ ∼ alλ′ ,
òî (alpalp′ ) ∈ G

1, àáî (alpalp′ ) ∈ Ĝ
1 â çàëåæíîñòi âiä òîãî, ÷è

l′λ = lλ, ÷è l
′
λ 6= lλ.

Òåîðåìà 1. Ãðàô ïîðÿäêó n, n ≥ k + 2, k ≥ 1 ¹ ãðàôîì ç
S-k-òêàìè òîäi i ëèøå òîäi, êîëè âií ¹ ôàêòîðãðàôîì àáî N-
ãðàôà Nn,k,2−k({nr}k−k+2

r=1 ), nr ≡ 1(mod2), r = 1(1)(k − k + 2),
1 ≤ k ≤ k ≤ (n + k − 2)/2 ïðè n − k ≡ 0(mod2), àáî N-ãðàôà
Nn,n−1,2−n ïðè n− k ≡ 1(mod2).
Äîâåäåííÿ. Íåîáõiäíiñòü òåîðåìè 1 âèïëèâà¹ ç íàâåäåíèõ

âèùå ìiðêóâàíü.
Íåâàæêî ïåðåêîíàòèñÿ â òîìó, ùî çãàäàíèé â óìîâi òåîðåìè

1 N-ãðàô G ìiñòèòü i S-k-òêè i K-k-òêè, à äîâiëüíå ðåáðî ãðà-
ôà G ¹ k-ôàêòîðèçóþ÷èì ðåáðîì ãðàôà G i òîìó öåé ãðàô ¹
ìàêñèìàëüíî íàñè÷åíèì ðåáðàìè ãðàôîì ç òàêèìè âëàñòèâî-
ñòÿìè.
Ïðîâiâøè ìiðêóâàííÿ, àíàëîãi÷íi ïðîâåäåíèì ñòîñîâíî òåî-

ðåìè 1, ïðèõîäèìî äî âèñíîâêó, ùî ìà¹ ìiñöå íàñòóïíà òåîðåìà.
Òåîðåìà 2. Ãðàô ïîðÿäêó n, n ≥ k + 2 ¹ ãðàôîì ç óñiìà S-

k-òêàìè òîäi i ëèøå òîäi, êîëè âií ¹ ôàêòîðãðàôîì àáî N -
ãðàôà

Nn,k,2+k({nr}k+k+2
r=1 ),
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nr ≡ 1(mod2), r = 1(1)(k + k + 2), 0 ≤ k ≤ (n − k − 2)/2 ïðè
n− k ≡ 0(mod2), àáî N -ãðàôà

Nn,n−1,2−n

ïðè n− k ≡ 1(mod2).
Ìiíiìàëüíèì ãðàôîì ïîðÿäêó n, n ≥ k+2, k ≥ 1 ç S-k-òêàìè

i K-k-òêàìè ¹ N -ãðàô Nn,0,æ, æ = (n + k)/2. Ç òåîðåìè 2 ïðè
k = 0 âèïëèâà¹ êëàñè÷íà òåîðåìà Òàòòà ïðî ïðèìiòèâíi ãðà-
ôè. Îïèñàíà ñòðóêòóðà ãðàôiâ îêðåìèõ êëàñiâ äà¹ ìîæëèâiñòü
ïîáóäóâàòè âñi ãðàôè çàäàíîãî ïîðÿäêó ðîçãëÿäóâàíèõ êëàñiâ.
Ïðî âàæëèâiñòü öèõ äîñëiäæåíü éäåòüñÿ, çîêðåìà, â êíèçi

ïðî äîñÿãíåííÿ Àêàäåìi¨ íàóê Óêðà¨íñüêî¨ ÐÑÐ çà 60 ðîêiâ (ïiä
ðåä. àêàäåìiêà ÀÍ ÓÐÑÐ I. Ê. Ïîõîäíi; Êè¨â: Íàóêîâà äóìêà,
1979, ñ. 84) òà â êíèçi [12, ñ. 349].
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Faculty of Mathematics and Physics, and Faculty of Education,
University of Ljubljana, P.O.B. 2964, 1001 Ljubljana, Slovenia
E-mail: dusan.repovs@guest.arnes.si

Topics in uniform continuity
This paper collects results and open problems concerning several
classes of functions that generalize uniform continuity in various
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1. Introduction

The uniform continuity of maps between metric or uniform
spaces determines a specific topic in general topology. By the end
of the fifties and in the seventies the attention was concentrated
on those spaces (called UC spaces, or Atsuji spaces) on which
uniform continuity coincides with continuity. Of course, compact
spaces are UC spaces, but there also exist non-compact UC spaces
(e.g., the uniformly discrete ones).

In this survey we consider several aspects of uniform continuity
and its relationship with continuity. We start with a discussion

© D. Dikranjan and D. Repovš
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of the possibility to capture uniform continuity by means of the
so-called closure operators [29]. The most relevant and motivating
example of a closure operator is the usual Kuratowski closure K in
the category Top of topological spaces and continuous maps. It is
well known that one can describe the morphisms in Top (i.e., the
continuous maps) in an equivalent way as the maps “compatible”
with the Kuratowski closure (see §2.2). In this setting appear
the uniformly approachable and the weakly uniformly approachable
(briefly, UA and WUA, resp.) functions (see Definition 1). Section
3 compares the properties UA and WUA with the property of
the u.c. functions which have distant fibers in an appropriate
sense. In Section 4 we consider studies those spaces X on which
every continuous function X → R is UA. This class contains the
well-known Atsuji spaces, where every continuous function is u.c.
[1, 2, 3, 4].

Section 5 deals with those metric spaces in which the uniform
quasi-components of every closed subspace are closed. Every UA
space is thin, but there exist complete thin spaces that are not
UA. The main result of this section is a separation property of the
complete thin spaces.

The last section is dedicated to “additivity”, which turns out
to be quite a non-trivial question in the case of uniform continu-
ity. More precisely, we discuss here the straight spaces: these are
the metric spaces on which a continuous function X → R is uni-
formly continuous whenever the restrictions f �F1 and f �F2 on
each member of an arbitrary closed binary cover X = F1 ∪ F2 are
uniformly continuous.

At the end of the paper we collect most of open problems and
question (although some of them can be found in the main text).

We did not include in this paper several related issues. One of
them, magic sets, is a topic that appeared in connection with UA
functions, even though it has no apparent connection to uniform
continuity. The reader can see [15, 16, 17, 6, 7, 21] for more on
this topic.
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We are dedicating this survey to the memory of the outstanding
topologist and our good friend Jan Pelant, who actively worked on
this topic and contributed the most relevant results in this area.

1.1. Notation and terminology. A topological spaceX is called
hereditarily disconnected if all connected components of X are triv-
ial, while X is called totally disconnected, if all quasi components
of X are trivial [32]. The closure of a subset Y of a topological
space X will be denoted by cl(Y ) or Y . All topological spaces con-
sidered in this paper are assumed to be Tychonoff. A topological
space is said to be Baire if it satisfies the Baire Category Theorem,
i.e., if every meager subset of X has empty interior. A Cantor set
is a nonvoid zero-dimensional compact metrizable space with no
isolated points, i.e., a homeomorphic copy of the Cantor middle
thirds set. If X is a topological space, we write C(X) for the
family of all continuous real-valued functions on X, and Cn(X)
for the sets of continuous nowhere constant real-valued functions
on X. (To say that a continuous function f : X → R is nowhere
constant is equivalent to saying that f−1(y) is nowhere dense for
each y ∈ R.)

A metric space is said to be uniformly locally connected (shortly,
ULC) [34, 3-2], if for every ε > 0 there is δ > 0 such that any two
points at distance < δ lie in a connected set of diameter < ε. In
other words, close points can be connected by small connected
sets. For example, convex subsets of Rm (or any Banach space)
are uniformly locally connected.

2. Uniform continuity vs continuity

2.1. Global view on closure operators. Closure operators can
be introduced in a quite general context [29]. The prominent ex-
amples that inspired this general notion were given by Isbell (in
the category of semigroups, or more generally, categories of uni-
versal algebras) and Salbany (in the category Top of topological
spaces and continuous maps). We briefly recall here the notion of
a closure operator of Top, following [29, 30].
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A closure operator of Top is a family C = (cX)X∈Top of maps

cX : 2X −→ 2X such that for every X in Top

(i) M ⊆ cX(M) for all M ∈ 2X ;
(ii) M ⊆M ′ ∈ 2X ⇒ cX(M) ⊆ cX(M ′); and
(iii) f(cX(M)) ⊆ cY (f(M)) for all f : X → Y in Top and

M ∈ 2X .

A prominent example is the Kuratowski closure operator K.
Every continuous function satisfies the “continuity” condition (iii)
for every closure operator C. For a closure operator C of Top we
say that the set map f : X → Y is C-continuous, if it satisfies
(iii). It is easy to see that a map f : X → Y is continuous if and
only if it is K-continuous. In other words, the morphisms in Top
can be detected by a closure operator (as K-continuous maps).

Analogously, a closure operator of Unif can be defined as a
family C = (cX)X∈Unif of maps cX : 2X −→ 2X such that for
every X in Unif items (i) and (ii) are satisfied, and

(iiiu) f(cX(M)) ⊆ cY (f(M)) for all f : X → Y in Unif and
M ∈ 2X .

We say that C is additive (idempotent) if the equality

cX(M ∪N) = cX(M) ∪ cX(N)

(resp., cX(cX(M)) = cx(M)) always holds.
The Kuratowski closure operator K is a closure operator of

Unif . Analogously, for a closure operator C of Unif one can say
that the set map f : X → Y is C-continuous, if it satisfies (iiiu);
f is said to be totally continuous if it is C-continuous for every
closure operator C of Unif .

In the category Top of topological spaces a map is continuous
if and only if (iii) is holds for C = K. Hence morphisms in Top
are determined by the closure operator K. Can the same be said
of Unif? This question was answered in the negative in [28]. We
briefly sketch the proof here.
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The spaces needed as tools are the uniformly discrete two-point
space D = {0, 1}, the one-point compactification N∞ of the nat-
urals N equipped with its unique uniformity, and two uniformly
close sequences, which are not topologically close

X0 := {(n, 1/n)| n ∈ N} ∪ {(n,−1/n)| n ∈ N} ⊆ R2.

Set

Ma = {(n, 1/n)|n ∈ N}, Mb = {(n,−1/n)|n ∈ N}
and consider the map π : X0 → D defined by π(an) = 0 and
π(bn) = 1 for each n. Clearly π is continuous but not uniformly
continuous, since the open disjoint binary cover X0 = Ma ∪Mb is
not uniform.

Lemma 1. ([28]) In the above notation:

(a) the map π is C-continuous for every additive closure op-
erator C of Unif such that

either c(Ma)\Ma or c(Mb)\Ma is finite;

(b) if c(Ma)\Ma is infinite for a closure operator C of Unif ,
then for every metric Baire space B ∈ Unif without iso-
lated points there exists a discontinuous map fB : N∞ → B
which is C-continuous.

Theorem 1. ([28]) Let C be an additive closure operator of Unif .
Then either π : X0 → D is C-continuous or for every metric Baire
space without isolated points B there exists a discontinuous map
fB : N∞ → B which is C-continuous.

This shows that for every additive closure operator C of Unif
one can find a C-continuous map that is not uniformly continuous.
Hence, a single closure operator of Unif cannot detect uniform
continuity. This theorem also allows us to see which C-continuous
maps fail to be u.c.

It is natural to expect that using more than just one closure
operator things may change. We shall see now that this is not the
case. Even a totally continuous map, which satisfies (iii) for every
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closure operator C, is not necessarily uniformly continuous. The
tool to achieve this result is the following notion introduced in [28]
and [6]:

Definition 1. ([6, 28]) We say that a map f ∈ C(X,Y ) is
UA (uniformly approachable), whenever for every compact
set K ⊆ X and every set M ⊆ X, there exists a UC function
g ∈ C(X,Y ) which coincides with f on K and satisfies g(M) ⊆
f(M).

We then say that g is a (K,M)-approximation of f . If we
require in the definition of UA that K consists of a single point
we obtain the weaker notion WUA (weakly UA).

Clearly, UA implies WUA.
It was shown in [28] that R with the natural uniformity has the

property that every continuous selfmap is uniformly approachable:

Example 10. Every f ∈ C(R) is UA. Indeed, let K = [−n, n]
and let M ⊆ R be an arbitrary non-empty set. Pick any m1 ∈
M ∩ (−∞,−n] if this set is non-empty, otherwise take m1 = −n.
Choose m2 ∈M analogously. Then the function g : R→ R defined
by

g(x) =


f(m1), if x ≤ m1

f(x), if m1 ≤ x ≤ m2

f(m2), if x ≥ m2

is a (K,M)-approximation of f .

Since “uniformly approachable” implies “totally continuous”
and f(x) = x2 is not uniformly continuous it follows that uniform
continuity is not detected even by all closure operators in Unif .
However, Burke noticed [6, Example 3.3] that there are continuous
non-WUA functions on R2 (in fact, f : R2 → R, f(x, y) = xy, is
such a function, see Example 5).

The next theorem easily follows from the definitions:

Theorem 2. ([28]) Every WUA function is totally continuous.
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2.2. Local view on closure operators. Every additive and idem-
potent closure operator of Top or Unif defines a topology on the
underlying set of the space. In this sense, the use of topologies
that make certain maps (uniformly) continuous in the sequel can
be also viewed as a local use of idempotent additive closure oper-
ators (i.e., on a single space or on a single pair of spaces, without
the axiom (iii)).

2.2.1. Topologies τ on R that make a given class of functions F ⊆
RR coincide with C((R, τ), (R, τ)). In the sequelX will be a metric
space. Following [18] we say that a class F of functions from X
to Y can be topologized if there exist topologies τ1 on X and τ2 on
Y such that F coincides with the class of all continuous functions
from (X, τ1) to (Y, τ2). The paper [18] gives conditions which
under GCH (generalized continuum hypothesis) imply that F can
be topologized. In particular, it is shown that (assuming GCH)
there exists a connected Hausdorff topology τ on the real line such
that the class of all continuous functions in τ coincides with the
class of all linear functions. A similar theorem is valid for the
class of all polynomials, all analytic functions, and all harmonic
functions. On the other hand, the classes of derivatives, C∞,
differentiable, or Darboux functions cannot be topologized.

2.2.2. Characterization of uniform continuity as a simple continu-
ity w.r.t. appropriate topologies. We recall here the work of Burke
[14] on characterization of uniform continuity as a simple conti-
nuity w.r.t. appropriate topologies (or locally defined closure
operators in the above sense). Within this setting, the problem
becomes the question of determining which metric spaces X and Y
are such that the uniformly continuous maps f : X → Y are pre-
cisely the continuous maps between (X, τ1) and (Y, τ2) for some
new topologies τ1 and τ2 on X and Y , respectively.

Theorem 3. There exist a connected closed subset X of the plane,
a homeomorphism h : X → X, and a connected Polish topology
τ on X such that the continuous self-maps of X are precisely the
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maps hn (n ∈ Z) and the constant maps, while the continuous
self-maps of (X, τ) as well as the uniformly continuous self-maps
of X are precisely the maps hn (n ≤ 0) and the constant maps.

3. Functions with distant fibers and uniform
continuity

Definition 2. We say that f ∈ C(X) has distant fibers (briefly,
DF) if any two distinct fibers f−1(x), f−1(y) of f are at some
positive distance.

It is curious to note that this property generalizes two antipodal
properties of a function:

• f is constant (f has one big fiber)
• f has small fibers (e.g., one-to-one functions, or more gen-

erally, functions with compact fibers, or briefly, KF).

3.1. Uniform continuity coincides with DF for bounded
functions f : Rm → R. It is easy to see that UC implies DF
for any function f : X → R. Indeed, if d(f−1(u), f−1(v)) = 0
for some u 6= v in R, then any pair of sequences xn, yn such that
f(xn) = u, f(yn) = v and limn d(xn, yn) = 0 witness non-uniform
continuity of f .

Let us verify that DF implies UC for bounded functions f :
Rm → [0, 1]. Indeed, assume that the sequences xn, yn imply non
uniform continuity of f with d(xn, yn)→ 0 and |f(xn)−f(yn)| ≥ ε
for every n. Then boundedness of f yields that f(xn), f(yn) can
without loss of generality be assumed convergent, i.e., (xn) →
a, f(yn) → b for some a 6= b in [0, 1]. Let In be the segment
in Rm joining xn and yn. Let a < b and take u, v ∈ [0, 1] with
a < v < u < b. Then f(xn) ∈ [0, v) and f(yn) ∈ (u, 1] for
sufficiently large n since f(In) is an interval (being a connected set)
containing f(xn) and f(yn). Then u, v ∈ f(In) for sufficiently large
n. Since d(xn, yn) → 0, we conclude that d(f−1(u), f−1(v)) = 0,
a contradiction.
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In the argument above Rm can be replaced by any space that
is uniformly locally connected. This condition cannot be omitted,
since the argument function on the circle minus a point is DF but
not UC (indeed, the circle minus a point is not uniformly locally
connected with respect to the metric induced by the plane).

Theorem 4. ([8, Theorem 3.7]) A bounded function f ∈ C(X)
on a uniformly locally connected space X is u.c. if and only if it
is DF .

Boundedness was essential to prove that DF implies uniform
continuity. Indeed, unbounded continuous functions R → R need
not be u.c. even when they are finite-to-one (e.g., x 7→ x2) or even
injective (e.g., x 7→ x3).

The next theorem says that uniform continuity of a bounded
function f ∈ C(X) is a property of its fibers. In this form the
theorem permits one to remove the hypothesis “uniformly locally
connected”.

Theorem 5. ([8, Theorem 3.10]) Let (X, d) be a connected and
locally connected metric space. Suppose that

f, g ∈ C(X, [0, 1])

have the same family of fibers and that f is u.c. Then g is also
u.c.

Nevertheless, boundedness cannot be removed, as the pair of
functions x 7→ x, x 7→ x3 on R show. It is not clear what is
the precise property of the fibres of f ∈ C(X, [0, 1]) which gives
uniform continuity. Theorem 4 shows that it is precisely DF when
the space X is uniformly locally connected.

How to remove boundedness

In order to remove boundedness we now consider a generaliza-
tion of UC which coincides with UC for bounded functions.

We start with a notion which is stronger than DF. A function f
is said to be proper (briefly, P) if the f -preimage of any compact
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set is compact. Equivalently, f is a closed map with KF. Even
though in general the implication P → KF cannot be inverted
(e.g., x 7→ arctanx in R), one can prove that P = KF for un-
bounded functions Rm → R, m > 1. In particular, this holds for
polynomial functions Rm → R.

The property KF implies DF , but it is much stronger. Indeed,
UC need not imply KF . This is why we introduce the auxiliary
notion AP that presents a weakening of both the notion of proper
function and that of UC function. We plan to show that DF = AP
for functions f ∈ C(X) on a uniformly locally connected space X.

Definition 3. ([8]) f ∈ C(X,Y ) is said to be AP (almost
proper) if f is u.c. on the f -preimage of every compact set.

Obviously, UC implies AP, whereas bounded AP functions are
UC. The same argument given above to prove UC → DF also
proves that AP implies DF . On the other hand, with the proof
of Theorem 4 outlined above one can also show:

Lemma 2. ([8, Lemma 3.5]) DF → AP for functions f ∈ C(X)
on a uniformly locally connected space X. Hence, AP coincides
with DF on uniformly locally connected spaces.

In this way we have achieved our goal by replacing UC with AP.
Next we discuss an alternative solution, based on a different

idea of choosing instead of AP a class of functions close to UC in
the sense of approximation, namely UA (and WUA).

Theorem 6. ([8, Theorem 3.15]) DF implies UA in uniformly
locally connected spaces.

The proof is based on the notion of truncation, which was
implicit in Example 10. Now we define a different kind of trun-
cation (for the general definition see Definition 6). For a function
f : X → R and real numbers a ≤ b define the (a, b)-truncation
as follows:
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f(a,b)(x) =


f(x), if f(x) ∈ [a, b],

a, if f(x) ≤ a,
b if f(x) ≥ b.

One proves that f ∈ DF implies f(a,b) ∈ DF , hence f(a,b) ∈ UC
since it is bounded. Now, if K is a compact set and a, b ∈
R are chosen such that f(K) ⊆ [a, b], then f(a,b) is a (K,M)-
approximation of f if one takes additional care about g(M) ⊆
f(M) as in Example 1.

The above implication cannot be inverted, as the next example
shows.

Example 11. The function f(x) = sinx2 is not DF, since any
two fibers of f are at distance 0. Nevertheless, according to Ex-
ample 10, f(x) is UA.

This suggests that the condition DF is too strong. We shall
consider an appropriate weaker version below.

Remark 1. Note that the (a, b)-truncation is different from the
truncation g defined in Example 10 in the case X = R. It can
easily be shown that if f([m1,m2]) = [a, b], then g is a truncation
of f(a,b).

3.2. Distant connected components of fibers. In order to
invert the implication in Theorem 6 we need a weaker form of DF.
To this end we take a closer look at the connectedness structure
of the fibers. First of all we recall a notion for continuous maps in
Top.

Definition 4. A continuous maps f : X → Y between topological
spaces is called

(a) monotone if all fibers of f are connected;
(b) light if all fibers of f are totally disconnected.

The term in item (a) was motivated by the fact that for maps
R → R one obtains the usual monotone maps. It is known that
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every continuous map f : X → Y between topological spaces
can be factorized as f = l ◦ m, where m : X → Z is monotone
and l : Z → Y is light. (Notice that this factorization for the
constant map f : X → Y = {y} provides as Z exactly the space of
connected components of X and m : X → Z is the quotient map
having as fibers the connected components of X.)

Definition 5. We say that f has “distant connected compo-
nents of fibers” (DCF) in the sense that any two components
of distinct fibers are at positive distance.

Example 12. Let X be a metric space and f : X → R a contin-
uous map.

(a) if f is monotone, then f is DCF if and only if f is DF.
(b) If f is light, then it is DCF.

In particular, the function f : (0, 1/π]→ R defined by

f(x) = sin 1/x,

as well as the function from Example 11, are DCF (being light),
but any two non-empty fibers of f are at distance 0.

Theorem 7. ([8, Theorem 4.3]) UA implies DCF for f ∈ C(X)
and arbitrary metric spaces X.

In fact, if Ca and Cb are two connected components of fibres of
f at distance 0, then for K = {a, b} and M = Ca∪Cb the function
f has no (K,M)-approximation.

Along with Example 10 this gives:

Corollary 1. Every continuous real-valued function R → R is
DCF.

Actually, we shall see below that even WUA implies DCF for
f ∈ C(Rm) (see Theorem 8), therefore,

DF → UA→WUA→ DCF for f ∈ C(Rm).

Hence all they coincide for polynomial functions (or functions
with finitely many connected components of fibres). Let us put all



92 D. Dikranjan and D. Repovš

these implications in the following diagram, where the equivalence
(1) for ULS spaces is given by Lemma 2 and the implication (2)
for ULS spaces is given by Theorem 6. The implication (3) for
Rn follows from these two implications and the trivial implication
UA → WUA. The implication (4) will be proved in Theorem 8
below which gives a much stronger result.

6

?

6

-

--KF

-

?

6

UA
(2)

(3) (4)
WUAAP

DF

UC

(1)

DCF

Diagram 1

We shall see below that (4) is not an equivalence. This moti-
vated the introduction of the following weaker version of UA in
[20]: a function f : X → R is said to be UAd (densely uniformly
approachable) if it admits uniform 〈K,M〉-approximations for ev-
ery dense set M and for every compact set K. Analogously, one
can define WUAd.

Theorem 8. WUAd coincides with DCF for f ∈ C(Rm).

The proof requires a new form of weak UC based on truncations:

Definition 6. g ∈ C(X) is a truncation of f ∈ C(X) if the
space X can be partitioned in two parts X = A ∪B so that g = f
on A and g is constant on each connected component of B (that
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is, g must be constant on each connected component of {x ∈ X :
f(x) 6= g(x)}).

This motivates the introduction of the class TUA of truncation-
UA functions, that is, functions f ∈ C(X) such that for every
compact set K ⊆ X there is a u.c. truncation g of f which coin-
cides with f on K.

The following is easy to prove:

Theorem 9. ([8]) TUA implies DCF on every locally connected
space.

Indeed, if Ca and Cb are two connected components of fibres of
f at distance 0, then for K = {a, b} the function f has no UC
K-truncations.

The proof of Theorem 8 splits in three steps (see in Diagram 2
below)
Step 1:

([8, Cor.7.4]) DCF → TUA for f ∈ C(Rm);
Step 2:

([20, Th.3.1]) TUA→ UAd for f ∈ C(Rm);
Step 3:

([8],[20, Cor.4.2]) WUAd → DCF for f ∈ C(Rm).

Step 1 together with Theorem 9 ensure the equivalence (4) for
f ∈ C(Rm) in Diagram 2. Step 2, the trivial implication UAd →
WUAd, Step 3 and the equivalence (4) imply (5). This proves all
four equivalences for f ∈ C(Rm) in the right square of Diagram 2.

The remaining three implications (1), (2) and (3) are trivial.
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6

-

-

-

-
?

6

�

�

6

?

UAd
(2)

(3)

(5)

WUAdWUA

UA

(1) (4)

DCF

TUA

Diagram 2

In view of the four equivalences in the right square of Diagram
2, the next example shows that the implications (2) and (3) cannot
be inverted.

Example 13. ([20, §5]) In C(R2), TUA does not imply WUA.

It remains unclear whether the remaining last implication (1)
of Diagram 2 can be inverted for f ∈ C(Rm) (see Problem 1).

4. UA spaces

The main objective of this section are the UA spaces – spaces
where every continuous function is UA. The first example of this
kind is R (Example 10). The motivation to introduce these spaces
are the well known Atsuji spaces.

Here we recall some results from [6] and we anticipate some
of the principal results from [9] which give further motivation for
studying UA functions.

The next definition will be used in the sequel.

Definition 7. Two subsets A,B of a topological space X are
said to be separated if the closure of each of them does not meet
the other (this is equivalent to saying that A and B are clopen in
A ∪ B). So X is connected if and only if it cannot be partitioned
in two separated sets.



Topics in uniform continuity 95

A subset S of X separates the nonempty sets A and B if the
complement of S can be partitioned in two separated sets, one of
which contains A, the other contains B (see [39, §16, VI]).

4.1. UA spaces. Several criteria for UA-ness are given, and among
them the following looks most spectacular:

Theorem 10. ([9]) Let X be a UA space and let A,B be disjoint
closed uniformly connected subsets of X. Then there is a collection
{Hn | n ∈ N} of nonempty closed subsets of X such that for every
n,

(1) Hn+1 ⊆ Hn;
(2) Hn separates A and B; and
(3) Hn is contained in a finite union of balls of diameter <

1/n.

Actually, this property can be proved for a larger class of spaces
discussed in §6, where a relevant property is obtained in the case
when X is complete (Theorem 21).

The following construction which produces UA spaces from trees
and compact sets placed at their vertices was given in [8].

Definition 8. A metric space X is a tree of compact sets

{Kn : n ∈ ω}

if X =
⋃
n∈ωKn where each Kn is compact and

|Kn+1 ∩
⋃
i≤n

Ki| = 1.

(a) Given a subset I ⊆ ω, we say that the subspace

XI =
⋃
n∈I

Kn

of X =
⋃
i∈ωKi is a subtree of X if for every n,m with

n < m, if n ∈ I and Kn ∩Km 6= ∅, then m ∈ I.
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(b) A tree of compact sets X =
⋃
i∈ωKi is said to be tame if

every Ki has an open neighbourhood which intersects only
finitely many Kj’s and every two disjoint subtrees of X are
at a distance > 0.

It is easy to see that the circle minus a point can be represented
as a tree of compact sets, but none of these trees is tame. The
next theorem shows the reason for that (the circle minus a point
is not a UA space).

Theorem 11. [9] If X =
⋃
i∈ωKi is a tame tree of compact sets

{Kn : n ∈ ω}, then X is UA.

Examples of tame trees are given in Figure 1 (see ladders B and
C).

4.2. Non-UA spaces: Hedgehogs and some necessary con-
ditions. Let α be a cardinal. In the sequel Hα denotes the hedge-
hog with α spikes (see [32, Example 4.1.5], note that Ha is sepa-
rable if and only if a = ω).

Recall the definition of the cardinal b as the minimal cardinality
of an unbounded family of functions f : ω → ω with respect to the
partial preorder f ≤∗ g if f(n) ≤ g(n) for all but finite number
n ∈ ω (see [31]). In ZFC ω1 ≤ b ≤ 2ω, and b = 2ω consistently
(for example under MA or CH, see [31] for more detail).

Surprisingly, one has the following independency result: ZFC
cannot decide whether the smallest non-separable hedgehog Hω1

is UA. More precisely, the following holds:

Theorem 12. [9] Let α be a cardinal. If α < b then Hα is UA,
whereas if α ≥ b then Hα is not even WUA.

In particular, under CH the space Hω1 is not UA, while in mod-
els of ZFC where ¬CH&MA holds, one has ω1 < b, so Hω1 is UA.

We show below that every space Hα is TUA (Corollary 2).
Hence TUA 6→WUA for nonseparable spaces.

We also consider the following space which is more general than
the hedgehog Hα of α spikes:
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Definition 9. Let α be an infinite cardinal. A metric space (X, d)
is called a hedgehog of compact sets {Kλ : λ ∈ α} if X =

⋃
λ∈αKλ

where each Kλ is compact with more than one point and there
exists p ∈ X such that

(1) Kλ ∩Kλ′ = {p} for λ 6= λ′; and
(2) for all x, y ∈ X we have that

d(x, y) < max{d(x, p), d(y, p)} → ∃λ < α[x, y ∈ Kλ].

Sometimes we prefer to say more precisely: a hedgehog of α
compact sets.

Definition 10. Let X be a uniform space, let f ∈ C(X) and let
K be a compact subset of the space X. The minimal K-truncation
fK of f is defined as the (infK f, supKf)-truncation of f .

Theorem 13. [9] Let X be a hedgehog of compact sets and K be
a compact subset of X containing p. Then for every continuous
function f ∈ C(X) the (infK f, supKf)-truncation of f is u.c.

This gives the following:

Corollary 2. Every hedgehog of compact sets is TUA.

Another source of UA spaces is given by the following:

Theorem 14. [9] Every uniformly zero-dimensional space is UA.

In [10] the Cantor set is characterized as the only compact
metrizable space M such that each subspace of M is UA.

Theorem 15. [9] The only manifolds which are WUA are the
compact ones and the real line.

Now we see that a metric space having a continuous function
which is not uniformly continuous, necessarily also has a bounded
uniformly approachable function that is not uniformly continuous.
Hence, in some sense, UA is “closer to continuity than to uniform
continuity”.
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Theorem 16. [9] A metric space X is UC if and only if every
bounded uniformly approachable function is uniformly continuous,
so that a space X with Cu(X) = Cua(X) is necessarily a UC space.

In order the get a necessary condition for being a WUA space,
the following notion was proposed in [6]:

Definition 11. Let X be a uniform space. A family of pseudo-
hyperbolas in X is given by a countable family {Hn} of disjoint
subsets of X such that for every n ∈ N:

(1) Hn is closed and uniformly connected;
(2) Hn ∪Hn+1 is uniformly connected;

(3) Hn ∩
⋃
m>nHn = ∅; and

(4) the set H =
⋃
nHn is not closed in X.

This notion was inspired by the following example due to Burke.

Example 14. A family of pseudo-hyperbolas in R2 is given by
the sets Hn = {(x, y) : (xy)−1 = n}.
Theorem 17. ([6]) If a normal uniform space X has a family of

pseudo-hyperbolas, then X is not WUA.

Theorem 18. ([6]) Let X be a separable uniform space and sup-
pose that there exists f ∈ C(X) with countable fibers without non-
constant uniformly continuous truncations. Then X is not WUA.

Example 15. Now we give three non-WUA examples of subsets
X1, X2 and X3 of R2 that contain no pseudo-hyperbolas. To prove
that they are not WUA one can apply Theorem 18. So it is nec-
essary to find, in each case, a continuous function with countable
fibers and without non-constant uniformly continuous truncations.

(a) The space X1 is the unit circle minus a non-empty finite
set. So X1 can be identified with a cofinite subset of the
set of complex numbers eiθ with 0 < θ < 2π. Define

f : X1 → R, f(eiθ) = θ.

Then f is non-WUA. It is easy to see that X1 contains
no pseudo-hyperbolas.
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(b) The space X2 consists of the union of the two hyperbolas

H1 = {(x, y ∈ R2 : x ≥ 0, y ≥ 0, xy = 1},

H2 = {(x, y ∈ R2 : x ≥ 0, y ≥ 0, xy = 2}.

Obviously, X2 contains no pseudo-hyperbolas. Define

f : X2 → R

as follows. If (x, y) ∈ H1, then set f(x, y) = ex.
If (x, y) ∈ H2, then set f(x, y) = −e−x. It is easy to see

that this works.
(c) Let X3 be the space from Diagram 3. It contains no pseudo-

hyperbolas. Define f : X3 → R by identifying X3 with the
subspace of R2 consisting of the union of the two verti-
cal axes x = −1 and x = 1, together with the horizontal
segments

In = {(x, n) ∈ R2 : −1 ≤ x ≤ 1}, n ∈ N.

Let f(−1, y) = −y, f(1, y) = y. This defines f on the
two axes of the ladder. On each horizontal segment In, f
is linear. This uniquely defines f since we have already
defined f on the extrema of the horizontal segments In. f
is pseudo-monotone, so each truncation of f is an (a, b)-
truncation. Any such non-constant truncation is not uni-
formly continuous. Since f has countable fibers, Theorem
18 applies and thus X3 is not WUA.



100 D. Dikranjan and D. Repovš

Diagram 3: A subset of R2

5. Thin spaces

The class of topological spaces X having connected quasi com-
ponents is closed under homotopy type and it contains all compact
Hausdorff spaces (see [32, Theorem 6.1.23]) and every subset of the
real line. Some sufficient conditions are given in [33] (in terms of
existence of Vietoris continuous selections) and [22] (in terms of
the quotient space ∆X in which each quasi-component is identified
to a point), but an easily-stated description of this class does not
seem to be available (see [22]). The situation is complicated even
in the case when all connected components of X are trivial, i.e.,
when X is hereditarily disconnected. In these terms the question
is to distinguish between hereditarily disconnected and totally dis-
connected spaces (examples to this effect go back to Knaster and
Kuratowski [38]).

The connectedness of the quasi component (i.e., the coincidence
of the quasi component and the connected component) in topo-
logical groups is also a rather hard question. Although a locally
compact space does not need to have connected quasi components
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[32, Example 6.1.24], all locally compact groups have this prop-
erty. This is an easy consequence of the well known fact that the
connected component of a locally compact group coincides with
the intersection of all open subgroups of the group [35, Theorem
7.8]. All countably compact groups were shown to have this prop-
erty, too ([26], see also [25, 27]). Many examples of pseudocompact
group where this property strongly fails in different aspects, as well
as further information on quasi components in topological groups,
can be found in ([24, 25, 27], see also [45] for a planar group with
non-connected quasi components).

Let us recall the definition of the quasi component Qx(X) of
a point x in a topological space X. This is the set of all points
y ∈ X such that f(y) = f(x) for every continuous function

f : X → {0, 1},

where the doubleton {0, 1} is discrete. Analogously, given a uni-
form space X and a point x ∈ X the uniform quasi component of
x consists of all points y ∈ X such that f(y) = f(x) for every uni-
formly continuous function f : X → {0, 1}, where the doubleton
D = {0, 1} has the uniformly discrete structure (i.e., the diagonal
of D×D is an entourage). We denote by Qux(X) the uniform quasi
component of x.

In these terms we have the following inclusions

Cx(X) ⊆ Qx(X) ⊆ Qux(X), (∗)

where Cx(X) denotes the connected component of x. Now we can
introduce the relevant notion for this section:

Definition 12. A uniform space X is said to be thin if for
every closed subset Y of X and every y ∈ Y , the uniform quasi
component of y in Y is connected.

It is easy to see that all inclusions in (*) become equalities in
the case of compact spaces. Hence compact spaces are thin. This
also follows from the more general property given in Theorem 20.
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Definition 13. For three subsets A,B and S of a topological
space X we say that S cuts between A and B if S intersects every
connected set which meets both A and B. (If S is empty this means
that there is no connected set which meets both A and B.)

If a set separates A and B (see Definition 12), then it also cuts
between A and B, but the converse is false in general.

Definition 14. We say that a uniform space X has the compact
separation property (briefly CSP), if for any two disjoint closed
connected subspaces A and B there is a compact set K disjoint
from A and B such that every neighbourhood of K disjoint from A
and B separates A and B (consequently K intersects every closed
connected set which meets both A and B, see Definition 7).

It is easy to see that every compact space has CSP since disjoint
compact sets are always separated.

It was proved in [9, Lemma 3.2] that if a metric spaceX contains
two disjoint closed sets H and K and a point a ∈ H such that the
uniform quasi component of a in H ∪K intersects K, then X is
neither thin nor UA. This yields the following corollary:

Corollary 3. Two disjoint closed uniformly connected subsets
A,B of a thin metric space X are at positive distance.

The following notion is relevant to the description of thin spaces.

Definition 15. Given two distinct points a, b of a metric space
X such that the uniformly connected component of a contains b,
there exists for each n a finite set Ln ⊂ X whose points form a
1/n-chain from a to b. We say that the sets Ln, together with a
and b, form a (discrete) garland, if there is an open subset V
of X which separates a and b and such that V ∩

⋃
n Ln is closed

(and discrete).

One can give a characterization of the thin of metric spaces in
terms of existence of garlands in the space.

Proposition 1. [9] For a metric space X the following conditions
are equivalent:
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(a) X is thin;
(b) X contains no garlands;
(c) X contains no discrete garlands.

The main result of the paper [9] is the following:

Theorem 19. Every complete thin metric space has CSP.

A large source of thin spaces is provided by US spaces.

Theorem 20. ([9]) Every UA metric space space is thin.

Theorem 19 follows from the following more precise result:

Theorem 21. Let X be a complete thin metric space and let A,B
be disjoint closed connected subsets of X. Then:

(1) there is a compact set K such that each neighbourhood of
K disjoint from A ∪B separates A and B;

(2) hence K intersects every closed connected set which meets
A and B;

(3) if X is also locally compact, there is a compact set K ′ which
separates A and B.

5.1. CSP vs thin and complete. The next examples show that
the implications in Theorems 19 and 20 cannot be inverted.

Example 16. There exist many examples of separable metric
space with CSP which are not thin:

(i) the circle minus a point (it has two closed connected subsets
at distance zero, so it cannot be thin by Corollary 3);

(ii) the rationals Q (uniformly connected non-connected, hence
not thin).

None of the above examples is complete. Here is an example of
a complete separable metric space with CSP which is not thin.

Example 17. Let H1 and H2 be the branches of hyperbolas
{(x, y) ∈ R2 : xy = 1} and {(x, y) ∈ R2 : xy = 2}, respectively,
contained in the first quadrant. Then the space X = H1 ∪H2 with
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the metric induced from R2 is a complete separable space. Since
H1 and H2 are connected and at distance zero, it follows from
Corollary 3 that X is not thin. On the other hand, the empty set
separates the closed connected sets H1 and H2. So if A and B are
closed connected disjoint sets in X, it remains to consider only the
case when both A and B are contained in the same component Hi

(i = 1, 2). Now A and B can be separated by a point.

Theorem 19 can be given the following more general form. A
metrizable spaceX with compatible metrics d1, d2 such that (X, d1)
is complete (i.e. X is Čech-complete) and (X, d2) is thin admits
also a compatible metric d such that (X, d) is complete and thin
(namely, d = max{d1, d2}). Hence every Čech-complete metriz-
able space that admits a compatible thin metric has CSP. This
explains why the spaces in (i) above and Example 17 have CSP.

Although completeness was essentially used in the proof of The-
orem 19, it is not clear whether it is in fact necessary, in other
words:

Question 1. Are there examples of thin spaces that do not have
CSP? What about UA spaces?

As the following example shows, neither thinness nor UA-ness
is preserved by passing to completions, thus an immediate appli-
cation of Theorem 19 (via passage to completions) cannot help
attempts to answer Question 1.

Example 18. There is a UA metric space whose completion
is not thin (hence not UA). Let X =

⋃
n∈N{1/n} × I, where

I is the unit interval [0, 1] ⊂ R, let a = (0, 0), b = (0, 1) and
Y = X ∪ {a, b}. We put on Y the following metric. The distance
between two points (x1, y1) and (x2, y2) is |y1 − y2| if x1 = x2.
Otherwise the distance is the minimum between

y1 + y2 + |x1 − x2|
and

(1− y1) + (1− y2) + |x1 − x2|.
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With this metric Y is the completion of X and the two points a, b
are the limits for n → ∞ of (1/n, 0) and (1/n, 1), respectively.
The space Y is not thin since there is a garland consisting of a,
b and 〈Ln | n ∈ N〉 where Ln is a 1/n-chain between a and b in
{1/n} × I. The space X is UA since X is a union of a chain of
compact sets, each attached to the next by at most one point (see
[6, Theorem 11.4] and the introduction).

5.2. Thin does not imply UA for complete metric spaces.
We give an example of a complete connected thin metric space that
is not UA.

Example 19. For any cardinal α the hedgehog J(α) is thin. In-
deed, if J(α) were not thin, then by Proposition 1, it would contain
a discrete garland a, b, 〈Ln | n ∈ N〉. Let V be an open set separat-
ing a, b such that V ∩

⋃
n Ln is closed and discrete. The minimal

connected set C containing a, b must non-trivially intersect V , so
it contains an open interval I on one of the spikes. Now, when-
ever 1/n is less than the diameter of I, Ln must intersect I, so
V ∩

⋃
n Ln has an accumulation point, which is a contradiction.

This gives the following immediate corollary of Theorem 12

Corollary 4. For every α ≥ b the hedgehog J(α) is thin (so has
the property CSP), but not UA.

The space J(α) is not separable for α > ω. On the other hand,
b > ω ([31]), hence the above examples are not separable. Accord-
ing to Theorem 12 the hedgehogs J(α) are UA for all α < b, so
one cannot get in this way an example of a separable space with
the above properties (see Question 4).

6. Gluing uniformly continuous functions

It is well-known fact that a map f : X → Y between topological
spaces is continuous whenever its restriction to each member of
a locally finite closed cover of X is continuous. This section is
dedicated to the analogue of this property for uniform continuity.
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6.1. Straight spaces. In order to characterize the spaces where
uniformly continuous functions can be glued as the continuous
ones, the following definition was introduced in [10]:

Definition 16. A space X is called straight if whenever X is
the union of two closed sets, then f ∈ C(X) is u.c. if and only if
its restriction to each of the closed sets is u.c.

Apparently, it would be more natural to ask about the possibil-
ity to glue together finite number of u.c. functions instead of just
two. The following geometric criterion obtained in [10] justifies
this choice.

Two subsets A and B of a uniform space X are called U -distant
(or simply, distant) if there exists an entourage U such that

A[U ] ∩B = ∅

(or equivalently, there exists an entourage U such that A∩B[U ] =
∅).

Definition 17. Let (X,U) be a uniform space. A pair C+, C− of
closed sets of X is said to be u-placed if C+

U and C−U are distant
for every entourage U , where

C+
U = {x ∈ C+|x 6∈ (C+ ∩ C−)[U ]},

C−U = {x ∈ C−|x 6∈ (C+ ∩ C−)[U ]}.

Remark 2. (a) In the case of a metric space (X, d) we al-
ways consider the metric uniformity of X, so that in such
a case a pair C+, C− of closed sets of X is u-placed if
d(C+

ε , C
−
ε ) > 0 holds for every ε > 0, where

C+
ε = {x ∈ C+ : d(x,C+ ∩ C−) ≥ ε},

C−ε = {x ∈ C− : d(x,C+ ∩ C−) ≥ ε}.
(b) Note that C+

ε = C+ and C−ε = C− when C+ ∩ C− = ∅
in Definition 17. Hence a partition X = C+ ∪ C− of X
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into clopen sets is u-placed if and only if C+, C− are uni-
formly clopen (a subset U of a uniform space X is uni-
formly clopen if the characteristic function X → {0, 1} of
U is uniformly continuous where {0, 1} is discrete).

Theorem 22. For a uniform space (X,U) and a pair C+, C− of
closed sets the following statements are equivalent:

(1) the pair C+, C− is u-placed;
(2) a continuous function f : C+ ∪ C− → R is u.c. whenever

f |C+ and f |C− are u.c.
(3) same as (2) with R replaced by a general uniform space

(M,V)

The next theorem extends the defining property of straight
spaces to arbitrary finite products.

Theorem 23. [10] If a metric space X is straight and X can be
written as a union of finitely many closed sets

C1, . . . , Cn

it follows that f ∈ C(X) is u.c. if and only if each restriction f |Ck
(k = 1, 2, . . . , n) of f is u.c.

Definition 18. Let X be a metric space. We say that X is
WULC, if for every pair of sequences xn, yn in X with

d(xn, yn)→ 0

and such that the set {xn} is closed and discrete there exist a
n0 ∈ N and connected sets I(xn, yn) containing xn and yn for
every n ≥ n0 in such a way that the diamI(xn, yn)→ 0.

Proposition 2. Every WULC space is straight.

Proof. AssumeX is the union of finitely many closed sets F1, . . . , Fm
and the restriction of a function f ∈ C(X) to each of the closed

so that also the set {yn} is closed and discrete.
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sets Fk is u.c. We have to check that f is u.c. Pick ε > 0 and
assume that

|f(xn)− f(yn)| ≥ 2.ε (∗)
for some xn, yn such that d(xn, yn) → 0. It is clear, that the
sequence xn cannot have an accumulation point x in X, since then
some subsequence xnk → x and also ynk → x. Now the continuity
of f would imply |f(xnk) − f(x)| → 0 and |f(ynk) − f(x)| → 0.
Consequently, |f(xnk) − f(ynk)| → 0 contrary to (*). Therefore,
the double sequence xn, yn satisfies the condition (a) of Definition
18. Therefore, for large enough n we have a connected set In
containing xn, yn such that diamIn < δ. We can choose δ > 0
such that also |f(x) − f(y)| < ε/m whenever x, y belong to the
same closed set Fk and d(x, y) < δ. Note that f(In) is an interval
with length ≥ 2 · ε covered by m subsets f(In ∩ Fk), k = 1, . . . ,m
each with diameter ≤ ε/m. This leads to a contradiction since an
interval of length ≥ 2 · ε cannot be covered by m sets of diameter
≤ ε/m. �

As a corollary we obtain that ULC spaces are straight.

Theorem 24. Let (X, d) be locally connected. Then (X, d) is
straight if and only if it is uniformly locally connected.

Theorem 25. Let (X, d) be a totally disconnected metric space.
Then X is straight if and only if X is UC.

6.2. Stability properties of straight spaces. The next the-
orem shows that straightness spectacularly fails to be preserved
under taking closed spaces.

Theorem 26. For every metric space X with IndX = 0 the
following are equivalent:

(1) X is UC;
(2) every closed subspace of X is straight;
(3) whenever X can be written as a union of a locally finite

family {Ci}i∈I of closed sets we have that f ∈ C(X) is u.c.
if and only if each restriction f |Ci of f , i ∈ I, is u.c.
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The following notion is relevant for the description of the dense
straight subspaces.

Definition 19. ([12]) An extension X ⊆ Y of topological spaces
is called tight if for every closed binary cover

X = F+ ∪ F−

one has
F+Y ∩ F−Y = F+ ∩ F−Y . (6.1)

With this notion one can characterize straightness of extensions.

Theorem 27. ([12]) Let X, Y be metric spaces, X ⊆ Y and let
X be dense in Y . Then X is straight if and only if Y is straight
and the extension X ⊆ Y is tight.

6.3. Products of straight spaces. Here we discuss preservation
of straightness under products.

Nishijima and Yamada [40] proved the following

Theorem 28. ([40]) Let X be a straight space. Then X ×K is
straight for each compact space K if and only if X × (ω + 1) is
straight.

The next lemma easily follows from the definitions.

Lemma 3. ([13]) A product X ×Y is ULC if and only if both X
and Y are ULC.

The next proposition, proved in [13], plays a crucial role in the
proof of Theorem 29:

Proposition 3. If X × Y is straight, then X is ULC or Y is
precompact.

Theorem 29. ([13]) The product X × Y of two metric spaces is
straight if and only if both X and Y are straight and one of the
following conditions holds:

(a) both X and Y are precompact;
(b) both X and Y are ULC;
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(c) one of the spaces is both precompact and ULC.

It turns out that the straightness of an infinite product of ULC
spaces is related to connectedness:

Theorem 30. ([13]) Let Xn be a ULC space for each n ∈ N and
X = ΠnXn.

(a) X is ULC if and only if all but finitely many Xn are con-
nected.

(b) The following are equivalent:
(b1) X is straight.
(b2) either X is ULC or each Xn is precompact.

This theorem completely settles the case of infinite powers of
ULC space:

Corollary 5. Let X be ULC. Then

(a) Xω is ULC if and only if X is connected;
(b) Xω straight if and only if X is either connected or precom-

pact.

The above results leave open the question about when infinite
products of precompact straight spaces are still straight (see Ques-
tions 7 and 6).

7. Questions

Our first open problem is about the implication (1) in Dia-
gram 2:

Problem 1. ([20, Problem 1.4]) Does WUA imply UA in C(Rn)?
What about C(R2)?

7.1. Questions on UA functions and UA spaces. A general
question is to characterize the UA and WUA spaces and functions.
We list below more specific questions ([6]).

(1) Characterize the UA functions f : R2 → R.
(2) Characterize the UA subsets of R.
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(3) Characterize the topological spaces which admit a UA uni-
formity, and those which are UA under every uniformity
compatible with their topology. Does the latter class of
spaces also include the UC spaces?

(4) Do WUA and UA coincide for connected spaces?
(5) Suppose that a uniform space X has a dense UA subspace.

Does it follow that X is UA? (This fails for WUA accord-
ing to Example 7.7 from [6].)

(6) Let X be the pushout of two WUA spaces over a single
point. Is X WUA? (This holds for UA by Theorem 11.1
from [6].)

(7) Suppose that every pseudo-monotone function f ∈ C(X)
is UA. Is then X a UA space?

(8) Define 2-UA similarly as UA but with the set K of cardi-
nality at most 2. Is then 2-UA equivalent to UA?

7.2. Questions on thin spaces. The next question is related to
Theorem 19:

Question 2. Is it true that a complete thin uniform space has
CSP? What about a complete UA uniform space?

Our next question is about how much one needs the fact that
uniform quasi components are connected.

Question 3. Is it true that every complete metric space X such
that every closed subspace of X has connected quasi components
necessarily has CSP ?

Question 4. Is it true that every (complete) metric thin separable
space is UA?

7.3. Questions on straight spaces. Theorem 27 gives a crite-
rion for straightness of a dense subspace Y of a straight space X
in terms of properties of the embedding Y ↪→ X (namely, when
X is a tight extension of Y ). The analogue of this question for
closed subspaces is somewhat unsatisfactory. We saw that uniform
retracts, clopen subspaces, as well as direct summands, of straight
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spaces are always straight, [9]. On the other hand, closed sub-
spaces even of ULC spaces may fail to be straight (see [BDP2]).
Another instance when a closed subspace of a straight space fails
to be straight is given by the following fact proved in [10]: the
spaces X in which every closed subspace is straight are precisely
the UC spaces [10]. Hence every straight space that is not UC
has closed non-straight subspaces. This motivates the following
general

Problem 2. Find a sufficient condition ensuring that a closed
subspace Y of a straight space X is straight.

Question 5. Generalize the results on straight spaces from the
category of metric spaces to the category of uniform spaces.

The results from §6.3 describe when infinite products of ULC
spaces are again ULC or straight. The case of precompact spaces
is still open, so we start with the following still unsolved

Question 6. Let X be a precompact straight space. Is the infinite
power Xω necessarily straight?

More generally:

Question 7. Let Xn be a precompact straight space for every
n ∈ N. Is the infinite product

∏
nXn necessarily straight?

It is easy to see that a positive answer to this question is equiva-
lent to a positive answer to item (b) of the following general ques-
tion: (i.e., the version of Theorem 30 for products of precompact
spaces):

Question 8. Let the metric space Yi be a tight extension of Xi

for each i ∈ N.

(a) Is ΠiYi a tight extension of ΠiXi.
(b) What about precompact metric spaces Yi?



Topics in uniform continuity 113

Acknowledgements

This research was supported by the grant MTM2009-14409-
C02-01 and Slovenian Research Agency Grants P1-0292-0101, J1-
2057-0101 and J1-9643-0101.

References

[1] Atsuji M. Uniform continuity of continuous functions on metric spaces
// Pacif. J. Math. — 1958. — Vol. 8. — P. 11–16.

[2] Atsuji M. Uniform continuity of continuous functions on metric spaces
// Can. J. Math. — 1961. — Vol. 13. — 657–663.

[3] Beer G. UC spaces revisited // Amer. Math. Monthly. — 1988. —
Vol. 95. — P. 737–739.

[4] Beer G., Di Concilio A. A generalization of compact metric spaces
// Comment. Math. Univ. Carolinae. — 1991. — Vol. 32, � 2. —
P. 361–367.

[5] Bella A., Simon S. Function spaces with a dense set of nowhere con-
stant functions // Boll. Unione. Mat. Ital. — 1990. — Vol. 7, � 4A.
— P. 121–124.

[6] Berarducci A., Dikranjan D. Uniformly approachable functions and
UA spaces // Rend. Ist. Matematica Univ. di Trieste. — 1993. —
Vol. 25. — P. 23–56.

[7] Berarducci A., Dikranjan D. Uniformly approachable functions, in:
G.Choquet, G.Godefroy, M. Rogalski, J. Saint Raymond, Eds. Pub-
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Â äàíié ðîáîòi âèâ÷à¹òñÿ ãiïîòåçà Ì. Ë. Ãðîìîâà ïðî òå ÷è êîæíà
ãiïåðáîëi÷íà ãðóïà ç îäíèì êiíöåì ìiñòèòü ïiäãðóïó içîìîðôíó
ôóíäàìåíòàëüíié ãðóïi äåÿêî¨ ïîâåðõíi. Âèïàäîê ïîäâiéíèõ ãðóï
çâîäèâñÿ äî âèâ÷åííÿ ãðóï ñ îäíèì ñïiââiäíîøåííÿì. Çíàéäåíî,
ùî áiëüøiñòü (96%) âèïàäêîâèõ ãðóï ç òðüîìà òâiðíèìè ìàþòü
ïîòðiáíó âëàñòèâiñòü. Îá÷èñëþâàëüíèé åêñïåðèìåíò ïðîâîäèâñÿ
çà äîïîìîãîþ ïðîãðàìè MAGMA.

Â ýòîé ðàáîòå ìû èçó÷àåì ãèïîòåçó Ì.Ë.Ãðîìîâà: êàæäàÿ ëè
ãèïåðáîëè÷åñêàÿ ãðóïïà ñ îäíèì îêîí÷àíèåì ñîäåðæèò ïîâåðõ-
íîñòíóþ ïîäãðóïïó. Ñëó÷àé äâîéíûõ ãðóïï ñâîäèëñÿ ê èçó÷åíèþ
ãðóïï ñ îäíèì ñîîòíîøåíèåì. Ïîêàçàíî, ÷òî áîëüøèíñòâî (96%)
ñëó÷àéíûõ äâîéíûõ ãðóïï ñ òðåìÿ ãåíåðàòîðàìè îáëàäàþò èñ-
êîìûì ñâîéñòâîì. Âû÷èñëèòåëüíûé ýêñïåðèìåíò ïðîâîäèëñÿ íà
ïàêåòå MAGMA.

In this paper we investigate Gromov’s question: whether every one-
ended word hyperbolic group contains a surface subgroup. The case
of double groups is considered by studying the associated one relator
groups. We show that the majority (96%) of the randomly selected
double groups with three generators have the property. The experi-
ments are performed on MAGMA software.

Keywords: one relator groups, surface group, Gromov, word hyperbolic group,

MAGMA
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1. Introduction

In this paper we are going to investigate the following question:

Question 1 (Gromov). [1] Does every one-ended word hyperbolic
group contains a surface group?

Here a “surface subgroup” means a subgroup isomorphic to
the fundamental group of a closed surface with non-positive Eu-
ler characteristic. This question of Gromov is of interest partly
because it is a natural generalisation of famous Surface Subgroup
Conjecture. In the case of the fundamental groups of hyperbolic
3-manifolds it is exactly the Conjecture. The question of finding
subgroups is studied from different angles and it has proved to be
a highly nontrivial problem [4].

To define what is meant by the number of ends of a finitely
generated group take S ⊆ G a finite generating set of G and let
Γ(G,S) be the Cayley graph of G with respect to S. Then the
number of ends is e(Γ(G,S)) (e stands for edges) which does not
depend on the choice of a finite generating set S of G hence it is
well-defined. Stallings’ theorem about ends of groups states that
a finitely generated group G has more than one end if and only if
the group G admits a nontrivial decomposition as an amalgamated
free product or an HNN extension over a finite subgroup [10]. A
word hyperbolic group roughly speaking, is a finitely generated
group equipped with a word metric satisfying certain properties
characteristic of hyperbolic geometry.

The famous Gromov’s question has been much speculated about
but it is still very much open even for very concrete groups. It is
not even quite clear which answer to expect. One of the few classes
of groups the answer is know to is in the case of Coxeter groups
and some Artin groups, where it is true [5]. It is not even know
for one-relator groups Gn(w) = Fn

〈〈w〉〉 where w is an element of a

free group of rank n, Fn that is not a proper power.
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In this paper we focus on doubles Dn(w) = Fn ∗〈w〉Fn where Fn
is a free group of rank n and w ∈ Fn. The useful recent reduction
of the question in the case of the doubles is:

Theorem 2 (Gordon, Wilton). [6] Let w ∈ Fn. If Gn(w) has an
index-k subgroup G′ with β1(G′) > 1 + k(n − 2) then the double
Dn(w) = Fn ∗〈w〉 Fn contains a surface subgroup.

The above result allowed Gordon and Wilton to exhibit several
infinite families of new examples of doubles with surface subgroups
[6]. This result reduces the Gromov’s question for doubles to vir-
tual homology. The only difficulty is that general approach to
computing the virtual homology is not fully developed. But for
each particular group β1 of a subgroup can be attempted to be
calculated using a computer. This is the approach taken to gather
evidence for Gromov’s question.

We will be using this to investigate mainly doubles with n = 3.
It will be also shown how this method works for n = 4. The
Question 1 was already studied with success by Button in the case
of n = 2 [3] using similar methods.

2. Algorithm

We will be looking at groups of the form

G3(w) = 〈a, b, c | w(a, b, c)〉
where w(a, b, c) is a cyclically reduced word in three letters of
length up to 18. The reason 18 is chosen is that the longer the
word is the more computational time is needed. Cyclically re-
duced means that cyclic permutations are reduced. Reduced sim-
ply means that all obvious cancellations like a−1 followed by a are
made.

In general there is no algorithm to decided weather a group is
hyperbolic of not. But in the one relator setting there is a number
of theorems we will need to use later on.

The trivial corollary to the above Theorem 2 that we will be
using in the remainder of the paper is:
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Corollary 1. Let w ∈ F3. If G3(w) has an index-k subgroup G′

with β1(G′) > n+ 1 then the double D3(w) = F3 ∗〈w〉 F3 contains
a surface subgroup.

A randomly chosen finitely presented group is almost surely
word-hyperbolic with an appropriate definition of “almost surely”.
That is why initially we did not included any checks weather the
group is hyperbolic or not. Double groups are one-ended if w is
not in a proper free factor of Fn [6].

The algorithm is as follows:

(1) Generate a random word w(a, b, c). It is done by choosing
randomly 18 characters from a, a−1, b, b−1, c, c−1 and then
cyclically reduce the word. Since we do not know how
much cancellation will take place we only know that the
resulting word will be of length smaller then 18 typically
around 14.

(2) Calculate the index i = 1 subgroups for

G3(w) = 〈a, b, c | w(a, b, c)〉.

(3) Checking for the condition in Corollary 1 for each sub-
group. So for each subgroup we calculate the first Betti
number. In other words the abelianization of the subgroup
is calculated and the first Betti number is the rank of it.

(4) If the condition is satisfied to step 6.
(5) If the condition is not satisfied go back to step 2 and in-

crease i by 1. Do this until i < 10 then move to the next
step. The reason why the index is chosen to be 10 is that it
is the highest average computer will calculate in reasonable
time for a generic group.

(6) Record the result weather the condition is satisfied for all
i and go to step 1. The output is w(a, b, c) and either the
program found that the condition is satisfied and if so at
which index or that it failed.

(7) Then calculate the number of successes and fails over the
number of groups tried.
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This algorithm was implemented in MAGMA software for sym-
bolic calculations. The main limitation of this method is the speed
of the computer.

3. Analysis of results

It became clear after running the program that F2 appears quite
often which produces double that are not hyperbolic (and not one-
ended). To filter it out we used three methods.

The first one is linked to the Nielsen’s moves. Let G be a group
and let M = (g1, ..., gn) ∈ Gn be an n-tuple of elements of G. The
following moves are called elementary Nielsen moves on M , for
generators gi, 1 < i < n :

(1) For some i, replace gi by g−1 in M .
(2) For some i 6= j, 1 < i, j < n replace gi by gigj in M .
(3) For some i 6= j, 1 < i, j < n interchange gi and gj in M .

We say that two n-tuples are Nielsen equivalent if there is a chain
of elementary Nielsen moves which transforms one into another.
In fact if they are Nielsen equivalent if and only if they generate
the same group. So if w has only one of a, a−1, b, b−1, c, c−1 then
G3(w) is Nielsen equivalent to F2. Hence this is the first thing to
check for, since it is the least computationally expensive.

Secondly there is a function in MAGMA which looks for isomor-
phisms between groups. So the next job is to find isomorphisms of
G3(w) and F2 which we do with parameter 9. The parameter in
the function isomorphism indicated how hard it looks in the sense
the higher the parameter the longer it will try to look for before
giving up.

Finally we can gather evidence that the group is F2 or at least
disprove that it is not by looking at the number of subgroups of a
all index (up to conjugacy the way it is counted in MAGMA). If
the group has the same number of subgroups for all indexes up to
9 it is likely to be either F2 or it is indistinguishable (by looking
at subgroups) from it.
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The second class of groups which will not satisfy the condition
in Corollary 1 is: when it can be written as G = F1 ∗ H where
H = BS(n,m) Baumslag-Solitar groups or very close to them like
〈a, bp | b−panbp = am±1〉. The later are due to Higman [7] called
Baumslag-Brunner-Gersten in [3]. Baumslag-Solitar groups are of
the form:

BS(n,m) ∼= 〈a, b | b−1anb = am〉.
We have β1(G′) = i+ 1 for all subgroups G′ of G with index i see
section 5.5 in [9] for the proof.

Proposition 1. The linked one relator groups which do not give a
surface subgroups for the doubles in light of Corollary 1 are either

(1) the free group on two generators F2, or
(2) the groups of the form G = F1 ∗H, where

H = BS(n,m)

are Baumslag-Solitar or Baumslag-Brunner-Gersten
groups.

Note that for all subgroups F ′ of a free group on two generators
F2 we have that β1(F ′) = i+ 1.

It appears that those can be very not trivial to spot even using
a computer. What is easier is to prove that the group is not of a
certain form. In the next section we display four examples where
our computer did not find any surface subgroups but which are
not of the above kind.

The above algorithm was run for 1000 random groups showing
that it either contains a surface subgroup or are of the above form
for 96% of all group.

4. Open Questions

The relator of four G3(w) groups which are not of the above
form are:

• ba−1c−1b−1ab−2a−1b−1a−1c
• b−1ab−3c−2b−2ca−1
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• ac−1ac−1ac2b2ca
• a−1bc2a−1ca−1ba3b−1

One way to see that those relators do not give rise to F2 is to
compare the number of subgroups of index say 9 which is different
for each one. This actually indicates that no two of the above
groups are isomorphic to each other. To see that it is not G =
F1 ∗H where H = BS(n,m) we prove that all four of the above
groups are word hyperbolic. To do that we use the paper [8],
which has a nice criteria in the case of one relator groups. The
approach works if we can find a presentation which has one letter
appearing no more then three times, which we have in all of the
above. Then it is simply the matter of an easy check. Note that
hyperbolic groups cannot contain a Baumslag-Solitar groups as a
subgroup, this implies that the above groups are not of the form
as in the Proposition 1.

The above groups are intriguing: could it be the case that they
are decomposable but not with Baumslag-Solitar groups? If this
is the case then G = F1 ∗H, where H will be two generator one
relator group and the relator could be either of height 1 or not.
One relator groups are well studied and all of the counter-examples
seem to come from height 1 relators. Without loss of generality
height one word is:

w = bai1bai2 ...bail−1bail

If it is not height 1 we cannot say anything about that at the
moment. But if H is then there is a theorem of J. Button in [2]
which says that those groups are either large or are indistinguish-
able from Baumslag-Solitar groups from looking at subgroups. If
H is large then certainly the β1 > 1 + i for some i. And also the
above groups do not have the same number of subgroups as any
Baumslag-Solitar groups.

The way to see that is to note that we can work out the n−m
from the abelianization and bound n + m < 16 by the fact that
Nielsen’s moves preserve the highest powers. Then there is only a
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few possible Baumslag-Solitar groups to check, and none of them
work for any of the above groups. In fact the number of subgroups
is strictly in between that of F2 and Baumslag-Solitar groups.
Hence if it is decomposable then H is not of height 1.

It maybe it might be the case that a higher index is needed
to detect the required property. Or do there exist doubles which
have a surface subgroup but this is not detectable by Theorem 2
for arbitrary index? The property that the above groups seem
to share is very little torsion in the abelianization of subgroups.
Also up to index 9 there is no abelianization of a subgroup which
has the repeating torsion, which could have been used to try the
method described in Section 7.

5. Decomposable into the two generators one relator
group and a free group

In this section we will be testing the groups of the form F (b, c |
w(b, c)) ∗ F1 where F1 is the free one generator group. It is inter-
esting to see for which F (b, c | w(b, c)) we cannot find a surface
subgroup in the associated doubles.

Question 1 does not apply in this scenario (the above is not one-
ended) but it is still of interest to see how many of them actually
satisfy the above property. Using this approach we were able to
come up with examples of groups which will not terminate using
the below program but which nevertheless satisfy the condition in
Result 1. Since the group is a free product it is enough to study
F (a, b | w(b, c)) which is much smaller and so the computer can
go to a much higher index.

For example, with

w(b, c) = c−1 ∗ b−2 ∗ c2 ∗ b−3 ∗ c−2

the property is only detected at index 13. One would need a very
powerful computer to go that high for n = 3. Furthermore for

w(b, c) = c ∗ b2 ∗ c ∗ b ∗ c ∗ b−1 ∗ c−2 ∗ b
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the index the property is detected is 30. It is not possible to
calculate all subgroups up to index 30 even with the most powerful
computer. So we use a trick that was used in [3] by spotting that
at index 15 there is a subgroup with an abelianization which had
three cyclic groups of the same order. So take this subgroup as
the group and repeat the process with it, where it works already
at index 2.

6. Four Generators

We also tried this method in the case of n = 4. The program
below dealt with about 87% of the random double groups. The
reason why less of them is dealt with is that with more generators
the algorithms become more expensive and the index up to which
it is possible to go is only 6. Also the index we might need to go
up to might be bigger.

The way the algorithm worked is as follows:

(1) We pick a random relator in the same sense as in the three
generator case.

(2) Cyclically reduce it.
(3) Check if there is a letter which occurs only once or not at

all.
(4) If it occurs only once then it is isomorphic to F3 by the

Nelson’s moves same as in the n = 3 case.
(5) If there is a letter absent then G4 = F1 ∗ G3 so it can be

recovered from the n = 3 case. It is important to see if it
is decomposable since β1(K ∗ L) = β1(K) ∗ β1(L).

(6) If neither of the two happens we search for isomorphisms
with F3 this time with parameter 7 (smaller one had to
be chosen due to more time consuming search). Then we
follow exactly the same procedure as in the case of n = 3.
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8. Appedix A. Programs

8.1. The code for three generator groups.

F<a, b, c>:= FreeGroup(3);

F1<a1,b1>:= FreeGroup(2);

kon:=0;

free2:=0;

// number of subgroups of \(F 2\) for indexes up to 9

// to check against up to 9 to check against

sub:=[1, 3, 7, 26, 97, 624, 4163, 34470, 314493];

for i 1 := 1 to 50 do //numbers of groups checked

rel:=Id(F); 10

c1:=0;

c2:=0;

c3:=0;

for i := 1 to 18 do

j:=Random(3, 6);

if j eq 1 then rel:=rel*a;

elif j eq 2 then rel:=rel*a^−1;
elif j eq 3 then rel:=rel*b;

elif j eq 4 then rel:=rel*b^−1;
elif j eq 5 then rel:=rel*c; 20

else rel:=rel*c^−1;
end if ;

end for;

for i:=0 to #rel do //cyclically reducing

l1:=LeadingGenerator(rel);

rel1:=rel*l1;

if #rel gt #rel1 then rel:=l1^−1*rel*l1;

else break;

end if ; 30

end for;
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seq:=Eltseq(rel);

k:=1;

//counting the number of each relator

for i := 1 to #rel do

if seq[i] eq 1 then c1:=c1+1;

elif seq[i] eq −1 then c1:=c1+1;

elif seq[i] eq 2 then c2:=c2+1;

elif seq[i]eq −2 then c2:=c2+1; 10

elif seq[i] eq 3 then c3:=c3+1;

else c3:=c3+1;

end if ;

end for;

if c1 eq 1 then

k:=2;

print "Iso to F2";

free2:=free2+1;

elif c3 eq 1 then

k:=2; 20

print "Iso to F2";

free2:=free2+1;

elif c2 eq 1 then

k:=2;

print "Iso to F2";

free2:=free2+1;

end if ;
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rel;

G <e, f, g> := quo<F | rel >;

ab:=0;

nu:=0;

sB:=0;

if k eq 1 then

isiso, f1, f2 := SearchForIsomorphism(G,F1,9);

isiso;

if isiso then

k:=2; 10

print "Iso to F2";

free2:=free2+1;

end if ;

end if ;

//the index up to which it is going up

for i := 1 to 9 do

if k eq 2 then break;

end if ;

t:=LowIndexSubgroups(G, <i, i>); 20

if #t ne sub[i] then sB:=1;

end if ;

for j:= 1 to #t do

l:=AQInvariants(t[j]);

//calculating the number of zero’s

//in the abelinisation

con:=0;

for m:=1 to #l do

if 1 gt l[m] then con:=con+1;

else ab:=1; 30

end if ;

end for;
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//condition

if con gt i+1 then print i; k:=2; kon:=kon+1;

end if ;

if con ne i+1 then nu:=1;

end if ;

if k eq 2 then break;

end if ;

end for;

if k eq 2 then break;

end if ; 10

end for;

if k eq 1 then

print "Did not find surface subgroups";

end if ;

if ab eq 0 and nu eq 0 and sB eq 0 then

print "Looks like F2";

end if ;

end for;

print "Free 2";

free2; 20

print "Done";

kon;
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8.2. The code for four generator groups.

F<a, b, c, d>:= FreeGroup(4);

F1<a1,b1, c1>:= FreeGroup(3);

kon:=0;

free3:=0;

free2:=0;

//number of subgroups of \(F 3\)
//for indexes up to 6 to check against

sub:=[1, 7, 41, 604, 13753, 504243];

for i 1 := 1 to 50 do

rel:=Id(F); 10

c1:=0;

c2:=0;

c3:=0;

c4:=0;

for i := 1 to 14 do

j:=Random(−1, 6);
if j eq 1 then rel:=rel*a;

elif j eq −1 then rel:=rel*d^−1;
elif j eq 0 then rel:=rel*d;

elif j eq 2 then rel:=rel*a^−1; 20

elif j eq 3 then rel:=rel*b;

elif j eq 4 then rel:=rel*b^−1;
elif j eq 5 then rel:=rel*c;

else rel:=rel*c^−1;
end if ;

end for;

for i:=0 to #rel do

l1:=LeadingGenerator(rel);

rel1:=rel*l1;

if #rel gt #rel1 then rel:=l1^−1*rel*l1; 30

else break;

end if ;

end for;
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seq:=Eltseq(rel);

k:=1;

for i := 1 to #rel do

if seq[i] eq 1 then c1:=c1+1;

elif seq[i] eq −1 then c1:=c1+1;

elif seq[i] eq 2 then c2:=c2+1;

elif seq[i]eq −2 then c2:=c2+1;

elif seq[i] eq 3 then c3:=c3+1;

elif seq[i] eq 4 then c4:=c4+1;

elif seq[i] eq −4 then c4:=c4+1; 10

else c3:=c3+1;

end if ;

end for;

if c1 eq 1 then

k:=2;

print "Iso to F3";

free3:=free3+1;

elif c3 eq 1 then

k:=2;

print "Iso to F3"; 20

free3:=free3+1;

elif c2 eq 1 then

k:=2;

print "Iso to F3";

free3:=free3+1;

elif c4 eq 1 then

k:=2;

print "Iso to F3";

free3:=free3+1;

elif c1 eq 0 then 30

k:=2;

print "Back to 3 gens";

free2:=free2+1;
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elif c3 eq 0 then

k:=2;

print "Back to 3 gens";

free2:=free2+1;

elif c2 eq 0 then

k:=2;

print "Back to 3 gens";

free2:=free2+1;

elif c4 eq 0 then

k:=2; 10

print "Back to 3 gens";

free2:=free2+1;

end if ;

rel;

G <e, f, g> := quo<F | rel >;

ab:=0;

nu:=0;

sB:=0;

if k eq 1 then

isiso, f1, f2 := SearchForIsomorphism(G,F1,7); 20

isiso;

if isiso then k:=2; print "Iso to F2"; free3:=free3+1;

end if ;

end if ;

for i := 1 to 6 do

if k eq 2 then break;

end if ;

t:=LowIndexSubgroups(G, <i, i>);

if #t ne sub[i] then sB:=1;

end if ; 30
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for j:= 1 to #t do

l:=AQInvariants(t[j]);

con:=0;

for m:=1 to #l do

if 1 gt l[m] then con:=con+1;

else ab:=1;

end if ;

end for;

if con gt 2*i+1 then print i; k:=2; kon:=kon+1;

end if ; 10

if con ne i+1 then nu:=1;

end if ;

if k eq 2 then break;

end if ;

end for;

if k eq 2 then break;

end if ;

end for;

if k eq 1 then

print ‘‘Did not find surface subgroups’’; 20

end if ;

if ab eq 0 and nu eq 0 and sB eq 0 then

print "Like F3";

end if ;

end for;

print "Free 3:"; free3;

print "Back to 3 gens:"; free2;

print "Done:"; kon;
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Stringy Approach to the Minimal
Supersymmetric Standard Model

Superstring theory is applied to construct the Minimal Supersym-
metric Standard Model. The mass spectrum, partial widths and
production cross sections of superpartners are calculated. This ap-
proach gives concrete predictions for superpartner searches at the
LHC.

Keywords: Superstring theory, Minimal Supersymmetric Standard Model,

Derived categories.

1. Introduction

The purpose of the present work is to construct the Minimal Super-
symmetric Standard Model [1] from superstring theory [2]. This aim
is achieved by using the notion of derived category [3]. Such approach
allows to determine the mass spectrum, partial widths and production
cross sections of superpartners.

These predictions are important from experimental point of view as
they are connected with searches for new physics at the LHC.

2. Derived category

Derived categories are the mathematical foundation of superstring
theory. We consider the derived category over the abelian category of
McKay quivers. Objects of this category are McKay quivers [3] (numbers

© Yu.M. Malyuta, T.V. Obikhod
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a, b, c denote orbifold charges [4]), morphisms of this category are Exti

groups [4]
In this approach D-branes are described by quivers, and superstrings

are described by Exti groups. The interaction between D-branes medi-
ated by the superstring is described by the following diagram

3. Particle content

It was shown in [5] that the moduli space of the superstring has the
form

Ext0(Q,Q
′
) = Caa

′
+bb
′
+cc
′

Ext1(Q,Q
′
) = C3ab

′
+3bc

′
+3ca

′ (1)

Substituting in (1) orbifold charges

a = b = c = a′ = b′ = c′ = 4

and using the Langlands hypothesis [6], we obtain the realization of (1)
in terms of SU(5) multiplets

3× (24 + 5H + 5H + 5M + 5M + 10M + 10M ) .

This result determines the particle content of the MSSM.
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4. Superpotential

The gauge invariant MSSM superpotential takes the form

WSU(5) = λdij · 5H × 5
(i)
M × 10

(j)
M +

+ λuij · 5H × 10
(i)
M × 10

(j)
M + µ · 5H × 5H ,

(2)

where 5H and 5H are Higgs multiplets, 5
(i)
M and 10

(j)
M are multiplets of

quark and lepton superpartners, λdij , λ
u
ij are Yukawa coupling constants

and µ is the Higgs mixing parameter.

5. Mass spectrum

The analysis of Yukawa coupling constants, based on observational
hints and theoretical considerations, allows to restrict the parameter
space in (2) to five free parameters [7]:

M0 = 0.01 GeV, M1/2 = 600 GeV, A0 = 0,

tanβ = 35, sgn(µ) = +1.
(3)

Using this restricted parameter set it is possible to calculate the
mass spectrum of superpartners by application of the computer program
SOFTSUSY [8]. This MSSM spectrum is shown in Table 1.

Table 1

GeV GeV GeV
ũR 1187 g̃ 1354
ũL 1232 ν̃e 391 χ̃0

1 249

d̃R 1182 ẽR 224 χ̃0
2 471

d̃L 1235 ẽL 398 χ̃0
3 727

c̃R 1187 χ̃0
4 738

c̃L 1232 ν̃µ 391 χ̃±1 470

s̃R 1182 µ̃R 224 χ̃±2 738
s̃L 1235 µ̃L 398

t̃1 958 h0 116

t̃2 1155 ν̃τ 379 A0 671

b̃1 1095 τ̃1 127 H0 671

b̃2 1148 τ̃2 408 H± 676
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6. Partial widths

Using the parameter set (3) it is possible to calculate partial widths
of superpartners by application of the computer program SDECAY [9].
These partial widths are shown in Tables 2–5.

Table 2

channel BR channel BR
ν̃e χ̃0

1νe 1.000
ẽL χ̃0

1e 1.000
ν̃µ χ̃0

1νµ 1.000
µ̃L χ̃0

1µ 1.000
ν̃τ χ̃0

1ντ 0.072 τ̃1W
+ 0.928

τ̃2 χ̃0
1τ 0.107 τ̃1Z 0.527

τ̃1h
0 0.365

ũR χ̃0
1u 0.997 χ̃0

4u 0.002

ũL χ̃0
1u 0.013 χ̃+

1 d 0.646
χ̃0
2u 0.320 χ̃+

2 d 0.012
χ̃0
4u 0.008

d̃R χ̃0
1d 0.997 χ̃0

4d 0.002

d̃L χ̃0
1d 0.016 χ̃−1 u 0.628
χ̃0
2d 0.317 χ̃−2 u 0.027
χ̃0
4d 0.011

c̃R χ̃0
1c 0.997 χ̃0

4c 0.002

c̃L χ̃0
1c 0.013 χ̃+

1 s 0.646
χ̃0
2c 0.320 χ̃0

2s 0.012
χ̃0
4c 0.008

s̃R χ̃0
1s 0.997 χ̃0

4s 0.002

s̃L χ̃0
1s 0.016 χ̃−1 c 0.628
χ̃0
2s 0.317 χ̃−2 c 0.027
χ̃0
4s 0.011

t̃1 χ̃0
1t 0.216 χ̃0

4t 0.032
χ̃0
2t 0.105 χ̃+

1 b 0.249
χ̃0
3t 0.171 χ̃+

2 b 0.227

Table 3
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channel BR channel BR

t̃2 χ̃0
1t 0.025 χ̃+

1 b 0.247
χ̃0
2t 0.111 χ̃+

2 b 0.165
χ̃0
3t 0.114 t̃1h

0 0.045
χ̃0
4t 0.213 t̃1Z 0.080

b̃1 χ̃0
1b 0.055 χ̃−1 t 0.390
χ̃0
2b 0.220 χ̃−2 t 0.183
χ̃0
3b 0.063 t̃1W

− 0.047
χ̃0
4b 0.041

b̃2 χ̃0
1b 0.023 χ̃−1 t 0.161
χ̃0
2b 0.091 χ̃−2 t 0.425
χ̃0
3b 0.079 t̃1W

− 0.125
χ̃0
4b 0.095

g̃ d̃Ld
∗ 0.019 c̃Lc

∗ 0.020

d̃∗Ld 0.019 c̃∗Lc 0.020

d̃Rd
∗ 0.038 c̃Rc

∗ 0.036

d̃∗Rd 0.038 c̃∗Rc 0.036

ũLu
∗ 0.020 b̃1b

∗ 0.078

ũ∗Lu 0.020 b̃∗1b 0.078

ũRu
∗ 0.036 b̃2b

∗ 0.054

ũ∗Ru 0.036 b̃∗2b 0.054
s̃Ls
∗ 0.019 t̃1t

∗ 0.097
s̃∗Ls 0.019 t̃∗1t 0.097
s̃Rs
∗ 0.038 t̃2t

∗ 0.043
s̃∗Rs 0.038 t̃∗2t 0.043

Table 4

channel BR channel BR

A0 bb∗ 0.858 τ̃−1 τ̃
+
2 0.004

τ+τ− 0.130 τ̃+1 τ̃
−
2 0.004

tt∗ 0.002

H0 bb∗ 0.859 τ̃−1 τ̃
+
1 0.003

τ+τ− 0.130 τ̃−1 τ̃
+
2 0.002

tt∗ 0.002 τ̃+1 τ̃
−
2 0.002
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H+ cb∗ 0.001 tb∗ 0.818
τ+ντ 0.169 τ̃+1 ν̃τ 0.010

χ̃0
1 ẽ−Re

+ 0.032 µ̃+
Rµ
− 0.032

ẽ+Re
− 0.032 τ̃−1 τ

+ 0.436
µ̃−Rµ

+ 0.032 τ̃+1 τ
− 0.436

χ̃0
2 χ̃0

1Z 0.001 τ̃−2 τ
+ 0.037

χ̃0
1h

0 0.010 τ̃+2 τ
− 0.037

ẽ−Le
+ 0.056 ν̃eν

∗
e 0.064

ẽ+Le
− 0.056 ν̃∗eνe 0.064

µ̃−Lµ
+ 0.056 ν̃µν

∗
µ 0.064

µ̃+
Lµ
− 0.056 ν̃∗µνµ 0.064

τ̃−1 τ
+ 0.135 ν̃τν

∗
τ 0.081

τ̃+1 τ
− 0.135 ν̃∗τ ντ 0.081

χ̃0
3 χ̃0

1Z 0.080 χ̃0
2h

0 0.007
χ̃0
2Z 0.193 τ̃−1 τ

+ 0.088
χ̃+
1 W

− 0.211 τ̃+1 τ
− 0.088

χ̃−1 W
+ 0.211 τ̃−2 τ

+ 0.051
χ̃0
1h

0 0.016 τ̃+2 τ
− 0.051

Table 5

channel BR channel BR

χ̃0
4 χ̃0

1Z 0.016 µ̃−Rµ
+ 0.001

χ̃0
2Z 0.009 µ̃+

Rµ
− 0.001

χ̃+
1 W

− 0.208 τ̃−1 τ
+ 0.061

χ̃−1 W
+ 0.208 τ̃+1 τ

− 0.061
χ̃0
1h

0 0.069 τ̃−2 τ
+ 0.058

χ̃0
2h

0 0.171 τ̃+2 τ
− 0.058

ẽ−Le
+ 0.005 ν̃eν

∗
e 0.009

ẽ+Le
− 0.005 ν̃∗eνe 0.009

ẽ−Re
+ 0.001 ν̃µν

∗
µ 0.009

ẽ+Re
− 0.001 ν̃∗µνµ 0.009

µ̃−Lµ
+ 0.005 ν̃τν

∗
τ 0.010

µ̃+
Lµ
− 0.005 ν̃∗τ ντ 0.010
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χ̃+
1 ν̃ee

+ 0.135 µ̃+
Lνµ 0.108

ν̃µµ
+ 0.135 τ̃+1 ντ 0.261

ν̃ττ
+ 0.176 τ̃+2 ντ 0.067

ẽ+Lνe 0.108 χ̃0
1W

+ 0.010

χ̃+
2 ν̃ee

+ 0.009 τ̃+2 ντ 0.051
ν̃µµ

+ 0.009 χ̃+
1 Z 0.206

ν̃ττ
+ 0.105 χ̃0

1W
+ 0.079

ẽ+Lνe 0.020 χ̃0
2W

+ 0.214
µ̃+
Lνµ 0.020 χ̃+

1 h
0 0.183

τ̃+1 ντ 0.104

7. Cross sections

Using the parameter set (3) it is possible to calculate production
cross sections of superpartners by application of the computer program
PYTHIA [10]. These cross sections at center-of-mass energy

√
s =

14 TeV are shown in Table 6.

8. Comparison with experiments

Comparison of the predicted MSSM spectrum with experimental data
obtained at the LEP and TEVATRON [11] (see Table 7) shows, that the
calculated masses exceed the lower limits on masses reached at colliders.

New searches for superpartners will be made at the LHC.

Table 6

channel cross section
gg → g̃g̃ σg̃g̃ = 0.307 pb
gu → g̃ũ σg̃ũ = 0.891 pb

du → d̃ũ σd̃ũ = 0.466 pb
uu → χ̃+

1 χ̃
−
1 σχ̃+

1 χ̃
−
1

= 0.157 pb

du → χ̃+
1 χ̃

0
2 σχ̃+

1 χ̃
0
2

= 0.208 pb



142 Yu.M. Malyuta, T.V. Obikhod

Table 7
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Certain Anti-holomorphic
Submanifolds in a Locally
Conformal Kaehler Manifold

In this paper we consider special anti-holomorphic submanifolds
which is called almost contact anti-holomorphic submanifold, in a
locally conformal Kaehler manifold. Next, we define the D-mean
curvature vector field in an anti-holomorphic submanifold. Then,
we consider certain relations between this vector field and the shape
operator (Theorem 6.1). Finally, in a normal anti-holomorphic sub-
manifold, we prove that the holomorphic distribution D is totally
umbilic in an ambient manifold (Theorem 6.5).

Keywords: Locally conformal Kaehler manifold, Lee form, CR-submanifold,

anti-holomorphic submanifold,D-mean curvature vector field, almost contact

anti-holomorphic submanifold

1. Preliminary

A Hermitian manifold M̃ with structure (J, g̃) is called a locally con-

formal Kaehler (an l.c.K.-) manifold if each point x ∈ M̃ has an open
neighbourhood U with a positive differentiable function ρ : U → R such
that g̃∗ = e−2ρg̃|U is a Kaehlerian metric on U , that is, ∇∗J = 0, where
J is the almost complex structure, g̃ is the Hermitian metric, ∇∗ is the
covariant differentiation with respect to g̃∗ and R is a real number space
([V]). Then we know

© K. Matsumoto, Z. Şentürk
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Proposition 1.1[K]. A Hermitian manifold M̃ with structure (J, g̃)
is l.c.K.- if and only if there exists a global 1-form α which is called Lee
form satisfying

(1.1) dα = 0 (α : closed),

(1.2)
(∇̃V J)U = −g̃(α], U)JV + g̃(U, V )β]+

+ g̃(JV, U)α] − g̃(β], U)V

for any U, V ∈ TM̃ , where ∇̃ denotes the covariant differentiation with
respect to g̃, α] is the dual vector field of α which is called Lee vector
field, the 1 form β is defined by β(U) = −α(JU), β] is the dual vector

field of β and TM̃ means the set of all differentiable vector fields on M̃ .
We denote an l.c.K.-manifold with the structure J, g̃ and a Lee form

α as M̃(J, g̃, α).

2. CR-submanifolds in an l.c.K.-manifold

In generally, between a Riemannian manifold (M̃, g̃) and its subman-
ifold, we know the Gauss and Weingarten formulas

(2.1) ∇̃V U = ∇V U + σ(V,U),

(2.2) ∇̃V ξ = −AξV +∇⊥V ξ

for any V,U ∈ TM and ξ ∈ T⊥M , where σ is the second fundamental
form, Aξ is the shape operator with respect to ξ and T⊥M is the normal
bundle of M . Between the second fundamental form σ and the shape
operator Aξ, we have the following relation

(2.3) g̃(σ(V,U), ξ) = g̃(AξV,U)

for any V,U ∈ TM and ξ ∈ T⊥M .
A submanifold M in an l.c.K.-manifold M̃ is called a CR-submanifold

if there exists a differentiable distribution

D : x→ Dx ⊂ TxM

on M satisfying the following conditions;

(i) D is holomorphic, i.e., JDx = Dx for each x ∈M and



146 K. Matsumoto, Z. Şentürk

(ii) the complementary orthogonal distribution

D⊥ : x→ D⊥x ⊂ TxM
is totally real, i.e., JD⊥x ⊂ T⊥x M for each x ∈ M , where TxM
(resp. T⊥x M) denotes the tangent (resp. normal) vector space
at x of M ([B2, C2, K], etc.)

If dimD⊥x = 0 (resp. dimDx = 0) for each x ∈ M , then the CR-
submanifold is a holomorphic (resp. totally real) submanifold.

For a CR-submanifold M of an almost Hermitian manifold M̃ , we
denote by ν the complementary orthogonal subbundle of JD⊥ in the
normal bundle T⊥M . Then we have the following direct sum decompo-
sition

(2.4) T⊥M = JD⊥ ⊕ ν, JD⊥⊥ν.
A CR-submanifold M is said to be mixed geodesic if the second fun-

damental form σ satisfies σ(X,Z) = 0 for any X ∈ D and Y ∈ D⊥ and
a CR-submanifold M is called anti-holomorphic if JD⊥x = T⊥x M for any
x ∈ TM .

Remark 2.1. By the definition of ν, a CR-submanifold is anti-
holomorphic if and only if νx = {0} for any x ∈M .

Now, we put dim M̃ = m, dimM = n, dimD = 2p, dimD⊥ = q
(2p+ q = n) and dim ν = 2s. Let

{e1, ..., ep, e∗1, ..., e∗p}, {e2p+1, ..., e2p+q},
{e∗2p+1, ..., e

∗
2p+q}, {en+q+1, ..., en+q+2s},

where n+ q + 2s = m be a local orthonormal basis of D, D⊥, JD⊥ and
ν, respectively, where e∗i = Jei for i ∈ {1, ..., p} and e∗2p+a = Je2p+a for

a ∈ {1, ..., q}. We call such local basis an adapted frame of M̃ .

3. Morphisms in a CR-submanifold in an l.c.K.-manifold

Let M be a CR-submanifold in an l.c.K.-manifold

M̃(J, g̃, α).

For any U tangent to M , we put

(3.1) JU = ϕU + ωU,

where ϕU (resp. ωU) is the tangential (resp. the normal) component of
JU .
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Also, for any N normal to M , we put

(3.2) JN = BN + CN,

where BN (resp. CN) is the tangential (resp. the normal) component
of JN . Then we know that the morphism ϕ (resp. C) is an f -structure
on TM (resp. T⊥M), that is,

ϕ3U + ϕU = 0

for any U ∈ TM (resp. C3N + CN = 0 for any N ∈ T⊥M) ([MS2]).
We define the covariant differentiation of the morphisms ϕ and ω as

(3.3)

{
(∇′V ϕ)U = ∇U (ϕU)− ϕ(∇V U),

(∇′V ω)(U) = ∇⊥V (ωU)− ω(∇V U)

for any V,U ∈ TM .
The covariant differentiation of (3.1) along M on M̃ , (1.2) and (3.3)

give us

(3.4)

(∇′V ϕ)U = −g̃(α], U)ϕV +g̃(V,U)β]1+g̃(ϕV,U)α]1−

− g̃(β], U)V +Bσ(U, V ) +AωUV,

(∇′V ω)(U) = −g̃(α], U)ωV + g̃(V,U)β]2+

+ g̃(ϕV,U)α]2 + Cσ(U, V )− σ(V, ϕU)

for any U, V ∈ TM , where α]1 and β]1 (resp. α]2 and β]2) are respectively
the tangential (resp. the normal) components of α] and β].

We say that the morphism ϕ (resp. ω) is parallel if ∇′ϕ = 0 (resp.
∇′ω = 0). Then we have

Proposition 3.1.[MS1] In a CR-submanifold M of an l.c.K.-manifold

M̃ , the morphism ϕ (resp. ω ) is parallel if and only if the second
fundamental form σ and the shape operator A satisfy

(3.5)
Bσ(U, V ) +AωUV = g̃(α], U)ϕV − g̃(V,U)β]1−

− g̃(ϕV,U)α]1 + g̃(β], U)V

(resp.)

(3.6)
Cσ(U, V )− σ(V, ϕU) = g̃(α], U)ωV−

− g̃(V,U)β]2 − g̃(ϕV,U)α]2
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for any V,U ∈ TM .
Corollary 3.2[MS1]. Let us consider the CR-submanifold M in an

l.c.K.-manifold M̃ is mixed geodesic. If the morphism ϕ or ω is parallel,
then the Lee vector field α] is orthogonal to D.

Remark. In [M3], we proved that a CR−submanifold M in an l.c.K.-

manifold M̃ is a CR-product if and only if the morphism ϕ is parallel.

4. Anti-holomorphic submanifolds in an l.c.K.-manifold

In this section, we assume that our CR-submanifold M in an l.c.K.-
manifold M̃ is anti-holomorphic. Then, by the definition, the distribu-
tion ν = {0} or equivalently

JD⊥ = T⊥M.

So, we can take an adapted frame on M̃ as

{e1, ..., ep, e∗1, ..., e∗p, e2p+1, ..., e2p+q, e
∗
2p+1, ..., e

∗
2p+q}.

Now, we define the tensor field S(U, V ) as

(4.1)
S(U, V ) = [ϕ,ϕ](U, V )− 2J

{
dω(U, V )−

− 1

2
g̃(α], U)ωV +

1

2
g̃(α], V )ωU

}
for any U, V ∈ TM , where [ϕ,ϕ] is the Niejenhuis tensor with respect to
the morphism ϕ, that is,

(4.2)
(U, V ) = [ϕU,ϕV ] + ϕ2[U, V ]−

− ϕ([U,ϕV ])− ϕ([ϕU, V ]),

and dω denotes the exterior differential of ω which is given by

(4.3) dω(U, V ) =
1

2

{
(∇′Uω)V − (∇′V ω)U

}
for any U, V ∈ TM ([MS5]).

An anti-holomorphic submanifold of an l.c.K.-manifold is said to be
normal if the tensor field S vanishes on M , identically. In our case, we
have the following statement.

Theorem 4.1 [MS1]. An anti-holomorphic submanifold M in an

l.c.K.-manifold M̃ is normal if and only if the following two conditions
hold true:

(i) α] ∈ D⊥
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(ii) the shape operator A satisfies

(4.4) AJZJX = JAJZX

for any X ∈ D and Z ∈ D⊥.

By virtue of (4.3), we can easily see
Proposition 4.2. A normal anti-holomorphic submanifold M in an

l.c.K.-manifold M̃ is mixed geodesic and the second fundamental form σ
satisfies σ(JX, Y ) = σ(JY,X) for any X,Y ∈ D.

Since, M is anti-holomorphic, the equation (3.4) is written as

(4.5)



(∇′V ϕ)U = −g̃(α], U)ϕV +g̃(V,U)β]1+g̃(ϕV,U)α]1

− g̃(β], U)V + Jσ(U, V ) +AωUV,

(∇′V ω)(U) = −g̃(α], U)ωV + g̃(V,U)β]2

+ g̃(ϕV,U)α]2 − σ(V, ϕU)

for any U, V ∈ TM .

5. Almost contact anti-holomorphic submanifolds

Let M be an anti-holomorphic submanifold of an l.c.K.-manifold M̃ .
Definition 5.1. The D-mean curvature vector field HD in a CR-

submanifold in an l.c.K.-manifold is defined by

(5.1) HD =
1

2p

p∑
i=1

{σ(ei, ei) + σ(e∗i , e
∗
i )}

for any orthonormal frame {e1, ..., ep, e∗1, ..., e∗p} ofD. And a CR-submanifold
is said to be D-minimal if the D-mean curvature HD vanishes, identically.

Remark 5.1. We know from [MS3] that a pseudo-umbilical subman-
ifold in an l.c.K.-manifold is D-minimal.

Definition 5.2. A submanifold M is called a proper almost contact
anti-holomorphic submanifold if it satisfies

(5.2) (i) HD 6= 0, (ii) dω(U, V ) = −g̃(U,ϕV )HD

for any U, V ∈ TM .
Remark 5.2. An anti-holomorphic submanifold which satisfiesHD =

0 and (ii) in Definition 6.2 is said to be trivial.
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Remark 5.3. By Remark 5.1, there does not exist any pseudo-
umbilical proper almost contact anti-holomorphic submanifold in an
l.c.K.-manifold.

Remark 5.4. There does not exist any D-geodesic (that is σ(D,D) =
{0}) proper almost contact anti-holomorphic submanifold in an l.c.K.-
manifold.

By virtue of (3.4) and (4.5), (5.2)(ii) is written as

(5.3)
g̃(U,ϕV )HD = g̃(α], V )ωU − g̃(α], U)ωV−

− 2g̃(ϕV,U)α]2 − σ(V, ϕU) + σ(U,ϕV )

for any U, V ∈ TM .
In (5.3), if we put U = X ∈ D and V = Z ∈ D⊥, then we have

(5.4) g̃(α], X)ωZ + σ(Z,ϕX) = 0.

Thus we have

Proposition 5.1. A proper almost contact anti-holomorphic sub-
manifold M of an l.c.K.-manifold M̃ is mixed geodesic if and only if the
Lee vector field α] is orthogonal to D.

6. The relations between HD and the shape operator A

We consider an anti-holomorphic submanifold M in an l.c.K.-manifold
M̃(J, g̃, α]). In this section, we assume that U, V, ...,W are elements of
TM .

Now, in generally, the covariant differentiation of the induced metric
∇ with respect to g̃ is defined by

2g̃(∇UV,W ) = Ug̃(V,W ) + V g̃(U,W )−Wg̃(U, V )

+ g̃([U, V ],W ) + g̃([W,U ], V )− g̃([V,W ], U). (6.1)

And, we have

2g̃((∇′Uϕ)V,W ) = 2g̃(∇UϕV,W )− 2g̃(ϕ∇UV,W )

= 2g̃(∇UϕV,W ) + 2g̃(∇UV, ϕW ). (6.2)

By virtue of (6.1), (6.2) is written as
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2g̃((∇′Uϕ)V,W ) = ϕV g̃(U,W )−Wg̃(U,ϕV )+

+ g̃([U,ϕV ],W ) + g̃([W,U ], ϕV )− g̃([ϕV,W ], U)+

+ V g̃(U,ϕW )− ϕWg̃(U, V ) + g̃([U, V ], ϕW )+

+ g̃([ϕW,U ], V )− g̃([V, ϕW ], U). (6.3)

Now, we have from (2.1) and (2.2)

ϕV g̃(U,W ) = ϕV g̃(ϕU,ϕW ) + ϕV g̃(ωU, ωW )

= g̃(∇ϕV ϕU,ϕW ) + g̃(∇ϕV ϕW,ϕU)+

+ g̃(∇⊥ϕV ωU, ωW ) + g̃(∇⊥ϕV ωW,ωU).

Using the above equation, we have

ϕV g̃(U,W )− ϕWg̃(U, V ) = g̃(∇ϕV ϕU,ϕW )−

− g̃(∇ϕWϕU,ϕV ) + g̃([ϕV, ϕW ], ϕU) + g̃(∇⊥ϕV ωU, ωW )−

− g̃(∇⊥ϕWωU, ωV ) + g̃(∇⊥ϕV ωW −∇⊥ϕWωV, ωU). (6.4)

Substituting (6.4) into (6.3), we obtain

2g̃((∇′Uϕ)V,W ) = g̃(∇ϕV ϕU,ϕW )− g̃(∇ϕWϕU,ϕV )+

+ g̃([ϕV, ϕW ], ϕU) + g̃(∇⊥ϕV ωU, ωW )− g̃(∇⊥ϕWωU, ωV )+

+ g̃(∇⊥ϕV ωW −∇⊥ϕWωV, ωU) + V g̃(U,ϕW )−Wg̃(U,ϕV )+

+ g̃([U,ϕV ],W )− g̃([U,ϕW ], V ) + g̃([W,U ], ϕV )−
− g̃([V,U ], ϕW )− g̃([ϕV,W ], U)− g̃([ϕW,V ], U). (6.5)

Next, since, we have

g̃([U,ϕV ],W ) = g̃(ϕ[U,ϕV ], ϕW ) + g̃(ω[U,ϕV ], ωW ),
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substitution the above equations into (6.5) gives us

2g̃((∇′Uϕ)V,W ) = g̃(∇ϕV ϕU,ϕW )− g̃(∇ϕWϕU,ϕV )

+ g̃([ϕV, ϕW ], ϕU) + g̃(∇⊥ϕV ωU, ωW )− g̃(∇⊥ϕWωU, ωV )

+ g̃(∇⊥ϕV ωW −∇⊥ϕWωV, ωU) + V g̃(U,ϕW )−Wg̃(U,ϕV )

+ g̃([U, V ], ϕW )− g̃([U,W ], ϕV ) + g̃(ϕ[U,ϕV ], ϕW )

+ g̃(ω[U,ϕV ], ωW )− g̃(ϕ[U,ϕW ], ϕV )− g̃(ω[U,ϕW ], ωV )

+ g̃(ϕ[W,ϕV ], ϕU) + g̃(ω[W,ϕV ], ωU)− g̃(ϕ[V, ϕW ], ϕU)

− g̃(ω[V, ϕW ], ωU). (6.5)

If we put

(6.7) T (U, V ) = ∇⊥ϕUωV − ω[ϕU, V ],

the equation (6.6) is written as

2g̃((∇′Uϕ)V,W ) = g̃(∇ϕV ϕU,ϕW )− g̃(∇ϕWϕU,ϕV )+

+ g̃([ϕV, ϕW ], ϕU) + g̃(T (V,U), ωW )− g̃(T (W,U), ωV )+

+ g̃(T (V,W )− T (W,V ), ωU) + V g̃(U,ϕW )−Wg̃(U,ϕV )+

+ g̃([U, V ], ϕW )− g̃([U,W ], ϕV ) + g̃(ϕ[U,ϕV ], ϕW )−
− g̃(ϕ[U,ϕW ], ϕV )− g̃(ϕ[ϕV,W ], ϕU)− g̃(ϕ[V, ϕW ], ϕU). (6.8)

Since, our manifold is an l.c.K.-one, we have from (1.2)

Ug̃(ϕV,W ) = Ug̃(JV,W ) = g̃(∇̃UJV,W ) + g̃(JV, ∇̃UW )

= −g̃(α], V )g̃(ϕU,W ) + g̃(β],W )g̃(U, V ) + g̃(α],W )g̃(ϕU, V )

− g̃(β], V )g̃(U,W )− g̃(∇UV, ϕW )− g̃(σ(U, V ), ωW )

+ g̃(∇UW,ϕV ) + g̃(σ(U,W ), ωV ).

By virtue of the above equation, we have

V g̃(ϕW,U)−Wg̃(ϕV,U) = −g̃(α],W )g̃(ϕV,U)+

+ g̃(α], V )g̃(ϕW,U) + 2g̃(α], U)g̃(ϕV,W )− g̃(β],W )g̃(V,U)+

+ g̃(β], V )g̃(W,U)− g̃([V,W ], ϕU) + g̃(∇V U,ϕW )−
− g̃(∇WU,ϕV ) + g̃(σ(V,U), ωW )− g̃(σ(W,U), ωV ).
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Using the above equation, the equation (6.8) is written as

2g̃((∇′Uϕ)V,W ) = g̃(∇ϕV ϕU,ϕW )− g̃(∇ϕWϕU,ϕV )

+ g̃([ϕV, ϕW ], ϕU) + g̃(T (V,U), ωW )− g̃(T (W,U), ωV )

+ g̃(T (V,W )− T (W,V ), ωU)− g̃(α],W )g̃(ϕV,U)

+ g̃(α], V )g̃(ϕW,U) + 2g̃(α], U)g̃(ϕV,W )− g̃(β],W )g̃(V,U)

+ g̃(β], V )g̃(W,U)− g̃([V,W ], ϕU) + g̃(∇V U,ϕW )

− g̃(∇WU,ϕV ) + g̃(σ(V,U), ωW )− g̃(σ(W,U), ωV )

+ g̃(ϕ[U,ϕV ], ϕW ) + g̃([U, V ], ϕW )− g̃([U,W ], ϕV )

+ g̃(ϕ[ϕW,U ], ϕV )− g̃(ϕ[ϕV,W ]− g̃(ϕ[V, ϕW ], ϕU). (6.9)

Moreover, using the following equation

g̃([V,W ], ϕU) = −g̃(ϕ[V,W ], U) = −g̃(ϕ2[V,W ], ϕU),

we have

g̃([ϕV, ϕW ] + ϕ2[V,W ]− ϕ[ϕV,W ]− ϕ[V, ϕW ], ϕU) =

= g̃([ϕ,ϕ](V,W ), ϕU).

Thus (6.9) becomes

2g̃((∇′Uϕ)V,W ) = g̃(∇ϕV ϕU,ϕW )− g̃(∇ϕWϕU,ϕV )

+ g̃([ϕ,ϕ](V,W ), ϕU) + g̃(T (V,U), ωW )− g̃(T (W,U), ωV )

+ g̃(T (V,W )− T (W,V ), ωU)− g̃(α],W )g̃(ϕV,U)

+ g̃(α], V )g̃(ϕW,U) + 2g̃(α], U)g̃(ϕV,W )− g̃(β],W )g̃(V,U)

+ g̃(α], V )g̃(ϕW,U) + g̃(α], V )g̃(ϕW,U) + g̃(∇V U,ϕW )

− g̃(∇WU,ϕV ) + g̃(σ(V,U), ωW )− g̃(σ(W,U), ωV )

+ g̃(ϕ[U,ϕV ], ϕW )− g̃(ϕ[U,ϕW ], ϕV )

+ g̃([U, V ], ϕW )− g̃([U,W ], ϕV ). (6.10)

Next, in (6.10), using g̃(ϕ2∇UV, ϕW ) = −g̃(∇UV, ϕW ), we have

g̃(∇ϕV ϕU +∇V U + ϕ[U,ϕV ] + [U, V ], ϕW ) =

= g̃((∇′ϕV ϕ)U + ϕ(∇′Uϕ)V, ϕW ).
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Thus, by virtue of the above equation, the equation (6.10) is written as

2g̃((∇′Uϕ)V,W ) = g̃([ϕ,ϕ](V,W ), ϕU)+

+ g̃(T (V,U), ωW )− g̃(T (W,U), ωV )+

+ g̃
(
T (V,W )− T (W,V ) , ωU

)
− g̃(α],W )g̃(ϕV,U)+

+ g̃(α], V )g̃(ϕW,U) + 2g(α], U)g̃(ϕV,W )−

− g̃(β],W )g̃(V,U) + g̃(β], V )g̃(W,U) + g̃(σ(V,U), ωW )−
− g̃(σ(W,U), ωV ) + g̃

(
(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V, ϕW

)
−

− g̃((∇′ϕWϕ)U + ϕ(∇′Uϕ)W,ϕV ). (6.11)

On the other hand, we have from (3.3)(ii) and (4.3)

2dω(U, V ) = (∇′Uω)V − (∇′V ω)U =

= ∇⊥UωV −∇⊥V ωU − ω[U, V ].

From this equation, we obtain

(6.12) 2dω(ϕU, V ) = ∇⊥ϕUωV − ω[ϕU, V ] = T (U, V ).

Using the equation (6.12), the equation (6.11) becomes

2g̃((∇′Uϕ)V,W ) = g̃([ϕ,ϕ](V,W ), ϕU)+

+ 2g̃(dω(ϕV,U), ωW )− 2g̃(dω(ϕW,U), ωV ) + 2g̃(dω(ϕV,W )−

− dω(ϕW,V ), ωU)− g̃(α],W )g̃(ϕV,U) + g̃(α], V )g̃(ϕW,U)+

+ 2g(α], U)g̃(ϕV,W )− g̃(β],W )g̃(V,U) + g̃(β], V )g̃(W,U)+

+ g̃(σ(V,U), ωW )− g̃(σ(W,U), ωV ) + g̃((∇′ϕV ϕ)U+

+ ϕ(∇′Uϕ)V, ϕW )− g̃((∇′ϕWϕ)U + ϕ(∇′Uϕ)W,ϕV ). (6.13)

Next, since we have

g̃([ϕ,ϕ](V,W ), ϕU)− g̃(α],W )g̃(ϕV,U) + g̃(α], V )g̃(ϕW,U)

= g̃([ϕ,ϕ](V,W ) + g̃(α],W )V − g̃(α], V )W,ϕU),
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we get

2g̃((∇′Uϕ)V,W ) =

= g̃
(

[ϕ,ϕ](V,W ) + g̃(α],W )V − g̃(α], V )W,ϕU
)

− 2g̃
(
dω(ϕW,U) +

1

2
σ(W,U), ωV

)
+ 2g̃

(
dω(ϕV,U) +

1

2
σ(V,U), ωW

)
+ 2g̃

((
dω(ϕV,W ) +

1

2
σ(V,W )

)
−
(
dω(ϕW,V ) +

1

2
σ(V,W )

)
, ωU

)
− g̃(β],W )g̃(V,U) + g̃(β], V )g̃(W,U)

+ g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V − g̃(α], U)V, ϕW
)

− g̃
(

(∇′ϕWϕ)U + ϕ(∇′Uϕ)W − g̃(α], U)W,ϕV
)
. (6.14)

Next, we get

g̃(β], V )g̃(U,W ) = −g̃(α]1, ϕV )g̃(U,W )− g̃(α]2, ωV )g̃(U,W ).

Using the above equation, the equation (6.14) is written as

2g̃((∇′Uϕ)V,W ) =

= g̃
(

[ϕ,ϕ](V,W ) + g̃(α],W )V − g̃(α], V )W,ϕU
)

− 2g̃
(
dω(ϕW,U) +

1

2
σ(W,U) +

1

2
g̃(W,U)α]2, ωV

)
+ 2g̃

(
dω(ϕV,U) +

1

2
σ(V,U) +

1

2
g̃(V,U)α]2, ωW

)
+ 2g̃

((
dω(ϕV,W ) +

1

2
σ(V,W ) +

1

2
g̃(V,W )α]2

)
−
(
dω(ϕW,V ) +

1

2
σ(W,V ) + +

1

2
g̃(W,V )α]2

)
, ωU

)
+ g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V − g̃(α], U)V + g̃(U, V )α]1, ϕW
)

− g̃
(

(∇′ϕWϕ)U + ϕ(∇′Uϕ)W − g̃(α], U)W + g̃(U,W )α]1, ϕV
)
. (6.15)

Now, we put
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(6.16) A(U, V ) = dω(ϕU, V ) +
1

2
{σ(U, V ) + g̃(U, V )α]2}.

Then, the equation (6.15) is expressed as

2g̃((∇′Uϕ)V,W ) =

= g̃
(

[ϕ,ϕ](V,W ) + g̃(α],W )V − g̃(α], V )W,ϕU
)

− 2g̃(A(W,U), ωV ) + 2g̃(A(V,U), ωW )

+ 2g̃
(
A(V,W )−A(W,V ) , ωU

)
+ g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V − g̃(α], U)V + g̃(U, V )α]1 , ϕW
)

− g̃
(

(∇′ϕWϕ)U + ϕ(∇′Uϕ)W − g̃(α], U)W + g̃(U,W )α]1 , ϕV
)
. (6.17)

Now, let our submanifold be almost contact anti-holomorphic. Then
the D-mean curvature vector field HD satisfies (5.2). Hence, the tensor
field A(U, V ) is expressed by

(6.18) A(U, V ) = −g̃(ϕU,ϕV )HD +
1

2
{σ(U, V ) + g̃(U, V )α]2},

and A(U, V ) is symmetric with respect to U and V .
Substituting (6.18) into (6.17), we obtain

2g̃((∇′Uϕ)V,W ) =

= g̃
(

[ϕ,ϕ](V,W ) + g̃(α],W )V − g̃(α], V )W,ϕU
)

+ 2g̃
(
g̃(ϕW,ϕU)HD −

1

2
{σ(W,U) + g̃(W,U)α]2}, ωV

)
− 2g̃

(
g̃(ϕV, ϕU)HD −

1

2
{σ(V,U) + g̃(V,U)α]2}, ωW

)
+ g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V − g̃(α], U)V + g̃(U, V )α]1, ϕW
)

− g̃
(

(∇′ϕWϕ)U + ϕ(∇′Uϕ)W − g̃(α], U)W + g̃(U,W )α]1, ϕV
)
. (6.19)

Now, we have from (3.4)

(∇′ϕV ϕ)U = −g̃(α]1, U)ϕ2V + g̃(U,ϕV )β]1 − g̃(ϕV, ϕU)α]1

− g̃(β]1, U)ϕV +Bσ(U,ϕV ) +AωUϕV
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and

ϕ((∇′Uϕ)V ) = −g̃(α]1, V )ϕ2U + g̃(U, V )ϕβ]1 + g̃(ϕU, V )ϕα]1

− g̃(β]1, V )ϕU + ϕAωV U,

where we used ϕB = 0.
Using the above two equations we have

g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V − g̃(α], U)V + g̃(U, V )α]1, ϕW
)

=

= g̃(β]1, ϕW )g̃(ϕV,U)− g̃(α]1, ϕW )g̃(ϕV, ϕU)

− g̃(β]1, U)g̃(ϕV, ϕW ) + g̃(σ(ϕV, ϕW ), ωU)

− g̃(α]1, V )g̃(ϕU,W ) + g̃(ϕβ]1, ϕW )g̃(U, V )

+ g̃(ϕα]1, ϕW )g̃(ϕU, V )− g̃(β]1, V )g̃(ϕU,ϕW )

− g̃(AωV U,ϕ
2W ) + g̃(α]1, ϕW )g̃(U, V ).

Thus we have

g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V−

− g̃(α], U)V + g̃(U, V )α]1, ϕW
)
−

− g̃
(

(∇′ϕWϕ)U + ϕ(∇′Uϕ)W−

− g̃(α], U)W + g̃(U,W )α]1, ϕV
)

=

= g̃(β]1, ϕW )g̃(ϕV,U)− g̃(β]1, ϕV )g̃(ϕW,U)

− g̃(α]1, ϕW )g̃(ϕV, ϕU) + g̃(α]1, ϕV )g̃(ϕW,ϕU)

− g̃(α]1, V )g̃(ϕU,W ) + g̃(α]1,W )g̃(ϕU, V )

+ g̃(ϕβ]1, ϕW )g̃(U, V )− g̃(ϕβ]1, ϕV )g̃(U,W )

− g̃(ϕα]1, ϕV )g̃(ϕU,W ) + g̃(ϕα]1, ϕW )g̃(ϕU, V )

− g̃(β]1, V )g̃(ϕU,ϕW ) + g̃(β]1,W )g̃(ϕU,ϕV )

− g̃(AωV U,ϕ
2W ) + g̃(AωWU,ϕ

2V )

+ g̃(α]1, ϕW )g̃(U, V )− g̃(α]1, ϕV )g̃(U,W ). (6.20)

Since, β]1 = ϕα]1 +Bα]2, we have g̃(β]1, ϕW ) = g̃(ϕα]1, ϕW ).
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So, we have

g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V−

− g̃(α], U)V + g̃(U, V )α]1, ϕW
)
−

− g̃
(

(∇′ϕWϕ)U+ϕ(∇′Uϕ)W−g̃(α], U)W+g̃(U,W )α]1, ϕV
)

= −g̃(α]1, ϕW )g̃(ϕV, ϕU) + g̃(α]1, ϕV )g̃(ϕW,ϕU)

− g̃(α]1, V )g̃(ϕU,W ) + g̃(α]1,W )g̃(ϕU, V )

+ g̃(ϕβ]1, ϕW )g̃(U, V )− g̃(ϕβ]1, ϕV )g̃(U,W )

− g̃(β]1, V )g̃(ϕU,ϕW ) + g̃(β]1,W )g̃(ϕU,ϕV )

− g̃(AωV U,ϕ
2W ) + g̃(AωWU,ϕ

2V )

+ g̃(α]1, ϕW )g̃(U, V )− g̃(α]1, ϕV )g̃(U,W ). (6.21)

Moreover, we have ϕβ]1 = ϕ(ϕα]1 +Bα]2) = ϕ2α]1. From this we get

g̃(ϕβ]1, ϕW )g̃(U, V ) = g̃(ϕ2α]1, ϕW ) =

= g̃(ϕα]1,W ) = −g̃(α]1, ϕW ).

Using this, we obtain

g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V−

− g̃(α], U)V + g̃(U, V )α]1, ϕW
)
−

− g̃
(

(∇′ϕWϕ)U + ϕ(∇′Uϕ)W−g̃(α], U)W + g̃(U,W )α]1, ϕV
)

= −g̃(α]1, ϕW )g̃(ϕV, ϕU) + g̃(α]1, ϕV )g̃(ϕW,ϕU)

− g̃(α]1, V )g̃(ϕU,W ) + g̃(α]1,W )g̃(ϕU, V )

− g̃(β]1, V )g̃(ϕU,ϕW ) + g̃(β]1,W )g̃(ϕU,ϕV )

− g̃(AωV U,ϕ
2W ) + g̃(AωWU,ϕ

2V ) (6.22)
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Now, we have

g̃(β]1,W ) = g̃(ϕα]1,W ) + g̃(Bα]2,W ) =

= −g̃(α]1, ϕW )− g̃(α]2, ωW ).

So, we have{
g̃(α]1, ϕV ) + g̃(α]1, ϕW ) + g̃(α]2, ωW )

}
g̃(ϕV, ϕU) =

= 2g̃(α]1, ϕV )g̃(ϕW,ϕU) + g̃(α]2, ωV )g̃(ϕW,ϕU).

Using the above equation, we obtain

g̃
(

(∇′ϕV ϕ)U + ϕ(∇′Uϕ)V−

− g̃(α], U)V + g̃(U, V )α]1, ϕW
)
−

− g̃
(

(∇′ϕWϕ)U + ϕ(∇′Uϕ)W−g̃(α], U)W + g̃(U,W )α]1, ϕV
)

= 2g̃(α]1, ϕV )g̃(ϕW,ϕU)− 2g̃(α]1, ϕW )g̃(ϕV, ϕU)

+ g̃(α]2, ωV )g̃(ϕW,ϕU)− g̃(α]2, ωW )g̃(ϕV, ϕU)

− g̃(α]1, V )g̃(ϕU,W ) + g̃(α]1,W )g̃(ϕU, V )

− g̃(AωV ϕ
2W −AωWϕ2V,U). (6.23)

Thus (6.19) is written as

2g̃
(
(∇′Uϕ)V,W

)
= g̃
(
[ϕ,ϕ](V,W ), ϕU

)
+ 2g̃(α]1,W )g̃(V, ϕU)− 2g̃(α]1, V )g̃(W,ϕU)

+ 2g̃
(
g̃(ϕW,ϕU)HD −

1

2
{σ(W,U) + g̃(W,U)α]2}, ωV

)
− 2g̃

(
g̃(ϕV, ϕU)HD −

1

2
{σ(V,U) + g̃(V,U)α]2}, ωW

)
+ 2g̃(α]1, ϕV )g̃(ϕW,ϕU)− 2g̃(α]1, ϕW )g̃(ϕV, ϕU)

+ g̃(α]2, ωV )g̃(ϕW,ϕU)− g̃(α]2, ωW )g̃(ϕV, ϕU)

− g̃
(
AωV ϕ

2W −AωWϕ2V,U
)
. (6.24)

Moreover using (3.5),

g̃(β]1,W ) = −g̃(α]1, ϕW )− g̃(α]2, ωW )
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we have from (6.24)

2
{
g̃(α]1, ϕV )g̃(U,W )− g̃(α]1, ϕW )g̃(U, V )+

+ g̃(α]2, ωV )g̃(U,W )− g̃(α]2, ωW )g̃(U, V )
}

=

= g̃([ϕ,ϕ](V,W ), ϕU) + 2g̃
(
g̃(ϕW,ϕU)HD −

3

2
σ(W,U), ωV

)
− 2g̃

(
g̃(ϕV, ϕU)HD−

3

2
σ(V,U), ωW

)
+ 2g̃(α]1, ϕV )g̃(ϕW,ϕU)− 2g̃(α]1, ϕW )g̃(ϕV, ϕU)

− g̃(α]2, ωV ){g̃(W,U)− g̃(ϕW,ϕU)}

+ g̃(α]2, ωW ){g̃(V,U)− g̃(ϕV, ϕU)}
− g̃(AωV ϕ

2W −AωWϕ2V,U). (6.25)

Since we know g̃(V,U) = g̃(ϕV, ϕU) + g̃(ωV, ωU), (6.25) becomes

2
{
g̃(α]1, ϕV )g̃(U,W )− g̃(α]1, ϕW )g̃(U, V )

+ g̃(α]2, ωV )(g̃(U,W )− g̃(α]2, ωW )g̃(U, V )
}

=

= g̃([ϕ,ϕ](V,W ), ϕU)

+ 2g̃
(
g̃(ϕW,ϕU)HD −

3

2
σ(W,U), ωV

)
− 2g̃

(
g̃(ϕV, ϕU)HD −

3

2
σ(V,U), ωW

)
− g̃(α]2, ωV )g̃(ωW,ωU) + g̃(α]2, ωW )g̃(ωV, ωU). (6.26)
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That is, we obtain

g̃
(
ϕ[ϕ,ϕ](V,W ) + 2

{
g̃(α]2, ωV )W−

− g̃(α]2, ωW )V
}
, U
)

=

= 2g̃
(
g̃(ϕW,ϕU)HD −

3

2
σ(U,W )− 1

2
σ(U,ϕ2W )+

+ g̃(α]1, ϕW )ωU +
1

2
g̃(α]2, ωW )ωU, ωV

)
− 2g̃

(
g̃(ϕV, ϕU)HD −

3

2
σ(U, V )− 1

2
σ(U,ϕ2V )+

+ g̃(α]1, ϕV )ωU +
1

2
g̃(α]2, ωV )ωU, ωW

)
. (6.27)

Thus we have
Theorem 6.1. In an almost contact anti-holomorphic submanifold

in an l.c.K.-manifold, the D-mean curvature vector field HD satisfies

g̃
(
g̃(ϕV, ϕU)HD −

3

2
σ(V,U)− 1

2
σ(ϕ2V,U)+

+ g̃(α]1, ϕV )ωU +
1

2
g̃(α]2, ωV )ωU, ωW

)
=

= g̃
(
g̃(ϕW,ϕU)HD −

3

2
σ(W,U)− 1

2
σ(ϕ2W,U)+

+ g̃(α]1, ωW )ωU +
1

2
g̃(α]2, ωW )ωU, ωV

)
(6.28)

if and only if the morphisms ϕ and ω A satisfy

(6.29) ϕ[ϕ,ϕ](V,W ) + 2{g̃(α]2, ωV )W − g̃(α]2, ωV )} = 0

for any U, V,W ∈ TM .
From Theorem 6.1, we can easily obtain
Corollary 6.2. In an almost contact anti-holomorphic submanifold

in an l.c.K.-manifold which the Lee vector field α] is in D⊥, the D-mean
curvature vector field HD satisfies (6.28) if and only if the shape operator
A satisfies

(6.30) ϕ[ϕ,ϕ](V,W ) = 0

for any U, V ∈ TM .
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Remark. In the above case, (6.28) is written as

g̃
(
g̃(ϕV, ϕU)HD −

3

2
σ(V,U)−

− 1

2
σ(ϕ2V,U) + g̃(α], ϕV )ωU,W

)
=

= g̃
(
g̃(ϕW,ϕU)HD −

3

2
σ(W,U)−

− 1

2
σ(ϕ2W,U) + g̃(α], ϕW )ωU, ωV

)
(6.31)

for any U, V,W ∈ TM .
Now, we calculate g̃(S(U, V ), ϕW ). Using (4.1), we have

g̃(S(U, V ), ϕW ) = g̃[ϕ,ϕ](U, V )+

+ 2g̃
({
dω(U, V )− 1

2 g̃(α], U)ωV + 1
2 g̃(α], V )ωU

}
, JϕW

)
.

On the other hand, we know ϕU ∈ D for any U ∈ TM . So, JϕU ∈ D.
This means that

g̃
({
dω(U, V )− 1

2
g̃(α], U)ωV +

1

2
g̃(α], V )ωU

}
, JϕW

)
= 0.

From this, we have

(6.32) g̃(S(U, V ), ϕW ) = g̃([ϕ,ϕ](U, V ), ϕW ),

that is,

(6, 32)′ ϕS(U, V ) = ϕ[ϕ,ϕ](U, V )

for any U, V ∈ TM . Thus we have
Theorem 6.3. In a normal almost contact anti-holomorphic sub-

manifold in an l.c.K.-manifold, the D-mean curvature vector field HD
satisfies (6.28).

Now we assume that the submanifold is normal. Then we have from
(6.32)

g̃(g̃(ϕV, ϕU)HD −
3

2
σ(V,U)− 1

2
σ(ϕ2V,U), ωW ) =

= g̃
(
g̃(ϕW,ϕU)HD −

3

2
σ(W,U)− 1

2
σ(ϕ2W,U), ωV

)
(6.33)

for any U, V,W ∈ TM .
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In (6.33), if we put U = X,W = Y ∈ D and V ∈ D⊥, then we get

(6.34) g̃(X,Y )HD = σ(X,Y ).

Thus we have
Theorem 6.4. Under the same assumption with the above theorem,

the D-mean curvature HD satisfies (6.34).
By virtue of Theorem 6.4, we obtain
Theorem 6.5. Under the same assumption with the above theorem,

for a orthonormal frame {e1, ..., e2p} of D, we have

(6.35) σ(ei, ej) = δjiHD,

that is,

(6.36) σ(ei, ej) =


HD 0 · · · 0
0 HD · · · 0
· · · · · · · · · · · ·
0 0 0 HD

 .

This means that the distribution D is totally umbilical in M̃ .
Let M be normal. Then we have from (6.33)

g̃(σ(V,Z), ωW ) = g̃(σ(W,Z), ωV )

for any Z ∈ D⊥ and V,W ∈ TM . From the above equation, we can
easily have

Proposition 6.6. A normal anti-holomorphic submanifold in an
l.c.K.-manifold is mixed geodesic, that is, the second fundamental form
σ satisfies σ(D,D⊥) = {0}.

Remark. The above proposition was proved by using the different
method with Proposition 4.2.
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folds // Memoriile secţiilor ştiinţifice. — 1991. — Vol. 14. — P. 1–49.
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Some aspect of non-commutative
algebraic topology

In this paper we study crossed chain complexes. We also give applica-
tions of this theory to study Morse functions on non-simply connected
smooth manifolds with boundary.

1. Introduction

Non-commutative algebraic topology investigates non-simply connec-
ted CW-comlexes [1]. An important tools here are crossed modules. The
purpose of this paper is to demonstrate that crossed modules occur in a
very natural setting, namely if Wn is a non-simply connected manifold
with a non-simply connected boundary V n−1, then the second Morse
numberM2(Wn) of Wn can be calculated using second crossed module.

2. G-crossed modules and projective crossed complexes

By a crossed module we mean a pair of groups (C,G) and a ho-
momorphism ∂ : C −→ G, together with an action of G on C which
satisfies some natural conditions. More precisely:

Definition 1. A G-crossed module is a triple (C, ∂,G), where C and
G are groups, ∂ : C −→ G is a homomorphism such that G acts on C
from the left (the action will be denoted by gc), and the homomorphism
∂ satisfies the following conditions:

a) ∂(gc) = g · ∂(c) · g−1 for all g ∈ G, c ∈ C,
b) c · d · c−1 = ∂(c)d for all c, d ∈ C.

The following properties are immediate consequences of the definition:

1) K = Ker∂ is contained in the center of C,

© V. V. Sharko
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2) N = Im∂ is a normal subgroup of G.

Let Q = G/N . The action G on C induces a natural Z[Q]-module
structure on the center of C so that K = Ker∂ is a submodule of this
module.

Moreover the action of G on C induces a structure of Z[Q]-module on
Cab = C/[C,C].

Let us mention the following two obvious and important special cases
of crossed modules:

1) C is a Z[G]-module (so ∂ = 0);
2) C is a normal subgroup of G (so ∂ is the inclusion).

Definition 2. A morphism (α, β) from the crossed module (C, ∂,G)
to (C ′, ∂′, G′) is a pair of group homomorphisms α : C −→ C ′ and
β : G −→ G′ such that β ·∂ = ∂′·α and α(gc) = β(g)α(c), (g ∈ G, c ∈ C).

Let CM denote the category of crossed modules. If β = Id on G = G′,
we say that α is a G-morphism and denote this category by CMG.

An important case of a crossed module is the so-called free crossed
module defined by J.H.C. Whitehead [19].

Definition 3. A G-crossed module (C, ∂,G) is called a free crossed
module with indexed basis (ci∈I) ⊂ C if it satisfies the following univer-
sal property: given a G′-crossed module (C ′, ∂′, G′), an indexed subset
(c′i∈I) ⊂ C ′, and a homomorphism f : G −→ G′ such that

f(∂(ci)) = ∂′(c′i)

for each i ∈ I, there is a unique homomorphism g : C −→ C ′ such that
g(ci) = c′i for each i ∈ I and the pair (f, g) is a morphism of crossed
modules.

The following fundamental theorem is also due to J.H.C. Whitehead
[19].

Theorem. Let X be a path-connected CW -complex, and Y be a CW -
complex obtained from X by attaching a two-dimensional cell. Then
π2(Y,X, x) is a free crossed π1(X,x)-module with basis corresponding to
the cells so attached.

Now fix a group G.
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Definition 4. A G-crossed module C is said to be projective if it is
projective in the category CMG, that is for any surjective morphism of
G-crossed modules f : A→ B and any g : C → B in CMG, there is an
h : C → A in CMG such that f · h = g.

Let (C, ∂,G) be a crossed module, N = Im∂, Q = G/N , and Cab =
C/[C,C]. J. G. Ratcliffe proved that (C, ∂,G) is a projective crossed
module if and only if Cab = C/[C,C] is a projective module Z[Q]-module
and mapping of the two-dimensional homology groups

∂∗ : H2(C)→ H2(N)

induced by the homomorphism ∂ : C → G is trivial [15]. The following
important fact is due to M. Dyer [3].

Theorem. Let X be a connected CW -subcomplex of a connected
2-complex Y , where π1(X,x) = G and x ∈ X is a base point. Then
the triple (π2(Y,X, x), ∂, π1(X,x))is a projective crossed module. Here
the homomorphism ∂ : π2(Y,X, x) → π1(X,x) is taken from the exact
homotopy sequence for the pair (Y,X).

Definition 5. A projective crossed chain complex is a sequence of
groups and homomorphisms

e← π
∂1← G

∂2← C2
∂3← C3 ← . . .

∂n← Cn

such that:

a) (C2, ∂2, G) is a projective G-crossed module,
b) for each i ≥ 3 the module Ci is a projective Z[π]-module, ∂i is

a homomorphism of Z[π]-modules, ∂2 commutes with the action
of the group G and ∂3(C3) is a Z[π]-module,

c) ∂i · ∂i+1 = 0.

Obviously, G acts on each of Ci, i ≥ 2.
A crossed chain complex is said to be of dimension n if Ci = 0 for

i > n.

To any projective crossed chain complex (Ci, ∂i, G) we can associate

the chain complex of projective Z[π]-modules
∂ab
2← Cab2

∂3← C3 ← . . .
∂n← Cn.
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3. Additive function on the category of projective modules

Let G be a discrete group. Denote its integer group ring by Z[G] and
the group ring over the field C by C[G]. In the group ring there exists
an augmentation epimorphism: ε : Z[G]→ Z, (ε : C[G]→ C) acting bhy
the rule: ε(Σnigi) = Σni.

In the ring C[G] there exists an involution: ∗ : C[G]→ C[G], (Σnigi)∗ =
Σnig

−1
i , where n denotes the conjugation in C.

We can define the trace: tr : C[G] → C according to the rule:
tr(Σnigi) = n1, where n1 is the coefficient at g1 = e, the identity of
the group G.

It is obvious that tr satisfies the following conditions:

a) tr is a C-linear mapping;
b) tr(r1r2) = tr(r2r1);
c) tr(rr∗) ≥ 0, and if tr(rr∗) = 0, then r = 0.

Unless otherwise stated in what follows a module M over a certain
associative ring with identity Λ is assumed to be a left finitely generated
Λ-module.

Rings for which the rank of the free module is uniquely defined are
called IBN-rings.

It is known that the group rings Z[G] and C[G] are IBN-rings. We
will consider only IBN-rings.

Denote by µ(M) the minimal number of generatrices of the module
M . We will assume that µ(M) = 0 for zero module M Then

µ(M ⊕ Fn) ≤ µ(M) + n,

where Fn is a free module of rank n. There are examples (of stably-free
modules) when the strict inequality holds. Howeve in general for two
projective modules M and N there are no relation between µ(M ⊕ N)
and µ(M) + µ(N).

Definition 6. Suppose that a function d(P ) is given on the category
of projective Λ-modules P (not necessarily over group rings) with values
in the set of nonnegative numbers R+. Say that the function d(P ) is
additive if the following conditions are satisfied:

a) d(P ) = d(Q) if the module P is isomorphic to the module Q;
b) d(P ) = 0 if and only if P = 0;
c) d(Λ) = 1;



Non-commutative algebraic topology 169

d) d(P ⊕Q) = d(P ) + d(Q).

An example of an additive function for projective modules over Z[G]
with values in Z+ was constructed by E. Dyer and A. T. Vasquez[2].

Let π : Fn → P be an epimorphism of the free module Fn of rank n
onto the projective module P over the group ring Z[G]. Denote the basis
of the module Fn by x1, x2, . . . , xn. Let s : P → Fn be a homomorphism
such that π · s = IdP . Then the homomorphism e = s · π : Fn → Fn is
an idempotent and determines P up to an isomorphism.

Let A be the matrix of the homomorphism e in the basis x1, x2, . . . , xn,
i.e., e(xi) =

∑
j aijxj , where aij ∈ Z[G]. Following Dyer and Vasquez,

we set d(P ) =
∑
i tr(aii).

For projective Z[G]-module P the inequality d(P ) ≤ µ(P ) is true, and
the equality is realized if and only if P is a free module.

Remark 1. By analogy, for the projective modules P over the ring
C[G] one can construct the additive function d(P ) =

∑
i tr(aii). This

function takes values in R+.

The following results are obtained in [16].

Definition 7. Let Y be the range of values of an additive function
d(P ) defined on the category of projective modules. The function d(P )
is called discrete if there exists ε > 0 such that for any y ∈ Y the only
point from Y belonging to the interval (y − ε, y + ε) is y.

Definition 8. Let d(P ) be an additive function on the category of
projective modules. An epimorphism f : P1 →M of a projective module
P1 is called p-minimal if for any other epimorphism g : Q → M of a
projective module Q, one has that d(P1) ≤ d(Q).

In what follows, the number d(P1) will be denoted by µp(M).

Remark 2. The number µp(M) is defined not for all modules M .

Remark 3. Let Λ = C[G] and let d(P1) be the additive function from
Remark 3.1. Assume that g ∈ G is an element of order k. Then the
element

E =
1

k
(e+ g + . . .+ gk−1) ∈ C[G]

is an idempotent. Therefore, the module P = C[G] · (E) is a nonzero
projective module such that C[G] = P ⊕ Q, where Q = C[G] · (1 − E).
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It is obvious that d(P ) = 1
k . Since ε(E) = 1, the restriction of the

augmentation homomorphism to the module P is an epimorphism onto
the field C regarded as a C[G]-module.

If the group G contains elements of arbitrarily large order, then it is
obvious that the number µp(C) can not be defined.

However the following assertions hold true:

a) if an additive function d(P ) on the category of projective mod-
ules is discrete, then for any module M the number µp(M) is
defined and µ(M) ≥ µp(M);

b) if P is a projective module and for a module M the number
µp(M) is defined, then for the moduleM⊕P the number µp(M⊕
P ) is also defined and µp(M ⊕ P ) = µp(M) + d(P );

c) if P is a projective module and for a module M ⊕P the number
µp(M⊕P ) is defined then for the module M the number µp(M)
is also defined and

µp(M) = µp(M ⊕ P )− d(P ).

Let (C, ∂,G) be a G-crossed module. Suppose that Q = G/N . Let
d(P ) be an additive function on the category of projective modules over
a Z[Q]-module. By definition d(C, ∂,G) = d(Cab).

4. Projective p-minimal chain complexes

Assume that an additive function d(P ) on the category of projective
modules over the ring Λ is given.

Definition 9. A projective chain complex

(C, d) : C0
d1← C1

d2← · · · dn← Cn

is called p-minimal in dimension i if, for any projective chain complex

(D, ∂) : D0
∂1← D1

∂2← · · · ∂n← Dn

homotopically equivalent to C, d, one has d(Ci) ≤ d(Di), where d(C) is
the dimension of the module C.

A projective chain complex (C, d) is called p-minimal if it is p-minimal
in all dimensions.
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Remark 4. It is obvious that for any free chain complex (C, d) in its
homotopic type for any fixed dimension i there always exists a minimal
free chain complex in dimension i.

However, a minimal free chain complex may be absent in the homotopy
type of an arbitrary free chain complex (C, d).

We will give an answer to the following question.
Question. When a projective chain complex (C, d) is p-minimal?

Definition 10. Let f : P → M be an epimorphism of a projective
module P . Say that one can select a p-minimal epimorphism from f if
there exists a decomposition P = P1 ⊕ P2 such that f | (P1 ⊕ 0) is a
p-minimal epimorphism and f(0⊕ P2) = 0.

Remark 5. In general, it is impossible to select a p-minimal epimor-
phism from an arbitrary epimorphism f : P →M .

Definition 11. Let N be a submodule (not necessarily finitely gener-
ated) of a module M . We define p-rank(N,M) of the pair M ⊇ N
as the value of the nonnegative number k such that the submodule N
contains a projective module P , d(P ) = k, that is a direct summand of
the module M and for any other projective submodule Q ⊆ N selected a
direct summand in M the inequality d(Q) ≤ k is true.

Remark 6. Note that the p-rank(N,M) is defined not for all pairs of
modules M ⊇ N .

Remark 7. It is obvious that the following assertions hold true:

a) if the additive function d(P ) on the category of projective mod-
ules is discrete, then for any pair M ⊇ N its p-rank(N,M) is
defined;

b) p-rank(N,M) ≤ µ(M);
c) p-rank(N,M) = p-rank(N,M ⊕Q).

Definition 12. Assume that for a submodule N ⊆M its p-rank(N,M)
is defined. Say that p-rank(N,M) is additive if for any projective mod-
ule Q we have that p-rank(N ⊕Q,M ⊕Q) is defined and

p-rank(N ⊕Q,M ⊕Q) = p-rank(N,M) + d(Q).

Lemma 1. Let d(P ) be a discrete additive function on the category
of projective modules. Suppose that N is a submodule (not necessarily



172 V. V. Sharko

finitely generated) of a module M . Then there exists a positive number
k0 such that for all projective modules Q with d(Q) ≥ k0 we have that
p-rank(N ⊕Q,M ⊕Q) is additive.

The following fact is proved in [16].

Theorem 1. Let

(C, d) : C0
d1← C1

d2← . . .
dn← Cn

be a projective chain complex over the ring Λ. Then (C, d) is p-minimal
if and only if p-rank(Ci, di+1(Ci+1)) is equal to zero and is additive.

5. Projective crossed p-minimal chain complexes

Suppose that d(P ) is a discrete additive function on the category of
Z[π]-projective modules.

Definition 13. Let

(Ci, ∂i, G) : e← π
∂1← G

∂2← C2
∂3← C3 ← · · ·

∂n← Cn

be a projective crossed chain complex. A crossed chain complex (Ci, ∂i, G)
is called p-minimal in dimension i if, for any projective crossed chain
complex

(Di, ∂i, G) : e← π
∂1← G

∂2← D2
∂3← D3 ← · · ·

∂n← Dn

homotopically equivalent to (Ci, ∂i, G)

a) for i ≥ 3 one has d(Ci) ≤ d(Di);
b) for i = 2 one has d(Cab2 ) ≤ d(Dab

2 ), where d(Cab2 ) is the dimen-
sion of the module (Cab2 ).

A projective crossed chain complex (C, d) is called p-minimal if it is
p-minimal in all dimensions.

Corollary 1. Let

(Ci, ∂i, G) : e← π
∂1← G

∂2← C2
∂3← C3 ← · · ·

∂n← Cn

be a projective crossed chain complex and

(Cab, ∂ab) :
∂ab
2← Cab2

∂3← C3 ← · · ·
∂n← Cn

be the associated chain complex of projective Z[π]-modules. Then (Ci, ∂i, G)
is p-minimal if and only if the associated chain complex (Cab, ∂ab) is p-
minimal.
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6. Applications to Morse theory.

It is known that all chain complexes constructed from cellular de-
compositions of a non-simply connected manifold Wn have the same
homotopy type [9].

Let (Wn, V n−1) be a compact smooth manifold with boundary ∂Wn =
V n−1 and π = π1(Wn) be the fundamental group of Wn. Denote

by p : (W̃n, Ṽ n−1) → (Wn, V n−1) the universal covering map. Here

Ṽ n−1 = p−1(V n−1). Let us choose on Wn an ordered Morse function
f : Wn → [0, 1] such that f−1(0) = V n−1, and a gradient-like vector

field ξ. Using the mapping p, lift f and ξ to W̃n, and denote a lifted

function and a vector field by f̃ and ξ̃ respectively. Using f and ξ (resp.

f̃ and ξ̃) construct chain complexes of abelian groups

C∗(W
n, f, ξ) : C∗(W

n, f, ξ) : C0
d1←− C1 ← · · ·

dn←− Cn,

and

(C∗(W̃
n, f̃ , ξ̃) : C∗(W̃

n, f̃ , ξ̃) : C̃0
d̃1←− C̃1 ← · · ·

d̃n←− C̃n,

where Ci = Hi(Wi,Wi−1, Z), C̃i = Hi(W̃i, W̃i−1, Z) and W̃i = f̃−1[0, ai],
Wi = f−1[0, ai] are submanifolds containing all critical points of indices
less than or equal to i.

The fundamental group π = π1(Wn) acts on manifolds W̃n. Making

use of this actions, we can turn the chain group C̃i into finitely generated
modules over ring Z[π]. On manifold (Wn, V n−1) using (f, ξ) construct
crossed projective chain complexes

Ccr∗ (Wn, f, ξ) : e← π ← π1(V n−1)
d2←−

←− π2(Wn
2 , V

n−1)
d̃(3)←−C̃3 d̃4←− . . . d̃

(n−1)

←− C̃(n).

Definition 14. The i-th Morse number Mi(W
n) of a manifold Wn

is the minimal number of critical points of index i taken over all Morse
functions on Wn.

Theorem 2. Let (Wn, V n−1) (n ≥ 6) be a compact smooth manifold
with boundary ∂Wn = V n−1. Suppose that the inclusion i : V n−1 →Wn

indeces the map

i∗ : π1(V n−1)→ π1(Wn)
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which is an epimorphism. Then the second Morse number M2(Wn) of
Wn is equal to

µ(π2(Wn, V n−1)),

where µ(π) denotes the minimal number of generators of the crossed
module π.

Proof. The conditions of the theorem guarantee existence of an ordered
Morse function f : Wn → [0, 1] such that f−1(0) = V n−1 and f has no
critical points of indexes 0 and 1. The Morse number M2(Wn) of Wn

can be directly computed as in Lemma 2.1 of [16]. �

Suppose that the inclusion i : V n−1 →Wn induces the map

i∗ : π1(V n−1)→ π1(Wn)

which is not an epimorphism. Then any Morse function f : Wn → [0, 1],
f−1(0) = V n−1 on Wn has at least one critical point of index 1.

It is clear that in this situation π1(W1) = π1(V n−1) ∗ Fk, where Fk
is a free group of rank k. The number k is equal to the number of
critical points of index 1 of Morse function f . Of course, the minimal
number of generators of π1(W1)-crossed module π1(Wn,W1) will depend
on submanifold W1.

Lemma 2. Let (Wn, V n−1), n ≥ 6), be a compact smooth manifold
with boundary ∂Wn = V n−1 and π = π1(Wn) be the fundamental group
of Wn. Suppose that f : Wn → [0, 1] is an ordered Morse function such
that f−1(0) = V n−1, and W1 = f−1[0, a1] are submanifolds containing
all critical points of indeces less that or equal to 1. Then the number

D(Wn,W1) = µ(π2(Wn,W1))− µ(H2(Wn,W1,Z))

does not depend on a particular choice of function f .

Theorem 3. Let (Wn, V n−1), (n ≥ 6), be a compact smooth manifold
with boundary ∂Wn = V n−1 and π = π1(Wn) be the fundamental group
of Wn. Suppose that the inclusion

i : V n−1 →Wn

induces the map i∗ : π1(V n−1)→ π1(Wn) which is not an epimorphism.
The second Morse number M2(Wn) of Wn is equal to

D(Wn,W1) + µ(H2(Wn, V n−1,Z)),

where µ(H) denotes the minimal number of generators of the group H.
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Proof. The conditions of the theorem guarantee the existence of an or-
dered Morse function f : Wn → [0, 1] such that f−1(0) = V n−1 and f
has critical points of index 1 and no critical points of index 0. In this sit-
uation estimates for the Morse number M2(Wn) of Wn can be directly
computed. �

The estimations of Morse numbers using different approaches were
obtained in [4, 5, 6, 7, 10, 11, 12, 13, 14, 17, 18]. In next papers we shall
give the values of Morse numbers for other classes of manifolds.
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About Connection of the
Generalized Möbius–Listing’s
surfaces with Sets of Ribbon Knots
and Links

In this article are considered Ribbon Knots or Links which appear
after cutting the Generalized Möbius - Listing’s surfaces GMLnm
along “parallel” lines of their basic lines.

Keywords: Ribbon Knot, Ribbon Link, Links classification, Möbius strip

1. Introduction

The Classic Knots and Links Classifications are well known (see e.g.
[7, 8, 9]). In this article we will consider the so-called “Ribbon” Knots
and Links which appear after cutting the Generalized Möbius–Listing’s
surfaces GMLnm along “parallel” lines of their basic lines. In the pre-
vious articles [4, 5, 6] we studied particular cases when GMLn2 surface
was “k-times cutting” along the basic line of this surface. But now we
consider the general case when the surface GMLnm (for any natural m)
was “k-times cutting” along the k (any natural number) different lines,
which are “parallel” of the basic line.

2. Notations

Without loss of generality and for simplify the process of proofing, in
this article we use the following definitions, notations and restriction:
• X1, X2, X3, or x, y, z is the notation for coordinates;

© I. N. Tavkhelidze
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• τ, ψ, θ — are space values (local coordinates in parallelogram):

τ ∈ [τ∗, τ
∗]; 0 ≤ τ∗ ≤ τ∗ = const;

ψ ∈ [0, 2π]; θ ∈ [0, 2π];
(2.1)

• P ∗m is “Simple star” (particular case of “Plane figure with m-
symmetry” Pm (see in [6])), which analytic representation is given by
following formula

x = τ

m−1∑
i=0

li · ε(ψ − ψi) cosψ,

z = τ

m−1∑
i=0

li · ε(ψ − ψi) sinψ,

(2.2)

where the arguments τ and ψ are defined in (2.1); τ∗ = 0; ψi = 2πi
m and

li ∈ (0, 1) are some constants for each i = 0,m− 1 and

ε(ψ − ψi) =

{
0, ψ = ψi,

1, ψ 6= ψi.

Remark 1. Plane figure P ∗m is:
1) a “Regular simple star” with m “wings” or “vertices” when

τ∗ ≡ 0 and when li ≡ 1, i = 0,m− 1;
2) a set of m segments of straight lines lying on the radii of a circle

centered at the origin when τ∗ > 0;

• x̃, z̃, θ - are space values (local coordinates or parameters in the
Cylinder (τ∗ = 0) or in the pipe (τ∗ > 0) correspondingly)

PR∞ = {(x̃ = τ cosψ, z̃ = τ sinψ, θ) :

τ ∈ [τ∗, τ
∗];ψ ∈ [0, 2π]; θ ∈ [0, 2π]}.

• PR∗m is a “cylinder” with cross section simple star, i.e.

PR∗m =

m−1⋃
i=0

Ti = P ∗m × [0, 2π) =

m−1⋃
i=0

{Ii × [0, 2π)} =

= {(x̃i = τ li cosψi, z̃i = τ li sinψi, θ) : τ ∈ [0, τ∗];

ψi =
2πi

m
, i = 0,m− 1; θ ∈ [0, 2π]}.

(2.3)



Generalized Möbius–Listing’s surfaces 179

• Ti, for each i = 0,m− 1, is a wing the cylinder PR∗m which corre-
sponds to the angle ψi, i.e.

Ti = {Ii × [0, 2π)} = {[0, li]× [0, 2π)}
Ii = [0, li] (2.4)

T oi = {Ii × {0}} T ei = {Ii × {2π}}.

• Ii, i = 0,m− 1 is a wing of the plane figure P ∗m, and correspondingly
τ · li is a “Length” of its.
• OO′ – axis of symmetry of the prism PR∗m;

Definition 1. Generalized Möbius Listing’s body - shortly GMLnm
- is obtained by identifying the opposite ends of the prism PR∗m in such
a way that:

A) For any integer n ∈ Z and i = 0, . . . ,m − 1 each edge T oi
coincides with the edge T ei+n = T emodm(i+n) correspondingly;

B) The integer n ∈ Z denotes the number of rotations of the end
of the prism with respect to the axis OO′ before the identification. If
n > 0, the rotations are counter-clockwise, and if n < 0 then rotations
are clockwise.

General definition and some particular examples of GMLnm and its
graphical realizations can be found in [2, 3].

Remark 2. Number n for each particular case of the GMLnm body has
a different meaning and depends from the number m. One full rotation
around of basic line realizes when n = m;
• GML1

2 is classic Möbius strip.

In this article are considered Generalized Möbius Listing’s surfaces
GMLnm with following restriction:
• Radial cross section of this surfaces are “Regular simple star”;
• Basic line of these surfaces always plane circle;
• Rule of twisting around basic line is a “regular” (see [2]).
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According to these restrictions it is easy to remark, that analytic
representation (6*) in [2] of the GMLnm surfaces has a form

X1(τ, ψ, θ) =

[
R+τ

m−1∑
i=0

li · ε(ψ−ψi) cos(ψ+ nθ
m )

]
cos(θ),

X2(τ, ψ, θ) =

[
R+τ

m−1∑
i=0

li · ε(ψ−ψi) cos(ψ+ nθ
m )

]
sin(θ),

X3(τ, ψ, θ) = τ

m−1∑
i=0

li · ε(ψ − ψi) sin(ψ+ nθ
m ),

(2.5)

where τ, ψ, θ are variables in the parallelogram (2.1); Constants li and
ψi for each i = 0,m− 1 are defined in Remark 1; m (number of wings)
is a arbitrary natural number and n (number of rotation) is a arbitrary
integer number.

Analytic representation (2.5) gives us possibility to discover some
properties of Generalized Möbius–Listing’s body

Remark 3. 1. For each n if ψi =
2πi

m
for i = 0,m− 1, formula (2.5)

is a one to one correspondence points of the “cylinder” PR∗m in (2.3)
and points of the corresponding Generalized Möbius–Listing’s surfaces
GMLnm with radial cross section simple star;

2. Analytic representation (2.5) is a only “width-preserving” corre-
spondence (proof. see in the article [1]);

3. The line {0}× [0, 2π) ⊂ PR∗m is a origin (by correspondence (2.5))
of he basic line of the GMLnm surface and it belongs to the each wings
Ti in (2.4) when i = 0,m− 1.

According to this formulas following identities are holds for each num-
bers m,n

Xk(τ, ψ, 2π) = Xk(τ, ψ +
2πn

m
, 0), k = 1, 2, 3; (2.6)

or in particularly for each numbers m,n, i = 0,m− 1 and k = 1, 3

Xk(τ, ψi, 2π) = Xk(τ, ψmodm(i+n), 0). (2.7)

Geometric meaning of (2.7) is: - after bending of the cylinder PR∗m
each line T oi coincides with the line T emodm(i+n). So that we may write
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following permutation: for each i = 0,m− 1

T oi → T emodm(n+i). (2.8)

But now according to the theorem such permutation will be constructed
with exactly gcd(m,modm(n)) (gcd is a greatest common divisor) num-
bers of disjoint cycles; Number of these cycles is a number of different
colors in such GMLnm body’s surface. Each different items of following
remark is a simple corollary of the relation (2.6)

Remark 4. Suppose that the generalized Möbius–Listing’s surface
GMLnm has a radial cross section Regular simple star (2.2).
• A. If integer number j - is a greatest common divisor of m and

modm(n), then the GMLnm body has a 2j-colored surface;
• B. If m = 2 and j = 1, then regular simple P ∗2 is a segment

of straight line and (angle 1800 may be interpreted - “internal angles
don’t exist”) so that only in this case one colored or one sided surface
appears(GML1

2 - classic Möbius strip).
• C. If n = ml, l = 0, 1, 2..., then the GMLnm body has 2m-colored

surface;

Definition 2. A closed line (similar to the basic or border’s line) which
is situated on a GMLnm and is “parallel” to the basic (or border’s) line
of the GMLnm, i.e. the distance between this line and basic or border’s
lines is constant is called a “Slit line” or shortly an “s-line”.

If the distance between an s-line and the basic line is zero, then this
s-line coincides with the basic line (and sometimes is called “B-line”).

Definition 3. A domain situated on the surface GMLnm and such that
its border’s lines are slit lines, is called a “Slit zone” or shortly an
“s-zone”.

The distance between the border’s lines of an s-zone is the “width”
of this s-zone.

If an s-zone’s width equals to zero, then this zone reduces to an s-line.

Definition 4. If the “B-line” is properly contained inside a “Slit
zone” - i.e. his distance to the border’s lines is strictly positive - then
this “Slit zone” will be called a “B-zone”.

Definition 5. The “process of cutting” or shortly the “cutting”
is always realized along some s-lines and produces the vanishing (i.e.
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elimination) of the corresponding s-zone (which eventually reduces to an
s-line).

• If a GMLnm surface is cut along an s-line, then the resulting object
calls “slitting GMLnm” and the corresponding vanishing zone will be
called an s-slit.

• If a GMLnm surface is cut along its B-line, then the resulting object
calls “B-slitting GMLnm” and the corresponding vanishing zone will be
called a B-slit.

• If the vanishing zone after an s-slit (a B-slit) is given by an “s-
zone” (a “B-zone”), then the cutting process will be called an s-zone-
slit (a B-zone-slit).

• If GMLnm surface is cut (k + 1)-times along k + 1 different s-lines,
k = 0, 1, 2, . . ., and none coincide with B-line (sometimes −→k+1), then
the resulting object calls “(k+1)-slitting GMLnm” and the corresponding
vanishing zones are k+1-slits. In this case the cutting process will be
called an k+1-zones-slit

• If GMLnm surface is cut (k + 1)-times along k + 1, k = 0, 1, 2...
different s-lines and one of this line coincide with B-line (sometimes
−→B+k ), then the resulting object calls “B + k-slitting GMLnm” and
corresponding vanishing zones are B+k-slits. In this case the cutting
process will be called an B+k-zones-slit

Sometimes in this article we use “Link-1” to the notation of “Knot”;
But always “Links” in this article are “Ribbon Links” or Links with
radial cross section “Simple star”;

For each natural number i ∈ [0,m − 1] the segment Ii in (2.4) are
divided by one of the following rules:

τ̃ i2j = j ·
(
li − εi
ki + 1

+
εi
ki

)
, j = 0, 1, . . . , ki.

τ̃2j+1 = (j + 1) · li − εi
ki + 1

+ j · εi
ki
, j = 0, 1, . . . , ki.

(2.9)

or

τ̂ i2j =
j · li
ki

, j = 0, 1, . . . , ki.

τ̂2j+1 =
j · li + εi

ki
, j = 0, 1, . . . , ki − 1.

(2.10)
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where 0 ≤ εi < li and ki = 0, 1, . . . are some real and natural numbers
correspondingly.
• For each multiindex k = (k0, k1, . . . , km−1) and vector ε = (ε0, ε1, . . . , εm−1)

T̃k =
m−1
∪
i=0
{Ĩi,ki × [0, 2π)},

T̃ εk =
m−1
∪
i=0
{Ĩεii,ki × [0, 2π)},

PR∗m = P ∗m × [0, 2π) = T̃k ∪ T̃ εk ,

Ĩi,ki =
ki∪
j=0

[τ̃ i2j , τ̃
i
2j+1], Ĩεii,ki =

2ki−1∪
j=1

[τ̃ i2j−1, τ̃
i
2j ],

(2.11)

or

T̂B,k =
m−1
∪
i=0
{Îi,B,ki × [0, 2π)}

T̂ εB,k =
m−1
∪
i=0
{Îεii,B,ki × [0, 2π)}

PR∗m = P ∗m × [0, 2π) = T̂B,k ∪ T̂ εB,k,

Îi,B,k =
2k−1
∪
j=1

[τ̂ i2j−1, τ̂
i
2j ], Îεi,B,ki =

k
∪
j=0

[τ̂ i2j , τ̂
i
2j+1].

(2.12)

• Elimination of the B-zone always means, that corresponding origin

domain T̂ εB,k (2.12) and εi = ε ≥ 0 for every i = 0, . . . ,m − 1, moor
precisely in this case multiindex

ε = (ε, ε, . . . ε);

• For fixed number of cutting k, the width of the eliminated zones
(and radius of B-zone) on the GMLnm surface were always identic;
• For fixed number of cutting k, the width of the remain zones (and

radius of corresponding B-zone) on the GMLnm surfaces were always
identic;

3. Relations between the set of Generalized
Möbius–Listing’s Surfaces and the sets of Knots and

Links

Theorem 1. If the GMLnm surface is (κ + 1)-times cut along κ + 1
different non trivial s-lines (i.e. a line which does not coincide with
its basic line and κ = 0, 1, . . .), then for each integer numbers m,n, κ,
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after an (κ+1)-zones-slit, an object “Link-(κ+2)” appears, whose one
component is a GMLnm surface, and each other components are:

A. GML2ω
2 surfaces - if number n = mω (ω-arbitrary integer num-

ber), i.e. in this case

GMLmωm −→κ+1 Link − (κ+ 2)
of one GMLmωm and (κ+ 1)×GML2ω

2 ;
(3.1)

B. GML
2ξ(ω+1)+2(η−1)
2 surfaces - if number n = mω + δ and integer

numbers m and δ have greatest common divisor equal to the ς (m = ς×ξ
and δ = ς × η), i.e. in this case

GMLmω+δm = GMLς(ξω+η)m −→κ+1 Link − (κ+ 2)

of one GMLmω+δm and (κ+ 1)×GML
2ξ(ω+1)+2(η−1)
2 .

(3.2)

Proof. Case A. In this case n = mω where ω is an integer num-
ber, this means cylinder PR∗m made ω full rotation before identifying of
corresponding wings (see Remark 2.).
• In particular case, when κ = 0 (GMLnm surface was cutting along

the one s-line), to the slit of the GMLnm surface corresponds one cy-
cle in the (2.8), but in this case since n = mω, permutation (2.8) is
constructed with m disjoint cycles. In other words origin of the slit

(without loss of generality) is a T̃ ε1 from (2.11), where ε = (ε, 0. . . . 0)
and 1 = (1, 0, . . . , 0). So that domain of definition of slitting GMLnm is
a

T̃1 =

m−1⋃
i=0

{
[τ̃ i0, τ̃

i
1]× [0, 2π)

}⋃{
[τ̃02 , τ̃

0
3 ]× [0, 2π)

}
. (3.3)

This domain T̃1 consists with two separated domains. First member of
the right hand side of the (3.3) has a structure of the cylinder PR∗m and
since the (2.5) it define the GMLnm surface (“wing number 0 is a little
bit short”). Second member of the right hand side of the (3.3) is a strip
and since the Remark 2.) and (2.5) it define the GML2ω

2 surface. So
that in this particular case (κ = 0) proposition of the theorem in this
case is already proved.
• In general case, when κ is an arbitrary natural number we may

separate the process of proving by following steps:
- First step - after (first) one slitting appears previous situation - link

2 to the GMLmωm and GML2ω
2 surfaces.
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- Second step - second slitting is a slitting GMLmωm or slitting GML2ω
2

. If the second slitting is a slitting GMLmωm , then we have previous
situation and so that appear Link-2 of the GMLmωm and GML2ω

2 . In
the other hand, if the second slitting is a slitting of the GML2ω

2 , then
according to the Theorem 2 case A in the [4], after cutting appear link-
2 of two GML2ω

2 surfaces. So that, after second cutting in both cases
appear link-3 where one surface is a GMLωm2 and two others are GML2ω

2

surfaces.
- Third step - each following κ+1 cutting is a cutting of the GMLωm2

surface or one of the κ surfaces GML2ω
2 . But in this case arguments are

identical to the previous point.
- So that case A. of the Theorem already proved. Particular case

when m = 3, n = 3 and k + 1 = 6 see in Fig.1 case A.

Case B. In this case number ω define number of full rotations and δ
define the permutation (2.8).
• Let consider the particular case, when κ = 0. According to the

definition 4. formulas (2.8), (2.11) and Remark 4 A.) to the slit (without
loss of generality we start to the number 0) corresponds the origin (with
respect to the (2.5)) domain

T̃ ε|ξ| =

ξ−1⋃
i=0

{
Ĩεςi,1 × [0, 2π)

}
, (3.4)
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where n = mω + δ ; gcd(m, δ) = ς ; m = ς × ξ ; δ = ς × η.; ς is a
number of disjoint cycles in corresponding permutation (2.8) and ξ is a
number of elements in these cycles. Multiindexes ε = (ε0, ε1 . . . εm−1)
have a following structure

εi =

{
ε, i = qς, q = 0, 1, . . . ,

0, i 6= qς.

So that after elimination of domain T̃ ε|ξ| (3.4) in the cylinder PR∗m appear

new domain of definitions of the (2.5)(or slitting GMLmω+δm )

T̃ ε|ξ| =

m−1⋃
i=0

{
[τ̃ i0, τ̃

i
1]× [0, 2π)

} ξ−1⋃
i=0

{
[τ̃ ςi2 , τ̃

ςi
3 ]× [0, 2π)

}
. (3.5)

So that domain (3.5) is consists with ξ + 1 separated parts. First part
of the right hand side of the expression (3.5) is a similar to the cylinder
PR∗M and according to the (2.5), it define GMLmω+δm surface. But,
second terms in right hand side in the (3.5)(ξ- times disjoined strips)

according to the (2.5) and (2.8) define GML
2ξ(ω+1)+2(η−1)
2 surface.

So that appear link-2 when one component is a GMLmω+δm surface

and second is a GML
2ξ(ω+1)+2(η−1)
2 surface (we may rewrite unit normal

vector of the corresponding surface have form similar to the formula (12)
in the [4]. Unit normal vector make 2ξ(ω+1)+2(η−1) rotations around
the new basis line) .
• In general case, when κ is an arbitrary natural number we may

separate the process of proving by following steps:
First step - after (first) one slitting appears previous situation - link

2 to the GMLmω+δm and GML
2ξ(ω+1)+2(η−1)
2 surfaces.

Second step - second slitting is a slittingGMLmω+δm or slittingGML
2ξ(ω+1)+2(η−1)
2 .

If the second slitting is a slittingGMLmω+δm , then we have previous situa-

tion and so that appear Link-2 of theGMLmω+δm andGML
2ξ(ω+1)+2(η−1)
2 .

On the other hand, if the second slitting is a slitting of theGML
2ξ(ω+1)+2(η−1)
2 ,

then according to the Case A of Theorem 2 in [4], after cutting appear

link-2 of two GML
2ξ(ω+1)+2(η−1)
2 surfaces.

So that, after GMLmω+δm and two others are GML
2ξ(ω+1)+2(η−1)
2 sur-

faces.
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Third step - each following κ+1 cutting is a cutting of the GMLmω+δm

surface or one of the k surfaces GML
2ξ(ω+1)+2(η−1)
2 . But in this case

arguments are identical to the previous point.
- So that case B. of the Theorem already proved. Particular case when

m = 3, n = 2 and k + 1 = 2 see in Fig.2 case A.

Theorem 2. If the GMLnm surface is (B + κ)-times cut along κ +
1 different s-lines and someone coincide with the basic line (i.e. κ =
0, 1, . . .), then for each integer numbers m,n, κ, after a (B+κ)-zones-
slit:

A. if n = mω an object “Link-(κ+m)” appears, whose each com-
ponents are GML2ω

2 surfaces; i.e. for each ω ≥ 0,

GMLmωm −→b+κ Link − (κ+m)
of (κ+m)×GML2ω

2 ;
(3.6)

B. if n = mω + δ, and greatest common divisor of the numbers m
and δ is a ς (m = ς × ξ and δ = ς × η , then an object “Link-κ + ς”

appears, whose each components are GML
2ξ(ω+1)+2(η−1)
2 surfaces; i.e.

for each ω ≥ 0,

GMLmω+δm = GMLς(ξω+η)m −→b+κ Link − (κ+ ς)

of (κ+ ς)×GML
2ξ(ω+1)+2(η−1)
2 .

(3.7)

Proof. Case A. In this case n = mω. At first let us consider a
particular case, when κ = 0 (GMLnm surface was cutting along the B-
line), to the B-slit of the GMLnm since the (2.12) and corresponding
restriction about B-slit

T̂ εB,0 =
m−1
∪
i=0

{
Îεi,B,0 × [0, 2π)

}
, (3.8)
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where, ε = (ε, ε, . . . ε). So that domain of definition of the B-slitting
GMLnm surface is

T̂B,0 =
m−1
∪
i=0

{
Îi,B,0 × [0, 2π)

}
=
m−1
∪
i=0

{
[τ̂ i1, τ̂

i
2]× [0, 2π)

}
(3.9)

and correspondingly it consists to the m separated strips. But according
to the (3.1), in this case each strip define GML2ω

2 surface. So that
B-slitting GMLmωm is a link-m of the m disjoined GML2ω

2 surfaces (ω
number of full rotations).
• In general case, when κ is an arbitrary natural number we may

separate the process of proving by following steps:
- First step - after (first) one B-slitting appears previous situation -

link-m to the m different GML2ω
2 surfaces.

- Second step - second slitting is a slitting of the one of GML2ω
2 . But

in this case according to the Theorem 2 case A in the [4], appear link-2
of the surfaces with similar structure. So that after (B + 1)-slitting of
the GMLmωm is a link-(m+ 1) of the m+ 1 different GML2ω

2 surfaces.
- Third step - we must to repeat second step in k-times. So that

(B+κ)-slitting GMLmωm surface is a link-(m+κ) of the (m+κ) different
GML2ω

2 surfaces.
- So that case A. of Theorem 2 already proved.Particular case when

m = 3, n = 3 and k = 6 see in Fig.1 case B.
Case B.
• Let consider the particular case, when κ = 0. To the B-slit corre-

sponds the domain (3.8). But now, according to formulas (2.8), (2.12)
and (2.5)) domain ((3.9) define ς different

GML
2ξ(ω+1)+2(η−1)
2

surfaces (number of disjoint cycles in corresponding permutation). num-
ber of rotations around basic line is a similar to the case A 2.
• In general case, when κ is an arbitrary natural number we may

separate the process of proving by following steps:
- First step - after (first) one B-slitting appears previous situation -

link-ς to the ς different GML
2ξ(ω+1)+2(η−1)
2 surfaces.

- Second step - second slitting is a slitting of the one of

GML
2ξ(ω+1)+2(η−1)
2
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surface. But in this case according to the Theorem 2 case A in the
[4], appear link-2 of the surfaces with similar structure. So that after
(B + 1)-slitting of the GMLmω+δm is a link-(ς + 1) of the ς + 1 different

GML
2ξ(ω+1)+2(η−1)
2

surfaces.
- Third step - we must to repeat second step in k-times. so that

(B+κ)-slitting GMLmω+δm surface is a link-(ς +κ) of the ς +κ different

GML
2ξ(ω+1)+2(η−1)
2 surfaces.

- So that case B Theorem 2 already proved. Particular case when
m = 3, n = 2 and k = 2 see in Fig.2 case B.

Remark 5. Both the previous Theorems still hold when the basic line
is a closed space line.
• Sometime, when m = 2 and k = 0, we may calculate precise classic

topological indexes of Link-1 or Link-2 which appear after s-slit or B-slit
(see. [4],[5]);

In particularly after B-slit:
a. Link-2 {(n)21} (standard classification see. [8] or [7]) appear, when

n is even number (see. Theorem 1.A in [4]);
b. Link-1 {(n)1}, (except n = 1, standard classification see. [9] or

[7]) appear, when n is odd number (see. Theorem 1.B in [4]);
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