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Functions with isolated singularities on
surfaces1

Sergiy Maksymenko

Let M be a smooth connected compact surface, P be either the real
line R or the circle S1, and f : M → P be a smooth mapping.
In a previous series of papers for the case when f is a Morse map
the author calculated the homotopy types of stabilizers and orbits of
f with respect to the right action of the di�eomorphisms group of
M . The present paper extends those calculations to a large class of
maps M → P with degenerate singularities satisfying certain set of
axioms.

1. Introduction

Let M be a smooth compact connected surface and P be
either the real line R or the circle S1. Then the group D(M)
of di�eomorphisms of M naturally acts from the right on the
space C∞(M,P ) by the formula:

h · f = f ◦ h, h ∈ D(M), f ∈ C∞(M,P ).

This action is one of the main objects in singularities theory.
For the case of surfaces it was extensively studied in recent
years, see e.g. [4, 3, 27, 31, 33, 32, 35, 36, 18, 19, 11, 39].
For f ∈ C∞(M,P ) let Σf be the set of critical points of f

and
O(f) = {f ◦ h | h ∈ D(M)},

S(f) = {h | f = f ◦ h, h ∈ D(M)}
1This research is partially supported by grant of Ministry of Science

and Education of Ukraine, � M/150-2009.

c© Maksymenko S., 2010
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be respectively the orbit and the stabilizer of f . We will endow
D(M) and C∞(M,P ) with the corresponding topologies C∞.
Then these topologies induce certain topologies on O(f) and
S(f). Let Did(M) and Sid(f) be the identity path-component
of D(M) and S(f), and Of (f) the path-component of f in
O(f) with respect to topologies C∞.
In [18, 19] the author calculated the homotopy types of
Sid(f) and Of (f) for all Morse maps f : M → P . These
calculations are essentially based on the description of homo-
topy types of groups of orbits preserving di�eomorphisms for
certain classes of vector �elds obtained in [15, 25]. In a series
of papers [17, 22, 20, 24] the classes of vector �elds were ex-
tended and using these results it was then announced in [21]
that calculations of [18, 19] can be done for a large class of
smooth maps M → P with isolated �homogeneous� singular-
ities.
The aim of this paper is to show that the technique used

in [18, 19] can be formalized and thus extended to classes of
isolated singularities even larger than homogeneous ones, see
Theorems 3 and 4.
We will introduce three types of isolated critical points S, P,

and N for a germ of smooth maps f : M → P . These points
will be discussed in �4 and now we only note that S-points
are saddles while P- and N-points are local extremes2. All
these points can be degenerate however they satisfy certain
�non-degeneracy� conditions formulated in the terms of shift
map of the corresponding local Hamiltonian vector �eld of
f . In particular, class of S-points (P-points) have properties
similar to non-degenerate saddles (local extremes) of Morse
functions and include such points, while N-points behave like

2The symbols P and N stand for periodicity and non-periodicity of
shift map.
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degenerate local extremes of homogeneous polynomials, see
Lemma 12. These N-points bring new e�ects in comparison
with Morse functions.
Now we put following three axioms on f :

Axiom (A1). f is constant at each connected component
of ∂M and Σf ⊂ IntM .

Axiom (A2). Every critical point of f is either an S- or
a P- or an N-point.

Axiom (A3). The natural map p : D(M)→ O(f) de�ned
by p(h) = f ◦ h−1 is a Serre �bration with �ber S(f) in the
corresponding topologies C∞.
The following theorem describes the homotopy types of
Sid(f) and Of (f) for a generic situation. Detailed formu-
lations are given in Theorems 3 and 4 below.

Theorem 1. Suppose f satis�es axioms (A1)-(A3) and has
at least one S-point. Let also n be the total number of critical
points of f . Then Sid(f) is contractible, πiOf (f) = πiM for
i ≥ 3, π2Of (f) = 0, and for π1Of (f) we have the following
exact sequence:

1→ π1D(M)⊕ Zk → π1Of (f)→ G → 1,

where G is a certain �nite group and k ≥ 0.

1.1. Structure of the paper. The exposition of the paper
follows the line of [18]. The principal new feature is that we
consider N-points. This requires additional arguments almost
everywhere, therefore in many places we repeat the arguments
of [18] with necessary modi�cations.
In �2 we recall some results concerning the shift map along

the orbits of vector �elds. �3 describes two constructions re-
lated to a smooth function f on a surface: foliation ∆f by con-
nected components of level-sets of f and the Kronrod-Reeb
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graph Γ(f) of f . In �4 we introduce three types of critical
points S, P, and N. Further in �5 we formulate main results
of the paper Theorems 3 and 4 and also discuss su�ciant con-
ditions for axiom (A3). In ��6 we put on the Kronrod-Reeb
graph of f additional data which describe combinatorial be-
havior of di�eomorphisms h ∈ S(f) near N-points. �8 con-
tains the proof of Theorems 3. The proof follows the line
of [18, Th. 1.3]. The rest of the paper is devoted to the proof
of Theorem 4.

Remark 1. I must warn the reader that the paper [18] con-
tains the following �dangerous� places which are also corrected
in the present and in previous papers by the author.
1) The calculation of homotopy types of stabilizers given

in [18, Th. 1.3] is essentially based on the principal result of
another paper of mine [15] which unfortunately contains some
mistakes. The corrections to [15] are given in [24, 25], where
it is also shown that for the case described in [18] the results
of [15] holds true, see Theorem 2. Thus [18, Th. 1.3] remains
valid,
2) [18, Eq. (8,6)] is not true in general, see Remark 3 and

Example 1 for details. This changes the meaning of the group
G in [18, Th. 1.5]: it remains �nite however now it is a
group of automorphisms of a more complicated object than
the Kronrod-Reeb graph of f , which takes to account orien-
tations of level-sets of f , see �6.2. A correct formulation of
[18, Eq. (8,6)] is given in Lemma 14.
3) In the proof of [18, Th. 1.5] it was claimed without ex-

planations that a certain central extension of π1Did(M) with
a free abelian group J0 is just a direct sum. In general, central
extensions of abelian groups even with free abelian groups are
not trivial. We will show in Theorem 6 that in our case that
extension is trivial.



Functions on surfaces 11

1.2. Notations. Suppose thatM is a non-orientable surface.

Then p : M̃ →M will always be the oriented double covering

of M and ξ : M̃ → M̃ be a C∞ involution generating the
group Z2 of deck transformations. For a function f : M → P

we put f̃ = p ◦ f : M̃ → P .

2. Shift maps along orbits of flows

2.1. r-homotopies. Let M,N be smooth manifolds and let
0 ≤ r ≤ ∞. Say that a map Ω : M × I → N is an r-
homotopy if the corresponding map ω : I → Cr(M,N) de�ned
by ω(t)(x) = Ω(x, t) is continuous from the standard topology
of I to the weak topology Cr of Cr(M,N). In other words, all
partial derivatives of Ω in x ∈ M up to order r continuously
depends on t ∈ I. If in addition Ωt : M → N is an embedding
for every t ∈ I, then Ω will be called an r-isotopy , see [20].
Thus a usual homotopy is a 0-homotopy. Moreover, every
Cr-map M × I → N is an r-homotopy, but not wise verse.

2.2. Local �ow. Let F be a smooth vector �eld on a smooth
manifoldM tangent to ∂M . Then for every x ∈M its integral
trajectory with respect to F is a unique mapping

ox : R ⊃ (ax, bx)→M

such that ox(0) = x and ȯx = F (ox), where (ax, bx) ⊂ R is
the maximal interval on which a map with the previous two
properties can be de�ned. Then the following set

dom(F ) = ∪
x∈M

x× (ax, bx),

is an open neighbourhood of M × 0 in M × R, and the local
�ow of F is de�ned by

F : M × R ⊃ dom(F ) −→M, F(x, t) = ox(t).
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If M is compact, then F is de�ned on all of M ×R, e.g. [29].
The set of zeros of F will be denoted by ΣF .

2.3. Shift map. A subset V ⊂M will be called a D-subma-
nifold , if V is a connected submanifold with boundary (pos-
sibly with corners) of M and dimV = dimM . We will also
say that V is a D-neighbourhood for each z ∈ IntV .
Let V be aD-submanifold. Denote by func(F, V ) the subset

of C∞(V,R) consisting of functions α whose graph

Γα = {(x, α(x)) : x ∈ V }
is contained in dom(F ). Then we can de�ne the following
map:

(2.1) ϕ(α)(x) = F(x, α(x)), α ∈ func(F, V ), x ∈ V.
We will call ϕ the shift map along orbits of F on V and denote
its image in C∞(V,M) by Sh(F, V ).

De�nition 1. Let h : V → M be a smooth map, V ′ ⊂ V a
submanifold and α : V ′ → R a smooth function. We will say
that α is a shift function for h on V ′ if h(x) = F(x, α(x))
for all x ∈ V ′.
2.4. Shift map at a singular point. Let z ∈ V ∩ ΣF . De-
note by D̂(F, z) the space of at z germs of orbit preserving
di�eomorphisms h : (M, z)→ (M, z). Thus if h is de�ned on
some neighbourhood W of z, then h(W ∩ o) ⊂ o for every
orbit o of F .
Let also C∞z (M) denotes the space of germs of C∞ functions

α : M → R at z. Since z is a singular point for F we have a
well-de�ned shift map

ϕ̂z : C∞z (M)→ D̂(F, z), ϕ̂z(α)(x) = F(x, α(x)).

Denote by Ŝh(F, z) ⊂ D̂(F, z) the image of ϕ̂z. Then Ŝh(F, z)

is a subgroup of D̂(F, z), see [15, Eqs. (8),(9)] or [22, Lm. 3.1].
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There is a natural homomorphism

Jz(h) : D̂(F, z)→ Aut(TzM)

associating to each h ∈ D̂(F, z) the corresponding linear au-
tomorphism Tzh of the tangent space at z.
Choose local coordinates (x1, . . . , xn) at z. Then we can

regard Jz as a map Jz : D̂(F, z) → GL(n,R) associating to

each h ∈ D̂(F, z) its Jacobi matrix at z.
Let also F = (F1, . . . , Fn) be the coordinate functions of F .

Then the following matrix

(2.2) ∇F (z) =

( ∂F1

∂x1
(z) ··· ∂F1

∂xn
(z)

··· ··· ···
∂Fn
∂x1

(z) ··· ∂Fn
∂xn

(z)

)
will be called the linear part of F at z.
It is easy to show, [22, Lm. 5.3], that if α ∈ C∞(V,R) then

Jz(ϕV (α)) = Jz(Fα(z)) = e∇F (z)·t, whence

(2.3) Jz(Ŝh(F, z)) = Jz({Ft}t∈R) = {e∇F (z)t}t∈R.

2.5. Kernel of shift map. The set ker(ϕV ) = ϕ−1
V (iV ) will

be called the kernel of ϕV . It consists of all C∞ functions
α : V → R such that F(x, α(x)) = x for all x ∈ V .

Lemma 1. [15] Let α, β ∈ func(F, V ). Then ϕV (α) = ϕV (β)
i� α− β ∈ ker(ϕV ). In other words

F(x, α(x)) ≡ F(x, β(x)) ⇔ F(x, α(x)− β(x)) ≡ x.

Suppose V is connected and the set ΣF of singular points of
F is nowhere dense in V . Then one of the following conditions
holds true:
Nonperiodic case: ker(ϕV ) = {0} and the shit map

ϕV : func(F, V )→ Sh(F, V )
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is a bijection. This holds for instance if F has at least one
non-closed orbit, or for some singular point z of F the linear
part of F at z vanishes, i.e. ∇F (z) = 0; or
Periodic case: ker(ϕV ) = {nθ}n∈Z for some C∞ strictly

positive function θ : V → (0,+∞). In this case

• every x ∈ V \ΣF is periodic so func(F, V ) = C∞(V,R),
• there is an open and everywhere dense set Q ⊂ V \ΣF

such that θ(x) = Per(x) for all x ∈ Q;
• ϕ−1

V ◦ ϕV (α) = {α + nθ} for every α ∈ C∞(V,R).

Let E(F, V ) be the subset of C∞(V,M) consisting of maps
h : V →M such that

(i) h(ω) ⊂ ω for every orbit ω of F ;
(ii) for every singular point z ∈ ΣF the corresponding tan-

geng map Tzh : TzM → TzM is an isomorphism.

Let also D(F, V ) be the subset of E(F, V ) consisting of im-
mersions V →M .
For 0 ≤ r ≤ ∞ denote by Eid(F, V )r (resp. Did(F, V )r)

the path component of the identity inclusion iV : V ⊂ M
in Eid(F, V )r (resp. Did(F, V )r) with respect to the topology
Cr. It consists of maps h ∈ Eid(F, V )r (resp. h ∈ Did(F, V )r)
which are r-homotopic to iV in E(F, V ) (resp. D(F, V )).
If V = M , we will omit V from notations. Moreover, we

will also often omit superscript∞ and denote Eid(F, V )∞ and
Did(F, V )∞ simply by Eid(F, V ) and Did(F, V ).

Lemma 2. [15, 24] Let Ht : V × I → M be an r-homotopy
such that H0 = iV and Ht ∈ E(F, V ). Then there exists a
unique r-homotopy Λ : (V \ ΣF ) × I → R such that Λ0 = 0,
Λt : V \ ΣF → R is C∞, and Ht(x) = F(x,Λt(x)) for all
x ∈ V \ ΣF and t ∈ I.
In particular, for every h ∈ Eid(F, V )0 there exists a smooth

shift function on V \ ΣF .
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For α ∈ func(F, V ) and z ∈ V we will denote by F (α) the
Lie derivative of α along F at z. Then, [15, Theorem 19],
ϕV (α) is a local di�eomorphism at z i� F (α)(z) 6= −1. Put

(2.4) Γ+
V = {α ∈ func(F, V ) : F (α) > −1}.

Evidently, Γ+
V is S1-open and convex subset of func(F, V ). It

also follows from [15, Theorem 25] that

(2.5) Γ+
V = ϕ−1(Did(F, V )∞).

Lemma 3. [20] The following inclusions hold true:

Sh(F, V ) ⊂ Eid(F, V )∞ ⊂· · ·⊂ Eid(F, V )r ⊂· · ·⊂ Eid(F, V )0,

ϕV (Γ+
V ) ⊂ Did(F, V )∞ ⊂· · ·⊂ Did(F, V )r ⊂· · ·⊂ Did(F, V )0.

If Sh(F, V ) = Eid(F, V )r, then ϕV (Γ+
V ) = Did(F, V )r.

2.6. Openness of shift map. We recall here the principal
results obtained in [25], see Theorem 2 below.

Lemma 4. Endow func(F, V ) and Sh(F, V ) with topologies
C∞. If ΣF ∩ V = ∅ then the shift map ϕV is locally injective,
whence the following conditions are equivalent:

(1) ϕV : func(F, V )→ Sh(F, V ) is an open map.
(2) ϕV : func(F, V ) → Sh(F, V ) is a local homeomor-

phism.

Suppose these conditions hold true. Consider the restriction

ϕV |Γ+
V

: Γ+
V → ϕV (Γ+

V ).

If ϕV is non-periodic, then ϕV and ϕV |Γ+
V
are homeo-

morphisms onto their images. In particular, Sh(F, V ) and
ϕV (Γ+

V ) are contractible.
Suppose ϕV is periodic. Then the maps ϕV and ϕV |Γ+

V
are

Z-covering maps onto their images, and Sh(F, V ) and ϕV (Γ+
V )

are homotopy equivalent to the circle S1.
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We will be interesting in establishing (1) and (2) of Lemma 4
for the shift map ϕ, i.e. for the case V = M . It is convenient
to formulate this as the following condition.

(Z) The shift map ϕ : C∞(M,R)→ Sh(F ) is a local home-
omorphism with respect to topologies C∞.

We will now recall su�cient conditions for (Z) obtained in
[25].
Let V be a compact D-submanifold, and U be an open

neighbourhood of V . Then the restriction F |U of F to U
generates a local �ow

FU : U × R ⊃ dom(FU) −→ U.

The corresponding shift map of F |U will be denoted by
ϕU,V . Thus

ϕU,V : func(F |U , V )→ Sh(F |U , V ).

Let us introduce the following conditions for V and U .

(A) The shift map ϕV : func(F, V ) → Sh(F, V ) is C∞-
open, that is open between the corresponding topologies
C∞;

(B) The shift map ϕU,V : func(F |U , V ) → Sh(F |U , V ) is
C∞-open.

(C) The set Sh(F |U , V ) is C∞-open in Sh(F, V ).

Finally for each point z ∈ M consider the following prop-
erties.

(A1) There exists a base βz = {Vj}j∈J at z consisting of
compact D-neighbourhoods of z such that every V ∈ βz
satis�es (A).
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(B1) There exist an open neighbourhood U of z and a base
βz = {Vj}j∈J ⊂ U at z consisting of compact D-
neighbourhoods such that every V ∈ βz satis�es (B).

(C1) There exists a neighbourhood U of z every compact D-
submanifold V ⊂ U satis�es (C).

(R1) z is non-periodic and non-recurrent.
(R2) z is periodic and the Poincar�e return map of the orbit

oz of z is the identity.
(S1) z ∈ ΣF and there exists an F -invariant neighbourhood

W of z.
(S2) z ∈ ΣF and there exists a neighbourhood W of z with

the following property: if x ∈ ∂W = W \W then there
exists a neighbourhood γ ⊂ ox of x in the orbit ox such
that γ ∩ ∂W = {x}.

Theorem 2. [25] The following implications hold true:
1) (A) ⇔ (B) & (C);
2) (A1) for every z ∈M ⇒ (Z);
3) (R1) ∨ (R2) ⇒ (A1);
4) (S1) ∨ (S2) ⇒ (C1).
In particular, suppose that every regular point z ∈ M \ ΣF

of F satis�es either of the conditions (R1), (R2), and every
singular point z ∈ ΣF of F satis�es (S1), (S2), and (B1).
Then the shift map ϕ : C∞(M,R)→ Sh(F ) is either a home-
omorphism or a Z-covering map between topologies C∞.

Remark 2. Statement 1) of Theorem 2 in particular implies
that if the map ϕV is open (condition (A)), then the map ϕU,V
is open for any open neighbourhood U of V (condition (B)).

3. Functions on surfaces

In this section we will assume that M is a compact surface
and f : M → P a C∞ map satisfying the following conditions:
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(i) f takes constant value on each connected component
of ∂M

(ii) all critical points of f are isolated and contained in
IntM .

Let z ∈ IntM . Then in some local charts at z in M and at
f(z) in P we can regard f as a function

(3.1) (M, z) ⊃ (C, 0)
f̄−−−→ (R, 0) ⊂ (P, f(z))

such that z = 0 ∈ C and f̄(0) = 0 ∈ R.
We say that z is a local extreme for f if it is a local extreme

for f̄ . Moreover, if we �x an orientation of P and restrict
ourselves to representations (3.1) in which the embedding R ⊂
P preserves orientation, then z will be called a local maximum
(minimum) of f whenever so is 0 ∈ C for f̄ .

3.1. Isolated critical points. Suppose that z ∈ IntM is an
isolated critical point of f . Then there exists a germ of a
homeomorphism h : (C, 0)→ (C, 0) such that

f̄ ◦ h(z) =

{
±|z|2, if 0 is a local extremum, [5],
Re(zn) for some n ∈ N, otherwise, [33].

If 0 is not a local extreme for f , then the number n does not
depend on a particular choice of h, and in this case z will be
called a (generalized) n-saddle.
The topological structure of the foliation ∆f near local ex-

tremes, 1-, and 3-saddles is illustrated in Figure 3.1. The cor-
responding critical components of level-set of f are designed
in bold.

3.2. Foliation ∆f of f . Notice that f de�nes onM a certain
one-dimensional foliation ∆f with singularities in the follow-
ing way: a subset ω ⊂ M is a leaf of ∆f if and only if ω is
either a critical point of f or a connected component of the
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a) local extreme b) 1-saddle c) 3-saddle

Figure 3.1. Isolated critical points

set f−1(c) \ Σf for some c ∈ P . Thus the leaves of ∆f are
1-dimensional submanifolds of M and singular points of f .
Denote by ∆reg

f the union of all leaves of ∆f homeomorphic
to the circle and by ∆cr

f the union of all other leaves. It follows
from (i) that ∂M ⊂ ∆reg

f .
The leaves in ∆reg

f (resp. ∆cr
f ) will be called regular (resp.

critical). Similarly, connected components of ∆reg
f (resp. ∆cr

f )
will be called regular (resp. critical) components of ∆f .
Evidently, every critical leaf of ∆cr

f either homeomorphic to
an open interval or is a singular point of f . If f has at least
one critical point or ∂M = ∅, then every regular component
of ∆f is di�eomorphic with S

1 × (0, 1).
Denote by D(∆f ) the group of di�eomorphisms h of M

such that h(ω) = ω for every leaf ω of ∆f , and let D+(∆f ) be
its subgroup consisting of di�eomorphisms of M preserving
orientations of all 1-dimensional leaves of ∆f .

For each critical point z ∈ Σf we will denote by D̂(∆f , z)
the group of germs of di�eomorphisms h : (M, z)→ (M, z) at
z preserving leaves of ∆f . More precisely, let V be a neigh-
bourhood of z and h : V → M be an embedding such that
h(z) = z. Then h ∈ D̂(∆f , z) if and only if h(ω ∩ V ) ⊂ ω for
each leaf ω of ∆f .
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Lemma 5. [18, Lm. 3.4] If f satis�es (i) and (ii), then

D+
id(∆f )

r = Did(∆f )
r = Sid(f)r, 0 ≤ r ≤ ∞.

Proof. In [18, Lm. 3.4] the proof was actually given for the
case r = 0. However literally the same arguments hold for all
r if we replace everywhere in [18, Lm. 3.4] the word �isotopy�
with �r-isotopy�. �

3.3. KR-graph of f . Let Γ(f) be the Kronrod-Reeb graph
(KR-graph) of f , e.g. [12, 3, 35, 18]. This graph is obtained
from M by shrinking every connected component of every
level-set of f to a point, see Figure 3.2. Then we have the
following decomposition of f :

f = fΓ ◦ pf : M
pf−−−→ Γ(f)

fΓ−−−→ P,

where pf is a factor-map and fΓ is the induced function which
will be caller KR-function for f . Evidently, the edges (resp.
vertexes) of Γ(f) correspond to regular (resp. critical) com-
ponents of ∆f .

Figure 3.2. Foliation ∆f and KR-graph Γ(f)
of f
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3.4. The action of S(f) on Γ(f). Evidently, each h ∈ S(f)
interchanges the leaves of ∆f and even yields a homeomor-
phism of Γ(f). So we have a natural homomorphism

λ : S(f)→ Aut(Γ(f)).

It follwos that h ∈ ker(λ) i� h preserves every regular leaf
of ∆reg

f . On the other hand it is easy to construct examples
when h ∈ ker(λ) interchanges critical leaves of ∆f . It follows
that

D+(∆f ) ⊂ D(∆f ) ⊂ ker(λ).

Remark 3. I should warn the reader that [18, Eq. (8.6)]
wrongly claims that

D+(∆f ) ∩ Did(M) = ker(λ) ∩ Did(M).

In fact, the presented proof contains a misprint and a mistake:
it refers to [18, Lm. 3.6(2)] which does not exist instead of [18,
Lm. 3.5(2)].
Nonetheless, [18, Lm. 3.5(2)] is not applicable since it claims

about h ∈ Sid(f) but not about h ∈ D+(∆f ) ∩ Did(M): the
di�erence is that every h ∈ Sid(f) is isotopic to idM via an f -
preserving isotopy, while h ∈ D+(∆f )∩Did(M) also preserves
f and is isotopic to idM but the isotopy is not assumed to be f -
preserving. On the other hand, it follows from [18, Lm. 3.5(1)]
that [18, Eq. (8.6)] holds for orientable surfaces. The following
example shows that a di�erence between D+(∆f ) ∩ Did(M)
and ker(λ) ∩ Did(M) appears indeed.

Example 1. Let f : RP2 → R be a Morse function on a
projective plane RP2 with exactly one minimum x, one saddle
y and one maximum z. Regard RP2 as a space obtained
from unit 2-disk D2 by identifying the opposite points on its
boundary ∂D2. The foliation ∆f on D2 and the KR-graph
Γ(f) of f are shown in Figure 3.3. The vertexes of Γ(f)
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are denoted by the same letters as the corresponding critical
points of f and the up-down arrows show how to glue the
boundary of D2.
Let h : D2 → D2 be a mirror symmetry with respect to

the horizontal line passing through x, see Figure 3.3. Then
h trivially acts on Γ(f) though it changes orientations of all
regular leaves. On the other hand, since D(RP2) is connected,
it follows that h is isotopic to idRP2 . Thus

h ∈ (ker(λ) \ D+(∆f )) ∩ Did(RP2).

Figure 3.3

4. Special critical points

In this section we introduce three types of critical point
which will play a key role throughout the paper.

De�nition 2. (Special critical points) Let z ∈ Σf be an
isolated critical point of f . We will say that z is special for
f if there exists a neighbourhood U of z and a vector �eld F
on U with the following properties:

(SP1) df(F ) ≡ 0 and z is a unique singular point of F ;
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(SP2) there is a base βz = {Vj}j∈J of compact connected D-
neighbourhoods of z such that for each V ∈ βz the
shift mapping ϕV : func(F, V ) → Sh(F, V ) is a local
homeomorphism with respect to topologies C∞.

The corresponding vector �eld F will be called special as well.

Let z ∈ Σf be a special critical point of f and F be a
vector �eld at z satisfying (SP1) and (SP2). Then by (SP1)
the orbits of F coincide with the level-curves of f near z,
whence

(4.1) D̂(F, z) = D̂(∆f , z).

Moreover, it follows from Remark 2 that in De�nition 2 a
neighbourhood U can be taken arbitrary small.

De�nition 3 (S-point). Say that z is an S-point for f if
z is not a local extreme for f , (i.e. a saddle point) and it
has a vector �led F satisfying (SP1) and (SP2) and such that

Ŝh(F, z) = D̂(F, z).
Such a vector �eld will be called special for z.

Now let z be a local extreme of f . Then we can assume
that U is connected and F -invariant, see �3.1. It also follows
that all the orbits of F except for z are periodic and wrap
around z. Let θ : U \z → (0,+∞) be the function associating
to each x ∈ U \ z its period Per(x). Then it easily follows
from smoothness of the Poincar�e's �rst return map that θ is
C∞ on U \ z but it can be even discontinuous at z. We will
call θ the period function for F .
It is shown in [26] that after some linear change of coor-

dinates the linear part ∇F (z) of F at z, see (2.2), can be
reduced to one of the following forms:

(4.2) a)
(

0 λ
−λ 0

)
, b) ( 0 λ

0 0 ) , c) ( 0 0
0 0 ) ,
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for some λ ∈ R \ {0}. By (2.3) the image Jz(Ŝh(F, z)) of

Ŝh(F, z) under Jz coincides with {e∇F (z)·t}t∈R, whence we ob-
tain the following three possibilities for Jz(Ŝh(F, z)):
(4.3)
a) SO(2), b) {( 1 t

0 1 ) , t ∈ R} , c) {( 1 0
0 1 )} .

De�nition 4 (P-point). Let z be a special local extreme of
f . Say that z is a P-point for f if there exists a vector �eld
F on some neighbourhood U of z satisfying (SP1) and (SP2)
and such that the corresponding period function

θ : U \ z → (0,+∞)

smoothly extends to all of U .
In this case F will also be called special.

Lemma 6. [38, 26] Let z ∈ Σf be a local extreme of f , and
(x, y) ∈ R2 be local coordinates at z in which z = 0. Let
F = (F1, F2) be a C∞ vector �eld near z such that F (f) ≡ 0
and z is a unique singular point of F . Then the following
conditions (P1)-(P6) are equivalent.

(P1) z is a P-point for f and F is the corresponding special
vector �eld for z;

(P2) The eigen values of ∇F (z) are non-zero purely imagi-
nary, so ∇F (z) can be reduced to the form a) of (4.2).

(P3) There are germs at z of C∞ functions β, X̄, Ȳ : U → R
such that β(z) 6= 0, and X̄ and Ȳ are �at at z, and
F is C∞ equivalent to the following vector �eld

β(x2 + y2)
(
−y ∂

∂x
+ x ∂

∂y

)
+ X̄ ∂

∂x
+ Ȳ ∂

∂y
.

(P4) There exist a connected smooth 2-submanifold V ⊂ U
such that z ∈ IntV and the shift map ϕV is periodic,
i.e. ker(ϕV ) 6= {0}.
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(P5) For every connected smooth 2-submanifold V ⊂ U the
shift map ϕV is periodic.

(P6) Jz(Ŝh(F, z)) is conjugate in GL(2,R) to SO(2).

In these cases Ŝh(F, z) = D̂+(F, z), ker(ϕV ) = {nθ|V }n∈Z
for any connected 2-submanifold V ⊂ U .
Moreover, there are C∞ germs g, µ : U → R at z such that

µ is �at at z = 0 and f is C∞ equivalent to the function
g(x2 + y2) + µ(x, y).
If either of conditions (P1)-(P6) is violated, then

lim
x→z

θ(z) = +∞.

Proof. Equivalence (P1)⇔(P2)⇔(P3) was established in [26].
In fact F. Takens [38] described normal forms for vector �elds
satisfying (P2). He proved that there are two types of such
forms. The �rst one is described by (P3). Moreover, it was
observed in [26] that vector �elds of the second type have
non-closed orbits near z, whence in our case F can belong
only to the �rst type. This implies (P2)⇒(P3). The proof of
(P3)⇒(P1)⇒(P2) is one of the main results of [26].
(P4)⇒(P1). Suppose ker(ϕV ) = {nν}n∈Z for some C∞ func-

tion ν : V → (0,+∞). Then by Lemma 1 ν = Per ≡ θ on
open and every where dense subset Q ⊂ V \{z}, whence ν = θ
on all of V \ {z}, and thus θ extends to a C∞ function ν near
z.
(P1)⇒(P5). Suppose θ is C∞ on all of U and let V ⊂ U

be a 2-submanifold. Then F(x, θ(x)) = x for all x ∈ V ,
whence θ|V ∈ ker(ϕV ) 6= {0}. By the previous arguments,
ker(ϕV ) = {nθ|V }n∈Z.
(P5)⇒(P4) is evident, and (P2)⇔(P6) follows from (4.3).
All other statements are also proved in [26]. �
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De�nition 5 (N-point). Let z be a special local extreme of
f . Say that z is an N-point for f if there exists a vector �eld
F near z satisfying (SP1) and (SP2) and such that

(i) the corresponding period function θ : U\{z} → (0,+∞)
can not be continuously extended to all of U , so by
Lemma 6 lim

x→z
θ(z) = +∞;

(ii) ker(Jz) ⊂ Ŝh(F, z);

(iii) if ∇F (z) = 0, then Jz(D̂(F, z)) is �nite.

Again, such a vector �eld will be called special.

Condition (ii) means that if h ∈ D̂(F, z) and Jz(h) = id
then there exists a germ of a C∞ function α ∈ C∞z (M) such
that h(x) = F(x, α(x)) for all x su�ciently close to z.
Consider the following subsets of GL(2,R):

A++ = {( 1 t
0 1 ) | t ∈ R} , A−− =

{( −1 t
0 −1

)
| t ∈ R

}
,

A+− = {( 1 t
0 −1 ) | t ∈ R} , A−+ = {( −1 t

0 1 ) | t ∈ R} ,

A+ = A++ ∪ A−−, A = A++ ∪ A−− ∪ A−+ ∪ A+−.

Then A+ ⊂ A are subgroups of GL(2,R), A++ is the unity
component of both A and A+,

A+/A++ ≈ Z2, A/A++ ≈ Z2 × Z2.

Lemma 7. [23] Let z be an N-point of f and F be a special
vector �eld for z. Then the following statements hold.
(N1)∇F (z) is nilpotent, whence it is similar to one of the

matrices b) or c) of (4.2).
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(N2)If ∇F (z) = ( 0 1
0 0 ), see b) of (4.2), then

Jz(Ŝh(F, z)) = A++,(4.4)

Ŝh(F, z) = J−1
z (A++),(4.5)

Jz(D̂+(F, z)) ⊆ A+,(4.6)

Jz(D̂(F, z)) ⊆ A.(4.7)

So, either Ŝh(F, z) = D̂+(F, z) or D̂+(F, z)/Ŝh(F, z) ≈ Z2,

and D̂+(F, z)/Ŝh(F, z) is a subgroup of Z2 × Z2.

(N3)If ∇F (z) = 0, see c) of (4.2), then ker(Jz) = Ŝh(F, z),

and Jz(D̂+(F, z)) is a �nite cyclic subgroup of GL(2,R) of

some order nz, so D̂+(F, z)/Ŝh(F, z) ≈ Znz . If in addition

D̂(F, z) 6= D̂+(F, z), then D̂+(F, z)/Ŝh(F, z) is a dihedral
group Dnz .

Proof. (N1) follows from (P6) and Eq. (4.2).
(N2). Eq. (4.4) follows from (2.3). To prove Eq. (4.5) con-

sider h ∈ J−1
z (A++). Since Jz(Ŝh(F, z)) = A++, there exists

g ∈ Ŝh(F, z) such that Jz(g) = Jz(h). Hence

g−1 ◦ h ∈ ker(Jz) ⊂ Ŝh(F, z),

whence h ∈ Ŝh(F, z) as well.
Eq. (4.7) is proved in [26], whence

Jz(D̂+(F, z)) ⊂ A ∩GL+(2,R) = A+.

This proves Eq. (4.6).
(N3) follows from the well-known fact that every �nite sub-

group of GL+(n,R) is cyclic. �

Due to (N2) and (N3) of Lemma 7 we will distinguish two
types of N-points.
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De�nition 6. An N-point z of f will be called an NN-point
if ∇F (z) is non-zero nilpotent. Otherwise, ∇F (z) = 0 and
we will call z an NZ-point.

4.1. Examples. Let f : R2 → R be a homogeneous polyno-
mial without multiple linear factors , that is

(4.8) f = L1 · · ·La ·Qq1
1 · · ·Q

qb
b ,

where Li, (i = 1, . . . , a), is a non-zero linear function, Qj,
(j = 1, . . . , b), is an irreducible over R (de�nite) quadratic
form, qj ≥ 1, Li/Li′ 6= const for i 6= i′, and Qj/Qj′ 6= const
for j 6= j′. Put

D = Qq1−1
1 · · ·Qqb−1

b .

Then f = L1 · · ·La · Q1 · · ·Qb · D and it is easy to see that
D is the greatest common divisor of the partial derivatives f ′x
and f ′y. The following polynomial vector �eld on R2:

F (x, y) = −(f ′y/D) ∂
∂x

+ (f ′x/D) ∂
∂y

will be called the reduced Hamiltonian vector �eld of f . In
particular, if f has no multiple factors, i.e. li = qj = 1 for all
i, j, then D ≡ 1 and F is the usual Hamiltonian vector �eld
of g.
Notice that if f had multiple linear factors, then 0 ∈ R2

would not be an isolated critical point.

Lemma 8. The origin 0 ∈ R2 is a special critical point
of f belonging to one of the types S, P, or N, and F is the
corresponding special vector �eld. More precisely,

(1) if a > 0, then 0 is an S-point for f ;
(2) if a = 0 and b = 1, i.e. f = Qq1

1 , and thus in some
local coordinates f(x, y) = (x2 + y2)q1, then 0 ∈ R2 is
a P-point of f ;

(3) otherwise, when a = 0 and b ≥ 2, so f = Qq1
1 · · ·Q

qb
b ,

then 0 ∈ R2 is an N-point (even an NZ-point) of f .
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Proof. The assumption (SP1) of De�nition 2 that F (f) ≡ 0 is
evident, while (SP2) is proved in [25]. Hence 0 ∈ R2 is special.

(1) If a > 0, then the identity Ŝh(F, z) = D̂(F, z) follows
from [17, 22], see [22, Th. 11.1].
(2) Suppose a = 0 and b = 1. Then we can assume that

f(x, y) = (x2 + y2)q1 , whence F (x, y) = −y ∂
∂x

+ x ∂
∂y
. Hence

by (P2) of Lemma 6 0 is a P point for f . Moreover, the as-
sumption (SP2) of the De�nition 2 is independently reproved
in [26].
(3) Suppose a = 0 and b ≥ 2. Then (i) of De�nition 5

is established in [26], and (ii) and (iii) in [17, 22], see [22,
Th. 7.1 & 11.1]. It is also easy to see that ∇F (0) = 0, so 0 is
an NZ-point. �

4.2. Extension of shift functions. In this paragraph we
prove two lemmas about extensions of shift functions.

Lemma 9. Let z be a special critical point of f being a local
extreme, F be the corresponding special vector �eld de�ned on
some neighbourhood U of z, W ⊂ V be two open connected
F -invariant neighbourhoods of z such that W ⊂ V , and let
h : V → V be a di�eomorphism preserving orientation and
orbits of F .
(1) Let Y ⊂ V \ {z} be any open connected subset and

α : Y → R be any shift function for h on Y . If z is a P-point
for f , then α uniquely extends to a unique C∞ shift function
for h on all of V .
(2) Any shift function α : W → R for h on W uniquely

extends to a C∞ shift function for h on all of V .

Proof. Since h preserves orientation, it is not hard to show
that h has a C∞ shift function β : V \ {z} → R, see [26].
Such a function is de�ned up to a summand nθ, (n ∈ Z). In
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particular, any shift function for h de�ned on Y ⊂ V \ {z}
coincides with β + nθ for some n ∈ Z.
(1) Suppose z is a P-point, so θ extends to C∞ function on

V . As just noted α = β + nθ on Y for some n.
We claim that β extends to a C∞ function on V . Indeed,

by Lemma 6 h ∈ D̂(F, z) = Ŝh(F, z), so h has a C∞ shift
function β′ on some neighbourhood of z. Then β′ = β + kθ
for some k ∈ Z. Since β′ and θ are C∞ near z, so is β.
Hence α also uniquely extends to a C∞ function β + nθ on

V .
(2) We have that α = β+nθ onW \{z} for some n, though

β and θ are even not de�ned at z. On the other hand they
are C∞ on V \ {z}, so we de�ne α on V \W by α = β + nθ.
Then α is C∞ on all of V . �

Lemma 10. Let z ∈ Σf be a critical point of f of either of
types S or P or N, F be a special vector �eld for z de�ned on
some neighbourhood U of z containing no other critical points
of f , V ⊂ U be an open neighbourhood of z, and V̂ = V \{z}.
Let also H : V ×I → U be an r-homotopy in E(F, V ) such that

H0 = iV : V ⊂ U , and Λ : V̂ ×I → R be a unique r-homotopy
such that Λ0 = 0 and Λt is a smooth shift function for Ht on
V̂ for every t ∈ I, see Lemma 2. If z is an N-point suppose
in addition that r ≥ 1. Then for each t ∈ I the function Λt

extends to a C∞ function on all of V .

Proof. First we show that Ht ∈ Ŝh(F, z) for each t ∈ I, i.e.
Ht has a C∞ shift function αt on some neighbourhood W of z
in V .
Indeed, sinceH0 = iV , it follows the germ ofHt at z belongs

to D̂+(F, z). Hence if z is either an S- or a P-point, then by

De�nitions 3 and 4 Ht ∈ Ŝh(F, z).
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Suppose z is an N-point. Then by assumption r ≥ 1, so
the matrix Jz(Ht) continuously depends on t. If ∇F (z) is
non-zero nilpotent, then we get from (N3) of Lemma 7 that
Jz(Ht) belongs to the unity component A++ of the group A

as well as Jz(H0) = id. Hence Ht ∈ J−1
z (A++) = Ŝh(F, z).

Similarly, if ∇F (z) = 0, then the set of possible values for
Jz(Ht) is �nite, whence Jz(Ht) = Jz(H0) = id for all t ∈ I.

Therefore by (ii) of De�nition 5 Ht ∈ ker(Jz) ⊂ Ŝh(F, z) as
well.
Thus Λt and αt are shift functions for Ht on some neigh-

bourhood connected neighbourhood W of z, whence

Λt − αt ∈ ker(ϕŴ ),

where Ŵ = W \ {z}.
If z is an S-point, then Ŵ contains non-closed orbits of F ,

whence ker(ϕŴ ) = {0}. Therefore Λt = αt is C∞ on Ŵ . Thus
if we put Λt(z) = αt(z) then Λt will become C∞ on all of V .
Suppose that z is a P-point. Then ker(ϕŴ ) = {nθ}n∈Z, so

Λt−αt = nθ for some n ∈ Z. But by De�nition 4 θ smoothly
extends to all of W , whence so does Λt = αt + nθ.
Suppose that z is an N-point, so lim

x→z
θ(x) = +∞. This

implies that the shift map ϕW is non-periodic, so αt is a unique
shift function for Ht on W . Notice that by assumption r ≥ 1,
so the restrictionH : W×I → U is a 1-homotopy in Sh(F,W )

having a shift function Λ : Ŵ × I → R such that Λ0 = 0 is
C∞ on W . Then the main result of [24] is applicable to this

situation and claims that Λt = αt on Ŵ for all other t ∈ I.
Hence Λt smoothly extends to all of V . �



32 Maksymenko S.

5. Main results

The sets of S-, P-, and S-points of f will be denoted by
ΣS
f , ΣP

f , and ΣN
f respectively. The following Theorems 3 and 4

extend the results of [18, 19].

Theorem 3. c.f. [18, Th. 1.3]. Suppose that f : M → P
satis�es axioms (A1) and (A2). Then

(5.1) Sid(f)∞ = · · · = Sid(f)2 = Sid(f)1.

Moreover, each of the following conditions implies that

Sid(f)1 = Sid(f)0 :

(a) f has no critical points of type N, i.e. ΣN
f = ∅;

(b) M is a 2-disk, Σf consists of a unique critical point z
which is of type N with nz = 1;

(c) M is a 2-sphere, Σf consists of exactly two critical
points z′ and z such that z′ is of type P, and z is of
type N with nz = 1.

The space Sid(f) := Sid(f)∞ is contractible if and only if
one of the following conditions holds true:

• f has at least one critical point of type S or N;
• M is non-orientable.

In all other cases Sid(f) is homotopy equivalent to S1.

Theorem 4. c.f. [18, Th. 1.5], [19]. Suppose that f : M → P
satis�es axioms (A1)-(A3) and has at least one S-point. Then
πiOf (f) = πiM for i ≥ 3, π2Of (f) = 0, and for π1Of (f) we
have the following exact sequence:

(5.2) 1→ π1D(M)⊕ Zk → π1Of (f)→ G → 1,

where G is a certain �nite group and k ≥ 0.
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5.1. Discussion of axioms. Axioms (A1) and (A2) put re-
strictions only on the foliation ∆f of f . For instance suppose
that f : M → R satis�es them and has a global minimum
min f = 0. Then for every n ≥ 2 the function fn also satis-
�es these axioms. Replacing f by its n-th degree makes that
global minimum of f �more degenerate� but does not changes
the foliation ∆f .
On the other hand, if f satis�es (A3), then usually the orbit
O(fn) of fn for n ≥ 2 has in�nite codimension in C∞(M,R)
and the veri�cation of (A3) for fn is not an easy problem,
see [30].

5.2. Su�cient condition for (A3). Let f : R2 → R be a
smooth function, z ∈ R2, and f(z) = 0. Denote by A the
algebra of germs of smooth functions R2 → R. Then the
Jacobi ideal of f at z is the ideal ∆(f, z) in A generated by
germs partial derivatives f ′x(z) and f ′y(z) of f at z.
The codimension µR(f, z) of a f at z (or a real Milnor

number of z) is the codimension of the Jacobi ideal ∆(f, z) in
A:

µR(f, z) = dimR[A/∆(f, z)],

see [34].

Lemma 11. c.f. [34], [18, � 11.30]. Let C∞∂ (M,P ) be the sub-
space of C∞(M,R) consisting of maps satisfying axiom (A1),
and let f ∈ C∞∂ (M,P ). Suppose that µR(f, z) < ∞ for each
critical point z ∈ Σf . Then O(f) is a Fr�echet submanifold of
C∞∂ (M,P ) of �nite codimension and the natural map

p : D(M)→ O(f), p(h) = f ◦ h

is a principal locally trivial S(f)-�bration. In particular, p is
a Serre �bration, so f satis�es (A3).
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Lemma 12. c.f. [21]. Suppose that f : M → P satis�es
(A1) and has the following property: for every critical point
z of f there exists a local presentation fz : R2 → R of f in
which z = (0, 0) and fz is a homogeneous polynomial without
multiple factors. Then f satis�es all other axioms (A2), (A3).

Proof. Axiom (A2) follows from results of [17, 22], see also [25].
For the axiom (A3) it su�ces establish �niteness of µR(fz, z).

Regard fz as a polynomial two complex variables with real
coe�cients. Since fz has no multiple factors, it follows that
z = (0, 0) is an isolated critical point of fz, whence the com-
plex Milnor number de�ned analogously with respect to the
algebra of germs of analytical functions (C2, 0) → C is �-
nite: µC(fz, z) < ∞, see [2]. It remains to note the fol-
lowing inequaltiy µR(fz, z) ≤ 2µC(fz, z), which can be easily
proved. �

6. Framings

In this section we will assume again that f satis�es condi-
tions (i) and (ii) at the beginning of �3.2. The results of this
section will be used for the proof of Theorem 4 only.

6.1. Framings for N-points. Suppose z is an N-point of f
and let F be the corresponding special vector �eld de�ned on
some neighbourhood U of z. Recall that the group

Gz = D̂+(F, z)/Ŝh(F, z)

is cyclic and we have denoted its order by nz.
For each non-zero tangent vector v ∈ TzM put

Fz(v) := {±Tzh(v) | h ∈ D̂+(F, z)}.
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Thus Fz(v) is the union of orbits of v and−v under the natural
action of D̂+(F, z) on TzM . Equivalently, we may put

Fz(v) := {±ξ(v) | ξ ∈ Jz(D̂+(F, z))}.

De�nition 7. The set Fz(v) will be called a framing at

z if it is �nite and invariant with respect to the whole group
D̂(F, z).

Lemma 13. (1) Framings exist.
(2) Let Fz(v) be any framing. If nz is odd (resp. even),

then Fz(v) consists of 2nz (resp. nz) elements.

(3) The kernel of the action of D̂+(F, z) on any framing

Fz(v) is Ŝh(F, z). Hence D̂+(F, z) induces a free action of
Gz on Fz(v).
(4) Let Fz(v) be a framing at z and let h ∈ S(f). Then

z′ := h(z) ∈ ΣN
f and

Fz′(v) := Tzh(Fz(v)) ⊂ Tz′M

is a framing at z′.
(5) If g ∈ S(f) is such that g(z) = h(z), then

Tzg(Fz(v)) = Tzh(Fz(v)).

Proof. (1)-(3). First suppose that z is an NN-point, so we can
choose local coordinates at z in which ∇F (z) = ( 0 1

0 0 ). Then
by Lemma 7

Jz(Ŝh(F, z)) = A++, Jz(D̂+(F, z)) ⊂ A+,

Jz(D̂(F, z)) ⊂ A.
Let v = (a, 0) ∈ TzM be any vector with respect to these
coordinates such that a 6= 0. Evidently, the orbit of v with
respect to each of the groups A+ and A is {±v}, see Fig-
ure 6.1a), while A++ is the stabilizer of v with respect to A+.
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This implies that Fz(v) = {±v}, this set is invariant with re-

spect to D̂(F, z), and Ŝh(F, z) is the kernel of the action of

D̂+(F, z).

If Ŝh(F, z) = D̂+(F, z), i.e. nz = 1, then |Fz(v)| = 2 = 2nz.

Otherwise, D̂+(F, z)/Ŝh(F, z) = Z2, so nz = 2 = |Fz(v)|.
On the other hand, if w ∈ TzM is another tangent vector

which is not collinear to v, then w = (b, c) with c 6= 0 and
Fz(w) = {(t,±c) | t ∈ R} is a pair of lines. Thus Fz(w) is not
a framing, see Figure 6.1b).

Suppose now that z is an NZ-point, i.e. ∇F (z) = 0. Then

by Lemma 7 Ŝh(F, z) is the kernel of Jz,

Jz(D̂+(F, z)) = D̂+(F, z)/Ŝh(F, z) = Gz

is a �nite cyclic group of order nz. Whence for any non-zero

v ∈ TzM the set Fz(v) is �nite and Ŝh(F, z) is the kernel of

the action of D̂+(F, z) on Fz(v).
It remains to choose v for which Fz(v) is invariant with re-

spect to D̂(F, z). We can assume that D̂(F, z) 6= D̂+(F, z), so

Jz(D̂(F, z)) is a dihedral group. Let h ∈ D̂(F, z) \ D̂+(F, z).
Then h changes orientation at z, and therefore the linear map
Tzh is a re�ection with respect to a line {tv | t ∈ R} de-
termined by some non-zero vector v ∈ TzM . In particular,
Tzh(v) = v. Now it is evident that Fz(v) is invariant with

respect to D̂(F, z), so Fz(v) is a framing, see Figure 6.1c).
Statements (4) and (5) are easy and we leave them for the

reader. �

De�nition 8. Say that a family of framings

{Fz(vz) : z ∈ ΣN
f }
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a) framing b) not a framing c) framing

Figure 6.1

is compatible if it is invariant with respect to S(f), i.e.

Tzh(Fz) = Fh(z), ∀h ∈ S(f).

Corollary 1. Compatible framings exist.

Proof. Since h(ΣN
f ) = ΣN

f for every h ∈ S(f), we can divide ΣN
f

by orbits with respect to S(f). Let O = {z1, . . . , zl} ⊂ ΣN
f be

one of these orbits. It su�ces to de�ne a compatible framing
on O.
Fix any framing Fz1 for z1. Let zi ∈ O and h ∈ S(f) be such

that h(z1) = zi. Then we set Fzi = Tz1h(Fz1). By Lemma 13
this de�nition does not depend on a particular choice of such
h. �

6.2. Framed KR-graph Γ̂(f) of f . Let Γ(f) be the KR-
graph of f , pf : M → Γ(f) be the factor map, and w be a
vertex of Γ(f). Say that

• w is a ∂-vertex if p−1
f (w) is a connected component of

∂M ;
• w is an S-vertex if p−1

f (w) contains S-points of f (in

this case p−1
f (w) is a critical component of ∆f being

not local extreme of f);
• w is P-vertex (resp. N-vertex ) if p−1

f (w) is a P-point
(resp. N-point) of f .
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Let w be an N-vertex of Γ(f) and z = p−1
f (w) be the corre-

sponding N-point of f . Then by cyclic order of w we will call
the corresponding cyclic order nz of z and denote it by nw,
thus nw := np−1

f (w) = nz.

Let kz be the total number of vectors in (any) framing at
z, see Lemma 13. We will denote this number by kz and kw
as well. Thus kz = nz for even nz and kz = 2nz for odd nz.
To each N-vertex w let us glue kw edges ew(1), . . . , ew(kw)

as shown in Figure 6.2. We will call them edges tangent to w.
The set of tangent edges to w will be denoted by Tw. They
should be thought as � lying in the plane orthogonal to the edge
incident to w�.

Figure 6.2. Tangent edges to a vertex w

Denote the obtained graph by Γ̂(f) and call it the framed

KR-graph of f . Thus Γ(f) is a subgraph of Γ̂(f) and we can

extend the KR-function fΓ : Γ(f) → P to all of Γ̂(f) to be
constant on tangent edges: fΓ(ew(i)) = fΓ(w).

6.3. Automorphisms of Γ̂(f). Let E(Γ(f)) be the set of

edges of Γ(f). By an automorphism of Γ̂(f) we will mean a
pair (ν, o), where

• ν : Γ̂(f)→ Γ̂(f) is a homeomorphism which preserves
types of vertexes and the KR-function that is

fΓ ◦ ν = fΓ : Γ̂(f)→ P,
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(in particular, ν sends tangent edges to tangent edges),
and
• o : E(Γ(f))→ Z2 is any function.

De�ne the composition of automorphisms by:

(ν1, o1) ◦ (ν2, o2) = (ν1 ◦ ν2, o1 ◦ ν2 · o2),

where · is a multiplication in Z2 = {±1}.
Then it is easy to see that all the automorphisms of Γ̂(f)

constitute a group. We will denote this group by Aut(Γ̂(f)).

The unit of Aut(Γ̂(f)) is (idΓ̂(f), 1), where 1 : E(Γ̂(f)) → Z2

is a constant map to 1 ∈ Z2, and the inverse of (ν, o) is
(ν−1,−o ◦ ν−1).

6.4. Action of S(f) on Γ̂(f). Suppose f has at least one
critical point. We will now de�ne a certain homomorphism

µ : S(f)→ Aut(Γ̂(f)).

First of all �x
• a compatible framing {Fz : z ∈ ΣN

f } for N-points of f ,
• for each z ∈ ΣN

f a bijection ξz : Fz → Tpf (z) between
the framing Fz at z and the set of tangent edges at the corre-
sponding vertex pf (z) of Γ̂(f) (see Figure 6.3), and
• orientation of connected components of ∆reg

f (this is pos-
sible since Σf 6= ∅, so all regular components of ∆f are di�eo-
morphic to S1 × (0, 1) and thus they are orientable surfaces).

Now let h ∈ S(f). We have to associate to h a pair (ν, o).
Notice that h yields a certain automorphism ν = λ(h) of

Γ(f). We will now extend it to the set of tangent edges. Let
h ∈ S(f), z ∈ ΣN

f , z
′ = h(z), w = pf (z) and w′ = pf (z

′) be

the corresponding vertexes on Γ̂(f). Then z′ ∈ ΣN
f as well
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Figure 6.3

and h yields a bijection between the framings Fz and Fz′ . So
we de�ne ν : Tω → Tω′ by

ξz′ ◦ Tzh ◦ ξ−1
z : Tω

ξ−1
z−−−→ Fz

Tzh−−−→ Fz′
ξz′−−→ Tω′ .

It remains to de�ne a function o : E(Γ(f)) → Z2. Let e
be an edge of Γ(f) and γ = pf (e) be the corresponding con-
nected component of ∆reg

f . Then γ′ = h(γ) is also a connected
component of ∆reg

f . Notice that we �xed orientations of γ and
γ′. Therefore we de�ne o(e) = +1 if h : γ → γ′ preserves
orientations and o(e) = −1 otherwise.
A direct veri�cation shows that the map

µ : S(f)→ Aut(Γ̂(f)), µ(h) = (ν, o)

is a well-de�ned homomorphism.

6.5. The kernel of µ and the group DN(∆f ). Denote by
DN(M,Σf ) the subgroup of D(M) consisting of all di�eomor-
phisms h of M such that

• h(Σf ) = Σf ;

• h ∈ Ŝh(Fz, z) for each N-point z ∈ ΣN
f and (any) spe-

cial vector �eld Fz for z. In other words, Jz(h) ∈ A++

if ∇F (z) = ( 0 1
0 0 ), and Jz(h) = id if ∇F (z) = 0.

Denote by ON(f,Σf ) the orbit of f with respect to the
action of DN(M,Σf ). Put

DN(∆f ) = D+(∆f ) ∩ DN(M,Σf ).
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Then it is easy to see that DN(∆f ) is a normal subgroup of
S(f) and

DN(∆f ) ⊂ ker(µ).

However in general DN(∆f ) 6= ker(µ). The di�erence is that
each h ∈ DN(∆f ) is required to preserve all 1-dimensional
leaves and their orientations, while each g ∈ ker(µ) must only
preserve all regular leaves and their orientation. In fact, it is
easy to construct an example of f and h ∈ ker(µ) \ DN(∆f )
which interchanges critical leaves of ∆f , see e.g. [16, Lm. 6.9
& Fig. 6.1].
The following lemma repairs [18, Eq. (8.6)], see Remark 3.

Lemma 14. DN(∆f ) ∩ Did(M) = ker(µ) ∩ Did(M).

Proof. Let h ∈ ker(µ)∩Did(M). Then, h preserves all regular
leaves of ∆f with their orientation and is isotopic to idM . Now
by [18, Th. 7.1] h also preserves all critical leaves with their

orientation. Moreover, h ∈ Ŝh(F, z) for each z ∈ ΣN
f , whence

h ∈ DN(∆f ). �

7. Group π0DN(∆f )

In this section we calculate the group π0DN(∆f ). The ex-
position is similar to [18, Th. 6.2] but we take to account
N-points.
Let Γ̂(f) be the framed KR-graph of f . An edge e of Γ̂(f)

will be called external , if it is either tangent to some N-point,
or is incident either to a P- or to a ∂-vertex. Otherwise, e is
internal .
Moreover, an internal edge e will be called an N-edge (resp.

an S-edge) if at least one of its vertexes is an N-vertex (resp.
both vertexes of e are S-vertexes).
Suppose that f : M → P satis�es (A1) and (A2). Let γ

be a regular leaf of ∆f , so γ is homeomorphic to S1. Denote
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by Kγ the connected component of ∆reg
f containing γ. Then

there exists a Dehn twist τγ along γ preserving ∆f and being
identity outside arbitrary small neighbourhood Uγ ⊂ Kγ of γ
consisting of full leaves of ∆f , see [18, �6] and Figure 7.1. In
particular, we have that τγ ∈ DN(∆f ). Notice that the image

Figure 7.1

of Kγ in Γ̂(f) is a certain edge e. We will say that γ (as well
as Kγ) is internal (external) if so is e, and that τγ is a twist
around e.
Now let e1, . . . , ek be all the internal edges of Γ̂(f). For

each i choose any internal leaf γi corresponding to ei and take
any Dehn twist τi ∈ DN(∆f ) along γi. Put

T =
k
∪
i=1

supp τi.

Let J = 〈τ1, . . . , τk〉 ⊂ DN(∆f ) be a subgroup generated by
the internal Dehn twists. Since supp τi∩supp τj = ∅ for i 6= j,
we see that J is a free abelian group with basis 〈τ1, . . . , τk〉,
so J ≈ Zk.

Theorem 5. c.f. [18, Th. 6.2]. Suppose that f : M → P
satis�es axioms (A1) and (A2), and has at least one critical
point of type S. Then the inclusion ζ : J ⊂ DN(∆f ) is a
homotopy equivalence. In particular, we have an isomorphism

ζ0 : J ≡ π0J → π0DN(∆f ),
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so π0DN(∆f ) ≈ Zk is freely generated by the isotopy classes
of internal Dehn twists.

The proof is similar to [18, Th. 6.2]. It su�ces to establish
the following statement:

Lemma 15. 1) Every h ∈ DN(∆f ) is isotopic in DN(∆f ) to
a product of internal Dehn twists, whence ζ : J → π0DN(∆f )
is surjective.
2) If h = τm1

1 ◦ · · · ◦ τmk
k ∈ Sid(f) for some mi ∈ Z, then

mi = 0 for all i and thus h = idM , whence ζ : J → π0DN(∆f )
is a monomorphism.

Proof. First suppose that M is orientable. Let F be a vector
�eld on M satisfying assumptions of Lemma 16.

Claim 1. For every h ∈ DN(∆f ) there exists a unique C∞
function σ : M \T → R being shift function for h with respect
to F . If h is �xed on M \ T , then σ = 0 on M \ T .

Proof. a) Let z be an N-point of f . Then

h ∈ ker(shz) = Ŝh(F, z),

so h has a (unique) C∞ shift function σz de�ned on some F -
invariant closed neighbourhood Vz of z containing no other
critical points of f . We can assume that Vz ∩ Vz′ = ∅ for
z 6= z′. Then the functions σz de�ne a unique shift function
σN for h on the following set UN := ∪

z∈ΣN
f

Vz.

b) Since f has at least one S-point, there exists a critical
component K of ∆f (that is a connected component of ∆cr

f )
which is not a local extreme. Let z ∈ K ∩ Σf . Then z is
an S-point of f . The assumption h ∈ DN(∆f ) means that

h ∈ Ŝh(F, z), so there exists a neighbourhood Vz of z and a
unique C∞ function σz : Vz → R such that h(x) = F(x, σz(x))
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for all x ∈ Vz. Since K \ Σf is a disjoint union of intervals,
it follows that the functions {σz}z∈Σf extend to a unique C∞
function σK de�ned on some neighbourhood V (K) of K such
that h(x) = F(x, σK(x)) for all x ∈ V (K), see [18, Lm. 6.4].
We can assume that V (K) is F -invariant, so ∂V (K) con-

sists of regular leaves of ∆f .
Put US := ∪KV (K), where K runs over all critical compo-

nents of ∆f that are not local extremes. We can also assume
that

V (K) ∩ V (K ′) = V (K) ∩ UN = ∅

for distinct critical componentsK andK ′. Then the functions
σK de�ne a unique shift function σS for h on US.
c) Notice that the set M \ US is a union of cylinders and

2-disks. Moreover, every cylinder contains no critical point of
f , while every 2-disk contains a unique critical point of f and
this point is a local extreme of f . Let B1, . . . , Bk be all the
connected components of M \ US having one or the following
properties: either

• Bi is a cylinder such that Bi ∩ ∂M 6= ∅, or
• Bi is a 2-disk containing a P-point of f .

In particular, Bi ∩ UN = ∅. Denote U∂,P = ∪ki=1Bi. We
claim that σS extends to a C∞ function on US ∪ U∂,P.
Indeed, suppose Bi ≈ S1×I is a cylinder. Then Bi∩US is a

connected F -invariant neighbourhood of one of the connected
components of ∂Bi and this neighbourhood does not contain
another component of ∂Bi. So we can assume that

Bi ∩ US = S1 × [0, ε].

Then the function σS on Bi∩US extends to a C∞ shift function
for h on all of Bi, see [18, Lm. 4.12(2)]. Denote this function
by βi : Bi → R.
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Suppose Bi is a 2-disk containing a P-point z. Then

Yi := Bi ∩ US

is a neighbourhood of ∂Bi and by (1) of Lemma 9 σS extends
to a unique C∞ shift function βi : Bi → R for h on all of Bi.
Denote U := UN ∪ US ∪ U∂,P. Then the functions

σN : UN → R, σS : US → R, βi : Bi → R,

i = 1, . . . ,k, de�ne a unique C∞ shift function σ : U → R for
h. Notice that M \ U is contained in the union of internal
components of ∆reg

f . Therefore we can assume that in fact
M \ U ⊂ T , so U ⊃M \ T .
If h is �xed on M \U ⊂ T , then it follows from uniqueness

of σN, σS and uniqueness of extensions βi of σS to U∂,P, that
σ ≡ 0. �

In order to complete statement 1) it remains to construct
an isotopy of h in DN(∆f ) to a di�eomorphism �xed onM \T .
Let µ : M → [0, 1] be a C∞ function constant on leaves of ∆f

and such that µ = 1 on some neighbourhood of U . De�ne the
following map:

H : M × I →M, Ht(x) = F(x, t · µ(x) · σh(x)).

ThenH is C∞, H0 = idM , andH1 = h on some neighbourhood
of U , see for details [18, Lemma 4.14]. In particular, every
Ht ∈ DN(∆f ). Hence the following isotopy Gt = h ◦ H−1

t

deforms G0 = h in DN(∆f ) to a di�eomorphism G1 �xed
on some neighbourhood of U . In other words suppG1 ⊂ T ,
whence G1 is isotopic in DN(∆f ) to a product of some internal
Dehn twists.

2) Let h = τm1
1 ◦ · · · ◦ τmk

k ∈ Sid(f). We have to show that
mi = 0 for all i = 1, . . . ,k. For each i let Ui be a cylinder
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neighbourhood of γi containing supp τi, see Figure 7.1. Then
h|Ui = τmii |Ui .
Since h ∈ Sid(f) and f has at least one S-point, it follows

from (iv) of Lemma 16 that there exists a unique C∞ shift
function α : M → R for h, so h(x) = F(x, α(x)) for all
x ∈ M . Therefore an isotopy of h to idM in DN(∆f ) can be
given by ht(x) = F(x, tα(x)), (t ∈ I).
On the other hand by Claim 1 there exists a unique C∞

function σ : M → R being shift function for h on M \ T ,
whence α = σ on M \ T . Moreover, as h is �xed on M \ T ,
we have that α = σ = 0 on M \T . Hence ht is �xed on M \T
for all t ∈ I. This implies that h|Ui = τmii |Ui is isotopic to idUi
relatively some neighbourhood of ∂Ui. But this is possible if
and only if mi = 0. This proves Theorem 5 for orientable
case.

Suppose M is non-orientable. Let p : M̃ → M be the
oriented double covering of M , and ξ be p-equivariant invo-

lution of M̃ . Then we have a function f̃ = f ◦ p : M̃ → P .
Since every internal leaf γi is two-sided, it follows that p

−1(γi)
consists of two connected components γi1 and γi2 being in-

ternal leaves of the foliation ∆f̃ of f̃ . Then there are Dehn

twists τi1, τi2 ∈ D̃N(∆f̃ ) along γi1 and γi2 respectively such
that τi2 = ξ ◦ τi1 ◦ ξ and τ̂i := τi2 ◦ τi1 is a lifting of τi. Evi-
dently, each τij is internal, and by the oriented case the group
π0DN(∆f̃ ) is generated by τij for i = 1, . . . ,k and j = 1, 2.

Consider the subgroup D̃N(∆f̃ ) of DN(∆f̃ ) consisting of

symmetric h, i.e. h ◦ ξ = ξ ◦ h. Then similarly to [18,
Claim 6.5.1] it can be shown that the isotopy classes of τ̂i,

(i = 1, . . . ,k) generate π0D̃N(∆f̃ ), whence π0D̃N(∆f̃ ) ≈ Zk.

Moreover, it follows from (ix) of Lemma 18 that there is a nat-

ural homeomorphism between DN(∆f ) and D̃N(∆f̃ ). Hence
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π0DN(∆f ) ≈ Zk and this group is generated by the isotopy
classes of internal Dehn twists. Theorem 5 is completed. �

8. Proof of Theorem 3

Orientable case. Suppose M is orientable and f satis�es
axioms (A1) and (A2). For each z ∈ Σf let Fz be the corre-
sponding special vector �eld de�ned on some neighbourhood
Uz of z.

Lemma 16. There exists a vector �eld F on M such that
(i) df(F ) ≡ 0 and F (z) = 0 i� z ∈ Σf .
(ii) F = ±Fz near z for every z ∈ Σf .
Moreover, for any vector �eld F satisfying (i) and (ii) the

following conditions holds true:
(iii) The shift map ϕ : C∞(M,R) → Sh(F ) is either a

homeomorphism or a Z-covering map with respect to topolo-
gies C∞. Hence by Lemma 4 so is the restriction

ϕ|Γ+ : Γ+ → ϕ(Γ+),

and both spaces Sh(F ) and ϕ(Γ+) are either contractible or
homotopy equivalent to S1.
(iv) Sh(F ) = Eid(F )1 and, by Lemma 3, ϕ(Γ+) = Did(F )1.
(v) If f has no N-points then

Sh(F ) = Eid(F )0, ϕ(Γ+) = Did(F )0.

(vi) Suppose f has no S-points and only one N-point z,
though it may have P-points. If in addition nz = 1, then
Sh(F ) = Eid(F )0 and ϕ(Γ+) = Did(F )0. In this case f satis-
�es one of the conditions (b) or (c) of Theorem 3.
(vii) Did(∆f )

r = Did(F )r = Sid(f)r for all r = 0, . . . ,∞.
(viii) If Sh(F ) = Eid(F )r, then DN

id(∆f )
r = Sid(f)r.
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Suppose Lemma 16 is proved. Then by (iv) and (vii) we
get

ϕ(Γ+) = Sid(f)∞ = · · · = Sid(f)1,

which proves (5.1). Moreover, the case (a) of Theorem 3
corresponds to (v), while (b) and (c) correspond to (vii) of
Lemma 16, and in these cases ϕ(Γ+) = Sid(f)1 = Sid(f)0.
Further, by (iii) of Lemma 16 ϕ(Γ+) = Sid(f)∞ is either

contractible or homotopy equivalent to the circle.
If f has a critical point z of type S or N, then there exists

a neighbourhood V of z such that ϕV is non-periodic, hence
for each h ∈ Sid(f) there may exists at most one C∞ shift
function on V . This implies that ϕ is non-periodic as well,
whence Sid(f) is contractible.
On the other hand, suppose all critical points of f are of

type P. Then f has at most two critical points and it is not
hard to prove that ϕ is periodic, whence Sid(f) is homotopy
equivalent to the circle. This case is analogous to [18, Th. 1.9].
Orientable case of Theorem 3 is completed modulo Lemma 16

Proof of Lemma 16. (i), (ii). Since M is orientable, it has a
symplectic structure and we can construct the corresponding
Hamiltonian vector �eld F ′ of f . By de�nition this vector
�eld satis�es (i) and also is parallel to Fz near each z ∈ Σf .
Changing the sign of Fz (if necessary) we may assume that F

′

and Fz has the same directions near z. Then using partition
unity technique we can glue F ′ with all of Fz so that the
resulting vector �eld F on M would satisfy (i) and (ii).

(iii). We should prove that the map ϕ : C∞(M,R)→ Sh(F )
is either a homeomorphism or a Z-covering map. Due to The-
orem 2 it su�ces to prove that every regular point z ∈M \ΣF

satis�es either of the conditions (R1), (R2), and every singular
point z ∈ ΣF of F satis�es (S1), (S2), and (B1).
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Let z be a regular point of f . Then z is also non-singular
for F . Denote by ω the connected component of a level-set
f−1f(z) containing z.
If ω contains critical points of f , then the orbit oz of z is

either �an arc connecting two critical points� or a �loop at
some critical point� of f , see points z1 and z2 in Figure 8.1.
In both cases the limit sets of the orbit oz of z is �nite, whence
z is non-recurrent, and thus it satis�es (R1).
Otherwise ω contains no critical points and therefore is dif-

feomorphic to S1. Hence ω is a periodic orbit of F , see Fig-
ure 8.1. Then it is easy to see that the �rst return map of
such orbit is the identity, whence z has property (R2).

Figure 8.1

Let z be a critical point of f and U be a neighbourhood of
z on which F = Fz. Then by condition (SP2) of De�nition 2
there exists a base βz = {Vj}j∈J ⊂ U of D-neighbourhoods of
z such that for each V ∈ βz the shift map of Fz

(8.1) ϕU,V : func(Fz|U , V )→ Sh(Fz|U , V )

is a local homeomorphism between the corresponding topolo-
gies C∞. Since F = Fz on U , the map (8.1) is the same as the
following one:

ϕU,V : func(F |U , V )→ Sh(F |U , V ).
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In particular, ϕU,V is open as well. This implies (B1) for z.
Suppose z is a local extreme of f , then it has arbitrary small

F -invariant neighbourhoods, see Figure 8.2a), i.e. satis�es
(S1).
Suppose z is a saddle. Then there exists arbitrary small

2-disk U such that ∂U is smooth and transversal to orbits
everywhere except for �nitely many points x1, . . . , xk, and for
each xi there exists an open arc γi on oxi containing xi such
that γi ∩ ∂U = {xi}, see Figure 8.2b). This implies property
(S2) for z.

(a) (b)

Figure 8.2. A neighbourhood U

(iv), (v). We have to identify Sh(F ) with Eid(F )r for r = 0
or 1. Let h ∈ Eid(F )r. Then there exists an r-homotopy
H : M×I →M such that H0 = idM , H1 = h, and Ht ∈ E(F )
for all t ∈ I. Then by Lemma 2 there exists an r-homotopy

Λ : (M \ ΣF )× I → R
such that Λ0 ≡ 0 and Ht(x) = F(x,Λt(x)) for all x ∈M \ΣF .
If r = 1 or if r = 0 but f has no N-points, then by Lemma 10

(applied to each z ∈ Σf ) the function Λt, t ∈ (0, 1], extends to
a C∞ function on all of M . Hence Ht ∈ Sh(F ). In particular,
h = H1 ∈ Sh(F ), and so Sh(F ) = Eid(F )1.

(vi). Suppose that f has no S-points and only one N-point
z which also satis�es nz = 1. Thus f has only local extremes
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and one of them is z. Since M is connected there may exist
at most two such points. Thus either Σf = {z, z′}, where z′
is a P-point, M = S2, and f satis�es (b) of Theorem 3, or
Σf = {z}, M = D2, and f satis�es (c) of Theorem 3.
Notice that the orbits of F on M \ Σf are closed, the shift

map ϕM\Σf is periodic, and the function θ : M\Σf → (0,+∞)
associating to every x ∈ M \ Σf its period Per(x) generates
the kernel ker(ϕM\Σf ). Moreover, if Σf = {z, z′} and z′ is
a P-point then by De�nition 4 θ smoothly extends to some
neighbourhood of z′. Thus we can assume that θ is C∞ on
M \ {z}.
Now let h ∈ Eid(F )0. We have to verify that h ∈ Sh(F ).
By Lemma 2 there exists a smooth shift function

α : M \ Σf → R

for h on M \ Σf . Moreover, if Σf = {z, z′} where z′ is a P-
point, then by Lemma 10 α smoothly extends to a C∞ function
near z′. Therefore we can assume that α is C∞ on M \ {z} as
well as θ. Then for each k ∈ Z the function α + kθ is also a
C∞ shift function for h on M \ {z}.
By de�nition h is a local di�eomorphism at z and since

h ∈ Eid(F )0 it follows that h preserves orientation at z, so

h ∈ D̂+(F, z). Then the assumption nz = 1, means that

Jz(D̂+(F, z)) = id, so

h ∈ D̂+(F, z) ⊂ ker(Jz) ⊂ Ŝh(F, z).

Hence there exists a C∞ shift function β for h on some neigh-
bourhood W of z.
Therefore α and β are C∞ shift functions for h on W \ {z},

whence β − α = nθ for some k ∈ Z. Hence α+ nθ is C∞ shift
function for h on all of M , so h ∈ Sh(F ).
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(vii). It follows from (i) that the foliation ∆f coincides with
the foliation by orbits of F , whence D(∆f ) = D(F ), and by
Lemma 5 Did(∆f )

r = Did(F )r ⊂ Sid(f)r.

(viii). Suppose Sh(F ) = Eid(F )r for some r ≥ 0. Then

Sh(F ) = Eid(F )r ⊃ Did(F )r =

= Sid(f)r = Did(∆f )
r ⊃ DN

id(∆f )
r.

In particular, each h ∈ Sid(f)r has a C∞ shift function on

M with respect to F . This implies that Jz(h) ∈ Ŝh(F, z) for
each S-point z of f , whence by de�nition h ∈ DN(∆f ). Thus
Sid(f)r ⊂ DN(∆f ), and therefore Sid(f)r ⊂ DN

id(∆f )
r. �

Non-orientable case. Suppose that a surface M is non-

orientable. Let p : M̃ →M be the oriented double covering of

M and ξ : M̃ → M̃ be a C∞ involution generating the group
Z2 of deck transformations.
A vector �eld F on M̃ tangent to ∂M̃ (as well as its �ow

F) will be called skew-symmetric if ξ∗(F ) = −F , that is

F ◦ ξ = −Tξ ◦ F.

This is equivalent to the requirement that Ft ◦ ξ = ξ ◦F−t for
all t ∈ R.
A smooth map h̃ : M̃ → M̃ will be called symmetric if

h̃ ◦ ξ = ξ ◦ h̃. Denote by D̃+(M̃) the group of all orientation

preserving symmetric di�eomorphisms of M̃ .

Lemma 17. For every h ∈ D(M) there exists a unique lifting

h̃ ∈ D̃+(M̃), so p ◦ h̃ = h ◦ p. Moreover, the correspondence

h 7→ h̃ is a homeomorphism η : D(M)→ D̃+(M̃) with respect
to each topology Cr, (0 ≤ r ≤ ∞).
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Proof. Notice that each h ∈ D(M) has exactly two symmetric

liftings. If h̃ ∈ D̃(M̃) is a lifting of h, then another one is

given by ξ ◦ h̃. Since ξ reverses orientation of M̃ , we can

assume that h̃ preserves orientation of M̃ , i.e. h̃ ∈ D̃+(M̃).

Then it is easy to see that the correspondence η : h 7→ h̃ is a

bijection between D(M) and D̃+(M̃). The veri�cation that η
is a homeomorphism with respect to the topology Cr for each
0 ≤ r ≤ ∞ is direct and we left it for the reader. �

Suppose f satis�es axioms (A1) and (A2). Since p is a local

di�eomorphism, it follows that the map f̃ = f ◦ p : M̃ → P
also sati�es these axioms.
Let y ∈ Σf , Gy be a special vector �eld near y, and let

z, z′ ∈ Σf̃ be critical points of f̃ such that p−1(y) = {z, z′}.
De�ne vector �elds Fz and Fz′ near z and z

′ respectively as
pullbacks of Gy via p:

Fz = p∗Gy, Fz′ = −p∗Gy.

Let F ′ be any vector �eld on M̃ satisfying (i) and (ii). Then
the vector �eld F = 1

2
(F ′ − ξ∗F ′) is skew-symmetric and

also satis�es (i) and (ii) and therefore all other statements
of Lemma 16, see [18, Lm. 5.1] for details.

Lemma 18. c.f. [18, Lm. 4.9 & 5.1]. The following condi-
tions hold true:
(ix) Let D̃(∆f̃ ) = D(∆f̃ )∩D̃+(M̃) be the group of symmet-

ric di�eomorphisms preserving foliation ∆f̃ . Then

η(D(∆f )) = D̃(∆f̃ ),

see Lemma 17. In particular, for all r = 0, . . . ,∞ we have
homeomorphisms Did(∆f )

r ∼= D̃id(∆f̃ )
r
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(x) Put E0 = {α ∈ C∞(M̃,R) | α ◦ ξ = −α}. Then the shift

map ϕ of F yields a homeomorhism ϕ : E0 ∩ Γ+ → D̃(∆f̃ )

with respect to topologies C∞. Since E0∩Γ+ is convex, D̃(∆f̃ )
is contractible.

Proof. Statement (ix) follows from Lemma 17, and (x) from [18,
Lm. 4.9]. �

Now we can complete non-orientable case of Theorem 3.
By (x) of Lemma 18

ϕ(Γ+ ∩ E0) = D̃id(∆f̃ )
1, ϕ(Γ+ ∩ E0) = D̃id(∆f̃ )

0

if f and therefore f̃ have no N-points.
Moreover for all r = 0, . . . ,∞ we have the following identi-

�cations

D̃id(∆f̃ )
r

Lm. 17∼= Did(∆f )
r Lm. 5

===== Sid(f)r.

This implies that Sid(f)∞ = · · · = Sid(f)1 and this space is
contractible. Moreover, Sid(f)1 = Sid(f)0 whenever f has no
N-points.
Theorem 3 is proved. �

9. Proof of Theorem 4

Suppose f : M → P satis�es (A1)-(A3) and has at least one
S-point. Statement about higher homotopy groups of O(f) is
a simple consequence of Theorem 3 and (A3).
Indeed, choose idM to be a base point in S(f) and D(M),

and f to be a base point in O(f). Then axiom (A3) implies
that there exists an exact sequence of homotopy groups of the
�bration p:

πkS(f)
ik−−→ πkD(M)

pk−−→ πkO(f)
∂k−−→ πk−1S(f)
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where ik is induced by the inclusion i : S(f) ⊂ D(M), and ∂k
is the boundary homomorphism.
Recall that πiD(M) = πiM for i ≥ 3, and π2D(M) = 0,

see [6, 7, 8, 10]. Since by Theorem 3 Sid(f) is contractible, we
obtain isomorphisms πkO(f) ≈ πkD(M) for k ≥ 2 and also
the following exact sequence:

1→ π1D(M)
p1−−→ π1O(f)

∂1−−→ π0(S(f) ∩ Did(M))→ 1,

where π0(S(f)∩Did(M)) can be regarded as the kernel of the
induced map i0 : π0S(f)→ π0D(M).
It remains to establish the short exact sequence (5.2) for

π1O(f) and show that Of (f) is weakly homotopy equivalent
to some �nite dimensional CW-complex.
Proof of (5.2). The arguments are similar to [18, �9]. Recall

that we have a homomorphism µ : π0S(f)→ Aut(Γ̂(f)). Let
G = µ(ker i0) be the image of the subgroup

ker i0 = π0(S(f) ∩ Did(M))

of π0S(f) under µ, and J0 be the kernel of the restriction of
µ to ker i0. Thus

J0 := π0(ker(µ) ∩ Did(M))
Lm. 14

====== π0(DN(∆f ) ∩ Did(M)).

Since J = π0(DN(∆f )) ≈ Zk is a free abelian group, we see
that so is its subgroup J0. Thus J0 ≈ Zl for some l ≥ 0.
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Then we have the following commutative diagram in which
all vertical and horizontal lines are exact:

1 1
↓ ↓

1 → π1Did(M)
p−−→ H ∂1−−→ J0 ≈ Zl → 1

|| ↓ ↓
1 → π1Did(M)

p−−→ π1O(f)
∂1−−→ ker(i0) → 1

↓ ↓
G === G
↓ ↓
1 1

where H = ∂−1
1 (J0). To show that the left vertical sequence

coincides with (5.2) we have to prove the following:

Theorem 6. A short exact sequence

(9.1) 1→ π1Did(M)
p1−−−→ H ∂1−−−−→ J0 → 1

admits a section s : H → J0 such that ∂1 ◦ s = idJ0.

Due to [18, Lm. 2.2.] ∂1 is a homomorphism and p1(π1D(M))
is contained in the center of π1O(f), so (9.1) is a central ex-
tension. Then theorem 6 implies that this sequence splits,
so H ≈ π1Did(M) ⊕ Zl, which �nishes Theorem 4 modulo
Theorem 6.
Statement of Theorem 6 was claimed without explanations

in the proof of [18, Th. 1.5]. But in general there are central
extension that do not split. Therefore in next section we will
present a proof of Theorem 6. �

10. Proof of Theorem 6

We have to consider only the cases when π1Did(M) = 0,
which is equivalent to the assumption χ(M) ≥ 0.
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Let {gα}α∈A be any set of generators for J0. For each α ∈ A
let ωα : I → Did(M) be a path such that ωα(0) = idM and
ωα(1) = gα, see Figure 10.1a). Since gα ∈ J0 ⊂ S(f), we see
that the map ν : I → O(f) de�ned by ν(t) = f ◦ ωα(t) is a
loop, i.e. ν(0) = ν(1) = f .
Let also F be a free group generated by symbols {ĝα}α∈A.

Then there exists a unique epimorphism η : F → J0 such that
η(ĝα) = gα, and a unique homomorphism ψ : F → π1O(f)
de�ned by ψ(ĝα) = [f ◦ ωα] for all α ∈ A. Moreover we have
the following commutative diagram:

F
η

��

ψ

~~
H

∂1

44 J0

s
tt

Evidently, if ker η ⊂ kerψ, then ∂1 admits a section

s : J0 → H,
whence H ≈ π1Did(M)×J0. Thus for the proof of Theorem 6
we have to �nd conditions when ker η ⊂ kerψ.

a) Paths ωi b) A path κg1◦g2◦g3

Figure 10.1

First we present exact formulas for ψ. Let

ĥ = (ĝ1)ε1 · · · (ĝa)εa ∈ F ,
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where εi ∈ Z. Put h = η(ĥ) = gε11 · · · gεaa ∈ J0 and de�ne the
following path κĥ : [0, a]→ Did(M) by
(10.1)

κĥ(t) =



ω1(t)ε1 , t ∈ [0, 1],

gε11 ◦ ω2(t− 1)ε2 , t ∈ [1, 2],

gε11 ◦ gε22 ◦ ω3(t− 2)ε3 , t ∈ [2, 3],

· · · · · · · · · · · ·
gε11 ◦ · · · ◦ g

εa−1

a−1 ◦ ωa(t− a+ 1)εa , t ∈ [a− 1, a],

see Figure 10.1b). Evidently,

κĥ(0) = idM , κĥ(1) = h ∈ J0 ⊂ S(f).

Hence the map νĥ : I → O(f) de�ned by

νĥ(t) = f ◦ κĥ(t)

is a loop. Then it is easy to see that ψ(ĥ) = [νĥ].

Suppose ĥ ∈ ker η, so h = η(ĥ) = idM . Then κĥ is a loop
in Did(M).

Lemma 19. Let {gα}α∈A be a set of generators for J0, F be
a free group generated by symbols {ĝα}α∈A, and

H = {ĥβ}β∈B ⊂ F

be the subset whose normal closure coincides with ker η, so

J0 = 〈 {gα}α∈A | {ĥβ}β∈B 〉

is a presentation for J0. For each α ∈ A take a path

ωα : I → Did(M)

such that ωα(0) = idM and ωα(1) = gα. Then each of the
following conditions implies that ker η ⊂ kerψ.
1) For each β ∈ B the loop κhβ is null-homotopic in Did(M).
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2) There exists a subset Q ⊂ M consisting of k > χ(M)
points and such that ωα(t) is �xed on Q for all α ∈ A and
t ∈ I.

Proof. Statement 1) is trivial.
2) Let x1, . . . , xk ∈ Q be k distinct points, D(M,k) be the

group of di�eomorphisms of M that �x each of these points,
and Did(M,k) be the identity path component of D(M,k).

Then for each ĥβ the loop κĥβ is contained in Did(M,k). Since

χ(M) < k, it follows that Did(M,k) is contractible, whence
κĥβ is null-homotopic in Did(M,k) ⊂ Did(M). Therefore

ψ(ĥβ) = [f ◦ κĥβ ] is null-homotopic in H, so ĥβ ∈ kerψ. �

Thus for the proof of Theorem 6 it su�ces to show that for
every surface M with χ(M) ≥ 0 one of the conditions 1) or
2) of Lemma 19 is satis�ed.

Lemma 20. Suppose M is one of the surfaces S2, RP2,
D2, M�o or S1 × I. Then there exists even in�nite subset
Q ⊂ M such that every internal Dehn twist is �xed on Q
and isotopic to idM relatively Q. In particular, so does every
h ∈ J0, whence by 2) of Lemma 19 ker η ⊂ kerψ.

Proof. SupposeM is either 2-disk D2 or M�obius bandM�o, or
a cylinder S1× I. Put Q = ∂M if M is either D2 or M�o, and
Q = S1 × 0 if M = S1 × I. Then every internal Dehn twist
is �xed near Q and is isotopic to idM relatively to Q, see e.g.
[1], [9, Th. 3.4 & 5.2], [37].
Let M be either 2-sphere S2 or a projective plane RP2. In

this case f always has a local extreme. Denote this point
by z and let Q ⊂ M \ T be a closed neighbourhood of z
di�eomorphic to 2-disk. Then M \ Q is either a 2-disk (if
M = S2) or a M�obius band (if M = RP2). Moreover, every
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internal Dehn twist τ is �xed on some neighbourhood of Q.
Hence τ is isotopic to the identity relatively Q. �

Lemma 21. Let M be either a 2-torus T 2 or a Klein bottle
K. Suppose that every internal leaf γi, (i = 1, . . . ,k), sepa-
rates M . Then there exists a subset Q ⊂ M satisfying 2) of
Lemma 19.

Proof. Let Ui be an open neighbourhood of γi di�eomorphic
to S1×(0, 1) such that ∂Ui consists of two regular leaves of ∆f

and supp τi ⊂ Ui. Since γi separatesM , it follows thatM \Ui
consists of two connected components Bi and Ci. Moreover,
as M is either a 2-torus T 2 or a Klein bottle K, we have that
one of the components, say B1, is either a 2-disk or a M�obius
band.
a) Suppose B1 is a M�obius band. ThenM is a Klein bottle,

and C1 as well as C1 ∪ U1 are M�obius bands. Put

Q = ∂U1 ∩B1.

Then Q is a simple closed curve �parallel� to γ1 and also sep-
arating M into two M�obius bands. Moreover, every internal
Dehn twist τi is �xed on some neighbourhood Q, and therefore
it is isotopic to idM relatively Q.
b) Suppose that neither Bi nor Ci is a M�obius band. Then

Bi is a 2-disk. Renumbering γi (if necessary) we can assume
that there exists r ∈ {1, . . . ,k} such that

• if i = 1, . . . , r, then Bi is not contained in any of Bj

for j = 1, . . . ,k, and j 6= i, so Bi is �maximal�;
• for j = r + 1, . . . ,k every Bj is contained in some Bi

for i = 1, . . . , r.

Put

(10.2) Q :=
r
∩
i=1

Ci =
r
∩
i=1

M \ (Bi∪Ui) = M \
r
∩
i=1

(Bi∪Ui).
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Then Q is connected as a complement to a disjoint union of
closed 2-disks on a connected surface. It is also easy to see
that Q does not contain any internal curve. Indeed, suppose
γj ⊂ Q. Since γj ⊂ Uj, we obtain from (10.2) that j ∈
{r+ 1, . . . ,k}, whence Bj ⊂ Bi for some i = 1, . . . , r. On the
other hand γj separates Q into two non-empty components
Dj and D′j such that one of them, say Dj, is contained in
Bj. Hence Dj ⊂ Bj ⊂ Bi ⊂ M \ Q which contradicts to the
assumption that Dj ⊂ Q.
Thus Q contains no internal curves and therefore every τi

is �xed on some neighbourhood of Q. As M \Q is a union of
2-disks, we see that τi is isotopic to the identity relatively Q.
Hence so does every g ∈ J0. �

Lemma 22. Let M be either a 2-torus T 2 or a Klein bottle
K. Suppose that γ1 does not separate M .

(i) If M is a 2-torus T 2, then there exists a subset Q
satisfying 2) of Lemma 19, whence ker η ⊂ kerψ.

(ii) If M is a Klein bottle K, then ker η ⊂ kerψ as well.

Proof. Since all γi are mutually disjoint simple closed curves
on a 2-torus or a Klein bottle, we can assume that for some
a = 1, . . . ,k the curves γ1, . . . , γa are non-separating and iso-
topic each other, while each of γa+1, . . . , γk separateM so that
one of the components ofM \γi is a 2-disk. It follows that τi is
isotopic to τ1 for i = 1, . . . , a, and to idM for i = a+ 1, . . . ,k.
Let Q be a regular leaf of ∆f contained in U1 \ supp τ1, see

Figure 10.2. Then every τj is �xed on some neighbourhood of
Q in U1 \ supp τ1.

Now let h ∈ J0. Thus h = τ i11 ◦ · · · ◦ τ iaa ◦ τ
ia+1

a+1 ◦ · · · ◦ τ
ik
k for

some ij ∈ Z and h is isotopic to idM . Put d = i1 + · · · + ia.
Since M \ Q is a cylinder, we see that h is isotopic to τ d1
relatively to Q.
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(i) Suppose M is a 2-torus T 2. As h is isotopic to idT 2 , we
have that d = 0, whence τ d1 (and thus h itself) is isotopic to
idT 2 relatively to Q.

(ii) Let M be a Klein bottle K. It is well known that τ 2
1

is isotopic to idK, see [14, Lm. 5]. Moreover, we can assume
Q is invariant (but not �xed!) under such an isotopy, see
Figure 10.2. Since h is isotopic to idK, we obtain that d is
even and h is also isotopic to idK via an isotopy which leaves
Q invariant.

Figure 10.2. Isotopy of τ 2
1 to idK

Let {gα}α∈A be a set of generators for J0, F be a free group

generated by symbols {ĝα}α∈A, and H = {ĥβ}β∈B ⊂ F be the
subset whose normal closure coincides with ker η.
By the previous arguments for each gα there exists a path

ωα : I → Did(K) between idK and gα such that ωα(t)(Q) = Q
for all α ∈ A and t ∈ I.
Let β ∈ B and κĥβ : I → Did(K) be the corresponding loop

in Did(K). Then κĥβ(t)(Q) = Q for all t ∈ I as well. Now it

is easy to see that κĥβ is null-homotopic, so the assumption

(2) of Lemma 19 holds.
Indeed, let σ ⊂ K be a simple closed curve shown in Fig-

ure 10.2. Then K \ σ consists of two M�obius bands. It is
well-known that π1Did(K) = Z and this group is generated
by the isotopy which rotates K twice along σ, see e.g. [10].
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In particular, if κ : I → Did(K) is a loop being not null-
homotopic, then κ(t)(Q) 6= Q for some t ∈ I. Therefore κĥβ
is null-homotopic for all ĥβ ∈ ker η. �
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Î êîíôîðìíîé ýêâèâàëåíòíîñòè ôóíêöèé

Â. Â. Ëû÷àãèí, Í. Ã. Êîíîâåíêî

Â äàíié ðîáîòi íàâåäåíî êëàñèôiêàöiþ ãëàäêèõ ôóíêöié âiäíîñíî
ïñåâäîãðóïè êîíôîðìíèõ ïåðåòâîðåíü ïëîùèíè

In this paper we give a classification of functions on the plane with
respect to conformal pseudogroup. We describe the algebra of confor-
mal differential invariants and find invariant symplectic and metric
structures on the algebra. These structures allow us to give a com-
plete classification of orbits.

1. Ââåäåíèå

Â äàííîé ðàáîòå ïðèâîäåíà êëàññèôèêàöèÿ ðåãóëÿðíûõ
ãëàäêèõ ôóíêöèé íà ïëîñêîñòè îòíîñèòåëüíî ïñåâäîãðóï-
ïû êîíôîðìíûõ ïðåîáðàçîâàíèé. Âíà÷àëå ïîëó÷èì ôîð-
ìàëüíóþ êëàññèôèêàöèþ ôóíêöèé. Ýòî äîñòèãàåòñÿ îïè-
ñàíèåì îðáèò êîíôîðìíîãî äåéñòâèÿ â ïðîñòðàíñòâàõ äæå-
òîâ è íàõîæäåíèåì àëãåáðû êîíôîðìíûõ äèôôåðåíöèàëü-
íûõ èíâàðèàíòîâ (ñð. [3]). Ìû óòî÷íÿåì ïîíÿòèå êîíôîðì-
íîãî äèôôåðåíöèàëüíîãî èíâàðèàíòà, ïîíèìàÿ ïîä ïîñëåä-
íèì ôóíêöèþ íà ïðîñòðàíñòâàõ äæåòîâ, ïîëèíîìèàëüíóþ
âäîëü ñëîåâ åñòåñòâåííûõ ðàññëîåíèé, à òàêæå ïîëèíîìè-
àëüíóþ îòíîñèòåëüíî âåëè÷èíû, îáðàòíîé ê êâàäðàòó ãðà-
äèåíòà è èíâàðèàíòíóþ îòíîñèòåëüíî êîíôîðìíûõ ïðåîá-
ðàçîâàíèé. Òåîðåìà 3 äàåò îïèñàíèå ñòðóêòóðû ýòîé àëãåá-
ðû. Ìû íàõîäèì òàêæå èíâàðèàíòíóþ ñèìïëåêòè÷åñêóþ
è ìåòðè÷åñêóþ ñòðóêòóðû íà àëãåáðå äèôôåðåíöèàëüíûõ
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èíâàðèàíòîâ, èñïîëüçóÿ êîòîðûå ìû ñòðîèì èíâàðèàíòíûå
äèôôåðåíöèðîâàíèÿ. Íàéäåííîå îïèñàíèå àëãåáðû äèô-
ôåðåíöèàëüíûõ èíâàðèíòîâ ñâîäèò ïðîáëåìó ëîêàëüíîé
êîíôîðìíîé ýêâèâàëåíòíîñòè ê ðàçðåøèìîñòè íåêîòîðûõ
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà
(ñð. [1]). Âûïîëíåíèå óñëîâèé äèôôåðåíöèàëüíîé ñèçèãèè
îáåñïå÷èâàåò ôîðìàëüíóþ èíòåãðèðóåìîñòü ýòîé ñèñòåìû,
à òåîðåìà Êàðòàíà-Êåëåðà ïîçâîëÿåò äàòü êîíôîðìíóþ
êëàññèôèêàöèþ âåùåñòâåííûõ àíàëèòè÷åñêèõ ôóíêöèé.

2. Àëãåáðà êîíôîðìíûõ äèôôåðåíöèàëüíûõ
èíâàðèàíòîâ

Àëãåáðà Ëè ïñåâäîãðóïïû êîíôîðìíûõ ïðåîáðàçîâàíèé
ïëîñêîñòè ñîñòîèò èç êîíôîðìíûõ âåêòîðíûõ ïîëåé, ò.å.
ïîëåé âèäà

X = A(x, y)
∂

∂x
+B(x, y)

∂

∂y
,

ãäå ôóíêöèè A(x, y) è B(x, y) óäîâëåòâîðÿþò ñèñòåìå óðàâ-
íåíèé Êîøè-Ðèìàíà.
Îáîçíà÷èì ÷åðåç Jk(R2)�ïðîñòðàíñòâà k-äæåòîâ ôóíê-

öèé íà ïëîñêîñòè, à ÷åðåç

(x, y, u, ux, uy, uxx, uxy, uyy, . . . .)

êàíîíè÷åñêèå êîîðäèíàòû â ýòèõ ïðîñòðàíñòâàõ. Êàæäîå
êîíôîðìíîå âåêòîðíîå ïîëå V ïîäíèìàåòñÿ äî âåêòîðíî-
ãî ïîëÿ V (k) â ïðîñòðàíñòâå k-äæåòîâ (ñì. [2]). Ñêàæåì,
÷òî òåíçîð Ξ, çàäàííûé íà ïðîñòðàíñòâå k-äæåòîâ Jk(R2),
êîíôîðìíî èíâàðèàíòåí, åñëè LV (k)(Ξ) = 0 äëÿ âñåõ êîí-
ôîðìíûõ âåêòîðíûõ ïîëåé V .

Òåîðåìà 1. Äèôôåðåíöèàëüíàÿ 2-ôîðìà

Ω = (u2
x + u2

y)(dx ∧ dy)
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è äèôôåðåíöèàëüíàÿ êâàäðàòè÷íàÿ ôîðìà

Θ = (u2
x + u2

y)(dx
2 + dy2),

çàäàííûå íà ìíîãîîáðàçèè 1-äæåòîâ, êîíôîðìíî-èíâàðè-
àíòíû.

Èç ýòîé òåîðåìû ñëåäóåò, ÷òî êàæäîé ôóíêöèè f ñ íåíó-
ëåâûì ãðàäèåíòîì ìîæíî ñîïîñòàâèòü ìåòðèêó íà ïëîñêî-
ñòè Θf = (f 2

x + f 2
y )(dx2 + dy2) è ñèìïëåêòè÷åñêóþ ôîðìó

Ωf = (f 2
x +f 2

y )(dx∧dy). Ïðè ýòîì êîíôîðìíàÿ ýêâèâàëåíò-
íîñòü ôóíêöèé âëå÷åò ýêâèâàëåíòíîñòü ñîîòâåòñòâóþùèõ
ìåòðèê è ñèìïëåêòè÷åñêèõ ñòðóêòóð.
Ïîä êîíôîðìíûì äèôôåðåíöèàëüíûì èíâàðèàíòîì ìû

ïîíèìàåì ôóíêöèþ ïîëèíîìèàëüíóþ ïî ïåðåìåííûì(
u, ux, uy, uxx, uxy, uyy, . . . ,

1

u2
x + u2

y

)
è èíâàðèàíòíóþ îòíîñèòåëüíî ïðîäîëæåííîãî äåéñòâèÿ êîí-
ôîðìíîé ïñåâäîãðóïïû.

Òåîðåìà 2. Êàæäîìó äèôôåðåíöèàëüíîìó èíâàðèàíòó I
ñîîòâåòñòâóþò äâà èíâàðèàíòíûõ äèôôåðåíöèðîâàíèÿ

∇I =
1

u2
x + u2

y

(
dI

dx

d

dx
+
dI

dy

d

dy

)
,

γI =
1

u2
x + u2

y

(
dI

dy

d

dx
− dI

dx

d

dy

)
,

ãäå ÷åðåç d
dx

è d
dy
îáîçíà÷åíû ñîîòâåòñòâåííî ïîëíûå ïðî-

èçâîäíûå âäîëü x è y.

Â ýòîé òåîðåìå äèôôåðåíöèðîâàíèå ∇I îòâå÷àåò ãðà-
äèåíòó èíâàðèàíòà I îòíîñèòåëüíî ìåòðèêè Θ, à äèôôå-
ðåíöèðîâàíèå γI ñîîòâåòñòâóåò ãàìèëüòîíîâó âåêòîðíîìó
ïîëþ ñ ãàìèëüòîíèàíîì I îòíîñèòåëüíî ôîðìû Ω.
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Äåéñòâèå êîíôîðìíîé ïñåâäîãðóïïû èìååò î÷åâèäíûé
äèôôåðåíöèàëüíûé èíâàðèàíò íóëåâîãî ïîðÿäêà u. Åìó
îòâå÷àþò äâà èíâàðèàíòíûõ äèôôåðåíöèðîâàíèÿ ∇u è γu,
êîòîðûå ìû îáîçíà÷èì ÷åðåç:

γ =
uy

u2
x + u2

y

d

dx
− ux
u2
x + u2

y

d

dy

è

∇ =
ux

u2
x + u2

y

d

dx
+

uy
u2
x + u2

y

d

dy
.

Ëåãêî ïðîâåðèòü, ÷òî ýòè äèôôåðåíöèðîâàíèÿ óäîâëåòâî-
ðÿþò ñëåäóþùåìó êîììóòàöèîííîìó ñîîòíîøåíèþ:

(2.1) [∇, γ] = J · γ.
Â ýòîì ñîîòíîøåíèè ôóíêöèÿ

J =
uxx + uyy
u2
x + u2

y

ÿâëÿåòñÿ êîíôîðìíûì äèôôåðåíöèàëüíûì èíâàðèàíòîì
âòîðîãî ïîðÿäêà.
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3. Àëãåáðà êîíôîðìíûõ äèôôåðåíöèàëüíûõ èí-
âàðèàíòîâ íà ïëîñêîñòè ïîðîæäåíà áàçèñíûì èíâàðèàí-
òîì íóëåâîãî ïîðÿäêà u, äèôôåðåíöèàëüíûì èíâàðèàí-
òîì âòîðîãî ïîðÿäêà J , à òàêæå âñåìè èíâàðèàíòíûìè
ïðîèçâîäíûìè ∇kγl(J).

3. Êîíôîðìíàÿ ýêâèâàëåíòíîñòü ôóíêöèé.

Ìû íàçûâåì ôóíêöèþ, çàäàííóþ â íåêîòîðîé îáëàñòè
ïëîñêîñòè êîíôîðìíî-ðåãóëÿðíîé, åñëè çíà÷åíèÿ áàçèñíûõ
äèôôåðåíöèàëüíûõ èíâàðèàíòîâ u è J íà ýòîé ôóíêöèè
ôóíêöèîíàëüíî íåçàâèñèìû.
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Òàê íàïðèìåð, ãàðìîíè÷åñêèå ôóíêöèè íå ÿâëÿþòñÿ êîí-
ôîðìíî-ðåãóëÿðíûìè, à ôóíêöèÿ x3 +y3 �êîíôîðìíî-ðå-
ãóëÿðíà â ñîîòâåòñòâóþùåé îáëàñòè.
Äëÿ êîíôîðìíî-ðåãóëÿðíûõ ôóíêöèé çíà÷åíèÿ äèôôå-

ðåíöèàëüíûõ èíâàðèàíòîâ ∇(J) è γ(J) ÿâëÿþòñÿ ôóíêöè-
ÿìè îò u è J .
Ïóñòü

(3.1) ∇(J) = A(u, J), γ(J) = B(u, J),

äëÿ íåêîòîðûõ ôóíêöèé A è B.
Îòìåòèì, ÷òî ýòè ôóíêöèè íå ïðîèçâîëüíû, à óäîâëå-

òâîðÿþò óñëîâèþ ñèçèãèè:

(3.2) J ·B − AJB +BJA+Bu = 0,

êîòîðîå ïîëó÷àåòñÿ ïðèìåíåíèåì êîììóòàöèîííîãî ñîîò-
íîøåíèÿ (2.1) ê ôóíêöèè J .
Îòìåòèì òàêæå, ÷òî êîíôîðìíî-ýêâèâàëåíòíûå ðåãóëÿð-

íûå ôóíêöèè îïðåäåëÿþò îäíè è òå æå ôóíêöèè A è B.
Áîëåå òîãî, çàäàíèå ôóíêöèé A è B îïðåäåëÿåò ìåòðèêó
Θ è ñèìïëåêòè÷åñêó ôîðìó Ω. Îáðàòíî, åñëè ýòè ôóíê-
öèè âûáðàíû, òî ñîîòíîøåíèÿ (3.1) ìîæíî ðàññìàòðèâàòü,
êàê ñèñòåìó äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî
ïîðÿäêà. Åñëè êðîìå òîãî âûïîëíåíî ñîîòíîøåíèå ñèçè-
ãèé, òî ýòà ñèñòåìà ÿâëÿåòñÿ ôîðìàëüíî èíòåãðèðóåìîé.
Ñëåäîâàòåëüíî, â ñèëó òåîðåìû Êàðòàíà-Êåëåðà îíà èí-
òåãðèðóåìà, åñëè ðàññìàòðèâàåìûå ôóíêöèè âåùåñòâåííî-
àíàëèòè÷íû. Ñóììèðóÿ, ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4. Äëÿ êîíôîðìíî-ðåãóëÿðíûõ âåùåñòâåííî-
àíàëèòè÷åñêèõ ôóíêöèé íà ïëîñêîñòè, ôóíêöèè A(u, J) è
B(u, J), óäîâëåòâîðÿþùèå óñëîâèþ ñèçèãèè (3.2), ëîêàëü-
íî îïðåäåëÿþò êëàññ êîíôîðìíîé ýêâèâàëåíòíîñòè.
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Î íåêðèòè÷åñêîì ïðîäîëæåíèè ôóíêöèè,
çàäàííîé íà ãðàíèöå òð¼õìåðíîé îáëàñòè

Ïðèøëÿê À. O.3, Ïðèøëÿê E. À.,
Âÿò÷àíèíîâà Å. Í.

Èññëåäîâàíû òîïîëîãè÷åñêèå ñâîéñòâà ãëàäêèõ ôóíêöèé íà òðåõ-
ìåðíûõ îãðàíè÷åííûõ îáëàñòÿõ, ñóæåíèå êîòîðûõ íà ãðàíèöó,
ãëàäêóþ ïîâåðõíîñòü, èìååò êîíå÷íîå ÷èñëî êðèòè÷åñêèõ òî-
÷åê. Ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ïðîäîëæå-
íèÿ ôóíêöèè ñ ãðàíèöû âîâíóòðü îáëàñòè. Äëÿ ôóíêöèé íà çà-
ìêíóòîé îðèåíòèðîâàííîé ïîâåðõíîñòè ñ îäíèì ëîêàëüíûì ìè-
íèìóìîì, îäíèì ëîêàëüíûì ìàêñèìóìîì è èìåþùèõ íà êàæäîì
êðèòè÷åñêîì óðîâíå ïî îäíîé êðèòè÷åñêîé òî÷êå, äîêàçàí êðèòå-
ðèé ñóùåñòâîâàíèÿ âëîæåíèÿ ïîâåðõíîñòè, ïðè êîòîðîì ôóíêöèÿ
ìîæåò áûòü ïðîäëåíà âíóòðü îáëàñòè áåç êðèòè÷åñêèõ òî÷åê.

We consider topological properties of smooth functions on 3-
dimensional bounded domains, whose restrictions to the boundary
of such domains have finite number of critical points. A necesary
condition for existence of an extension of a function from the bound-
ary to all the domain without critical points is obtained. Let f be
a smooth function on an orientable surface F with only one local
minima, one local maxima and having only one critical point at each
critical level. We give a criteria for existence of an embdding F ⊂ R3

such that f extends inside F without critical points.

3Äîñëiäæåííÿ ÷àñòêîâî ïiäòðèìàíi Óêðà¨íñüêî-Ñëîâåíñüêèì íàó-
êîâî-äîñëiäíèì ïðîåêòîì ¾Òîïîëîãiÿ ìíîãîâèäiâ òà ¨¨ çàñòîñóâàííÿ¿,
äîãîâið � Ì/150-2009.

c© Ïðèøëÿê À. O., Ïðèøëÿê E. À.,

Âÿò÷àíèíîâà Å. Í., 2010
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Ââåäåíèå

Ðàññìîòðèì îãðàíè÷åííóþ îáëàñòü â òðåõìåðíîì ïðî-
ñòðàíñòâå, ãðàíèöåé êîòîðîé ÿâëÿåòñÿ ãëàäêàÿ ïîâåðõíîñòü.
Ëåãêî ïîñòðîèòü ôóíêöèþ áåç êðèòè÷åñêèõ òî÷åê â îáëà-
ñòè. Ïðèìåðîì ìîæåò ñëóæèòü ïðîåêöèÿ íà êîîðäèíàòíóþ
îñü. Îäíàêî ó îãðàíè÷åíèÿ ýòîé ôóíêöèè íà ïîâåðõíîñòü
áóäóò êðèòè÷åñêèå òî÷êè. Åñëè ôóíêöèþ ìîæíî ïðåäñòà-
âèòü êàê ïðîåêöèþ íà êîîðäèíàòíóþ îñü ïðè âëîæåíèè
ïîâåðõíîñòè â R3, òî îíà åñòåñòâåííûì îáðàçîì ïðîäîë-
æàåòñÿ íà îáëàñòü. Áîëåå ñëàáûå óñëîâèÿ ïîãðóæåíèÿ áû-
ëè ïîëó÷åíû â [2]. Åñëè ôóíêöèÿ íà ïîâåðõíîñòè ÿâëÿåòñÿ
ôóíêöèåé Ìîðñà îáùåãî ïîëîæåíèÿ, òî èñêîìîå âëîæåíèå
ïîâåðõíîñòè ìîæåò áûòü ïîëó÷åíî, êàê ãðàíèöà îêðåñòíî-
ñòè ãðàôà Êîíðîäà-Ðèáà, [1], [6], ïðè åãî âëîæåíèè â R3.
Äëÿ ïðîèçâîëüíûõ ôóíêöèé Ìîðñà óñëîâèÿ ñóùåñòâîâà-
íèÿ òàêèõ âëîæåíèé ïîëó÷åíû â [4]. Ïîä èíäåêñîì Ïóàíêà-
ðå êðèòè÷åñêîé òî÷êè ôóíêöèè áóäåì èìåòü ââèäó ìîäóëü
èíäåêñà Ïóàíêàðå åå ïîëÿ ãðàäèåíòà.
Ïîñòàíîâêà çàäà÷è.
Ïóñòü U � îãðàíè÷åííàÿ îáëàñòü â R3, F = ∂U � ãëàä-

êàÿ ïîâåðõíîñòü, U = U ∪ F , g : U → R� ãëàäêàÿ ôóíê-
öèÿ, êîòîðàÿ íå èìååò êðèòè÷åñêèõ òî÷åê êàê âíóòðè U ,
òàê è íà ãðàíèöå ∂U . Ýòî îçíà÷àåò, ÷òî ôóíêöèÿ ìîæåò
áûòü ïðîäîëæåíà äî íåêîòîðîé ãëàäêîé ôóíêöèè áåç êðè-
òè÷åñêèõ òî÷åê íà îêðåñòíîñòè U . Ïóñòü f : F → R�
îãðàíè÷åíèå ôóíêöèè g íà ãðàíèöó. Ìû áóäåì ðàññìàò-
ðèâàòü òàêèå ôóíêöèè f , ó êîòîðûõ îäèí ìàêñèìóì, îäèí
ìèíèìóì, à îñòàëüíûå êðèòè÷åñêèå òî÷êè� ñåäëîâûå, ò.å.
èçîëèðîâàííûå è íå ÿâëÿþùèåñÿ òî÷êàìè ëîêàëüíîãî ýêñ-
òðåìóìà, à çíà÷åíèÿ ôóíêöèè â ðàçíûõ êðèòè÷åñêèõ òî÷-
êàõ ðàçëè÷íû.
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Öåëü ýòîé ñòàòüè � èññëåäîâàòü âîïðîñ î òîì êàêèå ôóíê-
öèè íà F ìîãóò áûòü ïðîäëåíû äî ôóíêöèé áåç êðèòè÷å-
ñêèõ òî÷åê íà U ïðè íåêîòîðîì âëîæåíèè ïîâåðõíîñòè â
òðåõìåðíîå ïðîñòðàíñòâî.

1. Òîïîëîãè÷åñêèå ñâîéñòâà ôóíêöèé áåç
êðèòè÷åñêèõ òî÷åê íà òðåõìåðíûõ îáëàñòÿõ

Èññëåäóåì âîïðîñ î òîì, êàê èçìåíÿþòñÿ óðîâíè ôóíê-
öèè g ïðè óâåëè÷åíèè çíà÷åíèÿ ôóíêöèè.

Ëåììà 1. Ïðåäïîëîæèì, ÷òî îòðåçîê [v1, v2] íå ñîäåð-
æèò êðèòèò÷åñêèõ çíà÷åíèé, òîãäà g−1([v1, v2]) ãîìåî-
ìîðôíî g−1(v1)× [0, 1].

Äîêàçàòåëüñòâî. Èñïîëüçóåì âåêòîðíîå ïîëå ãðàäèåíòà

grad g =

{
∂g

∂x
,
∂g

∂y
,
∂g

∂z

}
.

Âåêòîðíîå ïîëå gradf ïðè ýòîì áóäåò ïðîåêöèåé grad g íà
êàñàòåëüíóþ ïëîñêîñòü â ñîîòâåòñòâóþùåé òî÷êå, à åãî
îñîáûå òî÷êè áóäóò êðèòè÷åñêèìè òî÷êàìè ôóíêöèè f .
Òàêèì îáðàçîì, ïî óñëîâèÿì ëåììû îáà ïîëÿ íå èìåþò
îñîáûõ òî÷åê, ò.å. íèãäå íå îáðàùàþòñÿ â 0. Ïðîäëèì âåê-
òîðíîå ïîëå gradf ïðîèçâîëüíûì îáðàçîì äî ãëàäêîãî âåê-
òîðíîãî ïîëÿ íà U è áóäåì ýòî ïðîäîëæåíèå îáîçíà÷àòü
òàêæå gradf .
Ââèäó êîìïàêòíîñòè è ãëàäêîñòè ïîâåðõíîñòè F äëÿ ëþ-

áîãî äîñòàòî÷íî ìàëîãî ε > 0 ñóùåñòâóåò ãëàäêàÿ ôóíêöèÿ
h : U → [0, 1], äëÿ êîòîðîé h(F ) = 1 è h(x, y, z) = 0 âíå
ε-îêðåñòíîñòè F . Ñóùåñòâîâàíèå òàêîé îêðåñòíîñòè äîêà-
çûâàåòñÿ àíàëîãè÷íî ïîñòðîåíèþ ãëàäêîãî ðàçáèåíèÿ åäè-
íèöû êîìïàêòíîãî ìíîãîîáðàçèÿ. Ðàññìîòðèì âåêòîðíîå
ïîëå

W = h grad f + (1− h) grad g.
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Ïîñêîëüêó gradf åñòü ïðîåêöèåé grad g íà F , òî ñóùåñòâó-
åò òàêîå ε > 0, ÷òî ïîëå W íå èìååò îñîáûõ òî÷åê. Òîãäà
ïîëå W åñòü ãðàäèåíòíî ïîäîáíûì äëÿ ôóíêöèè g è êàñà-
òåëüíûì ê F . Ôóíêöèÿ g áóäåò âîçðàñòàòü ïðè äâèæåíèè
ïî èíòåãðàëüíûì òðàåêòîðèÿì ïîëÿ W . Ïîñêîëüêó ÷åðåç
êàæäóþ òî÷êó ïðîõîäèò èíòåãðàëüíàÿ òðàåêòîðèÿ, à êàæ-
äàÿ òðàåêòîðèÿ ïåðåñåêàåò g−1(v1) è g−1(v2), òî, âûáðàâ
â êà÷åñòâå ïàðàìåòðà íà òðàåêòîðèè çíà÷åíèå ôóíêöèè â
ñîîòâåòñòâóþùèõ òî÷êàõ, ìû ïîëó÷èì, ÷òî êàæäàÿ òî÷-
êà èç g−1([v1, v2]) çàäàåòñÿ ïàðîé (òî÷êà èç g−1(v1), çíà÷å-
íèå [v1, v2]). Ïîñêîëüêó èíòåãðàëüíàÿ òðàåêòîðèÿ ÿâëÿåòñÿ
ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ, êîòîðîå íåïðå-
ðûâíî çàâèñèò îò íà÷àëüíûõ óñëîâèé, èìååì, ÷òî ïîñòðî-
åííîå áèåêòèâíîå îòîáðàæåíèå åñòü ãîìåîìîðôèçìîì. �

Ëåììà 2. Åñëè ïîëóèíòåðâàë [v1, v2) ñîäåðæèò îäíî
êðèòè÷åñêîå çíà÷åíèå, à ñîîòâåòñòâóþùàÿ êðèòè÷åñêàÿ
òî÷êà ÿâëÿåòñÿ ìèíèìóìîì, òî ìíîæåñòâî

g−1([v1, v2]) = g−1((−∞, v2]

ãîìåîìîðôíî òðåõìåðíîìó ïîëóäèñêó

D3
− = {(x, y, z)|x2 + y2 + z2 ≤ 1, z ≤ 0},

à ôóíêöèÿ g ïðè ýòîì ñîîòâåòñòâóåò ôóíêöèè

gh(x, y, z) = z.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî â òî÷êå ìèíèìóìà ïîëå
ãðàäèåíòà grad g íàïðàâëåíî âîâíóòðü îáëàñòè. Òîãäà íàé-
äåòñÿ òàêàÿ îêðåñòíîñòü ìèíèìóìà, â êîòîðîé äëÿ êàæäîé
òî÷êè ãðàíèöû ïîëå ãðàäèåíòà òàêæå íàïðàâëåíî âîâíóòðü
îáëàñòè.
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Ðàññìîòðèì âíà÷àëå ñëó÷àé, êîãäà f−1([v1, v2]) ëåæèò â
ýòîé îêðåñòíîñòè. Âåêòîðíîå ïîëå gradf èìååò îäíó îñî-
áóþ òî÷êó� èñòî÷íèê âî ìíîæåñòâå f−1([v1, v2]), è ïîýòî-
ìó îíî ãîìåîìîðôíî 2-äèñêó, êîòîðûé ãîìåîìîðôåí íèæ-
íåé ïîëóñôåðå òðåõìåðíîãî ïîëóäèñêà. Çàôèêñèðóåì ýòîò
ãîìåîìîðôèçì. Òîãäà îí çàäàåò ñîîòâåòñòâèå ìåæäó òðà-
åêòîðèÿìè ïîëåé ãðàäèåíòà ôóíêöèé g è gh. Âûáðàâ ãî-
ìåîìîðôèçì ìåæäó îáëàñòÿìè çíà÷åíèé ýòèõ ôóíêöèé â
ðàññìàòðèâàåìîé îêðåñòíîñòè è ïàðàìåòðèçîâàâ òðàåêòî-
ðèè ïîëåé ãðàäèåíòà ïðè ïîìîùè çíà÷åíèé ôóíêöèè, ïî-
ëó÷èì èñêîìûé ãîìåîìîðôèçì. �

Ïîñêîëüêó â ñåäëîâûõ êðèòè÷åñêèõ òî÷êàõ ôóíêöèè f
âåêòîðíîå ïîëå grad g 6= 0, à åãî ïðîåêöèÿ íà êàñàòåëüíóþ
ïëîñêîñòü ê F �ïîëå gradf = 0, òî ñåäëîâûå òî÷êè íà
ïîâåðõíîñòè F äåëÿòñÿ íà äâà òèïà:
1) ïîëîæèòåëüíûå, â êîòîðûõ ïîëå ãðàäèåíòà ôóíêöèè

g íàïðàâëåíî âíóòðü îáëàñòè U ;
2) îòðèöàòåëüíûå, â êîòîðûõ ïîëå ãðàäèåíòà ôóíêöèè g

íàïðàâëåíî âîâíå, èç îáëàñòè U .

Ëåììà 3. Ïðåäïîëîæèì, ÷òî îòðåçîê (v1, v2) ñîäåðæèò
îäíî êðèòè÷åñêîå çíà÷åíèå, ñîîòâåòñòâóþùåå ïîëîæè-
òåëüíîé ñåäëîâîé òî÷êå, òîãäà g−1(v2) ãîìåîìîðôíî

g−1(v1) ∪ h+,

à g−1((−∞, v2]) ãîìåîìîðôíî

g−1((−∞, v1]) ∪H+.

Çäåñü h+ � êðèâîëèíåéíûé 2n-óãîëüíèê, ïåðåñåêàþùèéñÿ
ñ êðàåì ∂g−1(v1) ïî n ñòîðîíàì, ñðåäè êîòîðûõ íåò ñî-
ñåäíèõ, èíäåêñ Ïóàíêàðå êðèòè÷åñêîé òî÷êè ðàâåí n− 1,
è

Inth+ ∩ Intg−1(v1) = �.
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Ïðè ýòîì H+ �òà ïîëóîêðåñòíîñòü h+, êîòîðàÿ ïåðåñå-
êàåòñÿ ñ g−1((−∞, v1].

Äîêàçàòåëüñòâî. Èçâåñòíî, ñì. [5], ÷òî â îêðåñòíîñòè âû-
ðîæäåííîé ñåäëîâîé òî÷êè ôóíêöèÿ f òîïîëîãè÷åñêè ýê-
âèâàëåíòíà ôóíêöèè

fn(x, y) = Re(x+ iy)n.

Êðèòè÷åñêèé óðîâåíü â ýòîé îêðåñòíîñòè ñîñòîèò èç îáú-
åäèíåíèÿ n îòðåçêîâ, ó êîòîðûõ îäíà îáùàÿ òî÷êà� èõ
îáùèé öåíòð. Ýòîò óðîâåíü ðàçáèâàåò îêðåñòíîñòü íà 2n
ñåãìåíòîâ, â ïîëîâèíå èç êîòîðûõ çíà÷åíèå ôóíêöèè áîëü-
øå êðèòè÷åñêîãî çíà÷åíèÿ (ïîëîæèòåëüíûå ñåãìåíòû), à â
îñòàëüíûõ�ìåíüøå (îòðèöàòåëüíûå ñåãìåíòû). Ïðè ýòîì
îòðèöàòåëüíûå è ïîëîæèòåëüíûå ñåãìåíòû ÷åðåäóþòñÿ. Áó-
äåì ðàññìàòðèâàòü îêðåñòíîñòü êðèòè÷åñêîé òî÷êè êàê êðè-
âîëèíåéíûé 2n-óãîëüíèê, âåðøèíàìè êîòîðîãî ÿâëÿþòñÿ
òî÷êè ïåðåñå÷åíèÿ ãðàíèöû îêðåñòíîñòè ñ êðèòè÷åñêèì
óðîâíåì. Ñòîðîíàìè áóäóò ïåðåñå÷åíèÿ ñåãìåíòîâ ñ ãðà-
íèöåé. Òàêèì îáðàçîì, ñòîðîíû, êàê è ñåãìåíòû, äåëÿòñÿ
íà äâà òèïà � ïîëîæèòåëüíûå è îòðèöàòåëüíûå, è ÷åðåäó-
þòñÿ ìåæäó ñîáîé.
Ïðè ïðîõîæäåíèè êðèòè÷åñêîãî çíà÷åíèÿ ê

f−1((−∞, v2])

äîáàâëÿåòñÿ êðèòè÷åñêàÿ òî÷êà âìåñòå ñî ñâîåé îêðåñòíî-
ñòüþ, ò.å. ïðèêëåèâàåòñÿ êðèâîëèíåéíûé 2n-óãîëüíèê ïî
îòðèöàòåëüíûì ñòîðîíàì.
Îñòàâøàÿñÿ ÷àñòü

f−1((−∞, v2]) \ f−1((−∞, v1))

ìîæåò áûòü ðàññìîòðåíà êàê öèëèíäð (ïðÿìîå ïðîèçâåäå-
íèå íà îòðåçîê) íàä íåçàêëååííîé ÷àñòüþ ãðàíèöû. Êàê è



Î íåêðèòè÷åñêîì ïðîäîëæåíèè ôóíêöèè 79

âûøå, ñòðóêòóðà ïðÿìîãî ïðîèçâåäåíèÿ çàäàåòñÿ ïðè ïî-
ìîùè ïîëÿ ãðàäèåíòà. Òàêèì îáðàçîì, äîáàâëåíèå ýòîé ÷à-
ñòè íå èçìåíÿåò òîïîëîãè÷åñêèé òèï ìíîæåñòâà

f−1((−∞, v2]).

Ïðîâåäåì èòåãðàëüíûå òðàåêòîðèè ïîëÿ grad g â ìíîæå-
ñòâå

g−1((−∞, v2]) \ g−1((−∞, v1)).

Îíè çàäàþò îòîáðàæåíèå ïîñòðîåííîãî 2n-óãîëüíèêà íà
ïðèêëåèâàåìûé êðèâîëèíåéíûé 2n-óãîëüíèê h+ è ãîìåî-
ìîðôèçì ìåæäó îñòàâøèìèñÿ ÷àñòÿìè g−1(v1) è g−1(v2).
Ïðè ýòîì îáúåäèíåíèå òðàåêòîðèé ìåæäó 2n-óãîëüíèêà-
ìè áóäåò îáðàçîâûâàòü ìíîæåñòâîH+, êîòîðîå íåîáõîäèìî
ïðèêëåèòü ê g−1((−∞, v1]), ÷òîáû ïîëó÷èòü g−1((−∞, v1]).
Ëåììà äîêàçàíà. �

Ñëåäñòâèå 1. Ïðåäïîëîæèì, ÷òî îòðåçîê (v1, v2) ñî-
äåðæèò îäíî êðèòèò÷åñêîå çíà÷åíèå, ñîîòâåòñòâóþùåå
îòðèöàòåëüíîé ñåäëîâîé òî÷êå, òîãäà ýòà òî÷êà ÿâëÿ-
åòñÿ îòðèöàòåëüíîé äëÿ ôóíêöèè −f è ê ýòîé ôóíê-
öèè ïðèìåíèìà ëåììà 2. Ïðè ýòîì g−1(v2) ãîìåîìîðôíî
g−1(v1) \ h−. Çäåñü h− ⊂ g−1(v1)� äâóìåðíûé äèñê, ïåðå-
ñåêàþùèéñÿ ñ êðàåì ∂g−1(v1) ïî n äóãàì èç åãî ãðàíèö,
ãäå n�èíäåêñ Ïóàíêàðå êðèòè÷åñêîé òî÷êè. Áîëåå òîãî,
ìíîæåñòâî g−1((−∞, v2] ãîìåîìîðôíî g−1((−∞, v1].

2. Íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ
ïðîäîëæåíèÿ

Òåîðåìà 1. Åñëè ñóùåñòâóåò ïðîäîëæåíèå ôóíêöèè f
íà òðåõìåðíóþ îáëàñòü áåç êðèòè÷åñêèõ òî÷åê âíóò-
ðè îáëàñòè, òî ìíîæåñòâî ñåäëîâûõ êðèòè÷åñêèõ òî÷åê
ìîæíî ðàçáèòü íà äâå ÷àñòè òàê, ÷òî ñóììû èíäåêñîâ
Ïóàíêàðå êðèòè÷åñêèõ òî÷åê â êàæäîé èç ÷àñòåé ðàâíû.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì âíà÷àëå ñëó÷àé ïîëîæèòåëü-
íîé òî÷êè èíäåêñà Ïóàíêàðå 1. Òîãäà ïðè åå ïðîõîæäåíèè
ê êðàþ óðîâíÿ ïðèêëåèâàåòñÿ ÷åòûðåõóãîëüíèê ïî ïàðå
ïðîòèâîïîëîæíûõ ñòîðîí, ò.å. ïîëîñêà. Âîçìîæíû 3 ñëó-
÷àþ òàêîé ïðèêëåéêè.
1) ê îäíîé êîìïîíåíòå êðàÿ. Â ýòîì ñëó÷àå ÷èñëî êîì-

ïîíåíò óðîâíÿ íå èçìåíÿåòñÿ, à ÷èñëî êîìïîíåíò êðàÿ óâå-
ëè÷èâàåòñÿ íà 1, ðîä êîìïîíåíò íå èçìåíÿåòñÿ;
2) ê ðàçíûì êîìïîíåíòàì êðàÿ, íî îäíîé êîìïîíåíòå

óðîâíÿ. Â ýòîì ñëó÷àå ðîä ýòîé êîìïîíåíòû óðîâíÿ óâåëè-
÷èâàåòñÿ íà 1, îñòàëüíûõ íå èçìåíÿåòñÿ, ÷èñëî êîìïîíåíò
óðîâíÿ íå èçìåíÿåòñÿ, à ðîä êîìïîíåíò êðàÿ óìåíüøàåòñÿ
íà 1;
3) ê ðàçíûì êîìïîíåíòàì óðîâíÿ. Â ýòîì ñëó÷àå ÷èñëî

êîìïîíåíò óðîâíÿ óìåíüøàåòñÿ íà 1, è ÷èñëî êîìïîíåíò
êðàÿ òàêæå óìåíüøàåòñÿ íà 1, ñóììàðíûé ðîä êîìïîíåíò
íå èçìåíÿåòñÿ.
Ïðè ïðîõîæäåíèè ïîëîæèòåëüíîé êðèòè÷åñêîé òî÷êè èí-

äåêñà n ïðîèñõîäèò ïðèêëåéêà (2n+2)-óãîëüíèêà, ÷òî ðàâ-
íîñèëüíî ïðèêëåéêå n ÷åòûðåõóãîëüíèêîâ. Òàêèì îáðà-
çîì, ïðîèñõîäèò n èçìåíåíèé, îïèñàííûõ ÷èñëà êîìïîíåíò
è ñóììàðíîãî ðîäà, êàñàþùèõñÿ ñëó÷àåâ 1)-3).
Ïðè ïðîõîæäåíèè îòðèöàòåëüíîé òî÷êè ïðîèñõîäÿò îá-

ðàòíûå èçìåíåíèÿ. Ïîñêîëüêó ïðè ïðîõîæäåíèè ïîëîæè-
òåëüíîé òî÷êè íåâîçìîæíî óìåíüøèòü ðîä èëè óâåëè÷èòü
÷èñëî êîìïîíåíò óðîâíÿ, èëè óìåíüøèòü ÷èñëî êîìïîíåíò
êðàÿ, íå èçìåíÿÿ ñóììàðíîãî ðîäà è ÷èñëà êîìïîíåíò óðîâ-
íÿ, òî îáùåå ÷èñëî èçìåíåíèé 1)-3), ïðîèçâîäèìûõ ïî-
ëîæèòåëüíûìè òî÷êàìè, ðàâíî ÷èñëó îáðàòíûõ èçìåíå-
íèé, ïðîèçâîäèìûõ îòðèöàòåëüíûìè òî÷êàìè. Òàêèì îá-
ðàçîì, ñóììû èíäåêñîâ Ïóàíêàðå ñîîòâåòñòâóþùèõ òî÷åê
ðàâíû. �
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Ñëåäñòâèå 2. Ó ôóíêöèè ñ îäíèì ñåäëîì, ó êîòîðîãî
èíäåêñ Ïóàíêàðå íå ðàâåí 0, íå ñóùåñòâóåò ïðîäîëæåíèÿ.

Ó ôóíêöèè ñ äâóìÿ ñåäëàìè ïðîäîëæåíèå ñóùåñòâóåò,
åñëè èõ èíäåêñû ðàâíû. Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ
òàêèõ ïðîäîëæåíèé ïîëó÷åíà â ðàáîòå [3].
Ñóùåñòâóåò ôóíêöèÿ ñ òðåìÿ ñåäëîâûìè òî÷êàìè èí-

äåêñîâ 2, 4, 2, ó êîòîðîé ðåãóëÿðíûå óðîâíè ñâÿçíûå è
êîòîðàÿ íå èìååò ïðîäîëæåíèÿ. Äëÿ ôóíêöèé Ìîðñà âñå
èíäåêñû Ïóàíêàðå ñåäëîâûõ òî÷åê ðàâíû 1. Òåì íå ìå-
íåå, ñóùåñòâóåò ôóíêöèÿ ñ 4 ñåäëàìè, ëåæàùèìè íà îä-
íîì óðîâíå, êîòîðàÿ íå ìîæåò áûòü ïðîäîëæåíà âíóòðü
îáëàñòè. Ó íåå êàæäàÿ ïîëîñà, ñîîòâåòñòâóþùàÿ êðèòè÷å-
ñêîé òî÷êå, ñîåäèíÿåò ïàðó äèàìåòðàëüíî ïðîòèâîïîëîæ-
íûõ òî÷åê íà îêðóæíîñòè.

Òåîðåìà 2. Ïóñòü ôóíêöèÿ f èìååò êðèòè÷åñêèå òî÷-
êè xji ñ èíäåêñàìè Ïóàíêàðå p

j
i è êðèòè÷åñêèìè çíà÷åíèÿ-

ìè vj, êîòîðûå óïîðÿäî÷åíû ïî âîçðîñòàíèþ; kj �ìíî-
æåñòâî êîìïîíåíò ðåãóëÿðíîãî óðîâíÿ (îêðóæíîñòåé)
ôóíêöèè f ìåæäó vj è vj + 1. Ïóñòü g�ïðîäîëæåíèå
ôóíêöèè f íà òðåõìåðíóþ îáëàñòü U , Kj �ìíîæåñòâî
êîìïîíåíò ðåãóëÿðíîãî óðîâíÿ (ïîâåðõíîñòåé) ìåæäó vj

è vj+1, gj � ñóììàðíûé ðîä ýòèõ ïîâåðõíîñòåé. Òîãäà ñó-
ùåñòâóåò òàêîé íàáîð ÷èñåë aji ∈ {1,−1}, ÷òî äëÿ âñåõ
j âûïîëíåíî ðàâåíñòâî∑

m<j+1

ami p
m
i = kj + 2gj − 2Kj + 1,

ïðè÷åì òî÷êè ñ ðàçíûìè çíàêàìè ïîïàäàþò â ðàçíûå ÷à-
ñòè, à ñóììû èíäåêñîâ Ïóàíêàðå êðèòè÷åñêèõ òî÷åê â
êàæäîé èç ÷àñòåé ðàâíû ìåæäó ñîáîé.
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Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ïðîäîëæåíèå ñóùå-
ñòâóåò. Òîãäà ïðèïèøåì ïîëîæèòåëüíûì ñåäëîâûì òî÷-
êàì çíà÷åíèå aji = 1, à îòðèöàòåëüíûì� aji = −1. Êàê
è ïðè äîêàçàòåëüñòâå òåîðåìû, ðàññìîòðèì ïðîõîæäåíèå
ïîëîæèòåëüíîé òî÷êè ñ èíäåêñîì Ïóàíêàðå 1. Òîãäà ïðà-
âàÿ ÷àñòü ðàâåíñòâà â êàæäîì èç òðåõ ñëó÷àåâ óâåëè÷è-
âàåòñÿ íà 1. Ïðîõîæäåíèå òî÷êè èíäåêñà n ðàâíîñèëüíî
ïðîõîæäåíèþ n òî÷åê èíäåêñà 1. Â ýòîì ñëó÷àå ïðàâàÿ è
ëåâàÿ ÷àñòè ðàâåíñòâà óâåëè÷èâàþòñÿ íà n. Ïðè ïðîõîæäå-
íèè îòðèöàòåëüíûõ òî÷åê ïðîèñõîäèò óìåíüøåíèå ïðàâîé
è ëåâîé ÷àñòåé íà îäèíàêîâîå ÷èñëî. Îñòàëîñü çàìåòèòü,
÷òî âíà÷àëå, äî ïðîõîæäåíèÿ ñåäëîâûõ òî÷åê, ïîâåðõíîñòü
óðîâíÿ� äâóõìåðíûé äèñê (k = 1, K = 1, g = 0), ò.å. ðà-
âåíñòâî âûïîëíÿåòñÿ (ëåâàÿ è ïðàâàÿ ÷àñòè ðàâíû 0). Ýòî
çàâåðøàåò äîêàçàòåëüñòâî. �

Çàìå÷àíèå 1. Åñëè ÷èñëà kj îïðåäåëÿþòñÿ ãðàôîì Ðèáà,
òî ÷èñëà gj è Kj çàâèñÿò åùå è îò çíàêîâ aji . Íàïðèìåð,
gj íå ïðåâûøàåò ïîëîâèíû ñóììû∑

m<j+1

pmi

ïîëîæèòåëüíûõ ñåäëîâûõ òî÷åê. Kj + 1 íå ïðåâûøàåò∑
m<j+1

pmi

îòðèöàòåëüíûõ ñåäëîâûõ òî÷åê.

3. Êðèòåðèé ñóùåñòâîâàíèÿ ïðîäîëæåíèÿ

Äàëåå ðàññìîòðèì ôóíêöèè, ó êîòîðûõ íà êàæäîì êðè-
òè÷åñêîì óðîâíå ëåæèò îäíà êðèòè÷åñêàÿ òî÷êà. Ïóñòü
zj �ïðîèçâîëüíûå ðåãóëÿðíûå çíà÷åíèÿ ôóíêöèè òàêèå,
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÷òî
vj < zj < vj+1.

Ìíîæåñòâî êîìïîíåíò ïðîîáðàçîâ ðàçîáüåì íà ïîäìíî-
æåñòâà è êàæäîìó òàêîìó ïîäìíîæåñòâó ïðèïèøåì íåîò-
ðèöàòåëüíîå öåëîå ÷èñëî, íàçûâàåìîå ðîäîì ïîäìíîæå-
ñòâà.
Çàìåòèì, ÷òî êîìïîíåíòàì ïðîîáðàçà ñîîòâåòñòâóþò ðåá-

ðà íà ãðàôå Ðèáà ôóíêöèè, à êðèòè÷åñêèì òî÷êàì xj �
âåðøèíû vj. Îðèåíòàöèÿ ðåáåð ãðàôà Ðèáà ïðîèçâîäèòñÿ
â ñîîòâåòñòâèè ñ íàïðàâëåíèåì âîçðàñòàíèÿ ôóíêöèè.

Òåîðåìà 3. Ïóñòü f � ãëàäêàÿ ôóíêöèÿ ñ èçîëèðîâàí-
íûìè êðèòè÷åñêèìè òî÷êàìè íà çàìêíóòîé îðèåíòèðî-
âàííîé ïîâåðõíîñòè F , ó êîòîðîé îäèí ëîêàëüíûé ìèíè-
ìóì è îäèí ëîêàëüíûé ìàêñèìóì. Äëÿ òîãî, ÷òîáû ñó-
ùåñòâîâàëî âëîæåíèå e : F → R3 ïîâåðõíîñòè â òðåõ-
ìåðíîå åâêëèäîâîå ïðîñòðàíñòâî, ïðè êîòîðîì ôóíêöèÿ
ìîæåò áûòü ïðîäëåíà áåç êðèòè÷åñêèõ òî÷åê íà òðåõ-
ìåðíóþ îáëàñòü U , ∂U = e(F ), íåîáõîäèìî è äîñòàòî÷-
íî, ÷òîáû ñóùåñòâîâàë òàêîé íàáîð ÷èñåë aj ∈ {1,−1} è
òàêîå ðàçáèåíèå êîìïîíåíò ðåãóëÿðíûõ óðîâíåé ôóíêöèè
f , êîòîðûå èçìåíÿþòñÿ ïðè ïåðåõîäå ÷åðåç êðèòè÷åñêóþ
òî÷êó ïî ïðàâèëó:
åñëè òî÷êå ïðèïèñàíî ÷èñëî aj = 1, òî ïðè âîçðàñ-

òàíèè çíà÷åíèé ôóíêöèè âñå ïîäìíîæåñòâà, ó êîòîðûõ
åñòü åëåìåíòû, ñîîòâåòñòâóþùèå ðåáðàì, âõîäÿùèì â
âåðøèíó vj, ïîñëå åå ïðîõîæäåíèÿ îáúåäèíÿþòñÿ â îä-
íî ïîäìíîæåñòâî. Ðîä åãî ðàâåí ñóììå ðîäîâ îáúåäèíåí-
íûõ ïîäìíîæåñò ïëþñ ïîëîâèíà ñóììû èíäåêñà Ïóàíêàðå
è îáùåãî ÷èñëà êîìïîíåíò îáúåäèíÿåìûõ ïîäìíîæåñòâ
çà âû÷åòîì ÷èñëà êîìïîíåíò îáðàçîâàâøåãîñÿ ïîäìíîæå-
ñòâà è ÷èñëà îáúåäèíÿåìûõ ïîäìíîæåñòâ. Åñëè òî÷êå
ïðèïèñàíî ÷èñëî aj = −1, òî âûïîëíÿåòñÿ âñå òî æå
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ñàìîå ïðè óáûâàíèè çíà÷åíèÿ ôóíêöèè. Ïðè ýòîì îáúåäè-
íÿåìûì ïîäìíîæåñòâàì áóäóò ñîîòâåòñòâîâàòü âûõî-
äÿùèå èç âåðøèíû ðåáðà.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü ó ôóíêöèè ñó-
ùåñòâóåò ïðîäîëæåíèå. Òîãäà, êàê è âûøå, aj = 1 â ïî-
ëîæèòåëüíûõ òî÷êàõ è aj = −1 â îòðèöàòåëüíûõ. Â îä-
íî ïîäìíîæåñòâî âõîäÿò òå êîìïîíåíòû, êîòîðûå îáðàçó-
þò êðàé îäíîé êîìïîíåíòû ïîâåðõíîñòè óðîâíÿ ïðîäëåíèÿ
ôóíêöèè.
Ðàññìîòðèì ïîëîæèòåëüíóþ ñåäëîâóþ òî÷êó. Åñëè åå

èíäåêñ ðàâåí ÷èñëó îáúåäèíÿåìûõ ïîâåðõíîñòåé, òî îá-
ðàçóåòñÿ îäíà íîâàÿ ïîâåðõíîñòü, ðîä êîòîðîé ðàâåí ñóì-
ìå ðîäîâ, à ÷èñëî êîìïîíåíò êðàÿ� ñóììå ÷èñåë êîìïî-
íåíò â êàæäîì ïîäìíîæåñòâå ìèíóñ ÷èñëî ïîäìíîæåñòâ
ïëþñ îäèí. Åñëè æå èíäåêñ áîëüøå ÷èñëà ïîâåðõíîñòåé,
òî ê îáúåäèíåíèþ ïîâåðõíîñòåé ïðèêëåèâàþòñÿ äîïîëíè-
òåëüíûå ïîëîñêè. Êàæäàÿ òàêàÿ ïîëîñêà ëèáî óâåëè÷èâàåò
÷èñëî êîìïîíåíò êðàÿ íà 1, íå èçìåíÿÿ ðîäà, ëèáî óìåíü-
øàåò ÷èñëî êîìïîíåí íà 1, óâåëè÷èâàÿ ïðè ýòîì ðîä íà 1.
Ñôîðìóëèðîâàííîå ïðàâèëî óäîâëåòâîðÿåò âñåì ýòèì òðå-
áîâàíèÿì.
Äîñòàòî÷íîñòü. Ïîñòðîèì íåêîòîðîå òðåõìåðíîå òåëî,

ãîìåîìîðôíîå (à çíà÷èò è äèôôåîìîðôíîå) îáëàñòè U , è
ôóíêöèþ, ïðîäîëæàþùóþ ôóíêöèþ íà êðàþ. Áóäåì ñòðî-
èòü åãî ïîñëåäîâàòåëüíî, ïðîõîäÿ êðèòè÷åñêèå çíà÷åíèÿ
ôóíêöèè îò íàèìåíüøåãî ê íàèáîëüøåìó. Ïðè ïðîõîæäå-
íèè ìèíèìóìà èìååì òðåõìåðíûé ïîëóäèñê, êàê è â ëåììå
2. Äàëåå, ïðè äâèæåíèè ê ñëåäóþùåìó êðèòè÷åñêîìó çíà-
÷åíèþ ïðèêëåèâàåì öèëèíäð D2 × [0, 1]. Åñëè ñëåäóþùàÿ
òî÷êà ïîëîæèòåëüíàÿ ñåäëîâàÿ, òî ïðèêëåèâàåì H+, êàê è
â ëåììå 3, åñëè æå îòðèöàòåëüíàÿ, òî ïðîñòî ïåðåðàçáèâà-
åì êðàé ïîëó÷åííîãî îáúåäèíåíèÿ, êàê â ñëåäñòâèè. Çàòåì
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ñíîâà êëåèì öèëèíäð è ò.ä. Â êîíöå ïðèêëåèâàåì âåðõíèé
ïîëóäèñê, îòâå÷àþùèé òî÷êå ìàêñèìóìà.
Íà êàæäîì ýòàïå ìû ïîëó÷àåì òðåõìåðíîå òåëî. Ïðè-

êëåéêà H+ óâåëè÷èâàåò ðîä, îñòàëüíûå ïðèêëåéêè íå èç-
ìåíÿþò åãî òîïîëîãè÷åñêîãî òèïà. Â îêðåñòíîñòÿõ êðèòè-
÷åñêèõ òî÷åê ôóíêöèÿ çàäàåòñÿ ñòàíäàðòíûì îáðàçîì, à
íà êàæäîì öèëèíäðå � ýòî ïðîåêöèÿ íà âòîðîé ñîìíîæè-
òåëü â ñóììå ñ ïîäõîäÿùåé êîíñòàíòîé. Ñãëàäèâ ôóíêöèþ
íà ãðàíèöå ñêëååê, ïîëó÷èì ôóíêöèþ íà òðåõìåðíîì òå-
ëå. Âçÿâ êîìïîçèöèþ äèôôåîìîðôèçìà îáëàñòè íà òåëî
ñ ïîñòðîåííîé ôóíêöèåé, ïîëó÷àåì èñêîìîå ïðîäîëæåíèå
ôóíêöèè ñ ïîâåðõíîñòè íà òðåõìåðíóþ îáëàñòü. �

Âûâîäû. Â ðàáîòå èññëåäîâàíû çàêîíîìåðíîñòè èçìå-
íåíèé òîïîëîãè÷åñêèõ ñâîéñòâ ïðîîáðàçà ôóíêöèè ïðè ïðî-
õîæäåíèè êðèòè÷åñêèõ òî÷åê íà ãðàíèöå òðåõìåðíîé îáëà-
ñòè.
Ïîëó÷åíà ôîðìóëà èçìåíåíèÿ ðîäà è êîìïîíåíò óðîâíÿ

â çàâèñèìîñòè îò èíäåêñà ïðîõîäèìîé òî÷êè.
Äëÿ ôóíêöèé ñ îäíèì ëîêàëüíûì ìèíèìóìîì, îäíèì

ëîêàëüíûì ìàêñèìóìîì è ó êîòîðûõ ðàçíûå êðèòè÷åñêèå
òî÷êè èìåþò ðàçíûå çíà÷åíèÿ äîêàçàí êðèòåðèé ñóùåñòâî-
âàíèÿ òàêîãî âëîæåíèÿ ïîâåðõíîñòè â R3, ÷òî ôóíêöèÿ
ìîæåò áûòü ïðîäîëæåíà âîâíóòðü îáëàñòè, îãðàíè÷åííîé
äàííîé ïîâåðõíîñòüþ, áåç êðèòè÷åñêèõ òî÷åê.
Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû êàê â

òîïîëîãèè, òàê è ïðè ðåøåíèè ðàçëè÷íûõ çàäà÷ ìàòåìà-
òè÷åñêîé ôèçèêè. Àâòîðû íàäåþòñÿ, ÷òî ïîëó÷åííûå ðå-
çóëüòàòû ìîæíà áóäåò îáîáùèòü íà ñëó÷àé ôóíêöèè ñ ïðî-
èçâîëüíûì ÷èñëîì ëîêàëüíûõ ìèíèìóìîâ è ìàêñèìóìîâ,
à òàêæå ôóíêöèé, ñ êîíå÷íûì ÷èñëîì êðèòè÷åñêèõ òî÷åê
íà êàæäîì êðèòè÷åñêîì óðîâíå.
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Çáiðíèê ïðàöü
Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

2010, ò.7, �4, 87-107

Ïðî ÷èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ
ôóíêöié ç îäíi¹þ âèðîäæåíîþ êðèòè÷íîþ
òî÷êîþ òèïó ñiäëà íà äâîâèìiðíié ñôåði

Êàäóáîâñüêèé Î. À.

Â ðîáîòi äîñëiäæóþòüñÿ ãëàäêi ôóíêöi¨ ç òðüîìà êðèòè÷íèìè
çíà÷åííÿìè íà äâîâèìiðíié ñôåði S2, ó ÿêèõ, îêðiì M ëîêàëü-
íèõ ìàêñèìóìiâ i m ìiíiìóìiâ, ëèøå îäíà (âèðîäæåíà) êðèòè÷íà
òî÷êà òèïó ñiäëà. Äëÿ ôóíêöié iç çàäàíèì ÷èñëîì ìàêñèìóìiâ
i ìiíiìóìiâ ïðåäñòàâëåíî ïîâíèé òîïîëîãi÷íèé iíâàðiàíò, çà äî-
ïîìîãîþ ÿêîãî ïiäðàõîâàíî ÷èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ
ôóíêöié iç âêàçàíîãî êëàñó, ùî ìàþòü âiä îäíîãî äî ÷îòèðüîõ ëî-
êàëüíèõ ìiíiìóìiâ (àáî æ ìàêñèìóìiâ). Ó âèïàäêó, êîëèM+m−1
¹ ïðîñòèì ÷èñëîì, ïiäðàõîâàíî ÷èñëî òîïîëîãi÷íî íååêâiâàëåí-
òíèõ ôóíêöié iç âêàçàíîãî êëàñó.

In this paper we consider smooth functions with three critical values
on two-dimensional sphere S2, that possess only one saddle critical
point (possibly degenerate) in addition to M local maxima and m
minima. For the case when the number M + m − 1 is a prime, we
calculate the number of topologically non-equivalent such functions.

Âñòóï

Íåõàé (N, ∂N)� ãëàäêà ïîâåðõíÿ ç êðà¹ì ∂N (∂N ìîæå
áóòè ïîðîæíiì). Ïîçíà÷èìî ÷åðåç C∞(N) ïðîñòið íåñêií-
÷åííî äèôåðåíöiéîâíèõ ôóíêöié íà N ç êðà¹ì

∂N = ∂−N
⋃

∂+N,

âñi êðèòè÷íi òî÷êè ÿêèõ içîëüîâàíi òà ëåæàòü ó âíóòðiøíî-
ñòi N , à íà êîìïîíåíòàõ çâ'ÿçíîñòi êðàþ ∂−N (âiäï. ∂+N)
ïðèéìàþòü îäíàêîâå çíà÷åííÿ a (âiäï. b).

c© Êàäóáîâñüêèé Î. À., 2010
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Äâi ôóíêöi¨ f i g ç ïðîñòîðó C∞(N) íàçèâàþòü òî-
ïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü ãîìåîìîðôiçìè
k : N → N i l : R1 → R1 òàêi, ùî

g = l ◦ f ◦ k−1

ïðè÷îìó l çáåðiãà¹ îði¹íòàöiþ.
Â ïîäàëüøîìó ìè çàâæäè áóäåìî ââàæàòè, ùî N � îði-

¹íòîâíà ïîâåðõíÿ. ßêùî ãîìåîìîðôiçì k çáåðiãà¹ îði¹í-
òàöiþ, ôóíêöi¨ f i g áóäåìî íàçèâàòè O-òîïîëîãi÷íî åêâi-
âàëåíòíèìè.
Âiäîìî [1], ùî ôóíêöiÿ f ∈ C∞(N) â äåÿêîìó îêîëi ñâî-

¹¨ içîëüîâàíî¨ êðèòè÷íî¨ òî÷êè x ∈ N , ÿêà íå ¹ ëîêàëüíèì
åêñòðåìóìîì i ó ÿêî¨ òîïîëîãi÷íèé òèï ëiíié ðiâíÿ çìiíþ¹-
òüñÿ ïðè ïåðåõîäi ÷åðåç x, íåïåðåðâíîþ çàìiíîþ êîîðäèíàò
çâîäèòüñÿ äî âèãëÿäó f = Re zn + c, n ≥ 2. Â ïîäàëüøîìó
áóäåìî íàçèâàòè ¨¨ iñòîòíî êðèòè÷íîþ. Àáî äî âèãëÿäó
f = Re z, ÿêùî òîïîëîãi÷íèé òèï ëiíié ðiâíÿ ïðè ïåðåõîäi
÷åðåç x íå çìiíþ¹òüñÿ.
×èñëî k iñòîòíî êðèòè÷íèõ òî÷îê xi ôóíêöi¨ f ðàçîì

çi çíà÷åííÿìè ni (ïîêàçíèêàìè â ïðåäñòàâëåííi f ó ôîðìi
f = Re zni +ci â îêîëàõ òî÷îê xi) íàçèâàþòü òîïîëîãi÷íèì
ñèíãóëÿðíèì òèïîì ôóíêöi¨ f .
Â ðîáîòi [2] äîñëiäæåíî ïèòàííÿ òîïîëîãi÷íî¨ êëàñèôi-

êàöi¨ ôóíêöié ç êëàñó C∞(N) é âñòàíîâëåíî, ùî iñíó¹ ëè-
øå ñêií÷åííå ÷èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié
ç ôiêñîâàíèì ñèíãóëÿðíèì òèïîì. Ïðîòå íåâiäîìî ñêiëü-
êè òàêèõ êëàñiâ åêâiâàëåíòíîñòi. Â çàãàëüíîìó âèïàäêó öÿ
çàäà÷à âèÿâèëàñü äóæå ñêëàäíîþ i çàëèøà¹òüñÿ íåðîçâ'ÿ-
çàíîþ äî öüîãî ÷àñó ïðîáëåìîþ.
ßêùî æ ðîçãëÿíóòè êëàñ CM,m(Ng) ãëàäêèõ ôóíêöié (ç

òðüîìà êðèòè÷íèìè çíà÷åííÿìè íà çàìêíåíié îði¹íòîâà-
íié ïîâåðõíi Ng ðîäó g ≥ 0) ó ÿêèõ, îêðiì M ëîêàëüíèõ
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ìàêñèìóìiâ im ëîêàëüíèõ ìiíiìóìiâ, ëèøå îäíà (âèðîäæå-
íà) iñòîòíî êðèòè÷íà òî÷êà x0 òèïó ñiäëà, iíäåêñ Ïóàíêàðå
ÿêî¨ äîðiâíþ¹ indf(x0) = 1− n, äå n = 2g +M +m− 1, òî
çàäà÷à ïðî ïiäðàõóíîê ÷èñëà òàêèõ òîïîëîãi÷íî íååêâiâà-
ëåíòíèõ ôóíêöié äåùî ñïðîùó¹òüñÿ.
Òàê, íàïðèêëàä, â ðîáîòi [1] áóëî âñòàíîâëåíî ïî÷àòêî-

âi çíà÷åííÿ ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç
êëàñó C1,1(Ng) äëÿ ïîâåðõîíü ðîäó g = 1, 2, 3.
Â ðîáîòàõ [5, 6] äëÿ ôóíêöié ç êëàñó CM,m(Ng) áóëî ïî-

áóäîâàíî íîâèé iíâàðiàíò òà äîâåäåíî, ùî ÷èñëî òîïîëîãi-
÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó CM,m(Ng) äîðiâíþ¹
÷èñëó íåiçîìîðôíèõ Dn

M,m-äiàãðàì ç n = 2g − 1 + M + m
õîðäàìè. Çîêðåìà, â [6] çà äîïîìîãîþ âêàçàíîãî iíâàðiàíòó
äëÿ ôóíêöié ç êëàñó C1,1(Ng) ïîñòàâëåíà çàäà÷à ðîçâ'ÿçà-
íà ïîâíiñòþ (äëÿ g ∈ N).
Ïèòàííÿ ïðî ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íååêâiâàëåí-

òíèõ ôóíêöié ç êëàñó CM,m(Ng) ïðè ôiêñîâàíèõ M,m i g
äîñi çàëèøà¹òüñÿ âiäêðèòèì.
ßêùî æ ðîçãëÿíóòè êëàñ CM,m(N0) = CM,m(S2), òî ïî-

ñòàâëåíà çàäà÷à çíà÷íî ñïðîùó¹òüñÿ, òîìó ùî äëÿ âêàçà-
íèõ ôóíêöié íà ñôåði ÷èñëî ìiíiìóìiâM , ìàêñèìóìiâm òà
iíäåêñ (1− n) iñòîòíî êðèòè÷íî¨ òî÷êè ïîâ'ÿçàíi ðiâíiñòþ

M +m− n = 1,

à ïèòàííÿ ïðî ïiäðàõóíîê ÷èñëà O-òîïîëîãi÷íî (òîïîëîãi-
÷íî) íååêâiâàëåíòíèõ òàêèõ ôóíêöié çâîäèòüñÿ äî ïèòàí-
íÿ ïðî ïiäðàõóíîê ÷èñëà íåiçîìîðôíèõ (íååêâiâàëåíòíèõ)
äâîêîëüîðîâèõ Dn

M,m-äiàãðàì ç n = M +m− 1 õîðäàìè.
Â ïðåäñòàâëåíié ðîáîòi íàâåäåíî ôîðìóëè äëÿ ïiäðàõóí-

êó ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó
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CM,n−M+1(S2) äëÿ äîâiëüíîãî n ≥ 1 òà ïî÷àòêîâèõ çíà-
÷åíü M = 1...4. Êðiì òîãî, äëÿ ïðîñòîãî n i äîâiëüíîãî
M ∈ {1, 2, ..., n} ïîñòàâëåíà çàäà÷à ðîçâ'ÿçàíà ïîâíiñòþ.

1. Îñíîâíi ïîíÿòòÿ òà çàóâàæåííÿ

Îçíà÷åííÿ 1. Íåõàé íà ïëîùèíi çàäàíå êîëî i 2n òî-
÷îê íà íüîìó, ÿêi ¹ âåðøèíàìè ïðàâèëüíîãî 2n-êóòíèêà.
Ðîçiá'¹ìî öi òî÷êè íà n ïàð i ç'¹äíà¹ìî êîæíó òàêó ïà-
ðó õîðäîþ. Îòðèìàíó êîíñòðóêöiþ� êîëî ç n õîðäàìè íà
íié � íàçèâàþòü õîðäîâîþ äiàãðàìîþ ç n õîðäàìè àáî, êî-
ðîòêî, n-äiàãðàìîþ.

8

7

6

5

4

3

2

1

A B

Ðèñ. 1. Õîðäîâà 4-äiàãðàìà

Çàóâàæåííÿ 1. Âñi n-äiàãðàìè áóäóþòüñÿ íà îñíîâi 2n-
øàáëîíó� êîëà ç ôiêñîâàíîþ íóìåðàöi¹þ 2n òî÷îê íà íüî-
ìó, ÿêi ¹ âåðøèíàìè ïðàâèëüíîãî 2n-êóòíèêà� ðèñ. 1 (B).

Îçíà÷åííÿ 2. Öèêëîì n-äiàãðàìè áóäåìî íàçèâàòè ïî-
ñëiäîâíiñòü õîðä i äóã êîëà, ÿêi óòâîðþþòü ãîìåîìîðôíèé
îáðàç îði¹íòîâàíîãî êîëà, ðèñ. 2.

Îçíà÷åííÿ 3. Ðîäîì õîðäîâî¨ n-äiàãðàìè ç λ öèêëàìè
íàçèâàþòü öiëå äîäàòíå ÷èñëî g, ÿêå âèçíà÷à¹òüñÿ ñïiâ-
âiäíîøåííÿì g = n−λ+1

2
. n-Äiàãðàìó ðîäó g = 0 íàçèâàþòü

ïëàíàðíîþ, àáî æ äiàãðàìîþ ìiíiìàëüíîãî ðîäó.
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Ðèñ. 2. a) 2-äiàãðàìà ç 1 öèêëîì; b) 2-äià-
ãðàìà ç 3 öèêëàìè

Äîáðå âiäîìî, ùî õîðäîâà äiàãðàìà ¹ ïëàíàðíîþ òîäi i
òiëüêè òîäi, êîëè ¨¨ õîðäè íå ïåðåòèíàþòüñÿ.

Îçíà÷åííÿ 4. 2-êîëüîðîâîþ õîðäîâîþ äiàãðàìîþ áóäåìî
íàçèâàòè n-äiàãðàìó, äóãè êîëà ÿêî¨ ïî ÷åðçi ðîçôàðáîâàíi
ó äâà êîëüîðè (÷îðíèé i áiëèé) � ðèñ. 3.

12

11

10

9

8

7

6

5

4

3

2

1

12

11

10

9

8

7

6

5

4

3

2

1

A B

Ðèñ. 3. A� 2-êîëüîðîâà N -äiàãðàìà; B �
2-êîëüîðîâà O-äiàãðàìà

Îçíà÷åííÿ 5. 2-êîëüîðîâó n-äiàãðàìó, ÿêà íå ìiñòèòü
(ìiñòèòü) õîðä, ùî ñïîëó÷àþòü âåðøèíè ç íîìåðàìè îäíà-
êîâî¨ ïàðíîñòi, áóäåìî íàçèâàòè O-äiàãðàìîþ (N-äiàãðà-
ìîþ) � ðèñ. 3.

Îçíà÷åííÿ 6. b-öèêëîì (w-öèêëîì) 2-êîëüîðîâî¨ äiàãðà-
ìè íàçèâàþòü ïîñëiäîâíiñòü õîðä òà ÷îðíèõ (áiëèõ) äóã,
ÿêi óòâîðþþòü ãîìåîìîðôíèé îáðàç (îði¹íòîâàíîãî) êî-
ëà.
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Çàóâàæåííÿ 2. ßêùî ïðîiãíîðóâàòè êîëüîðè, òî êîæåí
÷îðíèé (áiëèé) öèêë 2-êîëüîðîâî¨ O-äiàãðàìè (äèâ. íàïðè-
êëàä ðèñ. 3B) ñïiâïàäà¹ ç âiäïîâiäíèì öèêëîì çâè÷àéíî¨
äiàãðàìè. Òîìó ïðèðîäíèì ÷èíîì âèçíà÷à¹òüñÿ ðiä 2-êî-
ëüîðîâî¨ O-äiàãðàìè, à ñàìå

Îçíà÷åííÿ 7. Íåõàé λ� ñóìàðíå ÷èñëî ÷îðíèõ òà ái-
ëèõ öèêëiâ 2-êîëüîðîâî¨ O-äiàãðàìè ç n õîðäàìè. Ðîäîì
äiàãðàìè áóäåìî íàçèâàòè öiëå ÷èñëî g, ÿêå âèçíà÷à¹òüñÿ
ñïiââiäíîøåííÿì

(1.1) g =
1 + n− λ

2
.

Ìíîæèíó O-äiàãðàì (ç n õîðäàìè) ðîäó g = 0 ïîçíà÷èìî
÷åðåç L0

n.

Îçíà÷åííÿ 8. O-äiàãðàìó (ç n õîðäàìè) ç M ÷îðíèìè
(áiëèìè) òà m áiëèìè (÷îðíèìè) öèêëàìè áóäåìî ïîçíà-
÷àòè Dn

M,m, à ìíîæèíó âñiõ òàêèõ äiàãðàì� LnM,m.

Îçíà÷åííÿ 9. Äâi õîðäîâi äiàãðàìè (çîêðåìà äâîêîëüîðî-
âi) íàçèâàþòü içîìîðôíèìè, ÿêùî ¨õ ìîæíà ñóìiñòèòè
çà äîïîìîãîþ ïîâîðîòó íà ïåâíèé êóò (íàïðèêëàä, çà ãî-
äèííèêîâîþ ñòðiëêîþ) íàâêîëî ñïiëüíîãî öåíòðó.

Îçíà÷åííÿ 10. Äâi õîðäîâi äiàãðàìè (çîêðåìà äâîêîëüî-
ðîâi) íàçèâàþòü åêâiâàëåíòíèìè, ÿêùî ¨õ ìîæíà ñóìi-
ñòèòè çà äîïîìîãîþ äçåðêàëüíîãî âiäáèòòÿ òà (àáî) ïî-
âîðîòó íà ïåâíèé êóò (çà ãîäèííèêîâîþ ñòðiëêîþ) íàâ-
êîëî ñïiëüíîãî öåíòðó.

Íåõàé M �ïiäìíîæèíà êëàñó Ln äâîêîëüîðîâèõ õîðäî-
âèõ äiàãðàì, ïîáóäîâàíèõ íà äâîêîëüîðîâîìó 2n-øàáëîíi.
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Ç ëåìè Áåðíñàéäà òà ðîáîòè [6] âèïëèâà¹, ùî ÷èñëî íå-
içîìîðôíèõ äâîêîëüîðîâèõ äiàãðàì ç êëàñó M ìî-

æíà îá÷èñëèòè çà äîïîìîãîþ ôîðìóëè

(1.2) d∗ =
1

n
·
(
|M |+

∑
i |n, i 6=n

φ
(n
i

)
· p (i, n)

)
, äå

|M |�êiëüêiñòü äiàãðàì ìíîæèíè M ; φ (q)�ôóíêöiÿ Åé-
ëåðà; p (i, n)�÷èñëî äâîêîëüîðîâèõ äiàãðàì ìíîæèíè M
(ïîáóäîâàíèõ íà øàáëîíi), ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ
ïðè ïîâîðîòi íà êóò ω = 2π

2n
2i = 2iπ

n
(íàâêîëî öåíòðó øàáëî-

íà), à ïiäñóìîâóâàííÿ âåäåòüñÿ çà âñiìà äiëüíèêàìè ÷èñëà
n çà âèíÿòêîì ñàìîãî n.

Îçíà÷åííÿ 11. Ðîçáèòòÿì πk,n ìíîæèíè

[n] = {1, 2, ..., n− 1, n}

(partition of [n] with k blocks) íàçèâàþòü ñóêóïíiñòü k íå-
ïîðîæíiõ ïiäìíîæèí π1, π2, ...πk ìíîæèíè [n], ÿêi ïîïàð-
íî íå ïåðåòèíàþòüñÿ i îá'¹äíàííÿ ÿêèõ ñòàíîâèòü [n].
Ïiäìíîæèíè πi íàçèâàþòü áëîêàìè àáî æ ÷àñòèíàìè
πk,n. ×åðåç NCPn ïîçíà÷èìî âñi ðîçáèòòÿ ìíîæèíè [n].

Ðîçáèòòÿ πk,n ìíîæèíè [n] = {1, 2, ..., n} ïîäàþòü ó âèãëÿ-
äi π = π1/π2/.../πk òà ââàæàþòü, ùî âñåðåäèíi êîæíîãî
áëîêó åëåìåíòè ðîçòàøîâàíi â ïîðÿäêó çðîñòàííÿ, à ñàìi
áëîêè ðîçòàøîâóþòüñÿ â ïîðÿäêó çðîñòàííÿ ¨õ ìiíiìàëü-
íèõ åëåìåíòiâ.

Îçíà÷åííÿ 12. Ðîçáèòòÿ πk,n íàçèâàþòü áåç ñàìîïåðå-
òèíiâ (non-crossing partition) àáî æ ïëàíàðíèì, ÿêùî íå
iñíó¹ åëåìåíòiâ a < b < c < d, ç ÿêèõ a i c� â îäíîìó,
à b i d� â iíøîìó áëîöi. Ìíîæèíó òàêèõ πk,n ïîçíà÷èìî
÷åðåç NCPk,n.
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2. Ái¹êòèâíiñòü êëàñiâ LM+m−1
M,m òà NCPM,M+m−1

ßêùî çàôiêñóâàòè øàáëîí� êîëî òà n òî÷îê íà íüîìó
(ùî ¹ âåðøèíàìè ïðàâèëüíîãî n-êóòíèêà), çàíóìåðóâàòè
¨õ, íàïðèêëàä, çà ãîäèííèêîâîþ ñòðiëêîþ ÷èñëàìè âiä 1 äî
n, òî êîæíîìó, çîêðåìà ïëàíàðíîìó, ðîçáèòòþ ìîæíà ïî-
ñòàâèòè ó âiäïîâiäíiñòü êðóãîâó äiàãðàìó� 4-ãðàô, ÿêèé
â çàãàëüíîìó âèïàäêó ìiñòèòü içîëüîâàíi âåðøèíè (ïåòëi)
òà ïîäâiéíi ðåáðà. Çàóâàæèìî, ùî ïëàíàðíèì ðîçáèòòÿì
âiäïîâiäàþòü êðóãîâi äiàãðàìè, ùî íå ìiñòÿòü õîðä (äóã)
ÿêi ïåðåòèíàþòüñÿ. Íå âàæêî áà÷èòè, ùî ÿêùî êîæíó ç

Ðèñ. 1. A�Ïðåäñòàâëåííÿ ïëàíàðíîãî ðîç-
áèòòÿ π = (1, 2)(3, 4, 10)(5, 6, 7, 9)(8) íà êðó-
ãîâié äiàãðàìi ç 10 âåðøèíàìè;
B �äâîêîëüîðîâà O-äiàãðàìà ðîäó 0, ÿêà
ïîáóäîâàíà íà äâîêîëüîðîâîìó 2n-øàáëîíi
(n = 10) òà âiäïîâiäà¹ ðîçáèòòþ π

n òî÷îê íà êðóãîâié äiàãðàìi-øàáëîíi ïðåäñòàâëåííÿ ïëà-
íàðíîãî ðîçáèòòÿ πk,n ¾ðîçøèðèòè¿ äî ÷îðíî¨ äóãè (äiþ÷è
â íàïðÿìêó iç ñåðåäèíè äî çîâíiøíîñòi), òî îäåðæèìî 2-
êîëüîðîâó O-äiàãðàìó ñàìå ç n õîðäàìè, ÿêà ìà¹ òî÷íî k
÷îðíèõ öèêëiâ, òà íå ìà¹ õîðä, ùî ïåðåòèíàþòüñÿ.
I íàâïàêè, êîæíié äiàãðàìi ç êëàñó LM+m−1

M,m âiäïîâiäà¹
¹äèíå ïðåäñòàâëåííÿ (íà êðóãîâié äiàãðàìi-øàáëîíi ç

n = M +m− 1
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òî÷êàìè) ïëàíàðíîãî ðîçáèòòÿ πM,n ∈ NCPM,n

Òàêèì ÷èíîì, âñòàíîâëåíî ái¹êöiþ ìiæ åëåìåíòàìè ìíî-
æèí LM+m−1

M,m òà NCPM,M+m−1.

Â ïîäàëüøîìó ìíîæèíó äiàãðàì ç êëàñó LM+m−1
M,m áóäåìî

ïîçíà÷àòè =M,n (n = M +m− 1) àáî æ =k,n.

3. Íåiçîìîðôíi O-äiàãðàìè ìiíiìàëüíîãî ðîäó ç
ôiêñîâàíèì ÷èñëîì ÷îðíèõ (àáî áiëèõ) öèêëiâ

Âèêîðèñòîâóþ÷è ðåçóëüòàòè ðîáîòè [3], â ÿêié äîñëiäæó-
âàëèñü ðîçáèòòÿ ç ìíîæèíè NCPn, íåâàæêî âñòàíîâèòè,
ùî ÷èñëî p∗n íåiçîìîðôíèõ äiàãðàì ç êëàñó L0

n ìîæíà îá-
÷èñëèòè çà äîïîìîãîþ ñïiââiäíîøåííÿ

(3.1) p∗n =
1

n

(
1

n+ 1
· Cn

2n +
∑

i 6=n, i|n

φ
(n
i

)
· Ci

2i

)
.

Â çàãàëüíîìó âèïàäêó� ïðè ôiêñîâàíèõ n, M i m (ÿêi
çàäîâîëüíÿþòü óìîâóM+m−n = 1) � çàäà÷à ïðî ïiäðàõó-
íîê ÷èñëà íåiçîìîðôíèõ äiàãðàì ç êëàñó LnM,n+1−M (=M,n)
¹ íåðîçâ'ÿçàíîþ.
ßêùî æ îáìåæèòèñÿ ðîçãëÿäîì ëèøå ïî÷àòêîâèõ çíà-

÷åíü M ∈ {1, 2, 3, 4} (àáî æ M ∈ {n, n− 1, n− 2, n− 3}), òî
ðåçóëüòàòè ¹ öiëêîì äîñÿæíèìè é îäåðæàíi â äàíié ðîáîòi.

Ââåäåìî äàëi òàêi ïîçíà÷åííÿ:
Pk,n �÷èñëî äiàãðàì ç êëàñó =k,n (ïîáóäîâàíèõ íà øàáëî-
íi); P ∗k,n �÷èñëî íåiçîìîðôíèõ äiàãðàì ç êëàñó =k,n.
Îñêiëüêè iñíó¹ ái¹êöiÿ ìiæ åëåìåíòàìè ìíîæèí NCPk,n

òà =k,n, òî ìà¹ ìiñöå òâåðäæåííÿ.
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Ëåìà 1. ×èñëî äâîêîëüîðîâèõ äiàãðàì ç êëàñó =k,n (ïî-
áóäîâàíèõ íà øàáëîíi) ñïiâïàäà¹ ç ÷èñëîì Íàðàÿíà Pk,n

(3.2) Pk,n = N(k, n) =
1

n
Ck
n · Ck−1

n .

Íàñëiäîê 1. Ñïðàâåäëèâèìè ¹ íàñòóïíi ñïiââiäíîøåííÿ

(3.3) Pk,n = Pn−k+1,n,

(3.4) P ∗k,n = P ∗n−k+1,n.

Áiëüø ïîâíó iíôîðìàöiþ ìîæíà çíàéòè, íàïðèêëàä â
[4].

3.1. ×èñëî íåiçîìîðôíèõ äiàãðàì ç êëàñiâ =1,n òà

=2,n. Â ðîáîòi [7] âñòàíîâëåíî ñïðàâåäëèâiñòü òàêèõ òâåð-
äæåíü.

Òâåðäæåííÿ 1. P ∗1,n = 1.

Òâåðäæåííÿ 2. ×èñëî íåiçîìîðôíèõ äiàãðàì ç êëàñó =2,n

ìîæíà îá÷èñëèòè çà äîïîìîãîþ ñïiââiäíîøåíü

P ∗2,n =
1

n

(
1

n
C2
nC

1
n + p (2, n)

)
, äå p (2, n) =

{
0, n 6= 2m
n
2
, n = 2m.

3.2. ×èñëî íåiçîìîðôíèõ äiàãðàì ç êëàñó =3,n.

Ëåìà 2. ×èñëî íåiçîìîðôíèõ äiàãðàì ç êëàñó =3,n ìîæíà
îá÷èñëèòè çà äîïîìîãîþ íàñòóïíèõ ñïiââiäíîøåíü

P ∗3,n =
1

n

(
1

n
C3
nC

2
n + p (3, n)

)
,

äå

(3.5) p (3, n) =


0, n = 6m± 1

1
4
n(n− 2), n = 6m± 2

2
3
n, n = 6m± 3

1
12
n(3n+ 2), n = 6m.
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Äîâåäåííÿ. Âñi äiàãðàìè ç êëàñó =3,n âè÷åðïóþòüñÿ äià-
ãðàìàìè äâîõ òèïiâ, ïîçíà÷åíèõ íà ðèñ. 1 ÿê ïåðøèé i
äðóãèé. Ïåðøi õàðàêòåðèçóþòüñÿ íàÿâíiñòþ îäíîãî ¾3-äó-
æíèêà¿ òà (n−3)-õ ïðîñòèõ öèêëiâ, äðóãi � íàÿâíiñòþ äâîõ
¾2-äóæíèêiâ¿, ÿêi íå ïåðåòèíàþòüñÿ òà (n − 4)-õ ïðîñòèõ
öèêëiâ.

1 2

Ðèñ. 1. Âñi ìîæëèâi òèïè äiàãðàì ç êëàñó =3,n

Ïîçíà÷èìî ÷åðåç An i Bn êiëüêiñòü äiàãðàì ç êëàñó =3,n

(ïîáóäîâàíèõ íà øàáëîíi) ïåðøîãî i äðóãîãî òèïó âiäïî-
âiäíî.
Íåõàé äàëi A∗n (B∗n) � ÷èñëî íåiçîìîðôíèõ äiàãðàì ïåð-

øîãî (äðóãîãî) òèïó. Òîäi î÷åâèäíî, ùî P ∗3,n = A∗n +B∗n.
Îá÷èñëèìî îêðåìî ÷èñëî íåiçîìîðôíèõ äiàãðàì êîæíî-

ãî ç äâîõ ìîæëèâèõ òèïiâ. Íåâàæêî áà÷èòè, ùî An = C3
n,

Bn = 2C4
n. Êðiì òîãî, ñïðàâäæó¹òüñÿ ðiâíiñòü

(3.6) An +Bn = C3
n + 2C4

n =
1

n
C3
nC

2
n.

Äiàãðàìè ïåðøîãî òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ ïðè
ïîâîðîòi íà êóò ω = 2π

2n
·2i, i = 1, ..., n−1 (çà ãîäèííèêîâîþ

ñòðiëêîþ) ¹ òàêèìè, ùî 3-äóæíèê òàêîæ ïåðåõîäèòü ó ñåáå.
Öå ìîæëèâî ëèøå çà óìîâè êîëè n äiëèòüñÿ íà 3, à ïîâîðîò
çäiéñíþ¹òüñÿ íà êóò, êðàòíèé êóòó ω = 2π

3
(ïðè i = n

3
).

Òîìó çàãàëüíà êiëüêiñòü äiàãðàì ïåðøîãî òèïó, ÿêi ñàìî
ñóìiùàþòüñÿ ïðè ïîâîðîòi íà êóò, êðàòíèé 2π

3
, ñòàíîâèòü
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An,n
3

= φ (3) · an,3, äå

(3.7) an,3 =

{
0, n 6= 3k
1
3
n, n = 3k.

Òîäi çà ëåìîþ Áåðíñàéäà ÷èñëî íåiçîìîðôíèõ äiàãðàì
ïåðøîãî òèïó ìîæíà îá÷èñëèòè çà äîïîìîãîþ ñïiââiäíî-
øåíü

A∗n =
1

n

(
C3
n + 2 · an,3

)
=

{
1
n
C3
n, n 6= 3k

1
n
C3
n + 2

3
n = 3k.

Äiàãðàìè äðóãîãî òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ
ïðè ïîâîðîòi íà êóò ω = 2π

2n
·2i, i = 1, ..., n−1, ¹ òàêèìè, ùî

2-äóæíèêè ïåðåõîäÿòü îäèí â iíøèé. Öå ìîæëèâî ëèøå çà
óìîâè êîëè n äiëèòüñÿ íà 2, à ïîâîðîò çäiéñíþ¹òüñÿ íà êóò,
êðàòíèé êóòó ω = π (ïðè i = n

2
). Òîìó çàãàëüíà êiëüêiñòü

äiàãðàì äðóãîãî òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ ïðè
ïîâîðîòi íà êóò, êðàòíèé π, ñòàíîâèòü Bn,n

2
= φ (2) · bn,2, äå

(3.8)

bn,2 =

{
0, n 6= 2l
1
2

(
C2
n − n

2

)
, n = 2l

=

{
0, n 6= 2l
n(n−2)

4
, n = 2l.

I òîìó çà ëåìîþ Áåðíñàéäà ÷èñëî íåiçîìîðôíèõ äiàãðàì
äðóãîãî òèïó ìîæíà îá÷èñëèòè çà äîïîìîãîþ ñïiââiäíî-
øåíü

B∗n =
1

n

(
2C4

n + bn,3
)

=

{
2
n
C4
n, n 6= 2l

2
n
C4
n + 1

4
(n− 2), n = 2l.

Îñêiëüêè

P ∗3,n = A∗n +B∗n =
1

n

((
C3
n + 2C4

n

)
+ (2 · an,3 + bn,2)

)
,

òî, ç óðàõóâàííÿì (3.6)�(3.8), ìà¹ìî (3.5). �
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3.3. ×èñëî íåiçîìîðôíèõ äiàãðàì ç êëàñó =4,n.

Ëåìà 3. ×èñëî íåiçîìîðôíèõ äiàãðàì ç êëàñó =4,n ìîæíà
îá÷èñëèòè çà äîïîìîãîþ íàñòóïíèõ ñïiââiäíîøåíü:

P ∗4,n =
1

n

(
1

n
C4
n · C3

n + p (4, n)

)
,

p (4, n) =

(3.9)

=



0, n = 6m± 1

1
16
n (n− 2)2 , n = 12m± 2

2
9
n (n− 3) , n = 12m± 3

1
16
n ((n− 2)2 + 8) , n = 12m± 4

1
144
n (9(n− 2)2 + 32(n− 3)) , n = 12m± 6

1
144
n (9(n− 2)2 + 32(n− 3) + 72) , n = 12m.

Äîâåäåííÿ. Âñi äiàãðàìè ç êëàñó =4,n âè÷åðïóþòüñÿ äià-
ãðàìàìè ÷îòèðüîõ òèïiâ, ïîçíà÷åíèõ íà ðèñ. 2 ÿê ïåðøèé,
äðóãèé, òðåòié i ÷åòâåðòèé: ïåðøi õàðàêòåðèçóþòüñÿ íà-
ÿâíiñòþ îäíîãî ¾4-äóæíèêà¿ òà (n − 4)-õ ïðîñòèõ öèêëiâ;
äðóãi�íàÿâíiñòþ îäíîãî ¾3-äóæíèêà¿, îäíîãî ¾2-äóæíè-
êà¿ òà (n− 5)-òè ïðîñòèõ öèêëiâ; òðåòi�íàÿâíiñòþ òðüîõ
¾2-äóæíèêiâ¿ (êîæíi äâà ç ÿêèõ ðîçòàøîâàíi ïî ðiçíi áî-
êè âiä òðåòüîãî), òà (n− 6)-òè ïðîñòèõ öèêëiâ; ÷åòâåðòi�
íàÿâíiñòþ òðüîõ ¾2-äóæíèêiâ¿ (êîæíi äâà ç ÿêèõ ðîçòàøî-
âàíi ïî îäèí áiê âiä òðåòüîãî), òà (n−6)-òè ïðîñòèõ öèêëiâ.
Ïîçíà÷èìî ÷åðåç An, Bn, En i Fn êiëüêiñòü äiàãðàì ç êëàñó
=4,n (ïîáóäîâàíèõ íà øàáëîíi) ïåðøîãî, äðóãîãî, òðåòüîãî
i ÷åòâåðòîãî òèïó âiäïîâiäíî.
Íåõàé äàëi A∗n, B

∗
n, E

∗
n i F ∗n �÷èñëî íåiçîìîðôíèõ äià-

ãðàì ïåðøîãî, äðóãîãî, òðåòüîãî i ÷åòâåðòîãî òèïó âiäïî-
âiäíî. Òîäi P ∗4,n = A∗n +B∗n + E∗n + F ∗n .
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1 2 3 4

Ðèñ. 2. Âñi 4 ìîæëèâi òèïè äiàãðàì ç êëàñó =4,n

Îá÷èñëèìî îêðåìî ÷èñëî íåiçîìîðôíèõ äiàãðàì êîæíî-
ãî ç ÷îòèðüîõ ìîæëèâèõ òèïiâ.
Î÷åâèäíî, ùî An = C4

n, Bn = 5C5
n, En = 3C6

n, Fn = 2C6
n.

Êðiì òîãî, ñïðàâäæó¹òüñÿ ðiâíiñòü

(3.10) C4
n + 5C5

n + 5C6
n =

1

n
· C4

nC
3
n

Äiàãðàìè ïåðøîãî òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ
ïðè ïîâîðîòi íà êóò ω = 2π

2n
· 2i, i = 1, ..., n− 1, (çà ãîäèí-

íèêîâîþ ñòðiëêîþ) ¹ òàêèìè, ùî 4-äóæíèê òàêîæ ïåðåõî-
äèòü ó ñåáå. Öå ìîæëèâî ëèøå çà óìîâè êîëè n äiëèòüñÿ
íà 2 àáî æ íà 4, à ïîâîðîò çäiéñíþ¹òüñÿ íà êóò, êðàòíèé
êóòó ω = π (ïðè i = n

2
), àáî æ íà êóò, êðàòíèé êóòó ω = π

2
(ïðè i = n

4
) âiäïîâiäíî. Çàãàëüíà êiëüêiñòü äiàãðàì ïåðøî-

ãî òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ ïðè ïîâîðîòi íà êóò,
êðàòíèé π

2
ñòàíîâèòü An,n

4
= φ (4) · an,4, äå

(3.11) an,4 =

{
0, n 6= 4l
1
4
n, n = 4l.
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Çàãàëüíà êiëüêiñòü äiàãðàì ïåðøîãî òèïó, ÿêi ñóìiùàþ-
òüñÿ ñàìi ç ñîáîþ ïðè ïîâîðîòi íà êóò, êðàòíèé π, ñòàíî-
âèòü An,n

2
= φ (2) · an,2, äå

(3.12)

an,2 =

{
0, n 6= 2l

1
4

(
C2
n − n

2

)
, n = 2l

=

{
0, n 6= 2l

n(n−2)
8

, n = 2l.

Òîìó ÷èñëî íåiçîìîðôíèõ äiàãðàì ïåðøîãî òèïó ìîæíà
îá÷èñëèòè çà äîïîìîãîþ ñïiââiäíîøåíü

A∗n =
1

n

(
C4
n + 2 · an,4 + an,2

)
=


1
n
C4
n, n 6= 2l

1
n
C4
n + n

8
(n− 2) , n = 4l ± 2

1
n
C4
n + n

8
(n+ 2) , n = 4l.

Îñêiëüêè ñåðåä äiàãðàì äðóãîãî òèïó íåìà¹ òàêèõ, ùî
ñóìiùàþòüñÿ ñàìi ç ñîáîþ ïðè ïîâîðîòi íà ïåâíèé êóò ω =
2π
2n
· 2i, i = 1, ..., n− 1 (çà ãîäèííèêîâîþ ñòðiëêîþ), òî B∗n =

5
n
· C5

n

Äiàãðàìè òðåòüîãî òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ
ïðè ïîâîðîòi íà êóò ω = 2π

2n
·2i, i = 1, ..., n−1 (çà ãîäèííè-

êîâîþ ñòðiëêîþ), ¹ òàêèìè, ùî äâà 2-äóæíèêè ïåðåõîäÿòü
îäèí â iíøèé, òðåòié ñàì ó ñåáå. Öå ìîæëèâî ëèøå çà óìî-
âè êîëè n äiëèòüñÿ íà 2, äóãè îäíîãî ç 2-äóæíèêiâ ¹ äià-
ìåòðàëüíî ïðîòèëåæíèìè, à ïîâîðîò çäiéñíþ¹òüñÿ íà êóò,
êðàòíèé êóòó ω = π (ïðè i = n

2
). Òîìó çàãàëüíà êiëüêiñòü

äiàãðàì òðåòüîãî òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ ïðè



102 Êàäóáîâñüêèé Î. À.

ïîâîðîòi íà êóò, êðàòíèé π, ñòàíîâèòü En,n
2

= φ (2) ·en,2, äå

(3.13)

en,2 =

{
0, n 6= 2l
n
2
C2
n−2

2

, n = 2l

=

{
0, n 6= 2l
n
16

(n− 2) (n− 4) , n = 2l.

Îòæå, ÷èñëî íåiçîìîðôíèõ äiàãðàì òðåòüîãî òèïó ìî-
æíà îá÷èñëèòè çà äîïîìîãîþ ñïiââiäíîøåíü

E∗n =
1

n

(
3C6

n + en,2
)

=

{
1
n
3C6

n, n 6= 2l

1
n
3C6

n + 1
16

(n− 2) (n− 4) , n = 2l.

Äiàãðàìè ÷åòâåðòîãî òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ
ïðè ïîâîðîòi íà êóò ω = 2π

2n
·2i, i = 1, ..., n−1 (çà ãîäèííè-

êîâîþ ñòðiëêîþ), ¹ òàêèìè, ùî òðè 2-äóæíèêè ïåðåõîäÿòü
îäèí â iíøèé. Öå ìîæëèâî ëèøå çà óìîâè êîëè n äiëèòüñÿ
íà 3, à ïîâîðîò çäiéñíþ¹òüñÿ íà êóò, êðàòíèé êóòó ω = 2π

3
(ïðè i = n

3
). Òîìó çàãàëüíà êiëüêiñòü äiàãðàì ÷åòâåðòîãî

òèïó, ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ ïðè ïîâîðîòi íà êóò
êðàòíèé 2π

3
ñòàíîâèòü Fn,n

3
= φ (3) · fn,3, äå

(3.14)

fn,3 =

{
0, n 6= 3l,

1
3
n ·
(
n
3
− 1
)
, n = 3l

=

{
0, n 6= 3l,

n(n−3)
9

, n = 3l.

I òîìó

F ∗n =
1

n
·
(
2C6

n + 2fn,3
)

=

{
1
n
· 2C6

n, n 6= 3l

1
n
· 2C6

n + 2
9
(n− 3), n = 3l.
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Ç iíøîãî áîêó, îñêiëüêè

P ∗4,n =
1

n

(
C4
n + 2an,4 + an,2

)
+

+
5

n
C5
n +

1

n

(
3C6

n + en,2
)

+
1

n

(
2C6

n + 2fn,3
)

=

=
1

n

(
1

n
C4
nC

3
n + (2 · an,4 + an,2 + en,2 + 2fn,3)

)
,

òî, ç óðàõóâàííÿì (3.10) � (3.14), ìà¹ìî (3.9). �

3.4. ×èñëî íåiçîìîðôíèõ äiàãðàì ç êëàñó =k,n ó âè-
ïàäêó ïðîñòîãî n. Îñêiëüêè |=k,n| = 1

n
Ck
n ·Ck−1

n , òî ôîð-
ìóëó (1.2) äëÿ ïðîñòîãî n ìîæíà ïîäàòè ó âèãëÿäi

(3.15) P ∗k,n =
1

n

(
1

n
Ck
n · Ck−1

n + (n− 1) · p (k, n, 1)

)
,

äå p (k, n, 1)�÷èñëî äiàãðàì ç êëàñó =k,n (ïîáóäîâàíèõ íà
øàáëîíi), ÿêi ñóìiùàþòüñÿ ñàìi ç ñîáîþ ïðè ïîâîðîòi íà
êóò ω = 2π

n
.

ßêùî k = 1 (àáî k = n), òî p (k, n, 1) = 1, òîáó ùî iñíó¹
¹äèíà äiàãðàìà íà øàáëîíi, ÿêà ñóìiùà¹òüñÿ ñàìà ç ñîáîþ
ïðè ïîâîðîòi íà êóò ω = 2π/n�ðèñ. 3.

Ðèñ. 3. �äèíà äiàãðàìà ç êëàñó =1,6, ÿêà ñó-
ìiùà¹òüñÿ ñàìà ç ñîáîþ ïðè ïîâîðîòi íà êóò
ω = 2π

6

Â iíøèõ âèïàäêàõ p (k, n, 1) = 0. Òîìó ìà¹ ìiñöå ëåìà.
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Ëåìà 4. Äëÿ ïðîñòîãî n ÷èñëî íåiçîìîðôíèõ äiàãðàì ç
êëàñó =k,n ìîæå áóòè îá÷èñëåíå çà äîïîìîãîþ ñïiââiäíî-
øåíü

(3.16) P ∗k,n =

{
1
n2C

k
nC

k−1
n + n−1

n
, k = 1;n,

1
n2C

k
nC

k−1
n , k 6= 1;n.

Íàñëiäîê 2. Äëÿ ïðîñòîãî n ÷èñëî O-òîïîëîãi÷íî íåå-
êâiâàëåíòíèõ ôóíêöié ç êëàñó Ck,n+1−k(S

2) ìîæíà îá÷è-
ñëèòè çà äîïîìîãîþ ñïiââiäíîøåííÿ (3.16).

3.5. ×èñëî íååêâiâàëåíòíèõ äiàãðàì ç êëàñó =k,n. Çà
ëåìîþ Áåðíñàéäà ÷èñëî íååêâiâàëåíòíèõ äiàãðàì ç êëàñó
=k,n ìîæå áóòè îá÷èñëåíå çà äîïîìîãîþ ñïiââiäíîøåíü

P ∗∗k,n =
1

2

(
P ∗k,n +

1

n
· Psym

)
,

äå Psym � çàãàëüíà êiëüêiñòü ñèìåòðè÷íèõ äiàãðàì ç =k,n,
òîáòî äiàãðàì, ÿêi ¹ ñèìåòðè÷íèìè âiäíîñíî îäíi¹¨ ç îñåé
ñèìåòði¨ äâîêîëüîðîâîãî 2n-øàáëîíó. Ïðè÷îìó

Psym =

{
n · p0(n, k), n = 2m± 1
n
2
· (p1(n, k) + p2(n, k)) , n = 2m,

äå p0(n, k)�÷èñëî äiàãðàì ç =k,n, ñèìåòðè÷íèõ âiäíîñíî
ôiêñîâàíî¨ îñi ñèìåòði¨, ùî ïðîõîäèòü ÷åðåç ñåðåäèíè äi-
àìåòðàëüíî ïðîòèëåæíèõ ÷îðíî¨ òà áiëî¨ äóã øàáëîíó, à
p1(n, k) (p2(n, k) ) � ÷èñëî äiàãðàì ç =k,n, ñèìåòðè÷íèõ âiä-
íîñíî ôiêñîâàíî¨ îñi ñèìåòði¨, ùî ïðîõîäèòü ÷åðåç ñåðåäè-
íè äiàìåòðàëüíî ïðîòèëåæíèõ ÷îðíèõ (áiëèõ) äóã øàáëî-
íó.
Äîáðå âiäîìî (äèâ. íàïð. [4]), ùî iñíó¹ ái¹êöiÿ ìiæ åëå-

ìåíòàìè ìíîæèíè NCPk,n (à òîìó i =k,n) òà åëåìåíòàìè
ìíîæèíè, âiäîìèìè ÿê ¾Dyck n-paths with exactly k peaks¿.
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Êðiì òîãî, ÿê âèïëèâà¹ ç ðîáiò [3, 8], âåëè÷èíà

T (n, k) =
1

n
· Psym

ñïiâïàäà¹ ç ÷èñëîì îá'¹êòiâ, âiäîìèõ ÿê ¾symmetric Dyck
paths of semi-length n with k peaks¿. Çîêðåìà â [8] ïîêàçàíî,
ùî

(3.17) T (n, k) = C
[ k−1

2 ]
[n−1

2 ]
· Cd

k−1
2 e

dn−1
2 e

,

äå [·]�öiëà ÷àñòèíà ÷èñëà, à d·e�ôóíêöiÿ ¾ñòåëÿ¿� îêðó-
ãëåííÿ äî íàéáëèæ÷îãî áiëüøîãî öiëîãî ÷èñëà.
Òàêèì ÷èíîì, ìà¹ ìiñöå òâåðäæåííÿ.

Ëåìà 5. ×èñëî íååêâiâàëåíòíèõ äiàãðàì ç êëàñó =k,n ìî-
æå áóòè îá÷èñëåíå çà äîïîìîãîþ ñïiââiäíîøåííÿ

(3.18) P ∗∗k,n =
1

2

(
P ∗k,n + C

[ k−1
2 ]

[n−1
2 ]
· Cd

k−1
2 e

dn−1
2 e

)
.

Íàñëiäîê 3. ×èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóí-
êöié ç êëàñó Ck,n+1−k(S

2) ìîæíà îá÷èñëèòè çà äîïîìîãîþ
ñïiââiäíîøåííÿ (3.18).

Âèñíîâêè

Â äàíié ðîáîòi âñòàíîâëåíî êðèòåðié òîïîëîãi÷íî¨ åêâi-
âàëåíòíîñòi ôóíêöié ç êëàñó CM,m(S2) â òåðìiíàõ äâîêî-
ëüîðîâèõ O-äiàãðàì ìiíiìàëüíîãî ðîäó ç n = m + M − 1
õîðäàìè, ÿêi ìàþòü M (àáî m) öèêëiâ ïåâíîãî êîëüîðó.
Çà äîïîìîãîþ òàêèõ äiàãðàì âäàëîñÿ âñòàíîâèòè ôîðìóëè
äëÿ ïiäðàõóíêó ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóí-
êöié ç êëàñó CM,n−M+1(S2) äëÿ äîâiëüíîãî n ≥ 1 òà ïî÷à-
òêîâèõ M = 1; 2; 3; 4 àáî æ M = n;n− 1;n− 2;n− 4.
Êðiì òîãî, äëÿ ïðîñòîãî n i äîâiëüíîãî M ∈ {1, 2, ..., n}

ïîñòàâëåíà çàäà÷à ðîçâ'ÿçàíà ïîâíiñòþ.
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n\k 1 2 3 4 5 6 7 8
2 1 1
3 1 1 1
4 1 2 2 1
5 1 2 4 2 1
6 1 3 10 10 3 1
7 1 3 15 25 15 3 1
8 1 4 26 64 64 26 4 1

Òàáë. 1. Ïî÷àòêîâi çíà÷åííÿ ÷èñëà O-òîïî-
ëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó
Ck,n+1−k(S

2)

n\k 1 2 3 4 5 6 7 8
2 1 1
3 1 1 1
4 1 2 2 1
5 1 2 4 2 1
6 1 3 8 8 3 1
7 1 3 12 17 12 3 1
8 1 4 19 41 41 19 4 1

Òàáë. 2. Ïî÷àòêîâi çíà÷åííÿ ÷èñëà òîïîëî-
ãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó
Ck,n+1−k(S

2)

Íà äóìêó àâòîðà, äîñëiäæåííÿ â öüîìó íàïðÿìêó äîöiëü-
íî ïðîäîâæèòè, óçàãàëüíèâøè îäåðæàíi ðåçóëüòàòè äëÿ
äîâiëüíîãî n i êîæíîãîM ∈ {1, 2, ..., n}. Îäåðæàíi â ðîáîòi
ðåçóëüòàòè ìîæóòü áóòè åôåêòèâíî âèêîðèñòàíi ïðè ïiä-
ðàõóíêó ÷èñëà íååêâiâàëåíòíèõ îá'¹êòiâ, âiäîìèõ ÿê ¾non-
crossing partition of [n] with k blocks¿.
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Êëàñèôiêàöiÿ êâàäðàòè÷íèõ òà êóái÷íèõ
êîìïëåêñíèõ ïîëiíîìiâ

Þð÷óê I.À.

Â ðîáîòi ïðîâåäåíà êëàñèôiêàöiÿ êâàäðàòè÷íèõ òà êóái÷íèõ êîì-
ïëåêñíèõ ïîëiíîìiâ ç òî÷íiñòþ äî òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi òà
ñïðÿæåíîñòi.

Let P : C → C be a complex polynomial degree n (we will consider
cases n = 2, 3). We study necessary and sufficient conditions for the
polynomials to be topologically equivalent and conjugate.

Âñòóï

Âïåðøå çàäà÷à òîïîëîãi÷íî¨ êëàñèôiêàöi¨ êîìïëåêñíèõ
ïîëiíîìiâ áóëà ñôîðìóëüîâàíà â 19 ñò. À. Ãóðâèöåì (1891)
òà ií. Ç ðîçâèòêîì ìàòåìàòèêè âèíèêëî äåêiëüêà ðiçíèõ
ïiäõîäiâ äî ðîçâ'ÿçàííÿ äàíî¨ çàäà÷i, îñíîâíèìè ¹: âèâ÷å-
ííÿ äi¨ ãðóïè êiñ íà äåÿêîìó êîìáiíàòîðíîìó îá'¹êòi (êà-
êòóñi) [1, 2, 5, 4], êëàñèôiêàöiÿ ðîçãàëóæåíèõ ïîêðèòòiâ
äâîâèìiðíî¨ ñôåðè, (äîâåäåíî, ùî ìiæ ïîëiíîìàìè òà ïî-
êðèòòÿìè iñíó¹ âçà¹ìíîîäíîçíà÷íà âiäïîâiäíiñòü), i òðåòié,
íà äàíîìó åòàïi íàéïåðñïåêòèâíiøèé, � ïiäõiä Â. Àðíîëü-
äà äî êëàñèôiêàöi¨ êîìïëåêñíèõ ïîëiíîìiâ çà äîïîìîãîþ
âiäîáðàæåííÿ Ëÿøêî-Ëîé¹íãi â òåîði¨ îñîáëèâîñòåé òà àë-
ãåáðà¨÷íié ãåîìåòði¨ [7].
Â äàíié ðîáîòi ìè ðîçâ'ÿçó¹ìî äâi çàäà÷i: ïiäðàõóíîê

÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ êâàäðàòè÷íèõ òà êó-
ái÷íèõ êîìïëåêñíèõ ïîëiíîìiâ çà iíâàðiàíòîì, ùî ïîáóäî-
âàíèé â ðîáîòi Î. Çâîíêiíà [2], òà çíàõîäæåííÿ íåîáõiäíèõ
òà äîñòàòíiõ óìîâ íà êîåôiöi¹íòè ïðè çìiííèõ ïîëiíîìó,

c© Þð÷óê I. À., 2010
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çà ÿêèõ êâàäðàòè÷íi (êóái÷íi) êîìïëåêñíi ïîëiíîìè áóäóòü
òîïîëîãi÷íî ñïðÿæåíèìè.
Çàóâàæèìî, ùî ðîáîòè Î. Çâîíêiíà [2, 5] íàëåæàòü äî

ïåðøîãî ç âèùå âêàçàíèõ ïiäõîäiâ. Àâòîð ôiêñó¹ ÷èñëî
êðèòè÷íèõ çíà÷åíü ïîëiíîìà i ïðîâîäèòü êëàñèôiêàöiþ â
ìåæàõ ðîçãëÿäóâàíîãî êëàñó, ìè æ ôiêñó¹ìî ñòåïiíü (êâà-
äðàòè÷íi àáî êóái÷íi) i ñåðåä ïîëiíîìiâ äàíîãî ñòåïåíÿ ïðî-
âîäèìî òîïîëîãi÷íó êëàñèôiêàöiþ.

1. Îñíîâíi ïîíÿòòÿ

Íåõàé P : C→ C äåÿêèé êîìïëåêñíèé ïîëiíîì, òîáòî

P (z) = zn + a1z
n−1 + a2z

n−2 + . . .+ an,

äå ai ∈ C. Òî÷êà z ∈ C íàçèâà¹òüñÿ êðèòè÷íîþ, ÿêùî
P ′(z) = 0, à çíà÷åííÿ w = P (z) ïîëiíîìà â êðèòè÷íié òî÷öi
z íàçâåìî êðèòè÷íèì çíà÷åííÿì.
Ñêàæåìî, ùî êðèòè÷íà òî÷êà z ∈ C ìà¹ ïîðÿäîê k, ÿêùî

P ′(z) = P ′′(z) = . . . = P (k−1)(z) = 0, P (k)(z) 6= 0.

Îñêiëüêè, P ′(z) - öå ïîëiíîì ñòåïåíÿ (n − 1), òî ïîëiíîì
P (z) ìà¹ (n− 1) êðèòè÷íó òî÷êó òà ñòiëüêè æ êðèòè÷íèõ
çíà÷åíü, ñåðåä ÿêèõ ìîæóòü áóòè òàêi, ùî ñïiâïàäàþòü.
Íàïðèêëàä, ðîçãëÿíåìî P1(z) = z3 òà P2(z) = z5 + i, äëÿ
êîæíîãî ç íèõ ìíîæèíà êðèòè÷íèõ òî÷îê ñêëàäà¹òüñÿ ç
z = 0, ïðîòå, çðîçóìiëî, ùî äëÿ ïåðøîãî âèïàäêó êðà-
òíiñòü z = 0 äîðiâíþ¹ òðüîì, à ó äðóãîìó� ï'ÿòè. Äàíi
ïîëiíîìè ¹ ðiçíèìè ç òî÷êè çîðó òîïîëîãi÷íî¨ åêâiâàëåí-
òíîñòi.
Äâà ïîëiíîìè P,Q : C → C íàçèâàþòüñÿ òîïîëîãi÷íî

åêâiâàëåíòíèìè (ñïðÿæåíèìè), ÿêùî iñíóþòü ãîìåîìîð-
ôiçìè h1 : C→ C òà h2 : C→ C (ãîìåîìîðôiçì h : C→ C),
ùî çáåðiãàþòü îði¹íòàöiþ, òàêi, ùî P = h−1

2 ◦Q◦h1 (òàêèé,
ùî P = h−1 ◦Q ◦ h).
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ßêùî f(z)�äåÿêà ôóíêöiÿ êîìïëåêñíî¨ çìiííî¨, òî ìî-
äóëü ¨¨ ïîõiäíî¨ |f ′(z)| ãåîìåòðè÷íî îçíà÷à¹ êîåôiöi¹íò ðîç-
òÿãó äîâæèí äóã â òî÷öi z ïðè âiäîáðàæåííi f .
×èñëî z0 íàçèâà¹òüñÿ íóëåì ïîëiíîìó, ÿêùî P (z0) = 0.

Íàãàäà¹ìî ôóíäàìåíòàëüíó òåîðåìó àëãåáðè.

Òåîðåìà 1. [3, ñò.22]. Êîæíèé ïîëiíîì P (z) =
n∑
k=0

akz
k

ñòåïåíÿ n ìà¹ ¹äèíå ïðåäñòàâëåííÿ ó âèãëÿäi

P (z) = c
n∏
k=1

(z − zk),

äå c � êîíñòàíòà âiäìiííà âiä íóëÿ, à ÷èñëà zk �íóëi ïî-
ëiíîìà P .

2. Òîïîëîãi÷íà åêâiâàëåíòíiñòü

Äëÿ ðîçãëÿäóâàíîãî êëàñó ïîëiíîìiâ, êiëüêiñòü êðèòè-
÷íèõ çíà÷åíü íå áiëüøå 2. Íàâåäåìî êîíñòðóêöiþ, ÿêà äàñòü
çìîãó êëàñèôiêóâàòè êâàäðàòè÷íi òà êóái÷íi êîìïëåêñíi
ïîëiíîìè ç òî÷íiñòþ äî òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi [2, 3].
Íåõàé P : Z → W �êîìïëåêñíèé ïîëiíîì ñòåïåíÿ n, äå

Z,W �êîìïëåêñíi ïëîùèíè. Ðîçãëÿíåìî äîâiëüíi êîìïëå-
êñíi ÷èñëà c0, c1 ∈ W òà ç'¹äíà¹ìî ¨õ ïðÿìîëiíiéíèì âiäðiç-
êîì âW , ÿêèé ïîçíà÷èìî ÷åðåç s(c0, c1). ßêùî ïðèïóñòèòè,
ùî s(c0, c1) íå ìiñòèòü æîäíîãî êðèòè÷íîãî çíà÷åííÿ ïî-
ëiíîìó P , òî P−1(s(c0, c1)) ⊂ Z ¹ íåçâ'ÿçíèì îá'¹äíàííÿì
n ðiçíèõ ìíîæèí ïëîùèíè Z, êîæíà ç ÿêèõ ãîìåîìîðôíà
âiäðiçêó (íåîáîâ'ÿçêîâî ïðÿìîëiíiéíîìó). Ó âèïàäêó, êîëè
s(c0, c1) íå ìiñòèòü æîäíîãî êðèòè÷íîãî çíà÷åííÿ, à îäèí
ç êiíöiâ àáî îáèäâà ¹ êðèòè÷íèìè,

P−1(s(c0, c1)) ⊂ Z



Êëàñèôiêàöiÿ êîìïëåêñíèõ ïîëiíîìiâ 111

ìà¹ ìåíøå íiæ n êîìïîíåíò çâ'ÿçíîñòi (âèíèêàþòü ñêëåé-
êè âiäðiçêî-ïîäiáíèõ ìíîæèí). Ïîôàðáóâàâøè òî÷êè c0 òà
c1 ó ðiçíi êîëüîðè, ìíîæèíà P−1(s(c0, c1)) ⊂ Z áóäå ãî-
ìåîìîðôíîþ äâîêîëiðíîìó ïëàíàðíîìó äåðåâó (iíöèäåí-
òíi âåðøèíè ìàþòü ðiçíi êîëüîðè). Òåîðåìà 1.1. [2] ñòâåð-
äæó¹, ùî ìiæ ìíîæèíîþ ïëîñêèõ äâîêîëiðíèõ äåðåâ òà
êëàñàìè òîïîëîãi÷íî åêâiâàëåíòíèõ ïîëiíîìiâ, ùî ìàþòü
íå áiëüøå íiæ äâà êðèòè÷íèõ çíà÷åííÿ, iñíó¹ âçà¹ìíî îäíî-
çíà÷íà âiäïîâiäíiñòü.
Âèïàäîê 1. P (z) = az2 + bz + c, äå a 6= 0 i a, b, c ∈ C.

Îá÷èñëèìî P ′(z) = 2az + b i çíàéäåìî òî÷êè z äëÿ ÿêèõ
P ′(z) = 0, îòæå öå ¹äèíà êðèòè÷íà òî÷êà z = − b

2a
êðà-

òíîñòi 2. Ïîêëàäåìî c0 = P (− b
2a

), ÿêå áóäå ¹äèíèì êðèòè-
÷íèì çíà÷åííÿì, à â ðîëi c1 âiçüìåìî äîâiëüíå ðåãóëÿðíå
çíà÷åííÿ, ùî íå äîðiâíþ¹ c0. P

−1(s(c0, c1)) ãîìåîìîðôíà
ïëàíàðíîìó äåðåâó ç äâîìà âåðøèíàìè âàëåíòíîñòi 1 òà
îäíi¹þ âåðøèíîþ âàëåíòíîñòi 2 (ðèñ.1).

Ðèñ. 2.1. Äâîêîëiðíå äåðåâî, ùî âiäïîâiäà¹
êâàäðàòè÷íîìó ïîëiíîìó.

Êîíñòðóêöiÿ, ÿêà çîáðàæåíà íà ðèñóíêó 1, ¹äèíî ìîæëè-
âà, à öå îçíà÷à¹, ùî âñi êâàäðàòè÷íi êîìïëåêñíi ïîëiíîìè
¹ òîïîëîãi÷íî åêâiâàëåíòíèìè.
Âèïàäîê 2. P (z) = az3+bz2+cz+d, äå a 6= 0 i a, b, c, d ∈ C.

Àíàëîãi÷íî, îá÷èñëèìî P ′(z) = 3az2 + 2bz + c òà çíàéäåìî
z äëÿ ÿêèõ P ′(z) = 0, îñêiëüêè ìè îòðèìàëè êâàäðàòè÷íèé
ïîëiíîì, òî ìîæëèâî äâà âèïàäêè:

(i) ÿêùî b2 − 3ac = 0, òî iñíó¹ ¹äèíà êðèòè÷íà òî÷êà
z = − b

3a
êðàòíîñòi 3 (P ′′(z) = 6az+2b i P ′′′(z) = 6a);



112 Þð÷óê I. À.

(ii) ÿêùî b2−3ac 6= 0, òî iñíó¹ äâi ðiçíèõ êðèòè÷íèõ òî-

÷êè z1,2 = −2b±2
√
b2−3ac

3a
, êîæíà ç ÿêèõ ìà¹ êðàòíiñòü

2.

Ïî àíàëîãi¨ ç âèïàäêîì êâàäðàòè÷íîãî ïîëiíîìó, ïîáó-
äó¹ìî òîïîëîãi÷íèé iíâàðiàíò � äâîêîëiðíå äåðåâî äëÿ êó-
ái÷íîãî ïîëiíîìó, âðàõîâóþ÷è íàñòóïíi çàóâàæåííÿ: ó âè-
ïàäêó (i) ïîêëàäåìî c0 = P

(
− b

3a

)
, à c1 = z′, äå z′ òàêå,

ùî z′ 6= P
(
− b

3a

)
, à ó âèïàäêó (ii) � c0 = P

(−2b−2
√
b2−3ac

3a

)
, à

c1 = P
(−2b+2

√
b2−3ac

3a

)
.

Ðèñ. 2.2. Äâîêîëiðíi äåðåâà, ùî âiäïîâiäà-
þòü êóái÷íèì ïîëiíîìàì

Îòæå, iñíó¹ äâà êëàñè òîïîëîãi÷íî åêâiâàëåíòíèõ êóái-
÷íèõ êîìïëåêñíèõ ïîëiíîìiâ.

3. Òîïîëîãi÷íà ñïðÿæåíiñòü

Êëàñèôiêàöiþ ç òî÷íiñòþ äî òîïîëîãi÷íî¨ ñïðÿæåíîñòi
êîìïëåêñíèõ ïîëiíîìiâ ñòåïåíÿ 1 ìîæíà çíàéòè â [6].

Êâàäðàòè÷íi êîìïëåêñíi ïîëiíîìè. Íåõàé

P (z) = az2 + bz + c,

äå a, b, c ∈ C, a 6= 0.
Çíàéäåìî óìîâè íà êîåôiöi¹íòè ïîëiíîìó çà ÿêèõ âií áó-

äå ìàòè ðiçíi òîïîëîãi÷íi õàðàêòåðèñòèêè � êiëüêiñòü íå-
ðóõîìèõ òî÷îê (ðîçâ'ÿçêiâ ðiâíÿíü P (z) = z) òà íàáîðè
êðèòè÷íèõ òî÷îê, âðàõîâàíèõ ç ¨õ ïîðÿäêàìè.
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Îñêiëüêè P ′(z) = 2az + b, òî iñíó¹ òî÷êà z∗ = − b
2a

òàêà,
ùî P ′(z∗) = 0 i P ′′(z∗) 6= 0.
Ðîçãëÿíåìî ìíîæèíó òî÷îê |z − z∗| = 1, äå z ∈ C, òà

çàïèøåìî

|P ′(z)| = |2az + b| =
∣∣2a(z + b

2a
)
∣∣ =

= |2a|
∣∣z − (− b

2a
)
∣∣ = 2|a||z − z∗|, a 6= 0.

Òîìó, ïðè |a| < 1
2
âiäáóâà¹òüñÿ ñòèñê (îáðàçîì îäèíè÷íîãî

êîëà áóäå êîëî ìåíøîãî ðàäióñà), à ïðè |a| > 1
2
� ðîçòÿã. Ó

âèïàäêó, êîëè |a| = 1
2
� êîëî âiäîáðàæà¹òüñÿ ñàìå â ñåáå.

Íàñòóïíèé êðîê � öå çíàõîäæåííÿ íåðóõîìèõ òî÷îê â
çàëåæíîñòi âiä êîåôiöi¹íòiâ ïîëiíîìó. Ðîçâ'ÿæåìî ðiâíÿí-
íÿ P (z) = z. Çàïèøåìî az2 + bz + c = z, çâiäêè

az2 + (b− 1)z + c = 0.

Ðîçãëÿíåìî âèïàäêè:

Âèïàäîê 1: ßêùî D = (b−1)2−4ac = 1, òî ó âiäîáðàæå-
ííÿ P (z) ¹ äâi ðiçíi íåðóõîìi òî÷êè ẑ1 = −b

2a
òà ẑ2 = −b+2

2a
,

ïðè÷îìó ẑ1 = z∗ = − b
2a
. Âiäìiòèìî òàêîæ, ùî äëÿ ðiâíÿíü

P (z) = ẑ1 òà P (z) = ẑ2 iñíóþòü ùå äâà ðîçâ'ÿçêè � z̃1 òà z̃2

òàêi, ùî z̃2 ∈ C, P (z̃1) = ẑ1, P (z̃2) = ẑ2 i z̃1 6= ẑ1, z̃2 6= ẑ2.

Âèïàäîê 2: ßêùî D = (b − 1)2 − 4ac 6= 0 i D 6= 1, òî ó

P (z) ¹ äâi ðiçíi íåðóõîìi òî÷êè ẑ1,2 = −b+1±
√
D

2a
. Çíîâó, äëÿ

êîæíîãî ç ðiâíÿíü P (z) = ẑ1 òà P (z) = ẑ2, êðiì ẑ1 òà ẑ2,
iñíóþòü z̃1 òà z̃2 òàêi, ùî z̃1, z̃2 ∈ C, P (z̃1) = ẑ1 i P (z̃2) = ẑ2.

Âèïàäîê 3: ßêùî D = (b− 1)2 − 4ac = 0, òî iñíó¹ ¹äèíà
íåðóõîìà òî÷êà âiäîáðàæåííÿ P (z), ïðè÷îìó ẑ = −b+1

2a
. Çà-

óâàæèìî, ùî ẑ 6= z∗ = − b
2a
, ÿêèìè á íå áóëè êîåôiöi¹íòè

a òà b (çà óìîâîþ a 6= 0). Ïðîòå, ó âèïàäêó, êîëè b− 1 = 0
òà c = 0 íåðóõîìà òî÷êà ìà¹ êðàòíiñòü 2.
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Êóái÷íi êîìïëåêñíi ïîëiíîìè. Íåõàé

P (z) = az3 + bz2 + cz + d,

äå a, b, c, d ∈ C, a 6= 0. Òîäi

P ′(z) = 3az2 + 2bz + c, P ′′(z) = 6az + 2b.

Ïðè çíàõîäæåííi êðèòè÷íèõ òî÷îê (P ′(z) = 0) ðîçãëÿíåìî
äâà âèïàäêè:

(3.1) D = 4(b2 − 3ac) = 0 àáî b2 = 3ac,

òà

(3.2) D = 4(b2 − 3ac) 6= 0 àáî b2 6= 3ac.

Âèïàäîê 1. ßêùî âèêîíó¹òüñÿ (3.1), òî iñíó¹ ¹äèíà òî-
÷êà z∗ = − b

3a
òàêà, ùî P ′′(z∗) = 0, P ′′′(z∗) 6= 0. Îñêiëüêè

P ′(z) ¹ êâàäðàòè÷íèì ïîëiíîìîì, à z∗ = − b
3a
¹ éîãî íóëåì,

òî çãiäíî òåîðåìè 1 P ′(z) ìîæíà ïðåäñòàâèòè ó âèãëÿäi
P ′(z) = 3a(z+ b

3a
)2. Ðîçãëÿíåìî ìíîæèíó òî÷îê |z−z∗| = 1,

äå z ∈ C, òà çàïèøåìî

|P ′(z)| =
∣∣3a(z + b

3a
)2
∣∣ = 3|a|

∣∣z + b
3a

∣∣2 = 3|a||z − z∗|2, a 6= 0.

Òîìó, ïðè |a| < 1
3
âiäáóâà¹òüñÿ ñòèñê, |a| > 1

3
� ðîçòÿã, à

ïðè |a| = 1
3
� êîëî âiäîáðàæà¹òüñÿ ñàìå â ñåáå.

Âèïàäîê 2. ßêùî âèêîíó¹òüñÿ (3.2), òî iñíóþòü òî÷êè

z∗1,2 =
−2b±

√
D

6a
=
−b±

√
b2 − 3ac

3a

òàêi, ùî P ′(z∗1,2) 6= 0. Îñêiëüêè, P ′(z) ¹ êâàäðàòè÷íèì ïîëi-
íîìîì, à òî÷êè z∗1,2 ¹ éîãî íóëÿìè, òî çãiäíî òåîðåìè 1 P

′(z)
ìîæíà ïðåäñòàâèòè ó âèãëÿäi P ′(z) = 3a(z − z∗1)(z − z∗2) òà
ðîçãëÿíóâøè ìíîæèíè òî÷îê |z − z∗1 | = 1 òà |z − z∗2 | = 1,
äå z ∈ C, ïðè |a| < 1

3
âiäáóâà¹òüñÿ ñòèñê, |a| > 1

3
� ðîçòÿã,

à ïðè |a| = 1
3
� êîëî âiäîáðàæà¹òüñÿ ñàìå â ñåáå.
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Ðîçâ'ÿæåìî ðiâíÿííÿ P (z) = z, òîáòî

az3 + bz2 + cz + d = z,

çâiäêè az3 + bz2 + (c − 1)z + d = 0. Âiäîìî, ùî íóëi êó-
ái÷íèõ ðiâíÿíü çíàõîäÿòü çà äîïîìîãîþ ôîðìóë Êàðäàíî.
Âèêîíóþ÷è çàìiíó z = z′ − b

3a
, îòðèìà¹ìî ïîëiíîì

az′3 + c′z′ + d′ = 0,

äå c′ = c − b2

3a
− 1, d′ = 2b3+9b(1−c)+27a2d

27a2 . Çà óìîâîþ a 6= 0,
çàïèøåìî åêâiâàëåíòíå ðiâíÿííÿ

(3.3) z′3 + c′′z′ + d′′ = 0,

äå c′′ = 3a(c−1)−b2
3a2 , d′′ = 2b3+9b(1−c)+27a2d

27a3 . Ó âèïàäêó, êîëè

(3.4) D∗ =

(
c′′

3

)3

+

(
d′′

2

)2

6= 0

ïîëiíîì ìà¹ òðè ðiçíèõ íóëÿ. ßêùî æ

(3.5) D∗ =

(
c′′

3

)3

+

(
d′′

2

)2

= 0

òà

(3.6) c′′ = d′′ = 0,

òî ïîëiíîì ìà¹ ¹äèíèé íóëü êðàòíîñòi 3. ßêùî âèêîíó¹òüñÿ
òiëüêè ôîðìóëà (3.5)� äâà ðiçíèõ íóëÿ (îäèí ç ÿêèõ ìà¹
êðàòíiñòü 2).

Íåõàé âèêîíó¹òüñÿ îäíà ç ôîðìóë (3.1) àáî (3.2). ×è ìî-
æóòü êîåôiöi¹íòè ïîëiíîìó òàêîæ çàäîâîëüíÿòè îäíó ç
óìîâ (3.4)-(3.6)? ßêùî òàê, òî ÿêi òîïîëîãi÷íi âëàñòè-
âîñòi ìà¹ òàêèé ïîëiíîì?

Ïðèïóñòèìî, ùî b2 = 3ac, òîäi c′′ = − 1
a
i ðiâíÿííÿ (3.3)

íàáåðå âèãëÿäó z′3 − 1
a
z′ + d′′ = 0. Îñêiëüêè c′′ 6= 0, òî
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ôîðìóëà (3.6) íå âèêîíó¹òüñÿ ïðè æîäíîìó íàáîði êîåôi-
öi¹íòiâ. À öå îçíà÷à¹, ùî ¹äèíà êðèòè÷íà òî÷êà ïîëiíîìó
íå ìîæå áóòè éîãî íåðóõîìîþ òî÷êîþ.
Çàïèøåìî ôîðìóëó (3.5) ÷åðåç êîåôiöi¹íòè:

(3.7) −108a3 = (2b3 + 9b(1− c) + 27a2d)2.

Ç iíøîãî áîêó, öå îçíà÷à¹, ùî iñíó¹ äâà íóëi z0 òà z1 òàêi,
ùî z′3 − 1

a
z′ + d′′ = (z′ − z0)2(z′ − z1). Ïðèðiâíÿâøè êîåôi-

öi¹íòè ïðè çìiííèõ ó ïðàâié òà ëiâié ÷àñòèíàõ, îòðèìà¹ìî
ñèñòåìó: 

z1 = −2z0,

z2
0 = 1

3a
,

2z3
0 = 2b3+9b(1−c)+27a2d

27a3 .

Ïiäñòàâèâøè äðóãå ðiâíÿííÿ ñèñòåìè â òðåò¹ òà âèêîðè-
ñòàâøè ôîðìóëó (3.7), îòðèìà¹ìî ðiâíiñòü 2 =

√
−4, ùî

íå âiðíî. Çi ñêàçàíîãî âèùå ñëiäó¹, ùî íå ñóïåðå÷ëèâèì ¹
ëèøå âèïàäîê, êîëè îäíî÷àñíî âèêîíóþòüñÿ ôîðìóëè (3.1)
òà (3.4), à öå îçíà÷à¹, ùî iñíó¹ òðè ðiçíi íåðóõîìi òî÷êè,
êîæíà ç ÿêèõ íå ¹ êðèòè÷íîþ, òîáòî äëÿ êîæíî¨ ç íèõ â
ïðîîáðàçi, êðiì ñàìî¨ ñåáå, ¹ ùå äâi iíøi òî÷êè.
Çðîçóìiëî, ùî ñïiââiäíîøåííÿ (3.2) òà (3.4) íå ¹ ñóïåðå-

÷ëèâèìè, à ç òî÷êè çîðó òîïîëîãi÷íèõ õàðàêòåðèñòèê, öå
îçíà÷à¹, ùî iñíó¹ òðè ðiçíi íåðóõîìi òî÷êè, ÿêi âiäðiçíÿþ-
òüñÿ âiä äâîõ êðèòè÷íèõ. Çíàéäåìî óìîâè çà ÿêèõ, îäíà ç
íåðóõîìèõ áóäå ñïiâïàäàòè ç êðèòè÷íîþ òî÷êîþ. Çàïèøå-
ìî

z′3 + c′′z′ + d′′ =

(
z′ −

√
b2 − 3ac

3a

)
(z′ − z0)(z′ − z1),
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äå c′′ = 3a(c−1)−b2
3a2 , d′′ = 2b3+9b(1−c)+27a2d

27a3 , z0 6= z1, z0 6=
√
b2−3ac

3a
,

z1 6=
√
b2−3ac

3a
. Ïðèðiâíþ¹ìî êîåôiöi¹íòè ïðè îäíàêîâèõ ïî-

êàçíèêàõ ñòåïåíÿ òà îäåðæèìî íàñòóïíó óìîâó:

2(b2 − 3ac)
3
2 + 9c

√
b2 − 3ac = 2b3 + 9(1− c) + 27a2d.

Ïåðåâiðèìî çà ÿêèõ óìîâ íà êîåôiöi¹íòè, ñïiââiäíîøå-
ííÿ (3.2) òà (3.6) âèêîíóþòüñÿ îäíî÷àñíî. Ðiâíÿííÿ (3.3)
íàáåðå âèãëÿäó z′3 = 0, ïåðåéøîâøè äî çìiííî¨ z îòðèìà-
¹ìî, ùî z = − b

3a
. Íàãàäà¹ìî, ùî P ′′(− b

3a
) = 0 i z = − b

3a
¹

íóëåì êðàòíîñòi 3 äëÿ az3 +bz2 +(c−1)z+d = 0, àáî ùî òå
æ ñàìå, íåðóõîìîþ òî÷êîþ äëÿ ïîëiíîìó P (z). À ñêàçàíå
âèùå, ðiâíîñèëüíå óìîâàì{

3a(c− 1)− b2 = 0

2b3 + 9b(1− c) + 27a2d = 0.

I îñòàíí¹, ïåðåâiðèìî êîëè âèêîíóþòüñÿ (3.2) òà (3.5).
Ñïiââiäíîøåííÿ (3.5) íàáèðà¹ âèãëÿäó(

3a(c− 1)− b2

9a2

)3

= −
(

2b3 + 9b(1− c) + 27a2d

54a3

)2

òà iñíóþòü äâi ðiçíi íåðóõîìi òî÷êè ïîëiíîìó P (z), îäíà
ç ÿêèõ ¹ íóëåì êðàòíîñòi 2 äëÿ (3.5). Çíàéäåìî óìîâè çà
ÿêèõ êðèòè÷íà òî÷êà (íå îáìåæóþ÷è çàãàëüíîñòi, äëÿ ïðè-

êëàäó âiçüìåìî z = −b+
√
b2−3ac

3a
) áóäå íåðóõîìîþ òî÷êîþ

êðàòíîñòi 2 òà 1. Íàãàäà¹ìî, ùî òîäi z′ =
√
b2−3ac

3a
, òà çàïè-

øåìî

(3.8) z′3 + c′′z′ + d′′ =

(
z′ −

√
b2 − 3ac

3a

)2

(z′ − z0),
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äå c′′ = 3a(c−1)−b2
3a2 , d′′ = 2b3+9b(1−c)+27a2d

27a3 , z0 6=
√
b2−3ac

3a
, òà

(3.9) z′3 + c′′z′ + d′′ =

(
z′ −

√
b2 − 3ac

3a

)
(z′ − z0)2,

äå c′′ = 3a(c−1)−b2
3a2 , d′′ = 2b3+9b(1−c)+27a2d

27a3 , z0 6=
√
b2−3ac

3a
. Ìið-

êóþ÷è ïî àíàëîãi¨ ç ïîïåðåäíiìè âèïàäêàìè, îòðèìà¹ìî:
óìîâà (3.8) ¹ ñóïåðå÷ëèâîþ, îñêiëüêè a 6= 0, à (3.9) âèêî-
íó¹òüñÿ ïðè ac− 3b2 = 4a.
Íåõàé C òà W�äâi ïëîùèíè òàêi, ùî P (C) = W.
Ïîáóäó¹ìî íàñòóïíèé êîìáiíàòîðíèé iíâàðiàíò, ÿêèé âiä-

ïîâiäà¹ ìíîãî÷ëåíó P (z):

(1) Íà ïëîùèíi W âiäìiòèìî âñi êðèòè÷íi çíà÷åííÿ
P (z∗1) = w∗1 òà P (z∗2) = w∗2 òà âñi íåðóõîìi òî÷êè. Ç'¹äíà¹ìî
òî÷êè w∗1 òà w

∗
2 ïðÿìîëiíiéíèì âiäðiçêîì â ïëîùèíi W, à ó

âèïàäêó îäíi¹¨ òî÷êè w∗ � ç'¹äíà¹ìî ¨¨ ïîïàðíî ç íåðóõî-
ìèìè òî÷êàìè ïðÿìîëiíiéíèìè âiäðiçêàìè âW. Çðîçóìiëî,
ùî íà W ìè ïîáóäóâàëè ãðàô çi ñêií÷åííèì ÷èñëîì êîì-

ïîíåíò çâ'ÿçíîñòi, ÿêèé ïîçíà÷èìî ÷åðåç G
P (z)
W .

(2) Ðîçãëÿíåìî ìíîæèíó P−1(G
P (z)
W ) i ïîçíà÷èìî ¨¨ ÷å-

ðåç G
P (z)
C ). Âïîðÿäêîâàíó ïàðó ãðàôiâ (G

P (z)
C , G

P (z)
W ), ùî

âiäïîâiäà¹ ìíîãî÷ëåíó P (z), áóäåìî íàçèâàòè éîãî òîïî-
ëîãi÷íèì iíâàðiàíòîì, ÿêèé íàäàëi áóäåìî ïîçíà÷àòè ÷åðåç
G(P (z)).

(3) Íåõàé âåðøèíàì v1, v2 ∈ G(P (z)) âiäïîâiäàþòü äå-
ÿêi êîìïëåêñíi ÷èñëà z1 òà z2 áóäü-òî ç ïëîùèíè C ÷è W.
Ïîôàðáó¹ìî âåðøèíè iíâàðiàíòó G(P (z)) ó ðiçíi êîëüîðè
çà íàñòóïíèì ïðàâèëîì: âåðøèíè v1 òà v2 îäíîãî é òîãî æ
êîëüîðó òîäi i òiëüêè òîäi, êîëè z1 = z2. Â ïðîòèëåæíîìó
âèïàäêó âåðøèíè ìàþòü ðiçíi êîëüîðè.
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Ïîçíà÷èìî ÷åðåç V (G) ìíîæèíó âåðøèí äåÿêîãî ãðàôó
G, à ÷åðåç Vs(G) � ìíîæèíó âåðøèí îäíîãî êîëüîðó.

Îçíà÷åííÿ 1. Ñêàæåìî, ùî G(P (z)) içîìîðôíèé G(Q(z))
(G(P (z)) ∼ G(Q(z))), äå P (z) òà Q(z) � äåÿêi ìíîãî÷ëåíè,
ÿêùî

1) ]V (G
P (z)
C ) = ]V (G

Q(z)
C ) i ]V (G

P (z)
W ) = ]V (G

Q(z)
W );

2) ]Vs(G
P (z)
C ) = ]Vs(G

Q(z)
C ) i ]Vs(G

P (z)
W ) = ]Vs(G

Q(z)
W ).

Òåîðåìà 2. Ìíîãî÷ëåíè P (z) òà Q(z) ñòåïåíÿ n, äå
n = 2, 3, òîïîëîãi÷íî ñïðÿæåíi òîäi i òiëüêè òîäi, êîëè

G(P (z)) ∼ G(Q(z)) òà

{
|a1| < 1

n
,

|a2| < 1
n
,

àáî

{
|a1| > 1

n
,

|a2| > 1
n
,

àáî

|a1| = |a2| = 1
n
.

]G
P (z)
C ]G

P (z)
W P (z) = az2 + bz + c

2 2 b = 1, c = 0

3 2 (b− 1)2 = 4ac, b 6= 1, c 6= 0

4 2 (b− 1)2 − 4ac = 1

5 3 (b− 1)2 6= 4ac,(b− 1)2 − 4ac 6= 1

Òàáë. 3.1. Çàëåæíiñòü òèïó ãðàôó âiä êîå-
ôiöi¹íòiâ êâàäðàòè÷íîãî ïîëiíîìó.

Ïðèêëàä: Ðîçãëÿíåìî ïîëiíîìè

P (z) = z2 + z, Q(z) = z2 + 3i.

Äëÿ ïåðøîãî � a = 1, b = 1, c = 0, à äëÿ äðóãîãî � a = 1,
b = 0, c = 3i. Ç òàáëèöi 1 âèäíî, ùî G(P (z)) = (2; 2),
à G(Q(z)) = (5; 3). À öå îçíà÷à¹, ùî P (z) òà Q(z) íå ¹
òîïîëîãi÷íî ñïðÿæåíèìè.
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Ðèñ. 3.1. Âèïàäîê 1: ÷åðåç ♦ ïîçíà÷åíî íå-
ðóõîìó òî÷êó, ⊕ � êðèòè÷íå çíà÷åííÿ, ÿêå
îäíî÷àñíî ¹ i íåðóõîìîþ òî÷êîþ, � òà N �
ïðîîáðàçè íåðóõîìèõ òî÷îê.

Ðèñ. 3.2. Âèïàäîê 2: ÷åðåç ♦ òà M ïîçíà÷å-
íî íåðóõîìi òî÷êè, ◦ � êðèòè÷íå çíà÷åííÿ, •
- êðèòè÷íó òî÷êó, � òà N � ïðîîáðàçè íåðó-
õîìèõ òî÷îê.

Ðèñ. 3.3. Âèïàäîê 3: ÷åðåç ♦ ïîçíà÷åíî íå-
ðóõîìó òî÷êó, ◦ � êðèòè÷íå çíà÷åííÿ, • - êðè-
òè÷íó òî÷êó, � � ïðîîáðàç íåðóõîìî¨ òî÷êè.

Êîìåíòàði äî ðèñóíêiâ 3.1-3.3: Ðiçíèìè ôiãóðàìè çîáðà-
æåíî ðiçíi òî÷êè, êîëè æ òî÷êà ¹ íåðóõîìîþ, òî ¨¨ çîáðàæå-
ííÿ â äâîõ ïëîùèíàõ ñïiâïàäà¹. Äëÿ íàî÷íîñòi, îäíàêîâîþ
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ôîðìîþ ôiãóð, àëå ç ðiçíîþ çàôàðáîâàíiñòþ, ïîçíà÷åíi òî-
÷êè, ÿêi ¹ ïðîîáðàçàìè îäíi¹¨ é òi¹¨ æ òî÷êè.

]G
P (z)
C ]G

P (z)
W P (z) = az3 + bz2 + cz + d

10 4 b2 = 3ac,

(3a(c−1)−b2
9a2 )3 6= −(2b3+9b(1−c)+27a2d

54a3 )2

13 5 b2 6= 3ac,

(3a(c−1)−b2
9a2 )3 6= −(2b3+9b(1−c)+27a2d

54a3 )2,

2(b2 − 3ac)
3
2 + 9c

√
b2 − 3ac 6=
6= 2b3 + 9(1− c) + 27a2d

12 5 b2 − 3ac 6= 0,

(3a(c−1)−b2
9a2 )3 6= −(2b3+9b(1−c)+27a2d

54a3 )2,

2(b2 − 3ac)
3
2 + 9c

√
b2 − 3ac =

= 2b3 + 9(1− c) + 27a2d

5 3 b2 − 3ac 6= 0, 3a(c− 1)− b2 = 0,
2b3 + 9b(1− c) + 27a2d = 0

9 4 b2 − 3ac 6= 0,

(3a(c−1)−b2
9a2 )3 = −(2b3+9b(1−c)+27a2d

54a3 )2,
ac− 3b2 6= 4a

8 3 b2 − 3ac 6= 0,

(3a(c−1)−b2
9a2 )3 = −(2b3+9b(1−c)+27a2d

54a3 )2,
ac− 3b2 = 4a

Òàáë. 3.2. Çàëåæíiñòü òèïó ãðàôó âiä êîå-
ôiöi¹íòiâ êóái÷íîãî ïîëiíîìó.
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Î ìåòðè÷åñêîé ýêâèâàëåíòíîñòè ôóíêöèé,
çàäàííûõ íà ïëîñêîñòè äå Ñèòòåðà

Êîíîâåíêî Í. Ã.

Ó öié ðîáîòi íàâåäåíî íåîáõiäíi òà äîñòàòíi óìîâè ìåòðè÷íî¨ åêâi-
âàëåíòíîñòi ôóíêöié, ÿêi çàäàíi íà ïëîùèíi äå Ñiòòåðà.

Â ýòîé ðàáîòå ïðèâåäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
ìåòðè÷åñêîé ýêâèâàëåíòíîñòè ôóíêöèé, çàäàííûõ íà ïëîñêîñòè
äå Ñèòòåðà.

In this paper we find necessary and sufficient conditions for functions
to be equivalent with respect to the isometry group of the de Sitter
plane.

1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Â ýòîé ðàáîòå ïðèâåäåíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ìåòðè÷åñêîé ýêâèâàëåíòíîñòè ôóíêöèé, çàäàííûõ
íà ïëîñêîñòè äå Ñèòòåðà. Àíàëîãè÷íûå ðåçóëüòàòû äëÿ
ñëó÷àÿ ïëîñêîñòè Ëîáà÷åâñêîãî áûëè ïîëó÷åíû â ðàáîòå
[3].
Â êà÷åñòâå ïëîñêîñòè äå Ñèòòåðà S2 ðàññìàòðèâàåì âåðõ-

íþþ ïîëóïëîñêîñòü R2
+ ñíàáæåííóþ ìåòðèêîé:

Θ =
dx2 − dy2

y2
.

Ñòðóêòóðíîé àëãåáðîé äëÿ ãåîìåòðèè äå Ñèòòåðà ÿâëÿåò-
ñÿ àëãåáðà Ëè èíôèíèòåçèìàëüíûõ èçîìåòðèé. Ýòà àëãåá-
ðà èçîìîðôíà àëãåáðå Ëè sl2(R) è ïîðîæäåíà âåêòîðíûìè
ïîëÿìè

A = ∂x, B = (x2 + y2)∂x + 2xy∂y, H = 2x∂x + 2y∂y,

c© Êîíîâåíêî Í. Ã., 2010
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êîòîðûå óäîâëåòâîðÿþò ñëåäóþùèì êîììóòàöèîííûì ñî-
îòíîøåíèÿì:

[H,A] = −2A, [H,B] = 2B, [A,B] = H.

Îòìåòèì, ÷òî äåéñòâèå àëãåáðû Ëè sl2(R) íà ïëîñêîñòè
äå Ñèòòåðà S2 ÿâëÿåòñÿ ñèìïëåêòè÷åñêèì îòíîñèòåëüíî 2-
ôîðìû

Ω =
dx ∧ dy
y2

.

Ñêàæåì, ÷òî äâå ãëàäêèå ôóíêöèè f1 è f2, çàäàííûå â
íåêîòîðîé îáëàñòè ïëîñêîñòè äå Ñèòòåðà, ìåòðè÷åñêè ýê-
âèâàëåíòíû, åñëè íàéäåòñÿ òàêàÿ ñîõðàíÿþùàÿ îðèåíòà-
öèþ èçîìåòðèÿ g, ÷òî f2 = f1 ◦g−1, â îáëàñòè îïðåäåëåíèÿ.
Îïèñàíèå êëàññîâ ìåòðè÷åñêè ýêâèâàëåíòíûõ ôóíêöèé

ïðîâåä¼ì â äâà ýòàïà. Âíà÷àëå íàéä¼ì óñëîâèÿ ìåòðè÷å-
ñêîé ýêâèâàëåíòíîñòè ôóíêöèé íà ôîðìàëüíîì óðîâíå (òî
åñòü íà óðîâíå ∞-äæåòîâ ôóíêöèé). Ýòî äîñòèãàåòñÿ îïè-
ñàíèåì àëãåáðû sl2(R)-äèôôåðåíöèàëüíûõ èíâàðèàíòîâ íà
ïëîñêîñòè äå Ñèòòåðà (ñì. [1]). Ïîñëå ýòîãî ñâîäèì çàäà-
÷ó ìåòðè÷åñêîé ýêâèâàëåíòíîñòè ê ïðîáëåìå ðàçðåøèìî-
ñòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé êîíå÷íîãî òè-
ïà, îòêóäà ïîëó÷èì óñëîâèÿ ìåòðè÷åñêîé ýêâèâàëåíòíîñòè
äëÿ êëàññà ðåãóëÿðíûõ ôóíêöèé.

2. Àëãåáðà ìåòðè÷åñêèõ äèôôåðåíöèàëüíûõ
èíâàðèàíòîâ

Îáîçíà÷èì ÷åðåç Jk(S2) ìíîãîîáðàçèå k-äæåòîâ ôóíê-
öèé, çàäàííûõ íà ïëîñêîñòè äå Ñèòòåðà S2.
Êàæäàÿ èçîìåòðèÿ g ïðîäîëæàåòñÿ (ñì. [2]) äî äèôôåî-
ìîðôèçìà

g(k) : Jk(S2)→ Jk(S2)

ïðîñòðàíñòâà k-äæåòîâ.



Î ìåòðè÷åñêîé ýêâèâàëåíòíîñòè ôóíêöèé 125

Àíàëîãè÷íî, êàæäàÿ èíôèíèòåçèìàëüíàÿ èçîìåòðèÿ

X ∈ sl2(R)

ïðîäîëæàåòñÿ äî âåêòîðíîãî ïîëÿ X(k) íà ìíîãîîáðàçèè k-
äæåòîâ (ñì. [2]).
Ãëàäêóþ ôóíêöèþ I, çàäàííóþ íà ìíîãîîáðàçèè Jk(S2),

íàçûâàåì ìåòðè÷åñêèì äèôôåðåíöèàëüíûì èíâàðèàíòîì
ïîðÿäêà ≤ k, åñëè

I = I ◦ g(k),

äëÿ âñåõ èçîìåòðèé g, ñîõðàíÿþùèõ îðèåíòàöèþ.
Ïîñëåäíåå óñëîâèå ýêâèâàëåíòíî òîìó, ÷òî

A(k)(I) = B(k)(I) = H(k)(I) = 0.

Ñîîòâåòñòâåííî, ïîëíóþ ïðîèçâîäíóþ (ñì. [2])

∇ ∈ C∞(J∞(S2))⊗D(S2)

íàçîâåì èíâàðèàíòíûì ìåòðè÷åñêèì äèôôåðåíöèðîâàíè-
åì, åñëè ∇ êîììóòèðóåò ñ ïðîäîëæåííûì äåéñòâèåì ãðóï-
ïû èçîìåòðèé èëè, ÷òî ýêâèâàëåíòíî,

[∇, A(∞)] = [∇, B(∞)] = [∇, H(∞)] = 0.

Îòìåòèì, ÷òî â ñëó÷àå ïëîñêîñòè äå Ñèòòåðà íàëè÷èå
èíâàðèàíòíîé ìåòðèêè è èíâàðèàíòíîé ñèìïëåêòè÷åñêîé
ñòðóêòóðû ïîçâîëÿåò ñîïîñòàâèòü êàæäîìó ìåòðè÷åñêî-
ìó äèôôåðåíöèàëüíîìó èíâàðèàíòó I äâà èíâàðèàíòíûõ
äèôôåðåíöèðîâàíèÿ.
Èíâàðèàíòíîå äèôôåðåíöèðîâàíèå, îòâå÷àþùåå ãðàäè-

åíòó I îòíîñèòåëüíî ìåòðèêè Θ, áóäåì îáîçíà÷àòü ÷åðåç
∇I , à èíâàðèàíòíîå äèôôåðåíöèðîâàíèå, êîòîðîå ñîîòâåò-
ñòâóåò ãàìèëüòîíîâîìó ïîëþ ñ ãàìèëüòîíèàíîì I îòíîñè-
òåëüíî èíâàðèàíòíîé ñèìïëåêòè÷åñêîé ôîðìû Ω, îáîçíà-
÷àåì ÷åðåç γI .
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Áîëåå ôîðìàëüíî, êîíñòðóêöèÿ ýòèõ äèôôåðåíöèðîâà-
íèé âûãëÿäèò ñëåäóþùèì îáðàçîì.
Ïóñòü f ∈ C∞(S2)� ãëàäêàÿ ôóíêöèÿ íà ïëîñêîñòè äå

Ñèòòåðà, à Skf ⊂ Jk((S2))� ãðàôèê åå k-äæåòà.
Ïóñòü If � çíà÷åíèÿ äèôôåðåíöèàëüíîãî èíâàðèàíòà I

íà ôóíêöèè f , òî åñòü

If = I
∣∣
Skf
∈ C∞(S2).

Ïóñòü òàêæå ∇I,f � îãðàíè÷åíèå ïîëíîãî äèôôåðåíöèðî-
âàíèÿ ∇I íà S

∞
f . Òîãäà ∇I,f ñîâïàäàåò ñ ãðàäèåíòîì ôóíê-

öèè If îòíîñèòåëüíî ìåòðèêè Θ, èëè

∇IcΘ = d̂I,

ãäå d̂ : C∞(S2)→ Ω1(J∞S2)� îïåðàòîð ïîëíîãî äèôôåðåí-
öèðîâàíèÿ [2].
Àíàëîãè÷íî, îïðåäåëèì äèôôåðåíöèðîâàíèå γI ôîðìó-

ëîé

γIcΩ = d̂I.

Ìåòðè÷åñêàÿ èíâàðèàíòíîñòü óêàçàííûõ äèôôåðåíöè-
ðîâàíèé íåïîñðåäñòâåííî âûòåêàåò èç ìåòðè÷åñêîé èíâà-
ðèàíòíîñòè ôîðìû Ω.
Êîîðäèíàòíîå ïðåäñòàâëåíèå ýòèõ äèôôåðåíöèðîâàíèé

âûãëÿäèò ñëåäóþùèì îáðàçîì.
Ïóñòü (x, y, u, ux, . . . , uσ, . . .)�êàíîíè÷åñêèå êîîðäèíàòû

â ïðîñòðàíñòâå äæåòîâ. Òîãäà, óïîìÿíóòûå âûøå äèôôå-
ðåíöèðîâàíèÿ èìåþò ñëåäóþùèé âèä:

∇I = y2

(
dI

dx

d

dx
− dI

dy

d

dy

)
, γI = y2

(
dI

dy

d

dx
− dI

dx

d

dy

)
,

ãäå ÷åðåç d
dx

è d
dy

îáîçíà÷åíû ñîîòâåòñòâåííî ïîëíûå ïðî-
èçâîäíûå îòíîñèòåëüíî x è y.
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Èñïîëüçóÿ èíâàðèàíòíûå äèôôåðåíöèðîâàíèÿ γI îïðå-
äåëèì ñêîáêè íà àëãåáðå äèôôåðåíöèàëüíûõ èíâàðèàí-
òîâ:

[I, J ] = γI(J),

ãäå I è J �ìåòðè÷åñêèå äèôôåðåíöèàëüíûå èíâàðèàíòû.
Îòìåòèì, ÷òî ñêîáêà [I, J ] òàêæå ÿâëÿåòñÿ ìåòðè÷åñêèì

äèôôåðåíöèàëüíûì èíâàðèàíòîì.
Èç ïðèâåäåííûõ ðàññóæäåíèé íåïîñðåäñòâåííî âûòåêà-

åò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Àëãåáðà ìåòðè÷åñêèõ äèôôåðåíöèàëüíûõ èí-
âàðèàíòîâ íà ïëîñêîñòè äå Ñèòòåðà ÿâëÿåòñÿ ïóàññîíî-
âîé àëãåáðîé îòíîñèòåëüíî ñêîáîê:

[I, J ] = y2

(
dI

dy

dJ

dx
− dJ

dy

dI

dx

)
.

Èñïîëüçóåì òåïåðü ïîñòðîåííûå èíâàðèàíòíûå äèôôå-
ðåíöèðîâàíèÿ äëÿ îïèñàíèÿ àëãåáðû ìåòðè÷åñêèõ äèôôå-
ðåíöèàëüíûõ èíâàðèàíòîâ.
Ïðåæäå âñåãî çàìåòèì, ÷òî ôóíêöèÿ

u : J0(S2) = S2 × R→ R

ÿâëÿåòñÿ ìåòðè÷åñêèì äèôôåðåíöèàëüíûì èíâàðèàíòîì
ïîðÿäêà íóëü.
Ïîýòîìó èìååì äâà èíâàðèàíòíûõ äèôôåðåíöèðîâàíèÿ:

∇u = y2

(
ux

d

dx
− uy

d

dy

)
, γu = y2

(
uy

d

dx
− ux

d

dy

)
.

Ïðèìåíÿÿ äèôôåðåíöèðîâàíèå ∇u ê èíâàðèàíòó u, ïîëó-
÷àåì ìåòðè÷åñêèé äèôôåðåíöèàëüíûé èíâàðèàíò ïåðâîãî
ïîðÿäêà:

J1 = ∇u(u) = y2
(
u2
x − u2

y

)
.
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Áîëåå òîãî, êàê íåòðóäíî âèäåòü, ìåòðè÷åñêèå äèôôåðåí-
öèàëüíûå èíâàðèàíòû J0 = u è J1 = ∇u(u) ïîðîæäàþò
äèôôåðåíöèàëüíûå èíâàðèàíòû ïîðÿäêà ≤ 1.
Ïðèìåíÿÿ èíâàðèàíòíûå äèôôåðåíöèðîâàíèÿ ∇u è γu ê

èíâàðèàíòó 1-ãî ïîðÿäêà J1, ìû ïîëó÷àåì äâà ìåòðè÷åñêèõ
äèôôåðåíöèàëüíûõ èíâàðèàíòà 2-ãî ïîðÿäêà:

J2(1) = ∇u(J1), J2(2) = γu(J1),

ãäå

J2(1) = 2ux (uxxux − uxyuy) y4 + 2uy (uyyuy − uxyux) y4+

+ 2y3uy(u
2
y − u2

x),

J2(2) = 2uxuyy
4 (uxx + uyy)− 2uxyy

4
(
u2
x + u2

y

)
+

+ 2uxy
3(u2

y − u2
x).

Èç ñîîáðàæåíèé ðàçìåðíîñòè ñëåäóåò, ÷òî äîëæåí ñó-
ùåñòâîâàòü åùå îäèí äèôôåðåíöèàëüíûé èíâàðèàíò 2-ãî
ïîðÿäêà, ôóíêöèîíàëüíî íåçàâèñèìûé îòíîñèòåëüíî J2(1)
è J2(2).
Äëÿ òîãî ÷òîáû íàéòè ýòîò èíâàðèàíò çàìåòèì, ÷òî îïå-

ðàòîð Ëàïëàñà ∆ = −y2(∂2
x − ∂2

y) ÿâëÿåòñÿ èíâàðèàíò-
íûì îòíîñèòåëüíî ãðóïïû èçîìåòðèé, ïîýòîìó äèôôåðåí-
öèàëüíûé îïåðàòîð â ïîëíûõ ïðîèçâîäíûõ:

∆̂ = −y2

(
d2

dx2
− d2

dy2

)
êîììóòèðóåò ñ ïðîäîëæåííûì äåéñòâèåì ãðóïïû èçîìåò-
ðèé.
Â ÷àñòíîñòè, ýòîò îïåðàòîð òàêæå ïåðåâîäèò ìåòðè÷å-

ñêèå äèôôåðåíöèàëüíûå èíâàðèàíòû â ñåáÿ. Ïîýòîìó ôóíê-
öèÿ

J2(3) = ∆̂(u) = −y2(uxx − uyy)
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ÿâëÿåòñÿ ìåòðè÷åñêèì äèôôåðåíöèàëüíûì èíâàðèàíòîì
âòîðîãî ïîðÿäêà, à äèôôåðåíöèàëüíûå èíâàðèàíòû

J0, J1, J2(1), J2(2), J2(3)

ïîðîæäàþò âñå äèôôåðåíöèàëüíûå èíâàðèàíòû äî ïîðÿä-
êà 2 âêëþ÷èòåëüíî. Ïîäñ÷åò ðàçìåðíîñòåé ïîêàçûâàåò, ÷òî
ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2. Àëãåáðà ìåòðè÷åñêèõ äèôôåðåíöèàëüíûõ èí-
âàðèàíòîâ íà ïëîñêîñòè äå Ñèòòåðà ïîðîæäåíà áàçèñ-
íûìè èíâàðèàíòàìè J0 = u, è J2(3) = −y2(uxx − uyy), à
òàêæå âñåìè èõ èíâàðèàíòíûìè ïðîèçâîäíûìè âäîëü ∇u

è γu.
Ýòè îáðàçóþùèå óäîâëåòâîðÿþò äâóì äèôôåðåíöèàëü-

íûì ñèçèãèÿì:

∇u(J2(2))− γu(J2(1)) + J2(3)J2(2) = 0,
∇u(J2(1))− γu(J2(2)) + 2J1∇u(J2(3)) + 3J2(3)J2(1)−
−2J1J

2
2 (3) + 2J−1

1 (J2
2 (2)− J2

2 (1))− 2J2
1 = 0.

3. Èçîìåòðè÷åñêàÿ ýêâèâàëåíòíîñòü ôóíêöèé

Ãëàäêóþ ôóíêöèþ f ∈ C∞(S2), çàäàííóþ â íåêîòîðîé
îáëàñòè ïëîñêîñòè äå Ñèòòåðà, áóäåì íàçûâàòü ðåãóëÿð-
íîé, åñëè çíà÷åíèÿ J0,f , J1,f äèôôåðåíöèàëüíûõ èíâàðè-
àíòîâ J0 è J1 íà ýòîé ôóíêöèè íåçàâèñèìû:

dJ0,f ∧ dJ1,f 6= 0

â ýòîé îáëàñòè.
Â ïðîòèâíîì ñëó÷àå, òî åñòü åñëè dJ0,f ∧dJ1,f ≡ 0, ôóíê-

öèÿ f íàçûâàåòñÿ ñèíãóëÿðíîé.
Èíà÷å ãîâîðÿ, ôóíêöèÿ f � ñèíãóëÿðíà, åñëè îíà ÿâëÿ-

åòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

f 2
x − f 2

y = y−2ϕ(f)



130 Êîíîâåíêî Í. Ã.

äëÿ íåêîòîðîé ôóíêöèè ϕ.
Åñëè ôóíêöèÿ f ðåãóëÿðíà, òî çíà÷åíèÿ èíâàðèàíòîâ

âòîðîãî ïîðÿäêà ÿâëÿþòñÿ ôóíêöèÿìè J0,f è J1,f . Òàêèì
îáðàçîì, ôóíêöèÿ f óäîâëåòâîðÿåò ñèñòåìå äèôôåðåíöè-
àëüíûõ óðàâíåíèé 2-ãî ïîðÿäêà:

J2(1) = 2a(J0, J1)J2
1 ,

J2(2) = 2b(J0, J1)J2
1 ,

J2(3) = c(y, J0, J1)J2
1y
−2.

(3.1)

Âûäåëÿÿ âòîðûå ïðîèçâîäíûå u èç ýòîé ñèñòåìû óðàâíå-
íèé, ìû ïðèõîäèì ê ýêâèâàëåíòíîé ñèñòåìå óðàâíåíèé

(3.2)

uxx =−ux2uy
2c+ ux

2a− 2 buyux + auy
2 − uy

y
+ uy

4c,

uxy =−ux2b+ 2 auyux −
ux
y

+ uxcuy
3−uy2b−ux3cuy,

uyy =−cux4 + ux
2uy

2c+ ux
2a− 2 buyux + auy

2 − uy
y
.

Ïîñëåäíÿÿ ñèñòåìà ÿâëÿåòñÿ ñèñòåìîé êîíå÷íîãî òèïà, à
ðàçìåðíîñòü ïðîñòðàíñòâà ðåøåíèé íå ïðåâîñõîäèò 3. Ïðè
ýòîì ðàçìåðíîñòü ðàâíà 3, åñëè ýòà ñèñòåìà ÿâëÿåòñÿ ñè-
ñòåìîé ôðîáåíèóñîâà òèïà.
Â ñëó÷àå, êîãäà ðåãóëÿðíàÿ ôóíêöèÿ f óäîâëåòâîðÿåò

ñèñòåìå (3.2), äåéñòâèå ãðóïïû èçîìåòðèé ýôôåêòèâíî è
èç ñîîáðàæåíèé ðàçìåðíîñòè ñëåäóåò, ÷òî ýòî äåéñòâèå òðàí-
çèòèâíî. Èíà÷å ãîâîðÿ, â ýòîì ñëó÷àå ëþáûå äâà ðåøåíèÿ
ïåðåâîäÿòñÿ äðóã â äðóãà èçîìåòðèåé ïëîñêîñòè Ëîáà÷åâ-
ñêîãî. Ñóììèðóÿ ñêàçàííîå, ïðèõîäèì ê ñëåäóþùåìó ðå-
çóëüòàòó.
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Òåîðåìà 3. (1) Êëàññ ìåòðè÷åñêîé ýêâèâàëåíòíîñòè ðå-
ãóëÿðíûõ ôóíêöèé íà ïëîñêîñòè äå Ñèòòåðà îïðåäåëÿåò-
ñÿ ôóíêöèÿìè a, b, c, çàäàþùèìè çàâèñèìîñòü ìåòðè-
÷åñêèõ èíâàðèàíòîâ 2-ãî ïîðÿäêà J2(1), J2(2), J2(3) ÷åðåç
èíâàðèàíòû J0, J1.
(2) Ôóíêöèè a, b, c, çàäàþùèå êëàññ ìåòðè÷åñêîé ýêâè-

âàëåíòíîñòè, íå ïðîèçâîëüíû, à óäîâëåòâîðÿþò 2-ì ñè-
çèãèÿì, êîòîðûå ãàðàíòèðóþò, ÷òî ñèñòåìà äèôôåðåí-
öèàëüíûõ óðàâíåíèé (3.2) ÿâëÿåòñÿ ñèñòåìîé ôðîáåíèó-
ñîâà òèïà.
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On the extrinsic geometry of contact
structures

Vladimir Krouglov

In the paper we prove, that extrinsic curvature does not impose ad-
ditional restrictions on the topology of a contact structure, except
the obvious ones.

1. Introduction

One of the natural characteristics of the plane distribution
on a Riemannian manifold is its second fundamental form.
It is known, a foliation on a closed three manifold is taut if
the trace of the second fundamental form (i.e. the mean curva-
ture) vanishes with respect to some Riemannian metric. It can
be shown [3], that vanishing of the second fundamental form
of a distribution with respect to some metric yields topologi-
cal restrictions on the ambient space. In the recent work by
Patrick Massot [9] it was established that all totally geodesic
contact structures on three manifolds are tight. In contrast
with foliations, every contact structure is a minimal distribu-
tion. Therefore it is an interesting question how one can relax
the condition of a contact structure being totally geodesic to
keep the topological restrictions on a contact structure.
In the present paper we study contact structures on 3-

manifolds which have the restrictions on the determinant of
the second fundamental form (i.e. the extrinsic curvature).
There are three natural classes of plane distributions with the
restrictions on the extrinsic curvature. The de�nition is due
to A. Borisenko.

c© Krouglov V., 2010
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De�nition 1. The distribution of planes ξ on a three mani-
fold is called:

(1) parabolic, if there is a Riemannian metric on M such
that the extrinsic curvature of ξ is equal to zero.

(2) strong saddle (or hyperbolic), if there is a Riemannian
metric on M such that the extrinsic curvature of ξ is
strictly less than zero.

(3) elliptic, if there is a Riemannian metric on M such
that the extrinsic curvature of ξ is everywhere positive.

The main result of this paper is the following:

Theorem 1. Let ξ be a transversally orientable contact struc-
ture on a closed orientable three manifold M . Then,

(1) ξ is parabolic.
(2) ξ is hyperbolic if its Euler class vanishes.
(3) There are no elliptic plane distributions on closed three

manifolds.

Remark 1. In [6] and [7] we studied the problem of existence
of foliations with the restrictions on the extrinsic curvature of
the leaves. The main result in [7] is obtained in the present
paper from some di�erent point of view.

This paper is organized as follows. In Section 2 we recall
basic de�nitions and results in the geometry of plane distri-
butions. Notions and results from the contact topology and
Giroux correspondence between contact structures and open
book decompositions are reviewed in Section 3. Section 4 is
devoted to the proof of the fact, that every foliation by the
�bers of �bration over the circle is parabolic. We also de�ne
a special parabolic foliation associated with the open book
decomposition of M . In Section 5 we give the proof of the
main theorem.
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2. Basic Definitions and Notations

Throughout this paper M will be a closed orientable 3-
manifold. A distribution onM is a two dimensional subbundle
of the tangent bundle of M . That is, at each point p in M
there is a plane ξp in the tangent space TpM . A distribution is
called integrable, if there is a foliation on M which is tangent
to it. The following theorem of Frobenius gives necessary and
su�cient conditions for ξ to be integrable.

Theorem 2. Let ξ be a distribution on M . Then ξ is inte-
grable if and only if for any two sections S and T of ξ its Lie
bracket belongs to ξ.

De�nition 2. A distribution ξ is called a contact structure
if for any linearly independent sections S and T of ξ and for
any p ∈M the Lie bracket [S, T ] at p does not belong to ξp.

A distribution ξ is called transversally oriented if there is a
globally de�ned 1-form α, such that

ξ = Ker(α).

This is equivalent to say that there exists a globally de�ned
vector �eld n which is transverse to ξ. It is an easy conse-
quence of Frobenius Theorem that ξ is a contact structure if
and only if

α ∧ dα 6= 0

The Euler class e(ξ) ∈ H2(M,Z) of a plane distribution is the
Euler class of the bundle ξ → M . It is known that if ξ is a
2-dimensional plane distribution on M with vanishing Euler
class then ξ is trivial.
Assume that M is a Riemannian manifold with the met-

ric 〈·, ·〉 and the Levi-Civita connection ∇. Let n be a local
unit vector �eld orthogonal to ξ. We are now going to de�ne
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the second fundamental form of ξ. The de�nition is due to
Reinhart [10].

De�nition 3. The second fundamental form of ξ is a sym-
metric bilinear form, which is de�ned in the following way:

B(S, T ) =
1

2
〈∇ST +∇TS, n〉

for all sections S and T of ξ.

Remark 2. If ξ is integrable, then B restricted to the leaf of
ξ agrees with the second fundamental form of the leaf.

Assume that S and T are two linearly independent sections
of ξ.

De�nition 4. A mean curvature function H of a plane dis-
tribution is a trace of the second fundamental form. If S and
T are orthonormal, it may be written as

H = 〈∇SS, n〉+ 〈∇TT, n〉

De�nition 5. We call the function

Ke(ξ) =
B(S, S)B(T, T )−B(S, T )2

〈S, S〉〈T, T 〉 − 〈S, T 〉2

an extrinsic curvature of ξ.

It is easy to verify that Ke(ξ) depends only on ξ, not on
the actual choice of S, T and n.

3. Open book decompositions and contact
structures

Consider an oriented link L in an oriented three manifold
M . Assume that a complement M\L �bers over the circle
with the projection map

π : M\L→ S1
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and that π−1(t) = Σ2
t is an interior of a compact surface

bounded by L. Pair (π, L) is called an open book decom-
position of M .
Two open book decompositions (L, π) and (L′, π′) are called

isomorphic if there is a di�eomorphism f : M →M such that
π′ ◦ f = π.
There is an alternative description of open book decompo-

sitions through the mapping cylinders. Assume that Σ2 is
a compact surface (with boundary) and consider a mapping
cylinder

Σ2 ×φ S1 = Σ2 × [0, 1]/(x, 0) ∼ (φx, 1),

where φ is some di�eomorphism of Σ2 which is an identity in
the neighborhood of ∂Σ2. Since φ is an identity map in the
neighborhood of the boundary the boundary of Σ2 ×φ S1 is a
union of r tori where r is a number of connected components
of the boundary ∂Σ2.
We may now glue r solid tori D2×S1 to Σ2×φ S1 in such a

way that ∂D2 is glued to S1 = [0, 1]/ ∼ and S1 factor in the
solid torus D2 × S1 corresponds to the boundary component
of Σ2. As a result we obtain closed manifold

M = (Σ2 ×φ S1) ∪ (
⋃
r

D2 × S1).

This manifold has a canonical presentation as an open book
decomposition such that L is a union of r core curves of

D2 × S1

that we glued to Σ2 ×φ S1 to obtain M .

De�nition 6. We say that contact structure ξ is supported
by the open book decomposition (L, π) of M if there is a one-
form α associated with ξ such that α(L) > 0 and dα|2Σ on each
page Σ2 = π−1(t).
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In [11] Thurston and Winkelhemper have shown that each
open book decomposition on a closed three manifold supports
some contact structure. It is surprising that converse also
holds.

Theorem 3 (Giroux, [5]). Every contact structure ξ on a
closed orientable three manifold M is supported by some open
book decomposition.

Using this result Etnyre in [4] proved the following result:

Theorem 4. Every contact structure on a closed orientable
three manifold is a C∞-deformation of C∞-foliation.

Consider the di�eomorphism φ of a compact surface Σ2 that
is an identity in the neighborhood of ∂Σ2 (or an arbitrary
di�eomorphism if Σ2 is closed). Throughout the paper Fφ
will denote the foliation of the mapping cylinder Σ2×φ S1 by
the surfaces Σ2 × {t} for all t ∈ S1.

4. Parabolic foliations

In [7] we showed that each closed orientable three manifold
admits a parabolic foliation (i.e. the foliation by parabolic
surfaces with respect to some metric). We established this
result using Dehn surgeries on knots in S3. In the present
section we will show how one can obtain this result using open
book decompositions. We will also show that every foliation
by the �bers of �bration over the circle is parabolic.

4.1. Local models of parabolic foliations. The following
lemma was proved in [7]. This lemma allows one to glue two
parabolic foliations together along the common boundary leaf
preserving parabolicity of glued foliation.
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Lemma 1. Let Σ2 be a compact parallelizable surface (pos-
sibly with the boundary). Consider two metrics G and H on
Σ2 that coincide in some neighborhood of the boundary. Let
F be a foliation of M = Σ2 × [0, 1] by the surfaces Σ2 × {t}.
Then, there is a metric g on M such that

(1) In some tubular neighborhood of Σ2 × {0},

g = dt2 +G(p)

for all p ∈ Σ2.
(2) in some tubular neighborhood of Σ2 × {1},

g = dt2 +H(p)

for all p ∈ Σ2.
(3) F is a parabolic foliation on Σ2× [0, 1] with respect to

g.
(4) There is a neighborhood U of the boundary ∂Σ2 such

that for all t ∈ [0, 1],

g(p, t)|U×{t} = G(p)

The next lemma shows that a Reeb foliation inside a solid
torus is parabolic. The result is due to Bolotov [1].

Lemma 2. There is a foliation F and a metric g on D2×S1

such that:

(1) F is parabolic with respect to g.
(2) The foliation

F|D2( 1
3

)×S1

is a foliation by the totally geodesic disks D2(1
3
)× {t}

and the foliation

F|([ 2
3
,1]×S1)×S1

is a foliation by the totally geodesic tori {r}×S1×S1.
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4.2. Parabolic �brations. Let (M3, π) be a �bration over
the circle with a closed �ber Σ2 and let Fφ be the foliation by
the �bers of π. We have the following

Proposition 1. The foliation Fφ is parabolic.

Proof. Consider the presentation of M as a mapping cylinder
of some φ : Σ2 → Σ2. We may assume that φ is a composition
of Dehn twists αi along some closed curves γi in Σ2 and that
support of each αi is contained in some annulus ci for each i.
First, consider the case when φ is a Dehn twist by itself.

Pick an arbitrary metric G on Σ2. On a manifold

N = Σ2 × [0, 1]

consider a direct product metric G + dt2. It is obvious that
a foliation of N by the surfaces Σ2 × {t} is parabolic with
respect to this metric.
Denote by H the pullback metric φ∗G. Since the support

of φ is contained in some annulus c, from Lemma 4.1 we may
obtain that on c× [0, 1] there is a metric g such that

g|c×{0} = dt2 +G|c, g|c×{1} = dt2 +H|c
and foliation by c × {t} is parabolic. From condition 4) of
Lemma 4.1 this metric is glued smoothly with the direct prod-
uct metric G+ dt2 on the complement (Σ2\c)× [0, 1]. Conse-
quently, on L = Σ2× [0, 1] there is a metric (which will also be
denoted by g) that a foliation by surfaces Σ2×{t} is parabolic
with respect to it. We are left to consider the union

M = N ∪φ L
and glue the remaining boundary components of M by the
identity map. It is clear that since g is a direct product metric
in the one-sided neighborhoods of the boundary of L (and ∂

∂t
is a unit normal vector �eld), it is glued correctly with the
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direct product metric on N and therefore de�ne a smooth
metric on M . The foliation Fφ is parabolic with respect to
the introduced metric.
Assume now that

φ = α1 ◦ α2 ◦ . . . ◦ αn.
Pick an arbitrary metric G on Σ2 and for each i consider the
manifold Ni = Σ2 × [0, 1] with the direct product metric

G+ dt2.

For each Ni consider the corresponding Li that is obtained as
on the previous step. In the (one-sided) neighborhood of the
boundary components of ∂(Ni ∪αi Li) the metric is a direct
product metric G+ dt2. We are left to consider the union

M = (N1 ∪α1 L1) ∪id (N2 ∪α2 L2) ∪id . . . ∪id (Nn ∪αn Ln)

and glue the remaining boundary components by the identity
map. This �nishes the proof of proposition. �

Corollary 1. Let Σ2 be a compact orientable surface with
boundary and assume that φ is a di�eomorphism of Σ2 which
is an identity map in the neighborhood of the boundary ∂Σ2.
On the mapping cylinder Σ2 ×φ S1 the foliation by surfaces
Σ2 × {t} is parabolic.

Proof. Same as Proposition 1. �

4.3. Parabolic foliations associated with the open book
decomposition. Assume that (L, π) is an open book decom-
position of the closed oriented three manifold M . In this
section we will de�ne a special parabolic foliation on M as-
sociated with this open book decomposition. We will de�ne
this foliation replacing the neighborhoods of the binding by
a foliation which was de�ned in Lemma 2 and twisting the
pages of the open book around the boundary leaf.
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Denote byN the tubular neighborhood of one component of
the binding (construction for other components of the binding
would be the same). On N de�ne the coordinates (r, φ, t) in
such a way that pages of the open book correspond to the con-
stant φ-annuli and the component of the binding corresponds
to a curve r = 0. Assume that

N = {(r, φ, t) : r ≤ 1 + 2ε}
for some small �xed ε.
De�ne a foliation and the metric on

N1 = {(r, φ, t) : r ≤ 1}
as in Lemma 2.
Consider the following function f(r) on [1, 1 + 2ε]:

(1) f(r) = 0, for all r ∈ [1, 1 + ε
2
]

(2) f(r) = 1, for all r ∈ [1 + ε, 1 + 2ε]
(3) f is a strictly increasing function on [1 + ε

2
, 1 + ε]

On [1, 1 + 2ε]× T 2 de�ne a foliation using a one-form:

α = f(r)dφ+ (1− f(r))dr

This foliation when restricted to [1+ε, 1+2ε]×T 2 is a foliation
by the constant φ-annuli and is therefore smoothly glued to a
foliation of M\N by the �bers of π.
In the neighborhood of the boundary ∂N1 the metric

g = dr2 + dφ2 + dt2.

Extend this metric to N1+3ε. The foliation in [1, 1 + 2ε]× T 2

is parabolic with respect to this metric, since in each point of
[1, 1+2ε]×T 2 the plane tangent to the leaf contains principal
geodesic direction ∂

∂t
. Moreover, this metric induces some

metric in the neighborhood of one component of the boundary
of Σ2 ×φ S1. Making such extensions for each component of
the binding we will obtain some metric that is de�ned in the
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neighborhood of the boundary ∂(Σ2 ×φ S1). Note, that this
metric is direct product metric in this neighborhood of the
boundary. It induces some metric in the neighborhood of
∂Σ2 × {0}. Arbitrarily extend it to the whole leaf Σ2 × {0}.
Using the same construction as in Lemma 1 we may de�ne a
metric on a mapping cylinder in such a way that a foliation by
the �bers of π is parabolic. Therefore we de�ned a metric on
Σ2×φS1∪(

⋃r
i N1+2ε(i)), where r is a number of components of

the binding in the open book decomposition and the foliation
Fφ which is parabolic with respect to it.

5. Extrinsic geometry of contact structures

In this section we will give the proof of Theorem 1.2.

Lemma 3. The function of the mean curvature of any transver-
sally orientable distribution ξ on a closed orientable three man-
ifold is a divergence.

Proof. Let (X, Y ) be two (local) orthonormal sections of ξ
and n be a unit normal vector �eld. From the de�nition of
the mean curvature function we have

H = tr(B) = 〈∇XX,n〉+ 〈∇Y Y, n〉
Using the fact that n is orthogonal to ξ we obtain that

H = −〈∇Xn,X〉 − 〈∇Y n, Y 〉 = div(−n)

since 〈∇nn, n〉 = 0. �

Corollary 2. On a closed orientable three manifold there are
no transversally orientable elliptic distributions.

Proof. From the Stokes theorem∫
M

H =

∫
M

div(−n) = 0
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If a distribution is elliptic, then Ke > 0. Therefore principal
curvature functions have to be either both positive or nega-
tive. Consequently,

∫
M
H 6= 0. A contradiction. �

Lemma 4. Transversally orientable contact structure ξ on
a closed orientable three manifold is strong saddle if e(ξ) = 0

Proof. See Corollary 3.6 in [8] for details. �

We are left to prove that every transversally orientable con-
tact structure onM is parabolic. The following lemma allows
to carry the information about the extrinsic geometry from
one distribution to another.

Lemma 5. [2] Assume that on a Riemannian manifold M
given two distributions ξ and η. Denote by Bξ the second
fundamental form of ξ. Assume that a normal vector �eld to ξ
is transverse to η. For all X ∈ ξ, denote by PX an orthogonal
projection of vector X on η. Then, there is a metric on M
such that a second fundamental form of η satis�es

Bη(PX,PY ) = Bξ(X, Y ), for all X, Y ∈ ξ.
In particular, if ξ is parabolic, so is η.

Lemma 6. Every transversally orientable contact structure
ξ on a closed orientable three manifold M is parabolic.

Proof: We will follow the construction in [4] to de�ne a
family of contact one-forms that approximate a parabolic fo-
liation associated with the open book decomposition.
For ξ consider the corresponding open book decomposi-

tion (Σ2, φ). It is obvious that foliation associated with this
open book decomposition di�ers from the one de�ned in [4]
(cf. Proof of Theorem 1 there) everywhere except some δ-
neighborhood of the leaf {r = 1}. It is easy to verify that a
family of one-forms, de�ned in [4] is an approximation of our
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foliation. So, there is a family of one-forms αt, t > 0 which is
a deformation of Fφ and has support (Σ2, φ). In particular,
ξt = Ker(αt) are isotopic to ξ.
Let g denotes a Riemannian metric on M such that Fφ is

parabolic. It is obvious that we may �nd such t > 0 that
ξt will be transverse to a normal vector �eld to Fφ. Using
Lemma 5.5 we see that there is a Riemannian metric on M
such that ξt is parabolic (for t su�ciently small). But ξt is
contactomorphic to ξ and therefore ξ is a parabolic contact
structure with respect to a pullback metric. This �nishes the
proof of the theorem.
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Çáiðíèê ïðàöü
Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

2010, ò.7, �4, 146-152

Î ãàóññîâîé êðèâèçíå ãàðìîíè÷åñêèõ
ôóíêöèé

Êàâå Ýôòåõàðèíàñàá

It is proved that the fundamental group of the space of harmonic
polynomials of degree n ≥ 2 with the same Gaussian curvature is not
trivial. Furthermore, we give an example of topologically nonequiva-
lent conjugate harmonic functions having the same Gaussian curva-
ture.

1. Ââåäåíèå

Â ðàáîòå èçó÷àåòñÿ ãàóññîâà êðèâèçíà ãðàôèêîâ ãàð-
ìîíè÷åñêèõ ôóíêöèé. Â ÷àñòíîñòè, äîêàçàíî, ÷òî ñóùå-
ñòâóþò òîïîëîãè÷åñêè íåýêâèâàëåíòíûå ñîïðÿæåííûå ãàð-
ìîíè÷åñêèå ôóíêöèè ñ îäèíàêîâîé ãàóññîâîé êðèâèçíîé
èõ ãðàôèêîâ, à òàêæå, ÷òî ôóíäàìåíòàëüíàÿ ãðóïïà ïðî-
ñòðàíñòâà ãàðìîíè÷åñêèõ ïîëèíîìîâ ñòåïåíè n ≥ 2, ãðà-
ôèêè êîòîðûõ èìåþò îäíó è òó æå ãàóññîâó êðèâèçíó,
íåíóëåâàÿ.

2. Ãàóññîâà êðèâèçíà è òîïîëîãè÷åñêâàÿ
ýêâèâàëåíòíîñòü ãàðìîíè÷åñêèõ ôóíêöèé

Ïóñòü w = u(x, y)� ãàðìîíè÷åñêàÿ ôóíêöèÿ îò äåéñòâè-
òåëüíûõ ïåðåìåííûõ (x, y), çàäàííàÿ â îäíîñâÿçíîé îáëà-
ñòè D. Îáîçíà÷èì ÷åðåç K = K(x, y)� ãàóññîâó êðèâèçíó
åå ãðàôèêà. Èçâåñòíî, ÷òî K = K(x, y) ìîæíî âû÷èñëèòü

c© Ýôòåõàðèíàñàá Ê., 2010
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ñ ïîìîùüþ ôîðìóëû

K(x, y) =
uxxuyy − u2

xy

(1 + u2
x + u2

y)
2
.

Ïîëîæèì z = x+ iy è ïðåäñòàâèì w = u(x, y) êàê

u(x, y) = Re f(z) =
1

2
(f(z) + f(z))

äëÿ íåêîòîðîé ãîëîìîðôíîé ôóíêöèè f(z) êîìïëåêñíîé
ïåðåìåííîé z. Ñëåäóÿ êëàññè÷åñêèì îáîçíà÷åíèÿì

∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
,
∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
è ïðàâèëàì

∂f

∂z
= f ′(z),

∂f

∂z
= 0,

∂f

∂z
= 0,

∂f

∂z
= f ′(z),

ñ ïîìîùüþ íåñëîæíûõ âû÷èñëåíèé ìîæíî ïîëó÷èòü ñëå-
äóþùóþ ôîðìóëó äëÿ ãàóññîâîé êðèâèçíû ãðàôèêà ôóíê-
öèè w = u(x, y)

(2.1) K(x, y) =
|f ′′(z)|2

−(1 + |f ′(z)|2)2
.

Íàïîìíèì, ÷òî êðèòè÷åñêàÿ òî÷êà z ãëàäêîé ôóíêöèè
w = g(x1, x2) íàçûâàåòñÿ íåâûðîæäåííîé, åñëè ìàòðèöà

ãåññå

(
∂2g(z)

∂xi∂xj

)
�íåâûðîæäåííàÿ. Â ïðîòèâíîì ñëó÷àå êðè-

òè÷åñêàÿ òî÷êà íàçûâàåòñÿ âûðîæäåííîé.
Èìååò ìåñòî ñëåäóþùèé ôàêò:

Ëåììà 1. Ãàóññîâà êðèâèçíà ãðàôèêà ãàðìîíè÷åñêîé
ôóíêöèè w = u(x, y), çàäàííîé â îäíîñâÿçíîé îáëàñòè,
âñåãäà íåïîëîæèòåëüíà è îáðàùàåòñÿ â íîëü â èçîëèðî-
âàííûõ òî÷êàõ, ñðåäè êîòîðûõ ìîãóò áûòü òîëüêî âû-
ðîæäåííûå êðèòè÷åñêèå òî÷êè ôóíêöèè w = u(x, y).
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Äîêàçàòåëüñòâî. Ïóñòü f(x+i y)� ãîëîìîðôíàÿ ôóíê-
öèÿ, è w = u(x, y)� åå äåéñòâèòåëüíàÿ ÷àñòü. Ãàóññîâà
êðèâèçíà ãðàôèêà ãàðìîíè÷åñêîé ôóíêöèè w = u(x, y),
çàäàííîé â îäíîñâÿçíîé îáëàñòè îáðàùàåòñÿ â íîëü, êîãäà
f ′′(x + i y) = 0. Ïîñêîëüêó ôóíêöèÿ f(x + i y) ãîëîìîðô-
íàÿ, òî ôóíêöèÿ f ′′(x + i y)� òàêæå ãîëîìîðôíàÿ. Íóëè
ãîëîìîðôíîé ôóíêöèè âñåãäà èçîëèðîâàííûå. Äàëåå, êðè-
òè÷åñêèå òî÷êè ôóíêöèè f(x+ i y) è ôóíêöèè w = u(x, y)
ñîâïàäàþò. Åñëè ñðåäè íóëåé ôóíêöèè f ′′(x+ i y) = 0 åñòü
êðèòè÷åñêèå òî÷êè ôóíêöèè f(x + i y), òî î÷åâèäíî, ÷òî
îíè áóäóò è êðèòè÷åñêèìè òî÷êàìè ôóíêöèè w = u(x, y).

Èç ðàâåíñòâà K(x, y) =
uxxuyy − u2

xy

(1 + u2
x + u2

y)
2

= 0 ñëåäóåò, ÷òî

uxxuyy − u2
xy = 0, ò.å. ýòè êðèòè÷åñêèå òî÷êè âûðîæäåí-

íûå. �

Çàìå÷àíèå 1. Åñëè w = u(x, y)� ãàðìîíè÷åñêèé ïîëè-
íîì ñòåïåíè n > 2, òî î÷åâèäíî, ÷òî ìîùíîñòü ìíîæå-
ñòâî òî÷åê Γ, ãäå ãàóññîâà êðèâèçíà ãðàôèêà w = u(x, y)
ðàâíà íóëþ, íå ïðèâûøàåò n− 2. Ïî òåîðåìå Ãàóññà-Ëþ-
êà, [1], òî÷êè èç ìíîæåñòâà Γ ïðèíàäëåæàò âûïóêëîìó
ìíîãîóãîëüíèêó ∆, ñîäåðæàùåìó íóëè ãîëîìîðôíîé ôóíê-
öèè f(x + i y) = u(x, y) + i v(x, y). Åñëè êðàòíîñòü íóëåé
ôóíêöèè f(x+i y) íå ïðèâûøàåò 2, òî òî÷êè èç Γ ëåæàò
âíóòðè âûïóêëîãî ìíîãîóãîëüíèêà δ ⊂ ∆, ñîäåðæàùåãî
íóëè ôóíêöèè f ′(x+ i y).

Çàìå÷àíèå 2. Ãîëîìîðôíóþ ôóíêöèþ f(x + i y) ìîæíî
ïðåäñòàâèòü â âèäå f(x+i y) = u(x, y)+i v(x, y). Ïîñêîëüêó
v(x, y)� ãàðìîíè÷åñêàÿ ôóíêöèÿ, òî íåñëîæíî ïîêàçàòü,
÷òî ãàóññîâà êðèâèçíà ãðàôèêîâ ôóíêöèé u(x, y) è v(x, y)
îäèíàêîâàÿ ñì. ïî ýòîìó ïîâîäó ðàáîòó [2].
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Íàïîìíèì, ÷òî ãëàäêèå ôóíêöèè

w = q(x, y), v = r(x, y),

çàäàííûå â îáëàñòè D, íàçûâàþòñÿ òîïîëîãè÷åñêè ýêâèâà-
ëåíòíûìè, åñëè ñóùåñòâóþò òàêèå ãîìåîìîðôèçìû

k : D → D, l : R→ R,
÷òî èìååò ìåñòî ðàâåíñòâî q ◦ k = r ◦ l.

Ïðåäëîæåíèå 1. Ñóùåñòâóþò òîïîëîãè÷åñêè íåýêâè-
âàëåíòíûå ñîïðÿæåííûå ãàðìîíè÷åñêèå ôóíêöèè, ó êîòî-
ðûõ ãàóññîâà êðèâèçíà ãðàôèêîâ îäèíàêîâàÿ.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñîïðÿæåííûå ãàðìîíè÷å-
ñêèå ôóíêöèè

u(x, y) = x3 − 3xy2 − 3x, v(x, y) = −y3 + 3x2y − 3y.

Îíè èìåþò ïî äâå íåâûðîæäåííûå êðèòè÷åñêèå òî÷êè, êî-
îðäèíàòû êîòîðûõ (±1, 0). Äëÿ ôóíêöèè u(x, y) ýòè êðèòè-
÷åñêèå òî÷êè ëåæàò íà ðàçíûõ ëèíèÿõ óðîâíÿ, à äëÿ ôóíê-
öèè v(x, y) êðèòè÷åñêèå òî÷êè ëåæàò íà îäíîé ëèíèè óðîâ-
íÿ. Ñëåäîâàòåëüíî, ôóíêöèè u(x, y) è v(x, y) òîïîëîãè÷å-
ñêè íåýêâèâàëåíòíûå, õîòÿ ôóíêöèÿ ãàóññîâîé êðèâèçíû
ó íèõ â ñèëó çàìå÷àíèÿ 2 îäíà è òà æå. �

Çàìå÷àíèå 3. Ãðàôèêè ôóíêöèé u(x, y) è v(x, y) íå èçî-
ìåòðè÷íû, ó íèõ ðàçíûå ïåðâûå êâàäðàòè÷íûå ôîðìû.

Çàìåòèì, ÷òî ïîëèíîìû P = x2 + y2 è Q = x4 + y4 òîïî-
ëîãè÷åñêè ýêâèâàëåíòíûå.
Â. Â. Øàðêî äîêàçàë, ÷òî ãàðìîíè÷åñêèå ïîëèíîìû ðàç-

íûõ ñòåïåíåé îò äâóõ äåéñòâèòåëüíûõ ïåðåìåííûõ âñå-
ãäà òîïîëîãè÷åñêè íåýêâèâàëåíòíûå. Äëÿ êàæäîãî n ñó-
ùåñòâóåò êîíå÷íîå ÷èñëî òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ
ãàðìîíè÷åñêèõ ïîëèíîìîâ P (x, y) ñòåïåíè n.
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3. Î ãàóññîâîé êðèâèçíå ãàðìîíè÷åñêèõ
ïîëèíîìîâ

Ëåììà 2. Ãàóññîâà êðèâèçíà ãðàôèêîâ ãàðìîíè÷åñêèõ ïî-
ëèíîìîâ w = (x, y) è w′ = v(x, y) ðàçíûõ ñòåïåíåé âñåãäà
ðàçíàÿ.

Äîêàçàòåëüñòâî. Ïóñòü P (z) è Q(z)�êîìïëåêñíûå ïîëè-
íîìû ñòåïåíåé n è m ñîîòâåòñòâåííî, ó êîòîðûõ äåéñòâè-
òåëüíûå ÷àñòè åñòü ïîëèíîìû u(x, y) è v(x, y). Ïî óñëî-
âèþ ëåììû n 6= m. Ïîâåäåíèå ôóíêöèé |P (z)| è |Q(z)|ïðè
z →∞ îïðåäåëÿåòñÿ ìîíîìàìè |zn| è |zm| ñîîòâåòñòâåííî.
Ïðèìåíèâ ýòîò ôàêò äëÿ ôîðìóëû 2.1, íåñëîæíî ïîëó-
÷èòü, ÷òî

|P ′′(z)|2

−(1 + |P ′(z)|2)2
6= |Q′′(z)|2

−(1 + |Q′(z)|2)2
.

Ñëåäîâàòåëüíî, ãàóññîâà êðèâèçíà ïîëèíîìîâ u(x, y) è
v(x, y) ðàçíàÿ. �

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî P (z) è Q(z)� êîìïëåêñ-
íûå ïîëèíîìû. Òîãäà òîæäåñòâî

|P ′′(z)|2

−(1 + |P ′(z)|2)2
=

|Q′′(z)|2

−(1 + |Q′(z)|2)2

âîçìîæíî â òîì è òîëüêî â òîì ñëó÷àå, êîãäà

P (z) = kQ(z) + const,

ãäå |k| = 1.

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü. Åñëè

P (z) = kQ(z) + const,

òî íåïîñðåäñòâåíî èç ôîðìóëû 2.1 âûòåêàåò ñïðàâåäëè-
âîñòü çàêëþ÷åíèÿ òåîðåìû.
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Íåîáõîäèìîñòü. Íàì äîñòàòî÷íî äîêàçàòü, ÷òî ñîâïàäà-

þò ôóíêöèè
|P ′′(z)|

1 + |P ′(z)|2
è
|Q′′(z)|

1 + |Q′(z)|2
. Äëÿ ýòîãî ïîëîæèì

P ′(z) = n(z), ãäå î÷åâèäíî n(z)�ïîëèíîì. Ïóñòü γ(t)�
ïóòü â îáëàñòè îäíîëèñòíîñòè ôóíêöèè n(z) ñ íà÷àëîì â
òî÷êå z0 è êîíöîì â òî÷êå z. Ðàññìîòðèì èíòåãðàë∫

γ(t)

|n′(z)||d(z)|
1 + |n(z)|2

.

Èìååì∫
γ(t)

|n′(z)||d(z)|
1 + |n(z)|2

=

∫
γ(t)

d(|n(z)|)
1 + |n(z)|2

= arctan |n(z)|+ const.

Àíàëîãè÷íûì îáðàçîì, ïîëîæèâ Q′(z) = m(z) è ïðîâåäÿ
òàêèå æå ðàññóæäåíèÿ ïîëó÷èì∫
γ(t)

|m′(z)||d(z)|
1 + |m(z)|2

=

∫
γ(t)

d(|m(z)|)
1 + |m(z)|2

= arctan |m(z)|+const.

Òàêèì îáðàçîì arctg|n(z)| = arctan |m(z)|+ const è ñëå-
äîâàòåëüíî |n(z)| = |m(z)|+ const. Òåïåðü íåñëîæíî ïîêà-
çàòü, ÷òî P (z) = kQ(z) + const, ãäå |k| = 1. �

Çàìå÷àíèå 4. Äëÿ ïðîèçâîëüíûõ ãîëîìîðôíûõ ôóíêöèé
f(z) è g(z), çàäàííûõ â îäíîñâÿçíîé îáëàñòè D òåîðåìà 1
íåâåðíà, ñì. [2]. Íî îíà, ïî-âèäèìîìó, âåðíà äëÿ öåëûõ
ôóíêöèé.

Ïóñòü w = P (x, y) è w′ = Q(x, y)� ñîïðÿæåííûå ãàðìî-
íè÷åñêèå ïîëèíîìû. Î÷åâèäíî, ÷òî åñëè ïàðàìåòð t ïðè-
íàäëåæèò åäèíè÷íîé îêðóæíîñòè íà êîìïëåêñíîé ïëîñêî-
ñòè, òî îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïîëèíîìîâ

cos(t)u(x, y)− sin(t) v(x, y)
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îáðàçóåò ïåòëþ â ïðîñòðàíñòâå ãàðìîíè÷åñêèõ ïîëèíîìîâ,
ãðàôèêè êîòîðûõ èìåþò îäíó è òó æå ãàóññîâó êðèâèç-
íó. Ëåãêî âèäåòü, ÷òî ýòîé ïåòëå ïðèíàäëåæàò ôóíêöèè
w = ±P (x, y), w′ = ±Q(x, y). Òàêèì îáðàçîì, èç ëåììû 1
è òåîðåìû 1 âûòåêàåò ñëåäóþùèé ôàêò:

Ïðåäëîæåíèå 2. Ôóíäàìåíòàëüíàÿ ãðóïïà ïðîñòðàí-
ñòâà ãàðìîíè÷åñêèõ ïîëèíîìîâ ñòåïåíè n ≥ 2, ãðàôèêè
êîòîðûõ èìåþò îäíó è òó æå ãàóññîâó êðèâèçíó, íåíó-
ëåâàÿ.
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Î ïîâåäåíèè F -ôóíêöèé íà çàìûêàíèè
ìíîæåñòâà ñâîèõ S-îòäåëåííûõ òî÷åê4

Ïîëóëÿõ Å. À.

We present an example of Peano-interior function f defined on the
square M = [0, 1] × [0, 1] such that the set D(S, ∂M) of all S-

separated points of ∂M has connected closure D(S, ∂M), and f is
not constant on this closure.

1. Ââåäåíèå.

ÏóñòüM �äâóìåðíàÿ îðèåíòèðóåìàÿ ïîâåðõíîñòü ñ êðà-
åì ∂M . Îáîçíà÷èì M̊ = M \ ∂M .
Ïóñòü f : M → R�íåêîòîðàÿ ôóíêöèÿ è x ∈ A ⊂ M .

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ìíîæåñòâ óðîâíÿ f :

Mx = Mf(x) = {y ∈M | f(y) = f(x)} ,
Ax = Af(x) = A ∩Mx .

Îïðåäåëåíèå 1. Ôóíêöèÿ f : M → R íàçûâàåòñÿ F -
ôóíêöèåé, åñëè

(i) f íåïðåðûâíà;

(ii) f îòêðûòà íà M̊ ;

(iii) äëÿ êàæäîãî x ∈ M̊ ìíîæåñòâîMx ëîêàëüíî-ñâÿç-
íî â òî÷êå x.

4 Ðàáîòà íàïèñàíà ïðè ÷àñòè÷íîé ïîääåðæêå ãðàíòà Ãîñóäàðñòâåí-
íîãî êîìèòåòà ïî âîïðîñàì íàóêè, èííîâàöèé è èíôîðìàòèçàöèè, No.
M/150�2009.

c© Ïîëóëÿõ Å. À., 2010
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F -ôóíêöèè ââåë Ó. Ôîêñ â ðàáîòå [1] êàê îáîáùåíèå
ïñåâäî-ãàðìîíè÷åñêèõ ôóíêöèé. Òàì îí èõ íàçûâàåò Pe-
ano-interior functions.
Â ðàáîòå [2] Ôîêñ ñòðîèò ïðîäîëæåíèå F -ôóíêöèè, çà-

äàííîé íà ïîâåðõíîñòè M , äî F -ôóíêöèè, çàäàííîé íà
áîëüøåé ïîâåðõíîñòè C(M) ⊃ M̊ , è ëîêàëüíî ïîñòîÿííîé
íà êðàå ∂C(M). Îí äàåò ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 2. Ôóíêöèÿ f : M → R íàçûâàåòñÿ îò-
äåëåííîé ñâåðõó îò M̊ â òî÷êå x ∈ ∂M , èëè S-îò-
äåëåííîé â òî÷êå x, åñëè ñóùåñòâóåò îêðåñòíîñòü U
òî÷êè x â M , òàêàÿ ÷òî f(y) < f(x) äëÿ âñåõ y ∈ U ∩ M̊ .

Ïóñòü J �êîìïîíåíòà êðàÿ ïîâåðõíîñòè M . Îáîçíà÷èì
÷åðåç D(S, J) ìíîæåñòâî âñåõ S-îòäåëåííûõ òî÷åê, ëåæà-
ùèõ â J . Èç íåïðåðûâíîñòè f ñëåäóåò, ÷òî îíà ïîñòîÿííà
íà êàæäîé êîìïîíåíòå ñâÿçíîñòè ìíîæåñòâà D(S, J).
Âîîáùå ãîâîðÿ, ìíîæåñòâî D(S, J) íå ÿâëÿåòñÿ íè îò-

êðûòûì íè çàìêíóòûì ïîäìíîæåñòâîì J . Ñ öåëüþ óìåíü-
øèòü êîëè÷åñòâî êîìïîíåíò ñâÿçíîñòè, Ôîêñ â [2] ïðåäëà-

ãàåò ðàññìàòðèâàòü çàìêíóòîå ìíîæåñòâî D(S, J) âìåñòî
D(S, J). Åãî ìåòîä ïîñòðîåíèÿ ïðîäîëæåíèÿ F -ôóíêöèè
ðàáîòàåò, åñëè ýòà ôóíêöèÿ ïîñòîÿííà íà êàæäîé êîìïî-
íåíòå ìíîæåñòâà D(S, J).
Â òî æå âðåìÿ, â [2] Ôîêñ ôîðìóëèðóåò êàê íåðåøåííóþ

ïðîáëåìó ñëåäóþùèé âîïðîñ: âñåãäà ëè F -ôóíêöèÿ f ïî-
ñòîÿííà íà êîìïîíåíòàõ ñâÿçíîñòè ìíîæåñòâà D(S, J)?
Íèæå ìû ñòðîèì ïðèìåð F -ôóíêöèè, çàäàííîé íà êâàä-

ðàòå M = [0, 1] × [0, 1], êîòîðûé äàåò íà ýòîò âîïðîñ îò-
ðèöàòåëüíûé îòâåò. Òåì ñàìûì áóäåò äîêàçàíî ñëåäóþùåå
óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü M = [0, 1] × [0, 1]. Ñóùåñòâóåò F -

ôóíêöèÿ f : M → R, òàêàÿ ÷òî ìíîæåñòâî D(S, ∂M)
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ñâÿçíî è

f(D(S, J)) = [0, 1] .

2. Îïðåäåëåíèÿ è îáîçíà÷åíèÿ.

Íàïîìíèì íåêîòîðûå îïðåäåëåíèÿ è êîíñòðóêöèè.
Ïóñêàé Γ ⊂ [0, 1]� ñòàíäàðòíîå ìíîæåñòâî Êàíòîðà è

g0 : [0, 1] → R�Êàíòîðîâà ëåñòíèöà � íåïðåðûâíàÿ íåïî-
ñòîÿííàÿ íåóáûâàþùàÿ ôóíêöèÿ íà îòðåçêå, ëîêàëüíî ïî-
ñòîÿííàÿ íà ìíîæåñòâå [0, 1] \ Γ.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ.
Ïóñòü i ∈ N, k ∈ {1, . . . , 2i−1}. Ñóùåñòâóåò åäèíñòâåííîå

ðàçëîæåíèå ÷èñëà (2k − 1)/2i â ñóììó âèäà

2k − 1

2i
=

i∑
s=1

βs
2s

=
i−1∑
s=1

βs
2s

+
1

2i
,

ãäå βs ∈ {0, 1}, s ∈ {1, . . . , i}. Çàìåòèì, ÷òî βi = 1, òàê êàê
÷èñëî (2k − 1) íå÷åòíîå.
Îáîçíà÷èì

ri2k−1 =
i∑

s=1

2βs
3s

=
i−1∑
s=1

2βs
3s

+
2

3i
, li2k−1 =

i−1∑
s=1

2βs
3s

+
1

3i
,

I i2k−1 = (li2k−1, r
i
2k−1) .

Â ÷àñòíîñòè,

I1
1 = (1/3, 2/3), I2

1 = (1/9, 2/9), I2
3 = (7/9, 8/9), . . . .

Ïî îïðåäåëåíèþ,

Γ = [0, 1] \
⋃

i∈N, k∈{1,...,2i−1}

I i2k−1 .
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Íàïîìíèì, ÷òî íà ìíîæåñòâå [0, 1] \ Γ ôóíêöèÿ g0 îïðå-
äåëÿåòñÿ ïðè ïîìîùè ñîîòíîøåíèé

g0(x) =
2k − 1

2i
, åñëè x ∈ I i2k−1 ,

à íà Γ ýòà ôóíêöèÿ îäíîçíà÷íî ïðîäîëæàåòñÿ ïî íåïðå-
ðûâíîñòè.

3. Ïîñòðîåíèå F -ôóíêöèè, çàäàííîé íà
êâàäðàòå, êîòîðàÿ íå ÿâëÿåòñÿ ïîñòîÿííîé íà
êîìïîíåíòàõ ñâÿçíîñòè çàìûêàíèÿ ñâîåãî

ìíîæåñòâà S-îòäåëåííûõ òî÷åê.

Ïóñòü M = [0, 1]× [0, 1]. Ðàññìîòðèì ôóíêöèþ

f0 : ∂M → R,

îïðåäåëåííóþ ñëåäóþùèì îáðàçîì:

f0(x, y) =

{
g0(x), åñëè y = 0,

x, åñëè y = 1 èëè x ∈ {0, 1}.

Ýòà ôóíêöèÿ ëèíåéíà íà âåðõíåì îñíîâàíèè êâàäðàòà, ÿâ-
ëÿåòñÿ ëåñòíèöåé Êàíòîðà íà íèæíåì îñíîâàíèè è ïîñòî-
ÿííà íà êàæäîé èç áîêîâûõ ñòîðîí. ßñíî, ÷òî f0 íåïðå-
ðûâíà íà ∂M = ({0, 1} × [0, 1]) ∪ ([0, 1]× {0, 1}).
Îáîçíà÷èì ÷åðåç

âi2k−1 = (ri2k−1, 0) ∈M

ïðàâûé êîíåö èíòåðâàëà I i2k−1×{0}, i ∈ N, k ∈ {1, . . . , 2i−1},
è ïóñòü

Bi = [0, 1]× [1/2i, 1/2i−1] , i ∈ N .
Òîãäà, î÷åâèäíî, ÷òî M = ([0, 1]× {0}) ∪

⋃
i∈NB

i.
Áóäåì ïîñëåäîâàòåëüíî ïðîäîëæàòü ôóíêöèþ f0 ïî èí-

äóêöèè íà ïîëîñû Bi.
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Îáîçíà÷èì

Di = ∂M ∪
⋃

s∈{1,...,i}

Bs , i ∈ N .

Óñëîâèìñÿ äëÿ ëþáûõ òî÷åê z1, z2 ∈ R2 îáîçíà÷àòü ÷åðåç
[z1, z2] ïðÿìîëèíåéíûé îòðåçîê, ñîåäèíÿþùèé ýòè òî÷êè.

Áàçà èíäóêöèè. Ïóñòü i = 1.
Ðàññìîòðèì òî÷êè a1

0 = (0, 1), a1
2 = (1, 1). Ïóñòü òàêæå

a1
1 = (1/2, 1)� ñåðåäèíà îòðåçêà [a1

0, a
1
2]. Ðàññìîòðèì îòðå-

çîê J1
1 = [a1

1, â
1
1].

Îáîçíà÷èì b1
0 = (0, 1/2), b1

2 = (1, 1/2). Ïóñòü b1
1 � òî÷-

êà ïåðåñå÷åíèÿ îòðåçêîâ [b1
0, b

1
2] è J1

1 , à S
1
1 è S1

2 �÷åòûðåõ-
óãîëüíèêè ñ âåðøèíàìè (a1

0, a
1
1, b

1
1, b

1
0) è (a1

1, a
1
2, b

1
2, a

1
1), ñîîò-

âåòñòâåííî.
Îïðåäåëèì ôóíêöèþ f1 : D1 → R ñëåäóþùèì îáðàçîì.
Ïóñòü f1(z) = f0(z), åñëè z ∈ ∂M . Òîãäà f1(a1

1) = 1/2.
Ïîëîæèì f1(z) = g0(â1

1) = 1/2, åñëè z ∈ B1 ∩ D1. Òîãäà
f1(b1

1) = 1/2.
Ïóñòü [α1

m−1, α
1
m]�ïåðåñå÷åíèå ãîðèçîíòàëüíîãî îòðåç-

êà [0, 1] × {y}, y ∈ [1/2, 1], ñ òðàïåöèåé S1
m, m = 1, 2. Â

òî÷êàõ α1
k(y) ∈ ({0}× [0, 1])∪ J1

1 ∪ ({1}× [0, 1]) ôóíêöèÿ f1

óæå îïðåäåëåíà, f1(α1
k(y)) = k/2, k = 0, 1, 2. Ïðîäîëæèì

f1 ëèíåéíî íà îòðåçîê [α1
m−1(y), α1

m(y)], m = 1, 2.
Ëåãêî âèäåòü, ÷òî f1(x, 1) = f0(x, 1), x ∈ [0, 1].
Èç ïîñòðîåíèÿ òàêæå ÿñíî, ÷òî îãðàíè÷åíèå f |S1

m
íåïðå-

ðûâíî äëÿ m = 1, 2. Êðîìå òîãî, ôóíêöèÿ f1|∂M = f0|∂M
òîæå íåïðåðûâíà. Òàê êàê ìíîæåñòâà S1

1 , S
1
2 è ∂M îáðà-

çóþò êîíå÷íîå çàìêíóòîå ïîêðûòèå ïðîñòðàíñòâà D1, òî
ôóíêöèÿ f1 íåïðåðûâíà íà D

1 (ñì. [3]).

Øàã èíäóêöèè. Ïóñòü i > 1.
Îáîçíà÷èì ÷åðåç p1, p2 : R2 → R êîîðäèíàòíûå ïðîåê-

öèè p1(x, y) = x, p2(x, y) = y, (x, y) ∈ R2.
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Ïðåäïîëîæèì, ÷òî óæå ïîñòðîåí íàáîð ïîïàðíî íå ïå-
ðåñåêàþùèõñÿ îòðåçêîâ

Js2k−1 = [as2k−1, â
s
2k−1], s ∈ {1, . . . , i− 1}, k ∈ {1, . . . , 2s−1} ,

òàêèõ ÷òî p1(as2k−1) ∈ (0, 1), p2(as2k−1) = 1/2s−1 äëÿ âñåõ s è
k.
Ïóñòü óæå òàêæå ïîñòðîåíà òàêæå íåïðåðûâíàÿ ôóíê-

öèÿ fi−1 : Di−1 → R, óäîâëåòâîðÿþùàÿ ñëåäóþùèì óñëî-
âèÿì:

• fi−1|∂M = f0;
• fi−1( · , y) : [0, 1] → R ìîíîòîííî âîçðàñòàåò îò 0 äî

1 ïðè êàæäîì ôèêñèðîâàííîì y ∈ [1/2i−1, 1];
• Js2k−1∩Di−1 ⊂ f−1

i−1((2k−1)/2s), s ∈ {1, . . . , i−1}, k ∈
{1, . . . , 2s−1} (â ÷àñòíîñòè, fi−1(âs2k−1) = g0(âs2k−1)).

Ïóñòü k = (2m − 1)2i−s−1 ∈ {1, . . . , 2i−1}. Îáîçíà÷èì
÷åðåç bi−1

k òî÷êó ïåðåñå÷åíèÿ îòðåçêîâ [0, 1] × {1/2i−1} è
Js2m−1. Îòìåòèì, ÷òî (2m − 1)/2s = k/2i−1. Ïóñòü òàêæå
bi−1

0 = (0, 1/2i−1), bi−1
2i−1 = (1, 1/2i−1). Èç ñâîéñòâ ôóíêöèè

fi−1 ñëåäóåò, ÷òî

fi−1(bi−1
k ) =

k

2i−1
, k ∈ {0, 1, . . . , 2i−1} .

Ïðåäïîëîæèì, ÷òî, â äîïîëíåíèå ê ïðåäûäóùèì ñâîé-
ñòâàì, ôóíêöèÿ fi−1 óäîâëåòâîðÿåò åùå òàêîìó óñëîâèþ:

• ôóíêöèÿ fi−1 ëèíåéíà íà êàæäîì îòðåçêå [bi−1
k−1, b

i−1
k ],

k ∈ {1, . . . , 2i−1}.
Íàøà öåëü � ïîñòðîèòü íàáîð ïîïàðíî íå ïåðåñåêàþùèõ-

ñÿ îòðåçêîâ J i2k−1 = [ai2k−1, â
i
2k−1], k ∈ {1, . . . , 2i−1} è íåïðå-

ðûâíóþ ôóíêöèþ fi : Di → R òàêèå, ÷òîáû

a) fi|Di−1 = fi−1;
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b) íàáîð îòðåçêîâ Js2k−1, s ∈ {1, . . . , i}, k ∈ {1, . . . , 2s−1},
è ôóíêöèÿ fi óäîâëåòâîðÿëè óñëîâèÿì, êîòîðûå àíà-
ëîãè÷íû íàøèì ïðåäïîëîæåíèÿì, ïåðå÷èñëåííûì
âûøå.

Îáîçíà÷èì ai2k = bi−1
k , k ∈ {0, . . . , 2i−1}. Ïóñòü ai2k−1 �

ñåðåäèíà îòðåçêà [ai2k−2, a
i
2k] = [bi−1

k−1, b
i−1
k ], k ∈ {1, . . . , 2i−1}.

Èç ëèíåéíîñòè ôóíêöèè fi−1 íà ýòèõ îòðåçêàõ ñëåäóåò, ÷òî

(3.1) fi−1(aik) =
k

2i
, k ∈ {0, 1, . . . , 2i} .

Ïóñòü k = (2m− 1)2i−s ∈ {1, . . . , 2i − 1}. Îáîçíà÷èì
âik = âs2m−1.

ßñíî, ÷òî g0(âik) = g0(âs2m−1) = (2m− 1)/2s = k/2i.
Îáîçíà÷èì J ik = [aik, â

i
k], k ∈ {1, . . . , 2i − 1}. Èç ïîñòðîå-

íèÿ ëåãêî âèäåòü, ÷òî åñëè ÷èñëî k = (2m− 1)2i−s ÷åòíîå,
òî J ik ⊂ Js2m−1. Ïîýòîìó

(3.2)
(
[0, 1]×

[
0, 1

2i−1

])
∩

(
i−1⋃
s=1

2s−1⋃
m=1

Js2m−1

)
=

2i−1⋃
k=1

J i2k .

Ôóíêöèè g0, fi−1( · , 1/2i−1) : [0, 1]→ R ìîíîòîííî íåóáû-
âàþò ïî ïîñòðîåíèþ. Ïðè ýòîì âûïîëíåíû ðàâåíñòâà

0 < fi−1(ai1) < · · · < fi−1(ai2i−1) < 1 ,

0 < g0(âi1) < · · · < g0(âi2i−1) < 1 .

Ïîýòîìó, êàê ëåãêî ñîîáðàçèòü, îòðåçêè

J ik, k ∈ {1, . . . , 2i − 1},
ïîïàðíî íå ïåðåñåêàþòñÿ.
Ñëåäîâàòåëüíî, (ñì. ðàâåíñòâî (3.2)), îòðåçêè èç íàáîðà

Js2k−1, s ∈ {1, . . . , i}, k ∈ {1, . . . , 2s−1}, ïîïàðíî íå ïåðåñå-
êàþòñÿ.
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Ïîëîæèì fi|Di−1 = fi−1 : Di−1 → R, â ÷àñòíîñòè

fi(z) =

{
0, åñëè p1(z) = 0,

1, åñëè p1(z) = 1.

Ïóñòü åùå fi(z) = k/2i, åñëè z ∈ J ik∩Bi, k ∈ {1, . . . , 2i−1}.
Ïóñòü bi0 = (0, 1/2i), bi2i = (1, 1/2i). Îáîçíà÷èì ÷åðåç bik

òî÷êó ïåðåñå÷åíèÿ îòðåçêîâ [bi0, b
i
2i ] = [0, 1] × {1/2i} è J ik,

k ∈ {1, . . . , 2i − 1}.
Îòðåçêè J ik ðàçáèâàþò ïðÿìîóãîëüíèê

Bi = [0, 1]× [1/2i, 1/2i−1]

íà òðàïåöèè Si1, . . . , S
i
2i (ñì. Ðèñ. 1). Âåðøèíàìè ÷åòûðåõ-

óãîëüíèêà Sik ñëóæàò òî÷êè a
i
k−1, a

i
k, b

i
k, b

i
k−1, k ∈ {1, . . . , 2i}

(Ðèñ. 2).
Ïóñòü [αik−1(y), αik(y)] � ïåðåñå÷åíèå ãîðèçîíòàëüíîãî îò-

ðåçêà [0, 1] × {y}, y ∈ [1/2i, 1/2i−1], ñ ÷åòûðåõóãîëüíèêîì
Sik. Â òî÷êàõ

αik(y) ∈ ({0} × [0, 1]) ∪ ({1} × [0, 1]) ∪
2i−1⋃
m=1

J im ,

ôóíêöèÿ fi óæå îïðåäåëåíà,

(3.3) fi(α
i
k(y)) =

k

2i
, k ∈ {1, . . . , 2i} .

Òàêæå ôóíêöèÿ fi îïðåäåëåíà è ëèíåéíà ïî íàøèì ïðå-
äûäóùèì ïðåäïîëîæåíèÿì íà âåðõíåé ñòîðîíå [aik−1, a

i
k]

êàæäîé òðàïåöèè Sik, k ∈ {1, . . . , 2i}. Ïðîäîëæèì fi ëè-
íåéíî íà îòðåçêè

[αik−1(y), αik(y)], y ∈ [1/2i, 1/2i−1], k ∈ {1, . . . , 2i} .
Îòìåòèì îòäåëüíî, ÷òî, â ÷àñòíîñòè, fi ëèíåéíà íà êàæäîì
îòðåçêå [bik−1, b

i
k].
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Ðèñ. 1. Ìíîæåñòâà Js2m−1 è ÷åòûðåõóãîëü-
íèêè Sik, íà êîòîðûå îíè äåëÿò ïîëîñû Bi.

Ëåãêî âèäåòü, ÷òî fi íåïðåðûâíà íà êàæäîì Sik. Òàêæå
íåïðåðûâíà ïî íàøåìó ïðåäïîëîæåíèþ è ôóíêöèÿ

fi|Di−1 = fi−1.

Òàê êàê ìíîæåñòâà Di−1, Sik, k ∈ {1, . . . , 2i}, îáðàçóþò êî-
íå÷íîå çàìêíóòîå ïîêðûòèå ïðîñòðàíñòâà Di, òî ôóíêöèÿ
fi íåïðåðûâíà íà D

i.
ßñíî, ÷òî fi|∂M = fi−1|∂M , òàê êàê ∂M ⊂ Di−1. Ïîýòîìó

fi|∂M = f0.
Ïî ïîñòðîåíèþ fi ìîíîòîííî âîçðàñòàåò îò (k− 1)/2i äî

k/2i íà êàæäîì èç îòðåçêîâ

[αik−1(y), αik(y)], y ∈ [1/2i, 1/2i−1],
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Ðèñ. 2. ×åòûðåõóãîëüíèê Sik.

ñì. (3.3). Îáúåäèíÿÿ ýòî ñ íàøèìè ïðåäûäóùèìè ïðåä-
ïîëîæåíèÿìè îòíîñèòåëüíî ôóíêöèè fi−1 çàêëþ÷àåì, ÷òî
ôóíêöèÿ fi( · , y) : [0, 1]→ R ìîíîòîííî âîçðàñòàåò îò 0 äî
1 ïðè êàæäîì ôèêñèðîâàííîì y ∈ [1/2i, 1].
Äëÿ êàæäîãî k ∈ {1, . . . , 2i−1} ñóùåñòâóåò åäèíñòâåííîå

ðàçëîæåíèå k = (2m− 1)2i−s. Ïî ïîñòðîåíèþ

J ik ∩Bi = Js2m−1 ∩Bi.

Ñëåäîâàòåëüíî,

Js2m−1 ∩Bi ⊂ f−1
i ( k

2i
) = f−1

i (2m−1
2s

),

s ∈ {1, . . . , i}, m ∈ {1, . . . , 2s−1} .
Èç ïðåäûäóùèõ ïðåäïîëîæåíèé òåïåðü âèäíî, ÷òî

Js2m−1 ∩Di ⊂ f−1
i (2m−1

2s
), s ∈ {1, . . . , i}, m ∈ {1, . . . , 2s−1} .
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Â ÷àñòíîñòè, fi(â
s
2k−1) = g0(âs2k−1).

Ïîâòîðèì ïðèâåäåííîå ïîñòðîåíèå äëÿ êàæäîãî i ∈ N.
Ïîëó÷èì íàáîð íåïðåðûâíûõ ôóíêöèé fi : Di → R, òàêèõ
÷òî fi|Ds = fs ïðè s < i.
Î÷åâèäíî, M =

⋃
i∈ND

i, ïîýòîìó îïðåäåëåíà ôóíêöèÿ

f : M → R,
f(z) = fi(z), åñëè z ∈ Di .

Òàê êàê äëÿ êàæäîãî z, òàêîãî ÷òî p2(z) > 0, ñóùåñòâó-
åò s ∈ N, äëÿ êîòîðîãî z ∈ IntDs â ïðîñòðàíñòâå M , òî
ôóíêöèÿ f íåïðåðûâíà íà ìíîæåñòâå [0, 1]× (0, 1]. Íåïðå-
ðûâíîñòü f íà íèæíåì îñíîâàíèè êâàäðàòà ìû ïðîâåðèì
íèæå.
Ïàðàëëåëüíî ñ ôóíêöèÿìè fi ìû ïîñòðîèëè íàáîð òî-

÷åê ai2k−1, i ∈ N, k ∈ {1, . . . , 2i−1}, êîòîðûå óäîâëåòâîðÿþò
óñëîâèÿì p1(ai2k−1) ∈ (0, 1), p2(ai2k−1) = 1/2i−1. Òàêæå ìû
ïîñòðîèëè íàáîð ïîïàðíî íåïåðåñåêàþùèõñÿ îòðåçêîâ

J i2k−1 = [ai2k−1, â
i
2k−1],

òàêèõ ÷òî

J i2k−1 ⊂ f−1(2k−1
2i

), i ∈ N, k ∈ {1, . . . , 2i−1} .
Ïî ïîñòðîåíèþ äëÿ ëþáîãî ôèêñèðîâàííîãî y ∈ (0, 1]

ôóíêöèÿ f( · , y) : [0, 1]→ R ìîíîòîííî âîçðàñòàåò îò 0 äî
1 íà îòðåçêå [0, 1].
Ôèêñèðóåì s ∈ N è m ∈ {1, . . . , 2s−1}. Ðàññìîòðèì îòðå-

çîê Js2m−1 = [as2m−1, â
s
2m−1] è ïðÿìîóãîëüíèêè

Rs = [0, 1]× [0, 1
2s−1 ] , Rs

0 = [0, 1]× (0, 1
2s−1 ) .

Ïóñêàé αs2m−1(y)� òî÷êà ïåðåñå÷åíèÿ îòðåçêîâ Js2m−1 è
[0, 1]× {y}, y ∈ [0, 1/2s−1].
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Îòðåçîê Js2m−1 ðàçáèâàåò ïîëîñó R
s
0 íà äâå ÷àñòè

Qs
2m−1(−) = {z ∈ Rs

0 | p1(z) < p1(αs2m−1(p2(z)))} ,
Qs

2m−1(+) = {z ∈ Rs
0 | p1(αs2m−1(p2(z))) < p1(z)} ,

(3.4)

ëåæàùèå ëåâåå è ïðàâåå ýòîãî îòðåçêà, ñîîòâåòñòâåííî. Ïî
ïîñòðîåíèþ

(3.5) f(Qs
2m−1(−)) ⊂ [0, 2m−1

2s
) f(Qs

2m−1(+)) ⊂ (2m−1
2s

, 1] .

Äîêàæåì, ÷òî f íåïðåðûâíà âî âñåõ òî÷êàõ z ∈ [0, 1]×{0}.
Ïóñòü ñíà÷àëà z ∈ (0, 1)× {0}. Òîãäà

f(z) = g0(z) = α ∈ (0, 1).

Ôèêñèðóåì ε > 0. Òàê êàê ÷èñëà (2k − 1)/2i, i ∈ N,
k ∈ {1, . . . , 2i−1}, âñå ðàçíûå è ïðè ôèêñèðîâàííîì i ∈ N
ðàçáèâàþò [0, 1] íà îòðåçêè äëèíû 1/2i, òî ñóùåñòâóþò s ∈
N è m ∈ {1, . . . , 2s−1}, äëÿ êîòîðûõ

α− ε < 2m− 1

2s
< α <

2m+ 1

2s
< α + ε .

Íåïåðåñåêàþùèåñÿ îòðåçêè Js2m−1 è J
s
2m+1 ðàçáèâàþò ïðÿ-

ìîóãîëüíèê Rs íà òðè ÷àñòè. Ðàññìîòðèì ìíîæåñòâî

T = {z ∈ Rs | p1(αs2m−1(p2(z))) < p1(z) < p1(αs2m+1(p2(z)))}

òî÷åê Rs, ëåæàùèõ ìåæäó îòðåçêàìè Js2m−1 è J
s
2m+1. Îíî

ïðåäñòàâëÿåò ñîáîé òðàïåöèþ ñ âåðøèíàìè as2m−1, a
s
2m+1,

âs2m+1, â
s
2m−1.

Ïî ïîñòðîåíèþ òî÷êà z ëåæèò íà íèæíåì îñíîâàíèè
ýòîé òðàïåöèè, ïðè÷åì z /∈ {âs2m−1, â

s
2m+1}. Ñëåäîâàòåëüíî

íàéäåòñÿ îêðåñòíîñòü U òî÷êè z â ïðîñòðàíñòâå M , ëåæà-
ùàÿ â T .
Ôóíêöèÿ f |[0,1]×{0} = g0 ìîíîòîííî íåóáûâàåò, ïîýòîìó

f(U ∩ ([0, 1]× {0})) ⊆ [f(âs2m−1), f(âs2m+1)] = [2m−1
2s

, 2m+1
2s

] .
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Îáúåäèíÿÿ ýòî çàìå÷àíèå è ñîîòíîøåíèÿ (3.4) è (3.5) çà-
êëþ÷àåì, ÷òî

f(U) ⊂ f(T ) = [2m−1
2s

, 2m+1
2s

] ⊂ (α− ε, α + ε) .

Òàê êàê ε > 0 ìîæåò áûòü âûáðàíî ïðîèçâîëüíî, òî ôóíê-
öèÿ f íåïðåðûâíà â òî÷êå z.
Åñëè z � îäíà èç òî÷åê {(0, 0), (1, 0)}, òî íåïðåðûâíîñòü

f â òî÷êå z äîêàçûâàåòñÿ àíàëîãè÷íî, ñ î÷åâèäíûìè èçìå-
íåíèÿìè.
Èòàê, ôóíêöèÿ f íåïðåðûâíà íà M .
Íàéäåì òåïåðü ìíîæåñòâî D(S, ∂M) S-îòäåëåííûõ òî-

÷åê è åãî çàìûêàíèå D(S, ∂M).
Ëåãêî âèäåòü (ñì. (3.4)), ÷òî äëÿ êàæäîãî

x ∈ [0, rs2m−1) = [0, p1(âs2m−1))

ñóùåñòâóåò îòêðûòàÿ îêðåñòíîñòü U(z) òî÷êè z = (x, 0)

â M , òàêàÿ ÷òî U(z) ∩ M̊ ⊂ Qs
2m−1. Ñëåäîâàòåëüíî, äëÿ

ëþáîãî y ∈ U(z) ∩ M̊ âûïîëíåíî íåðàâåíñòâî

f(y) < (2m− 1)/2s.

Òàêèì îáðàçîì, âñå òî÷êè ïîëóèíòåðâàëà

As2m−1 = [ls2m−1, r
s
2m−1)× {0} = (Is2m−1 × {0}) \ {âs2m−1}

ÿâëÿþòñÿ S-îòäåëåííûìè, òàê êàê ïðèíàäëåæàò ïî ïîñòðî-
åíèþ ìíîæåñòâó óðîâíÿ f−1((2m− 1)/2s). Òî÷êà âs2m−1 íå
ÿâëÿåòñÿ S-îòäåëåííîé, ïîòîìó ÷òî äëÿ ëþáîé îêðåñòíî-
ñòè V ýòîé òî÷êè

V ∩ M̊ ∩ f−1(2m−1
2s

) ⊃ V ∩ M̊ ∩ Js2m−1 6= ∅ .
Çàìåòèì åùå, ÷òî âñå òî÷êè ìíîæåñòâà

{1} × [0, 1] = f−1(1)

òàêæå ÿâëÿþòñÿ S-îòäåëåííûìè.
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Â ðàáîòå [2] äîêàçàíî ñëåäóþùåå ïðîñòîå óòâåðæäåíèå:
åñëè òî÷êà z ∈ ∂M ÿâëÿåòñÿ S-îòäåëåííîé, òî z ÿâëÿåò-
ñÿ òî÷êîé ëîêàëüíîãî ìàêñèìóìà ôóíêöèè f |∂M . Èç ýòîãî
ñëåäóåò, ÷òî äëÿ íàøåãî ïðèìåðà

D(S, ∂M) = ({1} × [0, 1]) ∪
⋃

i∈N, k∈{1,...,2i−1}

Ai2k−1 .

Â òî æå âðåìÿ ëåãêî âèäåòü, ÷òî

D(S, ∂M) = ([0, 1]× {0}) ∪ ({1} × [0, 1]) .

Ýòî ìíîæåñòâî ñâÿçíîå è f |D(S,∂M) 6≡ Const.
Äëÿ çàâåðøåíèÿ ïîñòðîåíèÿ ïðèìåðà íàì îñòàåòñÿ ïðî-

âåðèòü, ÷òî f ÿâëÿåòñÿ F -ôóíêöèåé.
Íåïðåðûâíîñòü f ìû óæå äîêàçàëè.
Ïðîâåðèì, ÷òî f îòêðûòà íà M̊ = (0, 1)× (0, 1).

Ïóñòü z = (x, y) ∈ M̊ . Ïî ïîñòðîåíèþ ôóíêöèÿ

f( · , y) : [0, 1]→ R

ñòðîãî ìîíîòîííà, ïîýòîìó äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî
ε > 0 ñïðàâåäëèâû íåðàâåíñòâà

f(x− ε, y) < f(z) < f(x+ ε, y)

è îáðàç ìíîæåñòâà

Iε(z) = {w ∈M | x− ε < p1(w) < x+ ε, p2(w) = y}

ñîäåðæèòñÿ â èíòåðâàëå (f(x−ε, y), f(x+ε, y)) 3 f(z). Òàê
êàê ôóíêöèÿ f íåïðåðûâíà, òî îíà ïðèíèìàåò íà èíòåðâà-
ëå Iε(z) âñå ïðîìåæóòî÷íûå çíà÷åíèÿ è

f(Iε(z)) = (f(x− ε, y), f(x+ ε, y)) .

ßñíî, ÷òî äëÿ êàæäîé îêðåñòíîñòè U òî÷êè z íàéäåòñÿ
ε > 0, òàêîå ÷òî Iε(z) ⊂ U . Ïîýòîìó f(U) ñîäåðæèò âìåñòå
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ñ òî÷êîé f(z) è åå îòêðûòóþ îêðåñòíîñòü

(f(x− ε, y), f(x+ ε, y)).

Òàêèì îáðàçîì, îòîáðàæåíèå f îòêðûòî â òî÷êå z ∈ M̊ .
Èç ïðîèçâîëà â âûáîðå z çàêëþ÷àåì, ÷òî f îòêðûòî íà M̊ .
Äîêàæåì òåïåðü ëîêàëüíóþ ñâÿçíîñòü ìíîæåñòâ óðîâíÿ

f â òî÷êàõ ìíîæåñòâà M̊ .
Ïóñòü z = (x, y) ∈ M̊ . Òîãäà ñóùåñòâóåò i ∈ N, òàêîå ÷òî

z ∈ (0, 1)× ( 1
2i
, 1) ⊂

i⋃
s=1

Bs .

Ïî ïîñòðîåíèþ äëÿ êàæäîãî s ∈ N ìíîæåñòâî

M z ∩Bs = f−1(f(z)) ∩Bs

ïðåäñòàâëÿåò ñîáîé ïðÿìîëèíåéíûé îòðåçîê, òàêîé ÷òî

p2(M z ∩Bs) = [1/2s, 1/2s−1].

Ïîýòîìó ìíîæåñòâî

M z ∩
( i⋃
s=1

Bs
)

ÿâëÿåòñÿ êîíå÷íîé ëîìàííîé ëèíèåé è ëîêàëüíî-ñâÿçíî. À
òàê êàê (0, 1)× (1/2i, 1)� îòêðûòîå ïîäìíîæåñòâî

⋃i
s=1B

s

â ïðîñòðàíñòâåM , òîM z ëîêàëüíî-ñâÿçíî â êàæäîé òî÷êå
ìíîæåñòâà (0, 1)× (1/2i, 1). Â ÷àñòíîñòè, è â òî÷êå z.

Èç ïðîèçâîëà â âûáîðå z ∈ M̊ ñëåäóåò, ÷òî êàæäîå ìíî-
æåñòâî óðîâíÿ ôóíêöèè f ëîêàëüíî-ñâÿçíî â òî÷êàõ M̊ .
Òàêèì îáðàçîì, ôóíêöèÿ f ÿâëÿåòñÿ F -ôóíêöèåé.
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Stringy Approach to the Minimal
Supersymmetric Standard Model

Yu.M. Malyuta, T.V. Obikhod

Superstring theory is applied to construct the Minimal Supersym-
metric Standard Model. The mass spectrum, partial widths and
production cross sections of superpartners are calculated. This ap-
proach gives concrete predictions for superpartner searches at the
LHC.

1. Introduction

The purpose of the present work is to construct the Min-
imal Supersymmetric Standard Model [1] from superstring
theory [2]. This aim is achieved by using the notion of de-
rived category [3]. Such approach allows to determine the
mass spectrum, partial widths and production cross sections
of superpartners.
These predictions are important from experimental point

of view as they are connected with searches for new physics
at the LHC.

2. Derived category

Derived categories are the mathematical foundation of su-
perstring theory. We consider the derived category over the
abelian category of McKay quivers. Objects of this cate-
gory are McKay quivers [3]. (numbers a, b, c denote orbifold
charges [4]), morphisms of this category are Exti groups [4].

c© Yu.M. Malyuta, T.V. Obikhod, 2010
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In this approach D-branes are described by quivers, and
superstrings are described by Exti groups. The interaction
between D-branes mediated by the superstring is described
by the following diagram

3. Particle content

It was shown in [5] that the moduli space of the superstring
has the form

Ext0(Q,Q
′
) = Caa

′
+bb
′
+cc
′

Ext1(Q,Q
′
) = C3ab

′
+3bc

′
+3ca

′ (1)

Substituting in (1) orbifold charges

a = b = c = a′ = b′ = c′ = 4

and using the Langlands hypothesis [6], we obtain the real-
ization of (1) in terms of SU(5) multiplets

3× (24 + 5H + 5H + 5M + 5M + 10M + 10M) .
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This result determines the particle content of the MSSM.

4. Superpotential

The gauge invariant MSSM superpotential takes the form

WSU(5) = λdij · 5H × 5
(i)
M × 10

(j)
M +

+ λuij · 5H × 10
(i)
M × 10

(j)
M + µ · 5H × 5H ,

(2)

where 5H and 5H are Higgs multiplets, 5
(i)
M and 10

(j)
M are mul-

tiplets of quark and lepton superpartners, λdij, λ
u
ij are Yukawa

coupling constants and µ is the Higgs mixing parameter.

5. Mass spectrum

The analysis of Yukawa coupling constants, based on obser-
vational hints and theoretical considerations, allows to restrict
the parameter space in (2) to �ve free parameters [7]:

M0 = 0.01 GeV, M1/2 = 600 GeV, A0 = 0,

tanβ = 35, sgn(µ) = +1.
(3)

Using this restricted parameter set it is possible to calcu-
late the mass spectrum of superpartners by application of the
computer program SOFTSUSY [8]. This MSSM spectrum is
shown in Table 1.

Table 1

GeV GeV GeV
ũR 1187 g̃ 1354
ũL 1232 ν̃e 391 χ̃0

1 249

d̃R 1182 ẽR 224 χ̃0
2 471

d̃L 1235 ẽL 398 χ̃0
3 727

c̃R 1187 χ̃0
4 738

c̃L 1232 ν̃µ 391 χ̃±1 470

s̃R 1182 µ̃R 224 χ̃±2 738
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s̃L 1235 µ̃L 398

t̃1 958 h0 116

t̃2 1155 ν̃τ 379 A0 671

b̃1 1095 τ̃1 127 H0 671

b̃2 1148 τ̃2 408 H± 676

6. Partial widths

Using the parameter set (3) it is possible to calculate partial
widths of superpartners by application of the computer pro-
gram SDECAY [9]. These partial widths are shown in Tables
2, 3, 4, 5.

Table 2

channel BR channel BR
ν̃e χ̃0

1νe 1.000
ẽL χ̃0

1e 1.000
ν̃µ χ̃0

1νµ 1.000
µ̃L χ̃0

1µ 1.000
ν̃τ χ̃0

1ντ 0.072 τ̃1W
+ 0.928

τ̃2 χ̃0
1τ 0.107 τ̃1Z 0.527

τ̃1h
0 0.365

ũR χ̃0
1u 0.997 χ̃0

4u 0.002

ũL χ̃0
1u 0.013 χ̃+

1 d 0.646
χ̃0
2u 0.320 χ̃+

2 d 0.012
χ̃0
4u 0.008

d̃R χ̃0
1d 0.997 χ̃0

4d 0.002

d̃L χ̃0
1d 0.016 χ̃−1 u 0.628
χ̃0
2d 0.317 χ̃−2 u 0.027
χ̃0
4d 0.011

c̃R χ̃0
1c 0.997 χ̃0

4c 0.002

c̃L χ̃0
1c 0.013 χ̃+

1 s 0.646
χ̃0
2c 0.320 χ̃0

2s 0.012
χ̃0
4c 0.008

s̃R χ̃0
1s 0.997 χ̃0

4s 0.002
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s̃L χ̃0
1s 0.016 χ̃−1 c 0.628
χ̃0
2s 0.317 χ̃−2 c 0.027
χ̃0
4s 0.011

t̃1 χ̃0
1t 0.216 χ̃0

4t 0.032
χ̃0
2t 0.105 χ̃+

1 b 0.249
χ̃0
3t 0.171 χ̃+

2 b 0.227

Table 3

channel BR channel BR

t̃2 χ̃0
1t 0.025 χ̃+

1 b 0.247
χ̃0
2t 0.111 χ̃+

2 b 0.165
χ̃0
3t 0.114 t̃1h

0 0.045
χ̃0
4t 0.213 t̃1Z 0.080

b̃1 χ̃0
1b 0.055 χ̃−1 t 0.390
χ̃0
2b 0.220 χ̃−2 t 0.183
χ̃0
3b 0.063 t̃1W

− 0.047
χ̃0
4b 0.041

b̃2 χ̃0
1b 0.023 χ̃−1 t 0.161
χ̃0
2b 0.091 χ̃−2 t 0.425
χ̃0
3b 0.079 t̃1W

− 0.125
χ̃0
4b 0.095

g̃ d̃Ld
∗ 0.019 c̃Lc

∗ 0.020

d̃∗Ld 0.019 c̃∗Lc 0.020

d̃Rd
∗ 0.038 c̃Rc

∗ 0.036

d̃∗Rd 0.038 c̃∗Rc 0.036

ũLu
∗ 0.020 b̃1b

∗ 0.078

ũ∗Lu 0.020 b̃∗1b 0.078

ũRu
∗ 0.036 b̃2b

∗ 0.054

ũ∗Ru 0.036 b̃∗2b 0.054
s̃Ls
∗ 0.019 t̃1t

∗ 0.097
s̃∗Ls 0.019 t̃∗1t 0.097
s̃Rs
∗ 0.038 t̃2t

∗ 0.043
s̃∗Rs 0.038 t̃∗2t 0.043
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Table 4

channel BR channel BR

A0 bb∗ 0.858 τ̃−1 τ̃
+
2 0.004

τ+τ− 0.130 τ̃+1 τ̃
−
2 0.004

tt∗ 0.002

H0 bb∗ 0.859 τ̃−1 τ̃
+
1 0.003

τ+τ− 0.130 τ̃−1 τ̃
+
2 0.002

tt∗ 0.002 τ̃+1 τ̃
−
2 0.002

H+ cb∗ 0.001 tb∗ 0.818
τ+ντ 0.169 τ̃+1 ν̃τ 0.010

χ̃0
1 ẽ−Re

+ 0.032 µ̃+
Rµ
− 0.032

ẽ+Re
− 0.032 τ̃−1 τ

+ 0.436
µ̃−Rµ

+ 0.032 τ̃+1 τ
− 0.436

χ̃0
2 χ̃0

1Z 0.001 τ̃−2 τ
+ 0.037

χ̃0
1h

0 0.010 τ̃+2 τ
− 0.037

ẽ−Le
+ 0.056 ν̃eν

∗
e 0.064

ẽ+Le
− 0.056 ν̃∗eνe 0.064

µ̃−Lµ
+ 0.056 ν̃µν

∗
µ 0.064

µ̃+
Lµ
− 0.056 ν̃∗µνµ 0.064

τ̃−1 τ
+ 0.135 ν̃τν

∗
τ 0.081

τ̃+1 τ
− 0.135 ν̃∗τ ντ 0.081

χ̃0
3 χ̃0

1Z 0.080 χ̃0
2h

0 0.007
χ̃0
2Z 0.193 τ̃−1 τ

+ 0.088
χ̃+
1 W

− 0.211 τ̃+1 τ
− 0.088

χ̃−1 W
+ 0.211 τ̃−2 τ

+ 0.051
χ̃0
1h

0 0.016 τ̃+2 τ
− 0.051

Table 5

channel BR channel BR

χ̃0
4 χ̃0

1Z 0.016 µ̃−Rµ
+ 0.001

χ̃0
2Z 0.009 µ̃+

Rµ
− 0.001

χ̃+
1 W

− 0.208 τ̃−1 τ
+ 0.061

χ̃−1 W
+ 0.208 τ̃+1 τ

− 0.061
χ̃0
1h

0 0.069 τ̃−2 τ
+ 0.058

χ̃0
2h

0 0.171 τ̃+2 τ
− 0.058
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ẽ−Le
+ 0.005 ν̃eν

∗
e 0.009

ẽ+Le
− 0.005 ν̃∗eνe 0.009

ẽ−Re
+ 0.001 ν̃µν

∗
µ 0.009

ẽ+Re
− 0.001 ν̃∗µνµ 0.009

µ̃−Lµ
+ 0.005 ν̃τν

∗
τ 0.010

µ̃+
Lµ
− 0.005 ν̃∗τ ντ 0.010

χ̃+
1 ν̃ee

+ 0.135 µ̃+
Lνµ 0.108

ν̃µµ
+ 0.135 τ̃+1 ντ 0.261

ν̃ττ
+ 0.176 τ̃+2 ντ 0.067

ẽ+Lνe 0.108 χ̃0
1W

+ 0.010

χ̃+
2 ν̃ee

+ 0.009 τ̃+2 ντ 0.051
ν̃µµ

+ 0.009 χ̃+
1 Z 0.206

ν̃ττ
+ 0.105 χ̃0

1W
+ 0.079

ẽ+Lνe 0.020 χ̃0
2W

+ 0.214
µ̃+
Lνµ 0.020 χ̃+

1 h
0 0.183

τ̃+1 ντ 0.104

7. Cross sections

Using the parameter set (3) it is possible to calculate pro-
duction cross sections of superpartners by application of the
computer program PYTHIA [10]. These cross sections at
center-of-mass energy

√
s = 14 TeV are shown in Table 6.

Table 6
channel cross section
gg → g̃g̃ σg̃g̃ = 0.307 pb
gu → g̃ũ σg̃ũ = 0.891 pb

du → d̃ũ σd̃ũ = 0.466 pb
uu → χ̃+

1 χ̃
−
1 σχ̃+

1 χ̃
−
1
= 0.157 pb

du → χ̃+
1 χ̃

0
2 σχ̃+

1 χ̃
0
2
= 0.208 pb

8. Comparison with experiments

Comparison of the predicted MSSM spectrum with experi-
mental data obtained at the LEP and TEVATRON [11] (see
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Table 7) shows, that the calculated masses exceed the lower
limits on masses reached at colliders.
New searches for superpartners will be made at the LHC.

Table 7
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S1-ôóíêöèè Áîòòà è íåñèíãóëÿðíûå
ïîòîêè Ìîðñà-Ñìåéëà íà ìíîãîîáðàçèÿõ

Â. Â. Øàðêî

Âèâ÷àþòüñÿ S1-ôóíêöii Ìîðñà-Áîòòà íà ãëàäêèõ ìíîãîâèäàõ. Âè-
êîðèñòîâóþ÷è S1-ôóíêöii Ìîðñà-Áîòòà, ÿê ôóíêöii Ëÿïóíîâà äëÿ
íåñèíãóëÿðíèõ ïîòîêiâ Ìîðñà-Ñìåéëà íà ìíîãîâèäàõ çíàéäåíî
êðèòåðii âiäñóòíîñòi ó íèõ çàêðó÷åíèõ çàìêíåíèõ îðáiò.

Investigate S1-Morse-Bott functions on smooth manifolds. Using S1-
Morse-Bott functions as Lyapunov functions for non-singular Morse-
Smale flows on manifolds were found criteria absence they of twisted
closed orbits.

1. Ââåäåíèå

Îáîçíà÷èì ÷åðåç Xr(Mn) ïðîñòðàíñòâî Cr-âåêòîðíûõ ïî-
ëåé íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè Mn. Ïðîñòðàí-
ñòâî Xr(Mn) ñîäåðæèò îòêðûòîå ìíîæåñòâî, ñîñòîÿùåå èç
âåêòîðíûõ ïîëåé Ìîðñà-Ñìåéëà. Êàê èçâåñòíî, èíâàðè-
àíòíûå ìíîæåñòâà ïîòîêîâ, ïîðîæäåííûõ âåêòîðíûìè ïî-
ëÿìè Ìîðñà-Ñìåéëà, ñîñòîÿò èç ãèïåðáîëè÷åñêèõ òî÷åê è
çàìêíóòûõ îðáèò. Îêðåñòíîñòè çàìêíóòûõ îðáèò áûâàþò
äâóõ òèïîâ: çàêðó÷åííûìè è íåçàêðó÷åííûìè (ñì. îïðåäå-
ëåíèÿ â ðàçäåëå 4).
Â ýòîé ðàáîòå ìû ðàññìàòðèâàåì âîïðîñ, êîãäà ó íåñèí-

ãóëÿðíîãî âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà âñå çà-

ìêíóòûå îðáèòû ÿâëÿþòñÿ íåçàêðó÷åííûìè.
Äëÿ ýòîãî èññëåäóþòñÿ, òàê íàçûâàåìûå, S1-ôóíêöèåé

Áîòòà íà ìíîãîîáðàçèè Mn, ò.å. ôóíêöèè, ó êîòîðûõ êðè-
òè÷åñêèå òî÷êè îáðàçóþò íåâûðîæäåííûå îêðóæíîñòè.

c© Øàðêî Â. Â., 2010
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Ðàññìîòðåíèå òàêèõ ôóíêöèé îáóñëîâëåíî òåì îáñòîÿ-
òåëüñòâîì, ÷òî äëÿ ëþáîãî íåñèíãóëÿðíîãî âåêòîðíîãî ïî-
ëÿ Ìîðñà-Ñìåéëà âñåãäà ñóùåñòâóåò ôóíêöèÿ Ëÿïóíîâà,
êîòîðàÿ ÿâëÿåòñÿ S1-ôóíêöèåé Áîòòà.
Ñ S1-ôóíêöèÿìè Áîòòà íà ìíîãîîáðàçèè Mn òåñíî ñâÿ-

çàí áîëåå ãèáêèé îáúåêò � ðàçëîæåíèå ìíîãîîáðàçèÿ Mn

íà êðóãëûå ðó÷êè. Â ñâîþ î÷åðåäü, äëÿ èññëåäîâàíèÿ ðàç-
ëîæåíèÿ ìíîãîîáðàçèÿMn íà êðóãëûå ðó÷êè èñïîëüçóåòñÿ
äèàãðàììà, ò.å. íåêîòîðûé ãðàô, êîòîðûé íåñåò èíôîðìà-
öèþ î êðóãëûõ ðó÷êàõ.
Ïðåäëîæåíèå 4.2 äàåò ëîêàëüíûé êðèòåðèé, êîãäà âñå

îðáèòû íåñèíãóëÿðíîãî âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà íà
ïðîèçâîëüíîì çàìêíóòîì ìíîãîîáðàçèè áóäóò íåçàêðó÷åí-
íûìè.
Â ïðåäëîæåíèå 4.3 ïðèâåäåí äðóãîé êðèòåðèé îòñóòñòâèÿ

ó âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà íà çàìêíóòîì îäíîñâÿç-
íîì ìíîãîîáðàçèè Mn íåçàêðó÷åííûõ îðáèò (n > 5).

2. S1-ôóíêöèè Áîòòà

Ïóñòü Mn � ãëàäêîå ìíîãîîáðàçèå, f : Mn → [0, 1]�
ãëàäêàÿ ôóíêöèÿ è x ∈ Mn � åå êðèòè÷åñêàÿ òî÷êà. Ðàñ-
ñìîòðèì ãåññèàí Γx(f) : Tx × Tx → R â ýòîé òî÷êå. Íà-
ïîìíèì, ÷òî èíäåêñîì ãåññèàíà íàçûâàåòñÿ ìàêñèìàëüíàÿ
ðàçìåðíîñòü ïîäïðîñòðàíñòâà Tx íà êîòîðîì Γx(f) îòðè-
öàòåëüíî îïðåäåëåí. Èíäåêñ Γx(f) íàçûâàåòñÿ èíäåêñîì
êðèòè÷åñêîé òî÷êè x, à êîðàíã Γx(f)� å¼ êîðàíãîì. Ïðåä-
ïîëîæèì, ÷òî ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè f
îáðàçóåò íåñâÿçíîå îáúåäèíåíèå ãëàäêèõ ïîäìíîãîîáðàçèé
Ki
j ðàçìåðíîñòåé íå ïðåâûøàþùåé n−1. Ñâÿçíîå êðèòè÷å-

ñêîå ïîäìíîãîîáðàçèå Ki0
j0
íàçûâàåòñÿ íåâûðîæäåííûì,
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åñëè ãåññèàí íåâûðîæäåí íà ïîäïðîñòðàíñòâàõ íîðìàëü-
íûì êKi0

j0
(ò.å. èìååò êîðàíã ðàâíûé n−i0) â êàæäîé òî÷êå

x ∈ Ki0
j0
.

Îïðåäåëåíèå 1. Ôóíêöèÿ f : Mn → [0, 1] íàçûâàåòñÿ
ôóíêöèåé Áîòòà, åñëè âñå åå êðèòè÷åñêèå òî÷êè îáðàçó-
þò íåâûðîæäåííûå êðèòè÷åñêèå ãëàäêèå ïîäìíîãîîáðà-
çèÿ íåïåðåñåêàþùèåñÿ ñ êðàåì Mn.

Ðàññìîòðèì îäèí âàæíûé ñëó÷àé ôóíêöèé Áîòòà.

Îïðåäåëåíèå 2. Ôóíêöèÿ f : Mn → [0, 1] íàçûâàåòñÿ
S1-ôóíêöèåé Áîòòà, åñëè âñå åå êðèòè÷åñêèå òî÷êè îá-
ðàçóþò íåâûðîæäåííûå êðèòè÷åñêèå îêðóæíîñòè.

Çàìåòèì, ÷òî S1-ôóíêöèè Áîòòà ñóùåñòâóþò íå íà âñÿ-
êîì ãëàäêîì ìíîãîîáðàçèè [12]. S1-ôóíêöèè Áîòòà èçó÷à-
ëè è èñïîëüçîâàëè ìíîãèå àâòîðû [1-7, 9, 11, 14]. Ñëåäóþ-
ùóþ òåîðåìó ìîæíà íàéòè â [8,11].

Òåîðåìà 1. Ïóñòü Mn� ãëàäêîå çàìêíóòîå ìíîãîîáðà-
çèå, f : Mn → [0, 1]� S1-ôóíêöèÿ Áîòòà è γ ⊂ Mn� åå
êðèòè÷åñêàÿ îêðóæíîñòü. Ñóùåñòâóåò ñèñòåìà êîîðäè-
íàò â îêðåñòíîñòè γ îäíîãî èç äâóõ òèïîâ:
1) òðèâèàëüíàÿ ν : S1 ×Dn−1(ε) → Mn , ãäå Dn−1(ε)�

äèñê ðàäèóñà ε, ν(S1 × 0) = γ è

f(ν(θ, x)) = −x2
1 − . . .− x2

λ + x2
λ+1 + . . .+ x2

n−1,

äëÿ (θ, x) ∈ S1 ×Dn−1(ε),
2) ñêðó÷åííàÿ τ : ([0, 1] × Dn−1(ε)/ ∼) → Mn, ãäå τ �

ãëàäêîå âëîæåíèå, òàêîå, ÷òî (τ([0, 1])× 0/ ∼) = γ è

f(τ(t, x)) = −x2
1 − . . .− x2

λ + x2
λ+1 + . . .+ x2

n−1,

äëÿ (t, x) ∈ (τ : [0, 1] × Dn−1(ε)/ ∼). Çäåñü ïðîñòðàíñòâî
[0, 1]×Dn−1(ε)/ ∼ äèôôåîìîðôíî S1×Dn−1(ε) ñ ïîìîùüþ
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îòîæäåñòâëåíèÿ 0 ×Dn−1(ε) è 1 ×Dn−1(ε) ïîñðåäñòâîì
îòîáðàæåíèÿ

(0, x1, . . ., xλ, xλ+1, . . ., xn−1)↔ (1,−x1, . . ., xλ,−xλ+1, . . ., xn−1).

×èñëî λ íàçûâàåòñÿ èíäåêñîì êðèòè÷åñêîé îêðóæíî-
ñòè γ.

Ïóñòü Mn � ãëàäêîå ìíîãîîáðàçèå è f : Mn → [0, n]�
S1-ôóíêöèÿ Áîòòà. Ãîâîðÿò, ÷òî f � ïðàâèëüíàÿ S1-ôóíê-
öèÿ Áîòòà, åñëè ïîäìíîãîîáðàçèå Mi(f) = f−1[0, i + 1

2
]

ñîäåðæèò âñå çàìêíóòûå îðáèòû èíäåêñîâ λ ≤ i. Êàæ-
äàÿ ïðàâèëüíàÿ S1-ôóíêöèÿ Áîòòà îïðåäåëÿåò ôèëüòðà-
öèþ ìíîãîîáðàçèÿ Mn

M0(f) ⊂M1(f) ⊂ . . . ⊂Mn−1(f) ⊂Mn.

Èçâåñòíî, [11], ÷òî ñóùåñòâîâàíèå íà ìíîãîîáðàçèè ïðà-
âèëüíûõ S1-ôóíêöèé Áîòòà ýêâèâàëåíòíî ðàçëîæåíèþ ýòî-
ãî ìíîãîîáðàçèÿ íà êðóãëûå ðó÷êè. Íàïîìíèì íåîáõîäè-
ìûå îïðåäåëåíèÿ.

Îïðåäåëåíèå 3. n-ìåðíîé êðóãëîé ðó÷êîé Rλ èíäåêñà λ
íàçûâàåòñÿ

Rλ = S1 ×Dλ ×Dn−λ−1,

ãäå Di� äèñê ðàçìåðíîñòè i.
Ñêðó÷åííîé (twisted) n-ìåðíîé êðóãëîé ðó÷êîé TRλ èí-

äåêñà λ (0 < λ < n−1) íàçûâàåòñÿ ôàêòîð-ïðîñòðàíñòâî

TRλ = [0, 1]×Dλ ×Dn−λ−1/ ∼,
ãäå îòîæäåñòâëåíèå çàäàåòñÿ ïîñðåäñòâîì îòîáðàæåíèÿ:

(0, x1, . . ., xλ, xλ+1, . . ., xn−1)↔ (1,−x1, . . ., xλ,−xλ+1, . . ., xn−1).

Ïî-âèäèìîìó, Òåðñòîí, [15], ïåðâûì îòìåòèë, ÷òî ñó-
ùåñòâîâàíèå íà ìíîãîîáðàçèè S1-ôóíêöèé Áîòòà ýêâèâà-
ëåíòíî ðàçëîæåíèþ ýòîãî ìíîãîîáðàçèÿ íà êðóãëûå ðó÷êè.
Îïèøåì ýòîò ôàêò ïîäðîáíåå.
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Îïðåäåëåíèå 4. Ãîâîðÿò, ÷òî ìíîãîîáðàçèå Mn
λ ïîëó-

÷åíî èç ãëàäêîãî ìíîãîîáðàçèÿ Mn ñ ïîìîùüþ ïðèêëåéêè
êðóãëîé ðó÷êè èíäåêñà λ, åñëè

Mn
λ = Mn

⋃
ϕ

S1 ×Dλ ×Dn−λ−1,

ãäå ϕ : S1 × ∂Dλ ×Dn−λ−1 −→ ∂Mn� ãëàäêîå âëîæåíèå.
ÌíîãîîáðàçèåMn

λ ïîëó÷åíî èç ãëàäêîãî ìíîãîîáðàçèÿM
n

ñ ïîìîùüþ ïðèêëåèâàíèÿ ñêðó÷åííîé êðóãëîé ðó÷êè èí-
äåêñà λ, åñëè

Mn
λ = Mn

⋃
ϕ

[0, 1]×Dλ ×Dn−λ−1/ ∼,

ãäå ϕ : [0, 1]× ∂Dλ×Dn−λ−1/ ∼−→ ∂Mn� ãëàäêîå âëîæå-
íèå.

Îïðåäåëåíèå 5. Ðàçëîæåíèåì ãëàäêîãî ìíîãîîáðàçèÿ
Mn íà êðóãëûå ðó÷êè íàçûâàåòñÿ ôèëüòðàöèÿ

∂Mn × [0, 1] = Mn
0 (R) ⊂Mn

1 (R) ⊂ . . . ⊂Mn
n−1(R) = Mn,

ãäå ìíîãîîáðàçèåMn
i (R) ïîëó÷åíî èç ìíîãîîáðàçèÿMn

i−1(R)
ñ ïîìîùüþ ïðèêëåèâàíèÿ êðóãëûõ è ñêðó÷åííûõ êðóãëûõ
ðó÷åê èíäåêñà i. Â ñëó÷àå, êîãäà Mn� çàìêíóòîå ìíîãî-
îáðàçèå ôèëüòðàöèÿ íà÷èíàåòñÿ ñ êðóãëûõ ðó÷åê èíäåêñà
0.

Íàïîìíèì ñâÿçü ìåæäó S1-ôóíêöèÿìè Áîòòà è ðàçëî-
æåíèåì íà êðóãëûå ðó÷êè, [11].

Òåîðåìà 2. Ïóñòü Mn� ãëàäêîå çàìêíóòîå ìíîãîîáðà-
çèå. Ñëåäóþùèå äâà óñëîâèÿ ýêâèâàëåíòíû:
1) òðèâèàëüíàÿ ν : S1 ×Dn−1(ε) → Mn , ãäå Dn−1(ε)�

äèñê ðàäèóñà ε, ν(S1 × 0) = γ è

f(ν(θ, x)) = −x2
1 − . . .− x2

λ + x2
λ+1 + . . .+ x2

n−1,
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äëÿ (θ, x) ∈ S1 ×Dn−1(ε),
2) ñêðó÷åííàÿ τ : ([0, 1] × Dn−1(ε)/ ∼) → Mn, ãäå τ �

ãëàäêîå âëîæåíèå, òàêîå, ÷òî (τ([0, 1])× 0/ ∼) = γ è

f(τ(t, x)) = −x2
1 − . . .− x2

λ + x2
λ+1 + . . .+ x2

n−1,

äëÿ (t, x) ∈ (τ : [0, 1] × Dn−1(ε)/ ∼). Çäåñü ôàêòîð-ïðî-
ñòðàíñòâî [0, 1]×Dn−1(ε)/ ∼ äèôôåîìîðôíî S1×Dn−1(ε)
ñ ïîìîùüþ îòîæäåñòâëåíèÿ 0 × Dn−1(ε) è 1 × Dn−1(ε)
ïîñðåäñòâîì îòîáðàæåíèÿ

(0, x1, . . ., xλ, xλ+1, . . ., xn−1)↔ (1,−x1, . . ., xλ,−xλ+1, . . ., xn−1).

Òàêèì îáðàçîì êàæäàÿ ïðàâèëüíàÿ S1-ôóíêöèÿ Áîòòà
íà ìíîãîîáðàçèè Mn, ïîðîæäàåò ðàçëîæåíèå Mn íà êðóã-
ëûå ðó÷êè è íàîáîðîò.
Ä. Àçèìîâó ïðèíàäëåæèò ñëåäóþùèé ðåçóëüòàò [5]

Òåîðåìà 3. Ïóñòü Mn� ãëàäêîå çàìêíóòîå ìíîãîîáðà-
çèå (n > 3) è ýéëåðîâà õàðàêòåðèñòèêà χ(Mn) = 0. Òîãäà
Mn äîïóñêàåò ðàçëîæåíèå íà êðóãëûå ðó÷êè.

Äëÿ 3-ìíîãîîáðàçèé ñèòóàöèÿ çíà÷èòåëüíî ñëîæíåå �
ñóùåñòâóþò çàìêíóòûå òðåõìåðíûå ìíîãîîáðàçèÿ íå äî-
ïóñêàþùèå ðàçëîæåíèå íà êðóãëûå ðó÷êè, [1,12].
Ïîñêîëüêó íàñ èíòåðåñóþò óñëîâèÿ, êîãäà S1-ôóíêöèÿ

Áîòòà íà ìíîãîîáðàçèè Mn îáëàäàåò òåì ñâîéñòâîì, ÷òî
âñå åå êðèòè÷åñêèå îêðóæíîñòè èìåþò òðèâèàëüíûå ñè-
ñòåìû êîîðäèíàò, íàïîìíèì íåîáõîäèìûå ôàêòû, [4].
Ïî îïðåäåëåíèþ n-ìåðíîé ðó÷êîé Hλ èíäåêñà λ íàçû-

âàåòñÿ ïðîèçâåäåíèå

Hλ = Dλ ×Dn−λ.

Ãîâîðÿò, ÷òî ãëàäêîå ìíîãîîáðàçèå Mn
λ ïîëó÷åíî èç ãëàä-

êîãî ìíîãîîáðàçèÿ Mn ñ ïîìîùüþ ïðèêëåèâàíèÿ ðó÷êè
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èíäåêñà λ, åñëè

Mn
λ = Mn

⋃
ϕ

Dλ ×Dn−λ,

ãäå ϕ : ∂Dλ ×Dn−λ −→ ∂Mn � ãëàäêîå âëîæåíèå. ∂Dλ × 0
(Dλ×0) íàçûâàåòñÿ ñðåäíåé ñôåðîé (äèñêîì), à ∂Dn−λ×0
(Dn−λ×0)�êîñðåäíåé ñôåðîé (äèñêîì) ðó÷êè Dλ×Dn−λ.
Ðàçëîæåíèå ãëàäêîãî ìíîãîîáðàçèÿ Mn íà ðó÷êè íàçû-

âàåòñÿ ôèëüòðàöèÿ

∂Mn × [0, 1] = Mn
0 ⊂Mn

1 ⊂ . . . ⊂Mn
n = Mn,

ãäå ìíîãîîáðàçèå Mn
i ïîëó÷åíî èç ìíîãîîáðàçèÿ Mn

i−1 ñ
ïîìîùüþ ïðèêëåèâàíèÿ ðó÷åê èíäåêñà i. Â ñëó÷àå, êîãäà
Mn � çàìêíóòîå ìíîãîîáðàçèå ôèëüòðàöèÿ íà÷èíàåòñÿ ñ
ðó÷åê èíäåêñà 0.
Ìåæäó ðàçëîæåíèåì ìíîãîîáðàçèÿ íà êðóãëûå ðó÷êè è

îáû÷íûå ðó÷êè ñóùåñòâóåò òåñíàÿ ñâÿçü, â [5] äîêàçàíà
ñëåäóþùàÿ ëåììà

Ëåììà 1. Ïóñòü Mn = Mn
1 + Hλ + Hλ+1 � ãëàäêîå ìíî-

ãîîáðàçèå ïîëó÷åííîå èç ìíîãîîáðàçèÿ ñ êðàåì Mn
1 ñ ïî-

ìîùüþ ïðèêëåèâàíèÿ ðó÷åê èíäåêñîâ λ è λ + 1, êîòîðûå
íå ïåðåñåêàþòñÿ (n > 2). Òîãäà, åñëè λ > 0, ìíîãîîáðàçèå
Mn ïðåäñòàâèìî â âèäåMn = Mn

1 +Rλ, ãäå Rλ îáîçíà÷àåò
êðóãëóþ ðó÷êó èíäåêñà λ.

Èìååò ìåñòî óòâåðæäåíèå.

Ëåììà 2. Ïóñòü Mn� ãëàäêîå ìíîãîîáðàçèå (n > 2),
ïîëó÷åíî èç ìíîãîîáðàçèÿ ñ êðàåì Mn

1 ñ ïîìîùüþ ïðè-
êëåèâàíèÿ êðóãëîé (èëè ñêðó÷åííîé êðóãëîé) ðó÷êè èí-
äåêñà λ > 0. Òîãäà ìíîãîîáðàçèå Mn ïðåäñòàâèìî â âèäå
Mn = Mn

1 +Hλ +Hλ+1.
Åñëè ïðèêëåèâàëàñü êðóãëàÿ ðó÷êà Rλ, òî èíäåêñ ïåðå-

ñå÷åíèÿ Hλ è Hλ+1 áóäåò ðàâåí 0.
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Åñëè ïðèêëåèâàëàñü ñêðó÷åííàÿ ðó÷êà TRλ, òî èíäåêñ
ïåðåñå÷åíèÿ Hλ è Hλ+1 áóäåò ðàâåí ±2.

Äîêàçàòåëüñòâî. Ñëó÷àé, êîãäà ïðèêëåèâàåòñÿ êðóãëàÿ ðó÷-
êà äîêàçàí â [4] (ëåììà VIII.2). Åñëè ê ìíîãîîáðàçèþ Mn

1

ïðèêëåèâàåòñÿ ñêðó÷åííàÿ ðó÷êà TRλ, òî ðàññóæäåíèÿ,
ôàêòè÷åñêè, àíàëîãè÷íûå. Ïóñòü

ϕ : [0, 1]× ∂Dλ ×Dn−λ−1/ ∼ −→ ∂Mn
1

ïðèêëåèâàþùåå îòîáðàæåíèå.
Ïðåäñòàâèì ϕ([0, 1] × 0 × 0/ ∼)� â âèäå ñóììû äâóõ

îòðåçêîâ I1 è I2 òàêèõ, ÷òî

I1 ∩ I2 = ∂I1 = ∂I2, I1 ∪ I2 = ϕ([0, 1]× 0× 0/ ∼).

Ðàññìîòðèì ïîäìíîãîîáðàçèå Hλ = I1×Dλ×Dn−λ−1, î÷å-
âèäíî åãî ìîæíî ñ÷èòàòü ðó÷êîé èíäåêñà λ, êîòîðàÿ ïðè-
êëåèâàåòñÿ ê ∂Mn

1 ïî ìíîæåñòâó ∂Dλ ×Dn−λ−1 × I1 ñ ïî-
ìîùüþ oãðàíè÷åíèÿ îòîáðàæåíèÿ ϕ. Î÷åâèäíî, ÷òî ìíî-
ãîîáðàçèå

Hλ+1 = TRλ \ (I1 ×Dλ ×Dn−λ−1) = I2 ×Dλ ×Dn−λ−1

ÿâëÿåòñÿ ðó÷êîé èíäåêñà λ + 1, êîòîðàÿ ïðèêëåèâàåòñÿ ê
∂(Mn

1 ∪Hλ) ïî ìíîæåñòâó (∂I2×Dλ ∪ I2× ∂Dλ)×Dn−λ−1.
Ïî ïîñòðîåíèþ èíäåêñ ïåðåñå÷åíèÿ ýòèõ äâóõ ðó÷åê ðàâåí
±2. �

Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 3. ÏóñòüMn� ãëàäêîå çàìêíóòîå ìíîãîîáðàçèå,
f : Mn → [0, 1]� S1-ôóíêöèÿ Áîòòà, c� åå êðèòè÷åñêîå
çíà÷åíèå è ïóñòü ε > 0, òàêîå, ÷òî íà îòðåçêå [c−ε, c+ε]
äðóãèõ êðèòè÷åñêèõ çíà÷åíèé íåò. Ïðåäïîëîæèì, ÷òî íà
ïîâåðõíîñòè óðîâíÿ f−1(c) ëåæàò êðèòè÷åñêèå îêðóæ-
íîñòè γ1, . . ., γk èíäåêñîâ λ1, . . ., λk ñ òðèâèàëüíûìè ñè-
ñòåìàìè êîîðäèíàò è êðèòè÷åñêèå îêðóæíîñòè γ̃1, . . ., γ̃l
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èíäåêñîâ µ1, . . ., µl ñî ñêðó÷åííûìè ñèñòåìàìè êîîðäèíàò.
Òîãäà ãðóïïû ãîìîëîãèé

H∗(f
−1[c− ε, c+ ε], f−1(c− ε),Z)

ïîðîæäåíû â òî÷íîñòè ðó÷êàìè, êîòîðûå ñîîòâåòñòâó-
þò êðèòè÷åñêèì îêðóæíîñòÿì

γ1, . . ., γk, γ̃1, . . ., γ̃l.

À èìåííî: êàæäàÿ îêðóæíîñòü γi ïîðîæäàåò äâå ïîä-
ãðóïïû èçîìîðôíûå Z, îäíà âûäåëÿåòñÿ ïðÿìûì ñëàãàå-
ìûì â ãðóïïå ãîìîëîãèé

Hλi(f
−1[c− ε, c+ ε], f−1(c− ε),Z),

à äðóãàÿ � â ãðóïïå ãîìîëîãèé

Hλi+1
(f−1[c− ε, c+ ε], f−1(c− ε),Z).

Êàæäàÿ îêðóæíîñòü γ̃j ïîðîæäàåò ïîäãðóïïó Z2, âûäå-
ëÿþùóþñÿ ïðÿìûì ñëàãàåìûì â ãðóïïå

Hµj(f
−1[c− ε, c+ ε], f−1(c− ε),Z).

Äîêàçàòåëüñòâî. Ðàññìîòðèì àññîöèèðîâàííûå ñ ôóíêöè-
åé f ðàçëîæåíèå ìíîãîîáðàçèÿ (f−1[c − ε, c + ε] íà êðóã-
ëûå è ñêðó÷åííûå êðóãëûå ðó÷êè. Ïîñêîëüêó êðèòè÷åñêèå
îêðóæíîñòè ëåæàò íà îäíîì óðîâíå ðàçëîæåíèå íà êðóã-
ëûå è ñêðó÷åííûå êðóãëûå ðó÷êè ìîæíà âûáðàòü òàê, ÷òî-
áû ýòè ðó÷êè íå ïåðåñåêàëèñü ìåæäó ñîáîé. Åñëè çàìå-
íèòü êðóãëûå ðó÷êè îáû÷íûìè ðó÷êàìè, òî èç ïðåäûäó-
ùåé ëåììû ñëåäóåò, ÷òî êàæäàÿ ñêðó÷åííàÿ êðóãëàÿ ðó÷êà
èíäåêñà λ ïîðîæäàåò â ãîìîëîãèÿõ ïîäãðóïïó èçîìîðô-
íóþ Z2 â ðàçìåðíîñòè λ, à êàæäàÿ êðóãëàÿ ðó÷êà èíäåêñà
λ ïîðîæäàåò â ãîìîëîãèÿõ äâå ïîäãðóïïû èçîìîðôíûå Z
â ðàçìåðíîñòÿõ λ è λ+ 1. �
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Ñëåäñòâèå 1. Ïóñòü Mn� ãëàäêîå çàìêíóòîå ìíîãîîá-
ðàçèå, f : Mn → [0, 1]� S1-ôóíêöèÿ Áîòòà, c1, . . ., ck �
åå êðèòè÷åñêèå çíà÷åíèÿ è ïóñòü εi > 0(1 ≤ i ≤ k), òà-
êèå, ÷òî íà îòðåçêå [ci − εi, ci + εi] äðóãèõ êðèòè÷åñêèõ
çíà÷åíèé íåò. Òîãäà íà ïîâåðõíîñòè óðîâíÿ f−1(ci) ëå-
æàò òîëüêî êðèòè÷åñêèå îêðóæíîñòè ñ òðèâèàëüíûìè
ñèñòåìàìè êîîðäèíàò òîãäà è òîëüêî òîãäà, êîãäà íåíó-
ëåâûå ãðóïïû ãîìîëîãèé

H∗(f
−1[ci − εi, ci + εi], f

−1(ci − εi),Z)

� ñâîáîäíûå àáåëåâû ãðóïïû.

Òàêèì îáðàçîì ìû èìååì ãîìîëîãè÷åñêèé êðèòåðèé, êî-
ãäà ó S1-ôóíêöèè Áîòòà îòñóòñòâóþò êðèòè÷åñêèå îêðóæ-
íîñòè ñî ñêðó÷åííûìè ñèñòåìàìè êîîðäèíàò. Â ñëåäóþùåé
ãëàâå ìû óêàæåì åùå îäèí êëàññ S1-ôóíêöèÿ Áîòòà, ó êî-
òîðûõ îòñóòñòâóþò êðèòè÷åñêèå îêðóæíîñòè ñî ñêðó÷åí-
íûìè ñèñòåìàìè êîîðäèíàò.

3. Äèàãðàììû S1-ôóíêöèé Áîòòà è èõ
ïðèìåíåíèå

Â ýòîé ãëàâå äëÿ èçó÷åíèÿ S1-ôóíêöèé Áîòòà ìû íà-
ïîìíèì îïðåäåëåíèå ðàçáèåíèé äèàãðàìì, [4]. Ðàçáèå-
íèÿ äèàãðàìì õîðîøî îòðàæàþò àðõèòåêòóðó S1-ôóíêöèé
Áîòòà, îñîáåííî äëÿ îäíîñâÿçíûõ ìíîãîîáðàçèé.
Ðàññìîòðèì ðàçëîæåíèå çàìêíóòîãî ãëàäêîãî ìíîãîîá-

ðàçèÿ Mn íà ðó÷êè

Mn
0 ⊂Mn

1 ⊂ . . . ⊂Mn
n = Mn,

ãäå ìíîãîîáðàçèå Mn
i ïîëó÷åíî èç ìíîãîîáðàçèÿ Mn

i−1 ñ
ïîìîùüþ ïðèêëåéêè ðó÷åê èíäåêñà i. Ïîëîæèì

Ci = Hi(M
n
i ,M

n
i−1,Z) ≈ Z⊕ . . .⊕ Z︸ ︷︷ ︸

ki

,
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ãäå ki �÷èñëî ðó÷åê èíäåêñà i. Ñðåäíèå äèñêè ðó÷åê èí-
äåêñà i çàäàþò áàçèñ ãðóïïû ãîìîëîãèé Hi(M

n
i ,M

n
i−1,Z).

Èñïîëüçóÿ òî÷íóþ ãîìîëîãè÷åñêóþ ïîñëåäîâàòåëüíîñòü
òðîéêè Mn

i−1 ⊂ Mn
i ⊂ Mn

i+1 ìîæíî ïîñòðîèòü öåïíîé êîì-
ïëåêñ ñâîáîäíûõ àáåëåâûõ ãðóïï:

(C, ∂) : C0 ← . . .← Ci−1
∂i←− Ci

∂i+1←−− Ci+1 ← . . .← Cn,

ãîìîëîãèè, êîòîðîãî ñîâïàäàþò ñ ãîìîëîãèÿìè ìíîãîîáðà-
çèÿ Mn.
Ïðåäïîëîæèì, ÷òî ìíîãîîáðàçèåMn � îðèåíòèðîâàííîå.

Âûáîð îðèåíòàöèè ïîçâîëÿåò îðèåíòèðîâàòü ñðåäíèå è êî-
ñðåäíèå ñôåðû ðó÷åê, ÷òî ïîçâîëÿåò îïðåäåëÿòü ãîìîëî-
ãè÷åñêèå èíäåêñû ïåðåñå÷åíèé ñðåäíèõ è êîñðåäíèõ ñôåð
ðó÷åê èíäåêñîâ λ è λ+ 1 â ïîäìíîãîîáðàçèè ∂Mn

λ . Òàêèì
îáðàçîì ãîìîìîðôèçì ∂λ çàäàåòñÿ ìàòðèöåé ãîìîëîãè÷å-
ñêèõ èíäåêñîâ ïåðåñå÷åíèé ñðåäíèõ è êîñðåäíèõ ñôåð ñî-
îòâåòñòâóþùèõ ðó÷åê â ïîäìíîãîîáðàçèè ∂Mn

λ .
Åñëè êàæäîé ðó÷êå ïîñòàâèòü â ñîîòâåòñòâèå âåðøèíó, à

ðåáðàìè ñîåäåíèòü òå âåðøèíû, äëÿ êîòîðûõ ñîîòâåòñòâó-
þùèå ðó÷êè èìåþò íåíóëåâîé èíäåêñ ïåðåñå÷åíèÿ, òî ìû
ïîëó÷èì íåêîòîðûé ãðàô. Îäíàêî ñòðîåíèÿ ýòîãî ãðàôà
áóäåò ñëîæíûì è åãî ìîæíî óïðîñòèòü.
Èçâåñòíî, [4], ÷òî ñ ïîìîùüþ îïåðàöèè ñëîæåíèÿ ðó÷åê

âñå ìàòðèöû ãîìîìîðôèçìîâ ∂i (0 ≤ i ≤ n) ìîæíî ñäåëàòü
äèàãîíàëüíûìè ïðèíàäëåæàùèìè îäíîìó èç ñëåäóþùèõ 7
âèäîâ:

1) (0)�íóëåâîé,
2) (E)� åäèíè÷íîé,

3) A =

(
a11 0 ··· 0
0 a22 ··· 0
··· ··· ··· ···
0 ··· ··· akk

)
, ãäå |aii| > 1 è |aii| äåëèò |ai+1i+1|

(1 ≤ i < k − 1),
4) (0)⊕ (E),
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5) (0)⊕ (A),
6) (E)⊕ (A),
7) (0)⊕ (E)⊕ (A).

Ïðåäïîëîæèì, ÷òîMn � îäíîñâÿçíî, n > 5 è îòñóòñòâó-
þò ðó÷êè èíäåêñîâ 1 è n− 1. Òîãäà ìîæíî äîáèòüñÿ, ÷òî-
áû ãîìîëîãè÷åñêèå èíäåêñû ïåðåñå÷åíèé ñîîòâåòñòâóþùèõ
ñðåäíèõ è êîñðåäíèõ ñôåð ñîâïàäàëè ñ èõ ãåîìåòðè÷åñêè-
ìè èíäåêñàìè ïåðåñå÷åíèé.
Òàêèì îáðàçîì ïàðà ñîñåäíèõ ðó÷åê èíäåêñîâ λ è λ+ 1

ìîæåò ëèáî íå ïåðåñåêàòüñÿ, ëèáî èìåòü èíäåêñû ïåðåñå-
÷åíèÿ ±1, ±2 èëè ±m, ãäå |m| > 2. Ïîñêîëüêó ýéëåðîâà õà-
ðàêòåðèñòèêà çàìêíóòîãî ãëàäêîãî ìíîãîîáðàçèÿ Mn, êî-
òîðîå äîïóñêàåò ðàçëîæåíèå íà êðóãëûå ðó÷êè ðàâíà íó-
ëþ, òî äëÿ ðàçëîæåíèå Mn íà ðó÷êè ìîæíî ââåñòè ââå-
ñòè ñëåäóþùèé îáúåêò � äèàãðàììó. Äèàãðàììà ïðåä-
ñòàâëÿåò ñîáîé íåñâÿçíûé ãðàô, âåðøèíû, êîòîðîãî ñîîò-
âåòñòâóþò ðó÷êàì, à ðåáðà ñîåäèíÿþò âåðøèíû â òîì è
òîëüêî òîì ñëó÷àå, åñëè èíäåêñ ïåðåñå÷åíèÿ ñîîòâåòñòâó-
þùèõ ðó÷åê íåíóëåâîé. Áîëåå òî÷íî,

Îïðåäåëåíèå 6. Ωn íàçûâàåòñÿ äèàãðàììîé äëèíû

n, åñëè íà ïëîñêîñòè çàäàíà n+ 1 ñîâîêóïíîñòü òî÷åê

a1
0, . . . , a

1
k0

; a1
1, . . . , a

1
k1

; . . . ; an1 , . . . , a
n
kn ,

êîòîðûå óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:
1) äëÿ íåêîòîðûõ i ìíîæåñòâî (ai1, . . . , a

i
ki

) ìîæåò áûòü
ïóñòûì,
2) k0 − k1 + k2 − . . .+ (−1)nkn = 0,
3) òî÷êà èç ìíîæåñòâà (ai1, . . . , a

i
ki

) (1 < i < n − 1)
ìîæåò áûòü ñîåäèíåíà ëèáî òîëüêî ñ îäíîé òî÷êîé èç
ìíîæåñòâà (ai−1

1 , . . . , ai−1
ki−1

) ëèáî òîëüêî ñ îäíîé òî÷êîé

èç (ai+1
1 , . . . , ai+1

ki+1
) îäíèì èç òðåõ ñïîñîáîâ:
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Ñîâîêóïíîñòü òî÷åê a0
1, . . . , a

1
k0

; . . . ; ai1, . . . , a
i
ki
áóäåì íà-

çûâàòü i-ì îñòîâîì äèàãðàììû Ωn.
Òî÷êà, êîòîðàÿ íà äèàãðàììå íå ñîåäèíåíà ñ êàêîé ëèáî

äðóãîé òî÷êîé, íàçûâàåòñÿ ñâîáîäíîé. Åñëè â äèàãðàììå
èìååòñÿ ôðàãìåíò

,

òî aii íàçûâàåòñÿ ïîëóñâîáîäíîé òî÷êîé (èíäåêñ ïåðåñå-
÷åíèÿ ñîîòâåòñòâóþùèõ ðó÷åê ðàâåí ±2). Åñëè ñóùåñòâóåò
ôðàãìåíò

,

òî aii íàçûâàåòñÿ çàâèñèìîé òî÷êîé (èíäåêñ ïåðåñå÷åíèÿ
ñîîòâåòñòâóþùèõ ðó÷åê ðàâåí ±m). Ôðàãìåíò

íàçûâàåòñÿ âñòàâêîé â ðàçìåðíîñòè i (èíäåêñ ïåðåñå÷å-
íèÿ ñîîòâåòñòâóþùèõ ðó÷åê ðàâåí ±1).

Îïðåäåëåíèå 7. Ïàðà òî÷åê èç ðàçìåðíîñòè i è i+1 íà-
çûâàåòñÿ íåçàâèñèìîé â ðàçìåðíîñòè i, åñëè ìåæäó
íèìè íåò ñîåäèíåíèé èëè åñëè îíè îáðàçóþò ôðàãìåíò.

Â äàëüíåéøåì áóäåì ðàçáèâàòü äèàãðàììó íà íåïåðåñå-
êàþùèåñÿ ïàðû íåçàâèñèìûõ òî÷åê. Ñäåëàåì îäíî îãðàíè-
÷åíèå äëÿ ôðàãìåíòîâ äèàãðàììû âèäà

Çàïðåùàåòñÿ îäíîâðåìåííî ðàçáèâàòü ëþáîé èç ôðàã-
ìåíòîâ íà ïàðû âèäà (aij, a

i+1
t ), (aik, a

i+1
l ).
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Îïðåäåëåíèå 8. Åñëè äèàãðàììó Ωn ìîæíà ïðåäñòà-
âèòü â âèäå îáúåäèíåíèÿ íåïåðåñåêàþùèõñÿ íåçàâèñèìûõ
ïàð òî÷åê, òî áóäåì ñ÷èòàòü, ÷òî îíà äîïóñêàåò ðàç-

áèåíèå. Ïàðû òî÷åê (aij, a
i+1
k ) ýòîãî ðàçáèåíèÿ íàçîâåì

âåðøèíàìè ðàçáèåíèÿ â ðàçìåðíîñòè i.

Â äàëüíåéøåì ôèêñèðîâàííîå ðàçáèåíèå äèàãðàììû Ωn

áóäåì îáîçíà÷àòü ÷åðåç Ωn(σ). Ìîæåò îêàçàòüñÿ, ÷òî äèà-
ãðàììà Ωn íå äîïóñêàåò ðàçáèåíèÿ, ïîñêîëüêó â íåêîòî-
ðûõ ðàçìåðíîñòÿõ íå áóäåò õâàòàòü òî÷åê äëÿ îáðàçîâàíèÿ
íåçàâèñèìûõ ïàð.

Îïðåäåëåíèå 9. Ñòàáèëèçàöèåé äèàãðàììû Ωn â ðàç-

ìåðíîñòè i íàçûâàåòñÿ äèàãðàììà âèäà Ω
S(i)
n = Ωn ∪

i
Ai,

ãäå Ai�íîâûå âñòàâêè â ðàçìåðíîñòè i.

Ñëåäóþùèé ôàêò äîêàçàí â [4].

Ëåììà 4. Äëÿ êàæäîé äèàãðàììû Ωn ñóùåñòâóåò åå
ñòàáèëèçàöèÿ â ðàçìåðíîñòÿõ i1, . . ., is, îáîçíà÷èì å¼ ÷å-

ðåç Ω
S(i1,...,is)
n , êîòîðàÿ äîïóñêàåò ðàçáèåíèå Ω

S(i1,...,is)
n (σ).

Îïðåäåëåíèå 10. ×èñëî χi(Ωn) = ki−ki−1+. . .+(−1)i+1k0

íàçûâàåòñÿ i-òîé ýéëåðîâîé õàðàêòåðèñòèêîé äèà-
ãðàììû Ωn.

Î÷åâèäíî, ÷òî âñòàâêà â ðàçìåðíîñòè i óâåëè÷èâàåò i-

þ ýéëåðîâó õàðàêòåðèñòèêó Ω
S(i)
n íà åäèíèöó è íå ìåíÿåò

çíà÷åíèé îñòàëüíûõ j-õ ýéëåðîâûõ õàðàêòåðèñòèê

χj(Ω
S(i)
n ) = χj(Ωn)

äëÿ j 6= i.

Ëåììà 5. [4] Åñëè äèàãðàììà Ωn äîïóñêàåò ðàçáèåíèå,
òî ÷èñëî âåðøèí ðàçáèåíèÿ Ωn(σ) â êàæäîé ðàçìåðíîñòè
îäíî è òî æå äëÿ âñåõ åå âîçìîæíûõ ðàçáèåíèé.
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Îïðåäåëåíèå 11. Ïóñòü äèàãðàììà Ωn äîïóñêàåò ðàç-
áèåíèå. Òîãäà i-òûì ÷èñëîì Ìîðñà Mi(Ωn) íàçûâàåòñÿ
÷èñëî âåðøèí ðàçáèåíèÿ.

Â ñèëó ëåììû ýòî ÷èñëî íå çàâèñèò îò âûáîðà êîíêðåò-
íîãî ðàçáèåíèÿ äèàãðàììû Ωn.

Îïðåäåëåíèå 12. Äëÿ äèàãðàììû Ωn å¼ i-òûì ÷èñëîì

Ìîðñà íàçûâàåòñÿ ìèíèìóì i-òûõ ÷èñåë Ìîðñà, âçÿòûé
ïî âñåì ñòàáèëèçàöèÿì äèàãðàììû Ωn, êîòîðûå äîïóñêà-
þò ðàçáèåíèå.

Â ýòîì îïðåäåëåíèè äèàãðàììà Ωn íå îáÿçàòåëüíî ÿâëÿ-
åòñÿ ðàçáèåíèåì. Âûÿñíèì, êîãäà äëÿ ðàçáèåíèÿ äèàãðàì-
ìû Ωn íà ïàðû íåçàâèñèìûõ âåðøèí íåîáõîäèìî äåëàòü
âñòàâêè. Îêàçûâàåòñÿ, èìååòñÿ äâà êà÷åñòâåííî ðàçëè÷-
íûõ ñëó÷àÿ.

Îïðåäåëåíèå 13. Ðàçìåðíîñòü λ ó äèàãðàììû Ωn íà-
çûâàåòñÿ îñîáîé, åñëè

χλ−1(Ωn) = χλ+1(Ωn) = 0, χλ(Ωn) = k > 0,

à äèàãðàììà Ωn â ðàçìåðíîñòÿõ λ è λ+1 èìååò âèä îäíîãî
èç ñëåäóþùèõ øåñòè âàðèàíòîâ.

Â ïðîöåññå ðàçáèåíèÿ äèàãðàììû Ωn íà ïàðû íåçàâèñè-
ìûõ òî÷åê â ýòîé ñèòóàöèè íåîáõîäèìî äåëàòü îäíó âñòàâ-
êó â ðàçìåðíîñòè λ− 1 èëè â ðàçìåðíîñòè λ+ 1 , ÷òî ïðè-
âîäèò ê íåîäíîçíà÷íîñòè. Â èòîãå áóäåò ðàçíûì ÷èñëî ïàð
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â ðàçìåðíîñòè λ− 1 èëè â ðàçìåðíîñòè λ+ 1, â çàâèñèìî-
ñòè îò òîãî, â êàêîé ðàçìåðíîñòè ñäåëàíà âñòàâêà. Èìååò
ìåñòî ëåììà, [4].

Ëåììà 6. Äèàãðàììà Ωn ÿâëÿåòñÿ ðàçáèåíèåì òîãäà
è òîëüêî òîãäà, êîãäà ó íåå íåò îòðèöàòåëüíûõ i-òûõ
ýéëåðîâûõ õàðàêòåðèñòèê è îñîáûõ ðàçìåðíîñòåé. ×èñëî
Ìîðñà äèàãðàììû Ωn, êîòîðàÿ äîïóñêàåò ðàçáèåíèå, ðàâíî
Mi(Ωn) = χi(Ωn).

Îïðåäåëåíèå 14. Ñòàáèëèçàöèÿ äèàãðàììû Ωn íàçû-
âàåòñÿ ýêîíîìíîé, åñëè

1) â ñëó÷àå, êîãäà χi(Ωn) = k < 0, ñäåëàíî k âñòàâîê
â ðàçìåðíîñòè i,

2) i� îñîáàÿ ðàçìåðíîñòü, òî ñäåëàíà îäíà âñòàâêà
èëè â ðàçìåðíîñòè i− 1, èëè â ðàçìåðíîñòè i+ 1.

Â äàëüíåéøåì ðàçáèåíèå äèàãðàììû íà íåçàâèñèìûå ïà-
ðû òî÷åê áóäåì ïðîèçâîäèòü, äâèãàÿñü ñ ëåâîãî êîíöà íà-
ïðàâî, åñëè ýòî íåîáõîäèìî. Ïîëîæèì ρ(N) = 1

2
(N + |N |).

Òåîðåìà 4. [4]. Ïóñòü Ωn�ïðîèçâîëüíàÿ äèàãðàììà.
Òîãäà

Mi(Ωn) = ρ(χi(Ωn)).

Åñëè ΩS
n � ñòàáèëèçàöèÿ äèàãðàììû Ωn, òî Mi(Ω

S
n) ≥

Mi(Ω)

Îïðåäåëåíèå 15. Áàçîé äèàãðàììû Ωn íàçûâàåòñÿ äèà-
ãðàììà Ωn ïîëó÷åííàÿ èç Ωn îòáðàñûâàíèåì âñåõ âñòà-
âîê.

Îïðåäåëåíèå 16. Äèàãðàììà Ωn íàçûâàåòñÿ òî÷íîé,

åñëè ñóùåñòâóåò ñòàáèëèçàöèÿ Ωn, à èìåííî Ω
S(∗)
n äîïóñ-

êàþùàÿ ðàçáèåíèå ñ i-ûì ÷èñëîì Ìîðñà, ðàâíûì Mi(Ωn)
äëÿ âñåõ i îäíîâðåìåííî.
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Òåîðåìà 5. [4]. Äëÿ òîãî ÷òîáû äèàãðàììà Ωn áûëà òî÷-
íîé íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ó íåå íå áûëî îñî-
áûõ ðàçìåðíîñòåé.

Îïèøåì êàê ïî ðàçëîæåíèþ ãëàäêîãî çàìêíóòîãî ìíî-
ãîîáðàçèÿMn íà êðóãëûå ðó÷êè ïîñòðîèòü äèàãðàììó Ωn.
Ïóñòü

Mn
0 (R) ⊂Mn

1 (R) ⊂ . . . ⊂Mn
n−1(R) = Mn,

ðàçëîæåíèå Mn íà êðóãëûå ðó÷êè. Íà îñíîâàíèè ëåììû
2.2 çàìåíèì êàæäóþ êðóãëóþ ðó÷êó èíäåêñà λ íà äâå îáû÷-
íûå ðó÷êè èíäåêñîâ λ è λ+ 1. Â èòîãå ìû ïîëó÷èì ðàçëî-
æåíèå ìíîãîîáðàçèÿ Mn íà ðó÷êè:

Mn
0 ⊂Mn

1 ⊂ . . . ⊂Mn
n = Mn.

Èñïîëüçóÿ, ýòî ðàçëîæåíèåMn íà ðó÷êè, ïîñòðîèì öåïíîé
êîìïëåêñ ñâîáîäíûõ àáåëåâûõ ãðóïï:

(C, ∂) : C0 ← . . .← Ci−1
∂i←− Ci

∂i+1←−− Ci+1 ← . . .← Cn.

Ïðèâåäÿ ìàòðèöû äèôôåðåíöèàëîâ ∂i ê äèàãîíàëüíîìó
âèäó, ïîñòðîèì äèàãðàììó Ωn. Èìååò ìåñòî ñëåäóþùèé
ôàêò:

Ïðåäëîæåíèå 1. Ïóñòü

Mn
0 (R) ⊂Mn

1 (R) ⊂ . . . ⊂Mn
n−1(R) = Mn,

ðàçëîæåíèå ìíîãîîáðàçèÿMn íà êðóãëûå ðó÷êè, Ωn� äèà-
ãðàììà, àññîöèèðîâàííàÿ ñ ýòèì ðàçëîæåíèåì. Ïðåäïî-
ëîæèì, ÷òî ó äèàãðàììû Ωn îòñóòñòâóþò ïîëóñâîáîä-
íûå âåðøèíû. Åñëè äèàãðàììà Ωn ÿâëÿåòñÿ ýêîíîìíîé
ñòàáèëèçàöèåé ñâîåé áàçû Ωn, òî ó èñõîäíîãî ðàçëîæå-
íèÿ íà êðóãëûå ðó÷êè îòñóòñòâîâàëè ñêðó÷åííûå êðóãëûå
ðó÷êè.
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Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå äèàãðàì-
ìû Ωn íå ïîçâîëÿåò èç âñòàâîê ñîîðóäèòü ñêðó÷åííóþ êðóã-
ëóþ ðó÷êó. Âñå òî÷êè èç âñòàâîê çàäåéñòâîâàíû äëÿ îá-
ðàçîâàíèÿ âåðøèí ñ äðóãèìè òî÷êàìè äèàãðàììû. È ïî
óñëîâèþ îòñóòñòâóþò ïîëóñâîáîäûå âåðøèíû. �

Çàìå÷àíèå 1. Íåñëîæíî ïîñòðîèòü ïðèìåð ðàçëîæå-
íèÿ ìíîãîîáðàçèÿ Mn íà êðóãëûå ðó÷êè, ñðåäè êîòîðûõ
áóäóò ñêðó÷åííûå êðóãëûå ðó÷êè, íî âìåñòå ñ òåì ó àññî-
öèèðîâàííîé ñ ýòèì ðàçëîæåíèåì äèàãðàììû áóäóò îò-
ñóòñòâîâàòü ïîëóñâîáîäíûå âåðøèíû.

Îïðåäåëåíèå 17. Ïóñòü Mn� ãëàäêîå çàìêíóòîå ìíî-
ãîîáðàçèå. ×èñëî

χi(M
n) = µ(Hi(M

n,Z))− µ(Hi−1(Mn,Z)) + . . .

. . .+ (−1)i+1µ(H0(Mn,Z))

íàçûâàåòñÿ i-òîé ýéëåðîâîé õàðàêòåðèñòèêîé ìíîãîîá-
ðàçèÿ Mn. Çäåñü µ(H)�ìèíèìàëüíîå ÷èñëî îáðàçóþùèõ
ãðóïïû H.

Îïðåäåëåíèå 18. Ðàçìåðíîñòü λ ó çàìêíóòîãî ìíîãî-
îáðàçèÿ Mn íàçûâàåòñÿ îñîáîé, åñëè Hλ(M

n,Z)�íåíó-
ëåâàÿ êîíå÷íàÿ ãðóïïà îòëè÷íàÿ îò Z2 ⊕ . . .⊕ Z2 è

χλ−1(Mn) = χλ+1(Mn) = 0.

Îïðåäåëåíèå 19. Ïóñòü Mn� ãëàäêîå çàìêíóòîå ìíî-
ãîîáðàçèå. Ðàçëîæåíèå íà êðóãëûå ðó÷êè íàçûâàåòñÿ êâà-
çèìèíèìàëüíûì, åñëè âûïîëíÿåòñÿ îäíà èç äâóõ âîç-
ìîæíîñòåé:
1) ÷èñëî êðóãëûõ ðó÷åê èíäåêñà i ðàâíî ρ(χi(M

n)) + εi,
ãäå εi = 0, åñëè ðàçìåðíîñòü i+1�íåîñîáàÿ è εi = 1, åñëè
ðàçìåðíîñòè i+ 1� îñîáàÿ,
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2) êîëè÷åñòâî êðóãëûõ ðó÷åê èíäåêñà i ðàâíî ρ(χi(M
n)),

è åñëè ðàçìåðíîñòü i + 1� îñîáàÿ, òî èìååòñÿ òîëüêî
îäíà ðó÷êà èíäåêñà i+ 2.
Â îáîèõ ñëó÷àÿõ ÷èñëî êðóãëûõ ðó÷åê èíäåêñà i+1 ðàâíî

ρ(χi+1(Mn)).

Èñïîëüçóÿ ðàçëîæåíèå ìíîãîîáðàçèÿ íà ðó÷êè è äèà-
ãðàììíóþ òåõíèêó, ëåãêî äîêàçàòü ñëåäóþùèé ôàêò [4].

Ïðåäëîæåíèå 2. Ïóñòü Mn� ãëàäêîå çàìêíóòîå îäíî-
ñâÿçíîå ìíîãîîáðàçèå (n > 5). Òîãäà Mn äîïóñêàåò êâàçè-
ìèíèìàëüíîå ðàçëîæåíèå íà êðóãëûå ðó÷êè.

4. Ïîòîêè Ìîðñà-Ñìåéëà

ÏóñòüMn � ãëàäêîå êîìïàêòíîå ìíîãîîáðàçèå,X � ãëàä-
êîå âåêòîðíîå ïîëå íà Mn. Ïðåäïîëîæèì, ÷òî X ÿâëÿåò-
ñÿ âåêòîðíûì ïîëåì Ìîðñà-Ñìåéëà. Íàïîìíèì, ÷òî âåê-
òîðíîå ïîëå X íàçûâàåòñÿ ïîëåì Ìîðñà-Ñìåéëà, åñëè ó
ïîòîêà ϕt, ïîðîæäåííîãî ïîëåì X, ìíîæåñòâî íåáëóæäà-
þùèõ òî÷åê Ω(X) ñîñòîèò èç êîíå÷íîãî ÷èñëà òî÷åê è
îêðóæíîñòåé (çàìêíóòûõ îðáèò), èìåþùèõ ãèïåðáîëè÷å-
ñêóþ ñòðóêòóðó è èõ óñòîé÷èâûå è íåóñòîé÷èâûå ìíîãî-
îáðàçèÿ ïåðåñåêàþòñÿ òðàíñâåðñàëüíî.
Çàìêíóòàÿ îðáèòà γ íàçûâàåòñÿ ãèïåðáîëè÷åñêîé, åñ-

ëè êàñàòåëüíîå ðàññëîåíèå TMn, áóäó÷è îãðàíè÷åííûì íà
γ, èìååò âèä

TMn
γ = Ec

⊕
Eu
γ

⊕
Es
γ,

ãäå Ec, ïîðîæäåíî âåêòîðíûì ïîëåì X, à ïîäðàññëîåíèÿ
Es
γ è E

u
γ èíâàðèàíòíû îòíîñèòåëüíî Dϕt. Êðîìå òîãî, ñó-

ùåñòâóþò êîíñòàíòû C > 0 è λ > 0 òàêèå, ÷òî

‖Dϕt(ξ)‖ ≥ Ceλt‖ξ)‖, ξ ∈ Es
γ, t ≥ 0
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è

‖Dϕt(η)‖ ≤ Ce−λt‖ξ)‖, η ∈ Eu
γ , t ≥ 0,

ãäå ‖∗‖, áåðåòñÿ â íåêîòîðîé ðèìàíîâîé ìåòðèêå ρ íàMn.
Òî÷êà ïîêîÿ x äëÿ ϕt íàçûâàåòñÿ ãèïåðáîëè÷åñêîé,

åñëè êàñàòåëüíîå ïðîñòðàíñòâî TMn
x èìååò âèä

TMn
x = Eu

x

⊕
Es
x,

è âûïîëíÿþòñÿ ïðåäûäóùèå íåðàâåíñòâà äëÿ âåêòîðîâ èç
ïîäïðîñòðàíñòâ Eu

x è E
s
x.

Óñòîé÷èâûå è íåóñòîé÷èâûå ìíîãîîáðàçèÿ çàìêíó-
òîé ãèïåðáîëè÷åñêîé îðáèòû γ îïðåäåëÿþòñÿ ïîñðåäñòâîì

W s(γ) = x : ρ(ϕtx, ϕty)→ 0,

êîãäà t→∞ äëÿ íåêîòîðîãî y ∈ γ è

W u(γ) = x : ρ(ϕtx, ϕty)→ 0,

êîãäà t→ −∞ äëÿ íåêîòîðîãî y ∈ γ.
Äëÿ ãèïåðáîëè÷åñêîé òî÷êè ïîêîÿ x ïîòîêà ϕt óñòîé-

÷èâûå è íåóñòîé÷èâûå ìíîãîîáðàçèÿ W s(x) è W u(x)
îïðåäåëÿþòñÿ àíàëîãè÷íî.
Èçâåñòíî, ÷òî ýòè óñëîâèÿ íå çàâèñÿò îò âûáîðà ðèìà-

íîâîé ìåòðèêè íà ìíîãîîáðàçèè Mn.
Èíäåêñîì çàìêíóòîé ãèïåðáîëè÷åñêîé îðáèòû γ (ãè-

ïåðáîëè÷åñêîé òî÷êè ïîêîÿ) ïîòîêà ϕt íàçûâàåòñÿ ðàçìåð-
íîñòü ñëîÿ ðàññëîåíèÿ Eu

γ (ðàçìåðíîñòü ïîäïðîñòðàíñòâà
Eu
x).
Çàìêíóòàÿ îðáèòà γ íàçûâàåòñÿ íåçàêðó÷åííîé (un-

twisted), åñëè åå íåóñòîé÷èâîå ìíîãîîáðàçèå Eu
γ � îðèåíòè-

ðóåìî è íàçûâàåòñÿ çàêðó÷åííîé (twisted) â ïðîòèâíîì
ñëó÷àå.
Ïîëå èëè ïîòîê Ìîðñà-Ñìåéëà íàçûâàåòñÿ íåñèíãóëÿð-

íûì, åñëè òî÷êè ïîêîÿ îòñóòñòâóþò. Â ýòîé ðàáîòå ìû
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ñîñðåäîòî÷èì íàøå âíèìàíèå íà íåñèíãóëÿðíûõ ïîòîêàõ
Ìîðñà-Ñìåéëà.
Ïðåäïîëîæèì â äàëüíåéøåì, ÷òî Mn � îðèåíòèðóåìî.

Îïðåäåëåíèå 20. Ïóñòü γ �íåçàêðó÷åííàÿ çàìêíóòàÿ
îðáèòà èíäåêñà λ âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà X íà
ìíîãîîáðàçèè Mn. Ãîâîðÿò, ÷òî γ èìååò ñòàíäàðòíóþ
ôîðìó, åñëè ñóùåñòâóåò òàêàÿ åå êîîðäèíàòíàÿ îêðåñò-
íîñòü U = (θ ∈ S1, x1, . . ., xλ, y1, . . ., yn−λ−1), â êîòîðîé X
èìååò âèä

X =
∂

∂θ
+x1

∂

∂x1

+ . . .+xλ
∂

∂xλ
−y1

∂

∂y1

− . . .−yn−λ−1
∂

∂yn−λ−1

.

Äëÿ çàêðó÷åííîé çàìêíóòîé îðáèòû èíäåêñà λ âåêòîð-
íîãî ïîëÿ Ìîðñà-Ñìåéëà íà Mn òàêæå ñóùåñòâóåò îïðå-
äåëåíèå ñòàíäàðòíîé ôîðìû.
Îêðåñòíîñòü çàêðó÷åííîé çàìêíóòîé îðáèòû èíäåêñà λ

âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà ÿâëÿåòñÿ äâîéíûì íàêðû-
òèåì íàä ïðåäûäóùåé îêðåñòíîñòüþ U . Áîëåå òî÷íî, ïóñòü
Ũ = S1 ×Dn−1(ε), ãäå

Dn−1(ε) = ((x,y) ∈ Rλ ×Rn−λ−1 : |x|2 + |y|2 ≤ ε)

è ïóñòü ïðîâåäåíî îòîæäåñòâëåíèå Ũ/ ∼ ñ ïîìîùüþ îòîá-
ðàæåíèÿ

(θ, x1, . . ., xλ, y1, . . ., yn−λ−1)↔
↔ (θ + π,−x1, x2, . . ., xλ,−y1, y2, . . ., yn−λ−1).

Çàìåòèì, ÷òî ýòî îòîæäåñòâëåíèå ñîãëàñîâàíî ñ ñóæåíè-
åì âåêòîðíîãî ïîëÿ X íà Ũ è çàäàåò íîâîå âåêòîðíîå ïîëå
X̃ íà Ũ/ ∼.

Îïðåäåëåíèå 21. Ïóñòü γ̃ � çàêðó÷åííàÿ çàìêíóòàÿ
îðáèòà èíäåêñà λ âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà X íà
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ìíîãîîáðàçèè Mn. Ãîâîðÿò, ÷òî îðáèòà γ̃ èìååò ñòàí-

äàðòíóþ ôîðìó, åñëè ñóùåñòâóåò òàêàÿ åå êîîðäèíàò-
íàÿ îêðåñòíîñòü V è äèôôåîìîðôèçì h : V → Ũ/ ∼,
êîòîðûé ïåðåâîäèò ñóæåíèå ïîëÿ X íà V â ïîëå X̃ íà
Ũ/ ∼.

Ñëåäóþùèé ðåçóëüòàò ïî ñóùåñòâó ïðèíàäëåæèò Íüþ-
õàóñó è Ïåéêñîòî [13] ñì. òàêæå [7].

Ïðåäëîæåíèå 3. Ïóñòü X0 �íåñèíãóëÿðíîå âåêòîðíîå
ïîëå Ìîðñà-Ñìåéëà íà ìíîãîîáðàçèèMn. Òîãäà ñóùåñòâó-
åò ïóòü Xt (0 ≤ t ≤ 1) â ïðîñòðàíñòâå ãëàäêèõ âåêòîð-
íûõ ïîëåé íà Mn, òàêîé ÷òî
1) Xt�íåñèíãóëÿðíîå âåêòîðíîå ïîëå Ìîðñà-Ñìåéëà íà

Mn äëÿ âñåõ 0 ≤ t ≤ 1,
2) çàìêíóòûå îðáèòû ïîëÿ X1 èìåþò ñòàíäàðòíóþ

ôîðìó è ñîâïàäàþò ñ çàìêíóòûìè îðáèòàìè ïîëÿ X0.

Ïóñòü X �íåñèíãóëÿðíîå âåêòîðíîå ïîëå Ìîðñà-Ñìåé-
ëà íà ìíîãîîáðàçèè Mn.

Îïðåäåëåíèå 22. Ãëàäêàÿ ôóíêöèÿ f : Mn → [0, n] íà-
çûâàåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ ïîëÿ Ìîðñà-Ñìåéëà X,
åñëè îíà óäîâëåòâîðÿåò óñëîâèÿì:
1) X(f)p = 0 òîãäà è òîëüêî òîãäà, êîãäà òî÷êà p ïðè-

íàäëåæèò çàìêíóòîé îðáèòå ïîëÿ X ,
2) X(f)p < 0 äëÿ âñåõ òî÷åê p íå ïðèíàäëåæàùèõ çà-

ìêíóòûì îðáèòàì ïîëÿ X,
3) f ÿâëÿåòñÿ ïðàâèëüíîé S1-ôóíêöèåé Áîòòà,
4) åñëè çàìêíóòàÿ îðáèòà γ �íåçàêðó÷åííàÿ, òî f èìå-

åò òðèâèàëüíóþ ñèñòåìó êîîðäèíàò â îêðåñòíîñòè γ, â
ïðîòèâíîì ñëó÷àå f èìååò ñêðó÷åííóþ ñèñòåìó êîîðäè-
íàò â îêðåñòíîñòè γ.
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Î÷åâèäíî, ÷òî ôóíêöèè Ëÿïóíîâà äëÿ îäíîãî è òîãî æå
íåñèíãóëÿðíîãî âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà íà ìíîãî-
îáðàçèè Mn ìîãóò áûòü ðàçíûìè.
Ïóñòü f, g : Mn → [0, n] ôóíêöèè Ëÿïóíîâà äëÿ íåñèí-

ãóëÿðíîãî âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà X íà ìíîãîîá-
ðàçèèMn. Îáîçíà÷èì ÷åðåçMi(X, f) = f−1[0, i+ 1

2
]. Èìååò

ìåñòî ñëåäóþùàÿ ëåììà.

Ëåììà 7. Ïóñòü f è g� äâå ôóíêöèè Ëÿïóíîâà äëÿ
íåñèíãóëÿðíîãî âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà X íà ìíî-
ãîîáðàçèèMn. Òîãäà ñóùåñòâóåò òàêîé èçîòîïíûé òîæ-
äåñòâåííîìó äèôôåîìîðôèçì h : Mn →Mn, ÷òî

Mi(X, f) = h(Mi(X, g))

äëÿ âñåõ 0 ≤ i ≤ n− 1.

Äîêàçàòåëüñòâî. Ðàññìîòðèì àññîöèèðîâàííîå ñ ôóíêöè-
ÿìè Ëÿïóíîâà f è g ðàçëîæåíèå ìíîãîîáðàçèÿMn íà êðóã-
ëûå è ñêðó÷åííûå êðóãëûå ðó÷êè. Î÷åâèäíî, ÷òî òèïû
êðóãëûõ ðó÷åê äëÿ îáåèõ ðàçëîæåíèé áóäóò îäíè è òå æå.
Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî

M0(X, f) = M0(X, g).

Ðàññóæäåíèÿ áóäóò íîñèòü èíäóêòèâíûé õàðàêòåð.
Ïðåäïîëîæèì, Mi−1(X, f) = Mi−1X, g), i > 0, è ïîêà-

æåì, ÷òî ñ ïîìîùüþ äèôôåîìîðôèçì hi : Mn →Mn, èçî-
òîïíîãî òîæäåñòâåííîìó ìîæíà äîáèòüñÿ, ÷òîáû

Mj(X, f) = hi(Mj(X, g)), i ≥ j.

Î÷åâèäíî, ÷òî ñóùåñòâóåò òàêîå ε > 0 ÷òî íà ïðîìåæóò-
êå [i− 1, i− ε] êðèòè÷åñêèõ çíà÷åíèé íåò. Ñëåäîâàòåëüíî,
ìíîãîîáðàçèÿ

Ni(X, f) = f−1[0, i− ε], Ni(X, g) = g−1[0, i− ε]
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áóäóò äèôôåîìîðôíûìè. Ñ ïîìîùüþ èçîòîïèè ìîæíî äî-
áèòüñÿ, ÷òîáû ýòè ìíîãîîáðàçèÿ ñîâïàäàëè. Ïîñêîëüêó êðè-
òè÷åñêèå îêðóæíîñòè ó ôóíêöèé f è g îäíè è òå æå, òî ëåã-
êî âèäåòü, èñïîëüçóÿ ÷àñòè÷íûé ïîðÿäîê, êîòîðûé ñóùå-
ñòâóåò íà çàìêíóòûõ îêðóæíîñòÿõ ïîëÿ X, [7], ÷òî ïîñëå
ïðèêëåèâàíèÿ êðóãëûõ ðó÷åê èñõîäÿ èç îáîèõ ôóíêöèé,
ïîëó÷åííûå ìíîãîîáðàçèÿ áóäóò äèôôåîìîðôíûìè. Åùå
ðàç èñïîëüçóÿ èçîòîïèþ, ìîæíî äîáèòüñÿ, ÷òîáû ýòè ìíî-
ãîîáðàçèÿ ñîâïàäàëè. Ýòî çàâåðøàåò äîêàçàòåëüñòâî ëåì-
ìû. �

Èñïîëüçóÿ ôóíêöèþ Ëÿïóíîâà äëÿ íåñèíãóëÿðíîãî âåê-
òîðíîãî ïîëÿ Ìîðñà-ÑìåéëàX íà ìíîãîîáðàçèèMn è ñëåä-
ñòâèå 2.1 ìîæíà äàòü ñëåäóþùèé ëîêàëüíûé êðèòåðèé îò-
ñóòñòâèÿ çàêðó÷åííûõ îðáèò ó ïîëÿ X.

Ïðåäëîæåíèå 4. Ïóñòü Mn� ãëàäêîå çàìêíóòîå ìíî-
ãîîáðàçèå, f : Mn → [0, 1]�ôóíêöèÿ Ëÿïóíîâà äëÿ íåñèí-
ãóëÿðíîãî âåêòîðíîãî ïîëÿ Ìîðñà-Ñìåéëà X íàMn. Ïðåä-
ïîëîæèì, ÷òî c1, . . ., ck � êðèòè÷åñêèå çíà÷åíèÿ ôóíêöèè
f è ïóñòü ÷èñëà εi > 0 òàêèå, ÷òî íà îòðåçêå [ci−εi, ci+εi]
äðóãèõ êðèòè÷åñêèõ çíà÷åíèé íåò (1 ≤ i ≤ k). Çàìêíó-
òûå îðáèòû, ëåæàùèå íà ïîâåðõíîñòè óðîâíÿ f−1(ci), áó-
äóò íåçàêðó÷åííûìè òîãäà è òîëüêî òîãäà, êîãäà íåíóëå-
âûå ãðóïïû ãîìîëîãèé H∗(f

−1[ci− εi, ci + εi], f
−1(ci− εi),Z)

ÿâëÿþòñÿ ñâîáîäíûìè àáåëåâûìè ãðóïïàìè.

Ïðåäëîæåíèå 5. Ïóñòü Mn� ãëàäêîå çàìêíóòîå îäíî-
ñâÿçíîå ìíîãîîáðàçèå n > 5, íà êîòîðîì çàäàíî íåñèíãó-
ëÿðíîå âåêòîðíîå ïîëå Ìîðñà-Ñìåéëà X. Ïðåäïîëîæèì,
÷òî ãðóïïà Z2 íå ÿâëÿåòñÿ ïðÿìûì ñëàãàåìûì â ãðóïïàõ
ãîìîëîãèé H∗(M

n,Z). Åñëè f : Mn → [0, 1]�ôóíêöèÿ Ëÿ-
ïóíîâà äëÿ ïîëÿ X ÿâëÿåòñÿ êâàçèìèíèìàëüíîé, òî âñå
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çàìêíóòûå îðáèòû ïîëÿ X áóäóò íåçàêðó÷åííûìè. Äðó-
ãèìè ñëîâàìè, åñëè äëÿ ïîëÿ X âûïîëíÿåòñÿ îäíà èç äâóõ
âîçìîæíîñòåé:
1) ÷èñëî çàìêíóòûõ îðáèò èíäåêñà i ðàâíî ρ(χi(M

n)) +
εi, ãäå εi = 0, åñëè ðàçìåðíîñòü i + 1�íåîñîáàÿ è εi = 1,
åñëè ðàçìåðíîñòü i+ 1� îñîáàÿ,
2) ÷èñëî çàìêíóòûõ îðáèò èíäåêñà i ðàâíî ρ(χi(M

n)), è
åñëè ðàçìåðíîñòü i+ 1� îñîáàÿ, òî èìååòñÿ òîëüêî îäíà
çàìêíóòàÿ îðáèòà èíäåêñà i+ 2.
Â îáîèõ ñëó÷àÿõ ÷èñëî çàìêíóòûõ îðáèò èíäåêñà i + 1

ðàâíî ρ(χi+1(Mn)).

Äîêàçàòåëüñòâî. Ñëåäñòâèå ïðåäëîæåíèé 3.1 è 3.2. �
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